Sharp linear hypercontractivity
for ultraspherical measures

Abstract

The linear hypercontractive estimate of Ivanisvili, Lindenberger, Miiller and Schmucken-
schldger on the circle, proved in their work for exponents 6 < p < ¢, holds for every admissible
pair. For m > —1 and ¢ > p > 0 with p+m > 0,

11+ 762 Lagu,) < 11+ b2 Lo,

for all real b, if and only if |r| < \/(p+m)/(g+m). At m = —1 the restriction p +m > 0 is
Bonami’s condition p > 1. The same threshold is sharp for the corresponding linear estimate on
every sphere.

1 Statement

For m > —1 let v, be the ultraspherical probability measure on the unit circle,
I'(m/241)
C g
" 2ymT(m/2+1/2)

the integral running over [0,27], and let v_; = (81 + d_1). The constant c,, is chosen so that v, is
a probability measure. Indeed,
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and four copies of this integral give

T(m/2+1/2)

27
in @™ do = 2 .
/0 | sin 6] NS Tm/2 1 1)

The estimate under consideration is

1T+ 70z Laq,,) < 1+ 02l Lo@,) for every b € R. (1)

Vm

Theorem 1. Let m > —1 and ¢ > p > 0 with p+m > 0. Then (1) holds for every real b if and

only if
Ir| < Ip+m
qg+m’

At m = —1, the hypothesis p+m > 0 is exactly p > 1.

The case m = —1 is Bonami’s theorem, and the case m = 0 is Weissler’s theorem on the circle.
Theorem 1 removes the restriction 6 < p < ¢ from Theorem 3.1 of Ivanisvili-Lindenberger—Miiller—
Schmuckenschlager, and it extends their Theorem 2.1 from the exponents 0 < p < 2 = ¢ on the
sphere to every pair ¢ > p > 0.



Theorem 2. Let n > 2, let o be the uniform probability measure on S"', and let ¢ > p > 0. For
every r € R™ and every real a,

|z + aryl Lasn—1,0) < 12+ ayllLpsn-1,0)

whenever |r| < \/(p+n—2)/(g+n—2). The constant is sharp.

Throughout, m = 2\ with A > —1/2, and p) denotes the law of Re z under v,,,. Explicitly, u is
the probability measure on [—1, 1] with density

T(A+1)
JTT(A +1/2)

Indeed, cos§ = t has two preimages in [0, 27), each with Jacobian 1/v/1 — t2, so the density of the
push-forward is

(1 o t2))\—1/2‘

2e50 (1 — )12,

and 2co) is the constant displayed above. For ¢ > 0 write

F.(t) =1+ 2ct + ¢

1 1/
Na(c) = ( / ch@)‘*duA(t)) ,

for every a > 0 with a + A > 0. Since v, is invariant under z — —z,

and

11+ b2l p2a v,y = Na(lb])!/2.

2 Necessity

Proposition 3. If m > —1 andp+m >0, ¢g+m > 0, and if (1) holds for every small real b, then
7] < V/(p+m)/(q+m).

Proof. The identity cos?6 = 1 — sin?# gives

/(Rez)2 dvpy, =1 — Cm
Cm+2

The recurrence I'(w + 1) = wI'(w) gives

¢m  I'(m/2+1) T'(m/2+3/2) m/2+1/2 m+1

Cmia  DT(m/2+2) T(m/2+1/2) m/2+1 m+2’
so the second moment equals 1 — (m+1)/(m+2) =1/(m + 2).

For |b| < 1/2 one has 1+ 2bRez + b* > (1 — |b])2 > 1/4. Taylor expansion with a uniform
remainder therefore yields
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The odd contributions in b integrate to zero by the symmetry z — —z. Raising to the power 1/p
gives
¥ p+m
1+b =1+ = ——+0@%.
The same expansion at exponent ¢, with b replaced by rb, gives
b qg+m

_ 3
I+ rb2llpa,) =1+ —- mT2 +O(b”).

