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ABSTRACT. For ¢ € (0,1) let x1, x2,- .. be independent random variables, each equal to /(1 — ¢)/q
with probability ¢ and to —+/¢/(1 — ¢) with probability 1 — ¢, and let R(q) be the best constant in
the inequality E| ", aix:| < R(q) ||a||2. We prove that for every ¢ € (0,1)

R(g) =2v/q(1 — ) maxVkq"™",  §=max(q,1-q),

and that the supremum is attained by equal coefficients on k = |[1/(p(2 — p))] coordinates, p =
min(g,1 — ¢). On [1 — +/5/6,/5/6] we also determine all extremisers. On this middle range the
inequality is proved one regime of k at a time (kK = 1,...,5): the largest coefficients are split
off, and the remainder is controlled by polynomial certificates whose expectations depend only on
finitely many moments; the extremisers are handled by separate near-sphere arguments and exact
bit lemmas. For ¢ < 1 — 2/+/5 (and, by symmetry, ¢ > 2/1/5) a Poissonisation argument reduces
the problem to one g-free inequality for centred infinitely divisible laws, which we prove using a
localisation of maximisers, a comparison lemma for stop-loss terms near the Dirac laws, and exact
moment certificates elsewhere. The finitely many inequalities that remain are decided by computer
in exact rational arithmetic or in outward-rounded interval and ball arithmetic.
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1. INTRODUCTION

1.1. The problem. Let ¢ € (0,1) and put

= 1_q ,/1_q = V(1 —q) = qu= (1 - q.

Let x, x1, x2,... be 1ndependent and identically distributed with P(x = u) = ¢ and P(x = —v) =
1 —¢q. Then Ex = 0, Ex? = 1 and E|x| = 27; equivalently x = (X — ¢)/7 with X ~ Bernoulli(q).

Define
EIS™ v,
R(q) =sup  sup —‘Zl_l il
n>1 acR™\{0} [all2
the best constant in the reverse Khinchin-type inequality E| >, aixi| < R(q)|la|]2. Cauchy-Schwarz
gives R(q) < 1, with R(3) = 1; replacing x by —x gives R(¢) = R(1 — q) (Lemma 4.1); and one
coordinate gives R(q) > 27. If ¢ < % and kq < 1, then k equal coefficients give

Elx1 +\/% + Xk| =Ti(q) := 2\/@(1 _ q)k—1/2 _ 2\/%(1 _ q)k—l _

(Theorem 4.2).

1.2. The main theorem.

Theorem 1.1 (Main Theorem). [computer-assisted, see Sec. 16] For every g € (0,1),

(S) R(q) = M(q) == 2/q(1 - q) maxVkg"™',  §=max(q,1-q).

Let p = min(q,1—q). The mazimum in (S) is attained at k = |1/(p(2—p))], and also at k—1 exactly
when p =1—/(k —1)/k. The supremum defining R(q) is attained at o = (1,...,1)/vVk € RF.

With g, := 1 — /(k—1)/k (k > 2), the maximiser is k on the closed band [gx+1,qr], where
M = Ty; the neighbours k£ 4 1 tie with £ at the two ends. Thus

2T €lg2 3], @2=1-J5=0292%.
2V2(1 - g)7 €lgsq), gs=1— \/%—01835

R(q) = §2V3(1 - q)*r €l a3, a1= 1—§:0.1339...,
4(1—q)*r € lgs, 1], 5= —%20.1055...,
2k (1— " 'r g€ g al, k=5,

and R(1 — ¢q) = R(q). The theorem holds on the whole range ¢ € (0,1); as ¢ — 0 (or ¢ — 1),
R(q) = \/2/e = 0.85776... (by (S) and Theorem 4.2). Figure 1 shows the structure of the proof,
and Figure 2 shows R(q), computed from (S), with each range of ¢ shaded by the theorem that
proves it. The range (0, g5] is not subdivided: Sections 11 and 12 reduce this whole range to one
g-free claim about measures K, and Sections 13, 14 and 15 prove the claim for three classes of K
(Figure 2(d)), so all three are used at every ¢ € (0, gs].

Remark 1.2 (an equivalent Boolean form). [computer-assisted, see Sec. 16] By Lemma 11.2, R(q)? =
4q(1 — q)sup; D(f), where f runs over all functions {0,1}" — [0,1] (n > 1), the cube carries the
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Main Theorem (Theorem 1.1): R(q) = 21/q(1 — q) maxy>1 VkG*~?! for
proof: Section 3.3, Steps 0-5

every q € (0,1), attained by 15/vk

\
Step 1

A

Steps 0, 2

Steps 3-5

Middle range: R = M on

[g6, 1 — ge]
Corollary 3.1 (Section 3): the six
closed ranges below, glued at

q2,93,4L,94, 95

Symmetry R(q) = R(1 — q):
Lemma 4.1
lower bound R > M:
Theorem 4.2

Small ¢: R < M on (0, g5]
Section 3.3, Steps 3-4;
the mirror range [1 — g5, 1) by
symmetry

Theorem 5.1 (k= 1) on [g2, %], Section 5
computer: Proposition 5.7: 379 cells, 641 boxes
by hand: 5.2-5.6

Theorem 6.1 (k = 2) on [g3, g2], Section 6
computer: Proposition 6.4: 784 cells, 55515 boxes
bit lemma 6.3; by hand: 6.2

Theorem 7.1 (k = 3, upper part) on [qr1, g3], Section 7

bit lemma 7.3; by hand: 7.2

Theorem 8.1 (k = 3, lower part) on [g4, qr], Section 8
computer: Proposition 8.10: 288 cells, 1421 boxes
bit lemma 8.3; pieces and m-split 8.4-8.9

Theorem 9.1 (k = 4) on [gs, g4], Section 9
computer: Proposition 9.8: 1268 cells, 7261 boxes
bit lemma 9.2; pieces and m-split 9.3-9.7

|
|
|
|
|
|
|
|
|
|
|
|
|
|
l
: computer: Proposition 7.4: 2704 cells, 81975 boxes
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

Theorem 10.1 (k = 5) on [gs, g5], Section 10
computer: Proposition 10.8: 861 cells, 9166 boxes
bit lemma 10.2; main terms, split nodes, m-split
10.3-10.7

\

Reduction to one ¢-free inequality, Sections 11-12
level-one form (Lemma 11.2), Poissonisation
(Theorems 11.3 and 11.4), size of the window

(Proposition 11.5), localisation A’(g) < %
(Theorem 12.1)
if every K of the Claim satisfies (), then R < M on
(07 Q5]

\
hypothesis

Claim (Section 3.3, Steps 3-4): every finitely supported
probability measure K on [— 2T 77| satisfies

50’ 50
() ElZx| < max(905 (K), 93y (K)), Cs) with
9 — 2

Band, max(Vy,V_) > %: Theorem 13.11, Section 13
by hand: 13.1-13.10; computer: Proposition 13.12: 1339
certified squares

Heavy, % <max(V4, Vo) < %: Theorem 14.1,
Section 14
by hand: 14.2-14.8; computer: Proposition 14.9: 436
boxes, 1237 certificates

Light, max(V;,V_) < 1: Theorem 15.1, Section 15
by hand: 15.2-15.9; computer: Proposition 15.10: 10966

|
|
Common tools, Section 4, used in Sections 5-10 ! certificates
by hand: one-coordinate identity 4.3 ([BF3, Lemma 9.4], e
pr9ved here); cumulants 4.4 and moments 4.6-4.8; Vi = K([%, % ), Vo = K([—%, _%D§ the three cases
six-moment bound 4.9-4.10; cells 4.13-4.14; two cover all K
coordinates and bits 4.16-4.19; box certificates
4.20-4.23; vertex sets 4.24—4.31; near-circle, near-sphere
and m-split bounds 4.34-4.39
computer-assisted: the cumulants k7, ...,k10 (4.5),
and through them the ten-moment bound 4.12, the
cell lemma 4.15 and the vertex-certificate lemmas
4.32-4.33
computer-assisted, directly or through - - - —~ needed only for the
d h. . . ! .
() proved by hand D a block it uses (Section 16) - - -~ extremisers on [gs, gs]

FIGURE 1. Structure of the proof. An arrow means “is used in the proof of”. Green
blocks are proved by hand; blue blocks are computer-assisted, either directly (a finite
computation, described in Section 16) or because they use a blue block. Numbers
without a name are statement numbers of this paper; ranges of numbers include the
definitions between them. The dashed block is needed only for the extremisers on
[g6,¢5]: the value of R there also follows from Sections 11-15 (Section 3.3, Step 1).
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FIGURE 2. The optimal constant R(q) of Theorem 1.1, computed from (S) by
figures/plot_Rq.py, which checks the closed form against the maximum over all
k < 2k* + 10 and against a complete enumeration, in floating point, of the binomial
law of x1 + - -+ + xx (largest difference 3 - 1071%). Each range of ¢ is shaded by the
theorem that proves it; hatched ranges are covered both by Theorem 10.1 and by
Sections 11-15; dots are the corners ¢x and 1 — ¢x. (a) The whole range, with the
symmetry R(q) = R(1 — ), the limit 1/2/e (dotted) and the one-coordinate value
24/q(1 — q) (dashed), which equals R(q) exactly on [g2,1 — ¢2]; the strip lists the
sections that prove each range. (b) The regimes k = 2,...,5; q1, = % separates
Theorems 7.1 and 8.1 and is not a corner. (c) Small ¢ on a logarithmic scale. (d)
The three classes of measures K of Sections 13-15 (Section 3).
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product Bernoulli(g) measure, A;(f) = E[f | #; = 1] — E[f | z; = 0] and D(f) = Y, Ai(f)*. So
Theorem 1.1 says that

A(f)2 < ~2k—2

; (f)* < maxkq

for every such f, with equality for the OR of k bits if ¢ < %, and for the AND of k bits if ¢ > %,
where k attains the maximum.

Remark 1.3 (extremisers). [computer-assisted, see Sec. 16] On [gs,1 — gs], g6 = 1 — 1/5/6, the
extremisers are determined completely by Theorems 5.1(c), 6.1(b), 7.1(b), 8.1(b), 9.1(b) and 10.1(b)
(for example, on (g2,1 — ¢2) they are +e;). For ¢ < gg or ¢ > 1 — g¢ the proof gives the value R(q)
and the equal-coefficient extremiser, but it does not show that there are no others.

1.3. History. The constant R(q) comes from the study of the L'-Poincaré inequality on the Ham-
ming cube. Ivanisvili, Li, van Handel and Volberg [ILvHV, Theorem 3.1] showed that R(q) < 1 for
¢ in a small interval around 2, and used this to improve the constant 5 in the L'-Poincaré inequality
on the cube. Van Handel then proved the quantitative bound R(q) < (1— g5 min{dq¢3(1—q)3, (2¢—

1)4q(1—q)})1/2 (a private communication, quoted as [IS, (1.7)]), and Ivanisvili and Stone [IS, Corol-
lary 2] improved it to R(q) < 1—min{4¢3(1—q)3, (2¢—1)*q(1—¢)}/(45—3(q(1—q))?). These upper
bounds are close to 1. Stone computed two families exactly. For two coefficients, a = (1,1)/v/2
beats one coordinate for ¢ < 1 — 1/v/2 ([St, Section 4.2], as cited in [BF3, Remark 9.8(c)]). The
value of k equal coefficients, maximised over k, is the right-hand side of (S); it is stated in [IS,
(1.10)], with a reference to a forthcoming paper of Stone (as printed there, the formula lacks the
factor (1—p*)'/?), and [IS, Remark 1.3] works out what would follow for the L'-Poincaré inequality
if R(q) were equal to it. We call the statement that R(q) equals it for every ¢ € (0,1) Conjecture S;
it is Theorem 1.1.

For the central range, the report [BF3] proved, in its Theorem K (Section 9.4), that R(q) =
2\/q(1 —q) for q € [%, %], by Stein’s method and an exact rational interval computation, and

conjectured [BF3, Remark 9.8(c)] that R(q) = 24/¢q(1 — ¢q) holds exactly for 1 — % <q< %,

where at ¢ = 1 — % both e; and (e; + 62)/ﬂ are extremal. This is Theorem 5.1 below, whose
proof does not depend on [BF3|. Theorems 6.1-10.1 extend the formula, regime by regime, to
[g6, 1 — g6, and Sections 11-15 handle all small ¢ at once.

1.4. Use of earlier work. The proof of Theorem 1.1 uses no result of [BF3], [ILvHV], [IS] or [St]
without proof. The following facts also appear in that earlier work, and each of them is stated and
proved in full here.

e The one-coordinate identity Elax + Y| = 27a + (2¢ — 1)EY + 2ER,(Y) of Lemma 4.3, the
starting point of Sections 5-10. Its case a > 0, Y = bM with b > 0, M bounded and
EM =0 is [BF3, Lemma 9.4], stated there for % <g< %

e The two-coefficient value E|x1 + x2|/v2 = 2v2 (1 — ¢)T
only if ¢ < ¢2 (Lemma 5.2, and Theorem 4.2 with k =
Remark 9.8(c)], which attributes it to [St, Section 4.2].

e The value Ty (q) of k equal coefficients and its maximum over k, the right-hand side of (S)
(Theorem 4.2); see [IS, (1.10)].

e The equivalence of the inequality with a bound on level-one coefficients (Lemma 11.2). Its
special case R(q) < 27 <= sup; D(f) < 1 is the equivalent form of [BF3, Theorem K].

The result [BF3, Theorem K] itself is not used: Theorem 5.1 proves R(q) = 24/q(1 —¢q) on the
larger range [g2,1 — go] D [2, 2] by a different method. The bounds of [ILvHV] and [IS], and the
one quoted in [IS], are cited only for history. Everything else in the proof is either proved here or
classical.

), which exceeds 27 if and

q<3
). This is the example of [BF3,

(
2
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1.5. The strategy.

What is being maximised. Each yx; is a centred, normalised coin that comes up “heads” with
probability q. We weight n such coins and ask how large the mean absolute value of the sum can
be, relative to its standard deviation. For g near % the best choice is to put all the weight on one
coin. As ¢ decreases, heads become rare events, and it pays to spread the weight evenly over k
coins. Then the sum is negative only when all k£ coins show tails, and k is about 1/(2¢). The best
k jumps at the thresholds gx, so M(q) is the upper envelope of the curves Tj. The lower bound
R > M is this computation (Theorem 4.2). All the work is in the upper bound R < M.

The middle range (Sections 4-10). For each k = 1,...,5 we prove E| > a;xi| < Ti(q)||c||2 for
g in the band of k. Write the sum as ajx1 + a2x2 + (remainder) with the largest coefficients
in front. Exact identities reduce the problem to bounding an expectation of a piecewise-linear
function of the remainder. The first six (or ten) moments of the remainder are fixed by power sums
of its coeflicients, and these are controlled by the parameters. A polynomial “moment certificate”
then bounds the expectation on a cell of parameter space. The certificates must be exact at the
extremisers, so they degenerate there; separate lemmas (the near-circle lemma, the m-split, the
quartic certificate, the bit lemmas) cover small neighbourhoods of the extremisers. Finitely many
polynomial inequalities remain, and they are checked by computer in exact rational arithmetic or
in outward-rounded interval arithmetic. This works for each fixed k, but every k needs a new and
larger computation, so it cannot reach all small q.

Small ¢: Poissonisation (Section 11). When ¢ is small, a sum of many rare coins looks like a
compound Poisson variable. Poissonisation makes this exact at every fixed q. Take a maximiser,
and let f be the indicator that its sum is positive. Replace each bit x; by the event that a
Poisson(s) count is positive, where s = In %_q. Stein’s identity for the Poisson law then gives

R,(q) < /q/((1 —q)s) E|Zk|, where Zk is a centred compound Poisson variable whose jump sizes
are the normalised coefficients. The expected number of jumps of size at least 6 is always an integer
multiple of s, and this is exactly what produces the discrete maximum over k in (S). So everything
reduces to one g-free inequality:

D) E|Zk| < max(g(Nf (K)), 9N (K)), C),

where /\g(K) is the expected number of jumps of size > 6 (resp. < —0), and g(\) = 2V e is
E|Z| when all jumps have the same size a > 1 (then A = a=2). With C' = C5 = g(21In 2) this yields
R = M on all of (0,¢s5] (Theorem 11.4).

No huge coefficients (Section 12). The first-order optimality conditions of a maximiser show that
no coefficient can be large: for large n, every jump of the measure K produced above lies in [—A, A]
for any fixed A > A'(q), and A’(q) < A’(gs) = 1.53804... < 1.54 (Theorem 12.1). So ID*(C5) is
needed only for K carried by [—1.54,1.54].

Proving ID*(C5s) (Sections 13-15). Fix # = 0.85 and sort K by the masses V; and V_ that it puts
on the large jumps [0.85,1.54] and [—1.54, —0.85].

e Band (V4 > 2 or V_ > 2). This region contains the Dirac laws K = §,, for which the
inequality is an equality whenever a > 1 and g(a~2) > Cs, so the bound must be sharp to
first order. An exact identity isolates the extremal Poisson part. The residual enters only
through two stop-loss terms, which a comparison lemma bounds (Theorem 13.11).

e Heavy far region (% < Vi< %) The large jumps are replaced by their chord law, which
is larger in convex order. Everything else enters through a degree-16 moment certificate
(Theorem 14.1).

e Light far region (Vi < 3 and V_ < 1). Here there is room to spare: E|Zx| < 2Tt = 0.855 <
C5 = 0.85510... The proof spreads windows of jumps to two points (a convex-order step)

and uses 10966 exact moment certificates (Theorem 15.1).
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Assembly. The middle range, the small-g range (0, ¢5] and its mirror image cover (0, 1), and adjacent
ranges share their closed endpoints (Section 3).

1.6. Computer assistance and organisation. Several statements rest on finite computations.
They are marked [computer-assisted, see Sec. 16] in the text; their proofs reduce them, by hand,
to finitely many inequalities, which are decided by computer in exact rational arithmetic (Sturm
sequences, exact comparisons of rationals) or in outward-rounded interval or ball arithmetic. Float-
ing point is used only to find certificates and subdivisions, never to decide an inequality. Section 16
lists, for every numbered statement, whether it is proved by hand or computer-assisted, and, for
the computer-assisted ones, the method, the programs, their sizes, the recorded running times
and certified counts, and the commands that reproduce them. The verifying programs are in the
code archive, but the recorded certificate data of most computer-assisted propositions are not; Sec-
tion 16.5 lists which verifications were repeated for this paper, on the archive and on regenerated
data.

Section 2 fixes notation. Section 3 explains which result covers which values of ¢ and proves
Theorem 1.1 from the results of the later sections. Sections 4-10 prove the formula on the middle
range [gs, 1 — gg]: Section 4 collects the tools common to all regimes, and Sections 5-10 treat
k =1,2,3,3,4,5 (the regime k = 3 in two parts). Section 11 contains the Poissonisation and
the reduction of (0, gs] to ID*(C5), Section 12 the localisation of maximisers, Sections 13 and 14
the band and the heavy far region, and Section 15 the light far region. Section 16 describes the
computer-assisted components.

2. NOTATION AND CONVENTIONS

The following symbols have the same meaning throughout, except where a local meaning is stated
in a section.

symbol meaning

a4, p q € (0,1); ¢ = max(q,1 — ¢); p=min(q,1 - q)

U, v, T u=+1=q)/¢, v=q/1—q)=1/u, 7=+/q(1 —q) = qu=(1—q)v

Xs Xi, X\@ iid, P(x=u)=¢q¢, P(x = —v)=1—¢q; x = (X — ¢)/7 with X ~ Bernoulli(q);
the superscript shows the parameter when two values occur

L, R,.(q), R(q) L =73, aix; = a-x for a unit vector a; R, (q) = max|q|=1, acr~ E|L];
R(q) = sup,, Rn(q)

[, e, 1s || = ||a||2 for vectors; standard basis vectors; 15 =3, g e;

T (q) 2vkq (1 — q)* =12 = 2V/k (1 — ¢)*~'7, the value of 1;/Vk when kq < 1, ¢ < %5
in Sections 5-10, T denotes the target of the regime

M(q) 27 maxy>1 VE §F1; for ¢ < 1, M(q) = maxy, Tx(q)

a (k> 2) L —/(k—1)/k, where Ty, (qx) = Tk(qx); M = T on [qx+1, qxl;
ga = 0.292893 ..., g3 = 0.183503 . .., gz = 0.133974 . .., g5 = 0.105572.. . .,
g6 = 0.087129 ...

qr 25 =0.147928.. . ., the boundary between Sections 7 and 8

s=s(q) lnflq,so that 1 —g=¢"°

g(\) 2v/Xe ™ (A > 0); maxg = g(3) = \/2/e = 0.857763...

C(q), Ck C(q) = maxg>1 g(ks); for ¢ < 3, M(q) = \/¢/((1 - q)s) C(q), equation (11.1);
Cx = ming<y<q, C(q) = Cgr) (Theorem 11.4(d))

Cs g(21n 3) = 1.28v/21In 1.25 = 0.855100455470819 . . ; C; = 0.853343 . .,
Ce = 0.855984 . ..

Kolmogorov measure K a finite Borel measure on R (in Sections 11-15 usually a probability measure)

Zk the centred infinitely divisible law with log Ee??x = [ (e — 1 — itx)z 2K (dz);

EZ?% = K(R); for finitely supported K = 024y + 2 Wila;:
Zg =0G+3 ;a;(N;j — wj/a3), Nj ~ Poisson(w;/a3)
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symbol meaning (continued)

)\;E(K) Jipsg 2K (dz) (closed thresholds): the expected number of jumps of size > 6,
resp. < —0; also written Ay (K), and A = \; (K) in Section 13

ID*(C) every finitely supported probability measure K on R\ {0} has some
6= 9(K) > 0 with E|Zxc| < max(a(\] (K)). 9(Ay (K)). C)

0, A, Vi in Sections 13-15: § = 4T, A =TTV, = K([0, A]), V_ = K([-A, —0])

A'(q) v/2q/s/(1 —q) (Theorem 12.1(f)); increasing, with
A'(gs) = \/5gs/In 2 = 1.538044391650755 ... < T

Ai(f), D(f) for f:{0,1}™ — [0,1] (or [~1,1]) under the Bernoulli(q) product measure,
Ai(f) =E[f |z =1 —E[f |2; = 0], D(f) = 3_; Ai(f)*

ORg 2-1{3i € S:x; =1} — 1 (in Section 11, the indicator 1{3i € S : x; = 1})

Ny, G a Poisson(A) variable (Ny = 0) and a standard Gaussian, independent of each
other and of everything else

X<.Y convex order: Ef(X) <Ef(Y) for every convex f

T4 max(z,0)

Local notation. In Sections 4-10, M usually denotes the remainder ) f;x; (a random variable),
not the function M(q); in Section 14, M(a,b) = af? + bA?. In Section 11, K is an integer in ¢,
Ck and a measure elsewhere. Further local symbols are introduced where they are used.
Arithmetic conventions. All polynomials in the computer-assisted parts have rational coefficients.
“Verified” means verified in exact rational arithmetic or in outward-rounded interval (or ball)
arithmetic. For a rational z > 0 and an integer N > 1, the rational lower and upper bounds of \/x
are |[N/z|/N and (|N+/x| + 1)/N, computed with integer square roots; unless stated otherwise
N = 10%, and we write |\/7 |15 and [y/7]15 for them.

3. STRUCTURE OF THE PROOF AND PROOF OF THE MAIN THEOREM

3.1. Which result covers which values of ¢. Figure 3 and Table 1 show how the results cover
(0,1). All intervals are closed at every finite endpoint where two results meet. The point 0 is
excluded, since g € (0,1).

2v5 g 4¢3T 2v3¢%r 2v3¢%r 2v2 4t o7
Thm.10.1 Thm.9.1 Thm.81 Thm.7.1 Thm.6.1 Thm.5.1
[ ® @ @ @ @ o
# # l # # # # # q
0 q6 qs q4 qrL q3 q2 1
0.0871 0.1056 0.1340 0.1479 0.1835 0.2929 025
o ®

Secs. 11-15: R = M on (0, gs]

FIGURE 3. The range (0, %], not to scale. Thick bars are closed intervals (filled
dots); the small-g chain is open at 0 and closed at g5. Above each bar is the theorem
and the value M(q) there. The range [3,1) is the mirror image under ¢ — 1 — ¢
every theorem of Sections 5-10 proves the mirror statement, and R(q) = R(1 — q),
M(q) = M(1—q) give the rest. The overlap [gg, g5] of Theorem 10.1 and the small-g

chain is not needed for the value of R.
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closed range of ¢ R(q) = proved in
[q2,1 — g2] 27 Theorem 5.1 (Section 5)
[43,q2] U[1 — qo,1 —q3] 2v2¢7T Theorem 6.1 (Section 6)
lqr,q3) Ul —g3,1 —qr] 2v3¢*r Theorem 7.1 (Section 7)
[q4, qL] [1—gqr,1—q4 2v3G*r Theorem 8.1 (Section 8)
(45, qa] U1 — qu,1 —q5] 4¢3 Theorem 9.1 (Section 9)
[g6,q5) U1 —gs5,1 —qs] 2v5¢*r  Theorem 10.1 (Section 10)
[g6, 1 — q] M(q) Corollary 3.1
(0, g5 M (q) Sections 11-15, see Table 2
[1—gs5,1) M(q) mirror (Lemma 4.1)
(0,1) M(q) Theorem 1.1, proved in Section 3.3

TABLE 1. The ¢-ranges and their proofs.

[computer-assisted, see Sec. 16] R(q) = M (q) for every q €

Corollary 3.1 (the middle range).
[qG,l—q6 = 1—\/5 6,\/5 6

Proof. By Lemma 4.1 let ¢ < 5 , so § =1—q and M(q) = maxg Tx(q). The interval [gg, %] is the
union of [ga, 5], [93, G2], [qL,qg], [94,q1], [g5,94] and [ge, g5], on which Theorems 5.1, 6.1, 7.1, 8.1,
9.1 and 10.1 give R(q) = T4, T, T3, T3, Ty and T5 respectively (with 77 = 27). By Theorem 4.2,
the maximum of T}, (q) over k > 1 is attained at k = |1/(q(2—q))]. Since ¢(2—¢q) =1 — (1 —¢)? is
increasing on (0, 1) and equals 1 / k at ¢ = gy, this maximiser is k on [gx1, gx] (with the tie of k£ —1
and k at i), and k =1 on [go, 3]. Hence R(q) = M(q) on each of the six intervals. O

3.2. How the small-g chain fits together. Table 2 lists the results used on (0,¢s|, and Fig-
ure 2(d) shows how the three theorems of Sections 13-15 divide the measures K: the masses V} =
K([35, ) and Vo = K([— I, —3I]) of a probability measure K on [—Zl, ZT] satisfy Vi > 0 and
Vi +V_ < 1; the light region is {V, < %, V_ < 1}, the heavy region {3 <V, < $}U{3 <V_ < 2}
and the band {V > %} U{V_ > 2}. The lines Vi =  belong to the heavy region and the lines

Vi = % to the band, so the three regions cover the triangle with no gap.

link statement used where

L0 R(q) > M(q) for ¢ < % (equal coefficients) Theorem 4.2

L1 if ID* holds at every K; with constant C' < C(q), then Lemma 11.2, Theorem 11.4,
R(q) < M(q); min(g 4, C = Cs Proposition 11.5

L2 only K carried by [—A,A] with A > A’(q) are needed; Theorem 12.1(f),(g)
Alq) < A'gs) < T

L3 band: V+ > % or V_ > % = E|Zx| < Theorem 13.11
Inax(go‘w/zo( )) 05)

L4 heavy: 3 < V+ <fori < Vo< 2 =E|Zk| <Cs Theorem 14.1

L5 light: V+ < % and V_ < = E|Zk| < %(1) < Cs Theorem 15.1

TABLE 2. The links of the small-g chain.

3.3. Proof of the Main Theorem.

Proof of Theorem 1.1. Step 0: symmetry. By Lemma 4.1, R(q) =
for ¢ and 1 — ¢ coincide. Since § and ¢(1 — ¢) are invariant under ¢ — 1 — g, also M (q)
For ¢ <1, G=1-qand M(q) = maxy, Tx(q).

R(1 — ¢), and the extremisers
=M(1-q).
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Step 1: the middle range. Corollary 3.1 gives (S) for every ¢ € [gs,1 — gg], in particular on
[¢5,1 —g5]. (Only Theorems 5.1-9.1 are needed for [gs, 1 — g5]; the value of R on [gg, ¢5] is also given
by Steps 2—4.)

Step 2: the lower bound on (0, %] By Theorem 4.2, for g € (0, %] the maximum of Ty (q) over k > 1
is attained at k = |1/(¢(2 — ¢))], this k satisfies kq < 1, and E|x; + - - - + xx|/VE = T(q) = M(q).
Hence R(q) > M/(q), with this o = 1;/Vk.

Step 3: reduction of the upper bound on (0,qs5]. Fix ¢ € (0,¢5] and put A = %, C =0C5. We
check the two hypotheses of Theorem 12.1(f).

e A > A'(q): by Theorem 12.1(g), A’ is strictly increasing, so A’(q) < A'(gs) = 1/5¢5/In 2 =
1.538044 ... < 1.54 = A.

e C\/q/((1 —q)s) < M(q): by Theorem 11.4(d), C(q) > C5 on (0, gs5], and by (11.1), M(q) =
Va/(1=q)s) Clg) = V/q/((1 = q)s) Cs.

Theorem 12.1(f) uses the bound
(+) E|Zx| < max(g(Ag (K)), 9(Ag (K)), Cs)

only at the single finitely suppor’Eed probability measure K = K there, which is carried by [—A, A],
and for any € > 0, because Agc(K) is an integer multiple of s for every 6. So R(q) = M(q) follows
once we show:

Claim. Every finitely supported probability measure K on [—%, %] satisfies (%) with 6 = %—(7).

Step 4: proof of the Claim. Let Vi = K([3, If]) and V_ = K([— I, —1I]). Exactly one of the
following three cases occurs.
(i) Vi > % or Vo > 2. Theorem 13.11 gives E|Zg| < max(g(A\{g5(K)),C5), resp. E|Zg| <
max(g(Ag g5(K)), Cs), and either bound implies (x).
(i) Not (i), and V4 > L or Vo > 2. Then § <V < % or i <V. < %, and Theorem 14.1 gives

E|ZK‘ < (5.
(iii) V4 < § and V_ < §. Theorem 15.1 gives E|Zk| < 353 < C5, since C5— 305 = 1.0045...-107* >
0.
In each case (%) holds. The cases are exhaustive: if (i) fails then Vi < %, and if (ii) fails too then
Vj: < %

Step 5: conclusion. Steps 2—4 give R(q) = M(q) for every q € (0,¢gs5]. By Step 0 this also holds
on [1 —gs,1). With Step 1, (S) holds on (0, ¢5] U [g5,1 — ¢5] U[1 — ¢5,1) = (0,1). Finally, for ¢ < %
the vector 1;/vk of Step 2 attains R(q) = M(q), and by Step 0 it also attains R(1 — ¢); together
with Theorem 4.2 this proves the remaining statements, with p = min(g, 1 — q). ([l

4. THE MIDDLE RANGE: COMMON TOOLS

This section collects the definitions and lemmas used in all six regimes of the middle range. Each
regime (Sections 5-10) fixes a target 1" = T}, a parameter range [U_, U, ] and a threshold Ag, and
supplies the finite data and the regime-specific bounds at the extremisers.

4.1. Symmetry and parametrisation.

Lemma 4.1 (symmetry). The law of —x\? equals the law of x'=9. Hence E|Zaing)| =
E| Zaixgl_q)], R(q) = R(1 — q), and the extremisers for q and 1 — q coincide.

Proof. —x9 takes the value —u, with probability ¢ and v, with probability 1 — ¢. Since ui_4 =
q/(1 —q) = vy and vy, = uy, the variable x(179 takes the value v, with probability 1 — ¢ and
—ug with probability ¢. Finally | > a;(—x:)| = | D aixil- O
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From now on in Sections 4-10, ¢ < %, i.e. u > 1. We parametrise everything by u:
1 u? 1 U
= 1-g
14+ u?

The map u — ¢ is a decreasing bijection [1,00) — (0, %}, on u > 1, 7 and ¢ are decreasing and 1 —gq
is increasing in u. The thresholds g correspond to

uk::,/lgkq’“:\/(kqw Rk—1), so
u2:\/1+\@, U3:\/2+\/6, U4:\/3—1—2\/§7 U5:\/4+2\/5, u6:\/5+\/%,

numerically us =~ 1.5537740, us ~ 2.1093814, uy ~ 2.5424598, us ~ 2.9106934, ug ~ 3.2368543
(indeed 1 — g = /(k — 1)/k, so u? = Vk — 1/(Vk — vk — 1)). By (4.1),
(4.2)

_ B 2u2k’—1 d u?k—l U2k_2(2k‘ —1— u2)
T, =2Vk(1—)"'r = V& T, To(u) = —— @ _

k \f( Q)T Vk k(w), k(w) (1 + u2)k’ du (1 + u?)k (1 + u2)k+l ’
so Ty is increasing on [1,+/2k — 1] and decreasing on [v/2k — 1,00). Hence for 1 < u; < ug and
u € [u1,ug) (here uj,ug denote the ends of an interval, not the thresholds),

(4.3) Tk(u) > Ti(UhUQ) =5 min{Tk(ul),Tk(UQ)},

where S, < Vk is a fixed rational lower bound of vk: Sy = 1, Sy = 2, and S = L\/Ej 15 for
k=235 (If u<+2k—1 then T} is increasing on [u1,u], and if u > v/2k — 1 it is decreasing on
[u, ug].) For rational ui,ue the number T~ (uy,uz) is rational.

)

“Trw VT w T i wmU-au=T

(4.1) q

4.2. Equal coefficients.
Theorem 4.2 (equal coefficients). Let ¢ € (0, %] and k > 1 with kq < 1. Then

Elx1 + -+ xl k—1/2
=2Vkq(1 =Ti(q).

The mazimum of Ty(q) over all k > 1 is attained at k = [1/(q(2 — q))], which satisfies kq < 1;
k —1 and k are both mazimal exactly when g =1 — \/(k —1)/k. Consequently R(q) > M(q), and
M(q) — +/2/e as ¢ — 0.

Proof. Let S = X1+ -+ X, 80> x; = (S—kq)/7. Since 0 < kg < 1and S € {0,1,...}, S—kqg <0
iff S=0. AsE(S —kq) =0, E|S — kq| = 2E(kq — S)+ = 2kq(1 — q)*, hence E| 3 xs|/Vk = 2kq(1 —
Q)*/(7VE) = 2y/kq(1—q)*Y/2. With h(k) = VE(1—q)* we have h(k+1)/h(k) = /1 +1/k (1—q) >
Liff £ < (1 —¢)?/(q¢(2—¢q)) = 1/(q(2 — q)) — 1, so h increases up to k* = |1/(¢(2 — ¢))| and
decreases afterwards, with h(k —1) = h(k) iff (1—q)? = (k—1)/k. Also k*q¢ < 1/(2—¢q) < 1. Since
Ti(q) = 2+/q/(1 — q) h(k), this proves the statements on the maximum, and R(q) > Ty~ (q) = M(q).
For the limit, 2v/kq(1—¢)* /2 = 2,/¢/(1 — Q)Vk e ", max,~q /e " = (2es)"1/? at k = 1/(2s),
an integer within 1 of 1/(2s) gives Vke ™ = (2es)~%/2(1 4+ o(1)), and ¢/((1 — ¢q)s) — 1. O

The formula of Theorem 4.2 also follows from the level-one identity (4.7) below: if ¢ < 1/k and

S = x1+--+Xx, then S > u—(k—1)v > 0 when some y; = u (because u? > k—1), and S = —kv < 0

otherwise; so |S| = fS with f = 1—2-1{all x; = —v}, and E[fx;] = —2(1—¢)*(—v) = 2(1—¢)* 7.
We use the comparisons
Tt j+1

(4.4) = (1-q), so T <Tj <= 1—q<\/75 < ¢> g,
J

with equality iff ¢ = gj41 (j > 1, ¢ € (0,1); T1 = 27).
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4.3. The one-coordinate identity.

