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Abstract

Let p, = Hﬁe*mQ/(Q”n!\/Tr) be the position density of the n-th eigenstate of the one-
dimensional harmonic oscillator, and let S,, = — f pnIn p,. J. Sdnchez-Ruiz [J. Math. Phys. 38
(1997) 5031] conjectured the upper bound (37) for S,,. He noted that it follows from his conjecture
(30), which compares the logarithmic potential of H,, at its zeros with its value at the origin.
We prove (30) in a strong form: the potential is strictly monotone along the non-negative zeros.
This proves (37) for every n, with equality exactly for n € {0,1}, and also proves his (36), (39),
(42) and (45). The Hermite-specific input is an integral formula for the amplitude y7 + 2y2 of
two solutions of the Weber equation, which shows that this amplitude increases with |[¢].

1 Statement

H,, are the physicists’ Hermite polynomials, [ Hﬁe*”2 dz = 2"n!y/7, and ¢ = IV/T. As in the
paper, m = |n/2| and e =n — 2m € {0,1}; note m + ¢ + 3 = 2t Put

B H,(z)%e

pn(z) = TN = —/an In p, dz, Un(t) = /an(a:) In |z — t| dx.

The paper’s logarithmic potential (11) is V;,(t) = — [ H2In |z —t|e 7% dz = =270l /T Uy (t), and its
Sp (Eq. (4), with a = 1) is the S,, above. The zeros of Hy are Tp1,...,Tnp, and 0 <& < -+ <&
are the positive ones. (From its Eq. (12) on, the paper writes x,;, ¢ < m, for the positive zeros.
Since V;, is even this does not affect (30).) Let

m-+e 1

R, :zln( 'f)+n+2— ¢<%€+1> :111(2””!\/7»7)"’;"‘”(14'7_2]; 2k—1)’

the right side of the paper’s (37). The two forms agree because 1 (k + %) =—y—2In2+42 Z] 1 23 T
which is the paper’s (31).

Theorem A (Eq. (37)). S, < R, for every integer n > 0, with equality if and only if n € {0,1}.

Theorem B (Eq. (30), strong form). Let n > 1. Then U,(0) < U, (&) < Up(&2) < -+ < Un(&m).
Hence Vi (xn;) < Vi, (0) for every zero xy i, with equality if and only if xy,; = 0.

*This note was written by an Al system acting as an independent referee. The proof mechanism (the factorization
of U}, the amplitude formula (N) and the half-turn pairing) is that of an Al-generated proof submitted for audit.
Every step was re-derived independently and checked numerically; the changes made in the audit are listed in §8.
Readers should treat it as unrefereed.



The paper observed both statements of Theorem B numerically for n <5 (its Fig. 1). Theorem A
is deduced from Theorem B in §2, and Theorem B is proved in §§3-5. §6 proves the paper’s (39)
and (42), and hence (45).

2 Reduction of (37) to the values of U, at the zeros
Lemma 1 (Eq. (29)). Upn(0) = [ pn(2) In|z[dz = 2p(m + e+ 3).

Proof. Put o = ¢ — 1. By Szeg8’s (5.6.1), Hopic(x) = (—1)m22mFem! xEL,(ff) x2), s0 p, =
2

cszLg,?) (:132)26_’”2 with a constant ¢ > 0. Since p,, is even, y = x2 gives

/pﬂnmdwzf/my%ﬂﬂﬁwfmy@h 1=/pmh=c/my%”5?@VML

R 2.Jo R 0

For a > —1 let N(«0) =[5~ yre VLE) (y)?dy =T(m +a+1)/m!. 'y (y) is a polynomial in (o, y).
On [ag, a1] C (—1,00) the a-derivative of the integrand is bounded by (y* +y®*)(14 |Iny|)P(y)e™¥
for a polynomial P, which is integrable. So we may differentiate under the integral sign. The
leading coefficient (—1)™/m! of LSf:) does not depend on «, so GaL,(g) has degree < m — 1 and is
orthogonal to L', Hence I yae_nyﬁ‘) (y)2Inydy = N'(a) = N(a)(m + o+ 1). The ratio of
the two displayed integrals is therefore %Q/)(m +a+1)= %@D(m +e+ %) O

Lemma 2. For everyn >0, R, — S, =231 (Un(zn,i) — Un(0)).

