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ABSTRACT. For p > 2, A, B > 0, let £,,4,5 be the supremum of E|X; + --- + X, |P over all n and
all independent zero-mean random variables with S EX? = B and >_E|X;|? = A. Pinelis (Ann.
Probab. 43 (2015)) computed Ep;a,5 for p € (2,3] U [5,00) and stated that the cases p € (3,4) and
p € (4,5) remain open. We prove that £,.4,5 = A + E|Z|PBP/? for all p € [3,4], Z ~ N(0,1). In

other words,
53
=1

with the sharp constants; in the max form this confirms a hypothesis of Ibragimov and Sharakhme-
tov (2002) for 3 < t < 4. The proof combines Utev’s Poissonization with an elementary Fourier
identity whose integrand is pointwise nonpositive; a second proof reduces the zero-mean case to
the classical symmetric one via a symmetrization inequality for Lévy measures. Consequences in-
clude sharp versions for Hilbert-space-valued and LP-valued summands and for a class of general
moment functions. For 3 < p < 4 the same argument gives the sharp bound A 4+ E|X + B'/?Z7|
in the presence of an extra independent summand X whose characteristic function is nonnega-
tive. On the other hand, the extension with a general extra summand, suggested by Pinelis (his
Theorem 1.5 for p € (3,4)), is false: it fails for X = 1 and for some bounded zero-mean X.
For 4 < p < 5, with II, a Poisson variable with mean X and A = A, ¢\ = B, we prove
PE[ — AP < Epap < PE[I, — AP 4+ C,BP/?, and we prove that Pinelis’ conjectured Poisson
value is exact, Epa,5 = c’E|IIy — A|P, whenever BP/?/A is sufficiently small (the threshold pro-
duced by the proof is very small), and likewise whenever BY/ 2/ A is sufficiently large (again with a
large threshold); so the conjecture holds near both ends of the parameter range. Quantitatively, for
A > 1 the supremum exceeds the Poisson value BP/?(m, + KA~ + O(A7?)), K, = (B)E|Z|? /12,
by at most O(B?/?2A72). The Gaussian-regime results use a decomposition whose leading part
is a linear functional of the Lévy measure maximized at the Poisson law, by a concavity (two-
moment-problem) argument. We also reduce the full conjecture to a “skewness inequality” for
compound Poisson laws, supported by numerics, and exhibit the non-convexity phenomenon that
blocks second-variation arguments there.

T EXP+EZP(YBEXT)T, s<p<y,
=1 i=1

1. STATEMENT OF RESULTS

Rosenthal’s inequality [9] bounds E| 3" X;|P by a constant times max{3>  E|X;[?, (S EX?)?/2};
here we are concerned with exact (sharp) forms. Throughout, Z ~ N(0,1), m, = E|Z|P =
2p/2f(%)/ﬁ, and (g) =p(p—1)---(p—k+1)/k! for real p. For p > 2 and A,B > 0let Z,.4 B
be the set of all finite sequences X = (X7,...,X,,) of independent random variables with EX; = 0,
S EXZ2 =B, > . E|X;|P = A, and put Sx = X1 +--- + X,

Epap :=sup{E[Sx|’: X € Z,aB}
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Theorem A. Let 3 < p < 4. For every n > 1 and all independent zero-mean Xy, ..., X, with
E|X;P < oo,

(1) E\X1+---+Xn]p§ZIE\Xi]p—i—mp(ZEXf) .
=1 =1

Moreover Epap = A+ mpo/2 for all A, B > 0.

Together with Pinelis” Theorem 1.5 [7] (the range 2 < p < 3, proved there via Tyurin’s zero-
bias bound [I0]) this gives £,,aB = A + mpo/ 2 on the whole range 2 < p < 4. Consequently,
the best constant A, in ||Sx|l, < A, max{(>;EX?)Y2, (3 E|X;|P)!/P} for independent zero-mean
summands is A, = (1 + mp)l/p for 2 < p < 4. For 3 < p < 4 this confirms the hypothesis stated at
the end of [6]: for 2 < t < 4, the exact constant C(t) in E|S|t < O(t) max{>  E|X,|*, 3. EX?)/?}
for zero-mean summands coincides with the constant 1 4+ m; for symmetric summands. The range
2 <t < 3 follows from [7, Thm. 1.5]. This is the same value as for symmetric summands (][4,
Thm. 6.1, Cor. 6.2], [5]). Indeed, by homogeneity £,.4 5 < (1 +m,) max{A, B?/?} with equality at
A= DpBr

Corollary B (Hilbert-space-valued summands). Let 2 < p < 4, let H be a separable real Hilbert
space, and let X1, ..., X, be independent H-valued random vectors with EX; = 0 and E|| X;||P < occ.
Let T be a centered Gaussian vector in H whose covariance operator is the sum of the covariance
operators of the X;. Then

P p/2
E| 3 x| < SEIxr + BITP < Y RIX(P +my (3 EIXZ)T

In particular the optimal constant in the max-form Rosenthal inequality for independent zero-mean
summands in a Hilbert space is (1+my)/P for 2 < p < 4.

Corollary C (LP-valued summands). Let 2 < p < 4, let (¥, F',v) be a o-finite measure space with
LP(v) separable, and let Xi,..., X, be independent random elements of LP(v) (Borel measurable
maps into LP(v)), represented by jointly measurable functions X;(w,w’), with EX;(-,w’) = 0 for
v-a.e. W' and E||X;||h < co. Then

EH Zi:Xi ;(V) < ;EHXiHip(V) + mpH (;E‘XiIQ)I/Z’

and the constants 1 and m, are optimal.

p
LP(V)7

Proof. Independence of sections. For bounded continuous ¢1, ..., ¢, on R and E € F' with v(F) <
0o, the map W(z1,...,z,) = [5]]; vi(zi(w))r(dw') is continuous on LP(v)" (from every sequence
converging in LP extract an a.e. convergent subsequence and use dominated convergence). By
independence, EV (X7, ..., X,) equals the integral of ¥ against the product of the laws of the Xj;
by Fubini (joint measurability) this reads [ E[]; ¢i(X;(-, ")) v(dw') = [5T]; Egi(Xi(-, o)) v(do').
As F is arbitrary and v is o-finite, the integrands agree v-a.e. Applying this to the countably many
tuples with ¢; € {cos(¢-),sin(q-) : ¢ € Q} shows that, for v-a.e. w’, the joint characteristic function
of (X;(-,w")); factorizes at rational points, hence everywhere by continuity; so for v-a.e. w’ the real
random variables X;(-,w’) are independent and zero-mean.

Conclusion. Apply Theorem [A] (for 3 < p < 4) or [7, Thm. 1.5] (for 2 < p < 3) to them, integrate
in w’ against v, and use Tonelli’s theorem. The hypotheses of the scalar results hold for v-a.e. w’,
because [ E|X;(-,w’)|Pv(dw') = E| X;||h < co. Optimality follows by taking v a point mass. O

Theorem D. Let 3 <p <4 and let X be a random variable with E|X|P < co whose characteristic
function is nonnegative, Ee™ > 0 for allt € R (e.g. X =Y — Y’ with Y' an independent copy
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of Y, or X centered Gaussian). If X, X1,...,X,, are independent and the X; are zero-mean with
ZEX2 B, > E|X;|P = A, then

E|X + X, + -+ X,P < A+ E|X + BY2Z7J,
and the right-hand side is the supremum over Zp.a p (with Z independent of X ).

Pinelis [7, Sect. 1, after Cor. 1.7] wrote that “certain considerations suggest that Theorem 1.5
should hold for p € (3,4) as well”. His Theorem 1.5 states, for 2 < p < 3 and every X with
E|X|? < oo (the condition EX = 0 is not needed), that supE|X + Sx [P = A+ E|X + BY/2ZP, the
supremum being over X € 2.4 p independent of X (equivalently over the classes with < A, < B).
Theorem [A] is the case X = 0. In the generality of an arbitrary extra summand the suggestion is
false:

Theorem E. Let 3 < p < 4.
(a) For every xo # 0 there is a zero-mean two-point random variable X1 such that, with A =
E|X:|P, B =EX?,
Elzo + X1|P > A + Elzg + BY?ZPP.
(b) More generally, let X be a bounded random variable with P(|X| < §) = 0 for some 6 > 0
and E[|X[P~3sign X] # 0 (for instance X zero-mean two-point, P(X = —1) = 2, P(X =
3) = 1). Then there is a zero-mean two-point X1, independent of X, with E|X + Xq|P >
E|X;|P +E|X + (EX])'/2ZP.
In particular the conclusion of [1, Thm. 1.5] fails for every p € (3,4), already with one summand.
The proof of Theorem |A| uses only two properties of |z|P, namely the Fourier representation of

Lemma and convexity of the second derivative. This answers, for a class of moment functions,
the interest in general moment functions expressed in [7, Remark 1.4]:

Theorem F. Let > 0, let i be a nonnegative Borel measure on (0,00) with [(t2 Ath) u(dt) < oo
and put

222
f(z) = /1:c4+/ (Costx—l—l——)u(dt), x eR.
(0,00) 2
Assume that f" is convexr on R. Then for all independent zero-mean X1, ..., X, with IEXi4 < o0

and B =Y EX?Z,

Ef(X1+--- <ZEf )+ Ef(BY227).

Equivalently, f is even with f(0) = f/(0) = 0 and f” is a convex, continuous, negative-definite
function vanishing at 0: by the Lévy—Khintchine formula such f” has the form o%2%/2 + [(1 —
costz) v(dt) with [(1 At?)dv < oo, and then x = 02/24 p=t"2v, [(2AtYYdp = [(1At%)dv.
Examples: |z[P for 3 < p < 4; finite mixtures f34 |x|P7(dp) (for p < 4, p has density c, ~1t=Pp=1 and

[(t2 A the St ldE = 051(411) + ﬁ) stays bounded as p T 4 because ¢, " ~ 24(4 — p) the atom

at p = 4 is the sz term); and the function with f”(z) = V1+a2 -1 = [;(1 — cos t:z)%lt(t)dt
(the normal-inverse-Gaussian exponent; K a modified Bessel function), which is convex and gives
f(z) ~ [z’ /6.

Finally, the identity behind Theorem [A] reverses beyond p = 4:

Proposition G. Let 4 < p < 6 and let Xg be a compound Poisson random variable with finite
Lévy measure G on R\ {0}, [2G(dz) = 0, [2?°G(dz) = B, [|z[PG(dx) = A < oco. Then
E|Xg|P > A+ m,BP/%.
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For 4 < p < 5, where Pinelis’ Poisson conjecture is open, we obtain a uniform two-sided bound
that is sharp to second order in the rare-jump regime:

Theorem H. Let 4 < p < 5, A,B > 0, and let c,\ > 0 be given by XA = A, 2\ = B (so0
A= (Bi/Z/;;l)Q/(pff) ?:Ld PAPI2 = BP/2). Put q, := 271 —p — 1, ¢y = —L(=p)cos g > 0 and
12 6—p)/2 12 4—p)/2
b = “I5(6=p) Tp=1) Then
(CPEITT) — AP — A — qyAN| < 2 BP2 PRI, — AP < Epap < A+ gpAX + 2BV,
p p

In particular E,ap < PE|IL, — AP + Cpo/2 with C), = 277p/c;, (Cyo =~ 13.9, Cy5 ~ 16.9,
Cy8~20.0), and |Epap — A — AN < %CPBP/Q. Since BP/2 = ANP=2)/2 = o(AN) as X — 0, the
congjectured Poisson value is correct to second order as BP/Q/A — 0, while the Gaussian-plus-far-
Jump value A + mpo/2 misses the term g,AX. The bound is informative only in this rare-jump
regime: C), ranges over [12,22.05] on (4,5], about 3.5-4 times my.