Lemma 4.3 (one-coordinate identity). For a > 0 let

Ra(y) = (1= q)(y — av)+ + q(=y — au)y+ = max{0, (1 - q)(y —av), ¢(~y — au)}.
If Y is integrable and independent of x, then Elax + Y| = 27a + (2¢ — 1)EY + 2ER,(Y). In
particular, if a € [0,1), b=+v1—a2 and M =", B;x; is independent of x1 with Y B? =1, then
Elax1 +bM| = 27a + 2ER,(bM).
Proof. The two expressions for R, agree because the positive parts are supported on the disjoint sets
{y > av} and {y < —au} (if a = 0 they are {y > 0} and {y < 0}). For fixed y, use |z| = x+2(—x)+
for the first term and |z| = —x + 224 for the second:
glav +y| + (1 = q)ly — av| = qau +y) + 2q(—au — y)+ + (1 — ¢)(av — y) + 2(1 — ¢)(y — av)+
— a(qu+ (1= q)v) + (2 — 1)y + 2R, (y) = 27a+ (2 — 1)y + 2Ra(y),

since qu = (1 — q)v = 7. Condition on Y and take expectations; for the last statement use
EM = 0. O

The case a > 0, Y = bM with b > 0, M bounded and EM = 0 is [BF3, Lemma 9.4], stated there
for % <g< %

4.4. Moments of the remainder.

Lemma 4.4 (cumulants of order at most six). Let w = u? +v? and d = v —v. The cumulants of
x are k1 =0, ko =1, k3 =d, kg = w — 4, k5 = d(w — 10) and kg = w? — 26w + 64.
k k,2—k

-1

Proof. By (4.1), my, := Ex* = qu¥ + (1 — ¢)(—u)F = & +1(+ )2“ . Using u* — 1 = (u? +
u

D? -1, ub+1 =2+ —u?+1), v® 1= (u?+1Dw?— 1)@ +1) and v'% +1 =
(u? + 1) (u® —ub +u* —u? + 1), we get

w2 -1

ms = =u—"u, m4:u2—1+u_2:w—1,
U
2 4
-1 1
m5:(u )gu+ ):(u—v)w’ mG:u4+u_4—w+1:w2—w—1.
U

For a centred variable with unit variance the cumulants are k3 = mg, kg4 = myq — 3, k5 = ms — 10mg
and kg = mg — 15my — 10m% +30. With (u—v)? = w —2 this gives ky = w—4, k5 = (u—v)(w —10)
and kg = w? —w — 1 —15(w — 1) — 10(w — 2) + 30 = w? — 26w + 64. O

Lemma 4.5 (cumulants of order seven to ten). [computer-assisted, see Sec. 16] With w and d as
in Lemma 4.4, kj = dl Odd]Gj(w) for 3 < j <10, where

Gz =1, Gy =w — 4,
Gs =w — 10, Gg = w? — 26w + 64,
Gr7 = w? — 56w + 244, Gs = w® — 120w? + 1188w — 2176,

Gy = w® — 246w? + 4044w — 11080,  G1p = w* — 502w? + 14604w? — 86728w + 126976.

Proof. For j < 6 this is Lemma 4.4. In general the cumulants are determined by the moments my
of the proof of Lemma 4.4 through the recursion k,, = m, — Z;} (Z:i)/ikmn_k. The identities
for 7 < j < 10 are identities of rational functions of w, verified in exact symbolic arithmetic (the

difference of the two sides simplifies to 0); the cases j < 6 are checked in the same way. O
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Lemma 4.6 (moments from cumulants). Let M =3 B;xi (a finite sum of i.i.d. copies of x) with
Zﬂf =1 and power sums p;j = Y., 3. Then M has cumulants K1 =0, Ko =1, K; = k;pj, and
EM™ = pu,(Ks, ..., Ky) forn <10, where up = 1 and

" /n—1

k=2
Each py, is a polynomial in Ks, ..., K19 with nonnegative integer coefficients; we write p, =
> Nn(e) H}ig K;j over exponent vectors e = (es,...,e1). The term with e = 0 is the Gaussian
moment: Ny (0) = (n — 1) for even n and 0 for odd n. In particular
EM® = rsps, EM* =3+ kapa,
EM® = ksps + 10k3ps, EMS = 15 4+ 15k4p4 + 1062p3 + Keps.

Proof. Cumulants of independent sums add and K;(8x) = B’k;, so K;(M) = k;p;, with K; = 0
and Ky = Y 3?2 = 1. The recursion is the moment—cumulant relation m, = Y p_, (Z:})Kkmn,k

with K7 = 0. The value at K3 = --- = K79 = 0 is the n-th moment of a standard Gaussian. For
n < 6 the relations read m3 = K3, my = K4 +3K3, ms = K5+ 10K3K3 and mg = K¢+ 15K, Ko +
10K? + 15K3. O

Lemma 4.7 (power sums). Let . 32 =1, max; |3;| <m < 1 and p = \/ps. Then
pi<pi<m?  pi<pe<m’ps,  |ps|<mps,  0<p<I

more generally 0 < p < m, |ps| < p, |pj| < mI=4p? for 5 < j <10, and p; > p'~2 for even j > 4.
(Note that max; |5;| < 1 always.)

Proof. p3 = (3. 8i - B?)? < Zﬁfzﬁ? = ps4 by Cauchy-Schwarz, and p; = (3 6; - 85)? <
S B2Y B8 =ps. Alsops <m?>" B2 =m?, ps < m?pyand, for j > 5, |p;| < 3 (B[ 71BL < mI~py.
For even j > 4, Jensen’s inequality for the probability weights Biz and the convex function
2> 0201 gives p; — 2 BAF)IDN2 > (2 267)U-D/% — i .

Lemma 4.8 (sign information). Let Y 82 =1, m = max |3;|, and suppose B;, = —m for some ig.
If m > me € (0,1], then p3 < p(me) := —m2 + (1 —m?2)3/2. Moreover p(m) < 0 iff 2m? > 1.

Proof. For i # ig, |Bi] < (Z#io 53)1/2 = V1 —m2 Hence p3 = —m3 + Z#io B < —m3 +
V9I-m237. . B2 = p(m), and ¢'(m) = —3m? — 3mv1—m?2 < 0, so p(m) < ¢(m.). Finally
o(m) < 0iff (1 —m?)32 <m?iff 1 —m? < m?2. O

4.5. Moment certificates: the objective bounds.

Six-moment cumulant enclosures. For 1 < u; < u < ug the functions k3 = v — 1/u > 0 and w =
u?+u~? are increasing. Put x3 € [ky , ki ] = [ul—i, uz—é] and w € [w™,wt] = [ud+u]?, ud+uy?.
We require w < 13. Then k4 € [w™ — 4,w™ — 4]; since z — fo(z) = 2 — 262 + 64 is decreasing
on x < 13, kg € [fo(w™), fo(w™)]; and |rs| < ki == kf max(jw™ — 10|, |w™ — 10]).

Definition 4.9 (six-moment objective bound). For ¢ = (co,...,c) € Q7, an interval [us, up] with
1 < wu; < ug and wt < 13, a number m* € (0, 1], an optional number p* < 0 (allowed only if
ujp > 1), and a target ©, put

A =co+co+ 3cy + 15cs, B:k‘gr|63+1065|,

Cct = max kq(cq + 15¢q), D = ks,
Ka€E[w™—4,wt—4] 4( 4 6) 5| 5|

ET = max{fs(w )cs, fo(wT)cs}, F™ = max{0, 10(k:3_)206, 10(1{;')206},
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I = Ct + Dm* + F* 4+ max(E*,0)m** and ¢ = min(E*,0). If p* is given and ¢3 + 10c5 > 0,
replace A by A + k3 (c3 + 10c5)p* and B by 0. We say that ¢ satisfies the siv-moment objective
bound for (uy,uz, m*, p*,0) if h(p) = O — A — Bp —Tp? —ep* > 0 for all p € [0, m"].

Lemma 4.10 (six-moment expectation bound). Suppose ¢ satisfies the siz-moment objective bound
for (u1,ug, m*,p*,0), and let P(y) =), cry®. Then EP(M) < © for every u € [u1,us] and every
M =" Bixi with Y 32 =1 and max |B;| < m*, and, if p* is given, p3 < p*.

Proof. By Lemma 4.6,

EP(M) = co + ¢ + c3ksps + ca(3 + kapa) + ¢5(ksps + 10k3p3) + (15 + 15Kk4p4 + 10/@%19% + KePe)
= A+ r3(cs + 10c5)ps + ka(ca + 15¢6)pa + K5csps + Kecops + 10K3c6p3,

with A the unmodified value. Put p = /ps € [0,m*] (Lemma 4.7). We bound each term, using the
cumulant enclosures for the actual u € [u;, ug] and Lemma 4.7:

e r3(cg+10c5)ps < k:;r\c?,—k 10cs| |ps| < Bp, because |p3| < p. If p* is given and c3 + 10c5 > 0,
then instead k3(c3 + 10c5)p3 < k3(c3 + 10¢5)p* < k3 (c3 + 10c5)p*, using k3 > k3 > 0 and
p* < 0.

ka(cq + 15¢6)ps < CHp?, because ps > 0 and the expression is linear in ry.

K5Csps < k;|05| m* py = Dm*p?.

10K%cep3 < FTp% < F*p?, because F+ > 0 and p3 < py.

kecepe < FETpg, because pg > 0 and the expression is linear in kg. If ET > 0, then
Etps < Etm*?py = Etm*2p2. If ET <0, then Etpg < Etp2 = Ept.

Summing, EP(M) < © — h(p) < O. O

Ten-moment cumulant enclosures. For 1 < w3 < u < ug: d = v —1/u and w = u? + w2 are

increasing and d > 0, so d € [d,d"] = [u1 — g-,u2 — =] and w € [w™,w"] as above. Let
G, G;“] O Gj([w™,w™]) be rational enclosures of the ranges of the polynomials G; of Lemma 4.5.
(The verifiers compute them exactly from the real roots of G;, isolated by Sturm sequences, or as
the hull of exact end values on subintervals on which G;- has no root and interval Horner enclosures
on short subintervals that contain one; see Section 10.) Then «; € [}, Iﬁ};_], where this is [G/, Gj]

for even j and the interval product [d~,d"] - G, G;r] for odd j.

Definition 4.11 (ten-moment objective bound). Let D < 10, ¢ = (cg,...,cp) € QPH 1 <
u1 < wug rationals, m* € (0,1], p* < 0 optional, and © a target. Put L. = ) ¢,Np(e) and
A=Lo=3", eenCn(n—1)I For every e # 0 with L. # 0 let [C., C] be the interval product
Le 1[5 /4;;]61', and put

Ue = €3 + ZZej, Ue = H(m*)(j_4)ef.

j=4 Jj=5

Call e even if e; is even for every odd j. For even e let (¢, l.) = (0,0) if e; > 0 for some odd j,
and (e, le) = (1,3 5 oyen(J — 2)€;) otherwise. Define the term bounds

(To) if p* is given, e = (1,0,...,0) (i.e. the monomial p3) and C_ > 0: replace A by A + C_ p*,
and b, = 0;

(T1) otherwise, if e is not even: b.(p) = max(|C. |, |CS|) Ue p¥e;

(T2) if e is even and CFF < 0: be( Ct e, ple;

(T3) if e is even and CF > 0: be( CHU, pte.

We say that ¢ satisfies the ten-moment objective bound for (ui,us, m*,p*,0) if h(p) = © — A —
> e be(p) > 0 for all p € [0, m*].

p) =
p) =
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Lemma 4.12 (ten-moment expectation bound). [computer-assisted, see Sec. 16] Suppose ¢ satisfies
the ten-moment objective bound for (ui,us, m*,p*,0) and let P(y) =Y, cpy™. Then EP(M) < ©
for every u € [uy,uz] and every M =Y Bixi with 3. 82 = 1, max |B;| < m* and, if p* is given,
p3 < p*.

Proof. By Lemma 4.6, EP(M) = 3_, capin = Lo + 3240 Cep® with Ce = L []; mjj € [C.,Cf] (by
Lemma 4.5 and the ten-moment cumulant enclosures) and p® = []; pjj. Let p = \/ps € [0,m"].
By Lemma 4.7, |p¢| < p®(p?)* Hj>5(m*j_4p2)ef = Up“e; if e is even then p¢ > 0 (odd power
sums appear to even powers, and Eaj > 0 for even j); and if moreover e; = 0 for all odd j,
then p® > []; even pU=2e = ple. Hence: in case (T0), p3 < p* < 0 and C. > C. > 0 give
Ceps < Cep* < Cop*; in case (T1), Cep® < |Cel|p?] < be(p); in case (T2), Ce < CF < 0 and
p° > Leple > 0 give Cep® < CFp® < CFlep'e; in case (T3), p© > 0 gives Cep® < CFp® < CFU ple.
Summing, EP(M) < © — h(p) < 6. O

We say that c¢ satisfies the objective bound for (uy,us, m*,p*, ©) if it satisfies the six-moment
bound (when D = 6 and this is the bound used in the regime) or the ten-moment bound; in both
cases EP(M) < © under the stated conditions.

4.6. Cells: the one-coordinate route. Let || = 1 and L = ) a;x;. Replacing a by —a does
not change E|L|, and permuting coordinates does not change the law of L. So we may assume
a = max;|a;] = a3 > 0. If a =1 then L = x; and E|L| = 27. Otherwise 0 < a < 1; put
by =vV1—a?>0, 5 =«;/b fori>2, and
. a
M, = Zﬁz‘Xu Zﬁf =1, max 8] < min (17 F)'

i>2 i>2 = 1
Then L = ayy + by My, M, is independent of x1, EM; = 0, IEMl2 =1, and by Lemma 4.3, for the
target T' = Ty,
(4.5) E|L| = 2ra+ 2ER, (b1 M),  so  E|L| < T}, <= ER,(b1 M) < 7(VE(1 - ¢)* ' —a).
Definition 4.13 (cell and cell certificate). Let & > 1. A cell is a rectangle [u1,us] X [a, @] with

rationals 1 < wu; < ug and 0 < a < @ < 1, together with a rational upper bound b of /1 —a? and
a rational m € (0,1] with m > min{1,a/v'1 — a@?}. Put

_ 2 _ _ 2 k-1
tiy) = 112u2 (by—u%), la(y) = 1+u2(—by—gu1), 91=T(U2)(Sk(1_1:1u2> —6>,
2 1 1

with Si as in (4.3). A cell certificate is a vector ¢ € QP! D < 10, with P(y) = Y, cuy™, such
that

(V1) P(y) >0 for all y € R;
(V2) P(y) —l1(y) > 0 for all y € R;
(V3) P(y) —¥l2(y) > 0 for all y € R;
(V4) c satisfies the objective bound for (uy,us,m, —,©1).
In the verifiers, b = [\/1 — a?]15 and m = min{1,a/|V1—a?|i5} (for k=1, m =1 ifa* > 1);

these satisfy the requirements, which are asserted exactly.

Lemma 4.14 (domination on a cell). For every u € [uy,us], every a € [a,a], by = V1 —a?, and
every y € R: Ry(b1y) < R(y) := max{0,¢1(y), l2(y)}.

Proof. By (4.1), Ra(b1y) = max{0, (1 (y), f2(y)} with £1(y) = 1255 (bry—2) and a(y) = Tz (—biy—
au). Suppose ¢1(y) > 0. Then byy > a/u > 0, so y > 0. Since a > a, u < ug and by < b, we get

0<biy— 2 <by-— u% Also 0 < 11% < % Hence /41 (y) < £1(y). Suppose f2(y) > 0. Then
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—biy > au > 0,80 y < 0. Since —y > 0 and b; < b, we have —by < —By; since a > a > 0 and

u > u; > 0, we have —au < —auy. So 0 < —by —au < —By — auy, and with ﬁ < H# we get
1

lo(y) < f2(y). In all cases max{0, 1,2} < max{0, /1, 0s}. O

Lemma 4.15 (cell lemma). [computer-assisted, see Sec. 16| Let a cell have a cell certificate, and
suppose ©1 > 0. Then E|L| < Ti(u) for every u € [uy,us] and every unit o with a < max; || < @.

Proof. Reduce a as above, so a = a1 € [a,a]. By (V1)-(V3), P > R on R, so by Lemma 4.14,

ER,(byM;) < ER(M;) < EP(M;). Since a/v/1— a? is increasing, the coefficients of M; are at

most min(1,a@/v1 — a?) < m in absolute value. By Lemma 4.10 or 4.12 and (V4), EP(M;) < ©.

2
Finally ©; < 7(u)(vVk(1 — ¢)*~' — a): indeed 0 < ©1, 7(u) > 7(ug), (1 — ¢)*! > (%)k_l,
1

Sk <Vk and a <a. By (4.5), E|L| < T. O
For k = 1 the target is 71 = 27 and ©1 = 7(u2)(1 — @) > 0; Lemma 4.15 then says ER, (b1 M) <

T(u)(1 — a).

4.7. Two coordinates, bits, and the OR region.
Splitting off the two largest coefficients. Let || =1 and L = ) «a;x;. Changing the sign of a and
permuting coordinates does not change E|L|. So we may assume

al = aq = mlax\ai| > 0, ag == |ae| = I?>8,2X|Oéi|, lag| > Jag| > -+,

and we put s =sgnag € {1, -1} (s =1 if ag = 0),

r=4/a?+ a3 € (0,1], b=+v1-—r2
Ifr<1,let 8; = a;/bfori>3and M = 2123 Bixi- Then

! _ a
L = aix1 + sazx2 + bM, Zﬁle, m:zrgmgﬂﬁﬂz‘i‘ﬁmm(l,;),
>3

and M is independent of (x1,x2). We use half-angle coordinates for (a1, az):

1—¢2 2t a9
=——, d(t) = —— t= .

142’ (*) 142’ r+ay
Since 0 < az < ay, the angle ¥ with tan¥ = ag/ap is in [0,7/4] and t = tan(¥/2) € [0,v/2 — 1].
We fix Ty = 2304 = 0.41422 > /2 — 1 (indeed (75 4+ 1)> > 2). On [0,1], c is decreasing and d is
increasing in ¢, both are > 0, and ¢? + d? = 1. Thus every unit a gives a point

(U,t,?", S) € [U*7U+] x [OvTS] X (07 1] X {17_]-}

whenever u € [U_,U4]. Each regime fixes a threshold Ag: if a; < Ag we use the one-coordinate
route (Lemma 4.15); otherwise r > a; > Ag and we use the two-coordinate route.

ay =rc(t), az=rd(t), c(t)

Lemma 4.16 (two-coordinate value). Let ¢ < %, c,d >0, s € {l,—1}, and X = cx1 + sdxa.
List the atoms of X as (x1,x2) = (u,u), (u, —v), (—v,u), (—v, —v), with probabilities p = (¢*, q(1 —

q), q(1 —q), (1 — q)?) and values x;. Then pjx; = Tg; with
(4.6) g=(q(c+sd), (1—q)c—sqd, —gc+s(1—q)d, —(1—q)(c+ sd)),
and

E|X| = 2rmax{c, d, [s=1](1 —¢q)(c+d)}

(the last entry is present only for s = 1). Consequently, with p = v/¢* + d? > 0: 27 max(c,d) < Tp,
with equality iff cd = 0; and 27(1 — q)(c + d) < Tap, with equality iff ¢ = d. In particular
E|X| < max(T1,T2)p.
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Proof. The identities p;xz; = 7g; follow from (4.1); for example ¢(1—q)(cu—sdv) = (1—q)Tc—q7sd.
Since EX = 0, E[X| =2EX; =273 .(g;)+. For s =1: g1 >0 > g4, s0 EX /7 = q(c+d) + ((1 -
q)c—qd)+ + ((1 — g)d — gc)+. If both middle terms are nonnegative this equals (1 — ¢)(c+ d), and
then (1—¢q)(c+d)—c = (1—q)d—qc > 0 and similarly > d. If only the first is nonnegative it equals
q(c+d)+(1—q)c—qd = ¢, and (1—q)(c+d)—c = (1—q)d—qgc < 0, while ¢ > d (otherwise (1—¢)d—gc >
(1 —2q)c > 0). The case where only the second is nonnegative is symmetric. Both negative would
give (1 —q)(c+d) < g(c+ d), impossible for ¢ < % In all cases EX /7 = max{c,d, (1 —¢q)(c+d)}.
For s=—1: g9 >0>g3. lf c>dthengs >0> gy and EX, /7 =q(c—d)+ (1 —q¢)c+qgd=c. If
c<dthen g1 <0< gsand EX; /7= (1 —q)c+qd+ (1 —q)(d—c) =d. So EX, /7 = max(c,d).
Finally max(c,d) < p with equality iff cd = 0, and (1 — ¢)(c + d) < v2(1 — q)p with equality iff
¢ =d; note Ty = 27 and Ty = 2v/2(1 — ¢)7. O

The level-one identity and OR functions. For n > 1, f: {0,1}" — [—1,1] and z; = 1{x; = u} put
Ai(f) =E[f | z; =1] —E[f | #; = 0], a polynomial in g. Then, by (4.1),

(4.7) Elfxil = quE[f [ zi = 1] = (1 = Qv E[f | 2 = 0] = 7 Ai(f).

For ¢ € R™ write Gp(c) = E|cixi + -+ + cpxnl|. Foraset S C{l,...,n} let ORg =2 -1{Ji € S:
x; =1} — 1. Then

(48) Ai(ORs) =2(1—q)*I! (i€ 8),  Ai(ORs)=0(i ¢ 5):
fori € S, E[ORg | z; = 1] =1 and E[ORg | z; = 0] = 1 — 2(1 — ¢)!%I71; for i ¢ S, ORg does not

depend on ;.

Lemma 4.17 (bit reduction). Let n > 1 and B > 0, and suppose that Y 1, A;(f)? < B2 for every
f 40,1} — {=1,1}. Then Gp(c) < TB|c| for every c € R™. If ¢ # 0 and Gy(c) = 7B|c|, then
f* =sgn(ex) (withsgn0 = 1), a function of (1, ..., Ty) with values +1, satisfies >, A;(f*)? = B2,
and ¢ is a positive multiple of A(f*).

Proof. Let X = c- x; then |X| = f*X. By (4.7) and Cauchy-Schwarz, G,(c) = E[f*X] =
Ty 60(fY) < Tlel JA(f)| < 7B|c|. If equality holds with ¢ # 0, then |A(f*)| = B, and equality
holds in Cauchy—-Schwarz with >, ¢;Ai(f*) = Gn(c)/T > 0 (as X is centred and not a.s. 0), so ¢ is
a positive multiple of A(f*). O

How bit claims are checked. The bit lemmas of Sections 6-10 apply Lemma 4.17 with B = 7717},
i.e. B2 = 4k(1 — q)**72, so they need the sign of

Hy(q) = 4k(1 — )" 2 = > " Ai(f)?
1=1

on an interval of ¢ whose ends are among the thresholds ¢; (or are rational). For each f, A;(f) =
dowa—1 (f(@) = [l —e)) [ 110" (1 — q)' ™" is an integer polynomial, and the distinct polynomials
Hy are tested (39 for n = 3, 1630 for n = 4). The threshold ¢; is the root in (0,1) of g;(¢q) =
Jq* — 2jq + 1 (that is, j(1 — ¢)® = j — 1); g; is decreasing on [0, 1], its other root 1 + +/(j — 1)/j
exceeds 1, and it is irreducible over QQ because its discriminant 4j(j — 1) is not a square. Rational
enclosures ¢; < ¢; < q]'f (from rational bounds of \/(j —1)/j) are fixed, with the signs of g; at
their ends asserted. On subintervals with rational ends, positivity is shown by an exact Sturm
count (no root) and the sign at one end; at an irrational end g¢;, either g; { Hy, and Hy has no
root in [qj_, q;r] and the correct sign at a rational end, or g; | Hy, Hy = g;@Q, and @ has no root in
[qj_, q;r] and the correct sign. Since g; is irreducible, H¢(q;) = 0 iff g; | Hy. The lists of functions
with Hy = 0 and with g; | H; are compared with the truth tables of the OR functions.
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Lemma 4.18 (OR-region identity). Letn > 1, ¢ € (0,1) and ¢ € R™ with¢; > 0 and ¢; > gy |,
for every i. Then

Gu(e) =27(1=q)" 'Y e < 2vn(1—q)" "7l = Thle,
=1

with equality in the inequality if and only if c1 = --- = ¢y.

Proof. Let S =5, ¢x;. If all 2y =0 then S = —v ), ¢; < 0. Otherwise pick ¢ with z; = 1. Every
[ with 2; = 1 contributes ¢ju instead of —¢jv, a gain of ¢;(u + v) > 0, so S > cu — vzl# q =
ci(u+v) —vY . By (41), u+v = (1 4+ u?)/u = v/q, so S > g(ci —¢>,a) > 0. Hence
|S| = ORyy,._py - S, and by (4.7) and (4.8), Gn(c) = >, GE[ORx] = 73, ¢i - 2(1 — )" '. The
inequality is Cauchy-Schwarz, Y, ¢; < y/n|c|, with equality iff all ¢; are equal. O
4.8. Box certificates. This subsection is used for k¥ = 2,3 (Sections 6 and 7). A boz is B =
[ug,ug] X [t1,t2] X [r1,72] with rationals 1 < u; < ug, 0 < t; <te < 1,0 <r; < ry <1, together
with a sign s. For a point of B, a; = re(t), ag = rd(t) and b = v/1 — r2, as in Section 4.7.

Lemma 4.19 (conditional expectation, box form). For a point of B with r < 1, E|L| = EF (M),
where

4 4
F(y)=> pjlej+byl = |pjz; +pjbyl,
j=1 j=1
xj and p; are the atoms and probabilities of a1x1 + sazx2, and pjx; = r7g; with g as in (4.6) (with
c=c(t), d=d(t)).
Proof. Condition on (x1,x2) (independent of M), and use Lemma 4.16 for (ai,as) = r(c,d). O

2 2
el 1- € [y, 1o, 7 € [r(ua), )], ¢ € [e(ta), et

d € [d(t1),d(t2)], 7 € [r1,72) and b € [b~,bF] with b~ = [\/1 —73]|15 (b" =0if 1o = 1) and b =
[v/1—r?]15. Interval arithmetic then gives rational enclosures p;z; € [Wj_, W;“} and p;b € [ﬁj_, B;“]
with 8, > 0. We define m(B) = 1if b~ = 0 or r2d(t2) > b~ and otherwise m(B) is a rational with
m(B) > rod(t2)/b~. Then m < min(1,as/b) < min(1,m(B)) at every point of B with r < 1.
Definition 4.20 (box envelope). Fp(y) = >_; max(ﬂj'.F —|—ﬁj7Ly, —m; —B;y) fory >0, and Fp(y) =
Zj 1113@((77;r + By, —m; — Bjy) for y < 0.

Lemma 4.21 (box envelope). F(y) < Fp(y) for ally € R and all points of B with r < 1. On each

half-line, Fg is the mazimum of the 2* affine functions obtained by choosing one of the two lines
in each summand.

Box enclosures. On B: ¢ € |

Proof. |pjxj + p;iby| = max(p;x; + pjby, —pjz; — pjby). For y > 0: pjx; + piby < Trj+ + ﬂ;ry and
—pjrj —pjby < —m; — Bj_y. For y < 0: pjby < ﬂj_y and —p;by < —B;-ry. A sum of maxima is the
maximum over all choices. 0
Definition 4.22 (box certificate). Let m* € (0, min(1,m(B))] and let p* < 0 be optional. A box
certificate for (B,s,m*,p*) is ¢ € Q" with P(y) = 3. cxy* such that (W1) P(y) > Fp(y) for all
y € R, and (W2) ¢ satisfies the six-moment objective bound for (uy,uz, m*,p*, T~ (u1,ug)), with
T~ asin (4.3).

Lemma 4.23 (box certificate lemma). If ¢ is a box certificate for (B,s,m*,p*), then E|L| < T'(u)
at every point of B with r < 1 and every remainder M with m < m* and, if p* is given, p3 < p*.

Proof. By Lemmas 4.19 and 4.21 and (W1), E|L| = EF(M) < EP(M). By Lemma 4.10 and (W2),
EP(M) < T~ (u1,u2) < T(u), using (4.3). O



20 PAATA IVANISVILI

With m* = min(1,m(B)) and no p*, Lemma 4.23 covers every remainder. These are the boxes
of kind Ip. A box of kind small satisfies roc(t;) < Ag, so a; = rc(t) < Ag on it, and it is left to the
one-coordinate route.

4.9. Vertex certificates. This subsection is used for k = 3,4, 5 in Sections 8-10. Let ¥’ > 2 and
a sign vector o € {1, —1}* with ¢y = 1. For € R¥*! and y € R put
Fo(y) = E’ Z OiTiXi + Th'+1 Y|
i=1

where x1,..., Xy are i.i.d. normalised g-biased bits. We use o = (1,s,¢1,...,5_2), where the g;
are the signs of peeled coefficients (Lemma 4.25).

Lemma 4.24 (convexity in the coefficients). For fized q and y, the map x — Fy(y) is conver and
positively homogeneous of degree one. Consequently, if x = >, 1V, with vy > 0, then Fy(y) <

>y (y).

Proof. F,(y) is the expectation of the absolute value of a linear function of z, i.e. a seminorm of z.
A seminorm N satisfies N(>_ v V;) <>y N(V;) for v > 0. O

The patches are the maps, for j > 0 and k' = 2 + 7,

pk‘/(tvra Hiy .- 7/1’3) = (TC(t), ’I”d(t), bO,U'h sy bj—l,“’ja b])7 bU =V 1 - T27 bl - bi—l \/ 1 - H?J

for t € [0,1] and 7, p1,..., 15 € [0,1]. Thus pa(t,r) = (re,rd, bo), ps(t,r, 1) = (re,rd, bopr, b1),
pa(t,r, p1, p2) = (re,rd, bopr, bipa, b2), and so on. Their values are unit vectors with nonnegative
entries: bf_lug + b? = b?_l, SO |p;€/|2 =r2c? + 1242 + bg =1.

Peeling. Let N = Y, vix; be a finite sum with Y4 =1, and p(N) = max; |y;]. If p = p(N) < 1

and v+ = cu with ¢ € {1, —1}, the peeled remainder is N” = >iengi-y (/1 — p?)xi. Then

2
(4.9) N =cuxi +V1—p? Nb’ Z 12’72”2 =1, M(Nb) < k(p) := min (17 %),
i —H

and N’ is independent of y;«: indeed 3, i 72 =1 — p?, and each || is at most p and at most

V1—p2 If u(N) = 1, then N = ¢x;+ (all other coefficients vanish). We put k(1) = 1; & is
nondecreasing, and a rational ' > 0 satisfies £’ > x(u) iff &' > 1, or u < 1 and £"?(1 — p?) > p?.

Lemma 4.25 (conditional expectation). Consider a point with r < 1 and remainder M, and let
§>0. Put MO = M and, fori=1,...,7, let yu; = p(MO=1), attained by the coefficient ;i of
Xi;, and MO = (MDY i g < 1.
(1) If pa, ..., pu; <1, then E|L| = Eszﬂ(t’r’m’_“M)(M(j)) with o = (1,,61,...,5;), the bits being
X1 X25 Xiys - -+ X1;5 here M) s independent of these bits, the squares of its coefficients sum
to 1, and p(MW) < k(u;) if j > 1.
(i) If § > 1, s pj—1 < 1and pj = 1, then L = a1x1 + sasxa + 3 Sibi—1pixi; + Sjbj—1Xu;,
and Fp, (b o) (Y) = E|L| for every y € R (with the same o).

P2+j

Proof. L = aix1+saax2+boM©) with (ay,as) = (re(t), rd(t)), and by (4.9), if p; < 1, by M1 =
Sibi—1pix, + b;M® . By induction L = a1 + sasx2 + ZKJ» Gibi—1pixa, + bjM(j), where the bits are
distinct and independent of M); conditioning on M) gives (i), and the bound on p(M ) is (4.9).
In (ii), MUY = GjX1;, which gives the formula for L; the last entry of poi; is bj = bj—1v/1 —1 =0,

so [}, ;(y) does not depend on y and equals E[L|. O
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Definition 4.26 (vertex set). Let X = Hf;l[ﬁi_,fj] be a box of patch parameters (t,r, p1, ..., ft;),
k' =2+ 7, and p = ppr. A vertex set for X is a vector ng € QF*! and 2% vectors V, € leﬂ,
indexed by € € {0,1}*, such that:

(P1) |ng|? > 1 and V; - ng = |ng|? for all ¢;

(P2) (parallelepiped) Ve = Vo + ), & E; with E; = Vg, — Vp;

(P3) (facets) for each 7 and § € {0,1} the 2¥~' vertices with ¢; = § span a linear subspace of
dimension k; let h;s be a normal vector of it, oriented so that h;s - ¢ > 0 for the centre
c=Vo+ % > Ei (and h; s - € # 0 is required);

(P4) (enclosure) h;s-p(§) > 0 for all 4,6 and all { € X.

Lemma 4.27 (cone lemma). Let (ng, (Ve)) be a vertex set for X. Then for every & € X there are
Ve >0 with p(§) = > . vVe and > ve < 1/ng| < 1.

Proof. First, Vi, E1, ..., Ej is a basis of R¥ 1. Indeed E;-ng = 0 by (P1) and Vy-ng = |no|? # 0, so
Vo ¢ span{E;}. By (P2) the face {¢; = 0} spans S; = span(Vp, {E;};-i), which has dimension &’ by
(P3); hence the k' vectors Vp, { E;}j; are linearly independent. Moreover ¢—Vp—1 >° iz B = 3E;
and h;o-¢ # 0 with h;g L S;, so E; ¢ S;. Thus the &' + 1 vectors are independent.

Let z € R¥*! with his-z >0 for all i,d, and write z = AV + >, ui Es. Since hjg L S;, hig-2 =
wihio- E;, and h;g - ¢ = %hi,O - E; > 0; s0 pi; > 0. The face {€; = 1} spans span(Vp + Ej, {E;}j4),
SO ]’Li71 . Ej =0 (] 75 Z) and h@l Vo = —hi71 - E;; then h@l - C = _%h@l -FE; > 0, so h@l - Vo > 0,
and hi1 -z = (A —pi) ki1 - Vo; so p; < A If A =0 then z = 0. Otherwise z/\ = Vo + >, 6, E;
with 6; = p; /A € [0,1], which is a point of the parallelepiped conv{V,}, i.e. a convex combination
S weVe (take we = [, 05(1 — 0;)17%). So z = > vV with v = dAw > 0 and Y v, = A. Finally
z-ng = A|ngl?, so A = z-ng/|ng|> < |2|/|no|l. By (P4), z = p(€) satisfies the hypothesis, and
lp(§)] = 1. O

Condition (P4) can be checked without subdivision: the minimum of a linear functional over a
parameter box of a patch is the end of a short chain of one-variable minimisations.

Lemma 4.28 (facet minima). For o, € R and —1 <z~ <zt <1 let g(z) = ax+ BvV1 — 2% and
m(a, B2, xh) = mingep,- 4+ 9(2).

(i) If B >0, then m(e, B;2~,2™) = min(g(z™), g(z™)).

(1) If B <0, put R = /a2 + 2 and z* = —a/R. Then m(a, f;27,2%) = —R if x~ < a* < 2™,

and m(a, B2~ ,21) = min(g(z~), g(z™)) otherwise.
(111) m(a, B2~ ,x1) is nondecreasing in 3, and also in o if x= > 0.
Let k' =2+j with j >0, let X = [t~ 7] x [, 7] < [T_, [, ] with 0 <t~ <t <1,0< 7 <
rt <1and0< py; < u;r <1, and let h € RF'+1. Pyt Wj = hpryr, Wiy = m(hi+2,m;u;,uj) for
i=75,7—1,...,1, A=m(hy, ho;c(tt),c(t™)) and G = m(A, Wy;r~,r+). Then
inh-pp(&) =G.
min b pi (&)

If in this recursion each value of m is replaced by a lower bound of it (and the later steps are applied
to these lower bounds), the result is a lower bound of G.

Proof. (i) The function z — v/1 — 22 is concave on [—1,1], so for § > 0 the function g is concave,
and the minimum of a concave function over an interval is attained at an endpoint.

(ii)) For 8 < 0 the function ¢ is convex. By the Cauchy—Schwarz inequality, g(z) >
—R|(z,vV/1—2?)| = =R for all z € [-1,1]. Moreover R > 0, |z*| < 1 and V1 —2*2 = |B|/R =
—B/R, so g(z*) = —a?/R — ?/R = —R. Thus z* is a minimum point of g on [~1,1]. If
x* € [¢7,x 7], the minimum over [z~,z"] is —R. Otherwise [x~,z"] lies in [—1,2z*] or in [2*,1],
where the convex function ¢ is nonincreasing, respectively nondecreasing, so the minimum is at-
tained at an endpoint.
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(iii) For every x € [—1,1], g(x) is nondecreasing in  because v1 — 22 > 0, and nondecreasing
in « if © > 0. Minima over = of pointwise nondecreasing families are nondecreasing.

Now the patch. Put w; = hk’—i—l and wi_l(,ui, c. ,/Lj) = hi+2/j,i + \/1 — IU,Z2 wi(ﬂi—&—lv N ,,uj) for
i=174,...,1. Since b; = b;_14/1 — ,u%, we have b, _1w;_1 = h;19 b;—1; + byw;, and therefore

hoeprr(tyry iy ) = 1 (hae(t) + had(t)) + bo wo(pn, - - -, 1), bo=+V1—r2

First, min w;_; = W;_1, the minimum being over y; € [,ul_,u;“] for [ > 4. This holds for i — 1 = j,
since w; = hy41 = Wj. If it holds for 7, then for fixed p; the minimum of w;_1 over pit1,..., u; is

hivopi + 1/1 — u? W;, because the weight /1 — p? is nonnegative and w; does not depend on ;.

Minimising over y; € [u;, p; | gives m(hipo, Wi p; , ) = Wi—_1. Second, c is a decreasing bijection
of [t=,t*] onto [c(th),c(t7)], and d(t) = /1 — c(t)? for t € [0,1] (because c¢® + d*> =1 and d > 0).
Hence minye— 4+1(hic(t) +had(t)) = m(hy, ho; c(t), c(t™)) = A. Third, for fixed r the two brackets
depend on disjoint sets of parameters and have the nonnegative weights r and by, so the minimum
over t and p is A + /1 — r2 Wy. Minimising over 7 € [r~,r"] gives G. The last statement follows
from (iii) by induction along the recursion: in the steps for W;_; the replaced value enters as [3,
and in the step for G the values A and Wy enter as o and 8, with z =r >r~ > 0. O

Checking (P4). (P4) holds if and only if G(h;5) > 0 for all 2k’ facet normals. A rational lower
bound of G is computed by the recursion of Lemma 4.28 in exact rational arithmetic: an endpoint
value g(z%) is bounded below using a rational lower bound of \/1 — (z%)2 if 3 > 0 and a rational
upper bound if 8 < 0; the value —R is bounded below by —R™ with R™ > R rational; and the
condition 2= < z* < 2T is decided exactly. For rationals p, ¢’ the sign of p — ¢’R is: > 0 if
p>0>¢;<0ifp<0<q and (p,¢) # (0,0); the sign of p? — ¢?R? if p, ¢’ > 0; and the sign of
q°R? —p? if p,¢’ < 0. Then 2~ < 2* if and only if p— ¢'R > 0 for (p,¢') = (—a,27), and o* < x*
if and only if p — ¢ R < 0 for (p,q¢') = (—a,zT). (P4) is accepted if the lower bound is > 0 for
every facet normal. (For k = 3, Section 8, (P4) was checked instead by interval bisection of the
parameter box against the 2k’ facet normals.)