Proof. H, = 2"[];,(z — xpn4), so off the zeros —In p, = In(2"n!\/7) + 2% —2nIn2 — 23", In |z — 25, 4.
Fach term is integrable against p,: the logarithmic singularities are integrable, and p,, decays like a
Gaussian. From zH,, = %Hn+1 + nH,_1 and orthogonality, fx2pn =n+ % Hence

n
Sp=Wn@2"nly7)+n+3—2nn2— 22 Un(Tni)- (1)
i=1
By Lemma 1, 2nU,(0) = ny(2+H). Subtracting (1) from R,, gives the claim. O

With E,(H) = 2"nl\/7 (S, —In(2"n!y/m)—n—1), which is the paper’s (4), and V;, = —2"nl\/z Uy,
(1) is the paper’s (10). So (36), which is (10) with (30) and (29) inserted, is equivalent to (37).

Proof of Theorem A, given Theorem B. For n = 0 the sum in Lemma 2 is empty. For n = 1 the
only zero is 0. In both cases S, = R,. Let n > 2. U, is even because p,, is even, so by Theorem B
every term Uy (zp ) — U,(0) is > 0, and the n — e > 2 terms with z,,; # 0 are > 0. By Lemma 2,
Sn < Ry. O

3 The derivative of the potential

S is the Schwartz class. For f € S put

Hﬂw:AWfa—w;fa+wdy

The integrand is bounded by 2| f’||oo for y < 1 and by |f(t —y)|+|f(t+y)| for y > 1, so the integral
converges absolutely. Substituting x = ¢ F y shows that H f(t) = lims_ f‘ o—t|>5 % dz. We use



Peetre’s inequality 1+ |y| < (1 + [t & y|)(1 + [t]) repeatedly: if |f(x)| < C(1 + |z|)~2 and |t| < T,
then | (t £ y)| < C(L+ T)2(1+ [y)) 2.
Let F(t) = e [5 e du be Dawson’s function, and put

Go=(-1)"F", (1) =" PHL(t),  wpt) =G, (1), W =2"nl.
Lemma 3. U, € C'(R) and U},(t) = ¢ Hn(t)Gn(t) = 3 y1(t)ya2(t).

Proof. (a) U, € C! and U}, = Hp,. We have U,(t) = [pn(t + y)In|y|dy. Choose C with
lon| + o] < C(1 + |z|)72. For [t| < T, both p,(t + y)In|y| and its t-derivative p,(t + y)In |y| are
bounded by C(1 + T)%(1 + |y|)~2|In|y|| € L*(R). So U, is C*, with U/ (t) = [ pl,(t +y)In|y|dy =
Jo° W (y) Iny dy, where h(y) = pn(t+y) — pn(t —y). On [, R], integration by parts gives f(;R K iny =
h(R)In R — h(6)Ind — [ h(y)y~ ' dy. Here [h(6)] < 26]|p)]loo and h(R)In R — 0, while h(y)/y is
the negative of the integrand of Hp,, which is absolutely integrable. Letting 6 — 0 and R —
gives U] = Hp,. Nothing changes at zeros of p,,.

(b) (Hf) = H(f") for f € S. The t-derivative of the integrand is (f'(t —y) — f'(t +y))/y.
For |[t| < T it is bounded by 2|/ f"||s if y < 1, and by 2C(1 + T)2(1 + y)~2 if y > 1, where
|f'| < C(1+ |z|)~2. This bound is integrable, so we may differentiate under the integral sign.