Near the boundary BP/2 /A = 0 of the parameter domain the conjecture itself holds. Here, for a
finite Borel measure G on R\ {0} with [2?dG < oo, X¢ denotes the centred compound Poisson

variable, EeiX¢ = exp [(e** — 1 — itx)G(dx); for instance Xys, = c(ITy — \).

Theorem 1. Let 4 < p < 5. There is A\g(p) > 0 such that Eyap = PE|IIy — AP for all A,B >0
with A = (BP/2JA)2/(P=2) < \o(p), that is, with BP/? < X\o(p)®P~2/2A. Moreover, for such A, B and
every finite Borel measure G & {\5c, No_.} on R\ {0} with [2?dG = B and [ |z|PdG = A, one has
E|Xq|P < ¢’E|Iy — \P.

The proof (Section E[) is perturbative: a quantitative stability estimate for the pair-interaction
term of Proposition is played off against a remainder that the two moment constraints make
small to the same order. It yields an explicit Ag(p), but an astronomically small one (about 4-1028
at p =4.5and 4-10717 at p = 4.8; see Remark. The numerical evidence in Section@is consistent
with the conjecture for all \.

At the other end, B?/?2/A — oo, the conjectured value is confirmed to the first order beyond the
Gaussian term:

Theorem J. Let 4 < p < 5 and K, := p(p — 1)(p — 2) m,,/72. There is C,, < oo such that for all
A, B >0 with A = (BP/2/A)?/(P=2) > 1,

PR — AP < Epap < PR — AP + C, BP2\72,
‘CPIE|H,\ — AP = BP2(m, + prl)‘ < G, BP2\2.

Hence Ep.a.p = Br/? (mp + Kp)\_l + O()\_Q)) as A\ — oo. The Gaussian-plus-far-jump value A +
mypBP/? = BP/2(my, + \~P=2)/2) misses the term K,BP/?/\.

The proof rests on a second exact decomposition of E[Xg\p . Its leading part is linear in G and,
for every A, is maximized exactly by the measures carried by {+c}, by the concavity of an explicit

function (Lemma|9.12)). This is the two-constraint moment problem of [3] in its simplest instance,

a planar curve. The constant K, is the Edgeworth coefficient %mp_zl =+ %mp_ﬁ, with (p)r =

p(p—1)--(p—k+1) and my = 29/2T'(55L) /\/7 continued analytically, since ms = (s — 1)ms_s.
For instance K4 = 1 and Kg = 25 are the coefficients of X in E(ITy — A\)* = A 4 3)? and of A\? in
E(ITy — )% = A4+25)\2+15)3, and K, 5 = 2.36055 . ... The second display is therefore an expansion
of Edgeworth type (compare the classical expansions of absolute moments of normalized sums, e.g.
[122]); the proof below is self-contained. What is new in Theorem |J|is the upper bound for &,.4 B,
uniform over all admissible summands, and Lemma [9.12] The proof works verbatim for 5 < p < 6,
where the first display is weaker than Pinelis’ exact result.
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A stability analysis of the same decomposition gives exactness in the Gaussian regime as well:

Theorem K. Let 4 < p < 5. There is A\i(p) < 0o such that Eya.p = PE[IIy — AP for all A,B >0
with X > A\ (p), that is, with BP/? > \(p)P=2/2A. Moreover, for such A,B the last assertion
of Theorem é holds: E|Xg|P < PE|ILy — AP for every other admissible G. Consequently, Pinelis’
conjecture holds for all A, B > 0 with A ¢ (Ao(p), \1(p))-

The threshold A1 (p) produced by the proof is about 10'2 at p = 4.5, and between 104 and 10!3
for p € [4.05,4.8]. Unlike \o(p) it stays bounded as p | 4, but it is far from optimal (Remark[9.17]).

Remark 1.1 (Context). For p = 4, (] follows from the identity ES* = Y EX#+3(>.02)? -3 ol
For p > 5and p € {4,6,8, ...} the extremal value is ¢’PE|II, — AP (Poisson) [7, [1, [6]. For p € (4,5),
Pinelis’ Poisson conjecture remains open outside the two extreme regimes of Theorems [[] and [K]
That Epap > A+ mpo/ 2 holds for all 2 < p < 6 follows from the construction in Section
Proposition [G] adds that for 4 < p < 6 every zero-mean compound Poisson law lies above this
value. The pointwise comparison inside a Fourier integral that proves Theorem [A] does not by itself
reach (4,5). Theorems [H| and [I| combine the same identity with a separate extremal property of
the Poisson law for the pair-interaction term (Proposition and, for Theorem [l its stability
(Lemma . Theorems |J| and [K| use a second decomposition adapted to the Gaussian regime

(Lemmas 9.16]). See Section
2. THREE LEMMAS

Lemma 2.1 (Fourier representation). Let 2 < p < 4 and ¢, := [~ (coss — 1+ %)s_p_l ds. Then
0 <¢p < oo and for every x € R

1 o] t2 2
(2) |x|P = / (cos(t:z:) -1+ i)tfpfl dt.
Cp 0 2
Consequently, for every random variable Y with EY? < oo, writing @y (t) = Ee'Y,
1 [ t’EY?
(3) Y| = / (Rewy () — 1+ =)t dt € [0,00].
¢ Jo

Proof. Let k(s) := coss — 1 + s?/2. Integrating sins < s (s > 0) three times from 0 gives
1 —coss < s%2/2,sins > s —s3/6 and 1 — coss > s2/2 — s1/24; by evenness 0 < k(s) < s*/24
for all s € R, and k(s) > 0 for s # 0. Hence k(s)s™P~! < s37P/24 is integrable near 0 because
p<4. For s >1, k(s) <2+ 5%/2 < 2% so k(s)s P~! < 5s!7P is integrable at oo because p > 2.
Hence 0 < ¢, < 0o. For z # 0 substitute s = t|z| (cosine is even) to get [;° k(tz)t P~ dt = |z|Pcy;
for x = 0 both sides of vanish. For , apply with z = Y and take expectations. Since
the integrand k(tY )t P~! is nonnegative, Tonelli’s theorem allows us to exchange E and [ dt, and
Ek(tY) = Repy (t) — 1 + t?EY2/2 because EY? < oo. O

Definition 2.2. For a finite nonnegative Borel measure G on R \ {0}, let X denote a random
variable with Ee?*X¢ = exp [(e™ — 1)G(dx), i.e. Xg = S pn_; & with N ~ Poisson(G(R)) and &
i.i.d. with law G/G(R), independent of N (and Xg =0 if G = 0).

Lemma 2.3 (Compound Poisson facts). Let G be as above with [ |x[PG(dx) < oo for some p > 2
and [z G(dz) = 0. Then E|X¢P < 0o, EXg =0, EXZ = [22G(dx), and
Ee'tXe = ¢—a)+blt) (1) .= /(1 —costx)G(dz) >0, b(t):= /Sin(t:c) G(dzx).

In particular ReEe*X¢ = =41 cosb(t). Moreover a(t) < % [2?G(dz). If Gi,...,Gy are such

measures and Xgq,,...,Xqg, are independent, then X¢, +--- + X¢,, 4 Xci+4Gy -

n



6 PAATA IVANISVILI

Proof. Let ¢ = G(R) > 0 and £ ~ G//q. Then E|£|P < oo, and by convexity of |- [P, [ >, o n &klP <
NP=LS™ v 1€k[P, whence E| X [P < ENPE|¢|P < co. Conditioning on N gives Ee?X¢ = E(p¢(t))Y =
exp(q(pe(t) — 1)) = exp [(e™® — 1)G(dz), which has the stated real and imaginary parts. Condi-
tioning on N and using E¢ = ¢! [2dG = 0: EX¢ = ENE¢ = 0 and EX% = ENEE? = [ 22dG.
The bound on a follows from 1—cosy < 3?/2. The last claim holds because characteristic functions
multiply under independent sums and the exponents add. ([l

Lemma 2.4 (Poissonization; Utev [11], see also [8] and [7, Thm. A]). Let p > 2 and let h € C*(R)
with h" convex and, for some constant C, |h(z)| < C(1 + |2P) and |h'(z)| < C(1 + |x[P~2) for all
x. Let X be a random variable with EX = 0 and E|X|P < oo, and let Gx be the restriction of the
law of X to R\ {0}. Then Eh(X) <Eh(Xgy).

We include the short proof for completeness.

Proof. Let ¢ = P(X # 0). If ¢ = 0 both sides equal h(0). Otherwise let &,&;,&2,... be ii.d. with
law v := Gx/q (the law of X given X # 0), Sp := 0, S, := & + -+ + &, and N ~ Poisson(q)
independent, so that Xq 2 Sy. Note E¢ =E[X1x4]/qg=EX/q=0and E|{|P = E|X|P/q < cc.

Step 1: u(s) :==Eh(s+&) — h(s) is convez. Integrating the bound on h” gives |h/(z)| < |W/(0)] +
C(|z| + |z[P~1) < C'(1+ |z|P~1), and for s in a bounded interval I the random variables |h(s + £)],
[P (s +&)| and |h"(s + &)| are dominated by C”(1 + |£|P), which is integrable. (We use |a 4 b|" <
20=D+(Ja|” + |b]") and |£]" < 1+ [€[P for 0 < r < p.) Hence we may differentiate twice under the
expectation, so u € C? and u”(s) = Eh/(s + &) — h'(s). Since h” is convex and E¢ = 0, Jensen’s
inequality gives Eh/(s + &) > h”(s). Thus u” > 0.

Step 2: Eh(Sk) > h(0) + ku(0) for all k > 0. The case k = 0 is trivial. For £ > 0, independence
of &1 and Sy and Fubini give Eh(Sk11) — ER(Sk) = Eu(Sk); all expectations are finite since
E|Si[P < kPE|£|P. By Jensen’s inequality for the convex u and ESy = 0, Eu(Sk) > u(0). Induct on
k.

Step 3. Since ), P(N = k)E|h(Sk)| < C > L P(N =k)(1 + kPE[£[P) < oo,

Eh(Sy) = ZIP’(N = k)Eh(Sy) > Z]P’(N = k)(h(0) + ku(0)) = h(0) + q(Eh(¢) — h(0)) = Er(X),
k>0 k>0

because the law of X is (1 — q)dg + qv. O

Corollary 2.5. Let p > 3, let W be a random variable with E|W P < oo, and let W, X1, ..., X,, be
independent with EX; = 0, E|X;P < co. Put G :=), Gx, and let Xg be independent of W. Then
E[W + X1 + -+ X, [P <E|[W + X¢|P.