Subtract the constant term 1, divide by b?, and let b — 0. Inequality (1) forces

T < .
m+2 " m+2

O
The same expansion at m = —1, where [(Rez)®*dv_; = 1, gives the necessity of |r| <
V(p—1)/(¢—1) for p,g > 1.
3 The hypergeometric representation
For 0 < ¢ < 1 and every real «,
/Fcad/h\ = oF1(—a, —a = A A+ 1;¢%). (2)
The identity F, = ¢2F} Jc gives, for every ¢ > 0,
Na(c) = AN (1/c). (3)
To prove (2), set z = ¢ and y(z) = fF\% duy. The function
Y(z) =oF1(—a,—a— A\ A+ 1;2)
is the solution of
2(1=2)Y"+ [ A+1-(1-2a—-N)z]Y —ala+A)Y =0 (4)

which is analytic at the origin and satisfies Y (0) = 1. The constant term of y is 1. The coefficient of
z is computed from
FY =1+ a(b® + 2bt) + a(a — 1)26%* + O(b%),

with b = /2. The remainder O(b%) is O(2%/2), hence o(z). Together with [tduy = 0 and

1
2 duy = .
/ M=ot 1)

(The second moment is the case m = 2\ of the computation in Proposition 3.) Integrating and
using [ tduy = 0 produces

(a—1)

A
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z4o(z) =1+ Nl

z+o(z),



SO

4/(0) = a()\a+)\)
+1
The derivative of o F} (a, b; cx; 2) at the origin equals ab/c,. Witha = —a, b= —a— X and ¢, = A+1,
this is the same value. The map ¢+ [ F®du, is analytic for |c| < 1, because F, > (1 — |¢[)? > 0,
and it is even by the substitution ¢ — —t. An even analytic function of ¢ is analytic in ¢?, so y is
analytic on [0,1). The hypergeometric series is the unique analytic solution of (4) with value 1 at
the origin: the constant term of the differential equation forces the coefficient of z, and each higher
coefficient is then determined by the recurrence. Thus it is enough to show that y satisfies (4) on
(0,1).

Lemma 4. Let c € R and let F = F,. On (—1,1),

d
& (a1 _ 2 /\+1/2> — _Q FO2(] — $2)A—1/2
~(Fta-) QF 21— 22,
where

Q=0+ 1)1+ At +2c(a+20) 12 +2¢(1 — a).
Proof. Differentiate the product. With F’ = 2c,

%(Fafl(l - t2))\+1/2> — 20((1 - 1)Fa72(1 - t2))\+1/2 o t(2>\ + 1)Fa71(1 . tQ))\,l/g

— FO(] — 212 (zc(a 1)1 — ) —t(2A + 1)F>.
The expression in parentheses equals —(), because
tA+1)F = 2c(a — 1)(1 — ) = (2A + 1)(1 + )t + 2¢(2\ + 1)#* + 2¢(a — 1)t? — 2¢(a — 1)
= (2A + 1)(1 + )t + 2¢c(a + 2012 + 2¢(1 — a).
O]

For ¢ € (0,1) one has F > (1 —¢)? > 0, so F*~! is bounded on [—1,1]. The boundary factor
(1 — t2)*1/2 vanishes at t = #1 because A\ > —1/2. The derivative on the left of Lemma 4 is
integrable on (—1,1), since near each endpoint it is comparable to (1 — t2)*~%/2 and A\ —1/2 > —1.
Consequently

/QFO‘Z duy = 0.
Now let I(c) = [ F*dpuy, so that y(z) = I(1/z). Then
_ L _ Lee I
yZ - 2C, yZZ - 4C2 403 .

Substituting z = ¢? into the differential expression (4) and clearing the denominator 4c® produces,
under the integral sign, the integrand identity

2(1 = 2)0.(F*) + [A+1— (1= 20— N)z]0.(F*) — a(a+ N\ F*
a(c® —1) (5)

=" QF“2,
2c Q

(The two sides are rational functions of ¢ and t, once F*~2 is divided out, and the resulting
polynomial identity is the expansion of Lemma 4 against the chain rule; it is recorded in the
appendix.) Integrating (5) and using [ QF®~2duy = 0 shows that y satisfies (4). This proves (2).
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For a > 0 and z € (0,1) define

0:y(a, 2)

1
Toa(z) = aaz 10gy(017 Z) = ay(O[ Z)’

where y(«, z) denotes the right-hand side of (2). Then 7, extends continuously to z = 0 by

o+ A
Ta(o) - ma

and the substitution 9, logy = a7, turns (4) into the Riccati equation
21—z =(a+XN) - [A+1-(1-2a—-Nz]r—z2(1—2)ar’. (6)

In particular,
1 z
—logy(a, 2) :/ Ta(t) dt. (7)
@ 0

Lemma 5. If a > 0 and o + XA > 0, then 74(z) > 0 for every z € [0,1).