(¢) Hle™"] = 2y/mF. H[e™|(t) = e " K(t) with K () = [;° ¥ 25024 qy and K(0) = 0.
The t-derivative of the integrand is 4e™¥" cosh2ty < 4e ¥ cosh2Ty for |t| < T. So K'(t) =
4 [5° e™v” cosh(2ty) dy = 2 Jr e VT2t gy = 2, /ret” and K (t) = Zﬁfg e du.

(d) H[H2e ""|(t) = Hp(t) H[Hpne *°](t). Fix t, and write Hy,(z) — Hp(t) = (z — t)Q¢(z), where
Q; is a polynomial of degree < n — 1. For ¢ € S and g(z) = (z — t)p(z), the definition gives
Hy(t) = — [Clp(t —y) + ot +y)]dy = — i ¢. By linearity, H[HZe *"|(t) — Hy(t)H[Hpe *|(t) =
H[(z — )QiHpe *")(t) = — Jr Q¢Hne " dz = 0, by orthogonality.

Assembly. By Rodrigues’ formula, H,e=*" = (=1)"(e=*")("). Then (b) and (c) give H[H,e ']
(—1)*(2y/7F)™ = 2\/7 Gy, and (a) and (d) give U/, = H, - 2/7G,/(2"n!\/7).

Lemma 4. y; and y2 solve y" + (2n+ 1 —t2)y = 0, and y1y5 — yiyo = W = 2"nl. Moreover G,
has parity (—1)"*1.

I

Proof. For y; this is the equation of the Hermite functions. From F’ = 1—2tF we get F"'+2tF'+2F =
0. Differentiating n times, g = F() satisfies ¢” + 2tg' + 2(n +1)g = 0, and then y = et’/2g satisfies
Y =e’/2(g" + 2tg' + (1 + t2)g) = (12 — 2n — 1)y. Differentiating F/ = 1 — 2tF k times gives

Git1 = 2tGy — 2kGr—1 (k> 1), Go=F, G;=2tF—1, v = —Git1,

and Hy, satisfies the same recurrence, with H; = 2kHj_;. Using these, y1y5 — yjy2 = H,G), —
H! G, + 2tH,G,, = 2n(H,Gp,—1 — H,—1Gy,) for n > 1. The Casoratian Cy = HpGy_1 — Hi_1Gyp,
satisfies Cyqq1 = 2kCy and Cy =1, so W = 2nC,, = 2"n!. For n =0, W = F' + 2tF = 1. Finally, F
is odd, so F(™ has parity (—1)"*. O

4 The amplitude
Let k= 2/\/7, Y = y1 +iryz, and A, (8)% := |V ()2 = e " H, (£)2 + L G, (t)2.

Lemma 5 (Nicholson-type formula). For every real t,

ontlpar (1 5 (1_M)n
An(t)? = | et du N
() g (N)
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Consequently A, is even, and A,(tz) > An(t1) whenever 0 < t; < t3. Moreover A,(0)? =

2 D(240)/ (VAT (5 +1)).

Proof. Step 1. [y e/t cos(ts)ds = /me ", Let ®(t) = I e~**/4sin(ts) ds. Differentiating
under the integral sign (dominated by 536*52/4) and integrating by parts gives ® = 1 — 2t®.
Since ®(0) = 0, uniqueness for this linear equation gives ® = F. Hence e 4 ikF (t) =
n1/2 Jo° e~5'/4¢its ds. Differentiate n times under the integral sign (dominated by 5”6‘52/4),
use (e=*)™ = (=1)"H,e~** and F(™ = (—1)"G,,, and multiply by (—1)"e!"/2. This gives
—2)" 2 o 2 . €t2
Y(t) = (\/7% e 2T (), Jn(t):/o shem e ds, A1)’ = — | ()
Step 2. |Jn|* = ff(o’oo)g(su)”e*(32+“2)/4e“(5*”) dsdu, an absolutely convergent double integral.
The map s = p+ ¢, u = p — ¢ has Jacobian 2 and 1mage {p > |q|}, and Fubini gives |J,|? =
2 g 62“‘16_‘12/2[”((]) dq, where I,,(q) = f|q| (p? — ¢>)"eP */2dp. Substitute p = /g% + v, and use

a2 = g=1/2 I A~12e=2d) for a = ¢> +v. With Tonelli (the integrand is non-negative) and
foo ne—v )\+1/2) dv = n|(}\ + %)—n—l7