Proof. Let X POREEE , Xay, beindependent compound Poisson variables, independent of everything
else. We replace Xi,...,X, one at a time. Suppose X1,...,X;_1 have been replaced, and let
Vi=W+ 3 Xay, +2is; Xi- Then V' is independent of X and of X¢y , and E|[V|P < oo by

Lemma For fixed v, the function h, () := |v+ [P is C? with h!(z) = p(p — 1)|v + z|P~2, which
is convex because p—2 > 1, and it satisfies the growth bounds of Lemma 2.4 with C' = Cp(1+[v[P).
Lemma gives Eh,(X;) < Ehv(XGX]_). Integrating over the law of V' (Fubini; both sides are

finite) yields E|V + X;|P < E[V + Xax, [P. After n steps, use >, Xay, L Xg (Lemma [2.3)). O

3. PROOF OF THEOREM [A]

The case p = 4. Expanding, independence and EX; = 0 give ES* = >". EX} +6 Zi<j IEIXZ?IEEX]2 =
A+3B%-3Y,(EX?)? < A+ myB?, since my = 3.
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The upper bound for 3 < p < 4. Let Xi,...,X, be as in the theorem, G = ), Gx,. Then
G is a finite measure on R \ {0} with [2dG = Y} EX; =0, [22dG = B and [ |z[PdG = A. By
Corollary [2.5| with W = 0, E|S|? < E|X¢|P. It remains to show that

(4) ElXqlP < A+m,BP? (2<p<A4).
Write ¢(t) := t2B/2 and let a,b be as in Lemma Each of the three quantities in is finite.

Lemma [2.1| applies to each of them:

¢, Bl Xq|P = /0 (e7*® cosb(t) — 1+ g(t))t P~ dt,

o 222 o1 00 o
cp A= (costw—l—i—T)G(dx)t p=1lgt — (—a(t)+g(t))t P=lgy
0 0
Cp mpo/2 = cp]E|Bl/QZ\p = /0 (e—g(t) 1+ g(t))t_p_ldt.

The first line is combined with Lemma In the second line we integrated against G

and used Tonelli for the nonnegative integrand. In the third we used EeitB2Z — ¢=9(®) | Al] three
integrands are nonnegative and the integrals are finite, so we may subtract:

o0

(5) o (E[XglP — A— mpo/Q) = / (e*a(t) cosb(t) + a(t) — e 9% — g(t))t*pfldt.
0

Let F(z) := e *+4 2. Then F'(z) =1—e* >0 for z > 0, so F is nondecreasing on [0,00). By

Lemma 0 < a(t) < g(t) for every t. Hence, pointwise in ¢,

e %cosbt+a—e9—g < Fla)—F(g) <0.
Since ¢, > 0, yields , and hence (]1)).

Sharpness. Fix 4,B > 0 and 2 < p < 4. We construct X ¢ Zpap with E|Sxm) [P — A+
mpBP/2. (This is essentially [7, Prop. 1.6]; we give a self-contained version with exact constraints.)
Let x(g) := (1 —&)((1 — e)P~! + &P~1), so that for J = M(B — ¢) with B ~ Bernoulli(¢) we
have EJ = 0, EJ? = M2%e(1 —¢) and E|J[P = MPx(e). Let r1,72,... be iid. Rademacher
signs independent of 8. For n € N, e € (0,3) and 0 < M < Myax = (B/(e(1 — €)))1/2 let
5:= (B — M?(1 —¢))"/? and

X = (J, sn V2, snT V), SSEX? =B, S E|Xi]P = ¢(M) := MPx(e) + sPn'~P/2.

Now ¢ is continuous on [0, Myax], with ¢(0) = B/?n'P/2 and ¢(Mmax) = Mbaxx(e) > (B/e)?/?e(1—
)P > BP/227Pel=P/2 Choose n so large that BP/?n'~P/2 < A and then € = ¢, € (0,1/n) so small
that ¢(Mmax) > A. By the intermediate value theorem there is M = M, with ¢(M,) = A,
so X" € Zap. Asn — oo: MEx(en) = A— sPn'P/2 — A, Since x(¢)/e — 1, also
MZe, — A, whence M,, — 0o, M,e, = (Mﬁsn)l/pe%fl/p — 0 and M2¢, = (Mﬁen)z/ps,lpr — 0,
so s = s, —» BY2. Let R, := s,n /2 Zz‘gn r;. Then R, — B/2Z in distribution (CLT) and
ERS < 1558, so (|R,[P) is uniformly integrable (p < 4) and || Ry|, — mll,/pBl/z. Conditioning on
E|S|P = (1 — €,)E|R,, — Myue,|P + enM,’L’IE](l —&n) + Rn/Mn]p.
By Minkowski, |[|R, — Myuenllp — [|Rullp] < Mpen, — 0 and ||[(1 — €,) + Ry /My|lp — (1 —e,)] <

| Ry |p/ My, — 0. Hence E|S|P — m,BP/?2 + A. Together with () this proves .4 5 = A + m,BP/?
for 3 <p<4. O
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4. ProOF oF COROLLARY [Bl

Finite dimension. Let H = R? and let o be the normalized surface measure on S%~!. By rotation
invariance, [qa-1 [(0,2)[Po(df) = ~yap|z||? for all z, with ~q, = [ |61|Pc(df) € (0,00). For each
fixed 6 the real random variables (0, X;) are independent, have mean zero, satisfy E|(f, X;)|P <
E[|X;||P < oo, and >, E(0, X;)? = (36, 0), where X is the covariance matrix of I'. By Theorem
for 3 < p <4, and by [7, Thm. 1.5] with X =0 for 2 < p < 3,

E[(, S)P < ZE\ (0, X)|P + m,(20,0)P/? = ZE\ (0, X)) P +E|(6,T)7,

because (6,T") ~ N (0, (26, 9>) Integrating in 6 against o (Tonelh) and dividing by 74, gives the
first inequality.

Separable H. Let Py be the orthogonal projection onto the span of the first N vectors of an
orthonormal basis. The vectors Py X; are independent and zero-mean in an N-dimensional space,
and PyT' is centered Gaussian with covariance PyX Py = ), Cov(PyX;). Hence E|PyS|P <
YL EIPNXG||P+E||PNTP < 3 E|| X||P+E[T||P. Since || PnS|| 1 ||S]|, monotone convergence gives
the first inequality.

Second inequality. Write I' = 3 V/AjZ;ej (Karhunen-Logve), with Z; i.i.d. N(0,1) and ), Aj =

E|T|? = 33, E[| X;|?>. Minkowski’s inequality in LP/? (p/2 > 1) gives || ||T|? lpy2 < 205X HZ2Hp/2 =

/pz Aj, ie. E|T|P < m,(32; E[| X;:||?)P/2. The constants are optimal already for H = R (Theo-
rem [A] and , Thm. 1.5]). O

5. PROOF OoF THEOREM [DI

Let ng( ) := EeX € [0,1]; ¢x is real, so X is symmetric, EX = 0 and EX? < oo. For p = 4:
E(X + 8)t = EX* + 6EX2ES? + ES* < EX4 1 GBEX2+ A+3B%— A+ E(X + BY/27)*, using
EX = ES = 0 and the case p = 4 of Theorem[A] Let now 3 < p < 4. Corollary[2.5|with W = X gives
E|X+S|P <E|X+X¢g[P with G =Y, Gx,. By (3), using E(X +X;)? = E(X+BY22)? =EX?+B
and Re(px (t)e™T%®) = px(t)e~® cos b, the same computation as in gives

oo
o (E|X + XglP — A-E[X + Bl/2Z|p) = / (gox (e7%cosb—e 9)+a— g)t_p_ldt.
0
Since 0 < px <lande *—e 9 >0, we get px(e ®cosb—e 9) <px(e®—e9)<e®—e 9 s0
the integrand is < F'(a) — F'(g) < 0. For sharpness, the sequence of the previous section satisfies
E|X + Sxm|P — A+ E[X + B/2Z|P. Indeed, the same conditioning on § gives (1 — &,)E|X +
Ry — Myen|P + e, MEE|(1 — &,,) + (X + R,) /M, |P, and X + R,, — X + B'/2Z in distribution with
uniformly integrable p-th powers. O

6. PROOF OF THEOREM [E]

(a). It suffices to treat zp = 1: if X works for g = 1, then 29X (a zero-mean two-point variable)
works for xg, by homogeneity of both sides and the symmetry of Z when zy < 0. Fix u € (0,1)
and A € (0,1], and let X7 := u(B8 — A) with 8 ~ Bernoulli(\). Then

L:=E[1+X;[P = (1-N)(1-uA)P+A(1+u—ul)?, A=u?(A1-NP+(1-N)N), B=u*A(1-\).

Lower bound for L. By Bernoulli’s inequality (1 — uA\)? > 1 — pu). By convexity of y — P,
(14 u—ul)P > (1 +u)? — pul(1 + u)P~L. Hence

L>1+M(1+uw? —1—pu) —pu(l+u)P A%
Upper bound for R := A +E|1 + BY/2Z|P. We claim there is ©,, < oo with
(6) L+ylf <1+py+ B)y* + )y’ +0p'  (yeR).
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For y > —=, Taylor’s formula with Lagrange remainder gives remainder ( )(1 + Oy)P~4y* for

some 6 € (0 1) and (1 + 0y)P~* < 24P < 2. For y < —3 we have |y|¥ < 2'7Fy? for k < 4,

[1+ylP < Blyl)P < 3P24 Pyt and —(1+py+ (5)y*+ (B)y?) < (16+8p+4(5) +2(5))y*. This proves

the claim. Taking y = BY/2Z in (6) and using EZ = EZ% =0, EZ* = 3, we get E|[1 + B/2ZP <
+ (5)B +306,B% With A < uPA+ uP A and B < u?X:

R <1+ AP+ (B)u®) + uP A + 30,u’ A2
Conclusion. Let D(u) := (1 +u)? — 1 — pu — (§)u® — uP. Then
L — R > AD(u) — (pu(l +u)P~" 4 30,u*)\* — uPXP.

By Taylor’s formula at order 4 (remainder ( )( + Ou)P~*ut > 0, since (i) > 0 for 3 < p < 4),
D(u) > (B)u* —uP. Moreover (}) = W > 1 and vP~3 < 1, so D(u) > u3(1 —uP~3) > 0.
Since p > 2, the right-hand side above is positive for all sufficiently small A > 0. Thus L > R.

(b). Let | X| < K and |X| > ¢ a.s., with 0 < 6 < K < co. Put f(z) = [z|P, 7 := Ef"(X) =
p(p — 1)(p — 2)E[|X|P~3sign X] # 0, and ¢ := sign7. For 0 < v < §/4 and 0 < X < i let
X1 := ou(B — A) with 8 ~ Bernoulli(\) independent of X. Then EX; = 0, B := EX? = u?\(1—\)
and E| X [P < uP (X + AP).

Two Taylor bounds. Let |x| € [0, K]. On {|y| < §/2} the function y — f(xz+y) is C*>°. Moreover
()] = plp — 1)(p — 2)(p — 3)|21P1 < plp— 1)(p — 2)(p — 3)(5/2)P* for || = §/2. Hence, with
C1:= (§)(6/2)P~* and Ty (y) := f(z) + f'(x)y + 3 /" (2)y* + ¢ /" (2)y?,

(7) [fla+y) - To) < Cry* (Il <0/2).