Proof. The value at the origin is positive. If z € (0,1) were a first zero, (6) at 7 = 0 would give
2(1—2)7" =a+ X >0, so 7" >0, which is incompatible with reaching zero from above. O

4 An upper bound for the logarithmic derivative

Lemma 6. For every A > —1/2, every a > 0 and every z € (0,1),

Ta(2) < ;
Vz (L4 V/7)

In particular 7,(z) < 1/(2z).

Proof. Write o(z) = 1/(v/z(1 + v/2)) and s = /z, so that o(z) = 1/(s(s +1)). As z | 0 one
has o(z) — oo, while 7,(2) tends to the finite value (o + \)/(A +1). Thus 7, < ¢ on a right
neighbourhood of the origin.

Set t = 1/(s(s + 1)) and substitute 7 = ¢, z = s into the right-hand side of (6). The quadratic
term contributes

1
s(s+1)

2(1—2)at® - s(s+1)=as*(1-s°)- =as(l-s),

where 1 — 52 = (1 —s)(1 +s) and (1 + s)/(s+ 1) = 1. Multiplying the whole right-hand side by
s(s+ 1) therefore gives
(a+AN)s(s+1) — [)\+1 -1 —2a—/\)s2] —as(l—s)
=524+ ds—A+1)=(s—1(s+A+1).

(The coefficient of s? is (o + A) + (1 — 2a — A) + « = 1, and the coefficient of s is (a + \) —a = \.)
Therefore, at every point where 7, = o,
, (s—1)(s+A+1) s+A+1

Ta = =

s(s+1)-s2(1—s2) $3(s+1)2




where 1 — 52 = (1 —5)(1 +s) and s — 1 = —(1 — s) were used. On the other hand,

d 1 B 14 2s ds 1
dss(s+1)  s2(s+1)%’ dz  2s’
SO 1+2
N s
o(2) = 2s3(s+1)2
Subtracting these evaluations yields
—2(s+A+1)+ (1+29) 22 +1
-0 = , =— <0
[ 2s3(s 4 1)2 2s3(s+1)2 7

because A > —1/2. At a first zero of ¢ — 7, in (0,1) one would have 7/, > ¢’. This contradiction
keeps 7, < ¢ on the whole interval.
Finally, z++/2 > 2z for z € (0, 1], so 0(2) < 1/(22), and the inequality is strict for z € (0,1). O

Lemma 7. For every a > 0 with a+ X > 0, the map ¢ — Ny(c) is continuous and strictly increasing
on [0, 00).

Proof. For c € (0,1), (2) and the chain rule give

= 2c7,(c?).

Lemma 5 makes the right-hand side positive. For ¢ > 1, (3) gives

d > 1 N.(1/e) 2 2 .
L og No(e) = = — = . 2o\ 2 2 -2y
dc 08 (c) c 2 Ny(1/e) ¢ 3 Ta(e™)

Lemma 6 yields 7,(c™2) < ¢?/2, so the derivative is positive. Continuity on [0, 00) holds because
0<F.<(1+¢)?and a> 0. O

Lemma 7 removes the restriction to the critical multiplier. The law of z is symmetric, so b may
be replaced by |b|. For 0 <r <r, and ¢ > 0,

Ngja(re) < Nyja(rsc).

Thus (1) holds for every 7 with |r| < \/(p +m)/(q + m) as soon as it holds at the positive endpoint.

5 Scales at most one

Set v = p/2 and 6 = ¢/2. The hypotheses ¢ > p > 0 and p+m > 0 become 0 < v < ¢ and v+ A > 0.

Set
Yt

P
0+ A
Inequality (1) at the critical multiplier is equivalent to

€ (0,1].

N,(c) > Ns(evk) for every ¢ > 0. (8)

Lemma 8. For every z € (0,1),
Ty(2) > Kk T5(k2)

whenever 0 > vy, and therefore N+ (v/z) > Ns(v/kz). In particular, (8) holds for every c € [0,1].