Vertex envelopes. Fix a wu-interval [uj,us] with uw; > 1. For a vertex V € QF+L let v =
(o1V1,..., 06 Vi) and by = Vj41. The atoms of ), v;x; are indexed by w € {u, —v}k/, with
probability 7, = [[, =1 (1 — @)= and value y, = >, Yiwi, and by (4.1)

Tl = TZ% (£1); Hq[wl:“](l — )=, (£1); = +1 if w; = u, —1 otherwise.
i 1£i
Using ¢ € [ Ll,1-qe] i, v | and 7 € [T(u2),7(u1)], interval arithmetic gives ra-

1+u2’ 1+u? 1+u?’ 1+u2
tional enclosures m,y, € [n,,nt] and 7, € [m,,7}], valid for all u € [uy,us]. Put [B,,8]] =
[min(7, by, 7} by ), max(w, by, 7.5 by)].

Definition 4.29 (vertex envelope). @y (y) = > max(n} + 81y, —n, — Boy) for y > 0, and
Sy (y) =22, max(nf + Aoy, —ny — Aly) for y <0

Lemma 4.30 (vertex envelope). Fy(y) < @y (y) for ally € R and all u € [uy,uz]. On each closed
half-line, ®yv is continuous and piecewise linear, with breakpoints among the points where the two
lines of one summand cross.

Proof. Fy(y) = Zw Tw|yw + bvy| = Zw [Twlew + Twby y| and [z] = max(z, —z). For y > 0: muy, +
mwbyy <l + By and —muy, — mwbyvy < —n, — By, since m,by € [B,, 8] (whatever the sign of
by). For y < 0 the roles of 3 are exchanged. O

Definition 4.31 (vertex certificate). Let X be a parameter box, o a sign vector, [uj,us] a u-
interval, m* € (0,1] a cap, and p* < 0 optional. A wvertex certificate for (X, o,[u1,us],m*,p*) is a
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vertex set (no, (Ve)) for X and coefficient vectors ¢(® € QP+, D < 10, with P.(y) = Y, c,(f)y”,
such that for every e: (W1) P.(y) > ®y,(y) for all y € R; and (W2) ¢l satisfies the ten-moment
objective bound for (uy,us, m*, p*, T~ (u1, u2)).

(W1) is checked as follows: on each half-line, ®y coincides on each interval between consecutive
breakpoints with one line Ag+ A1y (one choice of line per summand); for every such line, P.—\g— A1y
is shown to be positive on all of R by Sturm sequences.

Lemma 4.32 (vertex certificate lemma). [computer-assisted, see Sec. 16| Let a vertex certificate
for (X, 0, [u1,us],m*,p*) be given. Let Z be the class of random variables Z = B;x; (finite sums
of i.i.d. copies of x, independent of X1, ...,xr) with > B2 =1, max |B;| < m* and, if p* is given,
ps < p*. Then for every u € [u1,us], every § € X and every Z € Z,

EFP(E)(Z) < T_(ul,uQ) < T(u)

Proof. By Lemma 4.27, p(§) = > vV, with v > 0 and > v, < 1. By Lemmas 4.24 and 4.30 and
(W1), for every y, Fye)(y) < 2o veFv.(y) < >_, vePe(y). Taking expectations over Z, EF,¢)(Z) <
> VEP.(Z). By (W1) and Lemma 4.30, EP.(Z) > EFy,(Z) > 0, and by (W2) and Lemma 4.12,
EP.(Z) <T~. Since ) v. <1 and max.EP.(Z) > 0, > v.EP.(Z) < max.EP.(Z) < T~. Finally
T- <T(u) by (4.3). O

Two members of Z are used repeatedly: Z = N~Y2(x} +--- + x/y) with N=1/2 <m* (no p*),
and, if m* =1, Z = x} (no p*).
Boxes. In Sections 810 a boz is B = [ug,us] X [t1,t2] X [r1,72] with rationals 1 < u; < wg,
0<t1 <ta<1,0<r <rg <1, together with a sign s. Let b~ be a rational lower bound of

1—r3 (b~ =0ifrg = 1), and define m(B) = 1 if b~ = 0 or rad(t2) > b™, and m(B) = rad(t2) /b~
otherwise. Then m(B) € (0,1] and m < min(1,as/b) < m(B) at every point of B with r < 1,
because ay = rd(t) < rad(t2) and b > b~. A box of kind lpv carries a vertex certificate for
([t1,t2] X [r1,72], (1, 8), [u1,us],m(B),—). A box of kind small satisfies roc(t;) < Ag, so a1 =
re(t) < Ag on it.

Lemma 4.33 (Ipv boxes). [computer-assisted, see Sec. 16] At every point of an Ipv box with r < 1,
E|L| <T.

Proof. By Lemma 4.25 (j = 0), E|L| = EF,,4, (M), and M € Z since m < m(B). Apply
Lemma 4.32. O

4.10. Near the extremisers: tail bound, near-circle and near-sphere bounds.

Lemma 4.34 (tail bound). Let y € R, b > 0 and let Z be a random variable with EZ = 0 and
EZ* < co. Then

27 b'EZ*
128 |y|? )’
where for y = 0 the minimum s read as its first entry. The same convention is used below whenever
this bound is applied at a point where y = 0.

Ely + bZ| < |y| + min (bEyzy,

Proof. The first bound is the triangle inequality. For the second (y # 0), |y + z| — |y| — sgn(y)z =
2(— sgn(y)z— lyl)+ < 2(2I—|yl)+, and Efsgn(y)bZ] = 0. For o > 0 and 5 > 0, (z—1)4 < ' /o
the maximum of (z —n)/x* over z > nis at z = %77 and equals %7]_3. Hence Ely + bZ| — |y| <
2. ZLVIEZY /|y, O

<

For any remainder N = " ;x; with >>4? = 1 we have E|N| < 1 and EN* = 3 + xs > v}
E) := 3+ max(0, k4) by Lemma 4.6 (as 0 < Y ~# < 1).
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Lemma 4.35 (near-circle tests). Let B be a box with r1 > 0 (of either kind). Lety; (j=1,...,4)
be the atoms of cx1+ sdx2, so that the atoms of a1x1 + sazx2 are ry;. Let n; > 0 be a lower bound

of ly;| on B, p;“ an upper bound of pj, bT an upper bound of \/1 — 1%, and E4 = 3 + max(0,w" —

4) min(1,m(B))?. Let T~ =T~ (u1,uz).

(A) If all nj > 0 and 12278E (b*)Q% Ejp;rn;3 < T~, then E|L| < T at every point of B with
r <1 at which G := El|cx1 + sdxz| <T.

(B) Let G* be an upper bound of Elex1 + sdxa| = 732, 1g5| on B with G* < T~, and e
min (b+ 12278 (b+)4E4/(T:1))7733)) (6 =bt if m; = 0). IfZ er T <T (1 =) +r (T -Gt );
then E|L| < T at every point ofB with r < 1.

Proof. At a point of B with r < 1, condition on (x1, x2) and apply Lemma 4.34 with Z = M. Here
EM* = 34 r4ps < E4 by Lemma 4.6, since py < m? < min(1,m(B))? and k4 = w—4 < wt —4; also
E[M| < 1. This gives E|L| <rG+3_; pje;, where e; = min(b 27 b4E4/( 3]yj|3)). (A) Since 1 —r =

) 128
4 .
b?/(14r)and b > 0, >oipjej < %bf‘* Zj o, |3 < b 2LE, (bJr)2 1 Z < IL_TM < T(1—r). With
G<T,E[L|<rT+T(1-r)=T. (B)E[L| <rGT+3; p] e] <7°G++T (1=ra)+r (T~ —-G") <
rGt+T - (1—7)+r(T- —GY)=T" <T,usingr; <r<rgand T~ — GT > 0. O

Boxes of kind ncA pass test (A) or test (B); boxes of kind ncB pass test (B). The hypothesis
G < T of (A) is supplied in each regime by Lemma 4.16.
Positive peeling. At a point with 7 < 1 we use the peeling of Lemma 4.25, with M(© = M and
pi = p(MUE=1), and we put

ait2 = bi_1p, bi = bi—1\/1 — 2 (bo =),

so that (a1,a2,as,...,aj42,bj) = patj(t,r,p1,...,p5). Let j > 1 and let Iy,...,I; C (0,1] be
intervals. The point is positively peeled through Iy, ...,1I; if p1,...,p;-1 <1 and, for 1=1,...,7,
w; € I; and M (i=1) has the coefficient +p; at some X;,, which is the coefficient peeled off (¢; = +1).
Then, by Lemma 4.25, the indices l1,...,l; > 3 are distinct (each peeling removes the peeled
coordinate), and

J
L = aix1 + sazx2 + Z Qi+2X1; T bjM(J),
i=1
where the last term is absent if y1; = 1 (then b; = 0). For j = 0 every point with » < 1 counts as
positively peeled (through the empty list). For j = 1, “positively peeled through [m,ms]” means
Bi, = +m for some iy > 3 with m € [m1, mg]; then az = bm and by = bv/'1 — m2.

Lemma 4.36 (near-sphere bound). Let j > 1, n = J +2, and consider a point that is positively
peeled through Ih,. .., I;. Let Y, = a1x1 + saax2 + Y 1_q Git2Xi;, with atoms y; and probabilities p,

l=1,...,2"), and r, = |(a1,...,an)| = 1/l—b?. Then

(4.10) E|L| < E|Y,| + Zpl min (bj, 28 T

Suppose moreover that all y; # 0, that Z&E) b2( + 7)Yy pilyl ™2 < T, and that the main-term
bound Gp(c) < T|c| holds for ¢ = (al,saQ,ag,.. ,an). Then E|L| < T if bj > 0, and E|L| =
E|Y,| = Gn(c) < T if b; = 0.

Proof. If 1j = 1 then b; = 0 and L =Y. Otherwise L =Y, + bjM(j) with M) independent of
the n bits of Y},; conditioning on these bits and applying Lemma 4.34 with Z = M) gives (4.10).
Under the extra hypotheses, E|Y,| = Gn(c) < Try, as |c| = r,. If bj > 0, the hypothesis and
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. biE) b?
1—r, = b]z/(l + ry) give Zﬂ%%ﬁ <Ti-=T(1—ryp), hence E[L| <Try +T(1—1y) =T

by (4.10). If b; = 0, then r,, = 1 and E|L| = E|Y,,| = Gyn(c) < T. d

In the applications all a; are positive: a; > 0; a;49 = bj—1p; > 0, because by = b > 0, b; > 0 for
i <j(as p; <1)and p; > 0; and ag > |ay, | = as.
Piece tests (A,), (By). Let B be a box with sign s and b~ > 0, let j > 1, n = j + 2, and
I = [p;, w1 C (0,1 fori=1,...,5. On B x I x -+ x I; we enclose a; = rc(t) € [ric(ta), rac(t1)],
ag = rd(t) € [r1d(t1),m2d(t2)], b3 € [(b7)?, (bT)?] with bT a rational upper bound of /1 — 7%, and

recursively
b € [(b71)" (1= (1)), )T (1= ()D)]s  aive = b € [b ;s bF ],

where bil are the square roots of the bounds of b? ;; and r,, < r;" := min(1, /1 — (b?)*) The 2"
atoms y;, the probabilities p; and the products pyy; = 7, (£¢) [ 1, P[] (by qu = (1—¢q)v =7, as
in Lemma 4.16; ¢ = (a1, sag,as, ..., ay)) are enclosed in interval arithmetic over u € [uj,ug]. Let
7 be a lower bound of |y;|, plJr an upper bound of p;, [pyy|™ an upper bound of |py|, bj an upper

bound of , /(b?)*, ai the bounds of a;, ¢t = TIUQ, B =34+ max(0,w" —4) and T~ = T~ (uy, ua).
1

The piece (B;11,...,1;) passes
e test (A,) if all 7, > 0 and %Ef(b?ﬁ(l +r) Sy e < T
o test (AQR) if it passes (A,), s = 1, and a; >qt Y0, a;f fori=1,...,n;
o test (Bn) if Y2; (Ipwn| ™ + p min (b7, F5((05)7)?ELT/n})) < T~, where the second entry of
the minimum is omitted if 7 = 0.

Lemma 4.37 (piece tests). Consider a point of B that is positively peeled through Iv,. .., I;, with
u € [ug,usg).
(i) If the piece passes (By,), then E|L| < T (for either sign s).
(ii) If the piece passes (A,) and the main-term bound Gy(c) < T|c| holds at the point, then
E|L| < T ifb; >0, and E|L| = Gpn(c) <T if bj = 0.
(iii) If the piece passes (AQR), then a; > q >, ay for all i, and Gy(c) = 27(1—q)" 1Y, a; < Tc|
(Lemma 4.18).

Proof. All quantities above lie in their enclosures, E} < E;" (as k4 = w — 4 and w < w™), and
T~ < T(u) by (4.3). (i) follows from (4.10), since E|Y,| = >, [piw]. (ii) is Lemma 4.36. (iii)
Do aj, >0,s0a; >a; >q"Y, a;/r > q) s ai, and s = 1 gives ¢ = (ai,...,a,) with positive
entries. U

4.11. m-split boxes for k = 2,3. In Sections 6 and 7 the extremiser (e; + ez + e3)/+/3 is, in the
coordinates of Section 4.7, the point a; = ay = b = 1/4/3 with M = x3, som = 1 and p3 = 1. There
the six-moment relaxation is exact, and no box certificate can work near it. We split according to
m = max;>3 | ;| and the sign of a largest remaining coefficient.

Definition 4.38 (m-split box, first kind). An m-split box is a box B with sign s and b~ >
0, together with: a rational m. € (0,1] and a rational p* with ¢(m.) < p* < 0 (this forces
2m?2 > 1 by Lemma 4.8; the verifier also checks 2m? > 1 directly); a box certificate c(!) for
(B, s, min(m,, m(B)),—); a box certificate ¢ for (B,s, min(1,m(B)),p*); and pieces [m1,ms],
each passing (A3) or (Bs), whose union contains [m., min(1,m(B))].

Lemma 4.39 (m-split lemma, first kind). Let B be an m-split box, and suppose that G3(c) < T|c|
for all ¢ € R3 at the values of q considered. At every point of B with r < 1 we have E|L| < T.
Equality forcesm =1, B;, = +1 for someig (that is, « = aje;+sazea+be;, ), and Gs(ai, saz,b) =T.
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Proof. Recall m < min(1,m(B)). If m < m,, use ¢!) and Lemma 4.23: E|L| < T. If m > m,
and fB;, = —m for some ig, then p3 < p(m.) < p* by Lemma 4.8; use @ and Lemma 4.23:
E|L| < T. Otherwise 3;, = +m for some ig, and m € [m., min(1,m(B))] lies in a piece, through
which the point is positively peeled. Lemma 4.37 gives E|L| < T unless b; = 0, i.e. m = 1, and
then E|L| = G3(a1, sag,b) <T. O

5. THE CENTRAL RANGE: R(q) =2+/q(1 —q) IF AND ONLY IF ¢2 < ¢ <1—qo

Theorem 5.1 (the central range). [computer-assisted, see Sec. 16]
(a) For every q € [q2,1 — q2|, every n > 1 and every o € R™ with |a| =1,

n
E’ > aixi
=1

Consequently R(q) = 2+/q(1 — q) for q € [q2,1 — ¢a].

(b) For ¢ € (0,q2) U (1 — go,1), R(q) > 2v2 max(q,1 — q)\/q(1 —q) > 2y/q(1 —q). Hence
{g: R(q) =2v/q(1 —q)} = [g2,1 — g2].

(¢) (Extremisers.) For q € (q2,1 — q2), equality in (a) holds if and only if « = +e;. For q €

{g2,1 — @2}, equality holds if and only if « = te; or a = :I:%(ei +ej) with i # j.

Part (b) is the two-coefficient example of [BF3, Remark 9.8(c)] (see also [St, Section 4.2]), proved
in Lemma 5.2. Part (a) for ¢ € [%, %] is [BF3, Theorem K]; the proof below does not use it. By
Lemma 4.1 we take g < %, ie. uw > 1, in (4.1). The interval q € [go, %] corresponds to u € [1,ug],
uz = V1 + /2, since (1 — q2)/q2 = 1/(v/2 — 1) = 1 + /2. We fix the rational number

776887
0= 500000
(indeed @g — 22 — 1 > 0, which is equivalent to @2 > 1+ +/2). The target is T = T} = 27, and by
Lemma 4.3, for |a| = 1 reduced as in Section 4.6 (@ = o; = max|a;| € (0,1), L = ax1 + bM with
b=+1—a? and max;>2|5;| < min(1,a/b)),
E|L| = 27a + 2ER,(bM), SO E|L| <27 < ER,(bM) < 7(1 —a).

<2/q(1—q).

= 1.553774 > uo

5.1. Six-moment cells. The one-coordinate route of Section 4.6 is used with £k = 1, D = 6
and the six-moment objective bound. On u < 7y we have w™ < 2.83 < 13. For k = 1 and a cell
[u1, u2] X [a, @] (here uy,us are the ends of the cell, not thresholds), Definition 4.13 reads: (V1)-(V3)
as stated, and (V4) the polynomial h(r) = 7(u2)(1 —a) — A — Br —I'r? —er* of Definition 4.9 (with
m* = m) satisfies h > 0 on [0, m]; and Lemma 4.15 gives ER,(bM) < 7(u)(1 — a) for u € [u,us),
a € [a,al.

5.2. The quartic two-extremiser certificate. Near (¢q,a) = (g2,1/v/2) two configurations are
extremal: e; and (e; + e3)/v/2. No six-moment certificate can work at that point, because the
target 7(1 — a) is attained there with M = xo: a law with the first four moments of y is the law
of x, since E[(M — u)?(M + v)?] is determined by these moments and vanishes, so the six-moment
relaxation is exact at (e; + e2)/v/2. Instead we compare L with axi + bya.

Lemma 5.2 (two-coefficient value). If a,b > 0 and bu > av, bv < au (equivalently q/(1 — q) <
b/a < (1 —4q)/q), then ER,(bx) = q(1 — q)(bu — av) and Elax1 + bxz| = 27(1 — ¢)(a + b). In
particular, for g < %, Elx1 + x2|/V2 = 2v2(1 — q)7, which exceeds 27 if and only if ¢ < qo.

Proof. Ry(bu) = (1 — q)(bu — av)y = (1 — q)(bu — av) and R,(—bv) = q(bv — au)y = 0. So
ER.(bx) = q(1—q)(bu—av). By Lemma 4.3, E|lax1 + bx2| = 27a+2¢(1 —q)(bu—av) = 27a+2(1 —
q)7b — 2q7a = 27(1 — ¢)(a + b), using ¢(1 — ¢)u = (1 — ¢)7 and ¢(1 — q)v = qr. Fora =b=1//2

the hypothesis reads v < u, i.e. ¢ < % Finally v2(1 —¢q) > 1 <= ¢<1— % O
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The certificate. Let u > 1 and a,b > 0 with a?+b? = 1, and let ¢4 > 0. With 7 = u/(1 + u?) define
(5.1) By = 7'4(2a — b(u® — 1), s= 7 (bu* —a), B = By—2cqu, G =s— Bou+ cu’,

and
P(y) = (y+v)*So(y),  So(y) = cay® + By +G.

(Here s and G are local symbols.) Write ¢1(y) = (1 — ¢)(by — av) and l2(y) = —q(by + au), so that
R, (by) = max{0,¢1,02}. Write P(y) = Zé:o cry®; then c3 = B + 2vc¢y.

Lemma 5.3 (algebraic identities). The following hold identically in u,a,b,cq (with q,v,T given by
(4.1)):
(i) P(u) =¥¢1(u) and P'(u) = ¥} (u); trivially P(—v) = P'(—v) = 0.
(i) B? — 4cyG = B3 — 4eys.
(i4i) P(y) — l1(y) = (y — u)?S1(y) with S1(y) = cay?® + diy + do and d? — degdy = B2 — dey (8 +
Boy(u +v)).
(iv) Kscs + 2k4cq4 = K3Bo — 4cy.
(v) EP(x) = ¢P(u)+(1-¢)P(—v) = ¢(1—¢)(bu—av), and 27a+2q(1—q)(bu—av) = 27(1—q)(a+b).
(vi) Let zg = au/b, 6 = zy — v, g1 = 2c420 — B and gy = 0423 — Bzy+ G. Then for all x,
P(—zy—x) —la(—20 —x) = ey + e12 + eax?® + esz® + cqat,
where ey = 62gg, €1 = 62g1 + 209y — qb, ea = 6%cq + 2691 + go and e3 = 25c4 + g1. Moreover
ly(—zp — x) = gbux.
Proof. (iv) is short. c3 =B + 2ucy = BO — 2¢4(u — v) = By — 2¢4k3, S0 K3cC3 + 2K4cqy = K3Bo —
204(/1:% K4), and /13 — kg = u® —2uv + 0% —u? —v® +4 =2 because uv = 1.
(ii): 4e4G — B? = 4deys — 4eq Bou + 4c3u? — (Bg — 4equBy + 4c2u?) = deys — Bg.

(i): P(u) = (u+v)2So(u) and So(u) = cqu? + Bu+G = s by (5.1), with (u+v)? = (1+u?)?/u?.
u u2—a U a u u2—a
So P(u) = s(1+u?)?/u? = r3(bu? —a)(1+u?)? /u? = “C9 Also b1 (u) = 12y (bu—2) = “0uza),
Next, P'(u) = 2(u + v)s + (u + v)25}(u) with Sj(u) = 2c4u + B = By. This gives
2 2)2
P'(u) = 72(1 tu )Ts(bu2 —a)+ 7(1 +;L ) 7'4(2a — b(u2 — 1))
u u
u? wb(u?+1)  u?b

[2(bu2 —a) + 2a — b(u? — 1] =

IERTEE I+u?)?2 1+

which is £} (u) = (1 — ¢)b.

(iii): By (i), P — 41 is a quartic with leading coefficient ¢4 and a double root at w. Hence
P—l1 = (y—u)?(cay?+d1y+do). Comparing coefﬁcients of y3 and y? gives di = c3+2ucy = By+2vcy
and dy = co + 2ud; — u’cyq, where co = G + 2vB + v2¢cy. Substituting do = 5+ Bo(u + 2v) + c4v?.
Then d3 — 4cydy = B3 + 4cgv By + 4civ? — degs — 4eq Bo(u + 20) — dciv? = B2 — deq(s + Bo(u +v)).
(v): P(=v) =0, P(u) = ti(u) = (1 — ¢)(bu — av), and ¢(1 — q)u = (1 — ¢)7, q(1 — q)v =q7.
(vi): lo(—2zo — x) = —q(—=bzg — bx + au) = gbx, since bzg = au. Next, (y +v)? = (§ + z)?

y = —20 —x, and So(—z0 — x) = ca(20 + )% — B(zo + x) + G = c42® + g17 + go. Expanding
(02 + 262 + 22) (cax® + g1z + go) — gbx gives the stated coefficients. O

Lemma 5.4 (quartic certificate lemma). Let 1 < u < %g, a,b >0 with a®> + b* =1, bu®> > a and

au?® > b, and let cy > 0 satisfy

(Q1) By > 0 and 4cys — B3 > 0;
—\2 2

(03) eo > 0 and es — 1 _ (€3)”

leg 1t > 0, where = = min(z,0);
(Q4) k3Bo —4cy > 0.
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(There is no condition (Q2): the positivity of S1 follows from (Q1), see Step 2.) Then for every
M = ZBZXZ with Z,BE = 1,

ERq(bM) < q(1 — q)(bu — av) — (1 — p3) (k3 By — 4cy),
and therefore Elax, + bM| < 27(1 — q)(a + b), with strict inequality unless p3 = 1.

Proof. Step 1: P > 0. Since bu? > a, s > 0; by Lemma 5.3(ii) the discriminant of Sy is B2 — 4c4s,
which is negative by (Q1). With ¢4 > 0 this gives Sy > 0 on R, hence P = (y + v)2Sy > 0.

Step 2: P > ¢1. By Lemma 5.3(iii), the discriminant of Sy is B3 — 4cys — 4cy Bo(u +v) < 0, since
By>0.S Sy >0and P—/{; = (y —u)2S; > 0.

Step 3: P > ly. If y > —zp = —au/b, then lo(y) = —q(by + au) < 0 < P(y). If y < —zp, write
y = —29 —x with x > 0. By Lemma 5.3(vi), P(y) — la(y) = f(z) := eg + e17 + eax® + ezz® + cqa?.
Put 1 = (e])?/(4ep). Then

flz)= [eo +ex + 77:1;2] + 2 [(62 —1n) + esx + 04952} )

The first bracket is > eg > 0 if e; > 0, and equals (\/eg +e12/(2,/€9))? > 0 if e; < 0. In the second
bracket, D := es — 1 > (e5)%/(4cs) > 0 by (Q3). If e3 > 0 the bracket is > D > 0 for z > 0. If
e3 < 0itis > D — e%/(4cq) > 0. Hence f(z) > 0 for z > 0. So P > max{0,¢;,ls} = R,(b-) on R,
and ER,(bM) <EP(M).

Step 4: comparison with x. P has degree 4. By Lemma 4.6, EP(M) = ¢y + ¢3 + cskaps + ca(3 +
/£4p4) and EP() is the same expression with p3 = py = 1. Here x4 = u? + u=2? — 4 < 0, because
u? < ?8(1) < 24/3: 50 cary < 0. Also pg < p4 <1 (Lemma 4.7), so |ps| < 1. Therefore

EP(x) — EP(M) = c3r3(1 — p3) + caria(l — pa) > cakz(1 — p3) + cara(l — p3)
= (1 — p3)(c3ks + cara(l + p3))
> (1 — pg)(CgF&g + 204/%4) = (1 - pg)(l'igBo — 464).
The first inequality uses cqkq < 0 and 1 — py < 1 — p3. The second uses 1 — p3 > 0, csrq4 < 0 and
1+ p3 < 2. The last equality is Lemma 5.3(iv).
Step 5. By Lemma 5.3(v), ER,(bM) < EP(M) < q(1 — q)(bu — av) — (1 — p3)(k3Bo — 4c4). By

Lemma 4.3 and Lemma 5.3(v), Elax; + 0M| < 27a + 2¢(1 — q)(bu — av) — 2(1 — p3) (k3 By — 4ey) <
27(1 — q)(a + b), with strict inequality if ps < 1, by (Q4). O

Corollary 5.5 (quartic bound for ¢ > g2). Under the hypotheses of Lemma 5.4, if moreover ¢ > qo
(i.e. uw < ug), then Elax; + bM| < 27. Equality forces ¢ = q2, a = b = 1/v/2 and M = X; for a
single j.

Proof. (1 —q)(a+b) < (1 —¢q)\/2(a®+b2) = V2(1 — q) < V2(1 — ¢2) = 1. Equality needs a = b,
g = g2 and p3 = 1. pr3 =Y B=1= Zﬂf then > B2(1 — B;) = 0 with each 3; < 1; so every
Bi € {0,1}, and exactly one ; = 1. O

5.3. The near-dictator range.

Lemma 5.6 (near-dictator bound). Let u € [1,ug], a € [5,1), b= V1—a?, and let M = B;x;

with > 2 = 1. Then ER,(bM) < 0.94027(1 — a).

Proof. For t > 0 and all real  we have (x —t)1 < 25267t3 x*. Indeed, for x > t the ratio (z —t)/2% is
maximised at z = 4¢/3, where it equals 27/(256t%). Now Rq(by) = (1—q)b (y— %)+ +qb(—y— %) 1.
So

27 b3 b3 27 b*
ER,(bM) < 5 EM" [(1 ~ Qb5+ abg g | = oo SEMY[(1 - g)u’ + g0’
27 bt



THE OPTIMAL L!'-L? CONSTANT OF BIASED BITS 29

1122 = 7u* and qv3 = 1112 = 7v?. By Lemma 4.6, EM* = 3+ k4ps < 3, because
ke =ul+u2—4<0 for u? <2+ /3. The function u* + v~ is increasing on u > 1 and equals
(14+v2)2 + (V2 —1)2 =6 at ug. With b* = (1 — a)?(1 + a)?,

81-6 (1—a)(l+a)?
256 a3 '
The function (1 —a)(1+4a)?/a? is a product of the positive decreasing functions 1 —a and (1+a)?/a®
on (0,1) (the derivative of the latter is (14 a)(2a — 3(1 +a))/a* < 0). So it is at most its value at

a=9/10, and 36 . % — 0.940104 . . . < 0.9402. 0

5.4. The certified data. The region

S = [1,10] x [0, 5]\ ((§55-@o] * (25, 155))

is the union of the eight rectangles in Table 3.

using (1 —q)u® =

ER,(bM) < 7(1—a)

file  wu-range a-range cells

rla [l ] [0, 5¢] 94
b [Lao] ] 59
rlc [, o] [%, ﬁ] 32
rld [, o] [%’ 2] 71
r2a  [1, 3] [@, 5] 16
r2b  [3 U] [@, %] 47
r3a [1,13] [%, 7@] 16
r3b  [3, 0] 2,1 44
total 379

TABLE 3. The six-moment cover of S (Theorem 5.1). Cell widths range from 0.0079
to 0.139 in » and from 0.0040 to 0.0325 in a.

For the quartic boxes we parametrise a = littg, b = i;g (0 <t < 1). Then a®> +b* = 1,

a is increasing and b is decreasing in ¢, and t — a(t) is a bijection of [0,1] onto [0,1]. Since
9 225 _ 16 471 942000 77 611 - 9 4717
a(55) = 553 < 3¢ and a(qg55) = 1951847 > Tog0 the box Q = [55, Uo) X [35: 1o0p) in the (u,t)-plane

contains a preimage of every (u,a) € [51, %g] x [28, 7],

Proposition 5.7 (certified data for Theorem 5.1). [computer-assisted, see Sec. 16]

(i) Each of the eight rectangles of Table 3 is tiled by cells [u1,uz2] X [a,a] (379 in all), each of
which has a cell certificate (Definition 4.13 with k = 1, D = 6, the siz-moment objective
bound, b = [\/1 — a*]15, and m =1 if a®> > L, otherwise m = min{1,a/[v1—a?]i5}).

(ii) Q is tiled by 641 boxes in the (u,t)-plane (widths 0.0008 to 0.0033 in u and 0.0017 to 0.0069
in t), each with a rational constant ¢4 > 0 such that bu? —a > 0, au® —b >0, (Q1), (Q3) and
(Q4) of Lemma 5.4 hold at every (u,t) of the box.

(i1i) [fghi]eight rectangles, the rectangle S5 wo] x [32, 5] and the strip [1, 0] x [15, 1] cover [1, @] x

How it is verified. (i) For each cell, each polynomial p € {P, P — {1, P — {3} has even degree 6,
positive leading coefficient and p(0) > 0, and its Sturm sequence, computed in exact rational
arithmetic, shows that p has no real root; this is (V1)-(V3). (V4) is checked as follows: h(0) > 0,
h(m) > 0, and the Sturm sequence of h shows that h has no root in (0,7m]. The numbers b,m,
the lines and the cumulant enclosures are recomputed from the cell corners, and 5% > 1 — @ and
| V1 —a?]2, < 1-a? are asserted exactly. (ii) For each box, with its c4, all quantities are evaluated
in outward-rounded interval arithmetic (120 bits) from the formulas (5.1): the coefficients of P by
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expanding (y+v)2Sp, and the e; by a Taylor shift of P at —zg; each stored box is subdivided (with
the same c¢4) until all conditions hold (20969 sub-boxes in all). For (Q3) the conservative form
ea — o163 /(4eg) — a3ed/(4ey) > 0 is used, where o), = 0 if the enclosure of ey is nonnegative and
or = 1 otherwise; this is valid because (e7)? < €%, with (e7)? = 0 when e > 0. (Q4) is required
strictly; the smallest certified lower bound of k3B — 4cy over all boxes is 1.77 - 1073, (iii) Within
each rectangle and within Q, the cells lie in the rectangle, have pairwise disjoint interiors and total
area equal to the area of the rectangle, in exact arithmetic; then their closed union is the whole
rectangle, since a closed subset of full measure of a rectangle is dense. The cover of [1, ug] x [0, 1]
is checked on the grid formed by all breakpoints. The cumulant identities used in (V4) are those
of Lemma 4.4. The recorded data are not in the code archive; data regenerated for this paper (a
tiling of the eight rectangles by 348 cells, and the same 641 boxes) are accepted by the same verifier
(Section 16.5). O

5.5. Proof of Theorem 5.1. (a) By Lemma 4.1 we may assume ¢ € [qa, 3], i.e. u € [1,us]. Let
|a] = 1 and reduce to a = a; = max|a;| > 0 as in Section 4.6. If a = 1 then E|L| = 27. Let
0 < a < 1. It suffices to show ER,(bM) < 7(1 — a). Since u < wuy < g, the point (u,a) lies
in [1,70] % (0,1), and by Proposition 5.7(iii) one of the following applies (we take the first that
applies).

(1) a > -%: Lemma 5.6 gives ER,(bM) < 0.94027(1 —a) < 7(1 — a).

(2) (u,a) € [S5, ao] x [32, {5]: choose t € [5, soiL] with a(t) = a; then b(t) = V1 —a? = b. The
point (u,t) lies in a box of Proposition 5.7(ii), so the hypotheses of Lemma 5.4 hold at (u, a,b)
with that box’s ¢4 (note 1 < 8 < < 13). By Corollary 5.5 (here ¢ > ¢2), E|L| < 27.

(3) Otherwise (u,a) € S, so it lies in a cell of Proposition 5.7(i), and Lemma 4.15 gives ER, (bM) <
7(1 - a).

In every case E|L| < 27. Since a = e; gives E|L| = 27, R(q) = 27.
(b) By Lemma 4.1let ¢ < go < 2. Lemma 5.2 with a = b = 1/v/2 gives R(q) > v/2(1—q) 27 > 2r.
(c) Let q € [go, 3] and suppose E|L| = 27 with 0 < @ < 1. In cases (1) and (3) the inequality
is strict. So case (2) applies, and Corollary 5.5 gives ¢ = g2, a = b = 1/v/2 and M = X;j- So
a=(e1+e¢j)/ V2, up to the global sign and the permutation used in the reduction. Conversely
these vectors attain 27 at go by Lemma 5.2, since v/2(1 — q2) = 1. If a = 1 then a = +e;. For
qe€ [%,1—q2} use Lemma 4.1. O

6. THE REGIME k = 2: R(q) =2v2(1 —q)/q(1 — q) FOR ¢35 < q¢ < ¢2
Theorem 6.1 (the regime k = 2). [computer-assisted, see Sec. 16] Let T = Ty = 2v/2 (1 — q)7.
(a) For every q € [q3, q2], everyn > 1 and every a € R™ with |a| =1,

E‘ > aixi| <2V2(1—g)V/q(1—g).
i=1

For q € [1 — q2,1 — q3] the same holds with 1 — q replaced by q. Consequently R(q) =

2v2max(q,1 —¢)\/q(1 —q) for q € [g3, 2] U[1 — g2, 1 — g3].

(b) (Extremisers.) Let q € [g3,q2]U[1—qo, 1—g3]. Equality in (a) holds if and only if o = :t%(ei—i—

ej) withi # j, or ¢ € {q2,1 —q2} and o = te;, or g € {q3,1 — g3} and o = :t%(ei +ej+ex)
with 1, j, k distinct.
(¢c) (Sharpness.) Forq € (0,g3), R(q) > 2v3 (1—q)*r > T(q). Forq € (q2,3], R(g) > 27 > T(q).

Hence {q € (0, %] tR(q) =T(q)} = |43, q2]-
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Parameters. By Lemma 4.1 we take ¢ < % The range ¢q € [g3, g2] corresponds to u € [ug,us]. We

fix the rationals
1553773 1054691

-~ Too0000 <" Y = Sooo0o
(indeed U* —2U2 —1 < 0, and U} > 2 with (U} —2)% > 6), and Ag = . The computations cover
u € [U_,Uy4]; the theorem uses only u € [u2,us]. The lower bound T~ (uy,u2) is (4.3) with k = 2
and Sy = |v/2]15. By (4.4): for ¢ < %, 27 < T iff ¢ < g9; and for g < %, T3 <Tiff ¢ > gs.

= 2.109382 > us

Lemma 6.2 (two coordinates for k = 2). If ¢ < go, then Elexa + sdxa| < TV +d? for e,d > 0,
and for (¢,d) # 0 equality holds if and only if s =1 and c =d, or ¢ = q2 and cd = 0.

Proof. By Lemma 4.16, E|X| = max(27 max(c,d), [s = 1]27(1 — q)(c + d)), with 27 max(c,d) <
Tip < Tp (equality iff ed = 0 and Ty = Tb, i.e. ¢ = q2) and 27(1 — q)(c + d) < Tp (equality iff
c=d). O

Lemma 6.3 (three-bit lemma, k = 2). [computer-assisted, see Sec. 16] Let q € [g3, q2] and ¢ € R3.
Then Gs(c) < T'c|. For ¢ # 0 equality holds if and only if ¢ is a positive multiple of one of:
+(e;+ej5) (i #j); £(er +ea+e3), and then q = q3; +e;, and then q¢ = ga.