For |y| > 0/2 we have K < (2K/d)|y|, so f(z +y) < (K + |y))P < (1 4+ 2K/0)P|ly|P < (1 +
2 [8)P(2/6)1 Pyt Also [Ta(y)] < 530 |10 lyl¥/k! < Chy' with Cp = 33 L mex (251,
where | f*)| oy == MaXs<|.|<K |£*)(2)|. Therefore, with Cy := max{C}, (1+2K/8)P(2/8)*P+Ch},
®) fla+y) <Tu(y) + Coy*  (y €R).

Lower bound for L := E|X + X;[P. Condition on X = z. The two values of X; are y; = —oul
and y2 = ou(1l — X), both of modulus < u < §/4. Using and the identities (1 — \)y1 + A\y2 = 0,
(1 =Ny + X y2 = Band (1 - Ny} + A3 = cu (1 — \)(1—2)N),

(=N f@t+y)+Af(@+y2) > f@)+ 51" (@) B+ (@) ou’X(1=A)(1-2X) = Cru' AN+ (1-A)?).
Taking expectation in z and using o7 = |7|, A3 + (1 — \)* < 2:
L>Ef(X)+iBEf"(X) + tr[u’A(1 — N)(1 — 2X) — 20 u* .

Upper bound for R := E|X,|P + E|X + BY2Z|P. By with y = BY2Z, using EZ = EZ3 = 0 and
EZ* =3, Ef(z + BY2Z) < f(z) + 3" (z)B + 3C>B%. Hence

R<uP(A+N)+Ef(X)+ sBEf"(X) + 3Cou' M.
Conclusion. Since (1 — X)(1 —2X) > 3 for A < 1,
L-R 7l 3
> I
X716

Because p > 3, we can first fix u € (0,9/4] with M u? > 2(2C1u + uP), and then A € (0, 1] so
small that uP\P~1 + 3Cyu*\ < 2C1u* + uP. Then L > R. Part (a) is the special case X = xq; the

separate proof of (a) above shows that there every u € (0, 1) works (after scaling to xo = 1). O

—2C1ut — uP — uP AP = 3C5ut.



10 PAATA IVANISVILI

Remark 6.1 (Numerical instances; 30-digit evaluation). The Gaussian terms were evaluated with
Elz +oZP = Up2p/2f(%)ﬂ'_1/2 1Fi(=%; %;—%). (i) In (a) withp =35, u =4, A = 15: L =
1.119202..., R =1.104991..., L— R = 0.01421 .. .; the gap stays positive for p = 3.05, 3.2, 3.8, 3.95,
being 0.0010, 0.0050, 0.0255 and 0.0321 respectively. (ii) In (b) with X € {—1, 3} with probabilities
3,1 (mean zero), p = 3.5, X = —3(8—15): L = 12.65025836..., R = 12.64955547 . . . (this instance
has u = % > 0/4, so it is not produced by the recipe of the proof, and it is specific to the exponent:
with the same X7 the gap is negative at p = 3.2 and at p = 3.95; the recipe of the proof, with
smaller u, A\, works at every p € (3,4)). These are single zero-mean two-point summands. For

p < 3, Pinelis’ Theorem 1.5 holds for every such configuration.

Remark 6.2 (p = 4). At p = 4 the extension still fails for non-centered X: for X = 1 and any
zero-mean X1, E(1 + X;)* — EX{ — E(1 + BY22)* = 4EX} — 3B2, which equals 0.0345 ... for the
instance (i). For centered X the extension holds at p = 4 (expand the fourth power), consistent
with 7 — 0 as p 1 4 for centered X.

7. PROOF OF THEOREM [E]
Regularity of f. Let k(s) = coss — 1+ s2/2. Since 0 < k(s) < min(s*/24,5%/2), we have
0 < f(z) — kat < (22 +2) [(t? AtY)du. Moreover |0,k(tz)| = t|tz — sintz| < t min(|tz]3/6, 2|tz])
and 0 < 02k(tz) = t3(1 — costz) < min(t*2?/2,2t?). These are dominated, locally uniformly in x,
by multiples of (2 A t*). By dominated convergence f € C?, with

" (x) = 12k22 + /t2(1 — costx) p(dt), 0< f(x) <C(1+2?), 0< flz) <CA+2b).

Poissonization. For fixed v, hy(x) := f(v+ ) satisfies the hypotheses of Lemma [2.4] with exponent
p = 4 (convex hl; |hy| < Cy(1+24), |h7] < Cy(1 +22)). Hence the proof of Corollary [2.5, with |- |
replaced by f and p-th moments by fourth moments, gives Ef(S) < Ef(X¢g) with G = ), Gx;.
Here EXé < o0 by Lemma with p = 4.

Fourier step. For any Y with EY?* < oo, Tonelli gives Ef(Y) = skEY* + [(Repy(t) — 1 +
%EYQ)u(dt), all terms finite. For the quartic part, EX}, = [ 21dG + 3B? (the fourth cumulant of
Xg is [2*dG and EXg = 0), so kEX} = & [ 2*dG + KkE(BY/2Z)*. For the u-part, exactly as in
(EIE

/(RGSDXG—H-g)dM—// k(tz) G(d:c),u(dt)—/ (e79—1+g)du = / (e™*cosb+a—e 9—g)du < 0.
Adding up, Ef(X¢) < [ fdG +Ef(BY2Z) =3, Ef(X;) + Ef(BY22). O

8. PROOF OF PROPOSITION [G]

For 4 < p < 6let k4(s) := 1—cos 8—%—#%. Continuing the integration of sin s < s from the proof
of Lemmatwo more times gives sin s < s—s3/64-5°/120 and then 1—cos s < 5% /2—s5%/24+5%/720
for s > 0; together with 1 — coss > s2/2 — s%/24 and evenness, 0 < ky(s) < /720 for all 5. Also
ky(s) < s*/24+3, so = Jo ka(s)sP7lds € (0,00) and |z[P = é Jo* ka(tx)t=P~1dt for all z. For
Y with EY* < oo, Tonelli gives ¢,E[Y [P = [(1 — Repy — CRY?2 4+ LEY4)tP1dt. For Y = X¢
one has EXé = [2'dG + 3B?, by the cumulant formula, the fourth cumulant being [ 2*dG. Also
E|BY2Z|* = 3B? and [ k4(tz)G(dz) = a — g+ % [ 2%dG. The terms with [ 2%dG cancel, and

¢, (Bl XalP — A— mpo/Q) = /0 (F(g) —a—e “cosb)t P dt

> /oo (F(9) — F(a))t™2tdt > 0. O
0
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9. SYMMETRIZATION, A SECOND PROOF, AND THE RANGE 4 < p < 5

For a finite Borel measure G on R\ {0} with [22dG < oo let Xg be the centred compound
Poisson variable, EeitX¢ = exp [(e'** —1 —itx)G(dx). When [xdG =0, Xg = Xg. Let G4(E) :=
3(G(E)+G(—E)) be the symmetrization of G. Then EeitXc = ¢=a(+ib(t) with ¢ = J(1—costz)dG
and b = [(sintr — tz)dG, and EeX6s = e72(®) | with the same a. (If [ 2dG = 0 this b agrees with
that of Lemma in general Xg = Xg — [ xdG.)

Proposition 9.1. Let G be as above with [ |x[PdG < co.
(a) If2 < p <4, then IE\XG|p < E|Xq,[P.
(b) If 4 < p < 6, then E|Xg|? > E|Xg,|P, and with ¢, as in the proof of Pmposmon@

c;?(E|)~(G|P - E|Xcs\p) = /0 e—a(t)(l oS b(t))t—p—ldt‘

Proof. Both variables have mean 0 and variance B = [ 22dG, and for p > 4 both have fourth
moment [ 2'dG + 3B?, since the fourth cumulants agree. (a) By (3), e (E|Xg|P — E|Xg,[P) =
Jo e *(cosb—1)t"P~1dt < 0. (b) By the representation in the proof of Proposition c;(IE\f(Gv”—
E|X¢g.|P) = fooo(e_a — e %cosb)t™P~1dt > 0. All integrals converge absolutely by the same bounds
as before. O

Remark 9.2 (A second proof of Theorem . For 3 < p < 4, Corollary Proposition (a) and
the symmetric exact bound (J4, Thm. 6.1 and Cor. 6.2], [5]) give E|S|P < E|X¢|P < E|Xqg,|P <
A+ mpo/Q. For the last step, X¢, is the distributional limit of §,, = Zj<n Vin with Vj,, iid.
symmetric of law (1 — G5(R)/n)do + Gs/n. These satisfy >, Ean = B and ) E|V,F = A
exactly, so by Fatou’s lemma for weak convergence E|X¢,|P < liminf, E|S,|? < A +m,BP/2. Thus
for 3 < p < 4 the zero-mean problem reduces to the symmetric one. For 4 < p < 6 this reduction
is impossible: for p > 4 the symmetric supremum is c’E|[ITy /5 — H’/\/2|p (Utev; [, eq. (12)]), which
by Proposition (b) applied to G, = AJ, (the integrand e~*(1 — cosb) being positive on a set of
positive measure) is strictly below ¢?E|Ily — AP, a lower bound for £,.4 p by [7, Lemma 2.1] and

Fatou’s lemma. Skewing the Lévy measure increases the p-th moment; this is why p = 4 is the
threshold.

Proposition 9.3 (Conditional reduction for 4 < p < 5). Let 4 < p <5 and A,B > 0; let ¢, \ be
given by cPX = A, 2\ = B, and G, = No.. Suppose that the following skewness inequality holds
for every finite measure G on R\ {0} with [xdG =0, [2?dG = B and [ |z|PdG = A:

9)  EXgP -E[Xe, [P < ElXa, [P —E[X@g.), [P = (B[ — AP = E[TLy /5 — T} 5[").

Then Epa,p = ’E[IIy — AP In particular, if (9) holds for all A,B > 0 (by homogeneity: for all
A > 0), then Pinelis’ conjecture holds for this p.