Proof. The case v = § is the identity x = 1, so assume § > . Write ¥(z) = k75(kz). Then
7y(0) = ¢(0) = (v+A)/(A+1). Differentiate (6). The derivative of the left side is (1—2z)7'+2z(1—2)7",
which equals 7/(0) at z = 0. At z =0 and 7 = tp = (« + \)/(A + 1) both sides of (6) vanish.
Differentiating the right side, the product rule contributes (1 — 2a — A\)7 from the coefficient of 7
and —a7? from z(1 — 2)at?, together with the terms that still contain 7. At the origin this equals

(1 —2a— Ntg— (A4 1)7'(0) — at?.
Solving for the derivative gives

to

/ _
7a(0) = A+ 2

(1 -2 —X—ato). (9)

The chain rule yields ¢/(0) = x274(0). Since rts = t., with to = (a + A)/(A + 1),

7 (0) - ¢/(0) = A’i S((0= 20— A= 9ty) = w1 = 25 = A= 615)).

The expression in parentheses equals

o—7

GTO0FD (V6 + A7 +0) + 222 + 20+ 1).

(The verification is the expansion in the appendix.) The quadratic form factors as
YEAANY+F) +22 220+ 1= (Y + N+ A) + (A +1)2 > 0.

Hence 7(0) —4'(0) > 0. Combined with 7,(0) = 9(0), this forces 7, > 1 on a right neighbourhood
of the origin.

Suppose there exists a point of (0,1) at which 7, = 9. Let 2z, be the infimum of such points.
Then 2z, > 0, 7(24) = ¥(24), and 7y — 1) > 0 on [0, 2], so the derivative of the difference at z, is at
most zero. It remains to rule that out.

Let z € (0,1) satisfy 7,(2) = ¢(2) = t. The equation (6) at exponent vy reads

2(1 = 2)7, = N,y (1),

where
Ny(t)=(y+A) = [A+1— (1 =2y = N)z|t — 2(1 — 2)yt%.
For the comparison function, set u = xz and 75(u) = ¥(2)/k. Then ¢'(z) = k% drs/du. Substitute
into (6) at exponent ¢, multiply through by 2, and use x%(6 + \) = k(v + A). Dividing by & > 0
produces
2(1 = wz)Y' = Ny(t), (10)

where
Ny(t) = (v+A) = [A+1—(1—26 — Nrz]t — 2(1 — kz)5t>.
Therefore
Ny(t) (1 — rz) = Ny(t) (1 — 2)
2(1 = 2)(1 — k2)

The denominator is positive. The numerator equals

z(6 =)

T (2) = ¥'(2) =

7



where

Q(t) = Agt? —22(y + Nt + (v +2A),  Ag=(1-2) 0+ —z(v+A).

This polynomial identity is checked coefficient-wise in the appendix. The prefactor z(6 —v)/(d + A)
is positive, so the sign of 7 — ¢’ is the sign of Q(t).
Since § > v and z € (0, 1),

Ag—(1=2P(y+ X)) =(1-2)(~7) >0,

and hence
Q) > (Y + A)((1 — 2)%* — 22t +1).

For z € (0,1/2] the discriminant of the quadratic in ¢ is 4(2z — 1) < 0, so the quadratic is positive
for every finite ¢ except at the single point z = 1/2, ¢ = 2, where it vanishes. For z € (1/2,1) the

roots are 1

2+22 -1’

because

(z—=v22—-1)(z+Vv22—-1)=(1— 2)2.

The quadratic is then nonnegative for 0 < ¢t < 1/(z + v/2z — 1). Lemma 6 supplies the stricter

bound
1

1
t=1,(2) < <
m(2) z24+vVz T z24+4/22—-1

on [1/2,1), the comparison of the denominators being \/z > v/2z — 1. At z = 1/2 the same bound
gives 7,(1/2) < 1/(1/2 +1/1/2) < 2. Thus Q(7,(2)) > 0, and 7, > ¢/’ at every contact point in
(0,1).

The graphs cannot meet in (0,1). Therefore 7.,(z) > 1(z) for every z € (0, 1). Integrating and
applying (7) gives

1 1
S logy(v,z) > 508 y(0, Kz),

which is N,(y/z) > Ns(y/kz). The endpoint ¢ = 1 follows by continuity of N,. O

6 Scales larger than one

Lemma 9. For each fized o > 0 with a + X > 0, the map a — Ny(a)/a is strictly decreasing on
(0,1].