Proof. Claim: for each of the 2% = 256 functions f : {0,1}*> — {—1,1}, the polynomial Ps(q) =
8(1—¢)> =327 Ai(f)?is > 0 on [g3, g2]. Moreover Py = 0 exactly for f = £(2-1{x; Va;} —1) (six
functions); Pr(q3) = 0 # Py exactly for f = +(2-1{x1VaaVr3}—1); and Pr(q2) = 0 # Py exactly for
f = %(2x;—1). Given the claim, Lemma 4.17 with B? = 8(1—q)? gives G3(c) < 7lc|v/8(1—¢q) = Tc|.

The claim is a finite exact computation, carried out as described in Section 4.7: Py is a polynomial
with rational coefficients of degree < 4; with g3 = 3¢®> — 6¢ + 1 and go = 2¢*> — 4¢ + 1, the minimal
polynomials of g3 and g2, and rational enclosures g3 € ¢35, 43 |, ¢2 € g5, 45 ] of width 1071%: (i)
by Sturm sequences, Py has no root in [g3,q5 |, and Pr(q3) > 0; (ii) near gs: if g3 | Py, write
Py = g3Q; then Q has no root in g5, ¢5 ] and Q(g3 ) < 0, so Py > 0 on [g3,q5 ] (as g3 < 0 on [gs, 1]);
otherwise Py has no root in g5, ¢5 | and Py(q3) > 0; (iii) near go, in the same way with go (which
is > 0 on [0, ¢2]) and Q(gy ) > 0. The six functions with Py = 0 are & the OR of two bits, by (4.8)
(ACF) = 2(1 — g)es + €5).

Equality. Suppose G3(c) = T'|c| with ¢ # 0. By Lemma 4.17, Py«(q) = 0 and c is a positive
multiple of A(f*). By the claim, f* is £OR of two bits, with A = £2(1 — ¢)(e; + ¢;); or ¢ = ¢3
and f* = +ORs3, with A = £2(1 — ¢)%(1,1,1); or ¢ = g2 and f* = +£(2x; — 1), with A = +2e;.
Conversely, these ¢ attain T'|c| by Theorem 4.2 and Lemma 6.2. O

For k = 2 the near-circle test (A) of Lemma 4.35 applies at points with u > uy (where G < T by
Lemma 6.2), and the m-split lemma 4.39 at points with u € [ug, u3] (where Lemma 6.3 holds). The
piece test (Az) and the near-circle test (A) bound only the error term; the main term is bounded
by Lemma 6.3, valid only for ¢ > ¢3, and by Lemma 6.2, valid only for ¢ < ¢2. This is why the
theorem stops at ug and ug.

Proposition 6.4 (certified data for Theorem 6.1). [computer-assisted, see Sec. 16]
(i) The rectangle [U_, UL x [0, o] is tiled by 784 cells (450 with u € [U_,2], 334 with u € [2,U,]),

’ 20
each with a cell certificate (Definition 4.13, k = 2, D = 6, siz-moment objective bound) and
©1 > 0.
(ii) For each sign s, the box [U-,Uy] x [0,T5] x [55,1] is tiled by bozes B (Section 4.8), each of

one of the kinds: Ip (a box certificate for (B, s, min(1,m(B)),—)); ncA/ncB (the box passes
test (A) or (B) of Lemma 4.35); small (rac(t1) < 55); ms (an m-split box of the first kind,
Definition 4.38, with uy > 2). The counts are in Table 4.
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sign Ip ncA ncB ms small  total

s=-4+1 33479 1680 1909 1189 374 38631

s=—1 15331 288 958 0 307 16884
TABLE 4. Two-coordinate boxes for Theorem 6.1 (55515 in all). Widths range from
1.25-1073 to0 0.01 in u, from 8.1-10* to 0.052 in ¢ and from 1.6 - 1073 to 0.05 in 7.
All ms boxes have u > 2.09; they carry 1669 pieces (1659 of type (As), 10 of type

(Bs)), with m. € {21, 4,33 1T T 9.3

How it is verified. Cells: (V1)—(V3) by Sturm sequences; ©1 > 0; (V4) strictly by Sturm on [0, mn].

(In fact So 1132 > 1.414-0.707 > 4 > @, so ©1 > 0.) Box certificates (Ip, and both certificates of
1

each ms box): (W1) by writing Fp on each half-line as the maximum of the 16 sign-pattern lines
and checking by Sturm counting that P minus each line is positive on that half-line; (W2) strictly;
the verifier recomputes m(B) as the exact quotient rod(t2)/b~. For ms boxes also 0 < m. < 1,
2m2 > 1, p* <0, p* > ¢(me) (as (p* +m3)? > (1 —m?)? with p* +m2 > 0), and m* = min(m,, m)
for ¢(M); the pieces cover [m., min(1,7m)], and each passes (A3) or (B3) in outward-rounded interval
arithmetic (120 bits). Near-circle boxes: tests (A)/(B) strictly in interval arithmetic (120 bits).
Coverage (exact): the cells and, for each sign, the boxes lie in their region, have pairwise disjoint
interiors and total volume equal to the volume of the region, so their closed union is the region.
Also U_ < ug, Uy > us3, Ty > /2 — 1, and every small box has roc(t;) < 2%. d

Proof of Theorem 6.1. (a) By Lemma 4.1 let ¢ € [g3, 2], i.e. u € [ug,uz] C [U-,U4]. Reduce «a as
in Section 4.7.
(1) a1 =1: o« =e¢; and E|L| = 27 < T, with equality iff ¢ = ¢o.
(2) a1 < 45 (u,aq) lies in a cell, and Lemma 4.15 gives E|L| < T
(3) a1 > % and r = 1: L = a1x1 + sazx2, and Lemma 6.2 gives E|L| < T, with equality iff s = 1
and a; = a9, or ¢ = g9 and as = 0.
(4) aq > 2% and r < 1: (u,t,r) lies in a box of the cover for the sign s, and the box is not small,
because a; > 2%. If it is Ip, Lemma 4.23 with m* = min(1, m(B)) > m gives E|L| < T. If it is
ncA or ncB, Lemma 4.35 gives E|L| < T (here u > ug). If it is ms, Lemma 4.39 gives E|L| < T
(here u < ug).
So E|L| < T always, and (ej + e)/+/2 attains T' (Theorem 4.2). Hence R(q) = T(q). For q €
[1 — g2, 1 — q3] use Lemma 4.1: R(q) = R(1 —q) =2v2qT.
(b) Equality can occur only in cases (1), (3) and the ms case of (4). Case (1) gives o = *e; at
q = q2. Case (3) gives a = £(e; +¢j)/V/2, or a = £e; at ¢ = go. In the ms case, Lemma 4.39 gives
a = aje;+sages+be;, (after the reduction) with Gs(a1, sag,b) = T and a1,b > 0, ag > |a;,| = b > 0.
By Lemma 6.3, (a1, sa, b) is a positive multiple of £(e; + ¢e;), of £e; or of £(1,1,1). Only the last
has three nonzero entries, so ¢ = ¢q3, s =1 and a; = ay = b, i.e. « = (e1 + e2 + eio)/\/g. Undoing
the reduction (global sign and permutation) gives the list in (b). Conversely, each listed vector
attains T at the stated ¢ (Theorem 4.2). For ¢ > 3 use Lemma 4.1.
(¢) For ¢ < g3 < %, Theorem 4.2 with k = 3 and (4.4) give R(q) > 2V3(1 — ¢)?>r > T. For
q € (g2, 3], R(q) > E|x1| = 27 > T. Together with (a) this gives {g < 5 : R(q) = T(q)} = [g3,¢2].0

7. THE REGIME k = 3, UPPER PART: R(q) =2v3 (1 —¢)?\/q(1 —q) FOR q1, < ¢ < g3

Theorem 7.1 (the regime k = 3, upper part). [computer-assisted, see Sec. 16] Let T' = T3 =
2v3(1—q)%r and q, = 5.
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(a) For every q € [qr,, q3], every n > 1 and every o € R™ with |a| = 1,
n
E‘ > aixi| < 2v3(1—a)*Va(l - ).
i=1

For ¢ € [1 — q3,1 — qi] the same holds with 1 — q replaced by q. Consequently R(q) =

2v3max(q,1 - ¢)*\/q(1 — q) for q € [qr,q3] U[1 — q3,1 — qr].
(b) (Extremisers.) Let q € [qr,q3] U [l — q3,1 — qr]. FEquality in (a) holds if and only if o =
:I:%(ei + e +er) with i, j, k distinct, or ¢ € {q3,1 —¢3} and a = :I:%(ei +ej) with i # j.
(¢) (Sharpness.) For q € (g3, 5], R(q) > Ta(q) > T(q). For q € (0,q4), R(q) > 4(1 — ¢)*t > T'(q).

Hence [qz,,q3] € {q € (0,3] : R(q) = T(q)} < laa, g3]-

Parameters. The range ¢ € [qz, g3] corresponds to u € [ug, 2], since 1/(1 + (12/5)%) = 2. We fix

2109381 12
P s Uy = 2 — /3 + 23 ~ 2.5425,
1000000 = 3 T S +2v3

(indeed U2 > 2 with (U2 —2)? < 6, and U? = 5.76 < 3+ 2/3), and Ag = 2. The computations
cover u € [U_,UL]; the theorem uses only u € [ug,U;]. The lower bound 7T is (4.3) with k = 3,
S3 = |V3]15. By (4.4): (i) for ¢ < %, T, < T iff ¢ < g3, with equality iff ¢ = ¢3; (ii) for ¢ < g3,
21 <Tp < T (iii) for ¢ < §, Ty > T iff ¢ < qu.

Lemma 7.2 (two coordinates for k = 3). If ¢ < g3, then E|cx1 + sdx2| < TVc2 + d? for ¢,d > 0,
and for (c,d) # 0 equality holds if and only if g =q3, s =1 and ¢ = d.

Proof. By Lemma 4.16: 27 max(c,d) < 27p < Tp by (ii), and 27(1 — q)(c+d) < Thp < Tp by (i),
with equality iff ¢ = d and q = ¢3; the last entry is present only for s = 1. ]

Lemma 7.3 (three-bit lemma, k = 3). [computer-assisted, see Sec. 16] Let q € [q1,, q3] and ¢ € R3.
Then Gs(c) < T'|c|. For ¢ # 0 equality holds if and only if ¢ is a positive multiple of £(e1+e2+e€3),
or ¢ = g3 and ¢ is a positive multiple of £(e; + e;) for some i # j.

Proof. Claim: for each of the 256 functions f : {0,1}> — {—1,1}, P(q) = 12(1—q)4—2?:1 A (f)?
is > 0 on [qr, g3]. Moreover Py = 0 exactly for f = £ORy; 23y (two functions); Pr(g3) = 0 # Py
exactly for f = £ORy; ;1 (six functions); and no Py # 0 has a zero in [gr, g3). Given the claim,
Lemma 4.17 with B2 = 12(1 — ¢)* gives G3(c) < T)c|.

The claim is checked as in Section 4.7, with g3 and a rational enclosure g3 € [g5 , qgr ] of width
1071 (gs(g3) > 0 > g3(q7) and g1, < g3 are asserted): (i) by Sturm sequences, Py has no root
in [qr,q5], and P(qr) > 0; (ii) near g3: if g3 | P, Py = ¢3@Q, then @ has no root in [g5, ¢4 ]
and Q(g3) > 0, so Py > 0 on [g5,¢3) and Pf(g3) = 0; otherwise P has no root in [g5 ,¢3] and
Pr(g3) > 0. The two functions with Py = 0 are 2OR3 (A(OR3) = 2(1 — ¢)%(e1 + €2 + e3)), and
A(ORyj) = 2(1 — g)(e; + ¢;) gives P =12(1 — ¢)* = 8(1 — ¢)* = 4(1 — 9)*g3(q).

Equality. If Gs(c¢) = T|c| with ¢ # 0, Lemma 4.17 and the claim give f* = +ORg3, with
A =+£2(1—¢)?*(1,1,1), or ¢ = g3 and f* = £OR;;, with A = £2(1 — g)(e; + e;). Conversely, these
c attain T'|c| by Theorem 4.2 and Lemma 7.2 (at ¢ = ¢3, To = T). O

For k = 3 the near-circle test (A) applies at points with v > u3 (Lemma 7.2), and Lemma 4.39
at points with u € [uz, U] (Lemma 7.3). In this regime the extremiser (e; + es + e3)/v/3 is an
interior point of the parameter region for every u in the range, so the m-split is needed throughout;
and at (e; + e2)/v2 we have E|L| = Ty < T for ¢ < q3. Both main-term bounds hold only for
q < g3, which is why the theorem stops at us.

Proposition 7.4 (certified data for Theorem 7.1). [computer-assisted, see Sec. 16]
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(i) The rectangle [U-, U] x [0, 2] is tiled by 2704 cells, each with a cell certificate (k =3, D =6,
siz-moment objective bound) and ©1 > 0.

(ii) For each sign s, the box [U—,U4] x [0,Ts] x [2,1] is tiled by bozes of the kinds Ip, ncA/ncB,
small (rac(t1) < 2) and ms (with uy > 2), as in Proposition 6.4(ii); the counts are in Table 5.

sign Ip ncA ncB ms small  total
s=+41 45720 1097 1205 21232 617 69871
s=-—1 11613 0 232 0 259 12104

TABLE 5. Two-coordinate boxes for Theorem 7.1 (81975 in all). Widths range from
2.5-107% 0 0.0106 in u, from 1.6 - 107 to 0.052 in ¢ and from 3.1- 1073 to 0.05 in

r. The ms boxes carry 32932 pieces (32386 of type (As), 546 of type (Bs)), with
331 43 17 7 9
me € {1, 45,5+ 45 200 5 10

How it is verified. As for Proposition 6.4, with the target 7'~ (uj,ug2) of (4.3) for k = 3 (in the
interval parts, 7~ is computed from an interval enclosure of v/3). The verifier also asserts ©; > 0

2 2
for every cell; indeed 53(112%)2 > 5’3(13&3)2 > 115 > 2 > a Also U- < ug, Uy < ug and

Ts > V2 — 1 are asserted. OJ

Proof of Theorem 7.1. (a) By Lemma 4.1 let ¢ € [qr, g3], i.e. u € [u3,Uy] C [U_,U4]. Reduce « as
in Section 4.7.

(1) ar=1: a=e; and E|L| =27 < T.

(2) a1 < £: (u,aq) lies in a cell, and Lemma 4.15 gives E|L| < T.

(3) a1 > £ and r = 1: L = aix1 + saz)x2, and Lemma 7.2 gives E|L| < T, with equality iff ¢ = g3,
s=1and a; = as.

(4) a3 > % and r < 1: (u,t,r) lies in a box of the cover for the sign s, not small. If it is Ip,
Lemma 4.23 gives E|L| < T'. If it is ncA or ncB, Lemma 4.35 gives E|L| < T (here u > ug). If
it is ms, Lemma 4.39 gives E|L| < T (here u € [ug, U4]).

So E|L| < T always, and (e1 + e + e3)/V/3 attains T (Theorem 4.2, ¢ < 1). Hence R(q) = T(q).
For ¢ € [1 — q3,1 — q] use Lemma 4.1: R(q) = R(1 — q) = 2/3 ¢°7.

(b) Equality can occur only in case (3) and in the ms case of (4). Case (3) gives ¢ = ¢3 and
o= :i:(ei—kej)/ﬁ. In the ms case, Lemma 4.39 gives o = aje; +sazea+be;, with Gs(a1, saz,b) =T
and a1,b > 0, ag > b > 0. By Lemma 7.3, (aj,sag,b) is a positive multiple of £(1,1,1) (the
alternative +(e; + e;) has a zero entry), so s = 1 and a1 = ag = b, i.e. @ = (e1 + e2 + ;) /V3.
Undoing the reduction gives the list in (b). Conversely, each listed vector attains 7' at the stated
¢ (Theorem 4.2; at g3, To = T). For ¢ > % use Lemma 4.1.

(¢) For q € (g3, 3], R(q) > Ta(q) > T(g) by (i). For ¢ < g1 < 3, R(q) > Elxa + -+ + xal/2 =
4(1 — q)37 > T(q) by (iii). O

(SIS

8. THE REGIME k = 3, LOWER PART: R(q) = 2v3(1 —¢)?>\/q(1 —¢q) FOR q4 < ¢ < qr,
Theorem 8.1 (the regime k = 3, lower part). [computer-assisted, see Sec. 16] Let T = T35 =

2v/3 (1 — q)%7.

(a) For every q € [qu,qr], everyn > 1 and every a € R™ with |a| =1,

IE‘ Y aixi| <2v3(1-)*Va(1 - ).
=1
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For ¢ € [1 — qr,1 — q4] the same holds with 1 — q replaced by q. Consequently R(q) =
2v3max(q,1 - ¢)*\/q(1 — q) for q € [qa, qr] U1 — qr, 1 — qu].

(b) (Extremisers.) Let q € [qa,qr] U [l — qr,1 — qu]. Equality in (a) holds if and only if a =
:l:%(ei +e; + ey) with 1, j, k distinct, or ¢ € {qs,1 — qa} and o = j:%(ei +ej + e, + €;) with
1,7, k,l distinct.

(¢) (Sharpness.) For q € (0,q4), R(q) = Tu(q) > T(q).

Corollary 8.2 (the whole k = 3 regime). [computer-assisted, see Sec. 16] R(q) = T3(q) for every
q € [q4,q3], and {q € (0, %] : R(q) = T3(q)} = [q4,q3]. For q € [qu,q3] the extremisers are the
vectors (e; + ej + ex)/V/3, together with +(e; + €;)/v/2 when ¢ = q3 and £(e; + ej + ex + €;)/2
when q = q4. The mirror statements hold on [1 — q3,1 — q4].

Proof. On [qr, 3] this is Theorem 7.1(a),(b); on [qu, qz] it is Theorem 8.1(a),(b). For ¢ € (g3, %],
R(q) > T2(q) > T3(q) (Theorem 7.1(c)), and for ¢ < g4, R(q) > T4(q) > T5(q) (Theorem 8.1(c)). O

Parameters. The range ¢ € [qu, q1] corresponds to u € [%, uq)]. We fix

127123

50000

(indeed U2 > 3 and (U2 — 3)2 > 12, so U2 > 3+ 2V/3), and put qu = 1/(1 + U2) < q4. Since
ug < U_, every ¢ in the range satisfies ¢ < ¢q3. We put Ag = 2—70. The computations cover
u € [U-,U4]; the theorem uses only u € [U_, u4]. In (4.3) the verifier uses a rational lower bound
S3 of v/3 (N = 10'%) in exact arithmetic and an outward-rounded enclosure of v/3 in its interval
parts; rational bounds of square roots in the patch enclosures use N = 10'2. By (4.4): for ¢ < g3,
27 < 15 < T and for ¢ < i, Ty > T iff ¢ < qq, with equality iff ¢ = g4. Lemma 7.2 applies on the
whole range (¢ < g3): Elex1 + sdxz| < TV e? + d? for (¢,d) # 0.

Lemma 8.3 (three- and four-bit lemmas, k& = 3 lower part). [computer-assisted, see Sec. 16] Let
c# 0.
(a) If ¢ € [qu,qr] and ¢ € R3, then G3(c) < T|c|, with equality iff c is a positive multiple of
i(el + e9 + 63).
(b) If ¢ € [qa,q1] and c € R, then G4(c) < T|e|, with equality iff ¢ is a positive multiple of
+(ej+ej+ey) for distinct i,j,k, or ¢ = q4 and c is a positive multiple of £(e1 +ea+e3+e4).

Proof. For f : {0,1}" — {—1,1} put Hs(q) = 12(1 — ¢)* — > I, A;(f)?. Claims (finite exact

computations):

(C1) (n =3, all 2° functions) Hy > 0 on [qu,qr); Hf = 0 exactly for f = £ORyy 2 33; every other
Hyis > 0 on [qu, qr].

(C2) (n =4, all 2! functions) Hy > 0 on [g4, q1]; Hf = 0 exactly for the eight functions f = £ORg
with |S| = 3; Hy(qs) = 0 # Hy exactly for f = +ORyj 234}, and these two H; are > 0 on
(qa,qr); every other Hy is > 0 on [g4, qr].

Given the claims, Lemma 4.17 with B2 = 12(1 — ¢)* gives G,,(¢) < T|c| on the stated ranges.

If equality holds, Hy+(¢) = 0 and c is a positive multiple of A(f*); by the claims and (4.8): for

n =3, f*=+0Ry o3 and A(f*) = £2(1 —¢)*(1,1,1); for n = 4, either f* = £ORg with |S| =3

and A(f*) = £2(1 — ¢)* Y ;cg€is or ¢ = qa, f* = £ORyy 934 and A(f*) = £2(1 — ¢)3(1,1,1,1).

Conversely these vectors attain T'|c| by Theorem 4.2 (for ¢ = e; +e; + e, the fourth coordinate does

not contribute; at qq4, Ty = T).

How the claims are checked (Section 4.7). The distinct polynomials Hy are tested (39 for n = 3,
1630 for n = 4). For n = 3: Hy =0, or Hy has no real root in [qu, ¢r] (Sturm) and Hy(qr) > 0.
For n = 4, with g4(q) = 4¢*> — 8¢ + 1 and rationals q; < q1 < ¢, 94(q;) > 0 > g94(q)), qu < q,
qi < qr: for Hy # 0, Hy has no root in [qf ,qr] and Hy(qr) > 0; and either g4 | Hy, Hy = g4Q,

12
U.=—, Up= = 2.54246 > uy
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where Q has no root in [g;,qf] and Q(gf) < 0 (so Hf 94Q > 0 on [qq,q]] with equality
only at gs4), or g4 + Hy, and Hy has no root in [q; , ] and H #(qy) > 0. As a check of (4.8):
HOR 550 = 12(1 = ¢)* = 16(1 — ¢)° = —4(1 — ¢)*a(q)- O

Lemma 8.3(b) is false for ¢ < g4, where (e1+---+e4)/2 gives Ty > T this is the only place where
the lower end g4 enters the proof. In this regime the two-coordinate route uses vertex certificates
(Section 4.9) with patches ps and ps, and the m-split below.

8.1. Pieces of type TC, SG and TCS. The following definitions are used in this section and in
Section 9, with the target T of the regime. Let B be a box with b~ > 0, sign s, and [m1, msa] C (0, 1].

Definition 8.4 (pieces of type TC and SG). e A TC piece with sign s3 € {1, —1} is a rational
cap £ € (0,1] with 5 > k(m2) = min(1,me/+/1 —m3) (that is, K = 1, or mg < 1 and k(1 —
m3) > m3), and a vertex certificate for ([t1,ta] X [r1,72] x [m1,ma], (1,s,s3), [u1, ua], &, —).

e An SG piece (for s3 = —1) is a rational p* with 2m? > 1 and ¢(m;) < p* < 0, a
rational cap £ € (0,1] with x > min(mg,m(B)), and a vertex certificate for ([t1,ts] X
[r1, 2], (1,8), [u1, us, Kk, p*).
Lemma 8.5 (TC and SG piece lemma). [computer-assisted, see Sec. 16] Consider a point of B
with v < 1 whose remainder has m = max;>3 |3;| € [m1, ma] and B;, = szm.
(i) If [m1,ma] carries a TC piece with sign ss, then E|L| < T.
(i) If s3 = —1 and [m1,mo] carries an SG piece, then E|L| < T.

Proof. (i) If m < 1, Lemma 4.25 (j = 1) gives E|L| = EF), (”m)(M’) M =MD with p(M') <
k(m) < /<;(m2) < K, so M'" € Z and Lemma 4.32 applies. If m = 1, then my = 1 and K = 1
and E]L\ Fou trl)( ) for every y (Lemma 4.25(ii)); taking Z = x/ (one bit, an element of Z)

*

)

)

E|L| = EF},,(¢r1)(Z) < T by Lemma 4.32. (ii) By Lemma 4.8 with m. = m1, p3(M) < ¢(m1) < p*.
Also m § m2 and m < m(B), so m < k. Thus M € Z, and Lemmas 4.25 (j = 0) and 4.32 give
E|L| <T. 0

Definition 8.6 (pieces of type TCS). A TCS piece on [mi,mg| is: a rational cap x € (0, 1] with
k > k(mg); arational m/, € (0,1] and a rational p* with 2m/2 > 1 and ¢(m’,) < p™* < 0; a vertex cer-
tificate C’ for (X3, (1, s, 1) [u1, ug], m., —) and a vertex certlﬁcate C" for (X3, (1,s,1), [u1,us), ,p™*),
where X3 = [t1, 2] X [Tl,TQ] X [ml,mg]; and sub-pieces [n1,ng] C (0,1], each passing (A4) or (By)
on B x [my,m2] x [n1,na], whose union contains [m.,, ].

Lemma 8.7 (TCS piece lemma). [computer-assisted, see Sec. 16] Let [m1, ma] carry a TCS piece
for B, and suppose that G4(c) < T|c| for all ¢ € R* at the values of q considered. At every point
of B with r < 1 whose remainder has B;, = +m, m = max|5;| € [m1,ma], we have E|L| < T.
Equality forces m < 1, u(M') = 1, o = aje; + sazes + asei, + aqe;, for some iy ¢ {1,2,i0}, and
Ga(a1,saz,az,as) =T, where all four entries are nonzero.

Proof. If m = 1: E|L| = F},,;1)(y) for every y (Lemma 4.25(ii)); take Z = N_1/2(X’ +-F X’N)
with N=1/2 < m/, which belongs to the class of C’. Lemma 4.32 gives E|L| = Four)(Z )
Now let m < 1 and M’ = M. By Lemma 4.25, E|L| = EF},, ) (M) and m' = #(M’)
k(m) < k.
o If m' <m!: M’ is in the class of C’, and Lemma 4.32 gives E|L| < T.
e If m’ > m/ and M’ has the coefficient —m' at some y;,: by Lemma 4.8, p3(M') < ¢o(m]) <
p*, and m’ < k, so M’ is in the class of C”, and E|L| < T.
e Otherwise M’ has the coefficient +m’ at some x;,, with m’ € [m., k], so m’ lies in a sub-piece
[n1,n2], and the point is positively peeled through [my, ma], [n1,ng]. If the sub-piece passes
(B4), Lemma 4.37 gives E|L| < T'. If it passes (A4), Lemma 4.37 (with the main-term bound
G4 <T|-|) gives E|L| < T when by > 0, and E|L| = G4(c) < T with ¢ = (aq, sas, as, a4),
le| = 1, when by = 0.
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In the last case with by = 0 we have m’ =1 and a4 = b; > 0 (as m < 1); all entries of ¢ are nonzero
(a1 >0, ag > |aj,| =azs =bm >0, ag > 0), and L = a1x1 + sazx2 + a3Xi, + a4Xi; - O

Definition 8.8 (m-split box of kind ms5, level one). An m-split box of kind msb is a box B with
sign s, r2 <1 (so b~ > 0) and u; > 2, together with: a rational m. with 0 < m. < min(1,m(B)); a
vertex certificate C(M) for ([t1,ta] x [r1, 73], (1,5), [u1, us], me, —); plus pieces [m1, ms)], each of type
(A3), (Bs), TC with s3 = 1, or TCS, whose union contains [m., min(1,m(B))]; and minus pieces
[m1,ma], each of type SG or TC with s3 = —1, whose union contains [m., min(1, m(B))].

Lemma 8.9 (m-split lemma, k = 3 lower part). [computer-assisted, see Sec. 16] Let B be an m-
split box of kind ms5. At every point of B with r < 1 and q € [qa, q1] we have E|L| < T. Equality
forces s = 1 and either o = %(61 +ea+e€), or q=qq and o = %(61 +ea+ e +€5y).

Proof. Recall m < min(1,m(B)). If m < m,, use CV): by Lemmas 4.25 and 4.32, E|L| < T. Let
m > me. If B;; = +m for some ig, then m lies in a plus piece. A piece (B3) or TC gives E|L| < T
(Lemmas 4.37 and 8.5(i)). A piece (A3) gives E|L| < T if by > 0, and E|L| = G3(a1, saz,b) < T
if b =0 (i.e. m = 1), by Lemma 4.37 with the main-term bound of Lemma 8.3(a) (¢ € [g4,q1] C
[qu, qr]); in the latter case equality forces (a1, saz, b) to be a positive multiple of £(1,1,1), so s = 1,
ag=ay=b= % and 5 = e;,. A piece TCS gives E|L| < T by Lemma 8.7 (with Lemma 8.3(b)); in
case of equality, G4(a1, saz, as,as) = T with all entries nonzero, so by Lemma 8.3(b) ¢ = ¢4 and the
vector is a positive multiple of +(1,1,1,1); since aj,a3,a4 >0, s =1 and a1 = ag = a3 = a4 = %
Otherwise the maximum m is attained only by negative coefficients, £;, = —m, and m lies in a
minus piece; Lemma 8.5 gives E|L| < T. O

8.2. Certified data and proof.

Proposition 8.10 (certified data for Theorem 8.1). [computer-assisted, see Sec. 16]
(i) The rectangle [U—-,U4] x [0, 2—70] is tiled by 288 cells (98, 126 and 64 cells for u € [%,%L

(281120 12T UL ]; widths 6.2-107* to 0.0175 in u and 0.022 to 0.044 in a), each with a cell

certificate of degree 10 (k = 3, ten-moment objective bound) and ©1 > 0.

(ii) For each sign s, the box [U_,U}] x [0,T5] x [+, 1] is tiled by bowes of kind Ipv (Section 4.9), ncA

(test (A) or (B) of Lemma 4.35) or ms5 (Definition 8.8); the counts are in Table 6. (There
are no small bozes.)

sign Ipv. ncA ms5 small total

s=+4+1 626 13 302 0 941
s=—1 480 0 0 0 480

TABLE 6. Two-coordinate boxes for Theorem 8.1. Widths range from 2.46 - 1073

to 0.01 in u, from 3.2 - 1073 to 0.104 in ¢ and from 5.1 - 1073 to 0.081 in . The
ms5 boxes use m. € {%, 2%, %, %, %, %, %, 1%} and carry 1350 pieces: plus pieces 123

(Ag), 689 TC, 210 TCS (all with m] = 5—(7), with 301 sub-pieces, all of type (A4));
minus pieces 146 SG, 182 TC. In total there are 2845 vertex certificates (1106 lpv,
302 ™M, 871 TC, 146 SG, 2 x 210 in TCS) with 16 544 vertices; all their polynomials

have degree 6.

How it is verified. Coverage (exact): VE < U_ < %; Uy > ug; Tg > /2 — 1; the cells and, for

each sign, the boxes tile their regions (they lie in the region, have pairwise disjoint interiors and
total volume equal to that of the region). Cells: (V1)—(V3) by Sturm sequences; ©; > 0 (indeed

2
53(112%)2 > Sg(%;l)2 > 1.25 > 2—70 > a); (V4) strictly (the polynomials p, from the recursion, the
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monomial bounds of Definition 4.11, and a Sturm count of the roots of h on [0, m] together with
h(0) > 0). Vertex certificates (all Ipv records and all certificates inside msb records): (P1) and
(P2) exactly; (P3) by exact Gaussian elimination (rank of each facet, normal vector, orientation
by the centre); (P4) by interval bisection of the parameter box against the 2k’ facet normals,
with componentwise rational enclosures of the patch (monotonicity of ¢, d and outward square-root
bounds), succeeding when every sub-box has a nonnegative lower bound for each facet value, and
failing if some sub-box has a facet value with negative upper bound or if more than 20000 sub-
boxes are needed; (W1) on every linear piece of every vertex envelope, recomputed from the atom
enclosures over [uj,ug]; (W2) strictly with the target T (ui,u2). The caps are taken from the
structure: m(B) (recomputed exactly) for lpv, m, for CV), the recorded cap & € (0,1] for TC, SG
and C”, and m/, for C’; the p* values are those of the records. Near-circle boxes: interval arithmetic
(120 bits), strict. m-split structure: ro < 1, u3 > 2, 0 < m. < min(1,m(B)); the plus pieces
and the minus pieces each cover [m., min(1,m(B))]; each (A3)/(Bs3) piece passes its test (120 bits,
strict); TC caps satisfy k = 1 or k2(1 —m3) > m2; SG: 0 < my < 1, 2m? > 1, p* <0, p* > p(m1)
(checked as p* +m3 > 0 and (p* + m3)? > (1 — m?)3) and k > min(mg,m(B)); TCS: the cap
condition, the same ¢ check for (ml,p™), the sub-pieces cover [m., k], and each sub-piece passes
(Ay4) or (By) (strict). O

Proof of Theorem 8.1. (a) By Lemma 4.1 let ¢ € [q4,qL], i.e. u € [U—,uq] C [U_,U4]; then ¢ < g3
and ¢ € [qu,qr]. Reduce a as in Section 4.7.
(1) ay=1: a=ey and E|L| =27 < T.
(2) a1 < %: (u,ay) lies in a cell, and Lemma 4.15 gives E|L| < T'.
(3) a1 > 55 and r = 1: L = ajx1 + sazx2, and Lemma 7.2 (¢ < g3) gives E|L| < T.
(4) a1 > 55 and r < 1: (u,t,7) lies in a box of the cover for the sign s, since t € [0,v/2—1] C [0, T§]
and r > a1 > 2—70. If it is lpv, Lemma 4.33 gives E|L| < T. If it is ncA, Lemma 4.35 gives
E|L] < T (q < g3, Lemma 7.2). If it is ms5, Lemma 8.9 gives E|L| < T.

So E|L| < T always, and (e1 + ez + e3)/+/3 attains T (Theorem 4.2, ¢ < %) Hence R(q) = T(q).
For ¢ € [1 — qr,1 — q4] use Lemma 4.1.

(b) Equality can occur only in the ms5 case of (4). By Lemma 8.9, after the reduction, o =
%(61 +ea+ej,), 0r ¢g=qsand a = %(61 + e2 + €;, + €;,). Undoing the reduction gives the list in
(b). Conversely, (e; +e; + ex)/V/3 gives T for ¢ < %, and (e; + e + ex + ¢;)/2 gives Ty = T at g4
(Theorem 4.2). For g > % use Lemma 4.1.

(¢) For ¢ < qs < 3, R(q) > E|x1 + -+ x4|/2 = Tu(q) > T(q). O

9. THE REGIME k = 4: R(q) = 4(1 — ¢)3+/q(1 — q) EXACTLY FOR ¢5 < ¢ < q4
Theorem 9.1 (the regime k = 4). [computer-assisted, see Sec. 16] Let T = Ty = 4(1 — ¢).
(a) For every q € [g5,q4], every n > 1 and every o € R"™ with |a] =1,

E‘ D aixi| <4(1-9)*Va(l - q).
=1

For q € [1—q4,1—qs] the same holds with 1—q replaced by q. Consequently R(q) = 4 max(q,1—

0)°/q(1 —q) for q € [g5,qa] U[1 — qa, 1 — gs].
(b) (Extremisers.) Let q € [qs,q4] U [l — q4,1 — gq5]. FEquality in (a) holds if and only if o =
:l:%(el- +ej+ep +e) withi, j,k,l distinct, or ¢ € {q4,1 —qa} and o = :l:%(ei +ej + ex) with

i,j, k distinct, or q € {g5,1 — q5} and o = i%(eil + - +ei;) with iy, ...,1i5 distinct.
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(c) (Sharpness.) R(q) > T(q) for q € (0,q5) U (qa, %] More precisely, R(q) > T5(q) > T(q) for

q < qs, R(q) > T3(q) > T(q) forqau < q < %, and R(q) > 27 > T(q) for% <qg< % Hence
{a€(0,3]: R(g) =T()} = las, q4]-
Parameters. The range ¢ € [g5, q4] corresponds to u € [ug, us]. We fix
1589 29107
U_=——=25424 < U, =———=29107 >
625 =t * = 10000 =15
since U2 > 3 and (U? —3)? < 12, and U2 > 4 and (U? — 4)? > 20; and Ag = . The

computations cover u € [U_, Uy]; the theorem uses only u € [uy, us]. Here Sy = 2, so T~ (u1,ug) =
min{7 (u;), T(uz)} is rational. Also U_ > 2, and §_ = U2 /(1 +U?2) (the value of 1 —q at u = U_)
satisfies

(9.1) it >3 24 =>1

(exact check; ¢_ ~ 0.866020). Since ¢_ is rational and 21/4 91/3 are irrational, both inequalities
are strict, and since 1 — g increases with u, (1 —¢)* > 3 and 2(1 —¢)3 > 1 for all u > U_. By (4.4)
and (9.1): (i) T3 < T iff ¢ < qq, with equality iff ¢ = qq; (ii) T5 < T iff ¢ > g5, with equality iff
q = gs; (iii) foru > U_: 2r < T (as 2(1 —¢)® > 1) and T < T (as (1 — ¢)* > 3). Hence, by
Lemma 4.16, E|cx1 + sdxa| < max(27,T2)Ve? +d? < TV + d? for u > U_ and (¢,d) # 0. By
Lemma 4.18 and (ii): if ¢ > g5, c € R%has¢; > 0 and ¢; > ¢ >, ¢ for all i, then Gs(c) < Ts|c| < Te|,
and Gs(c) =T|c| iff g =¢s and ¢; = -+ = ¢5.

Lemma 9.2 (three- and four-bit lemmas, k = 4). [computer-assisted, see Sec. 16] Let q € [g5, 4]
and ¢ # 0.
(a) If c € R3, then Gs(c) < T|c|, with equality iff ¢ = qu and c is a positive multiple of +(e1 +
es + 63).
(b) If c € R*, then Gy(c) < Tle|, with equality iff c is a positive multiple of £(e1 + e2 + e3 + e4),
or g = q4 and c is a positive multiple of £(e; + e; + ey) for distinct i, j, k.