Proof. Let X € Zp43 and G = >, Gx,. Then [zdG = 0, so Xo = X¢, and Corollary
gives E[Sx|P < E|X¢q|P. Write E|XgP = (E|X¢|P — E| X, |?) + E|Xq,|P. The first bracket is at
most the right-hand side of (9). For the second, Utev’s symmetric theorem [11] (see [7, eq. (12)]),
valid for p > 4, combined with the approximation and Fatou argument of Remark [0.2] gives
E|Xq,[P < PE[IT /5 — H’/\/Q\p = E|X(q,),IP. Adding up, E[Sx[? < PE[Il\ — A|P. For the reverse
inequality, [7, Lemma 2.1] gives X(®) ¢ HEp.a B With Sxmy — ¢(Iy — A) in distribution, and Fatou’s
lemma for weak convergence gives liminf, E|Sx @) |P > PE[ILy — A]P. O

Remark 9.4 (Numerical evidence for @; not a proof). In Fourier form, @D reads f e (1 —
cosb)tP~ldt < [ e (1 —cosb,) t P~ dt with a, = A(1 —cosct), by = A(sinct —ct). We evaluated
both sides with 30-digit quadrature and series-stabilized integrands for 180 random Lévy measures
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with 1-3 atoms, at p € {4.2,4.5,4.8,5.5}. The identity of Proposition (b) matched direct sum-
mation to 7 digits, and the ratio of the two sides never exceeded 1; equality holds only for single (or
coincident) atoms, and the largest ratio for genuinely multi-atom G was 0.9954. In the subfamily
G = A10c+A_0_¢, A +A_ = A, the symmetric part is fixed, so @ there is equivalent to the restric-
tion of the Poissonized conjecture E[Xg|? < PE|[II, — A|? to this subfamily. (These G have nonzero
mean when A, # A_; the centred laws X enter the zero-mean problem through [7, Lemma 2.1].)
Direct evaluation for A € [0.1,100] and p € {4.2,4.5,4.8} gives the maximum at A_ = 0. Finally,
for fixed G (180 random cases) the all-same-sign assignment maximized E|Xq[P among all sign
splittings. All scripts are in the accompanying repository (numerics/split_45_stable.py and
others).

Remark 9.5 (Why second-variation arguments stop at p = 5; numerical). In the family Gy = %((1+
0)61 + (1 —0)d_1), 6 € [-1,1], put Yy = Xg,. Proposition [0.1(b) and the identity EY;' = A + 3)2

give
p 67921[*3|Ye|1’ = / e M=) N2 (¢ _sint)? cos (OA(t — sint)) +P1g
0

For large A the integrand is concentrated near ¢t € 27Z. The bump at ¢ = 0 is positive and of order
AP=2)/2 The bumps at t = 27k, k > 1, contribute ~ /2732 Y, (27k)! P cos(27rk9)\), of either
sign. Hence for 4 < p < 5 the map 6 — IE|Y9|p is not convex when A is large and O\ = 3 (mod 1). A
30-digit evaluation at p = 4.5, A = 2-10%, § = 10000.5/X (so A = 3) gives the value —3769 (bump
at 0: 4+6808; lattice: —10577); at integer O\ the lattice part is +12848. For p > 5 the bump at 0
dominates: at p = 5.5, same A, the bump is 2.01 - 10 and the lattice part is —1.75 - 10% at A =
(+1.91-103 at integer O\). The asymptotic description above is a Laplace-method heuristic without
error bounds; the non-convexity is established numerically at the computed point. Nevertheless the
endpoint § = £1 (Poisson) remains the maximizer in all cases computed. At first order near § = 1
the ¢ = 0 bump, of order A\?~2/2 dominates the lattice terms, of order \'/2 (heuristically). Thus,
for 4 < p <5, H — E|Yy|P is not convex along this segment of Lévy measures, hence not convex
on the constraint set; arguments relying on such convexity cannot work there. This is consistent
with the sign change of the factor (¢ —4)(¢ —5) in the proofs of [7, Props. 2.9 and 2.11], and points
to the lattice structure of the Poisson characteristic function as the source of the difficulty.

Proposition 9.6 (Second-order optimality of the Poisson law in the rare-jump regime). For a
finite Borel measure G on R\ {0} with [ |x[PdG < co put

b [[ K G@naa, K)o+ o — Lol - P - a2 — plyp 2o

(a) (Ezact expansion.) Let p > 3 and let G1 be such a measure. As e | 0, E\Xegllp =
e [ |z|PdGy + €2Q(G1) + O(3).

(b) (Representation.) Let p > 4 and let V, V' be i.i.d. with density 2(1 —v) on [0,1]. Then
K(z,y) = P(Pfl)(PAjz)(L*?’) 22y? ElzV + yV'|P~* for all z,y.

(¢) (Optimality.) Let 4 < p <5, f&72dG =B >0, [|z[PdG = A, and let c,\ > 0 be defined by
A=A, 2\ = B. Then Q(G) < Q(N\.), with equality if and only if G € {\6e, Ad_c}.

(d) (Consequence.) Let 4 < p <5 and let Gy (with [22dG1 > 0) not be a single atom. Then
for all sufficiently small & > 0, with (A, B) = (¢ [ |2[PdG1, ¢ [ 22dG1), one has E|X.q,|P <
PE|ILy — AJP.

Proof. Write f(z) = |z|P and ¢ = G1(R), m = [2dG1, & i.id. with law G1/q, N ~ Poisson(eq),

oy d
so Xeq, = Zkng & —em.

(a) Condition on N. The event N = 0 contributes e ¢ f(—em) = O(e?) = O(¢?) (here p > 3
is used). For N = 1, Taylor’s formula with f € C? and E|{|P < oo gives Ef (£ — em) = Ef(£) —
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emEf'(€) + O(e?). For N =2, Ef(&1 + & —em) = Ef (&1 + &) + O(e). Finally Y, 3 P(N =
E)E[f(Sk —em)| <3 453 P(N =k)C(1 + kP) = O(e3). Collecting terms,

Ef(Xea,) = saBS (€) + 2| SRS (€ + &) — *ES() — amES(€)] + O(%),

and the bracket equals § [[[f(z +y) — f(z) — f(y) — yf'(z) — 2f'(y)|dG1dG1 = Q(G1).

(b) For p > 4, f € CH{R) with £(0) = £/(0) = f(0) = 0 and /7 (z) = plp—1)(p—2)(p— D}al?~".
Put 6(,9) = f(z + ) — /(@) — 1) — 5f'(@) - 2f'(4); then é(x,0) = 3(0,) = 0 and Dy =
o) = 11t ) 1) = P bl v(0) = 6(0,0) = 0 and 00w = (0 + )
Hence ¢(z,y) = [y [3 [y fo " (a+b)dbda dw du (oriented integrals). The substitution u = oz,
w =Ty, a =cu b= 1w gives qb(a: y) = 2%y f[071]4 orf" (oo’ + 77'y) do do’ dr d7’. Finally

folfol og(co’)do'do = fol(l —v)g(v)dv = 1Eg(V) for bounded measurable g, applied in (o, 0’) and
in (1,77).

(c) Let H = 2?G, a measure of mass B, and let Y7, Y5 be i.i.d. with law H/B, independent of
(V,V'); then E|Y[P=2 = A/B = ¢*~2. By (b), withr :=p—4 € (0,1] and D, :=p(p—1)(p—2)(p—
3)/8,

Q(G) = DyB*EViV + YaV'[" < D,B*E(IV1|V + [Y2|V')"
< D,B*E|Y|)'E(V + V)" < D,B*"E(V + V')".

Here we used, in turn: the triangle inequality and V,V’ > 0; Jensen’s inequality conditionally
n (V, V') for the concave function (Ri, Rz) +— (R1V + RoV')" on [0,00)% (0 < r < 1; note
ElY| = [|2]?dG/B < ); and E|Y| < (E|Y|P~2)1/#=2) = ¢ (Lyapunov, p—2 > 1). The right-hand
side is @Q(Ad¢), since then Y = ¢. If equality holds, Lyapunov’s inequality forces |Y| = ¢ a.s., and
equality in the triangle inequality (V,V’ > 0 a.s.) forces Y7, Y5 to have a.s. the same sign; as Y7, Y3
are i.i.d., P(Y > 0)2 4+ P(Y < 0)2 =1, so Y has a constant sign. Thus G = A\, or A\J_...
(d) The Poisson competitor of eG; is eGy « with Gy = N0, and fixed ¢; so (a) applied to Gy
and to Gy gives E|Xcq, [P — E|Xcq, . [P = €2(Q(G1) — Q(G1,4)) + O(e?), and Q(G1) < Q(G4,+) by
(c). O

Proof of Theorem [H By homogeneity (X; — X;/c) it suffices to take ¢ = 1, so A = B = ); then
BP/2 = X\P/2. The lower bound is [7, Lemma 2.1] with Fatou’s lemma. For the upper bound
let X € 2, and G = 3, Gx,; by Corollary E|Sx|P < E|Xg|P, where [2dG = 0 and
[2%dG = [ \x|pdG A. For any finite G on R\ {0} with [2%dG = [ |2[PdG = X\ (not necessarily
centred), let ¥(t) = [(e"® — 1 —itx)G(dz) = —a(t) + ib(t), the exponent of the centred law
Xo=Xg— [2dG, and g(t) = At?/2. Being a shift of X, X has a finite p-th moment; the proof
of Lemma - gives E|Xg|p < 0o without using [z dG = 0. As in the proof of Proposition . G| (with
EXg =0, EXZ =\, EX} = [2%dG + 3)\? and [2%dG < [(2? + |2[P)dG < o),

o0 o 9 9
H(ElXGP =) :/0 (1-e—eaosbt 2)t Tt = /0 (535~ Repw)) it

where p(z) = e* —1—2z—22/2; here | —a—e *cosb = — Re(e¥ —1—1). Since ¥ — 1 —iy| < y?/2,
we have [4(t)| < g(t). For Rez <0, |p(2)] < |2|2/6 and |p(2)| < |e* — 1 — 2| + |2|?/2 < |z|*. Hence

00 00 g3
/ lp()|t P dt < / min (—792) Pl — np)\p/2’
0 0 6

by splitting at t> = 12/A. In particular the two parts of the integrand are separately integrable
(near t = 0, g> — Rey? = O(t9); at oo, |g? — Rey?| < 2¢?). The quadratic part equals pQ(G):
apply the display to eG, in which 1, g scale by ¢; the p-term is O(eP/?) = o(e?); comparing with
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Proposition . identifies the e2-coefficients. We record the outcome, which is used again in the
proofs of Theorems I—. for every finite G on R\ {0} with [22dG = [ ]w\pdG A, centred or not,

(10) Bl%cl =A+Q(G) — 5 [ Replwe) 7t el = [(eh — 1 ite)Gldo)

P
By Proposition (c), Q(G) < Q(A\d1) = (27~ — p — 1)A%. Therefore, for our G = Y, Gx, (for
which X¢ = X¢),

E|XaP <X+ gpA* +npAP/?/c,,

and taking the supremum over X gives the upper bound for &, . For G, = A\d; (the centred
Poisson law, X, = ITy — \) one has Q(G.) = g,\?, so the display gives |E|TIy — A[? — X — gyA?| <
np)\p/Q/c;J. Scaling back (¢PA = A, PA? = A\, P XP/2 = BP/?) gives the displays of the theorem, and
the remaining assertions follow by combining them. Here ¢}, = Jo > k4( )s‘p_lds and the closed

form is the classical integral [;~(coss—1+ % — ﬂ)s ~P1ds =T'(—p) cos % for 4 < p < 6. It follows
from [;*s* tsinsds = T'(w)sin 5 (-1 < Rew < 1) by repeated 1ntegratlon by parts. It is used
only to evaluate constants, namely CJ/D in Theorem and K in Theorem [J| An alternative to the
scaling step is the pointwise identity ¢, K (z,y) fo — (1 —costz)(1 — costy) + (sintx —

tz)(sinty — ty)]t P~ Ldt. O

The rare-jump regime: proof of Theorem [ By homogeneity we take ¢ =1, s0 A = B = A.
Let ¢, be the set of finite Borel measures G on R\ {0} with [2%dG = [ |z[PdG = \. For G € 9,
let Y = Yz be a random variable with law z2G(dx)/); then E[Y|P~2 = 1 and E|Y| < 1. Put
Gy =M1, m:=p—4€(0,1), D, :=pp—1)(p—2)(p—3)/8, ey :=E(V + V') with V,V’ as in
Proposition and

p—3 P72
m p—2
By the weighted AM-GM inequality, wy > 0 with equality only at s = 1; hence @ > 0 with
equality only at y = 1. Since wy(1) = w((1) = 0 and w((s) = ( - 3)5”‘4 > 1 on [3,2], we have
wo(s) > +(s —1)? there. Moreover C,, := sup{(1+sP~2)/w(s): s€[0,2)U(2, oo)} < 00, because
wo is continuous and positive on [0, 3] U [2,00) and (1 + sP~2)/w ( ) > p—2ass — oco. Finally
Euwo(|Y]) =1 — E[Y], since E[Y[P~2 = 1.