Proof. For a € (0,1),

d Nu(a) oy 1
L log B _ 94 7 (a?) — -
T og . aTq(a”) "

Lemma 6 yields 2a 7,(a?) < 2a-(1/(2a?)) = 1/a, so the derivative is negative. If 0 < a < 1, the same
derivative on (a, 1) gives Ny(a)/a > Nq(1)/1. Thus the map is strictly decreasing on (0, 1]. O

In particular, 0 < b < a <1 implies N4 (b)/b > Ny(a)/a.

Proposition 10. Inequality (8) holds for every ¢ > 1.



Proof. Write p(c) = Ny(¢)/Ns(cy/k). Lemma 8 at scale 1/c € (0,1) gives

Ny(1/¢) = Ns((1/e)V/E).

Suppose first that ¢y/k > 1, and set a = 1/(cy/k) € (0,1). Then (1/¢)\/k = ka. The scaling
relation (3) gives
_ N,/ _ Ny(A/e)  Ns(ra)

PO = T Ns(@) — No(wa) mNs(a)

The first factor is at least 1 by Lemma 8. If k < 1, then 0 < ka < a < 1, so Lemma 9 makes the
second factor strictly larger than 1. If kK = 1, both factors equal 1. Thus p(c) > 1.

Suppose instead that ¢ > 1 and ¢/k < 1. Then necessarily k < 1. Set x = ¢y/k € (\/k, 1] and
y = k/x. The inequality = > /k forces y < z, and both points lie in (0,1]. Also y = (1/¢)y/k and

c? = 2% /K. Hence

o= EN0/D 7 Ny)
Ns(z) — k Ns(z)’
where the inequality is Lemma 8. The relation x = zy rewrites the desired bound 22 Nj(y) > xNs(x)
" Nify) | No(),
Yy x
which is Lemma 9. Therefore p(c) > 1. O

Lemmas 8 and 10 are (8) for every ¢ > 0. By the reduction of Section 7 below, this is Theorem 1
for m > —1.

7 The endpoint and the sphere

For m > —1, the identity [|1 + bz|z2a(y,,) = No(|b))/? converts (8) into (1) at

r=+vk= ziz

Lemma 7 extends the inequality to every smaller multiplier, and Proposition 3 gives the matching
necessity.

If m=—1and p > 1, then p+m’ > 0 for every m’ € (—1,0). The case m > —1 of the theorem,
already proved, gives (1) for v,y at the multiplier \/ (p+m)/(g+m'). Asm’ | —1,

1

— — 1.
m! + 2

/(Re 2)2 vy =
Every weak-star limit point v satisfies [(Rez)?dv = 1. Then [(1 — (Rez)?) dv = 0. The integrand
is continuous and nonnegative, so v is supported on {£1}. Each v, is invariant under z — —z, so
the same is true of v, and therefore v = v_;. The circle is compact, so v,y converges weak-star to
v_1. Fix b € R and set r(m/) = \/(p +m') /(g + m’). Then r(m’) tends to r. = \/(p — 1)/(q — 1),
and z — |1 + r(m/)bz|? converges uniformly to z — |1 + r.bz|?. The function z — |1 + bz|P is
continuous. Weak-star convergence preserves both integrals, so the norms pass to the limit and (1)
holds for v_; at the multiplier r,. The expansion recorded after Proposition 3 gives the matching
necessity.




Proof of Theorem 2. If x = 0, then |ay| is the constant |a| for every y € S*~!, and the asserted
bound reduces to || < 1. This holds because ¢ > p. Both sides are homogeneous of degree one in
(7,a), so one may assume |z| = 1. For y € S*~1,

|z + ay|? = 1 + 2alz,y) + a°.

The set {y € S*~ ' : (x,y) € dt} has area proportional to (1 — #2)(=3)/2dt. With X\ = (n — 2)/2, the
exponent (n — 3)/2 equals A — 1/2, so the law of (x,y) is uy, and the corresponding circle weight is
m =n — 2. Symmetry in ¢ gives

|z + ayll ooy = Npya(lal)™?,

and the same identity with a replaced by ar at the exponent q. Theorem 1 at weight m =n — 2 is
therefore the spherical estimate. Sharpness is Proposition 3 at this weight. O

Appendix: the polynomial identities

The integrand form of the hypergeometric operator

Let z = c?, F =1+ 2ct + ¢ and 0.F = 2(c +t). Write L[F?] for the left-hand side of (5). The

conversions 0, = (1/(2¢))d, and
1 1

O = qa0e ~ 43

Oc
give, after multiplication by 4¢3 F2~2,

De(F*) F?*~* = 2a(c + t)F,
Dee(F*) F2~ = 4a(ar — 1) (c + )2 + 2a/F.