L(g) = e~9%/2 oo yne ”/2 n! e—9?/2 oo e d)\
mUET VP —l—v 2ym Jo o AV2(A 4 )t

Step 3. Hence |J,|> = %IR J5° e?*aD(q,\) dAdq, where D = A\7V/2(\ + %)_”_16_(1“‘)‘)‘72 > 0.

The integral of D over R x (0, 00) is at most /7 [§° A™/2(A + $)™~1d\. This is finite for every

n > 0: the integrand is O(A~'/2) at 0 and O(A3/2) at co. By Fubini and [ e2ita=(14+ N qg =
T/(1+ ) et/

et’ ! PREPVICEOVIE DY
n!
An(t) 7"] = / )\1/2 n+1(1+)\)1/2

Step 4. Substitute = A/(1+ A) € (0,1), so that A + 3 = (IJ”L), 1+A= f and dA = = “) .
This gives (N). The integrand of (N) is positive on (0, 1) and strictly increasing in #, which gives

the monotonicity. At ¢t = 0, put x4 = v? and v = tan % Then (1 — v?)/(1 + v?) = cos ¢, and (N)
becomes M W/ % cos™ ¢ d¢, which is the stated Wallis value. O

Remark 1. (N) can also be checked without Fourier analysis. Every product of two solutions of
y" +qy =0, with ¢ = 2n + 1 — 2, solves P" + 4¢P’ + 2¢’P = 0. In the variable z = t? this reads
22" +3f"+2(2n+1— )f’ f = 0. The right side of (N), as a function of z, satisfies this equation
because of the identity - [2,u(,u —Dw] = B+ (@An+2)pu—1)w for w = p= 21— )" (1+p)~" 1,
after one integration by parts Wlth vanishing boundary terms. Parity rules out y1y2. The growth as
t — oo fixes the coefficient of y2 at 4/, and the decay along ¢t = it fixes the coefficient of y? at 1.

Also A, (t)? = M|D_n 1(iv/2t)|?, where D,, is Weber’s parabolic cylinder function. Formula

(N) is the analogue of Nicholson’s integral for J2 + Y,2. Steps 2-4, applied to [;° s le™* *Jits 4
in place of J,, and combined with the integral representation [DLMF 12.5.1] of D_., give for every

real ¢ > 0 and real = . ( ) .
1 2 1—u -

D_ i:cQZ—/ ex“/27d;

| C( )| F(C) 0 M1/2<1+M)c lu’

the Fubini bound is /7 [5° A™/2(A 4+ 3)7¢(1 + A)"Y/2d)\ < oo, where the factor (1 4+ A)~'/2 from
the g-integral is needed when ¢ < %



5 Phase and pairing; proof of Theorem B
Lemma 6. There is § € C°(R) with y; = A, cosf, kys = A, sinf and

KW A2 sin 20
0 =—5 >0 =0
A% > U, Yy1y2 2%
The zeros of Hy are exactly the points where 0 € 5 +wZ. If a < b are consecutive zeros of Hy, then
0(b) = 0(a) + . If n is odd, 6(0) € § + 7Z. If n > 2 is even, 6(0) € 7Z and 0(§1) = 0(0) + 3.