Proof. For f:{0,1}" — {—1,1} put H(q) = 16(1 — ¢)5 — >, A;(f)?. Claims:

(C1) (n =3, all 2® functions) Hy > 0 on [gs, q4]; no Hy vanishes identically; H(q4) = 0 exactly for
f = £O0Ry123}, and these two Hy are > 0 on [g5,q4); every other Hy is > 0 on [gs, q4].

(C2) (n = 4, all 21¢ functions) Hy > 0 on [g5,q4]; Hf = 0 exactly for f = +OR(1234); Hy(qa) =
0 # Hy exactly for the eight functions f = £ORg with |S| = 3, and these eight Hf are > 0
on [gs,qa); every other Hy is > 0 on [gs, qa).

Given the claims, Lemma 4.17 with B? = 16(1 — ¢)% gives Gn(c) < 4(1 — ¢)®7|c| = Tlc| on

[¢5,q4). If equality holds, then Hy«(q) = 0 and c is a positive multiple of A(f*); by the claims

and (4.8): for n =3, ¢ = qu, f* = £ORy 23y and A(f*) = £2(1 - q)?(1,1,1); for n = 4, either

f* = £0R1 234y and A(f*) = £2(1 — ¢)*(1,1,1,1), or ¢ = q4, f* = £ORg with |[S| = 3 and

A(f*) =+2(1 —¢)* Y,cg €i- Conversely these vectors attain T'|c| by Theorem 4.2: (1,1,1,1) gives

Ty for ¢ < i, and at g4, e; + e; + ey gives T3 = Tj.

How the claims are checked. The distinct polynomials Hy are tested (39 for n = 3, 1630
for n = 4). With g4(q) = 4¢> — 8¢ + 1 and g5(q) = 5¢*> — 10g + 1, take rationals q5 < g5
and ¢f > g4 from rational bounds of \/‘% and \/ﬂ, with g5(g5) > 0 and g4(gf) < 0. For
Hy # 0: either g4 | Hy, Hf = g4Q, where @ has no root in [g5,q;] (Sturm) and Q(gs) > O;
then @ > 0 on [g5,q4], and Hy = g4Q > 0 there with equality only at g, since g4 > 0 on
[0,q4). Or g4 1 Hy, and Hy has no root in [g5 ,q, ] and H¢(gs) > 0, so Hf > 0 on [g5,q4]. As a
check of (4.8): for n = 3, Hory,,,, = 16(1 — q)% —12(1 — ¢)* = 4(1 — q)*g4(q), and for n = 4,
HOR 554 = 16(1 — Q) —4-41—-¢)f=0. O
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Both lemmas are false for ¢ > g4, where (e; +ea+e3)/v/3 gives T > Ty, and the bound G5 < T'|¢|
in the OR region is false for ¢ < g5, where (e + --- + e5)/v/5 gives T5 > Ty. These are the only
places where the ends ¢4 and g5 enter the proof; the box computations cover u € [U_, U], and
their conclusions are used only for u € [ug4, us].

9.1. The m-split for k£ = 4. In the coordinates of Section 4.7 the extremisers are the following
points (all with s = 1 and t = v/2 — 1, since a1 = az): (e1 + ez + e3 + e4)/2, for every q € [gs, qul:

a1 = ag = %, b= %, M = (x3+ x4)/V2, so m = %, and after peeling x3, M’ = x4, m' = 1;

(e1+ea+e3)/V3,at qu: o =ag =b= %7 M =x3,m=1;(e1+---+e5)/V5, at gs: a1 = ag = %,

b=+/3/5, M = (x3+ x4+ x5)/V3, m = %; after peeling, M’ = (x4 + x5)/V2, m' = %, and
M" = x5, m" = 1. Equality holds at these points, so no certificate with a strict bound can contain
them. We use the pieces of Section 8.1 (with 7" = Tj) and, inside some pieces, peel off the largest
coefficient again, up to five split coordinates. We write M’ = MW, m/ = p(M'), M" = M®),
m” = p(M") (Lemma 4.25), and ag = bm, b’ = bvV/1 —m?, ag =b'm’, V' =V'v/1—m"?, a5 =V"'m",
b =b'V1T—m" (so b = by, b = by, V" = b3).

Definition 9.3 (inner pieces). Let B be a box with b~ > 0 and sign s, [m1,ms] C (0,1], X3 =
[tl,tg] X [7"1,7“2] X [ml,mg], [nl,ng] C (0, 1] and X, = X3 X [nl,ng].

e A TC4 piece with sign s4 € {1,—1} is a rational cap x4 € (0,1] with k4 > k(n2) and a
vertex certificate for (Xy, (1,s,1,s4), [u1, ug], k4, —).

e A TC4S piece is: a rational cap k4 € (0,1] with k4 > k(n2); a rational m/
and a rational p”* with 2m!/2 > 1, o(m”) < p” < 0 and m! < k4 a ver-
tex certificate D’ for (Xy,(1,s,1,1),[us,us],m?”,—) and a vertex certificate D" for
(X4, (1,8,1,1), [ug, uz], k4, p"*); and sub-pieces |01, 02] C (0, 1], each passing (ASR) or (Bj)
on B x [my,ma] X [n1,n3] X [01,09], whose union contains [m./, k4].

e An SG3 piece is a rational p* with 2n? > 1 and ¢(n;) < p* < 0, a rational cap 3 € (0,1]
with k3 > ng or kg > k(ms), and a vertex certificate for (X3, (1,s,1), [u1, us], k3, p™*).

Definition 9.4 (pieces of type TCN). A TCN piece on [my,me] is: a rational cap x € (0,1] with
k > k(mg); a rational m, with 0 < m. < k; a vertex certificate C' for (X3, (1,s,1), [u1,us],m., —);
inner plus pieces [ni,n2] C (0,1], each passing (A4) or (B4) on B X [my, mg] X [n1,ng] or carrying
a TC4 piece with s4 = 1 or a TC4S piece, whose union contains [m., k|; and inner minus pieces
[n1,m2] C (0,1], each carrying an SG3 piece or a TC4 piece with s4 = —1, whose union contains
[me, K].

Lemma 9.5 (TCN piece lemma). [computer-assisted, see Sec. 16] Let [m1, ma| carry a TCN piece
for B. At every point of B with r < 1 and q € [g5,q4] whose remainder has B;, = +m, m =
max |3;| € [m1, ma], we have E|L| < T. Equality forces s = 1 and either o = %(61 +ex+ ey +€iy),

or q=qs and o = %(61 + ea + €, + €, + €5,), for some distinct i1,i2 ¢ {1,2,i0}.

Proof. If m = 1: as in Lemma 8.7, E|L| = F},,(,,.1)(y) for every y, and Z = N7YV2(xh 4+ 4+ xy)
with N=Y/2 < m/ is in the class of C'; so E|L| < T.
Let m < 1. By Lemma 4.25 (j = 1), E|L| = EF,, (1 5,m)(M') and m' = p(M') < k(m) < k.

(1) m' <ml: M’ is in the class of C’, and E|L| < T' (Lemma 4.32).
(2) m' > ml, and M’ has no coefficient +m’, so it has the coefficient —m’ at some x;,. Then
m’ € [ml, k] lies in an inner minus piece [ny, na).
e SG3: by Lemma 4.8 (with m. = n; < m/), ps(M’) < p(n1) < p™*; and m' < ks,
since m’ < ng and m’ < k(ms). So M’ is in the class of the SG3 certificate (patch ps,
o= (1,s,1)), and E|L| < T.
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e TC4 with s4 = —1: if m’ < 1, Lemma 425 (j = 2, ¢ = —1) gives E|L| =
EFy, (trmm)(M") with u(M") < k(ng) < k4, so E|L] < T by Lemma 4.32. If m’ = 1,
then ng = 1, ky = 1, E|L| = F},,(,y.m,1)(y) for every y (Lemma 4.25(ii)), and Z = x/ gives
E|L| <T.

(3) m’ > m!. and M’ has the coefficient +m’ at some y;,. Then m’ € [m/, ] lies in an inner plus
piece [n1,n2], and the point is positively peeled through [mi,ms], [n1, nal.

e (Ay) or (By): Lemma 4.37 (with the main-term bound of Lemma 9.2(b)) gives E|L| < T,
except in case (A4) with b = 0, where E|L| = G4(a1, sas, as,as) < T'; as in Lemma 8.7 all
four entries are nonzero, so by Lemma 9.2(b) equality forces s =l and a; =--- = a4 = %,
ie. a= %(61 +ex+ e, +€5,).

o TC4 with s4 = 1: as for s4 = —1 above (now ¢3 = +1), E|L| < T.

e TC4S:if m' = 1, then E|L| = F},, (4 y.m,1)(y) for every y, and Z = N7Y2(x} +-- 4 x/y) with
N~Y2 < m is in the class of D'; so E|L| < T. If m’ < 1, then E|L| = EF},, ;.. (M")
with m” = p(M") < k(n2) < k4, and: if m” < m!/, M" is in the class of D'; if m” > m/!
and M"” has no coefficient +m”, it has the coefficient —m”, so ps(M") < p(m!) < p™*
(Lemma 4.8) and M” is in the class of D”; in both cases E|L| < T. Otherwise M" has
the coefficient +m” at some x;, with m” € [m”, k4], so m” lies in a sub-piece |01, 03],
and the point is positively peeled through [my,ms], [n1, na), [01,02]. By Lemma 4.37 (via
(ASR), whose main-term bound is G5 < Tj| - | < T'| - | for ¢ > g5, or via (Bs)), E|L| < T,
except in case (A9R) with b"” = 0, where E|L| = G5(a1, ..., a5) < T with equality only if

g=¢qsand a; =---=a5 = % (and s = 1, which (A9R) requires). In that case m” = 1,
M" = Xiy, and o = = (e1 + €2 + eig + €, + €iy).
The indices g, i1, 72 are distinct and different from 1,2, because each peeling removes the peeled
coordinate from the remainder. O

Definition 9.6 (m-split box, k = 4). An m-split box of kind ms5 for k£ = 4 is as in Definition 8.8,
except that the plus pieces may also be of type TCN.

Lemma 9.7 (m-split lemma, k& = 4). [computer-assisted, see Sec. 16] Let B be an m-split box
(Definition 9.6). At every point of B with r < 1 and q € (g5, q4] we have E|L| < T. Equality forces
s =1 and one of: a = %(61 +er+ei, +teiy); orqg=qs and o = %(61 +e2+e€iy); or ¢ =qs and
a= %(61 + ex + ey + €, + ei,) (with distinct indices outside {1,2}).

Proof. Recall m < min(1,m(B)). If m < m,, use CV): by Lemmas 4.25 (j = 0) and 4.32, E|L| < T.
Let m > me. If 5;, = +m for some i, then m lies in a plus piece. A piece (Bs) or TC gives E|L| < T
(Lemmas 4.37 and 8.5(i)). A piece (As3) gives E|L| < T if ¥ > 0, and E|L| = Gs(aq, saz,b) < T if
b =0 (i.e. m = 1); in the latter case equality forces, by Lemma 9.2(a), ¢ = ¢4 and (a1, saz, b) to

be a positive multiple of +(1,1,1),s0 s =1, a1 = a2 = b = % and B = e;,. A piece TCS gives

E|L| < T by Lemma 8.7 (with Lemma 9.2(b)), and equality forces G4(ay, sas,as,aq) = T with all

entries nonzero, hence (Lemma 9.2(b)) s = 1 and a = (e1 + ez + €, + €;,). A piece TCN gives
E|L] < T with equality only as in Lemma 9.5. Otherwise the maximum m is attained only by

negative coefficients, ;, = —m, and m lies in a minus piece; Lemma 8.5 gives E|L| < T. O

9.2. Certified data and proof.

Proposition 9.8 (certified data for Theorem 9.1). [computer-assisted, see Sec. 16]

(i) The rectangle [U—, U] x [0, 23] is tiled by 1268 cells (256, 257, 300 and 455 for u € [U_, $9],

» 100
(55, 208] (308 1] (LU UL]), each with a cell certificate of degree ten (k = 4, ten-moment

objective bound) and ©1 > 0.
(ii) For each sign s, the boz [U_,Uy] x [0,Ts] x [25,1] is tiled by bozes of the kinds small, Ipv,
ncA, ncB and ms5 (Definition 9.6); only Ipv and ms5 occur, and the counts are in Table 7.
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sign Ipv. ncA  ms5 small total

s=+4+1 3327 0 2718 0 6045
s=-1 1216 0 0 0 1216

TABLE 7. Two-coordinate boxes for Theorem 9.1. Widths range from 7 - 107 to
0.01 in u, from 3.2 - 1073 to 0.104 in ¢t and from 5.2-1073 to 0. ()84 1n r. The msb
boxes use m. = 5 (2194 boxes), 4 (240), 2 (104), £ (64), 2 (62), 1T (25), &5 (18)
and % (11). Each has exactly one minus plece (211 SG, 2 507 TC) and between one
and eight plus pieces (5467 in total: 101 (Ag), 2681 TC, 1438 TCS and 1247 TCN).
The TCS pieces have m], = & (1223) or 2 (215) and 1999 sub-pieces, all of type
(A4). The TCN pieces have m], = 2 (1193), 2 (38) or 3 (16), and cap x = 1 (364)
or k € [0.681,0.999] (883); their inner plus pieces are 534 (A4), 2479 TC4 and 216
TC4S (all with m) = 1T; 383 sub-pieces, all of type (A9R)), and their inner minus
pieces are 1247 TC4 and 73 SG3. In total there are 21014 vertex certificates (4 543
Ipv, 2718 ¢ 5188 TC, 211 SG, 2x 1438 in TCS, 1247 C’ of TCN, 3726 TC4, 2% 216
in TC4S, 73 SG3) with 171488 vertices; 7472 of them have two patch parameters,
9384 three and 4158 four. The polynomials of 1894 vertices have degree 10, all
others degree 6.

How it is verified. As for Proposition 8.10, with the following changes. Coverage: 2 < U_ < uy
(checked as U2 < 3 or (U? — 3)? < 12), Uy > us (checked as U? > 4 and (U2 — 4)? > 20), (9.1);
every box has the sign of its file and one of the kinds small, Ipv, ncA, ncB, ms5. Vertex certificates
of every level (all Ipv records, and inside ms5 records C(), TC, SG, €’ and C” of TCS, and inside
TCN pieces C', TC4 (both signs), D’ and D" of TC4S, and SG3): (P4) is checked by the recursion
of Lemma 4.28 as described after it, with exact sign decisions and integer square-root bounds. The
sign vector, caps and p* values are taken from the structure: m(B) for lpv, m. for ON m,, for C',
m, for D', and the recorded cap and p* for the others. m-split structure, in addition to the checks
of Proposition 8.10: the cap conditions of TCS and TCN (with m2) and of TC4 and TC4S (with na);
the ¢ conditions of SG, TCS, SG3 and TC4S; the cap conditions of SG and SG3; 0 < m, < k <1 for
TCN and m/ < 4 for TC4S; all nested covers; and each (A4)/(B4) and (ASR)/(B5) piece passes its

2
test (interval arithmetic, strict). Cells: ©1 > 0, indeed 2(112 P>2¢ >1> 38 >aby (9.1). O

Proof of Theorem 9.1. (a) By Lemma 4.1 let ¢ € [gs, q4], i.e. u € [ug,us] C [U-,Uy]. Reduce «a as
in Section 4.7.

(1) ag =1: a=e; and E|L| =27 < T by (iii).

(2) a1 < 35 (u,ay) lies in a cell, and Lemma 4.15 gives E|L| < T.

(3) a1 > 3 and r = 1: L =ayx1 + sazxs, and E|L| < T by the two-coordinate bound above.
(4) a1 > 3 and r < 1: (u,t,r) lies in a box of the cover for the sign s, and it is not a small box,

1
since a; > Ag. If it is Ipv, Lemma 4.33 gives E|L| < T. If it is ncA or ncB, Lemma 4.35 gives
E|L| < T. If it is msb, Lemma 9.7 gives E|L| < T.
So E|L| < T always, and (e1 + es + e3 + e4) /2 attains 7' (Theorem 4.2, ¢ < 1). Hence R(q) = T(q).
For ¢ € [1 — q4,1 — g5] use Lemma 4.1: R(q) = R(1 — q) = 4¢°7.

(b) Equality can occur only in the msb case of (4). By Lemma 9.7, after the reduction, o =
s(e1+eate,+e;,),or g =qqand a = %(el—l—eg—keio), orq=gsand a = %(q—i—egﬁ-eio—keil—i—eb).
Undoing the reduction gives the list in (b). Conversely, each listed vector attains 7' at the stated
q (Theorem 4.2): T3 = Ty at g4 and Ty = Ty at g5. For ¢ > % use Lemma 4.1.

(¢) For q < g5 < 5, R(q) > T5(q) > T(q) by (ii). For g1 < ¢ < 3, R(q) = T3(q) > T(q) by (i)-

(
For < ¢ <3, R(q) > E[x1| = 27, and 27 > 4(1 — ¢)37 because (1 —¢)* < (3)? < 1. O
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10. THE REGIME k = 5: R(q) = 2v/5(1 — q)*\/q(1 — q) EXACTLY FOR ¢5 < ¢ < g5

Theorem 10.1 (the regime k = 5). [computer-assisted, see Sec. 16] Let T = T5 = 2v/5 (1 — q)*r.
(a) For every q € [gs,qs5], every n > 1 and every o € R"™ with |a] =1,

E‘ > | <2V (1—q)'Ve(1—q).
i=1

For q € [1 — g5,1 — gg| the same holds with 1 — q replaced by q. Consequently R(q) =
2v6max(q,1 — q)*\/q(1 — q) for q € [g6,q5] U [1 — g5, 1 — gg].

(b) (Extremisers.) Let q € [gs,q5) U [l — ¢5,1 — q¢]. Equality in (a) holds if and only if o =
:l:%(ei1 + - +ei) with iy, ...,i5 distinct, or q € {q5,1 — q5} and o = :I:%(ei +ej+er+e)

with 1,7, k,1 distinct, or q € {q6,1 — g6} and o = :i:%(eil + - +eig) with iy, ..., i distinct.
(c) (Sharpness.) R(q) > T(q) for q € (0,q6) U (g5, %] More precisely, R(q) > Ts(q) > T(q) for
q < qs, R(q) > Tu(q) > T(q) for g5 < ¢ < i, and R(q) > 21 > T(q) for% <qg< % Hence

{g€(0,3]: R(q) =T(q)} = [g6: g5)-
Parameters. The range ¢ € [gg, 5] corresponds to u € [us,ug]. We fix

29106 3236855
=220 99106 < U, = 2220099
10000 = U5 + = 7000000

since U? > 4 and (U2 —4)? < 20, and U2 > 5 and (U2 —5)% > 30; and Ag = 7. The computations
cover u € [U_,U,]; the theorem uses only u € [us,ug]. In (4.3), S5 = |v/5]15. The value §_ =
U?/(1+U?)of 1 —qat u=U_ satisfies

= 3.236855 > wug,

(10.1) 5% > 1, 53% > 2

(exact check; §_ ~ 0.894421, 5¢% = 2.05, 5G° ~ 2.56). Since 1 — ¢ increases with u, 5(1 — ¢)% > 1
and 5(1—¢q)% > 2 for all u > U_. By (4.4) and (10.1): (i) Ty < T iff ¢ < g5, with equality iff ¢ = g5;
(ii) Ts < T iff ¢ > g6, with equality iff ¢ = ¢6; and T < T for every j > 6 and ¢ > ¢ (as 1 —¢ <
V5/6 < \/3/(G +1)); (iii) for u > U_: 27 < T and Ty < T. Hence E|cx1 + sdxa| < TV + d2
for u > U_ and (c¢,d) # 0 (Lemma 4.16). In the OR region of Lemma 4.18: G5(c) < T'|c|, with

equality iff ¢; = - -+ = ¢5; and for ¢ > ¢ and n > 6, Gy (c) < Ty|c| < T|e|, where Gy, (c) = T|c| holds
iffn=6,g=q¢gandcy=---=cs (forn>7T, <Ty <Tsg <T,since Ty < T iff 1 — q < \/6/7).

The ranges [Gj_, G;r] of the ten-moment cumulant enclosures are computed in this regime as the
hull of exact end values on subintervals of [w™,w*] on which G’ has no root (Sturm) and interval
Horner enclosures on subintervals that still contain one after a fixed number of bisections (30 in
the verifier, i.e. of length 2730 times the range; 24 in the generator): G vanishes at w ~ 8.68, i.e.
u &2 2.926, inside the range.

Lemma 10.2 (three- and four-bit lemmas, k = 5). [computer-assisted, see Sec. 16] Let q € [gs, g5
and ¢ # 0.
(a) If c € R3, then G3(c) < T|c|.
(b) If ¢ € R*, then Gy(c) < Tc|, with equality iff ¢ = g5 and c is a positive multiple of +(e1 +
ex +e3+ey).

Proof. For f:{0,1}" — {—1,1} put Hy(q) =20(1 — q)® — 311 A;(f)?. Claims:

(C1) (n =3, all 28 functions) Hy > 0 on [gs, g5)-
(C2) (n =4, all 2'6 functions) Hy > 0 on [gg, g5]; no Hy vanishes identically; Hy(gs) = 0 exactly
for f = £ORy; 234}, and these two Hy are > 0 on [ge, ¢5); every other Hy is > 0 on [gg, g5)-
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Given the claims, |A(f)] < 2v/5(1 — ¢)* for all f, so Lemma 4.17 gives G,,(c) < Te| on [ge, g5). If
equality holds with ¢ # 0, then Hy«(¢) = 0 and ¢ is a positive multiple of A(f*). By the claims,
n=4,q=gsand f* = +OR 234}, 50 A(f*) = +2(1—¢)3(1,1,1,1) by (4.8). In particular equality
never holds for n = 3. Conversely, at g5 the vector ¢ = £(1,1,1,1) gives G4(c) = Tylc| = T|c| by
Theorem 4.2 (g5 < 1).

How the claims are checked. The distinct polynomials H; are tested (39 for n = 3, 1630 for
n =4). With g5(¢) = 5¢> — 10g + 1 and g¢(q) = 6¢> — 12¢ + 1, take rationals g5 < gs and g5 > g5
from rational bounds of \/5/6 and /4/5, with gs(gg) > 0 and gs(g7) < 0. For H; # 0: either
g5 | Hy, Hy = g5Q, where @ has no root in [gg,¢5] (Sturm) and Q(gz) > 0; then @ > 0 on
[g6,q5], and Hy = g5Q > 0 there with equality only at g5, since g5 > 0 on [0,¢5). Or g5 { Hy,
and H; has no root in [gg,q3 | and Hy(gg) > 0, so Hy > 0 on [gs, g5]. The verifier checks that
no Hy vanishes identically, that no H; with n = 3 is divisible by g5, and that the functions
with n = 4 and g5 | Hy are exactly the two truth tables of £ORyj234;. As a check of (4.8):
HORy, 54y = 20(1 = q)® = 12(1 = ¢)* = 4(1 = 9)*(5(1 = ¢)* =3) > 0 (as (1 —¢)*> > 5 for ¢ < g5), and
HOR{1,2,3,4} =20(1 — Q)S —16(1 — Q)6 =4(1 - Q)695(Q)‘ O

The four-bit lemma is false for ¢ > g5, where (e; + ea + e3 + e4)/2 gives Ty > T5, and the bound
Ge < T|c| in the OR region is false for ¢ < gg, where (e1 + --- + eg)//6 gives Ts > Ts. The ends
of [gs, g5] enter the proof through the four-bit lemma (¢ < ¢5) and through G,, < T, |c| < T'|¢| for
n > 6 in the OR region (¢ > ¢g; Lemma 4.18 and (ii) above), both used in the near-sphere bounds
of the m-split below; the box computations cover u € [U_, U], and their conclusions are used only
for u € [us, ug).

10.1. The m-split for k£ = 5: split nodes. In the coordinates of Section 4.7 the extremisers
are the following points (all with s = 1 and t = /2 — 1; pq, po,... are the successive maxima

of Lemma 4.25): (e; + --- + e5)/V/5, for every ¢ € [g6,q5): a1 = az = %, b=+/3/5 M =
(X3 + x4+ x5)/V3, 1 = %, p2 = %7 ps =1; (er +ea+es+eq)/2, at gs: ag =az =3, b= %f,
M = (x3 + xa)/V2, 11 = %7 pe = 1; (e1 + -+ +e6)/V6, at go: a1 = ag = %, b= /2/3,
M= (xs+ - +x6)/2, 1 = %, fo = %, 3 = %, pg4 = 1. Equality holds at these points. We
split according to m = u; and the sign of a largest coefficient of M; inside some pieces we peel
off that coefficient and split the next remainder in the same way. This gives a finite tree of split
nodes. The points above are reached at the leaves, where the remainder is used up (b; = 0) and the

near-sphere bound is exact. Throughout, (A*) denotes the test (A,) if n < 4 and (AQR) if n > 5
(Section 4.10).

Lemma 10.3 (main terms for k = 5). [computer-assisted, see Sec. 16] Let ¢ € [gs,q5], n > 3, and
c = (a1,sa2,as3,...,an) with all a; > 0; if n > 5 suppose moreover s =1 and a; > q >, ay for all
i. Then Gy(c) < T|c|, with equality only if s =1, a; = -+ = ay, and either n =5, orn =4 and
q=qs, orn=>06 and ¢ = gg.

Proof. For n = 3 this is Lemma 10.2(a), with strict inequality. For n = 4 it is Lemma 10.2(b):
equality forces ¢ = g5 and ¢ to be a positive multiple of +(1,1,1,1); as ¢; = a; > 0 the sign
is +, so s = 1 and all a; are equal. For n > 5, Lemma 4.18 and the comparisons above give
Gnlc) =27(1 —q)" 1Y, ai < Tyle| < Te|, with equality iff all a; are equal and T}, = T, i.e. n = 5,

orn =6 and q = gg. ]

For a box B with sign s and intervals I3,...,I; C (0,1] (I > 0) put X; = [t1,t2] X [r1,7r2] X [1 X
-+ x I (parameters of the patch pyy;) and o7 = (1,s,1,...,1) € {1, —1}>*".

Definition 10.4 (split node). Let B be a box with sign s and 7o < 1 (so b= > 0), let [ > 0,
L,....,I; C(0,1], and % € (0,1]. A split node of level | on (B;11,...,I;) with range & consists of a
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rational cut m. € (0, 1], a vertex certificate C for (Xi, oy, [u1, ua], me, —), and two finite families of
intervals [ny, ng] C (0,1], the plus pieces and the minus pieces, each family covering [m., #]. Each
plus piece is of one of the following types:

o (A}, 4) or (Byy3): the piece (B; 1y, ..., I, [n1,n2]) passes this test;
e TC™: a rational cap x' € (0,1] with &' > k(ng), and a vertex certificate for (X; x
[nlanQ]v (Ulvl)v [u17u2]> /‘i/, _)7
e TCN: a rational ' € (0,1] with ¥ > k(ng), and a split node of level [ + 1 on
(B; I,...,1;,[n1,n2]) with range &’ (its child);
e TCS: a TCN piece whose child, with cut m and range ', has exactly one minus piece,
[m., k'], of type SG with cap &', and only plus pieces of type (A}, ) or (Bj14).
Each minus piece is of one of the following types:
e SG: a rational p* with 2n > 1 and ¢(n1) < p* < 0, a rational cap " € (0,1] with
k" > min(ng, &), and a vertex certificate for (Xi, oy, [u1,us], &', p*);
e TC™: a rational cap «' € (0,1] with & > k(n2), and a vertex certificate for (X; x
[nl,TLQ], (U[,—l), [ul,uQ], H/, —).
The height of a node is 0 if it has no TCN piece (including TCS), and otherwise one more than the
largest height of its children.

A TCS piece is stored compactly: its cap «’, the cut m., the value p’*, the two vertex certificates
(cap ml; cap &’ with p’*) and the sub-pieces. In the notation of Section 9, TC4, TC4S and SG3 are
the pieces TC*, TCS and SG of a node of level one.

Lemma 10.5 (split node lemma). [computer-assisted, see Sec. 16] Let N be a split node of level
l on (B;Ih,...,I;) with range . Consider a point of B with q € [q¢,qs5] that is positively peeled
through Iy,...,I;, with py < 1 4f 1 > 1, and with p4+1 = M(M(l)) < k. Then E|L| < T. Equality
forces s =1 and a = n_1/2(61 +extey +---+ey, ,) for distinct ly, ..., l,—2 > 3, where n =75, or
n=4and q=qs, orn =06 and q = gs.

Proof. Induction on the height of N'. By Lemma 4.25(i) with j =1 (for  =0: L = ajx1 + sazx2 +

bM), E|L| = IEFPQH({)(M(”) with & = (¢, 7, p1, ..., ) € X; and the sign vector o;. Write g = piyy1.
Case i1 < me. MW belongs to the class Z of C (cap m,), and Lemma 4.32 gives E|L| < T.

Case pu > me, and MO has the coefficient +u at some xy,,,. We peel it (g1 = +1). As

i € [me, &], plies in a plus piece [n1, no], and the point is positively peeled through I3, ..., I}, [n1, no).

e (A} 3) or (Byy3): by Lemmas 4.37 and 10.3 (with j =1+ 1, n =1+ 3; all a; > 0, and for

n > 5 the test (AQR) gives s = 1 and the OR-region condition), E|L| < T, except for (A}, ;)

with b1 = 0, where E|L| < T. In that case L =Y, i.e. « = aje; + sazes + Zii% ajy2€l;,

and equality forces s = 1, all a; = n~'/2, and (n, ¢) as in the statement.

o TC': if <1, Lemma 4.25(i) with j = [+ 1 gives E|L| = EF,,, (¢, (M*V)) with the sign

vector (0y,1), where (€, 1) € X; x [n1,n9] and u(MUD) < k() < k(ng) < &'; so MUFD s

in the class of the certificate, and Lemma 4.32 gives E|L| < T. If yp = 1, then ny = 1 and

k' =1, and F,, e 1)(y) = E|L] for every y (Lemma 4.25(ii)); with Z = X’ (in the class, cap
1), E|L| = EFPBH(SJ)(Z) <T.

e TCN (in particular TCS), with child N of cut m;, and range «': if = 1, then F},, (¢ 1y(y) =
E|L| for every y, with the sign vector oy, 1, and Z = N™Y2(x} +- - -4 x/y) with N~1/2 <m/,
is in the class of the certificate of N (patch parameters X1, sign vector a;41, cap m.); so
E|L| =EF,,,,1)(Z) <T. If p <1, the point is positively peeled through I1,..., I}, [n1, n]
with 1 < 1, and pyyo < k(p) < k(ng) < £’; the induction hypothesis for N (whose height
is smaller) gives E|L| < T', with equality only as stated.
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Case 1 > me, and MY has no coefficient +p. Then it has the coefficient —pu at some X4, and
W € [me, k] lies in a minus piece [n1, ng).

¢ SG: by Lemma 4.8 (applied to M) with n; < p in place of m.), p3(MW) < p(n1) < p*;
and g < min(ng, &) < &’. So MW is in the class of the certificate, and Lemma 4.32 gives

E|L| < T.
e TC™: exactly as for TCT, peeling the coefficient —p (g4 = —1, sign vector (o7, —1)):

E|L| < T.
O

Definition 10.6 (m-split box, k = 5). An m-split box (kind ms) is a box B with sign s and rp < 1,
together with a split node of level 0 on B with range min(1, m(B)).

Lemma 10.7 (m-split lemma, k = 5). [computer-assisted, see Sec. 16] Let B be an m-split box.
At every point of B with r < 1 and q € [g¢,q5] we have E|L| < T. FEquality forces s = 1 and
a=n""2(eyfestey+---+e, ) for distinctly, ... l,_o >3, wheren =5, orn =4 and ¢ = gs,
orn==06 and q = gg.

Proof. Every point with r < 1 is positively peeled through the empty list, and pu; = m <
min(1, az/b) < min(1,m(B)). Apply Lemma 10.5 with [ = 0. O

10.2. Certified data and proof.

Proposition 10.8 (certified data for Theorem 10.1). [computer-assisted, see Sec. 16]

(i) The rectangle [U—,Uy]x [0, 1] is tiled by 861 cells (234, 232, 245 and 150 foru € [U_, 3], [3, 1],
(21,181 18U, ]), each with a cell certificate of degree ten (k =5, ten-moment objective bound)
and ©1 > 0.

(ii) For each sign s, the box [U-,Uy] x [0,Ts] x [1,1] is tiled by bozes of the kinds small, Ipv, ncA,
ncB and ms (Definition 10.6); only Ipv and ms occur, and the counts are in Table 8.

sign Ipv ncA/ncB ms small total
s=41 3804 0 4303 0 8107
s=—1 1059 0 0 0 1059

TABLE 8. Two-coordinate boxes for Theorem 10.1. Widths range from 0.00086 to
0.01 in u, from 0.013 to 0.1 in ¢ and from 0.023 to 0.094 in r. The ms boxes carry
split nodes of height 0 (2017 boxes), 1 (809), 2 (1348) and 3 (129), where a TCS piece
counts as a TCN piece. Besides the children of the TCS pieces, which are stored
with them, there are 4303 nodes of level 0, 4873 of level 1 and 3958 of level 2. Cuts:
level 0 2 (1335), o (1330), 45 (1034), 1 (592), % (10), 3 (2); level 1 § (1281), 5%
(1094), £2 (902), 55 (825), 2 (771); level 2 33 (3913), 2 (45). Pieces: level 0: minus
2 SG, 4301 TC; plus 5445 TC, 4873 TCN, 58 TCS; level 1: minus 4873 TC; plus 127
(A4), 5768 TC, 3958 TCN, 1400 TCS; level 2: minus 3958 TC; plus 1431 (A9R), 6240
TC, 396 TCS. Every TCS piece has m/, = é—g; the sub-pieces are 58 (A4) at level 0,
1769 (A9R) at level 1, 644 (AQR) at level 2. There are 52292 vertex-certificate sets
(4863 in lpv boxes, 47429 in split nodes) with 784 616 vertices; 9168 of them have
two patch parameters, 14 735 three, 17 399 four and 10990 five. The polynomials of

24 326 vertices have degree 10, all others degree 6.

How it is verified. As for Proposition 9.8, with the following changes. Coverage: U_ < us (checked
as U? < 4 or (U? —4)? < 20), Uy > ug (checked as U2 > 5 and (U? —5)? > 30), (10.1). Vertex
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certificates of every node of every split tree are checked as before, with the patch parameters, sign
vector, cap and p* value of each certificate taken from its position in the tree. Split trees: for every
ms box ry < 1 and a recorded root cap > min(1, m(B)); recursively, for every node: 0 < m, < k < 1
for its recorded cap « (the range at the root is min(1,m(B)), below a TCN piece [n1, ns] it is x, and
k > Kk(ng) is checked); the plus pieces and the minus pieces each cover [mg, i]; every near-sphere
piece of a node of level [ is of type (A} 3)/(B;43) and passes its test (strict; (AOR) includes s = 1
and the OR-region condition); the cap condition &’ > r(ng) of TC* and TCS; for TCS, m., < &/,
the ¢ condition of (ml,p™), the cover of [m., '] by the sub-pieces, and the sub-pieces of type
(Af4)/(Biya) passing their tests; for SG, the ¢ condition of (n1,p*) and &' > min(ng, &). Cells:

2
61 > 0, indeed ¢* > 572> 2 and S5 > 2, so 55(112%)4 >S54t > 2> 1 >a O

Proof of Theorem 10.1. (a) By Lemma 4.1 let ¢ € [g¢, ¢5], i-e. u € [us, ug] C [U_,U4]. Reduce « as
in Section 4.7.
(1) a1 =1: o« =e; and E|L| = 27 < T by (iii).
(2) a1 < 3: (u,aq) lies in a cell, and Lemma 4.15 gives E|L| < T.
(3) a1 > 7 and r = 1: L = a1x1 + sazxe, and E|L| < T by the two-coordinate bound above.
(4) a1 > 5 and r < 1: (u,t,7) lies in a box of the cover for the sign s, not small since a; > Ag. If
it is Ipv, Lemma 4.33 gives E|L| < T. If it is ncA or ncB, Lemma 4.35 gives E|L| < T'. If it is
ms, Lemma 10.7 gives E|L| < T.

So E|L| < T always, and (ey + -+ - + e5)/V/5 attains T (Theorem 4.2, ¢ < £). Hence R(q) = T(q).
For g € [1 — g5,1 — qg] use Lemma 4.1: R(q) = R(1 — q) = 2v/5¢*7.

(b) Equality can occur only in the ms case of (4). By Lemma 10.7, after the reduction, o =
n_1/2(61 +ex+e, +---+ep, ,) with distinet [; > 3, where n =5, or n = 4 and ¢ = g5, or n = 6 and
q = ¢6. Undoing the reduction gives the list in (b). Conversely, each listed vector attains 7" at the
stated ¢ (Theorem 4.2): (e;, + -+ e;;)/V/5 gives Ts for ¢ < 1; (e + € + ex + 1) /2 gives Ty = T
at g5 (g5 < 1); and (e;, + -+~ + e;4)/V6 gives T = T at g6 (g6 < g). For ¢ > 3 use Lemma 4.1.