The multiplied operator is the quadratic polynomial

E=(1-c*)( ol — ¢ 851)
+2 A+ 1— (1 —2a— N7 9 — da(a + N AF?,

where the cleared derivatives are the two displays above. Their coefficients in t are

(c+t)F =2ct? + (1 +3cA)t + (1 + ¢2),
O =2a(2ct? + (14 3cH)t + (1 + ¢2)),
% = da(a— 1) 2 + 4ac2a — 1)t + 2a(1+ (2a — 1)c?).

The linear coefficient of 9. is 8a(a — 1)c+4ac = 4ac(2a— 1), and its constant term is 4a(a —1)c? +
2a(1+ ¢?) = 2a(1+ (2a — 1)c?). The square F? = (14 ¢® + 2ct)? has coefficients 4¢?, 4¢(1 + ¢?)
and (1 + c?)2.

Coefficient of t2. The combination 39 —c20¢! has t2-coefficient 4ac®(a—1) —4ac? = 4ac®(a—2).
Multiplication by 1 — ¢? contributes 4ac®(a — 2)(1 — ¢2). The middle summand of (11) contributes
8ac®[A+1 — (1 —2a— A)c?], and the last summand contributes —16c(cx + A)c. Dividing the sum
by 4ac? produces

(a—2)(1—c?) +2A+1-(1-2a- )\)02] —4(a + N2

10



The terms independent of ¢? are o — 2 + 2\ + 2 = a + 2\. The coefficient of ¢? is
—(a—=2)=2(1-2a—X) —4(a+ ) =—a+2—-2+4a+ 2\ —4da — 4\ = —(a+2N).

The quotient equals (o 4+ 2X)(1 — ¢?), so the coefficient of t? in E is —4ac®(a + 2\)(c? — 1).
Coefficient of t. The three contributions are

(1 - c*)(4a(2a — 1)c* = 2ac®(1 + 3¢?)),
dac?(1+3cH) A+ 1 — (1 —2a — N)c?],
—16a(a+ Nt (1+ ).
Dividing by 2ac? produces
(1—c*)((a—5)c® —=1) +2(1 +3*)[A+1 — (1 — 2a — N)e®] —8(a+ AP (1 + c?).

The first summand equals —(4a — 5)c* +4(a — 1)c? — 1. The second equals 2(A + 1) + 6(\ + 1)c? —
2(1 — 2 — \)c? — 6(1 — 2ac — A)c*. The third equals —8(c 4 A\)c? — 8(ar + A)ct. The coefficient of ¢*
in the sum is
—(da—5)—6(1 —2a0—\) —8(a+ A)
=—4a+5—-6+12a+ 6\ —8a—8\A=—(2\+1).

The coefficient of ¢ is
da—1)4+6(A+1)—2(1 —2a— ) —8(a+ A)
=4a—44+6A+6—-—2+4a+2\—8a—8A=0.

The remaining term is —1 + 2(A + 1) = 2\ + 1. The quotient is therefore (2\ + 1)(1 — ¢*) =
(22 + 1)(1 — ¢?)(1 + ¢?), and the coefficient of ¢ in E is —2ac?(c? — 1)(c® +1)(2A + 1).

Constant term. The three contributions are 4a(a—1)c®(1—c?), dac®(1+c?) [A+1—(1—2a—\)c?]
and —4a(a + N)c3(1 + ¢2)2. Dividing by 4ac?® produces

(-1l -+ (1 +A)[A+1—(1-2a—A)c?] — (a+A)(1+ )%
The coefficient of ¢* is —(a — 1) — (1 — 2a — A) — (@ + A) = 0. The coefficient of ¢? is
(a—1)+AN+1)—(1-2a—X)—-2(a+N)=a—-14+A+1-142a+A-2a -2 A=a—1,

and the remaining term is (A + 1) — (a+ A) = 1 — a. The quotient equals (o — 1)(c? — 1), so the
constant term of E is 4ac®(a —1)(c? — 1).