Lemma 9.7 (Stability of Proposition - There is ¢1 = c1(p) > 0 such that for all X > 0 and
all G € 9, with P(Y € [$,2]) > P(Y € [-2, %])
Q(G.) — Q(G) > N Eu(Y).
Proof. Let Y1,Y, be independent copies of Y, independent of (V,V’), and let u := E|Y|. As in
the proof of Proposition (c), Q(G) = DNEVIV + YaV'[", Q(Gy) = DyA%e,, and E(|Y1|V +
|Y2|[V')" < u"e, by Jensen’s inequality, applied conditionally on (V,V’). Hence
Q(G.) —Q(G) = DN [(1—u"e, + 5],  S:=E[(I1|V + [YVa[V) = 1V +YaV'["] >0

Since u +— 1 —u" is convex on [0,1], 1 —u" > r(1—u) = TEwO(\Y\). For z,y € [0, 2] the mean value
theorem gives (z+y)" —|z—y|" > r4d" ' ((z+y)—|z—y|) = 2r4" ! min(z, y). Applied with z = aV/,

=bV’, a,b € [3,2], and combined with Emin(V,V’) = fo (V > s)%ds = fl(l —s)%ds = 1, this
gives E[(aV + bV’) laV —bV'|"] > gu :=14"" 1/5 The integrand of ¥ vanishes unless Y1Y2 < 0,
and the joint law and the integrand are invariant under exchanging (Y7, V') with (Y2, V’). Hence,
with 7o := P(£Y € [3,2]), conditioning on (Y7,Y2) gives ¥ > 2g,mym_. Next, 1+ |y|P~2 < 9 for
ly| <2, and 1 <1+ |y|P~2 < Cuwo(|y|) for |y| ¢ [3,2]; therefore

EO(Y) < (14 Co)Eao([Y]) + 97—, P(Y] ¢ [3,2]) < CuBuwo(|Y)).

wo(s) := —s (520, @@ =wlly) +Ly<(1+yP7%) (v €R).
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If Ewo([Y]) > 1/(4C,), then 97— < 36C,Ewo(Y]), and Q(G.) — Q(G) > DpA*re,Ewy(]Y]) >

%VE@(Y) Otherwise 74 + 7_ > %, hence m > % by hypothesis, so 3 > %g*w_ and
N Gy) —Q(G 1+C, 12
E(Y) < My (re,Bun(¥]) + Sgr_) < M, W, My = max {25 2},
Both cases give the claim with ¢; := D, min{re, /(1 + 37C,,), 1/M;}. O

Lemma 9.8 (A constraint-adapted bound for the Lévy exponent). For t > 0 and y € R let

he(y) := (e — 1 —ity)/y?, he(0) := —t2/2, and e;(y) = he(y) — he(1) — %(M’"Q —1). Then
lec(y)| < Cat?a(y) for allt > 0 and y € R, where Cyy := max{968, 5max(1,C,)}. Consequently,

for G € 9y and Y (t) == [(e"® —1 —itx)G(dz),
[Ya(t) — e, (b)) < Cu P AEL(Y)  (t>0).

Proof. From e¥* — 1 — iz = —22 fol(l — w)e*du we get hy(y) = —t2 fol(l — w)e®™du. So hy is
smooth, with || < t2/2, |h}| < t3/6 and |h}| < t1/12. Also, with ¢(y) := €™ — 1 — ity, we have
RL(1) = ¢'(1) — 2¢(1) and R = ¢"y=2 — 4¢'y~3 + 6¢y~* for y # 0, where |¢"'| = t2, |¢'| < 2t and
|6(y)| < 2+ tly|. Hence |h}(1)| < 4t +4 and, on [3,2], |h/| < 4t* + 256t + 192. Using the first set
of bounds for ¢ < 1 and the second for ¢ > 1, we get |h}(1)| < 8t2, and |hf| < 452t on [3,2], for all
t>0.

On [£,2] we have e,(1) = e}(1) = 0 and €} (y) = h/(y) — (p—3)yP~*h}(1), with 0 < (p—3)yP~* < 4.
Hence |e}| < 452t2432t? = 484t there, and Taylor’s formula with integral remainder gives |e;(y)| <
242¢2(y — 1)2 < 968t%w(y) = 968¢%(y). OFF [5,2], ler(y)| < [he(y)] + A (1) + S (1 + [ylr=2) <
2+ 42 (1 + |y[P~2) < 53 (1 4+ |y[P~?), and 1 + |y[P~? < max(1,C,)@(y) there (for y < 0 by the
definition of w, for y > 0 by that of C,).

For the consequence, let H := z?G, so that H(R) = [|z[P72dH = X, ¢¥g(t) = [hdH
and ¥q,(t) = M (1). The two constraints give g (t) — ¢¥a,(t) = [erdH, and [|e|dH <
Cut? [@dH = Cyt’AE@(Y). O

Proof of Theorem[l. Let G € 9y, ®(G) := E|X¢[P and Q := EO(Yg). Replacing G by its reflection
G(— ) changes neither ®(G) nor Q(G), and replaces Y by —Y; so we may assume P(Y € [3,2]) >
P(Y € [-2,—3]). By (10), ®(G) = \+Q(G)—+ Jo" Re p(the) 7P~ 1dt with p(z) = e* —1—2z—2%/2,
and likewise for G. Hence ’

B(G) ~ ¥(G) = ~(Q6.) = QG)) ~ - [ Re (plvi) = plwic.))e i

P

For Rez <0, p/(z) = € — 1 — z satisfies |p/(2)| < min(|z|?/2,2|z|). Every point z of the segment
[Va. (1), %6 (t)] has Rez < 0 and |z| < g(t) = A\t?/2. So, by Lemma

2 )\2 4
p(balt) - plba. ()] < () —ve. (O] min (L-,2) < CrrQ 2 min (2, 062).
The substitution t = s/ vV gives

(') A2t4
/ #2 min (T,)\tQ)t_p_ldt: GAP=D/2 here
0

00 4 (6—p)/2  g(4-p)/2
o 2. (3 2) —p—lgg — 8
= $” min ,S7 s s = + < 0.
T /0 8 8(6—-p) p—4

Together with Lemma [9.7] this gives

B(G) — B(G,) < —c1A2Q + %Ap/m - m(%xww - cl).
P P
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Let A\o(p) := (clc;/(QCMjp))Q/(p%). For A < \o(p) the bracket is at most —c;/2, so ®(G) < ®(G).
Equality forces Q = 0, i.e. Y =1 a.s., i.e. G = G; before the reflection this means G € {\d1, A\d_1}.
Since ®(G,) = E|II, — AP, this proves the second assertion (for ¢ = 1). For the first, let X € 2.5 »
and G := Y, Gx, € 9. This G is centred, so Xg = X¢, and Corollarygives E|Sx|P < ®(G) <
E|II)x — A|P. The reverse inequality for the supremum is [7, Lemma 2.1] with Fatou’s lemma. Scaling
back gives the theorem. O

Remark 9.9 (Size of \g; numerical). Take g, as above and e, = ¢,/D,. The supremum defining C,,
is the limit as s | 2, as a grid evaluation confirms, so C,, = (1 + 2P72) /wy(2) ~ 8.82, 7.72, 7.05 at
p=4.2, 4.5, 4.8. With these values, the definition Ao = (c1¢},/(2Cn7jp)) ¥ P~ gives Ao ~ 21077,
4-10728,4-10717. The loss comes from the exponent 2/(p —4) and from crude constants. The best
constant in Lemma |9.7]is at most about 0.13,0.45,0.96, versus the proved c¢; ~ 0.0024,0.010, 0.025;
these upper bounds are attained by an all-negative two-point Y just outside [—2, —%] The best
constant in Lemmal[9.8]is about 1.5,1.3, 1.1, versus Cj; = 968. With these values the same argument
would give \g ~ 5-1072%, 5.1071% 8. 107% (numerics/check small lambda.py). As p | 4, ¢;
is of order p — 4, so Ag tends to 0 super-exponentially. This is intrinsic to the method: at p = 4
the constraints fix ES* and the deficit of Q disappears. A substantially larger \g would need a
remainder bound better than O(X?/2Q), for instance one separating the small jumps of G.

Remark 9.10. (i) The argument in (c) uses p < 5 only through the concavity of t s tP~4;
p = 5 is a threshold of this method only. For p > 5 the conclusion Q(G) < Q(M\d.) also
holds: by [7, Lemma 2.1] and Fatou, E\nglp < &peAen, which equals the Poisson value by
[, Thm. 1.3]; expanding both sides by (a) gives the claim. (A sufficient pointwise condition,
I(1,8) < 01, 1)((1 + |s[P=2)/2)P=D/P=2) with ¥ = K/(2%y?), also holds on a numerical grid for
p € [4.05,5.9].) (ii) Proposition (d) is a statement along rays: the O(e?) term depends on Gj.
The uniform statements are Theorem [H, whose remainder O(BP/?) is uniform but only of relative
size O(AP=%/2) compared with the second-order term, and Theorem In the latter, Lemma
is the quantitative form of (c¢), and Lemma makes the remainder vanish to the same order as
the deficit, Eo(Y'), near A\d;. Without the subtraction of h;(1) + %ﬂy\p_? — 1) the remainder
would only be of the order of the distance of Y from 1, whereas the deficit is of the order of its
square. (iii) The representation (b) extends to 3 < p < 4 (then f”” o |z|P~* is locally integrable
and f"” is absolutely continuous, which suffices for the same integrations). There r = p —4 < 0,
and small jumps (Gaussian-like parts) make @ large: e.g. at p = 3.5, G = 61 + n2(51/n gives
Q(G)/Q(No.) = 1.43, 2.88, 7.21 for n = 10,100, 1000. This is consistent with Theorem [A]

The Gaussian regime: proof of Theorem Again ¢ = 1, G € %, g(t) = M?/2, and
Ya(t) = [(e"™ — 1 —itx)G(dz) = —a(t) + ib(t). Put

w(u) = ei“—l—iu—i—“;, ko(u) == Rew(u):cosu—l—i—”—; >0,
unlt) = [ @(t) Glde) = va(t) + 9(t),

so that Rev, = g —a € [0,g] and Im, = b. From |w(u)| < |[ul?/6, ka(u
interpolation inequalities [ |z]3dG < A, [2%dG < X\ (weighted AM-GM: |z|?
with ¢ = 260 + p(1 — 0)), we get

(1) @ <AM/6, 0 <Rewn(t) <AY/24, 9 (t)] < [va(t)] + g(t) < 29(F).