(c) For ¢ < g5 < g, R(q) > Ts(q) > T(q) by (ii). For g5 < ¢ < 3, R(q) > Ta(q) > T(q) by (i)-
For 1 < ¢ < 3, R(q) > E|x1| = 27, and 27 > 2v/5(1 — ¢)*7 because 5(1 — ¢)® < 5(2)% < 1. O

N SN

|

11. POISSONISATION: THE REDUCTION OF (0, ¢5] TO A ¢-FREE INEQUALITY

11.1. Setting. By x — —x, R(q) = R(1 — ¢); in this section ¢ € (0, %] Recall 7 = /q(1 — q),

u=+/(1-q)/q,v=1/q/(1-q) (sox € {u,—v}, qu= (1-¢q)v =7), and x = (X — ¢)/7 with
X ~ Bernoulli(q). Put

s=s(@) =lnglh, M) =max2vke(1 -V

2q * —1/(2k)
B = _ =1 >1).
(9) =4/ ci-gs e (k=1)

Definition 11.1 (Kolmogorov measures and Rip). For a finitely supported probability measure
K= 0'250 + ZT:1 wjéaj (a]' # 0, w; > 0) let

Zxg =0G+ Zaj <Nj - %), G~ N(0,1), Nj ~ Poisson(wj/a?),
j=1 J

all independent; EZx = 0 and EZ% = K(R) = 1. Let Rip = supg E|Zk]|.
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For K > 2let qx = 1— /(K —1)/K, let g(z) = 2\/ze™™ (z > 0) and C(q) = max;>1 g(ks).
Since (1 — q)F = e=*,

(11.1) M(q)=2 ﬁrlgxic@e_ks = ﬁ C(q).

11.2. Level-one form. For f: {0,1}" — [0, 1] and the product Bernoulli(¢) measure, let A;(f) =
E[f | i = 1] = E[f | 2; = 0] and D(f) = 37, Ai(f)*.
Lemma 11.2 (level-one form). R(q)* = 4q(1 — q) sup,, ; D(f).

Proof. E[fxi] = $(E[f | z; = 1] - Ef) = L0 A;(f) = 7Ai(f). Given o, let L = Y a;x; and
f = 1{L > 0}; since EL = 0, E|L| = 2E[fL] = 27) . ;Ai(f) < 27| a2/ D(f). Conversely,
given f with D(f) > 0, put o; = Ay(f) and L = > a;xi: 7D(f) = E[fL] < ELy = E|L|/2 <

R(q)v/'D(f)/2. .

11.3. Poissonisation.

Theorem 11.3 (Poissonisation). For every q € (0, %], with s = In ﬁlq;

N

(1—q)s

Proof. Fix f:{0,1}" — [0,1]. Let Ny,..., N, be i.i.d. Poisson(s) and z; = 1{N; > 1}; the z; are
i.i.d. Bernoulli(1 — e™®) = Bernoulli(g). Put F(N) = f(z(N)) € [0,1]. For N ~ Poisson(s) and
bounded h, E[(N — s)h(N)] = sE[h(N + 1) — h(NN)]; applying this to N; conditionally on (Nj), 4,

E[F(N)(N; — s)] = sE[F(N +¢;) — F(N)].

Now z(N + e;) is x(N) with coordinate i set to 1. Hence F(N + ;) — F(N) = 0 if N; > 1, and
= f(z*1)— f(2"70) if N; = 0, an event of probability e~ = 1—¢ independent of (z;);.;. Therefore
E[F(N +e;) — F(N)] = (1 — ¢)Ai(f). Let I =Y. Ai(f)(IN; — s); this is Zx up to scaling, with
EI = 0 and EI? = sD(f), so E|I| < Ripy/sD(f). Using 0 < F < 1,

s(1—q)D(f) = E[FI] < EI, = }E|I| < $Ripy/sD(f).
Thus D(f) < R¥y/(4s(1 — ¢)?), and Lemma 11.2 gives R(q)? < 4q(1 — q)R%,/(4s(1 — q)?). O

R(q)* < Rf,

The proof only tests F' against sums of i.i.d. Poisson(s) variables; applied to one configuration
at a time, it gives the following g-free condition, uniform in k.

Theorem 11.4 (configuration-wise Poissonisation). Let g € (0, %], s = s(q), and g, C(q) as

in (11.1). For f:{0,1}™ — [0,1] with D(f) > 0 let 5 = A(f)/\/D(f) (a unit vector) and
2
Ky = Z Bi 05,/ /s
i: B; 70

a probability measure on R\ {0}. For 6 > 0 and a measure K put A (K) = M\ (K) =
f[e 00) 272K (dz) and A_(K) = X\, (K) = f(_oo —g] v 2K (dx) (the expected numbers of jumps of
Zi of size > 0, resp. < —0).

(a) 27/D(f) < /a/((1 = q)s) E|Zk,|.

(b)) Mt (Ky) = ski with the integers k+ = #{i : £5; > 0\/s}, and for every integer k > 1,

q/((1 = q)s) g(ks) = Ti(q) = 2v/kq(1 — ¢)*"'/* (and g(0) = 0).

(c) If for every f (it suffices: for a maximiser f of D over functions of n bits, for every n) there

is 0 = 0(f) > 0 with
(11.2) E|Zk,| < max (9(A+(K7)), 9(A-(Ky)), C(q))
(A+ taken at 0(f)), then R(q) = M(q).
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(d) For C > 0 let ID*(C) be the statement: for every finitely supported probability measure K on
R\ {0} there is 0 = (K) > 0 with

E|Zk| < max (g(A+(K)), g(A-(K)), C) (A taken at (K)).

If ID*(C) holds, then R(q) = M(q) for every q € (0,1] with C(q) > C. For K > 2,
ming< <4 C(q) = Cx = /2/e/(1 + Ex_1) (Ey as in Proposition 11.5), attained at qx; so
ID*(Ck) gives R = M on (0,qxk]|. Numerically, Cy = 0.85334356..., C5 = 0.85510045.. .,
Cs = 0.85598448 . . ., i.e. \/% — Ck = 0.0044203, 0.0026634, 0.0017794. A decimal C may

replace Cg only if C < Ck (e.g. 0.8533435, 0.855100, 0.855984). In closed form Cs; =
9(2In2) =1.28v/2In1.25.

Proof. (a) This is the proof of Theorem 11.3 for the given f. With N; i.i.d. Poisson(s) and F =
fx(N), I =3, A(f )( — 5) satisfies EI? = sD(f) and s(1 — q)D(f) = E[FI] < EI, = E|I|/2.
The variable I/\/sD(f) =", ci(N; — s), ¢; = i/+/s, is compensated compound Poisson; ¢(N — s)
with N ~ Poisson(s) has Kolmogorov measure sc?d., so I/1/sD(f) has Kolmogorov measure
>, sc2d., = Kj (indices with 3; = 0 contribute nothing), i.e. it has the law of ZKf Hence

D(f) <E|Zk,|/(2(1 = q)v/5) and 27/ D(f) < 7E|Zk,[/((1 — ¢)v/s) = /¢/((1 — q)s) E|ZK .

(b) The atom of index i sits at (3;/y/s with mass 512, so it contrlbutes (3/52)62 = s to A4 iff
Bi/\/s >0 (to A_ iff B;/\/5 < —0). And \/q/((1 —q)s) - 2Vkse " = 2\/kq(1 — q)¥/\/T — q since
e =1—q.

(c) By (a), (b) and (11.2), 27/D(f) < max(T} (q),Tx_(q),M(q)) = M(q), with Ty := 0 and
T, < M by the definition of M. By Lemma 11.2, R(q) = 27sup;+/D(f) < M(q), and R > M
by Theorem 4.2. For the parenthetical claim: D is continuous on the compact set [0, 1]2n, SO
R, := 27t maxy \/D(f) over n-bit f is attained at some f,;, and R(q) = sup, R,.

(d) Every K/ is a finitely supported probability measure on R\ {0}, so ID*(C) with C' < C(q)
gives (11.2) with 6(f) = 0(Ky); (b) holds for every 6, so the proof of (c) applies. For the minimum:
C(q) = v/2/eM(q)/B(q) by (11.1) and the definition of B; by Proposition 11.5, on (0, gx|, the
union of the bands [gr+1, gx], £ > K, the maximum of B/M — 1 is maxy>x_1 By, = Ex_1, attained
at qx (Ey decreases). So C(q) > Ck on (0,qx], with equality at qx. At g5, 1 — g5 = 2//5, so
s(gs) = 2 1n 3, the tie g(4s(gs)) = g(5s(gs)) holds, and C5 = C(g5) = g(4- 31n2) = g(2In 2). The
decimal values are evaluations of these closed forms. O

11.4. Size of the window.

Proposition 11.5 (size of the window). B(q)/M(q) = 1/ maxy>1 g(ks) with §(z) = V2exe ™ =
x)/v/2/e. On the band q € [1 — \/k/(k+1),1 — \/(k—1)/k] where k is the mazimiser of
Theorem 4.2, B/M —1 vanishes only at q; and is largest at the ends; at the tieq =1—+/k/(k + 1)
it equals
(1+ 1/k)*/?
eklIn(1 1/k) ’
and Ey is decreasing in k. Hence sup0<q§71/\/§(B/M —1) = FE; = /2/(eln2) — 1 = 0.030279,

attained at ¢ = 1 — 1/+/2; the supremum over (0,1/4] is Eo = 0.010304 and over (0,1/10] it is
E5 = 0.002079; Ej ~ 1/(16k2).

Proof. By definition B(q) = 2./q/(1 — q) maxx>o/ke ", since max,sg/rke " = (2es)1/?
(proof of Theorem 4.2), and M(q) = 2+/q/(1 — q) maxzeny VEe ™™ by (11.1). So B/M =
(2es)~Y/2/ max;, vVke * = 1/max, j(ks). By Theorem 4.2, k maximises /je 7° exactly for
s € [sk,sk—1] with s, = $In(1 + 1/k) (s = oo). On that band B/M = 1/g(ks), and
log G(ks) = 3 log(2eks) — ks is strictly concave in s with maximum 0 at s = 1/(2k). So B/M —1 is
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largest at a band end. At s = s, the maximum is §(zx), 2, = ks, = & In(1 + 1/k), which gives Ej.
Since kIn(1+ 1/k) increases to 1, xy increases to 1/2, and ¢ increases on (0,1/2], so E} decreases.
The bands meeting (0,1 — 1/1/2] are those with k& > 2 (and the endpoint s = s1), whose end values
are E;, j > 1. The values on (0,1/4] and (0,1/10] follow in the same way, since ¢ = 1/4 and
g = 1/10 are interior points of bands 2 and 5 with smaller values there.

Remark 11.6 (the Dirac family). For N ~ Poisson(A) and m = [A], E(A — N); = AP(NV
m) — AP(N < m—1) = AP(N = m); for A < 1 this is Ae™*. Hence for a > 1, E|Zs,|
aE|Ny /g2 —a™?| = 2aLe V/9* = g(1/a?) = g(A (0)) when a > 6. So ID*(C) is tight along the
Dirac family and must be proved exactly near every d, with g(1/a?) close to C; away from the
Dirac family it is the bound E|Zx| < C, with the margin \/2/e — C. This is why the proof of
ID*(C5) (Sections 13-15) treats a band around the Dirac laws separately from the far region.

A O

12. LOCALISATION OF MAXIMISERS AT FINITE ¢

In this section y; are i.i.d., x; = w with probability ¢ and —v with probability 1 — ¢, u =
V1=¢q)/g,v=1/u, 7 =+/q(1—¢q) =qu=(1—¢q)v, and s =1In(1/(1 — ¢q)). For a unit a € R"
put L = a - x. R, = maxjq— E|a - x| (attained), R = R(q) = sup,, Ry; R, is nondecreasing in n
(append a zero coefficient), so R, — R, and 0 < R < 1. Here L™ = max(L,0), L~ = max(—L,0)
and P denotes probability.

Theorem 12.1 (localisation). Let g € (0,1), n > 1, || =1 with E|L| = R,,, and put § = R— R, >
0, pr = P(L >0), p_ = P(L < 0).
(a) P(L=0)=0 (sops+p-=1), and E[x;sgn L] = Ry, for every i.
(b) Let L' = L — a;xi. If a; > 0, then Ryua; = 2(1 — q)P(—oju < L' < av) < 2p_. If a; < 0,
then Rpula;| = 2(1 — q)P(—|ailv < L' < |aylu) < 2p.
(c) For every a > 0: E[(L +a)"; L < 0] <3/(2q) + Ra?/(4(1 — q)), and E[(a — L)"; L > 0] <
0/(2q) + Ra®/(4(1 — q)).
(d) p*. < R(Rn+6/q)/(2(1 - q)) and p? < R(Rn +6/q)/(2(1 - q)); also R} < 4p,p_.
(e) Hence max; u|oy| < Ay = \/2R(R, +6/q)/(1 — q) /Ry, and A, — /2/(1 — q) as n — c0.
(f) Let q < 3, let f* mazimise |A(f)| over f: {0,1}* — [0,1] and o* = A(f*)/|A(f*)]. Then
Ela* - x| = Rn, so (a)-(e) apply to o*, and the measure K = 3, &;2(5a:/\/§ (that is, Ky«
of Theorem 11.4) is supported in [—A,/(u\/s), An/(u\/3)], where Ap/(uy/s) — A'(q) =
V2/(1—q)/(uys) = /2q/s/(1 — q). Consequently: if, for some A > A’(¢) and some C
with C/q/((1 —¢q)s) < M(q), every finitely supported probability measure K on [—A, 4]
has some 6 = 6(K) > 0 with E|Zx| < max(g(\] (K)),g(\, (K)),C), then R(q) = M(q).
The proof uses the hypothesis only at K = K for one n, and this K is a finitely supported
probability measure on [—A, Al.
(9) A'(q) is strictly increasing in q, so one A > A'(qx) serves every ¢ < qx: A'(q¢) = V2 as
g — 0, and A'(0.05) = 1.46976, A'(gs) = 1.51455, A’'(0.1) = 1.53085, A'(gs) = 1.53804,

A'(gs) = 1.57599. In closed form 1 — g5 = 2/V/5 and s(gs) = 2 In 2, so A'(g5) = /5¢5/In 2 =

4
1.538044391650755... < If. The bound is nearly attained: ORy at ¢ = qg+1 (where 1,/VEk
attains M(q), tied with 1341 /\Vk + 1; Theorem 4.2) has K = 8, with a = 1/\/ks(qrs1) =
V2/(kIn(1+1/k)) = V2(1 + 1/(4k) + O(k™2)) > V2, e.g. a = 1.49690 for k = 4 against
A'(qs) = 1.53804. So a band/far-region split for ¢ < qx must allow atoms beyond /2.
Proof. (a) For |t| small, p(t) := E|L 4 txs| < Rula + te;] = Ru(1 4 2ta; + t2)/2 =: ~(t), by
maximality and homogeneity, with equality at ¢ = 0. Comparing difference quotients (division by
t < 0 reverses the inequality) gives ¢/, (0) < ~'(0) < ¢’ (0), while ¢’ (0) < ¢, (0) by convexity
of . So ¢ (0) = ¢’ (0) = 4/(0) = Rpa;. By dominated convergence (difference quotients are
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bounded by |xil), ¢/.(0) = E[x;sgn L] = E[|x;|; L = 0]. Hence E[|x;[;L =0] =0, s0 P(L=0)=0
as |x;i| > min(u,v) > 0, and E[x; sgn L] = Rya;.

(b) L' is independent of y; and qu = (1—q)v = 7, so E[x; sgn L] = 7(Esgn(L' + a;u) —Esgn(L'—
a;v)). Let a; > 0. The function sgn(z + a;u) — sgn(z — a;v) equals 2 on (—ayu, a;v), 1 at the
two endpoints and 0 elsewhere, and the endpoint events are null: {L = 0} 2 {x; = u,L' =
—au} U{x; = —v, L' = ayv}, and P(L = 0) = 0 by (a). So Rya; = 27P(—aju < L' < a,v);
multiply by u (7u =1 —¢). On {x; = —v}, which is independent of L’ and has probability 1 — g,
L =1L —av <0 whenever L' < ajv; so p— > (1 —q)P(—a;u < L' < a;v). For a; < 0 put b = |oy]:
the same computation gives R,b = 27P(—bv < L' < bu), and on {x; = —v}, L =L +bv > 0
whenever L' > —bv, so py > (1 — q)P(—bv < L' < bu).

(¢) Append an independent bit y with coefficient 3: E|L + x| < Rny1y/1+ 82 < R(1 + 32/2).
For a,b > 0 and real z, |x +a| — |z| =a(1 =2 - 1{z < 0}) + 2(z + a)"1{z < 0} and |z — b| — |z| =
b(1—-2-1{z>0})+2b—2z)"1{z > 0}. Let 3> 0,a=Pu, b= pv, H(a) =E[(L+a)t;L < 0],
H~(b) =E[(b— L)*; L > 0]. Using P(L = 0) =0,

E[L + Bx| = qE|L + a| + (1 — )E|L — b|
= Ry +qa(2py — 1) + (1 — ¢)b(1 — 2p;) + 2qH (a) +2(1 — q)H™ (b)
= Rp +2qH(a) +2(1 — q)H " (b),

as qa = (1 — q)b = 73. Dropping H~(b) > 0: 2¢H (a) < 6 + R3?/2 = § + Rqa?/(2(1 — q)), which is
the first bound. For the second take 5 < 0 and a = |B|u: E|L+ x| = ¢E|L—a|+(1—¢)E|L+|8|v| =
R, +2¢gH (a) + 2(1 — q)H(|5|v), and the same estimate.

(d) EL = 0 and E|L| = R, give E[L™] = E[LT| = R, /2. Since (L +a)t > L+ a, H(a) >
ap— — R, /2,50 by (c) ap— — Ra?/(4(1 —q)) < R,/2+8/(2q) for every a > 0; at a = 2(1 — q)p_ /R
this reads (1 — ¢)p? /R < (R, + 6/q)/2. The bound for p; is the same with H (a) > ap; — Ry/2.
Finally R,,/2 = E[L(1{L > 0} —p)] < (EL*)Y?(p, (1—p,))"/? by Cauchy-Schwarz, with EL? = 1.

(e) Combine (b) and (d): u|a;| < 2max(p4,p—)/Rpn < Ap. Asn — 0o, R, - R >0 and § — 0,
so A, = /2R?/(1 —q)/R.

(f) For every f with values in [0, 1] and every unit o/, the level-one identity E[fx;] = 7A;(f) and
Elo/-x] = 0 give E|lo/- x| = 2E[(« - x) "] > 2E[f o/ x| = 27 /- A(f), with equality for f = 1{a/-x >
0}. Hence R, = maxy E|¢/ - x| < 2rmaxy |A(f)] = 27|A(f*)] = 27" - A(f*) < Ela* - x| < Ry,
The atoms of K are af//s with || < A,/u by (e). For the implication: suppose R > M(q).
Since R, — R and A,/(uy/s) — A'(q) < A, there is n with R,, > M(q) and supp K C [ A, A].
By Theorem 11.4(a) at f = f* (for which 27v/D(f*) = 27|A(f*)| = R,) and the hypothesis at

K = K with 6 = 0(K), Ra < E|Zz|\/a/ (1= 9)s) < max(g(\s), 90 -), CO)v/a/ (1= 0)s) < M(q),
since Ay (K) = s- #{i : af > 6\/s} and g(ks)\/q/((1 — q)s) = Ti(q) < M(q) (Theorem 11.4(b)).
This contradicts R,, > M(q). Hence R(q) < M(q), and R(q) > M (q) by Theorem 4.2.

(9) d%ln(A’(qF) =1/¢—1/((1 —q)s) +2/(1 — q), which is positive iff s(1 4+ ¢) > ¢; this holds
because s > q. The ORy atom: « = 1;/Vk, so K = 01/ /ks» and $(qe+1) = 5In(1 +1/k). The
numbers are evaluations of these closed forms. O

13. THE BAND AROUND THE DIRAC LAWS

13.1. Setting. A Kolmogorov measure is a finite Borel measure K on R; Zx denotes the centred
infinitely divisible random variable with

log ReltZr = / # K(dx) (the integrand is — t?/2 at x = 0),
R x
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so EZxg =0, EZ% = K(R), K({0}) is the Gaussian variance and 72K (dz) on R\ {0} is the Lévy
K

measure. Zi, +K, Lz K, + Zk, with independent summands. For a finitely supported K,

Zk=VE{NG+ S a(N, - K({z})/2?),

zesupp K\{0}

with G ~ N(0,1) and independent N, ~ Poisson(K({z})/x?). Throughout, Ny denotes a
Poisson(\) variable (Ny = 0) and G a standard Gaussian, independent of each other and of
everything else. We write g(\) = 2vAe™; g(1/2?) = E|Zs,| for > 1 (Remark 11.6), and
maxg = g(1/2) = \/2/e. Sections 13.2-13.4 are written for a general threshold # and support
bound A.

13.2. Exact identities.

Lemma 13.1 (flip formula). Fory # 0 and w € R, |y+w| = |y|+sgn(y) w+2(—sgn(y) w — ]y\)+.
Consequently, if Y and W are independent, E|Y| + E|W| < oo, EW =0 and P(Y = 0) =0, then
ElY + W| =E|Y|+2E[(—sgn(Y) W — [Y])4].

Proof. Let ¢ = sgn(y), so y + w = ¢(|ly| + sw). If |y| + sw > 0 then |y + w| = |y| + cw and
(=sw = |y[)+ = 0. If [y[ + cw < 0 then |y + w| = —[y[ — cw = [y + cw + 2(—cw — |y|). Take
expectations; E[sgn(Y)W] = Esgn(Y)EW = 0. O

Lemma 13.2 (conditional form). Let Y, W be independent and integrable with EW = 0, EW? =
p? < oo, and put {(y) = E|ly+W|. Then E|Y +W| =EL(Y); { is convex and 1-Lipschitz; for every
real y

Ly) =y +2E(-W —y)y = —y + 2E(W +y) 4, lyl < L(y) < Vy?+ p*

Proof. Fubini gives E|Y + W/| = E{(Y); convexity and the Lipschitz bound are inherited from | - |.
The two identities are |z| = = + 2(—x)1 = —z + 2z4 with x = y + W, together with EW = 0.
Jensen gives £(y) > |y| and Cauchy-Schwarz £(y) < (E(y + W)?)1/2, O

Lemma 13.3 (OR-region identity with a residual). Let K = Kg + Kr with Kg # 0 and Kgr
finite measures, Kg carried by [0,00) for some 6 > 0, and put A = f:c_2dK5, m = fx_ldKS,
V =Ks[R). LetY = Zg, and W = Zg,, be independent and Ng the number of jumps of Y. Then
Y = Snyg — m, where Ng ~ Poisson(A) and, given Ng = n, Sy, = Ji + -+ + J, with J; i.i.d. of
law vs/A, vs(dz) = v 2Ks(dz), carried by [0,00). If moreover 6 > m (every jump exceeds the
compensator), then

E|Zk| = 2me * + 2" *E(W — m); + 2E[(-W — Y)4; Ng > 1],

and 2me™™ < V'V g(A) < \/2/e 'V, with equality in the first inequality iff Kg is a single atom,
and in both iff Ks =V /.

Proof. vg is carried by [0,00) and has mass A < 672V < oo, so Y is compound Poisson with
rate A, jump law vg/A and compensator [zvg(dz) = m. On {Ng = 0}, Y = —m < 0; on
{Ns>1},Y >0 —m > 0. Hence P(Y = 0) = 0 (here Kg # 0 is used: m > 0) and, as EY = 0,
E|Y| = 2EY_ = 2me . Lemma 13.1 with the independence of W and (Y, Ng) gives the identity.
Cauchy-Schwarz gives m? < AV, with equality iff ! is Kg-a.e. constant, so 2me=* < v/Vg(A);
and g < g(1/2) = \/2/e with equality iff A = 1/2. A single atom V8, has A = V/22, which is 1/2
iff z =2V, O
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13.3. A comparison lemma for stop-loss terms. For a function ¢ and z € R put D ¢(z) =
fO u) " (z + ux) du; for x # 0 this is (Y(z + z) — Y(2) — 29'(2)) /22, and Doyp = " /2.

Lemma 13.4 (comparison). Let 1) : R — R be C' with ¢ absolutely continuous and 1" nonde-

creasing and bounded. Let K be a finitely supported Kolmogorov measure and T : R — R a map
with T(x) > x on supp K. Then Ey(Zk) < EY(Z1,K)-

Proof. Step 1 (smooth ). Assume first ¢ € C? with " nondecreasing and [¢"'| < M. For a
finitely supported Kolmogorov measure L = o285y + > j w;dy, (r; # 0) and a square-integrable X

independent of the Z’s, put ®(s) = E¢(X + Zs1), s > 0. Since Z(4445)1, 4 Zsr, + Yy with Y5 = Zsp,
independent and EY; = 0, Taylor’s formula with integral remainder gives

1
D(s+9) — P(s) = E[Yf/o (1 —u) " (X' +uYs) dul, X' =X+Zy.

Write Y5 = ov/6 G — dc + > asz(g\i_ with \; = wj/x?, ¢ = > ;zjA;. On the event of no jump
(probability 1 —4 3" Xj 4+ O(6?)) the contribution is 602 E¢”(X")/2+ o(§), by bounded convergence
and continuity of 1”; on the event of exactly one jump, of size z; (probability d\; + O(5?)), it is
(5)\]-33? ED; 4 (X") 4+ 0(); on the event E of two or more jumps the integrand is at most %Yf and
E[Y?; Ey] < 3(026 P(E3) + 6%c? +E[(X; |{E]'|N(g\1)2; E,]) = O(6%) (Poisson moments). Hence ® has
the right derivative E (Gry)(X + Zs) with Grop = 3° o0t

s (bounded continuous integrand, weakly continuous law), so ® € C'. Now let K’ = TxK and
U(t) = EY(Z—yK + Zig») with independent summands, ¢ € [0,1]. Applying the above in each
variable (the two partial derivatives are jointly continuous, for the same reason),

V'(t) =E[(Gr — G V) (Za—nyk + Zix:)],
Gy —Gr)(z) = Y K{a})(Dr@wt(z) — Dytp(2)) > 0

zesupp K

because y — Dy (z fo )" (z + uy)du is nondecreasing when 9" is. So ¥(1) > ¥(0).
Step 2 (general w ). Let gf)g be a smooth probability density supported in [—e,e] and ¥, =
¥ % ¢o. Then 9. € C°, ¢! = 9" x ¢. is nondecreasing and bounded, and |.(w) — Y(w)| <
€ S8UP|y_y|<c | (V)] < eC(1+ |w|) since ¢ is Lipschitz. As E|Z] < oo, Step 1 for 1. and & — 0 give
the claim. g

L({x})Dy1, which is continuous in

Remark 13.5 (smoothed stop-loss test functions). The test functions used below are ) p(w) =
(w—t+h)%/(4h), h > 0: they are C', Vi = (2 h)~'1{w >t — h} is nondecreasing, and ¥ p(w) >
(w—t)y (for w > t the difference is (w —t — h)2/(4h)). The stop-loss function (w — t), itself
does not satisfy the hypothesis, and the conclusion fails for it: with ¢ =0, K =6 5 and T (x) =2,
E(Zk)+ = LE|Zk| drops from 1./2/e to 1g(1/4) = Je1/4.

Lemma 13.6 (stop-loss bounds). Let 0 < 0 < A, let Kr be a finitely supported Kolmogorov
measure carried by [—A,0), a = Kg((0,0)), b= Kg([—-A,0]), p  =a+b, W = Zg,, and

Wp =0(Nyjg: —a/0?) + VbG,  We = A(Nya2 —b/A%) + VaG.
Fort € R and h >0 put xF(t) = -E(Wp —t + )%, x5 (t) = 5-E(We — t + h)2. Then for every
teR:
(i) 2BOW — 1), < XP(t) and 2E(—W — 1), <§(0);
(ii) 21[-3( — 1) S V24 p2—t and 2E(—W —t) < /12 +p2 —t;
(iii) x5, Xh are Cl convex and nonincreasing in t, with dtth( ) =P(We >t—h)/h €[0,1/h]
a.e.;
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(iv) x2(t) and x5 (t) are nondecreasing in a and in b (the other fized), and x2(t) is nondecreasing
in 6.

Proof. (i) 2E(W — t)1 < 2Ep, ,(W). Apply Lemma 13.4 to Kr with T'(z) = 6 on (0,6) and

T(x) = 0 on [~A,0]: TyKgr = ady + bdy and Zr,x, = Wp. For the second bound, —W = Z;

with K(B) = Kr(—B), carried by (-6, A]; take T'(z) = A on [0, A] and T'(x) = 0 on (—6,0),

s0 Ty K = bda + ady and Zr, i 2 we. (ii) 2(W —t)y = |[W —t| + (W —t), so 2E(W —t)4 =

EW —t| —t < (2 + p*)Y/2 — t; the same for —W. (iii) For fixed w, ¢t + (w —t + k)% is C1,
convex, nonincreasing, with second derivative 2 - 1{w > ¢ — h}; differentiate under E (dominated
convergence). (iv) Increasing a to a’ replaces W by Wi+ 6(N' — X') with an independent centred
Poisson term, and increasing b adds an independent centred Gaussian; for the convex function
w— (w—t+ h)i Jensen’s inequality (conditionally on Wg) gives monotonicity. The same for We.
Monotonicity in 6 is Lemma 13.4 again (moving the atom ady to adgr, 6’ > 6). O

13.4. The jump law and the band bound.
2

Lemma 13.7 (one jump). Let J take values in [jo,j1] (jo < j1), with mean u and variance o=.

(a) For every conver ¢ on [jo,j1]: Ee(J) < (jl—u)so(jgl)i-é;ot—jo)cp(jl). (b) If ¢ <T on [jo, 1], where
T is Ct with T absolutely continuous and I < k a.e. on [jo, 1], then Ep(J) < T'(p) + ko?/2. (c)
(two-point bound) Let ¢ < 1 on [jo,00), where ¥ is C1 on [jo,00) with ¢ absolutely continuous
and 1" nonincreasing a.e. (that is, 1 is concave). Let p > jo, d = p — jo, * = p + 0%/d and
w=d?/(d® + o%). Then Ep(J) < Ty(0?) := (1 — w)y(jo) + wep(z). If moreover v is convex and
nonincreasing on R, then for all s> > o2, ji < jo, 0 < w' < d?/(d® + s?) and v’ < d + s?/d,
Ep(J) < (1= ') ¥(jo) +w'd(jo + ).
Proof. (a) is convexity, ¢(J) lying below the chord. (b) I'(J) = T'(u) + I'(u)(J — u) + fMJ(J —
w7 (u) du < T(p) + TV (p)(J — p) + w(J — p)?/2; take expectations.

(c) The law P* = (1 —w)d;, +wd, has mean jo +w(z — jo) = jo + #202 : d2‘5”2 = p and variance
(1 —w)d? +wo*/d?> = o2. Let Q be the quadratic with Q(jo) = ¥(jo), Q(z) = ¥(x), Q'(z) = ¥'(x)
(if 02 = 0 then * = p, w = 1, J = p a.s. and there is nothing to prove), and k¥ = @ — 9. Then
k(jo) = k(z) = K/ (z) = 0 and ¥ = Q" — ' is convex. By Rolle k() = 0 for some £ € (jo,x); a
convex function vanishing at the two points £ < z is < 0 on [, 2] and > 0 on [jo, &]U[x,00). So k is
nondecreasing on [jo, £], nonincreasing on [{, x] and nondecreasing on [z, 00); with k(jo) = k(z) =0
this gives k > 0, i.e. ¢ < Q on [jo,00). As EQ(J) depends only on the mean and variance of J,
Eo(J) <Ep(J) <EQ(J) = Ep«Q = Eps«1p = Ty(c?).

For the second statement: if o < s2, the two-point law P** on {jo,z(s?)} with mean ju arises
from P* by splitting the mass at x(c?) between jo and z(s?) > x(c?) with conditional mean
z(0?), so Ty(0?) < Ty(s?) for convex ¢ (Jensen). Write w = d?/(d*> + s®) and @ = d + s?/d, so
Ty(s*) = ¥(jo) — @ (¥(jo) — ¥(jo + @)). The bracket is > 0 as ¢ is nonincreasing, so Ty (s?) <
(1 =w")p(jo) + w'yp(jo + @) for w' < @, and ¥(jo) < ¥(jy), ¥(jo + @) < ¥(j + u’) because j; < jo
and jj + v < jo+ . O

For Kg # 0 carried by [0, A] the jump law vg/A of Lemma 13.3 has mean 1 = m/A and second
moment [ 2% vg(dz)/A = V/A, hence variance 0% = (AV — m?) /A%
Lemma 13.8 (feasible parameters). If Kg # 0 is carried by [0, A] and has mass V', then (F1)
V/A2 < A < V/0?%; (F2) V/A < m < V/0; (F3) A < m < AA; (F}) m? < AV; (F5) A <
(G+5)m— 15
Proof. Integrate against Kg the pointwise inequalities, valid for z € [, A]: A72 < 272 < 672,
ATl <27l <971 0272 < 27! < Az72 and (27! — A7)0 — 271) > 0; (F4) is Cauchy-
Schwarz. 0
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Proposition 13.9 (band bound). Let 0 < 6 < A and let K be a finitely supported probability
Kolmogorov measure on [—A, A] with Ks = K|jg 41 # 0; let V,A,m be as in Lemma 13.3, Kr =
K — Kg with a,b,p?> = 1 -V as in Lemma 13.6, W = Zk,, {(y) = Ely + W| and P2(A) =
1—eM1+A). Let cg > 2E(W —m), cc > 2E(—=W — (20 —m))4 and O > EL(J —m), J ~ vg/A,
independent of W. Then

(13.1) E|Zk| < e Mm+cg) + Ae™ O + mAe™ + Py(A) ce.

Moreover O may be taken as py —m~+ O" with O' > 2E[(—=W — (J —m))4], and then the right side
of (13.1) equals 2me™ + e Aep 4+ Ae 20" + Py(A)cc.

Proof. By Lemmas 13.2 and 13.3, E|Zg| = ), <o P(Ns = n) E4(S,, —m). For n =0, {(—m) = m+
2E(W —m) (Lemma 13.2). For n = 1 the term is Ae *E{(J —m). Forn > 2,y = S, —m > 20—m
and £(y) = y+2E(—W —y)4+ < y+2E(—W —(20—m))+, because y — E(—W —y) is nonincreasing.
Finally 3, <, P(Ng = n)E(S,, —m) = E(Sns —m)+me ™ —Ae (1 —m) = mAe ™, using EY =0
and Auy = m. For the second form, £(y) =y + 2E(—W — y)4 holds for every real y (Lemma 13.2),
so BU(J —m) = py —m+2B(=W — (J —m))4, and e *m~+ Ae ™ (u1 —m) + mAe ™ = 2me™>. O

Admissible choices. By Lemmas 13.2, 13.6 and 13.7: cg = min(x2(m), v/ m?2 + p2 — m), cc =

min(x§ (20 — m), /(20 — m)2 + p2 — (20 — m)), any h > 0. Put ¢(y) = 2E(~W — y)4, so that
O’ > Ep(J — m) is required; ¢ is convex and nonincreasing, and by Lemmas 13.2 and 13.6

PW) <XE W), eW) S VIR -y ely) =2y + 2EW +y)1 < ~2y+ x5 (~y)
for all y € R and h > 0. Admissible O’ (with J € [, A], mean y, variance 02, y = J —m):

(O1) the chord of ¢ itself (Lemma 13.7(a)), with the endpoint values ¢(6 —m), ¢(A —m) replaced
by any of the upper bounds above;

(02) Lemma 13.7(b) with I'(y) = —2y + xZ(~y), s = 1/h (Lemma 13.6(iii));

(03) Lemma 13.7(c) with jo = 6 —m and ¥ = x§, whose second derivative P(W¢ > y — h)/h is
nonincreasing (Lemma 13.6(iii)), ¥ being convex and nonincreasing;

(04) if § > m: Lemma 13.7(c) with jo = 6 —m > 0 and ¥(y) = /y2 +r2 —y for any r2 > p?,
whose second derivative 72/ (y? + 72)3/2 is nonincreasing on [0, 00).

In (O3) and (O4) the mean of J —m exceeds jp unless J = 6, in which case Ep(J —m) = p(0 —m).

Upper bounds for o%: (AV —m?)/A? (exact) and (1 — 0)(A — p1) (Bhatia-Davis: since J € [0, 4],

E[(J — 0)(A — J)] > 0, that is, EJ? < (A + 0)u; — A6).

13.5. The band lemma at § = 3*, A = I, By Theorems 11.4(d) and 12.1(f),(g), Theorem 1.1

for ¢ < g5 follows from ID*(C5) for finitely supported probability measures K on [—1.54,1.54],

where C5 = g(2In2) = 0.8551004. ... We prove it with § = 0.85 on a band. Near the Dirac laws

with g(A) > Cs the bound of Proposition 13.9 has to be sharp to first order in p?, and one more

choice of O’ is needed, together with a lemma that absorbs its constant term into the main term.

(05) If g > 0: for every h > 0 and j) < jo = 6 —m, with x = (h — j{)%/(2h), d = p1 — 6 and
w=d?/(d* + o%) (the ezact 0%),

2
0 = (1—w)r+ (1 —w) e +x (1 —m).

Indeed Lemma 13.7(c) (first statement) with ¢ = x§ gives Ep(J —m) < (1 —w)x¥ (jo) + wx§ (z)
with @ = ug — m +0%/d > p1 — m; then w < 1, xf > 0 is nonincreasing, and Xg(jo) < Xg(j(’)) <
K+ p?/(2h), because W¢ has mean 0 and variance a +b = p?, so that E(We +e)2 <E(We +e)? =
e+ p? fore =h—j) > 0and E(We — )2 <EWZ = p? for ¢ = jj — h > 0. The term (1 — w)x
does not vanish as p?> — 0; the next lemma absorbs it into the main term, using the slack that
Cauchy-Schwarz (F4) leaves when o2 > 0.
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Lemma 13.10 (absorption). Let Kg # 0 be carried by [0, A], with mass V', A, m, p1 = m/A and
0% as above, d =1 — 0 >0 and w =d?/(d* + 03). If 0 < D <d and 0 < k < D*\/A/V, then

o2me ™ + Ae ™k (1 —w) < VV g(A).