Proof. By Lemma 4, y; and y; have no common zero, so Y € C®(R;C \ {0}). Choose £y with
e =Y(0), and put L = £y + [;Y'/Y. Then (Ye ') = 0,50 Y = el. Set = ImL. Then
Y = A,e? and 0/ = Im(Y'Y)/|Y |2 = k(y1vh — viy2) /A% = kW /A2. The product formula follows
from yy2 = A2 cos@sin 0/k.

Since A,, > 0, H,(t) = 0 if and only if cosé(t) = 0. Let a < b be consecutive zeros. Since 6 is
strictly increasing, 0(b) > 6(a) + 7. If the inequality were strict, the intermediate value theorem
would give a zero of Hy, in (a,b). If n is odd, then H,(0) = 0. If n is even, then G,, is odd (Lemma 4),
s0 %2(0) = 0 and 6(0) € 7Z. Moreover H,, # 0 on [0,&1), so the first value in § + 7Z reached after
6(0), namely 6(0) + 7, is reached at &;. O
Lemma 7 (half-turn pairing). (i) If 0 < a < b are consecutive zeros of Hy, then f; y1y2 dt > 0. (ii)
If n > 2 is even, then [5'y1y2dt > 0.

Proof. (i) Let 8, = 6(a) € § + 7Z. By Lemma 6, 6 is a C* increasing bijection of [a,b] onto
[0a, 04 + 7). Tts inverse 7 satisfies 7/(p) = A, (7(p))%/(kW). Substituting t = 7(p) and writing
B=A%orT,

b 1 Qo+ ) 1 Ou+7/2 . )
/a y1yo dt = 3TW o, B(p)sin2¢dp = T /ea [B(¢+ %) — B(p)](—sin2¢) de.
The second form comes from splitting at 6, + 5 and substituting ¢ +— ¢ + 7 in the upper half, using
sin(2¢ + ) = —sin2p. For ¢ € (04,0, + 5) we have 2¢ € (m,27) + 27Z, so —sin2¢p > 0. Also
0<a<7(p) <7(p+7%5)<b, and A, is strictly increasing on [0, 00) by Lemma 5, including at the
endpoint 0. So B(¢ + §) > B(y). The integrand is therefore continuous on [0, 6, + 7] and positive
in the interior. This is the only place where a > 0 is used. On an interval of negative zeros the
inequality reverses, as it must, since U, is even.

(ii) On (0,£1), Lemma 6 gives 6 € (6(0),0(0) + 5) with 6(0) € 7Z. So sin20 > 0 and y1y2 > 0
there. No monotonicity is needed. O

Proof of Theorem B. Put & = 0. By Lemma 3, Uy (&) — Un(&-1) = & fg_l y1y2dt for 1 < j < m.
If n is odd, 0 is a zero of Hy. So every [{;_1,§;] joins consecutive non-negative zeros, and Lemma 7(i)
applies; for j = 1 it applies with a = 0. If n is even, Lemma 7(ii) applies for j = 1 and (i) for j > 2.
All increments are positive. The statement about V,, follows because V;, = —2"n!\/7 U,, and U, is
even. [

This completes the proofs of Theorems B and A. Note that for odd n the first step starts at the
zero t = 0, where (A2)(0) = 0. There U, first falls and then rises, and only the exact pairing shows
that the rise wins. Numerically, this step gives the smallest increments of the whole chain (about
6.3 x 10~7 at n = 99).



6 The series (39), the identity (42) and the inequality (45)

Let pn(s) = [g pn(x) cos(sz) dz, and, with po,(n) the paper’s (41),

_(=nm2(r — 1) B o x= () (Mk(=2)F N
CT_ (QT)‘ ) FT—2F1<_n7T7172)_k§0 k T? /’1/27’ E; TL’L
Proposition 8. For every real t, Un(t) — Upy(0) = —1 3 -, ¢, F. t", and the series converges

absolutely. With V,, = —2"nl\/w U,, and Lemma 1, this is the paper’s (39). Consequently the paper’s
(42) holds,
Sann—l—anrFrugT(n) (n>1),

r>1

and so does (45): 3,51 crFrpar(n) <0 for every n > 1, with equality if and only if n = 1.