Moreover a(t) > %g(t) for 0 <t < % Indeed, 1 — cosu > %uz for |u| < 1, and ﬁ
172 [ |z|PdG < M4, s0 a(t) > 12 3A

< u4/24 and the
0

)
< 022 4 (1 — 0)|z|?

z|>1/t e =
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Lemma 9.11 (A second decomposition). For G € 4\ and ®(G) = E|X¢?,

c;,(q)(G) - A- mp)\p/2) = L(G) + N(G), where

L(G) == /OOO Rey, (1—e 9t P7ldt,  N(G):=— /Ooo e 9 Re (e —1—,)t P tat,

with absolutely convergent integrals.

Proof. The display in the proof of Theoremgives A (D(G)=N) = [T (1—a—e " cosb+ z )t_P—ldt
and the representation of |z|P by k4 applied to A\1/2Z gives c;mp)\p/Q I (1 g—e I+ )t P=1qt.
Both integrals converge absolutely. The difference of the integrands is g —a — e~ cosb +e 9 =
Retp.(1 — e 9) — e 9Re(e¥ — 1 — ¢,.), because e %cosb = Ree?¥d = e~9 Ree¥ . The first term is
nonnegative and, by , at most min(At*/24, g) min(g, 1), which is integrable against ¢t =P~ for
4 < p < 6. Hence the second term is integrable as well. g

Lemma 9.12 (The linear part is maximized by the Poisson law). For > 0 let ¥(u fo ka(u

e 2)y=P=1qu, and for s > 0 let o (s) = sU(As~2/P=2)). Then ¢y is strictly concave on (0, oo),
and L(G) = XEp)(|Ya[P~2). Consequently L(G) < Mpx(1) = L(G.) for every G € 9\, with equality
if and only if |Yg| =1 a.s.

Proof. W is finite, since ko(u)(1 — e #**/2) < min(pub /48, u2 /2). Differentiation under the integral
sign, justified by domination on p > po > 0, gives ¥'(p) = 3 [ ka(u 1_1’(3_““2/2du > 0and ¥ (u) =
-1 ko (w)udPe=m*/2dy < 0. With 8 :=2/(p—2) € (0,1) and p = As~?, so that du/ds = —Bu/s,
we get ¢\ (s) = ¥(u)— B,u\Il’( ) and ¢ (s) = ’8“((1 BV (1) — B (1 )) < 0. By Tonelli and the

substitution u = t|z|, L(G) = [ dG with rx(z) = [, ka2(tz)(1 — e M2yl — |:c]p\I/()\/a; ),
ie. ky(z) = 22pop\(|z|P~ 2) HenceL = [l ]:1:\1’ ) 22G(dr) = AEp,(]Y|P~2). Since E[Y P72 =1
and ¢y > 0 is strictly concave, Jensen’s inequality gives the claim and its equality case. O

Lemma 9.13 (The nonlinear part). With p(z) = e* — 1 — z — 22/2 as before, put
o [e.9]
Nomb [T et tan Ne= [ eRev e
0 0
o
Nyim [T Re () et
0

and N := %fo e I(M3/6)2t P 1dt = mAP=2/2 with ny = 2(6_1’)/21“(6%17)/144. Then N =
Ng — N. — N3 with absolutely convergent integrals. Moreover there is Cy = Cn(p) such that for
A>1and all G € 9y,

0< Ny(G) < NS, Ny(G.) > N — CyAr=972,
0 < No(G) < CyAPI2 1 INg(G)| < CyAP=9/2,

In particular N(G) < Nt + CyA\P=9/2 and N(G,) > N — 3Cy\P=4/2,

Proof. The identity N = N, — N, — N3 follows from Re(z?) = (Rez)? — (Imz2)2. The integrals
converge absolutely by the bounds below. By , 0 < Ng(G) < N, and for every G € %),

s

0<N(G) <! fe—g (Mt1/24)%t7PLat = O(NP=/2). For G, Tm1p, = —A(t —sint) and 0 <
(t3/6)% — (t — sint)? < t8/360, so N — Ns(G.) < %fe*9t7*pdt = O(AP=9/2) For N3 on
t < %, write p(2) = 23/6 + pa(z) with |ps(2)| < %emaX(ReZ’O). With € := Rev, € [0, \t?/24]
and |n| := |Imy,| < A?/6, the cubic term has |Re(y?)| = [€% — 3¢n?| < A2 4+ ME2: ts
dominant part (in)? is purely imaginary. For the quartic term, e 9eRe¥r = ¢7¢ < e 19/16 gives
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e I|pa(¢y)| < e 19/16(At3/6)4/24. On t > 2 we use e 9p(¥r)| < e+ e 9(1 + 29 + 2¢7) < 3.
Hence, uniformly in G € ¥,

0 =g )\3t12 )\Stl(] )\4t12 o] 3.9pP
N < . —11g/16 t_p_ldt / t_p_ldt — A(p_4)/2 _
[N3(G)) —/0 | 6 (13824+ 283 )+e 31104} e o 5

All O(-) terms are explicit multiples of the indicated powers (or of smaller ones), by [;° e—ot* thqp =
%a*(kﬂ)ﬂf(%). Collecting the terms and using A > 1 proves the lemma. O

Proof of Theorem[J. Take ¢ = 1. Let G € ¥,. By Lemmas A(P(Q) — (Gy)) =
(L(G)—L(G))+(N(G)=N(G,)) < 4CxAP=9/2_ As in the proof of Theorem [I, Poissonization and
[7, Lemma 2.1] turn this into E[ITy — AP < &Epx \ < E[IT — )\|p+4C’N)\(p—4)/2/c;. For the expansion
of ®(G,), write ka(u) = u'/24 — ky(u). With [;°u?P(1 — e /2y = —%F(%)(%)(p*‘l)/z
(valid for 4 < p < 6), this gives W(p) = LjuP~9/2 - 4 fo ka(u)e 12y=P1dy with Iy =
—2(4_17)/21“(4%”)/48 > 0. The last integral lies in [0, [ %e‘“u2/2u_p_1du], so it is O(uP=6)/2).
Hence L(G,) = AU(\) = [AP2/2 — ¢/ A+ O(AP~/2), and by Lemma

A (B(GY) — mpAP/?) = A+ L(GL) + N(Gy) = (I + np)AP=2/2 4 O(AP=/2),

Finally (I1 4+n1)/c;, = Kp. Indeed, Legendre’s duplication formula for T'(—p) and the reflection

formula for F(%)F(Hp) give c,m, = —27P/2717(~B). Together with I'(2 — 2) = %F(—%)

and T'(3 — £) = —2T'(2 — ) this yields [; = ¢, mpp(gf) and ny = ¢,my % whose sum is

c;,mpp(p%é(p_%. Scaling back (cPXP/2 = BP/2| cP\P=2)/2 = BP/2/\ P \P=9/2 = BP/2\~2) proves
the theorem. O

Remark 9.14 (On the constants in Theorem numerical). Of the constant Cy, the part multiplying
AP=9/2 i5 small; at p = 4.5 it is below 0.02. The bulk is the A-independent term 3 - 2P /p ~ 15.1
in the bound for N3, from ¢ > %, which was absorbed using A > 1. Keeping it separate, the upper
bound of Theorem |J|at p = 4.5 falls below the first correction K,B?/%/) once A > 102. The function

@y of Lemma [9.12] satisfies ) (s) = AP (sA™1/8), so its concavity for all A is equivalent to the
case A = 1.

Exactness in the Gaussian regime: proof of Theorem [Kl We keep ¢ = 1 and the notation
of the two previous proofs; in particular &, C,, and C) are as in Lemmas [9.7 and Y =Yg, and
Q = Q(G) :=E&(Yg). Write 69 := ¢ — ¢, = [ e, dH (Lemma|9.8), and note ¢, (G) — ¢, (G,) =
5eh.

Lemma 9.15. For allt >0 and y € R,
ler(y)] < Cyp min(tQ,tS)oﬁ:(y), hence |0 (t)] < Cum min(tQ,tg) A

Proof. For t > 1 this is Lemma[9.8} Let t < 1. On [},2], |e}| < \h”\+4\h’( )| < t4/12+4t3/6 < 343,
so lex(y)| < 3t3(y — 1>2 < 3t3wg(y). OF [4,2), [he(y) — he(1)] < L]y — 1] < £(1 + |y[P~2) and
h

PO [yp=2 — 1] < 51+ [yPP2). So ler(y)] < H3( + [ylP~?) < %maxu,cw)t?’ (y). Both

constants are below C’M ]

Lemma 9.16 (A one-sided bound for the imaginary part). Let t; := min{0.45, (10/(3C,,))*/?} and
cp = min{1/108,1/(24 max(1,C,))}. Then Ime;(y) > cpt3&(y) for all 0 <t < t; and y € R.

Proof. Let S(u) := (u — sinu)/u? (S(0) = O) an odd functlon and R(u) := u/6 — S(u). From
1 (1-v)?
2

u—sinu = u? [ cos(uv) dv we get R(u) = ufo 2 — cosuv)dv. Hence, for u > 0,
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0 < R(u) < min(u3/120,u/6), and, using 1 — cosx < 22/2, |sinz| < |z| and fo (1 QU) v2dv = &

also |R'(u)] < u?/40 and |R"(u)| < u/20. Since Im hy(y) = (sinty — ty)/y* = —t2S(ty), we have
lylP~2 — 1

p—2
For y > 0 (with h(0) = —t2/2, so that S(0) = R(0) = 0), inserting S = u/6 — R gives Fi(y) =

—2

two(y) + Te(y) with Ty(y) := R(ty) — R( ) — tR’(t)ypp_zl. On [3,2], Ty(1) = I')(1) = 0 and

DY (y)] = 2R (ty)—tR () (p=3)yP~*| < 45+, 50 [Ta(y)] < F5(y—1)* < 2two(y) < fwo(y), since

3 3 3 3

t < 0.45. Off [3,2], R(ty) > 0 gives [y(y) > — 55 — (1 +yP72) > —L(1+yP72) > — %l (y) >
—+wo(y), since t* < 10/(3Cy,); at y = 0 this uses that the supremum defining C,, includes s = 0.

Thus Fi(y) > Lwo(y) for y > 0. For y < 0, oddness of Sggives Fi(y) = Fi(ly]) + 2S(tly|) >

Swo(lyl) +2S(tlyl). Here S >0 on [0, c0), and 25(u) >4 >Ufor 0<u<3. For |y € [3,2]

(so tly| < 1) this gives Fi(y) > 12w0(|y\) + 12 > 108&:( ), because 1+ |y[P=2 < 9. For |y| ¢ [%,2],

Fi(y) > Fwo(ly]) + 24Cw(1 + |y[P~2). In all cases Fi(y) > cpt@(y). O

Ime(y) = 2 Fi(y),  Fiy) == S(t) — S(ty) + 5 (1)

Proof of Theorem [K] Let A > max(1,t] %y and G € 9. All constants Cy, Cs, ... below depend only
on p. By Lemmas and [9.12] and with N = Ny — N, — N3 as in Lemma [9.13]

(12) ¢ (®(G) = ®(Gy)) < (Ns(G) = Ns(Gx)) +INe(G) — Ne(Ga)l + IN3(G) — N3(G.)l.