Proof. 1 —w = 0%/(d? + 0%) < 0%/D? = (AV — m?)/(A2D?), so the left side is at most e *Q(m)
with Q(t) = 2t + k(AV — t?)/(AD?). If kK = 0, Q(m) = 2m < 2/AV by (F4). If > 0, Q is a
concave quadratic with vertex t* = AD?/k > AD?/(D?\/A/V) = v/AV, so Q is nondecreasing on
(=00, VAV]; asm < VAV by (F4), Q(m) < Q(vVAV) = 2¢/AV. Finally 2 *VAV =V g(A). O

Theorem 13.11 (band lemma, 6 = 0.85, A = 1.54). [computer-assisted, see Sec. 16] Let K be a
finitely supported probability Kolmogorov measure on [—1.54,1.54]. If K(]0.85,1.54]) > 4/5 then
E|Zk| < max(g(Aig5(K)), C5); if K([—1.54,—0.85]) > 4/5 then E|Zk| < max(g(Agg5(K)), C5).

Proof. Reflection x — —z maps Zg to —Z and exchanges A\J and ), , so assume K ([0, A]) > 4/5
with § = 0.85, A = 1.54. Then Kg = Kl # 0, V = Kg(R) > 4/5, A = M\ (K), and
Kr = K—Kg is carried by [~ A, 0) with a = Kz((0,0)), b = Kr([—-A,0)), p> =a+b=1-V < 1/5.
Proposition 13.9 in its second form (no sign condition on 8 —m) gives

E|Zk| < F:=2me " + e tep + Ae 0" + Pa(A) e,

with ¢g > 2E(W —m)4 and cc > 2E(—W — (20 —m))+ from Lemma 13.6 and O’ any of (01)—(05).
Every bound used is a function of (a,b, A,m), of 0% = (AV —m?)/A? and of free parameters (h,
upper bounds for 02), and (a, b, A, m) lies in

D* ={a,b>0, a+b< 2, (A m)satisfy (F1)-(F5) with V =1 —a — b}.

By Proposition 13.12, D* is covered by boxes in (a, b, A,m) on each of which F' < max(g(A),C5):
either directly (F' < max(g(A),Cs) with all costs at a corner of the box), or, for a + b < 1/50 and
m < 60, from F < /1 —p?g(A) + aA+ bB (by (F4), or by Lemma 13.10 when (O5) is used) and
one of the tests (T1)—(T3) below. O

13.6. The certified band computation. All inequalities are decided in ball arithmetic (arb, 80
bits), with § = 17/20, A = 77/50 and Cj5 as balls containing the exact values; floating point only
chooses the parameters h and the subdivision. Grid points are rounded by exact comparisons with
dyadic rationals.

Evaluation of . For J >0, A >0,5>0,c € R: E(J(Nyx—\)—c+5G)2 =3, 50pn(A) Q(J(n—X)—
¢, 8) with p,(\) = e *A"/nl and Q(d, s) = E(d+sG)% = (d?+s2)®(d/s) +ds ¢(d/s) (Q(d,0) = d%;
®, ¢ the standard normal distribution function and density). The sum is taken over n < 14; the
tail is bounded by 3°,.- 14 27 ((Jn+ C)% + %) < t15/(1 — o) with C' = JA+ |c|, 15 its first term and
0 = 16)\/152 < 1 (ratio of consecutive terms), using Q(d, s) < d? + s and e=* < 1. The values Xf,
xg are enclosed in this way, with jump 6 resp. A.

Squares in (a,b). The triangle {a,b > 0, a+b < 1} is covered by the squares [a1, as] X [by, bo] of side
1/128 with a3 + b < %; a square that is not certified is split into four, down to side 1/8192. On a
square, V' € [V, Vhi] = [1 —min(ag + ba, %), 1—a;—b1], and every (a,b) of the square with a+b < 51.)
satisfies @ < @, b < b, where (a@,b) = (ag,b) if ag + by < 3 and 0therw1se a = min(ag, [ —b1]),
b = min(b, [f — a1]) (rounded up to multiples of 272%). The costs x7, x§ are evaluated at (a, b)
(Lemma 13.6(iv)), and the Cauchy—Schwarz terms with r? = min(a + b, 1) > p?.

Boxes in (A,m). For each square, A € [Vj,/A? — 0.01, V4;/0% + 0.01] (in strips of width 1/64) and
m € [2125,4820]/4096 D [0.8/A,1/6] (in blocks of 64/4096), which contains every point allowed by
(F1)—-(F2). A box [A1, Ag] X [m1, mg] is discarded if one of (F1)—(F5) fails at every point of the box
for every V' € [Vjo, Vhi]; otherwise it must pass the direct check or (if ag + be < ) the slope check
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below. Boxes that pass neither are bisected, alternately in m and in A, down to m-width 1/4096
and A-width 1/16384; a box that still fails makes the square uncertified.

On a box: e™® < e Ae™ < maxp, A, te ", Po(A) < Po(Ag) (Py(t) = te™" > 0); the
target is bounded below by T' = max(min(g(A;), g(A2)),Cs) (g is unimodal); M bounds 2me™" =
2¢ A min(m, vVAV) (by (F4)) over the box with m < ms, V < Vi, computed exactly from the
unimodality of g; p1 = m/A € [, pni] With p, = max(0,m1/A2), pn = min(A4,ma/A1); d =
w1 — 0 > dio = o — 6; 03 < 82 = min((A2Vh — m2)/A2, dpi(A — 6 — dy,)) (exact formula
and Bhatia-Davis); in the box version of Lemma 13.7(c), j{ = 0 — mq, w' = di /(d2 + s*) and
u' = mingeg, 4,.1(d + s2/d), the far point j, +u’ being rounded down to the m-grid. The functions
t — 2E(W —t); and ¢ are nonincreasing, so their bounds are evaluated at the end of the box
range where the function is largest: cp at t = my, co at 20 — mg, the endpoint values of ¢ at
0 — mg and A — my (any pointwise bound of ¢ may then be used at that point). The chord of
(O1) has nonnegative weights, so it is at most the chord through upper values @1 > ¢(6 — m),
@2 > (A — m); replacing @; by max(@1,@2) (still an upper bound, as (0 —m) > p(A —m))
makes this chord nonincreasing in 1, so its value at uj, bounds it on the box.

Direct check. With cp = min(x2(¢), V2 + 12 — t) at t = my and cc = min(x§ (), Vy2 + 72 — y)
at y = 20 — mo, the box is certified if
M + e Mep 4+ Py(Ag) co + max (te™))O' < T

[A1,A2]

for one of the following O', tried in this order: (O1) the chord with endpoint bounds @; =
min(x§, (), Vo2 + 72 =y, —2y + x7(-y)) at y = 0 —my and @y = min(x§ (y), Vy? + 12 — )
at y = A —mgy, with ¢; replaced by max(@1, @2) and uy by m; (0O3) in the box version with three
float-chosen h; (O4) in the box version if § — mo > 0; (02) with T'(u) < —2(u, — m2) + x2(2),
t < —(pni — my) on the grid, and a?, < 52, two float-chosen h.

Slope check. Used when as + by < % and my < 6. The range of p? on the box is [ro, rB] with
7o = a1 + b1 and rp = min(ag + bz, 1 —m?/As) (by (F4)); it is bisected up to six times. On a piece
[r1,79]: V < 1 — 1y is used for s?, and all costs are replaced by linear bounds valid for a,b > 0,
a+b < r, with r = min([4096r2]/4096, &) > ro. For ¢ =t —h > 0 with r/ < 2(6 — ¢), and with
() = B(G - o)3,

! Y(c/Vr)

X2t <a 1 ZWQQ ((On —c)® +7) +b—LY2
h A= 2h0% £~ nl oh

because the term n = 0 of the lattice sum is E(VbG — a/0 — )2 < b¥(c/Vb) < b¥(c/y/r), and for
n>1,P(Nyp2 =n) < 9%(7“/92”_1 and E(0n—a/0 —c+VbG)2 < (In—a/0—c)?+b < (In—c)?+r
(as 0 < a/f < 2(On — c)); symmetrically, for ¢ = y — h > 0 with 7/4 < 2(4 —¢), x5 (y) <

a \I’(CQ/,;/F) +b 2h1AQ Y o1 (T/Ai!)nﬂ ((An — ¢)? 4+ r). The series are summed to n = 11, and the rest
is bounded by twice the term n = 12 with ¢ replaced by 0 (consecutive terms decrease by a factor
below 1/100, as 7/6? < 0.03). Further \/t2 + p2 —t < p%/(2t) for t > 0. This gives linear bounds
(o, B) for cp (at my), co (at 20—mg), and for O through (O1) (the chord, with the max replacement
done coefficientwise), (03), (04) and (05). In (05), jj =0 — ma, k = (h — j})% /(2h) must satisfy
K < diy /A /(L= 11), (1—w)p?/(2h) < (1 —w')p?/(2h), and xf (u1 —m) < x5 (0 — m2 + dio) (far
point rounded down to the grid). Put A = e ap + max(te)ap + Pr(A2)ac, B likewise and
M, = max(A, B), for the combination of options that minimises M, (chosen in floats). Then on
the piece

F<\1—p2g(A)+p>M, < (1—2)g(A) + p*M,,
by (F4) for (O1), (03), (O4), and by Lemma 13.10 (with D = dj,, as A > Ay, V < 1—ryp) for (O5).
The piece is certified by one of: (T1) M, < 2 min(g(A1), g(A2)); then F < g(A) < max(g(A),Cs);
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(T2) g+max(ri(My —§/2),m2(M; —§/2)) < T with § = max(y, ,) g; then F' < G+p*(M,—g/2) <
T; (T3) My + roM, < T, where My bounds 2me™® (with V' < 1 — r;), and for (05) My =
max (M, e (2mg + £ max(0, Ao(1—r1) —m3)/(A1d3))), which bounds 2me=* + Ae =" k(1 —w) by
the proof of Lemma 13.10 (e72Q(m) < e72Q(mg) if my < VAV, and < vV g(A) < M otherwise).
Pieces with m? > As(1 — 71) are empty by (F4).

The slope check is what makes the theorem hold up to p? = 0 in the range 0.44628... < A <
0.55785 ... where g(A) > Cs: there F equals g(A) at the Dirac law and the margin is of order p?.
In this range (O3) with h < 8 —m loses a factor about 3 in the b-coefficient and (O4) is lossy in the
a-coefficient; (O5) with h ~ 0.3-0.55 > 6 —m =~ 0.1 is what makes M, < g/2 near the Dirac curve.

Proposition 13.12 (certified band data). [computer-assisted, see Sec. 16] The procedure above
certifies every square of the triangle {a,b >0, a+b < %}

side of the squares squares not certified (A, m) boxes

1/128 351 215 2094 045
1/256 837 102 5839031
1/512 408 20 5825 480
1/1024 80 0 1135478

The squares of a level are the children of the squares not certified at the level before, restricted to
those that meet the triangle. So the 1339 certified squares cover the triangle. The 7874 211 leaf
bozes of the certified squares are disposed of as follows: 3114 781 are infeasible, 551 105 are certified
by (O1), 2876016 by (03), 128597 by (04), 1203286 by (02) and 426 by the slope check.

14. THE HEAVY PART OF THE FAR REGION

Throughout this section # = 17/20 and A = 77/50. For a probability Kolmogorov measure K
on [—A, A] put Vi = K([0,A]) and V_ = K([—A, —6]). By Theorem 13.11, the region left is the
far region {V} < 2, V_ < #}; we split it into the light part {V, < 1, V_ < 1} (Section 15) and
the heavy part, where V > % or V_ > %

Theorem 14.1 (heavy far region). [computer-assisted, see Sec. 16] Let K be a probability Kol-
mogorov measure on [—1.54,1.54] with 3 < K([0.85,1.54]) < 2 or 3 < K([-1.54,-0.85]) < 2.
Then E|Zk| < Cs.

The proof is a moment argument for everything except the positive edge [0, A], which is handled
exactly. Lemma 14.2 replaces the jumps in [0, A] by jumps at # and A (a convex-order increase).
Their Poisson counts are then fixed on a box of the two chord rates. Everything else (the negative
edge, the residual, and the part of the chord rates above the lower corner of the box) is a rest
measure W on [—A,0] U {A}. It enters only through its cumulants, which are bounded by a
degree-16 polynomial majorant and a Lagrangian relaxation, both checked in ball arithmetic.

14.1. Chord reduction of the positive edge. For a,b > 0 put M(a,b) = a#? + bA% and
Q(a,b) = (af + bA)%/(a +b), with Q(0,0) = 0.

Lemma 14.2 (chord reduction). Let K be a finite measure on [0, A, v(dr) = 272K, (dx), and
A—z x—40

ay = A_eu(da:), by = e

(i) Qlas,by) < K4 (R) < M(ay,by). (i) For every finite measure W with bounded support and
every conver ¢ : R — R with [(2)| < c(1 + |2]), EYp(Zx,+w) < EP(Z In particular

Kf+w)'
E|Zk, +w| < E’ZKf+W|'

v(dz), KT =a,;60% +b A%,
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Proof. Put A = v(R) < 072K, (R) and m = [zv(dz). Since (A —x) + A(z — ) = (A — 0)x, we
have ay +by = A and a3 0 +bisA=m. If A =0 then K| = Kf = 0 and there is nothing to prove;
let A > 0.

(i) Cauchy-Schwarz gives m? < A [ 2? v(dz) = AKL(R), i.e. Q(at,by) < K4 (R). By convexity,
2?2 < ﬁ:g 62 + fl:%AQ on [#, A]; integrating against v gives K1 (R) < M(a4,b4).

(ii) As in the proof of Lemma 13.3, Zx 4 Sy —m, where N ~ Poisson(A) and, independently,
Sp = Ji+ -+ J, with J; iid. of law v/A. Let J¥ be i.i.d. of law m = (aydy + by-64)/A, with

partial sums S}, independent of N. For convex ¢ and = € [, A], p(z) < %@(9) + ﬁ;_Zgo(A), and

integrating against v/A gives Ep(J;) < E(p(Jl#). Applying this to the convex functions ¢(- + s)
and integrating over the other (independent) summands, we may replace Jy, ..., J, by J1# e J#
one at a time: Ep(S, +y) < Eo(S§ + y) for all n and y. Summing against P(N = n) gives
Ep(Sy —m +y) < E@(Sﬁ — m + y). By the colouring theorem for Poisson processes, Sﬁ 4
0Ny, + ANy, with independent counts, so Sﬁ, —ma ZK+
ZKerW = Kf+ZW with independent summands; take ¢ = 9, condition on Zy = y and integrate.

All expectations are finite, since |¢)(2)| < ¢(1 + |2|) and all the variables are square integrable. [

#. Finally, ZK++W = ZKJr + Zw and

Lemma 14.3 (the rate functions). On [0,00)? the functions M, Q and M — Q are continuous
and nondecreasing in each variable, M(a,b) — Q(a,b) = ab(A — 0)%/(a + b) for a +b > 0, and
Q(a,b) > max(ah? bA?).

Proof. For a+b > 0, (a6? + bA?)(a +b) — (af + bA)? = ab(A — 0)?, which gives the formula. The
function ab/(a + b) is nondecreasing in each variable: it equals (1/a + 1/b)~! if a,b > 0 and 0
otherwise. Continuity at 0 follows from 0 < Q < M < A%(a +b). With o = af + bA, 9,Q =
o (ah +b(20 — A))/(a+b)? > 0 because 20 = 1.7 > A, and 9,Q = o (a(24 — 6) + bA)/(a +b)? > 0.
Hence Q(a,b) > Q(a,0) = af? and Q(a,b) > Q(0,b) = bA>. O

14.2. Reduction to a box of chord rates. For a box B = [ay, as] X [b1,b2] C [0,00)? put
pp =1—max(Q(az,b2),3) + M(az,b2) — M(a1,b1),  capg = (ba — b1)A?,
Cp = 0(Ng, —ay1) + A(Ny, —b1) (independent Poisson counts) and hp(r) = E|Cp + r|. Let Wg be

the set of measures W on [—A,0] U {A} with W(R) = up and W({A}) < capg. Call B empty if
Q(al,bl) > % or M(ag,bg) < %

Lemma 14.4 (box reduction). Let K be a probability Kolmogorov measure on [—A, A] with % <
Vi < %, and let (ay,by) be the chord rates of Ky = Kljg 4] (Lemma 14.2). (i) (ay,by) € [0, %] X

[0, %] (i) If (a4,by) € B, then B is not empty, and there is W € Wp with E|Zx| < Ehp(Zw).

Proof. (i) By Lemmas 14.2(i) and 14.3, max(a46?,b; A%) < Q(a4,bs) < Vi < . Soay < 0.8/6% =
1.107... < 2 and by < 0.8/A% =0.337... < &L,

(i) Write Q4+ = Q(at,by), My = M(ay,by), Qi = Q(ai,b;) and M; = M(a;,b;). By
Lemma 14.3, Q1 < Q1 < Q2 and My < My < M. If Q1 > 2 then Q4 > Vi, and if My < £ then
M, < V; both contradict Lemma 14.2(i). So B is not empty.

Let Wy = K|_46), of mass 1 — V,, and W1 = Wp + (a4 — a1)0?6p + (by — b1)A%54. Then
Kf + Wy = K.+ W with K, = 41069 + b1 A%04, and Z, 4 Cp. The measure Wy is carried
by [-A,0] U {A}, W1({A}) = (by — b1)A? < capp, and W1 (R) = 1 — Vi + My — M;. We claim
that W1 (R) < pp. Since Vi > max(Q, 3) by Lemma 14.2(i), it suffices that max(Q, 3) — My >
maX(QQ, %) - Mg:

o if () < %, the left side is at least % - M; > % — Mo>, which is the right side;
o if ()9 > %, the left side is at least Q+ — My > Q2 — M>, because M — () is nondecreasing.
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Put W = W7 + (MB - Wl(R)) 0o € Wp; then Zy 4 ZW1 + oG with 02 = uwB — Wl(R>. Now
E|Zk| < E‘ZKf-s—Wo‘ by Lemma 14.2(ii), and E‘ZKfH/Vo’ = E|Cp + Zw,|. Next, E|Cp + Zw,| <
E|Cp+ Zw, + 0G| by Jensen (E|x+0G| > |z|, conditionally on Cp+ Zyw, ), and E|Cp+ Zw, + 0G| =
E|Cp + Zw| = Ehp(Zw) by independence. O

14.3. The rest: moments, linear functionals, and the certificate inequalities. For W €
Wg put £;(W) = [2772W(dz) for j > 2; so ke(W) = up (with 0° = 1), and k3, k4 are the first
and second moments of W. Put Rg = [~Aupg, Oup + (A —)capg] x [0, A%up].

Lemma 14.5 (moments of the rest). Let W € Wy and Y = Zy. Then Ee*lYl < oo for every s.
The cumulants of Y are 0 (first) and x;(W) (j > 2), and EY"™ = P,,, where Py =1, P =0 and
P,=>", (?:f)ﬂi(W)Pn,i. Moreover (k3(W),k4(W)) € Rp.

Proof. W has compact support, so K(s) = logEe*Y = [(e5* —1 — sz) 2 2 W (dx) = > j>2 %K](W)
is an entire function. Comparing the coefficients of s"~1/(n — 1)! in M’ = K'M, where M = €~

gives the recursion. For the last claim, with w = W({A4}) < capp: k3 < O(up — w) + Aw <
Oup + (A —O)capp, k3 > —Aup, and 0 < kg < A?up. O

Lemma 14.6 (linear functionals). Let R be a Borel function on [—A, 0] U {A}, bounded above on
[—A,0] by S. Then [RdAW < upS + capg (R(A) — S)4 for every W € Wp.

Proof. With w = W({A}) € [0,capg] we have W([—A,0]) = up —w > 0. So [RdW < (up —
w)S + wR(A) = upS + w(R(A) — S) < upS + capg(R(A) — ). O

A cell is a rectangle C = [k3 , k3] x [k;, kf]. We write Wg(C) = {W € Wg : (ks(W), ka(W)) €
C}. All statements below are about W € Wg(C), and every real parameter in them (s3, s4, the
multipliers, the coefficients of ¢) is arbitrary. The certificate supplies them, and they need not be
optimal.

(a) Cumulant ranges. Let j € {3,...,16}, s3,54 € R, v;(z) = 2/ "2 —s3z—s42? and S > SUP[_4,0] Vj-
Then r; = [~ AW + s3k3 + saka, so Lemma 14.6 gives

kj <Uj:=upS + capg(v;(A) — S)+ + max(ssks , sskq ) + max(saky , saky).

The lower bound L; comes in the same way from —v; (with its own s3,s4). For j = 3,4 the ranges
are intersected with C. If L; > Uj for some j, then Wg(C) = 0.

(b) Empty cells (Farkas). Let v(z) = —s3z — s422 and S > SUp[_4,9 - For every W € Wg(C) we
have 0 = [ vdW +s3k3+saka < @ := pupS+capp(y(A)—S)++max(ssky , ssky )+max(saky , sak;).
So ® < 0 implies Wg(C) = 0.

(c) The Lagrangian bound. Let ¢(r) = Z}f:o cxrk. By Lemma 14.5, Ep(Zw) = Y, cx Pr. Expand-
ing the P, with ke = up gives

16
Ep(Zy) = + ij/ij - Z eak®,
7j=3 acP

where P is the set of sorted tuples a = (a1 < -+ < ), t > 2, o; > 3, that occur in some P,
k < 16, together with their prefixes of length > 2 (81 tuples, t < 5), and k* = [], ko, The
coefficients ¢, pj, e are exact polynomials in pp and the ¢;. For a = (¢, j) € P (¢ the prefix
of length t — 1) let X = & (or X = kg, if t = 2) and Y = «;. Let [Y~,Y*] = [L;,U;] from
(a), and let [X~, Xt] be the interval product of the ranges from (a) of the factors of X. Likewise
[*~, k%] is the interval product of the ranges of the k,,. With w, = k* the following are > 0
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on Wg(C):
Wa—XY-Y X+XY", Wo — XTY —YTX + XTYT,
—wa + XTY +Y X - XY™, —wa + XY 4+YTX - XY,

Mgl/ 2] dW = w, utB—l/ ol dW 4 we (50 = (i — 2)),
k};—figg, /€3—k‘3_, /{I—/@;, H4—]{74_.

The first four are the McCormick inequalities (X — X )(Y —Y7) >0, (XT - X)(YT -Y) >0,
(XT-X)(Y-Y7)>0,(X—X")(Y"=Y) > 0. The next two are Holder’s inequality: for ug > 0
and the probability measure W/upg, [, ElzP* < [[,(E|z|*)P/* = E|z|* with p; = a; — 2 > 1 and
s = >_p; (Lyapunov), so [« < [, [ |2[*2dW < plst [ |z|*>dW; if up = 0 then W = 0. The last
four are the definition of Wp(C). Add nonnegative multiples of these expressions to Eo(Zy). Since
kj = [ a772dW, the result has the form ¢+ [ RAW 43", el wa with R(x) = Y7, pja! ~2 4+ nsla]*.
By Lemma 14.6 and w,, € [, k* 1],

Ep(Zw) < B:= " + ppSr + capg(R(A) — Sr)+ + Z max(e, k", el k4T,

for any Sg > sup_4 4 R. On [—~A,0] and on [0,6], R is a polynomial.

Lemma 14.7 (majorant test). Let L > fay; + Aby and ng,ny > 0. Forn < ng, m < np put
Tnm = P(Ngy, = n)P(Np, =m) and cpp = 0(n—a1)+A(m—>b1). Let T > P(Ng, > ng)+P(Ny, > np)
and e = (T(#%a1+ A%0)))/2. (i) hp(r) < H(r) :== > n<ng m<ny Tnm|Crm 7|+ T|r|+e for all r. (ii)
hp(r) =r forr > L, and hg(r) < —r+0 forr < —L, where § = 23 n<ng m<ny Tm(Com — L)+ +2e.
(iii) Let ¢ be a polynomial and & > 0. Suppose the Taylor coefficients of t — (L +t) — L —t and
oft— ¢(—L —t) — L—1t— 3 are nonnegative, and ¢ +¢ > H on [-L,L]. Then ¢ +¢ > hp on R.

Proof. Let E = {Ny < na, Ny, < np}, so P(EC) < T, and recall ECp = 0, EC% = 62%a; + A%b;.
(i) E[|Cp + 7|; E] is the sum, and E[|Cp + r|; E°] < |r[P(E°) + E[|Cpl; E°] < T|r| + (P(E€)EC%)/?
(Cauchy—Schwarz). (ii) Cp > —fa; — Aby > —L, so Cgp+r > 0 and hp(r) = r for r > L. For
r<—L,|Cg+r|=r|-Cp+2(Cp—|r|)+,s0 hp(r) = —r+2E(Cp — |r|)+ < —r+2E(Cp — L).
On E this is the sum, and on E¢ use (Cp — L)+ < |Cp| and Cauchy-Schwarz as in (i). (iii) For
t>0,p(L+t)>L+t=hpg(L+t)and o(—L—t) > L+t+d§>hpg(—L—1t) by (ii); on [-L, L]
use (i). O

On [-L, L], H is piecewise linear, with kinks at 0 and at the points —c,,,, which are exact
rationals. The test ¢ +& > H is therefore one polynomial upper bound per piece, sup(H — ¢) < e.

Lemma 14.8 (cell certificate). If ¢ + ¢ > hp on R and Eo(Zw) < B for all W € Wg(C), then
Ehp(Zw) < B +¢ for all W € Wg(C).

Proof. hp < ¢ + ¢ pointwise, and E|¢(Zy )| < co by Lemma 14.5. O
14.4. The certified heavy-region data and the proof.

Proposition 14.9 (certified heavy-region data). [computer-assisted, see Sec. 16] The rate rectangle
[0, %] x [0, é—g] is tiled by dyadic leaf boxes B (from a 16 x 16 grid, each box split into four up to
four times; the box with indices (iq,i) at level d is [ia,iq + 1] - 2227470 x [y, 4y + 1] - £227479),
Every leaf box is either empty (Q(ay,b1) > % or M(ag,b9) < %, in exact arithmetic), or carries a
tiling of Rp by cells C (dyadic quadtree leaves), each with a certificate that is either an emptiness
certificate ((a) with L; > U; for some j, or (b) with ® < 0), or a polynomial ¢ of degree < 16 with
L, the multipliers of (a) and (c), such that the tail test of Lemma 14.7(iii) holds at L, ¢ +¢ > H
on [—L,L], and + ¢ < Cs. In the recorded data there are 436 leaves (certified at levels 0-4: 96,
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71, 66, 44, 3; empty: 134, 12, 6, 3, 1) and 1237 cell certificates (1236 polynomial, 1 Farkas; cells
of depth 0, 1, 2: 109, 536, 592); the largest certified bound [+ ¢ is 0.854883 < C5 = 0.8551004.. . .,
in the box [0.0525,0.0700] x [0.2072,0.2125] (where V.. is close to 3 ).

How it is verified. All decisions use exact rationals and ball arithmetic at 128 bits; every inequality
is decided by a comparison of balls that is certain. The certificate data are IEEE doubles, which
are exact dyadic rationals and are converted exactly. 6, A, the box and cell endpoints, up, cappg
and Rp are exact rationals, and C5 is a ball containing 1.28v/21n1.25. Polynomial upper bounds.
For a polynomial p given by ball coefficients and an interval [u, '], an upper bound for SUP[y /) P 18
computed by branch and bound: on a piece [m—d, m+d] with exact centre m, the Taylor coefficients
qr of p(m +t) are computed by Horner shifts in ball arithmetic, and p < go + > ) caq lqr|d® +
Y k>2 oven Max(qr, O)dk on the piece; pieces are bisected while this bound exceeds the best value
found by more than a tolerance, and the result is the maximum of the bounds of the final pieces (the
tolerance affects only the tightness; a piece bound that is not a finite ball stops the verification).
This is used for S in (a) and (b), for Sg in (c) (separately on [—A, 0] and [0, 0]), and for each piece
of H — ¢ in Lemma 14.7. Majorant data. n, is chosen in floating point (about a; + 12,/ay + 20,
likewise n3); the probabilities 7y, are balls, and T is the upper end of the ball (1-3_ ., P(N,, =
n)) + (L = >2,<pn, P(Ny, = m)), clipped at 0. L is the double stored in the certificate (between
7.20 and 14.63)7 checked to be > fay + Ab;. The returned e is the upper end of the largest piece
bound, and e = 0 if all are < 0. Tilings. Every index lies in its grid (0 < 44,1, < 2479), so every
leaf lies in exactly one initial box, and each of the 256 initial boxes contains at least one leaf; for
each initial box its leaves are pairwise non-nested dyadic sub-squares whose areas add up to its
area. Distinct non-nested dyadic squares have disjoint interiors, so their union has full measure
and, being closed, is the whole box. The cells of Rp are checked in the same way. Cells. A
polynomial certificate passes if ¢ has 17 finite coefficients, the tail test holds at L, and 8+ ¢ < Cs,
where the ranges [L;, U;] (3 < j < 16) come from (a) with the certificate’s (s3, s4), and § from (c)
with the certificate’s multipliers (negative entries are replaced by 0). A cell certified empty by (a)
passes whatever its type; a Farkas certificate passes if ® < 0 in (b). The recorded certificates are
not in the code archive. A cover regenerated for this paper with the generator of Section 16 (424
leaves; 281 boxes with 1244 cell certificates and 143 empty boxes; largest bound 0.854900 < C5) is
accepted by the same verifier (Section 16.5); any accepted cover proves Theorem 14.1. O

Proof of Theorem 14.1. Reflection x — —x maps Zi to —Zk and exchanges V. and V_, so assume
3 <V, < %. By Lemma 14.4(i), the chord rates (a4, bs) lie in some leaf box B of Proposition 14.9.
By Lemma 14.4(ii), B is not empty, so it carries a tiling of Rp by cells with certificates. Also by
Lemma 14.4(ii), there is W € Wp with E|Zx| < Ehp(Zw). By Lemma 14.5, (ks(W), kg(W)) €
Rp, so it lies in some cell C of the tiling. Then Wg(C) # 0, so the certificate of C is not an
emptiness certificate ((a) or (b)). It is therefore a polynomial ¢ with ¢ + ¢ > hp (Lemma 14.7)
and Eo(Zw) < 8 (by (c)), where 5+ ¢ < Cs. Lemma 14.8 gives E|Zg| < 8+ ¢ < Cs. O

15. THE LIGHT PART OF THE FAR REGION

Constants: A = %, 0= %, target % < C5 = 0.85510045547. For a probability measure K on

[—A, A] put Vi = K ([0, A]) and V_ = K([—A, —0)), and Fiigne = {V} < 3, Vo < 3}
Theorem 15.1 (light far region). [computer-assisted, see Sec. 16] Every finitely supported proba-

bility measure K on [—A, A] with Vi < % and V_ < L satisfies E|Zx| < 5.

15.1. Notation. For a finitely supported finite measure K, Zx = oG + ZI#OQ:(NQC — \z) with
o2 = K({0}), \s = K({:U})/:E2 and independent G ~ N(0,1), N, ~ Poisson(\;). Its cumulants are
k1 =0and k; = f:nj_z dK (j > 2), and Zk,+k, = Zk, + ZK, with independent summands. We
use: (CO1)ifE[M | X] =0then X <., X+M; (CO2)if X <., Y and Z is independent of X and of
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Y, then X + 7 <., Y+ Z. (All variables are integrable. (CO1) is the conditional Jensen inequality
E[lp(X+ M) | X] > ¢(X) for convex p; (CO2) follows by integrating Ep(X + z) < E@(Y + z), valid
for every convex ¢ and every z € R, against the law of Z.) E|Zk]| is invariant under K — K(—dx).

15.2. The split chain.

Lemma 15.2 (two-point spread) Let0 < a<b, W =a,b], K = Ky + Kgr with Ky = K(-NW),
v = 2 ?Ky(dx), ps = f Ldv, pp = [F2dv, and X"(p) = a(Na — pa) + b(Ny — pp) with
mdependent N, ~ Pmsson(pa) Ny, ~ Poisson(py), independent of Zr,,. Then Zx <cx X" (p)+Zk,.

Proof. Thin each N, (z € W) into independent N2, N® with means A\, 2=%, ), 2 7=, and put X =

IBb a’

S (aNg + bNE) — > Az Given (N,), N2 is bmomlal(Nm,g_—i), E(X — Zr,, | (N2)] =

> ow Na (a_x)(b_ngéb_x)(x_a) =0 and Zg,, <e X by (CO1). Also 3, N& ~ Poisson(p,), 3., N2 ~
Poisson(py) are independent and ap, + bpy = 3., Aez, s0 X g X"(p). Add Zg,, by (CO2). O

Lemma 15.3 (window mass from the rates). In Lemma 15.2, K(W) = a’p, + b*p, — Eyw with
Ew = [(z —a)(b—z)dv and

OSEWS(

b—a)?papy b—a\2, , 9
< o + b0°pp).

P _(b+a> (a”pa + b°py)
Hence (i) K(W) < a®pq + b*py and (i) a’pa + b?py < K(W) (QLZP; and (i) if (pa,pp) € B =
[Pa,qa] X [Py, qp] then Vi < K(W) < Vi, where exc = %, Vo = a’P, + b*P, — exc,
Vhi = a®qq + 0°qp.
Proof. a*(b—x) + b*(x —a) = (b—a)(x(a +b) — ab) and 22 — (z(a + b) — ab) = —(z — a)(b — )
give the identity. With u = $=2: Ey = (b—a)* [u(l —u)dv, py = [udv, p, = [(1 —u)dv, and
Jensen for the concave u(1 — ) gives the first bound. Cauchy—Schwarz, (% + %)(z +y) > (a+b)?

with © = a®pg, y = b’py, gives the second. % is nondecreasing in each rate. O

Lemma 15.4 (lower corner and top-up). In Lemma 15.2 let K(R) =1, (pa,pp) € B, P = (P, Py)
and i = 1—a?P, —b?*Py+exc. Then X" (p)+Zxy <cx X" (P)+Zy: with K’ KR—I—taé +tp0p+gdo,
ta = a*(pa — Pa) € [0,0%(¢a — Pa)], ty = b*(pp — B) € [0,6*(qp — )], 9 > 0, K'(R) = p.

Proof. Poisson splitting gives X" (p) 4 X"(P) + Zi,5,+t,5,- By Lemma 15.3, Kr(R) + t, + t;

Ol

1+ Ew — a’P, — b*P, < yu; the independent Zgs, = /9 G is added by (CO1).

Corollary 15.5 (reduction to the lower corner). E[Zx| < Ehp(Zk/), hp(r) =
> i js0 Ti(Pa)mi(By) [r + ai + bj — aPy — B[, m(A) = e AN/d).

Proof. | -| is convex; apply Lemmas 15.2 and 15.4 and condition on Zg-. O

Lemma 15.6 (a window straddling #). In Lemma 15.2 let a < 6 < b < 2a, ¢ = Kw([0,b]),
8= IZ © )ZQ) and p = M If (pa,pp) lies in the box B of Lemma 15.3(iii), then B < 1 and

b*Py — BV
1-p
Proof. (x — a)/x? has derivative (2a — z)/2% > 0 on W, so b*(x — a)/((b — a)2?) is at most 3 on
[a,0) and at most 1 on [0, b]; integrating against Ky gives b%p, < Br + ¢ with r = Ky ([a,)).
On [a,6) both factors of (b — z)/((b — a)x?) decrease, so p, > (b— 0)r/((b — a)6?), i.e. r < p; also
r=KW)—-¢<V—s Withp, > P: ¢ > P, — Bp and (1 — ) > b>°P, — V4. Finally
(b—a)d?> —b?(0 —a) = (b—0)(a(b+ 0) — b) > 0 since a > & > bl_’i_—eg. O

S > S = maX(O,

VP =Bp)i hence Kg([0,A]) = K(10,A]) = s < Vi — sio.
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15.3. Cells and certificates. A cell consists of an outer function (h = hp, or h = | - | for light
cells), a mass p, closed cap intervals I with bounds ¢y, possibly an excluded window W and atoms
p with caps cap,, and possibly a rectangle @ = [L3, Us] x [L4, Uy]. Its rest class C consists of the
K' =Kpr+ Zp tpdp + gbo with Kp finitely supported on [—A, A]\ W, Kg(I) < ¢, 0 <t, < cap,,
g >0, K'(R) = p and, if Q is given, ([ zdK’, [ 2?dK’) € Q.