Proof. Step 1: pn(s) = e 5/*L,(s%/2). We have >k Hj(w)Hy(x )a],g: = e2r(ath)—a®=b*  Tpe
coefficients of Hj alternate in sign, so >, |H;(z )|’j"—], < e2elr+r® and the double series may be

. . . 2 . _q2_ 32 2 : 2 .
integrated termwise against e~ 757, Since e~ V" [ e~ T2(20+24i5) 4y — | fres"/Ae2abFis(ath)
comparing the coefficients of a™b"

gives

/ H72167£E2+i8$ d:]: _ \/7?6782/4(71')2 zn: 2-7(1,5)271—23
R

__on —s2/4 s2
A 03,7!((”_],)!)2 =2"nl/Te Ln(%).
]:

In particular |pn(s)| < C(1 + s)2nes"/4.
Step 2: U(t) = [5° pn(s)sin(ts) ds. Fourier inversion for the even function p, gives

2 [ . .
pult —y) —palt +y) = — /0 pn(s) sin(ts) sin(ys) ds.
Since |sin(ys)/y| < s, Fubini on (0, R) x (0, c0) gives

Rt palt ) 2R s
/0 " dy—*/o Pn(s)sin(ts) Si(Rs)ds, Sl(x)_/o du.

™ u

Let R — oo. The left side tends to Hp,(t) = U}, (t). On the right, use dominated convergence:
|Si| < Si(m) < 2 and Si(Rs) — 5
Step 3. Fubini on [0,] x (0,00) (dominated by |p,|) gives Uy (t) — Un(0) = [5° pn(s)1=2L5 ds.
Step 4. Expand 1 — costs = > ,-1(=1)""1(ts)?"/(2r)!. The absolute series is dominated

by [5° |,6n1 2)|% ds < o0, so termwise integration is allowed. This gives U, (t) — U,(0) =
)T t T

>or (#M with M, = [5° pn(s)s*"~! ds, absolutely convergent.

Step 5. With s? = 2u, M, = 2"~ [ "le=%/2L, (u) du. Expanding L, (u) = > (} ) 9" and
using [ u e 2 du = 27K (r — 1)1(r)y, gives M, = 22 1(r — 1)! F,. So (=1)""'M, /(2r)! =
—%CTFT

Step 6. Put t = x,; and sum over the n zeros: > ,(Upn(zn;:) — Un(0)) = =5 37, ¢, Frpor(n).
Lemma 2 turns this into (42). By Theorem B the left side is > 0 for n > 2. For n =1 it is 0 (also
p2r (1) = 0). O




7 Remarks

Remark 2 (even n and the variance bound (7)). Let A, = R, — 3 — In((2n + 1)), the difference
between the right sides of (37) and (7). Then Ay =0, A, > 0.12 for even n > 2, and A, < 0
for odd n. So for even n, (37) already follows from (7), as the paper says, while for odd n it is
strictly stronger. Here A, =Inn! —nln2+n — nw(%ﬁl) — %ln(2n +1). For even n > 2 we use
three bounds: Inn! > (n+ 3)Inn —n + 1In27 (Robbins), ¢(z) < Inz — 5, and In(1+ 1) < 1.

2z n

Together they give A, > gln 22n7rf1 -1+ nL+1 > %ln%’r — % > 0.12. For odd n > 3 we use

Inn! < (n+Hnn—n+im2r+ 2, ¢() >he— 5 — 121902 with z = 242, and In(1 +u) > 22+7uu
2 1

with v = 2. Together they give A,, < %lnﬂ — (ni(l”)i?ﬂm + ﬁ + 32y which is decreasing in n

n
and ~ —0.233 at n = 3. Finally, Ay =In2 — %1113 +7v—1= —0.279. The two digamma bounds are
the first two truncations of the asymptotic series of 1, whose remainders for real x > 0 have the
sign of the first omitted term [DLMF §5.11(ii)].