Step 1: wvariation of N. and N3. By and Lemma |(Re ) (G))? — (Re)r(GY))?| <
60|48 < SUN2047, s0 [Ne(G) — No(G)| < GUEN2Q [ e 916 Pdt = CiAP=3/2Q0. For Ny and

t < %, every point z of the segment [1.(G4),,(G)] has |z| < A3/6 and Rez < 2g— %g, by
the bound a > %g applied to both measures. Since [p'(2)] = |e* — 1 — z| < %emaX(Rez’O),

we get e I|p(r(G)) — p(¢¥r(Gy))| < |5¢]e_119/16% < %)\391596_119/16. For t > § we write
e Ip(hy) = e¥6 — e I(1 + b, +12/2). For Rezp,Rez; <0,

1
|e*t —e*| < |z — 20]/ e=9)Rez0 g < |2 — 2| min (1,1/]Re zo]).
0

We apply this with zo = ¥¢,, | Rezg| = ax(t) = A(1 — cost), and use |¢),| < 2¢g for the remaining
terms. This gives e 9|p(1,(G)) — p(¥r(Gy))| < léw\(mm(l 1/a.(t))+e 9(1+2g)). Since 1—cost >
%d(t)2 with d(t) = dist(t,27Z), we have [ min(1 Ydu = 2v/27A"1/2. Summing over the
neighbourhoods [(2k — 1)7, (2k 4 1)7] of 27k gives

) 2)\u2

22p—1

J(\) = / #17P min (1, L)dt <oV2r?Pe(p— AV TS\
1/2 ax(t)

On [3,7] we used d(t) = t. Moreover e 9(1 + 2g) < 3 M4 With |0y| < Cpt2AQ, the part
t > 1 is at most Oy AQ(J(A) + 3f1°/02 e M/ Al=p ity = O((A\Y/2 +1)Q). Integrating, and using
A2 < XP=3)/2 for X > 1, we get |N3(G) — N3(G,)| < Coa®=3)/2Q),

Step 2: the case Q(G) < Q := 1/(7Cpr). Put o(t) := t — sint, so Imyg, = —Ao, and put
g := Elme(Y), so ImwG = —Xo + g, Then (Imvyg,)? — (Imepg)? = MNe(20 — &). For
t < t1, Lemmas and [9.15| give cpt3Q < g, < Cpyt3Q. Moreover o > t3/6 — t9/120 > t3/7 SO
20 — &y > t3/7 and (Imng*) (Imepg)? > BA2QE. For ¢ > t1, |\2e4(20 — &4)] < A20Mt39(
Cut3) < %)\QQtG. Hence, using f01 _)‘t2/2t5 Pdt > \=6-P)/2¢=1/2 /(6 — p) (valid as t; v\ > 1)
and e M/2 < e A/ Ae=?/4 for ¢ >4 A > 1,

cge~1/2

No(Gy) — No(G) > e AP2/20) — 03026 M1/4) s 1= .
(Gy) (G) > csA C3 e "M/%Q, c 146 =)
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With and Step 1, ¢,(®(G) — ®(G4)) < XPD/2Q( — ¢, + CaA6P/2e= M/ 4 (Cy 4 Cy)A~1/?2).
Fix Apear(p) > max(1,¢;?) such that the bracket is negative for all A > Apear(p); such a number
exists because the bracket tends to —cs. For A > Apear(p) we get @(G) < (G.), with equality only
if Q=0,ie G=G..

Step 3: the remaining case. Let G := G(—-); then ®(G) = ®(G) and Y = —Yg. If Q(G) <y
or Q(G) < Q, Step 2 applies to G or to G. Otherwise choose G’ € {G,G} with 7, > 7_, where
7y :=P(+£Y’ € [},2]) and Y’ = Y. Then Q(G’) > Q. Since EY] > 7. /2,

2
IEY’| = E|Y’| — 2min(EY],EY’) < 1 — Ewo(]Y']) — 7,

and, as in the proof of Lemma QG < (14 Cy)Ewo(|Y']) + 97—. Hence 1 — (EY')? >
1 —|EY'| > Q(G")/(10 + C,,) > Q1/(10 + C,,). Next, with oy(y) := (ty — sinty)/y*> we have
Im e (t) = —AEo(Y’') and o4(y) — t3y/6 = —t2R(ty). Interpolating R(u) < min(u3/120,u/6)
(u>0; Ris odd, so |R(u)| = R(|u|)) with exponent 6 = (p — 3)/2 gives t?|R(ty)| < Cyt?|y[P~2, so
|Eo (Y| < %|EY’| + C4tP. Squaring and integrating, N,(G) < (EY)2N} + CsA1/2, Lemma
gives Ns(G,) > N — Oy P=9/2 together with the bounds 0 < N,(-) < CxyAP~9/2 and |N3(+)| <
CnAP=4/2 valid for every measure in 4. So gives

iy
10+C,,
which is negative for all A > A, (p), for a suitable Mg, (p) < 0o. Hence ®(G) = (G') < ®(Gy).

With A1 (p) := max{1,#7% Mear(p); Mar(p)} We have shown that ®(G) < ®(G,) for all G € %,

with equality only for G € {Ad1,\0_1}. Poissonization and [7, Lemma 2.1] conclude the proof, as
for Theorem [I O

p(2(G) = ®(G.)) < - AP=2)/2 4 CoAL/2 4 5O AP/,

Remark 9.17 (Size of A\1; numerical). We evaluated the explicit constants of the proof with the
script numerics/lambdal_constants.py. At p = 4.05, 4.2, 4.5, 4.8 they give Apear = 10130, 10123
1018 1014 and Ay ~ 1073, 1081, 10%8, 1059, So A1(p) ~ 1011-10'3, and it stays bounded as
p J 4, unlike A\g(p). The refined Lipschitz bound in Step 1 matters here. With |e** —e*0| < |z; — 2|
alone, a term of order AQ2 would remain; that gives A\; ~ 10? at p = 4.5, with A\; — oo as p | 4.
The remaining loss comes from the constants Cj; and cp. Numerically, Ime;(y)/(t3@(y)) stays
above 0.04 for ¢t < t; (numerics/check K1.py), whereas cp ~ 0.005.

Remark 9.18 (A conditional reduction for all A; numerical). By Lemmas and Pinelis’
conjecture for a given A follows from the inequality N(G) < N(G,) for all centred G € ¥y; Pois-
sonization only produces centred measures. We tested it at p = 4.5 on two families. The first is
150 random two- and three-atom G for each A € {0.05,0.3,1,3,10}. The second is a grid of 343
two-atom G for each A, of which 7 coincide with Ad_;. For A > 0.3 the inequality held in every
non-degenerate case. At A = 0.05 it failed for 64 of the 150 random and 184 of the 343 grid mea-
sures, although ®(G) < ®(G.) held for all non-degenerate measures of both families. So it is not
a substitute for Theorem [I| when A\ is small. The scripts are numerics/check N_sign.py (outputs
nsign *.txt) and numerics/check_large lambda.py. The latter also checks Lernma against
exact Poisson summation, to ten digits, and the concavity of 1 on a logarithmic grid.

10. DISCUSSION; WHAT REMAINS OPEN

(1) Where p > 3 is used. Only in Corollary through convexity of |v + z|P~2, which
is needed to apply Lemma The bound for compound Poisson laws holds for all
2<p<d.

(2) Why p = 4 is the threshold. For 2 < p < 4 the representing kernel coss — 1 + s2/2 is
nonnegative and the comparison F(a) < F(g) goes the right way. For 4 < p < 6 the kernel
changes to —(coss — 1+ s2/2 — s%/24) and the same comparison reverses (Proposition [G].
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(3) Open: 4 < p < 5 with BP?/2/A not small. Pinelis’ conjecture £,.4 5 = PE[II, — AP is
proved here only for A < A\o(p) (Theorem [I), with a tiny Ao(p), and for A > Ai(p) (The-
orem , with A1(p) ~ 10'2. It remains open for A € (Ag(p), A1(p)). For 1 < A < A\i(p),
Theorem |[J| confirms it up to O(Bp/ 2)72), and Remark gives a sufficient condition,
N(G) < N(Gy), that held in all our tests with A > 0.3. Making Ao, A\; reasonable would need
sharper constants in Lemmas and closing the gap requires a non-perturbative
idea. In particular the companion hypothesis of [6] for ¢ > 4, C(t) = E|II; — 1], re-
mains open for 4 < t < 5. Under Pinelis’ conjecture it is the case A = 1: numerically,
E|IIy — A/ max(\, \¥/?) is maximal at A\ = 1. That value lies inside the gap (Ao(p), A1 (p))-
The other partial results are Theorem [H| (the conjecture holds up to an additive C'po/ 2,
which is of lower order than both sides when BP/2/A — 0), Proposition (second-order
optimality of the Poisson law along every ray in the rare-jump regime), and Proposition
(a reduction to a “skewness inequality” bounding E|X¢|? — E|X¢, |P by its Poisson value).
After Poissonization, ¢,(E|Xg[P—A) = [7°(1—a—e “cosb4g*/2)t P~ 1dt. The Poisson law
is not a pointwise maximizer of this integrand, so a variational argument is needed. Numer-
ically (grid scans of two-atom Lévy measures at p = 4.5 and Acanq € {0.05,0.3,1, 3,10, 40};
random and differential-evolution searches over up to three atoms plus a Gaussian part at
p € {4.1,...,4.9}) the Poisson value was never beaten; relative margins of the best two-atom
competitors ranged from 10~ (nearly merged same-side atoms) to 5- 1073 (two-sided).

(4) Role of the moment-curve viewpoint (heuristic). The first-order (KKT) conditions
identify the support of an optimal Lévy measure with the contact set of the planar curve
v (v, Uy (F0'/(P=2))) with its upper hull, in the sense of [3]. Here Wy (u) = E[f(W +u) —
FW) —uf'(W)]/u?. Convexity of this curve on the skew side and its failure on the anti-
skew side (observed numerically, not proved) is consistent with the failure of the extension
with an extra skewed summand (Theorem, whose proof is a direct Taylor argument. The
final proof of Theorem [A] bypasses the curve analysis entirely.

(5) Open: the extra-summand version for 3 < p < 4. Theorems@andleave open: sym-
metric X whose characteristic function changes sign (e.g. Rademacher X); non-symmetric
X with E[|X|P~3sign X] = 0; and X that is unbounded or not bounded away from 0 (The-
orem (b) needs both). For X = +x7 Rademacher we found no violation in about 900
random compound Poisson configurations at p € {3.2,3.5,3.8} (the gap approached 0 only
in degenerate limits), which suggests that the extension holds for all symmetric X.
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