These are the coefficients of —2ac?(c?> — 1)Q. Both sides are quadratic polynomials in ¢, so
E = —2ac?(c? — 1)Q. The divisions by « and by powers of ¢ compare coefficients of polynomials
and do not restrict the identity: both sides vanish to at least those orders. Dividing by 4¢3 F?~
gives (5).

The initial slope
Start from (9), which is the differentiation of (6) at z = 0. With ¢, = (o« +\)/(A+ 1),

(1-2a—XA—aty) A+1)=(1-2a—A)A+1)—ala+])
=1-X—2a—2a\—a® —a\= Ma),
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where M (a) = (1 — A?) —a? —a(3A +2). Thus 1 — 2o — XA — atq = M(a)/(A +1). With kts = t,,

M) v+ M)
(1=2y=A=ty) = w1 =20 = A= 0ts) = =5 = 5y 31

The numerator of the common-denominator form is
(0 +X)M(y) = (v + A)M(9).
The summand (1 — A?) contributes (§ —7)(1 — A?). The quadratic summand contributes
—(§+ N7+ (v + A% = 78(5 — ) + A(0% =)
= (0= (¥ + Ay +9)).
The remaining summand contributes
BA+2) (= + X7+ (Y +A)) = BA+2)(=Ay+Ad) = ABA+2)(6 — 7).
These are the three contributions
L=X)@E =7,  @=N(O8+Ar+38),  ABA+2)(6 7).
Their sum is
=M +2X+2 2+ 75+ A7 +6)) = (=) ((Y+ NG+ A) + (A +1)?).
Dividing by (§ + A)(A + 1) and multiplying by t,/(A + 2) gives

@—=N+0((r+ X6 +A) + (A +1)%)
0+ ANA+1)2(N+2)

7(0) = ¢'(0) =

Coefficients of the contact polynomial
Write P(t) = Ny(t)(1 — kz) — Ny(t)(1 — 2) and

2(0 —7)
S+

S p—
The constant terms contribute
(Y+XN((1—r2) = (1—2)) =(v+N)z(1— k) =Sy + ),
since 1 —k= (0 —7)/(6 + ).

The coefficients of #? contribute
—2(1 = 2)vy(1 —kz) + 2(1 — k2)0(1 — 2)
=z2(1—2)(1 —kz)(d — 7).
The relation 1 — kz = (6 + A — 2(y+ A))/(0 + A) rewrites the right-hand side as SAq.

The coefficient of ¢ in Ny is —[XA + 1 — (1 — 2y — A)z], and the coefficient of ¢ in N, is
—[A+1-(1-25—N)rz|. Write A=A+1,G=1-2y—Xand D =1— 25 — . The coefficient of
tin P is

—(A—Gz)(1 —kz)+ (A— Dkrz)(1 - z2)
=—-A+ Arz+Gz(1 —kz) + A(1 — 2) — Drz(1 — 2)
=2(A(k — 1)+ G(1 — kz) — kD(1 — 2)) = 2B,
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where
B=A+1)k-1)4+1=2y=XN)(1—krz)—r(1 =25 —N)(1 - 2).

Multiply by § + A and use k(6 + A) = v+ A:

O+NB=A+1)(y=6)+ @+ N1 =2y =N —r2)
—(vy+AN)(1 =20 -1 —2).

The right-hand side is affine in z. Its constant term is

K=A+DH=-0)+0@+N1=2v=X)—(v+AN)(1—-25—]))
=M = A+ =04+ =290 — A+ X — 29X — A2
— 4290 + AN — A+ 20X + )2
The pairs Ay 4+ YA — 29\, —AJ — XS + 26\, —2v5 + 295, —A2 + A2, A — X, v — v and —6 + J each

sum to zero, so K = 0.
The coefficient of z receives —kz from the second summand and —(1 — z) from the third:

—(0+NA =2y =N+ (y+N)(1—20—N)
=(+N)(-1=2y=XN)+(1-26-N))
=2(y+ A)(y —9).

Hence (6 + A\)B = 2z(y + A)(y — d), and 2B = —2z(y + \)S. Adding the three contributions yields
P(t) = SQ(t).

This is an Al-generated solution to a problem that was prompted by Paata Ivanisvili in Cursor with
Grok 4.7.

Paata Ivanisvili

Department of Mathematics, University of California, Irvine
510C Rowland Hall, Irvine, CA 92697-3875, USA
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