Remark 3 (shape of the potential). By Lemmas 3 and 4, U} = 2 (y\y2 +y195). So Ul = —2 at every
zero of H,, and U]/ = +2 at every zero of G,,. The critical points of U, are therefore non-degenerate.
The n local maxima of U,,, which are the n local minima of V,,, sit exactly at the zeros of H,. By
Theorem B their values increase with |z, ;|, which is the observation the paper made from its Fig. 1.

Remark 4 (numerical confirmation). An independent high-precision computation, written for the
audit, computed S, by direct quadrature. It uses Arb ball arithmetic and two tanh-sinh configurations
that agree to 5 x 1079 for n < 100. For n < 100, every value of U, at the zeros was also computed
in two further ways, from Lemma 3 and from the series of Proposition 8, and both agree with the
direct values to 107°°. R,, — S, is below 4 x 10~%° in absolute value at n = 0,1. For 2 < n < 100 it
is at least R3 — S3 = 0.06550110723553648320540. ... A second run for 101 < n < 300, accurate to
about 30 digits, gives R, — .S, > 0.3396 there, and all increments of Theorem B positive. Sample
values:

Sn Rn - Sn

1.07236494292470008707171367568 0 (computed: |- | < 1077)
1.34272778838617825709545788722 0 (computed: |- | < 1077)
1.49860923325172784063442781488  0.807628581155874
1.60971184130165311475002095212  0.0655011072355365
1.69655063068037526108474136697  0.968652857771516
5 1.76806125323833304526097684226 0.110276326442471
10 2.01017812546743775400062178521  1.12419609911581
11 2.04553787958448284496538379604  0.182491288655442
50  2.65650019904425762121356924398  1.28914902346022
51  2.66498075085802678686813894165 0.300404450926912
99  2.9544270422962749003586761596  0.338644972858432
100 2.95888629151722967137538780257  1.33416905813723

B ow N~ o3

If one uses the asymptotic formula (6) of the paper, S, = In(7v/2n) — 1 + o(1), which is taken from
the literature, Stirling’s formula shows that the gap tends to % — ¢; this is the paper’s (44). At
n = 299 and n = 300 the computed gaps are 0.3875 and 1.3860. So (37) is not asymptotically sharp,
but it has the correct %lnn growth.



8 Changes relative to the submitted proof

The audit found no error in the submitted argument. The following points were added or made
explicit here.

1.

Lemma 3(a): the dominating function for differentiating U, both boundary terms of the
integration by parts, and the identification of the folded integral with the principal value. The
submitted text gave only the boundary term at 0.

Lemma 6: the existence of the smooth argument 6 (by lifting) and the proof that 6 advances
by exactly m between consecutive zeros. The submitted text asserted both.

Lemma 5 is stated in the variable p = A/(1 + A). This makes the convergence and the
monotonicity immediate, and gives the Wallis value A,,(0)? as a check of the constant. The
submitted A-form is the last display of Step 3.

Lemma 7: the only use of ¢ > 0, and the boundary case a = 0 for odd n, are stated explicitly.

The paper’s change of meaning of z,; from Eq. (12) on is noted. It does not affect (30).

. The digamma and Stirling inequalities in the remark on (7) are given with their source.

Two claims of the submission are not used and not repeated here: the unimodality of the
Askey-Wimp weights, which depends on the literature’s weight formula, and the n='/3 decay
rate of S,, — In(mv/2n) + 1, which is numerical only. The limits of the gap are stated as
conditional on (6).

. The formula for |[D_.(iz)[? is stated for every ¢ > 0. The submission states it for ¢ > 1,

because its Fubini bound drops the factor (1 + \)~1/2.
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