Lemma 15.7 (certificate). Let D be even. Suppose (C1) o = S cporr® > h > h on R; (C2)
Li < kj(K') <Uj onC for 3 < j < D; (C3) z > 0 are multipliers of inequalities valid on
[1;[L;,Uj] for the products wo = [;c, ki (McCormick for wa = wa ki with ezact interval ranges,
tangents w; ;) > 2tkj — t2, and wi ) < pk2j-2); (C4) yo € R, yr,yp > 0, ygi,yf > 0 with
f@) <wo+> ;yrlr(xz)+ysz+ yax? on every closed piece between consecutive breakpoints outside
W, f(p) < yo +yp + ysp + yap® at the atoms and f(0) < yo (yr =y — y;, ). Write Ep(Y) =
Yoty eemi(K) (mp => 0, (?:f)mimn_i, k1 =0, ke = 1) as co+zj gj“j+zla\22 YaWq; for the
inequalities y ., ArqWq + Zj Byjk; < by put eq = Yo — Y, ZrAras Ew = Y, |€a| max(|log/|, hia|),
dj=—>,2%Brj,eo=co+ >, 2zbr, f(z)= ijzg(gj +d;)z? 2. Then for every K' € C,

Eh(Zk:) < eo+ Ew +yop+ > yrcr + > ypcap, +y3 Us — y3 Ls + yi Us — 3 Lu.
1 p

Proof. EM(Y) < Ep(Y) < co+ 32 gjkj+ Ew+ 32, 20(by — 325 Brjkj) = eo+ By + [ f dK'; integrate
(C4) against K. O

Here [log, hiy] is the interval product of the ranges of the factors of w,. The ranges (C2) are

certified by the same z-duals with f = +2772; a certified L; > Uj; shows that the cell is empty.
Only non-strict inequalities are needed in (C1), (C2) and (C4). Any z > 0 gives a valid bound, the
residuals being paid in F,,; the choice of tangent points and the order of the inequality rows are
conventions of the certificate format and do not affect soundness.
What the exact verifier checks. Everything is recomputed from the cell definition and the certificate
(all entries are doubles, stored in hexadecimal and converted exactly; arithmetic in exact rationals).
(V1) h: upper bounds for m;(P,), wj(Py), i < I = P + 14y/P + 25, from ball arithmetic (160 bits),
and the tail 3 5y qutsiae 7757 + ¢ij| < wrlr| + Ep with P(N > I) < 710/(1 - 0), 0 = P/(I +1),
E[N1{N > I}] = P(rr + P(N > I)) and |¢j;| < ai+ bj + aP, + bP, (here P stands for P, or P,);
then ¢ — h > 0 is checked exactly on every piece between kinks and on the two half-lines. (V2) The
range certificates: (C4) for f = +z™, exact. (V3) The inequality list of (C3) is rebuilt from the
certified ranges; z > 0; v, €, Ey, d, eg and f exact. (V4) The z-dual (C4), exact. (V5) The final
bound is < %. Polynomial checks P > 0 on [lo, hi]: Taylor expansion at the midpoint, accepted
if co — >y lex|h® > 0 (h the half-width), rejected if ¢y < 0, else bisection (depth < 18) and finally
an exact Sturm count of the squarefree part (a root in the closed interval means rejection; with no
root, P > 0 is checked at a point); on half-lines: all coefficients > 0 after the shift, else Sturm.

15.4. Decomposition and cells.

Windows. a;, = 0.3 - 1.03* rounded to 4 decimals, b, = gak, for k > 0 while by < A, plus [%A,A];
the family consists of these and their mirror images. A window is near if its end nearer to 0 is
below 6 in absolute value (k < 35); the others lie in [0, A] or [—A, —6)].

Lemma 15.8 (three cases). For K € Fignt, after a reflection, at least one of the following holds:
(1) some near window carries more than t, and a heaviest near window W = [a,b] (K(W) > K(W')
for every near W') is positive, with K(W) > %; or (2) every near window carries < %, Vi e [%, %)

and V_ < Vy; or (8) every window carries < %, Vi< % and [zdK > 0.
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Proof. If some near window carries more than %, reflect so that a heaviest one is positive. Otherwise,
if max(Vy, V) > %, reflect so that V. > V_. Otherwise reflect so that [z dK > 0; a window that
is not near lies in [0, A] or [—A, —6], so it carries < max(Vy,V_) < 1. O

Lemma 15.9 (cells, 6 = %) In each case of Lemma 15.8, K' of Lemma 15.4 (cases 1-2), respec-
tively K (case 3), lies in the rest class of a cell that is a root of the following enumeration or a
descendant of one under the subdivision rule.
o Case 1 (near-split boxes N/k/i,j; 7956 roots): W = [a,b] = [ak,bk], (pa,pp) in Bij =
[i6/a?, (i+1)8/a®] x [j6/b%, (+1)8/b%] with i = |a®pa/d], j = |b*ps/|. By Lemma 15.3(ii)
and K(W) <1, i+j < [(a+b)?/(4abd)] = |20 - 13| = 20. Bozes with Vi < % or Vi, > 1
contain no admissible rates, by Lemma 15.3(iii). Caps on Kg: Kg([0,A]) < $—s10 (V} < 3
and Lemma 15.6; s, = 0 unless b > 0, that is, k > 30), Kr([—A, —0]) < % (V_ < %), and
Kr(W') < Wy for every near W' £ W (W is heaviest).
e Case 2 (chord boxes C/i,j; 60 roots): Lemma 15.2 with W = [0, A] (the chord reduction);

Vi =K(W) < i givesi+j < [v(a+b)?/(4abs)]—1 = 10 withv = % (indeed % (941;‘:)2 < 55);
bozes with Vi < § or Vi, > 5 are excluded. Kp lives on [—A,0); caps: Kp([—A,—0]) <
min(3, Vii) (V- < Vi < Vi), Kp(W') < 1 for every near W'.

o Case 3 (light cells L/s,t; 537 roots): m1 = [wdK < AVy +0(1 — Vi) < 4 + 3% =1.0225
andmg = [22dK < A2 (Vi +V_)+6*(1-V,—-V_) < # = 1.547 < %, so (m1, ma) lies
in a cell [s/20, (s+1)/20] x [t/20, (t+1)/20], s < 24, t < 31; cells with (t+1)/20 < (s/20)?
are empty (my >m3). Caps: every window < I, K([0,A]) <1, K([-A,-0]) < 1.

o Subdivision rule. A failed split-type box is replaced by the 4 x 4 subrectangles of its rest

rectangle R(B) = [~Am_ — 0(u — m_), Amy + 0(u — my)] x [0, A%m + 02(p — my)],
where cy is the cap of Kr on [0, A] plus the caps of the atoms at points > 6, c_ the cap
on [—A,—0], my = min(u,cy), m— = min(u, c_), m, = min(u,c4 + c_). R(B) contains

([zdK', fa:QdK’) for every K' in the rest class: the mass at points > 0 is < cy, at points
< —0 it is < c_, every other point has |x| < 0, and K'(R) = u. A failed cell with a rectangle
is replaced by its 2 x 2 subrectangles; a light child with Uy < max(Ls,0)? is empty (Jensen)
and omitted.

Proof. In each case the root cells cover all admissible parameters: the bounds on 7+ j, the excluded
boxes and the caps are justified in the items (by Lemma 15.3, Lemma 15.6, V. < % and the choice of
W as a heaviest window), and in case 3 by the stated bounds on m; and msy. Under the subdivision
rule the children of a cell cover it: R(B) contains ([ zdK', [ 22dK’) for every K’ in the rest class,
the subrectangles cover R(B), respectively the rectangle of the cell, and the omitted light children
are empty. ]

Proposition 15.10 (certified light-region data). [computer-assisted, see Sec. 16] Every required
root of the enumeration of Lemma 15.9 is covered by verified cells (the cell itself or, under the

subdivision rule, all its descendants), each with a certificate of Lemma 15.7 whose bound is < %
or which certifies the cell empty:

case roots certificates (empty) depth D largest bound

1 (near splits) 7956 8481 (5) 2 1) 0.85/99698

2 (chord bozes) 60 1212 (166) 5 1/ 0.8595525

3 (light set) 597 1275 (60) 4 18 0.85/97432
The largest bound, at the case-1 box k = 35, (i,7) = (0,6), has % —U =3.02-1075. In case 1,

7922 boxes are certified at depth 0 and the other 34 by 539 rest cells at depth 1 and 20 at depth 2.

How it is verified. The coverage checker regenerates the required roots and the subdivision rule of
Lemma 15.9 from the exact cell definitions, compares the specification of every used certificate with
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the expected cell, and re-verifies each certificate with the exact verifier described after Lemma 15.7;
every required root is covered and every bound is at most %—(7)(1) in exact arithmetic. The recorded
certificates are not in the code archive; the certificates of windows 30-35 of case 1 were regenerated

and verified for this paper (Section 16.5). O

Proof of Theorem 15.1. Let K € Fgny be finitely supported. By Lemma 15.8, after a reflection
(which does not change E|Zk|), one of the cases (1)—(3) holds. In cases (1)-(2), Corollary 15.5
gives E|Zx| < Ehp(Zg), and in case (3) E|Zx| = Eh(Zk) with h = |-|. By Lemma 15.9, K’ (resp.
K) lies in the rest class of a root cell or of a descendant of it, and by Proposition 15.10 it lies in
the rest class of a verified cell. That cell is not certified empty, so Lemma 15.7 bounds Eh(Zg/)

(resp. E|Zk|) by a number U < 4. O

16. COMPUTER-ASSISTED COMPONENTS

16.1. Conventions.

e Decisions. Every inequality on which a proof rests is decided either in exact rational
arithmetic (Sturm sequences, exact comparisons of rationals, exact Gaussian elimination)
or in outward-rounded interval or ball arithmetic (the interval arithmetic of mpmath, or
the arb balls of python-flint), so that each decision is certain. Floating point is used only
to find certificates and to choose subdivisions, never to decide an inequality.

e Generators and verifiers. The programs that search for certificates (linear programs solved
in floating point by HIGHS through scipy, and other floating-point searches) are not trusted.
A proof relies only on a werifier, which reads the stored certificates and re-checks every
inequality; the verifiers of Sections 5-10 share no code with their generators, and the later
ones reuse only exact helpers of the earlier ones (Sturm sequences, integer square roots,
tilings, moment polynomials, cone normals, envelopes). The one exception is the band
computation (Proposition 13.12), whose program chooses an option and its parameters for
each box in floating point and decides the box in ball arithmetic in the same run.

e Where the code is. All programs are in the archive Rq_proof_code_only.zip; the paths
below are relative to its root directory Rq_proof_source/. The verifiers of Sections 5-
10 are in RQ-A/scripts/, those of Sections 13 and 14 in RQ-D/scripts/, and that of
Section 15 in RQ-B/numerics/. Independent re-implementations of all these computations,
written from the mathematical statements without the programs above, are in RQ-REF1/
ref/ (Theorems 5.1, 6.1, 7.1, 8.1), RQ-REF2/ref/ (Theorems 9.1, 10.1), RQ-REF3/ref/
(Sections 11-15) and RQ-AUD/audit/.

e Software. Python 3.12.3, numpy 2.5.4, scipy 1.18.1, sympy 1.14.0, mpmath 1.3.0, python-
flint 0.9.0 (pip install numpy scipy sympy mpmath python-flint; gmpy2 2.3.2 for
some of the independent re-implementations).

e (Certificate data. The archive contains the programs, logs and small outputs, but none
of the certificate data files: the cells and boxes of Theorems 5.1-10.1 (the files listed in
RQ-A/outputs/k2_MD5SUMS.txt, ..., k5_MD5SUMS.txt and RQ-A/outputs/cover/*. json,
quartic_cover. json), the certificates of Theorem 14.1 (RQ-D/outputs/plus_cert/certs_
vi_r*.jsonl) and of Theorem 15.1 (RQ-B/numerics/cover_final/*.jsonl.xz) are re-
ferred to by the commands below and by md5b lists in the archive, but are not in it. They
can be regenerated by the generators listed in Table 10; the generators are not trusted, and
any regenerated data must pass the verifier.

e Negative tests. Each regime of Sections 5-10 has a script that corrupts records (lowered
coefficients, shrunk polytopes, removed pieces, widened intervals, altered caps and signs)
and checks that the verifier rejects them; Sections 13-15 have control runs with lowered
targets and mutated certificates.
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16.2. Proof method of every numbered statement. Table 9 lists every numbered theorem,
proposition, lemma, corollary, definition and remark. A statement is computer-assisted if its proof
uses a finite computation, directly or through another computer-assisted statement. Definitions
need no proof and are marked with a dash. The decimal values of explicit constants in Sections 11

and 12 (for example C5, A'(g5) = 1/5qs5/ ln% < %, Ey) are evaluations of closed forms; they

are counted as by hand, and they were checked in exact rational enclosures by RQ-REF3/ref/
constants.py (121 lines, 5.7 KB, with RQ-REF3/ref/rig.py, 377 lines, 10.6 KB) and in inter-
val arithmetic by RQ-B/numerics/uniform k_constants.py (95 lines, 2.9 KB); RQ-B/numerics/
constants_check.py (73 lines, 2.9 KB) evaluates them in floating point on grids.

Table 9: Every numbered statement, proved by hand or computer-

assisted.
statement name proof
Theorem 1.1 Main Theorem computer-assisted
Remark 1.2 an equivalent Boolean form computer-assisted
Remark 1.3 extremisers computer-assisted

Corollary 3.1

the middle range

computer-assisted

Lemma 4.1 symmetry by hand

Theorem 4.2 equal coefficients by hand

Lemma 4.3 one-coordinate identity by hand

Lemma 4.4 cumulants of order at most six by hand

Lemma 4.5 cumulants of order seven to ten computer-assisted
Lemma 4.6 moments from cumulants by hand

Lemma 4.7 power sums by hand

Lemma 4.8 sign information by hand
Definition 4.9 six-moment objective bound —

Lemma 4.10 six-moment expectation bound by hand
Definition 4.11 ten-moment objective bound —

Lemma 4.12 ten-moment expectation bound computer-assisted
Definition 4.13 cell and cell certificate —

Lemma 4.14 domination on a cell by hand

Lemma 4.15 cell lemma computer-assisted
Lemma 4.16 two-coordinate value by hand

Lemma 4.17 bit reduction by hand

Lemma 4.18 OR-region identity by hand

Lemma 4.19 conditional expectation, box form by hand
Definition 4.20 box envelope —

Lemma 4.21 box envelope by hand
Definition 4.22 box certificate —

Lemma 4.23 box certificate lemma by hand

Lemma 4.24 convexity in the coefficients by hand

Lemma 4.25 conditional expectation by hand
Definition 4.26 vertex set —

Lemma 4.27 cone lemma by hand

Lemma 4.28 facet minima by hand
Definition 4.29 vertex envelope —

Lemma 4.30 vertex envelope by hand
Definition 4.31 vertex certificate —

Lemma 4.32 vertex certificate lemma computer-assisted
Lemma 4.33 Ipv boxes computer-assisted
Lemma 4.34 tail bound by hand

Lemma 4.35 near-circle tests by hand

Lemma 4.36 near-sphere bound by hand

Lemma 4.37 piece tests by hand

Definition 4.38

m-split box, first kind
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statement name proof

Lemma 4.39 m-split lemma, first kind by hand
Theorem 5.1 the central range computer-assisted
Lemma 5.2 two-coefficient value by hand

Lemma 5.3 algebraic identities by hand

Lemma 5.4 quartic certificate lemma by hand
Corollary 5.5 quartic bound for g > g2 by hand

Lemma 5.6 near-dictator bound by hand

Proposition 5.7
Theorem 6.1
Lemma 6.2
Lemma 6.3
Proposition 6.4
Theorem 7.1
Lemma 7.2
Lemma 7.3
Proposition 7.4
Theorem 8.1
Corollary 8.2
Lemma 8.3
Definition 8.4
Lemma 8.5
Definition 8.6
Lemma 8.7
Definition 8.8
Lemma 8.9
Proposition 8.10
Theorem 9.1
Lemma 9.2
Definition 9.3
Definition 9.4
Lemma 9.5
Definition 9.6
Lemma 9.7
Proposition 9.8
Theorem 10.1
Lemma 10.2
Lemma 10.3
Definition 10.4
Lemma 10.5
Definition 10.6
Lemma 10.7
Proposition 10.8
Definition 11.1
Lemma 11.2
Theorem 11.3
Theorem 11.4
Proposition 11.5
Remark 11.6
Theorem 12.1
Lemma 13.1
Lemma 13.2
Lemma 13.3
Lemma 13.4
Remark 13.5
Lemma 13.6
Lemma 13.7
Lemma 13.8

certified data for Theorem 5.1
the regime k =2

two coordinates for k = 2
three-bit lemma, k = 2
certified data for Theorem 6.1
the regime k = 3, upper part
two coordinates for k = 3
three-bit lemma, k = 3
certified data for Theorem 7.1
the regime k = 3, lower part
the whole k£ = 3 regime

three- and four-bit lemmas, k = 3 lower part

pieces of type TC and SG

TC and SG piece lemma

pieces of type TCS

TCS piece lemma

m-split box of kind msb, level one
m-split lemma, £ = 3 lower part
certified data for Theorem 8.1
the regime k = 4

three- and four-bit lemmas, k = 4
inner pieces

pieces of type TCN

TCN piece lemma

m-split box, k =4

m-split lemma, k =4

certified data for Theorem 9.1
the regime k£ =5

three- and four-bit lemmas, k =5
main terms for k =5

split node

split node lemma

m-split box, k =5

m-split lemma, k=5

certified data for Theorem 10.1
Kolmogorov measures and Rip
level-one form

Poissonisation

configuration-wise Poissonisation
size of the window

the Dirac family

localisation

flip formula

conditional form

OR-region identity with a residual
comparison

smoothed stop-loss test functions
stop-loss bounds

one jump

feasible parameters

computer-assisted
computer-assisted
by hand

computer-assisted
computer-assisted
computer-assisted
by hand

computer-assisted
computer-assisted
computer-assisted
computer-assisted
computer-assisted

computer-assisted

computer-assisted
computer-assisted
computer-assisted
computer-assisted
computer-assisted

computer-assisted
computer-assisted
computer-assisted
computer-assisted
computer-assisted
computer-assisted

computer-assisted
computer-assisted
computer-assisted
by hand
by hand
by hand
by hand
by hand
by hand
by hand
by hand
by hand
by hand
by hand
by hand
by hand
by hand
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statement name proof
Proposition 13.9 band bound by hand
Lemma 13.10 absorption by hand

Theorem 13.11
Proposition 13.12
Theorem 14.1

band lemma, 6§ = 0.85, A = 1.54
certified band data
heavy far region

computer-assisted
computer-assisted
computer-assisted

Lemma 14.2 chord reduction by hand
Lemma 14.3 the rate functions by hand
Lemma 14.4 box reduction by hand
Lemma 14.5 moments of the rest by hand
Lemma 14.6 linear functionals by hand
Lemma 14.7 majorant test by hand
Lemma 14.8 cell certificate by hand

Proposition 14.9
Theorem 15.1

certified heavy-region data
light far region

computer-assisted
computer-assisted

Lemma 15.2 two-point spread by hand
Lemma 15.3 window mass from the rates by hand
Lemma 15.4 lower corner and top-up by hand
Corollary 15.5 reduction to the lower corner by hand
Lemma 15.6 a window straddling 6 by hand
Lemma 15.7 certificate by hand
Lemma 15.8 three cases by hand
Lemma 15.9 cells, § = % by hand

Proposition 15.10 certified light-region data computer-assisted

16.3. The computer-assisted statements. Table 10 gives, for each computer-assisted state-
ment, the method, the programs in the archive that verify it (with their sizes: lines, and KB of
1024 bytes), the certified cases and recorded running times (wall-clock times of the recorded runs,
on an 8-core machine unless stated otherwise), and the commands. Statements that are computer-
assisted only through others are not listed separately. Theorems 5.1-10.1, Corollaries 8.2 and 3.1,
Theorems 13.11, 14.1, 15.1 and 1.1 are listed with the proposition that carries their computation.
The others are Remarks 1.2 and 1.3 (through the theorems they restate); Lemmas 4.12, 4.15, 4.32
and 4.33 (through Lemma 4.5); and Lemmas 8.5, 8.7, 8.9, 9.5, 9.7, 10.3, 10.5 and 10.7 (through
Lemma 4.32 or the bit lemmas 8.3, 9.2 and 10.2).

Table 10: Computer-assisted statements: method, verifying programs
(lines, KB), certified cases and recorded runtime, and the commands
to reproduce them (run in the directory stated). Generators are listed
separately; they are not trusted.

statement method verifying programs (lines, KB) cases; runtime; command

Lemma 4.5 exact symbolic

algebra (sympy)

RQ-A/scripts/verify k3b.py part A1l identities of rational functions;
(1006, 37.2); also part A of verify_ 2s; in RQ-A/scripts: python3
k4.py (737, 30.3) and verify k5.py verify k3b.py A

(639, 26.9)
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statement

method

verifying programs (lines, KB)

cases; runtime; command

Proposition 5.7;
Theorem 5.1

(i) exact rationals,
Sturm sequences
over Python
Fractions; (ii)
outward-rounded
intervals (mpmath,
120 bits), adaptive
subdivision; (iii)
exact tiling

verifier RQ-A/scripts/verify_all.py
(449, 17.5), parts A-E; negative tests
break_tests.py (56, 2.8). Generators:
cover_1p6.py (137, 4.9), 1p6cert.py
(103, 4.4), exactcert.py (164, 5.4),
quartic_verify.py (329, 10.3), run_
cover.sh (6, 0.3). Data: outputs/
cover/rla.json, ..., r3b.json,
outputs/quartic_cover.json

379 cells, 641 boxes (20969
sub-boxes); about 1 min (part C
1s, part D 13s); python3
verify_all.py; python3 break._
tests.py; regeneration of one
rectangle: python3 cover_1p6.py
1 776887/500000 0 4/25 ../
outputs/cover/ria. json; boxes:
python3 quartic_verify.py
611/400 1553774/1000000 9/25
471/1000 ../outputs/quartic_
cover. json

Lemma 6.3

exact Sturm

RQ-A/scripts/verify k2.py part G

256 functions; under 1s; python3

sequences (716, 28.9) verify k2.py G
Proposition 6.4;  cells and (W1), verifier RQ-A/scripts/verify k2.py 784 cells; 55515 boxes (48810 Ip,
Theorem 6.1 (W2): exact (716, 28.9) with the exact helpers of =~ 4835 near-circle, 1189 ms with

rationals (Sturm);
tests (A), (B),
(As), (Bs):
intervals (mpmath,
120 bits); exact
tiling

verify_all.py; negative tests break._
tests_k2.py (276, 7.8). Generators:
cover2c.py (141, 6.0), cert2c.py
(292, 10.3), nearcircle.py (66, 2.1),
nsphere3.py (95, 3.6), cover k2.py
(30, 1.1), run_cover2c.sh (5, 0.3).
Data: outputs/cover_k2/, outputs/
cover2c/ (117 entries in k2_
MD5SUMS . txt)

1669 pieces, 681 small); about
5min (certificates 161s); python3
verify k2.py; python3 break_
tests_k2.py (15s)

Lemma 7.3

exact Sturm
sequences

verify k2.py part G with RQK=3

256 functions; under 1s; RQ_K=3
python3 verify k2.py G

Proposition 7.4;
Theorem 7.1

as for
Proposition 6.4

verify k2.py with RQ_K=3; break_
tests_k2.py with RQ_K=3. Generators:
as for k = 2, with cover k3.py (31,
1.1) and run k3.sh (11, 0.5). Data:
outputs/k3/ (98 entries in k3_
MD5SUMS. txt)

2704 cells; 81975 boxes (57333
Ip, 2534 near-circle, 21 232 ms
with 32932 pieces, 876 small);
certificates 317s; generation 97
jobs, 34 min; RQ_K=3 python3
verify k2.py

Lemma 8.3

exact Sturm
sequences, division
by g4

RQ-A/scripts/verify k3b.py part G
(1006, 37.2); generator-side check
fourbit.py (135, 4.6)

2% and 2'S functions (39 and
1630 distinct polynomials); 6's;
python3 verify k3b.py G;
python3 fourbit.py

Proposition 8.10;
Theorem 8.1;
Corollary 8.2

exact rationals
(Sturm, Gaussian
elimination); (P4)
by interval
bisection; tests by
intervals (mpmath,
120 bits)

verifier RQ-A/scripts/verify k3b.py
(1006, 37.2) with the helpers of
verify_all.py; negative tests break_
tests_k3b.py (222, 7.3). Generators:
cover5.py (290, 10.5), cert4.py (258,
8.9), cert5.py (324, 10.8), cover_
1p10.py (154, 5.8), tenmom.py (322,
11.4), run_k3b.sh (33, 1.4). Data:
outputs/k3b/ (37 entries in k3b_
MD5SUMS. txt)

288 cells; 1421 boxes; 2845
vertex-certificate sets with 16 544
vertices; 93 s; python3 verify_
k3b.py; regeneration bash run_
k3b.sh (36 jobs, about 40 min)

Lemma 9.2

exact Sturm
sequences

RQ-A/scripts/verify k4.py part G
(737, 30.3); generator-side check
bitlemma k4.py (99, 3.9)

as above; 6s; python3 verify._
k4.py G; python3 bitlemma_

k4.py
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statement

method

verifying programs (lines, KB)

cases; runtime; command

Proposition 9.8;

exact rationals;

verifier RQ-A/scripts/verify k4.py

1268 cells; 7261 boxes; 21014

Theorem 9.1 (P4) by the exact (737, 30.3) with the helpers of verify_ vertex-certificate sets with
recursion of k3b.py and verify_all.py; kinds 171 488 vertices; 367s (46
Lemma 4.28; tests  check k4_kinds_check.py (38, 1.9); CPU-minutes); generation 80
by intervals negative tests break_tests_k4.py (357, jobs, 8.5 job-hours; python3
13.2). Generators: cover5.py, verify k4.py; python3 break_
cert5.py, cert6.py (389, 12.9), tests_k4.py (10s)
sphmin.py (81, 2.9), cover_1p10.py,
run_k4.sh (66, 2.5). Data: outputs/
k4/ (81 entries in k4 MD5SUMS. txt)
Lemma 10.2 exact Sturm RQ-A/scripts/verify k5.py part G as above; 8s; python3 verify._

sequences, division
by gs

(639, 26.9); generator-side check
bitlemma k5.py (76, 3.3)

k5.py G

Proposition 10.8;
Theorem 10.1;
Corollary 3.1

as for

Proposition 9.8;
ranges of G; by
Sturm and interval
Horner

verifier RQ-A/scripts/verify k5.py

(639, 26.9) with the helpers of verify.
k4.py, verify k3b.py, verify_ all.py;
negative tests break_tests_k5.py (418,

13.9). Generators: cover6.py (330,

12.2), cert5.py, cert6.py, sphmin.py,
cover_1p10.py, run k5.sh (73, 3.0),

k5_sched.py (193, 7.5). Data:
outputs/k5/ (106 entries in k5_
MD5SUMS. txt)

861 cells; 9166 boxes; 52292
vertex-certificate sets with
784616 vertices; 4449s (9.8
CPU-hours); generation 105 jobs,
66 job-hours; python3 verify_
k5.py; python3 break tests_
k5.py (30s)

Proposition 13.12;
Theorem 13.11

ball arithmetic
(arb, 80 bits),
exact dyadic grid
comparisons; no
stored data needed

verifier RQ-D/scripts/verify._
bandstar.py (830, 29.5); controls
verify_bandstar_controls.py (50,
2.2); box-level record and replay

(evidence only; no proof depends on

them) bandstar_record.py (452,

18.2), bandstar_replay.py (708, 29.1)

1339 certified squares; 14 894 034
(A, m) boxes, of which 7874211
leaves; 793 s with 8 processes; in
RQ-D: python3 scripts/verify.
bandstar.py all 0.0078125 8
outputs/verify bandstar_
squares. jsonl; controls
PYTHONPATH=scripts python3
scripts/verify _bandstar._
controls.py 8 (60s)

Proposition 14.9;
Theorem 14.1

exact rationals
(fmpq) and arb
balls (128 bits);
doubles of the data
read as exact
dyadic rationals

verifier RQ-D/scripts/verify_plus.py
(187, 7.3) with plus_verify lib.py

(488, 17.4); controls verify_plus_

controls.py (71, 2.8); self-tests test_

plus_verify.py (283, 12.2).

Generators: plus_cert.py (352, 14.7),
plus_driver.py (137, 5.5), heavy_box_
1p.py (190, 7.8). Data: outputs/plus._
cert/certs_vl r0.jsonl, ..., certs_

vli_r4.jsonl

436 leaf boxes (156 empty, 280
certified), 1237 cell certificates;
25 s with 8 processes; in RQ-D/
scripts: python3 verify_
plus.py ../outputs/plus_cert/
certs_vl r[0-4].jsonl --nproc
8; regeneration python3 plus_
driver.py vl 4 4 2 4 (11min)
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statement method

verifying programs (lines, KB)

cases; runtime; command

exact rationals
(Fraction, fmpq),
arb balls (160 bits)
for the Poisson
weights, Taylor
bounds with
bisection and exact
Sturm counts

Proposition 15.10;
Theorem 15.1

coverage checker RQ-B/numerics/
cover_check.py (253, 11.4) with
cover_common.py (166, 6.3) and far_
verify.py (457, 17.5) (and only cert_
from_json of far_cert.py); controls
cover_controls.py (62, 3.0); script
reproduce_flight.sh (17, 0.9).
Generators: far_cert.py (742, 30.6),
cover_driver.py (345, 15.1). Data:
cover_final/nsplit_D14.jsonl.xz,
chord D14. jsonl.xz, 1light_v1025_
D18.jsonl.xz

8 553 roots; 10966 certificates
(231 certify empty cells); about
15min in all; in RQ-B/numerics:
bash reproduce_flight.sh 8, or
python3 cover_check.py nsplit
cover_final/nsplit_
D14.jsonl.xz 8 (8min), ...
chord cover_final/chord._
D14.jsonl.xz 2 (5min on 2
cores), ... light cover_final/
light v1025D18.jsonl.xz 8

Theorem 1.1 composition of the

above

16.4. Code and data sizes. All sizes were measured on the unzipped archive (the script scripts/
ca_inventory.py, distributed with the IXTEX source of this paper, prints them and checks that
every file cited in Table 10 exists; none is missing).

e All code in the archive: 636 files (609 Python files and 27 shell scripts), 101921 lines,
4045 KB. Of this, 13828 lines (533.4 KB) are in RQ-A/, 14401 (557.9 KB) in RQ-B/,
7784 (303.0 KB) in RQ-D/, 15229 (616.8 KB) in RQ-C/ (exploratory and cross-check code),
and the independent re-implementations take 4715 lines (186.4 KB) in RQ-REF1/, 3133
(113.9 KB) in RQ-REF2/, 4107 (148.5 KB) in RQ-REF3/ and 38 700 (1 583.4 KB) in RQ-AUD/;
the remaining 24 lines (1.6 KB) are in tools/.

e Programs cited in Table 10 (verifiers, negative tests, controls and self-tests, record and re-
play tools, driver scripts, generators): 14937 lines, 571.4 KB; the verifiers alone (verify_

all.py, verify k2.py,

verify_k3b.py,

verify k4.py,

k4 kinds_check.py,

verify._

k5.py, verify bandstar.py, verify_plus.py, plus_verify_lib.py, cover_check.py,
cover_common.py, far verify.py) have 5966 lines.
o Stored outputs and logs in the archive (counting .txt files only): 99 files (166.8 KB) in RQ-A/
outputs/, 3 (0.6 KB) in RQ-B/numerics/, 107 (122.0 KB) in RQ-D/outputs/, 58 (290.0 KB)
in RQ-C/numerics/out/, 55 (74.4 KB) in the logs of the independent re-implementations,
and 405 (1238.0 KB) in RQ-AUD/audit/. The whole archive has 1909 files and 27202 KB

(uncompressed).

o Certificate data (not in the archive). According to the archive’s own description, the data
of Theorems 9.1 and 10.1 take about 590 MB and are distributed in a separate outputs
archive (together with other large files, 124 files over 1 MB and 696 MB in all). The data
regenerated for this paper (Section 16.5) take 179.3 KB for Theorem 5.1 (eight cell files and
the 641 quartic boxes), 4895 KB for a complete heavy-region cover (four certificate files),
7687 KB (uncompressed) for the 1653 light-region certificates of windows 30-35 of case 1,
and 153.6 KB for the per-square log of the band computation.

16.5. Verifications re-run for this paper. The archive was unzipped, all cited files were located
and measured, and items (2)—(8) below were re-run twice, each time on a fresh copy of the archive,

with the software versions above on an 8-core machine.

The two runs gave the same results;

where their running times differ, both are given. Since the certificate data are not in the archive,
verifiers that read data were run either on data-free parts or on data regenerated by the (untrusted)

generators.
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Integrity. bash tools/check_pdf md5.sh, on the unmodified archive (before the manifests of
item (2) were added): of the 122 files whose md5 sums are pinned, 90 match, 2 are log files
that were modified after their md5 sums were recorded, and 30 are absent: the nine data files
of Proposition 5.7, the data manifests of K = 2,...,5, the certificate files of Propositions 14.9
and 15.10, the certificate, result and log files of the recorded run of windows 30-35, and the
per-square log and four box-level record files of the band computation.

Symbolic identities. Part A of verify_all.py, verify k2.py (k = 2 and RQ_K=3), verify_
k3b.py, verify k4.py and verify k5.py (Lemmas 4.4 and 4.5, Lemma 4.6, Lemma 5.3,
Lemma 4.16 and the target formulas): all pass, 1-2s each. Part E of verify all.py
(Lemma 5.6, the constant 0.940104): passes. (verify k2.py and verify k3b.py read their
regime constants Uy, Ty, Ag from data manifests that are not in the archive; they were
supplied from the values stated in Sections 6-8.)

Bit lemmas. Part G of verify k2.py (k = 2 and RQ_K=3), verify k3b.py, verify k4.py and
verify k5.py, and the generator-side checks fourbit.py, bitlemma k4.py, bitlemma k5.py:
Lemmas 6.3, 7.3, 8.3, 9.2 and 10.2 are confirmed, with 39 and 1630 distinct polynomials and
exactly the stated equality cases, in at most 8s each.

Proposition 5.7. The data were regenerated (cover_1p6.py for the eight rectangles with the
default initial grid of run cover.sh, and quartic verify.py; 30s in all) and verify all.py
(parts A—E) accepted them in 14s and 13s: a tiling of the eight rectangles by 348 certified
cells (62, 39, 32, 43, 32, 54, 32, 54), and the 641 quartic boxes (20969 sub-boxes). Both runs
regenerated the same files. The regenerated box file quartic_cover. json is byte-identical
to the recorded one (md5 £528c4c3a350924d8£878d9375c58af1), and so is ric.json (md5
b72637cdb18725601£06acb31fe770£8); the other cell files differ from the recorded 379-cell
cover, whose initial grids are not recorded. break_tests.py on the regenerated data: 127 of
160 corrupted certificates rejected, namely 119 of the 120 coefficient decreases and 8 of the
40 increases (an accepted corruption passes every check, so it is again a valid certificate; the
recorded run rejected 126 of 160), and the Sturm cross-check against sympy (300 polynomials)
and the ¢4 scaling test (34 of 34) as recorded.

Proposition 13.12. verify bandstar.py was re-run unchanged (518s and 463 s with 8 pro-
cesses) and reproduced every count of Proposition 13.12 exactly: 351/837/408/80 squares
with 215/102/20/0 not certified, 2094 045/5839031/5 825 480/1 135478 boxes, 1339 certified
squares, and the leaf dispositions 3114781 / 551105 / 2876016 / 128597 / 1203286 / 426.
The controls verify bandstar_controls.py (35s and 32s) reproduce the recorded state-
ments (the origin squares are certified at target shift 0 and not at 0.0005, first failing box on
the Dirac curve; 63 of the 80 last-level squares fail at shift 0.001).

Proposition 14.9. The recorded certificates are not in the archive. A complete cover was
regenerated in each run with plus driver.py vl 4 4 2 4 (544s and 523s; four certificate
files each, which differ between the runs but have the same counts), and verify plus.py
(md5 sums of the verifier and its library equal the recorded ones) accepted each in about 20s:
424 leaves tile the rate rectangle, 281 boxes certified by 1244 cell certificates, 143 empty, 0
failures, largest bound 0.854900 < C5. (The floating-point generator does not reproduce the
recorded cover of 436 leaves exactly; any accepted cover proves Theorem 14.1.) Controls: 0,
0, 3, 45 and 178 of the 281 boxes fail when the target is lowered by 0, 1074, 3- 1074, 1073,
31073, and every tiling mutation is rejected.

Proposition 15.10, partially. Windows 30-35 of case 1 were regenerated with the documented
job (cover_driver.py nsplit OUT 1/20 1/4 1/2 14 8 30,31,32,33,34,35, then refine
OUT 8 7; 373s and 337s), which produced the same stage counts as the recorded batch (1326
and 336 and 16 jobs) and 1653 certificates. cover_check.py nsplit (39s and 37s) accepted
all 1653 (5 certify empty cells), covered all 1326 roots of these windows, and found the largest
bound U = 0.854996980551545, equal in all printed digits to the largest bound of the whole
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light region in Proposition 15.10. The other 6630 roots of case 1 and cases 2—-3 were not
regenerated.

Constants. RQ-REF3/ref/constants.py: all 25 checks pass (among them % < (5 with
margin 1.005-107%, Cy < C5 < Cg, A'(q5) = 1.538044391650755 < %, and the numerical facts

used in Lemma 15.9 and Section 14), with output identical to the recorded log; the rig. py self-
test and RQ-B/numerics/uniform k_constants.py (interval arithmetic) pass; constants_
check.py reproduces the values Ej of Proposition 11.5 in floating point.

Not re-run: the verifiers of Propositions 6.4, 7.4, 8.10, 9.8 and 10.8 on their certificate data (absent
from the archive; the recorded regeneration times are about 34 min for £ = 3, 40 min for the lower
part of k = 3, 8.5 job-hours for k = 4 and 66 job-hours for k£ = 5; none is recorded for k = 2), the
remaining 85% of the light-region certificates, and the negative tests of Theorems 6.1-10.1, which
need the same data.
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DISCLOSURE

This text is an Al-generated proof, prompted by Paata Ivanisvili in Grok Bot from October 21
to October 27, 2026. It was subsequently revised and polished, again by Grok Bots. It is essentially
the raw output obtained after a series of prompts.



