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Abstract. For q ∈ (0, 1) let χ1, χ2, . . . be independent random variables, each equal to
√

(1− q)/q

with probability q and to −
√

q/(1− q) with probability 1− q, and let R(q) be the best constant in
the inequality E|

∑
i αiχi| ≤ R(q) ∥α∥2. We prove that for every q ∈ (0, 1)

R(q) = 2
√

q(1− q) max
k≥1

√
k q̂ k−1, q̂ = max(q, 1− q),

and that the supremum is attained by equal coefficients on k = ⌊1/(p(2 − p))⌋ coordinates, p =

min(q, 1 − q). On [1 −
√

5/6,
√

5/6] we also determine all extremisers. On this middle range the
inequality is proved one regime of k at a time (k = 1, . . . , 5): the largest coefficients are split
off, and the remainder is controlled by polynomial certificates whose expectations depend only on
finitely many moments; the extremisers are handled by separate near-sphere arguments and exact
bit lemmas. For q ≤ 1 − 2/

√
5 (and, by symmetry, q ≥ 2/

√
5) a Poissonisation argument reduces

the problem to one q-free inequality for centred infinitely divisible laws, which we prove using a
localisation of maximisers, a comparison lemma for stop-loss terms near the Dirac laws, and exact
moment certificates elsewhere. The finitely many inequalities that remain are decided by computer
in exact rational arithmetic or in outward-rounded interval and ball arithmetic.
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1. Introduction

1.1. The problem. Let q ∈ (0, 1) and put

u =

√
1− q

q
, v =

√
q

1− q
=

1

u
, τ =

√
q(1− q) = qu = (1− q)v.

Let χ, χ1, χ2, . . . be independent and identically distributed with P(χ = u) = q and P(χ = −v) =
1 − q. Then Eχ = 0, Eχ2 = 1 and E|χ| = 2τ ; equivalently χ = (X − q)/τ with X ∼ Bernoulli(q).
Define

R(q) = sup
n≥1

sup
α∈Rn\{0}

E
∣∣∑n

i=1 αiχi
∣∣

∥α∥2
,

the best constant in the reverse Khinchin-type inequality E|
∑

i αiχi| ≤ R(q)∥α∥2. Cauchy–Schwarz
gives R(q) ≤ 1, with R(12) = 1; replacing χ by −χ gives R(q) = R(1 − q) (Lemma 4.1); and one

coordinate gives R(q) ≥ 2τ . If q ≤ 1
2 and kq < 1, then k equal coefficients give

E|χ1 + · · ·+ χk|√
k

= Tk(q) := 2
√
kq (1− q)k−1/2 = 2

√
k (1− q)k−1 τ

(Theorem 4.2).

1.2. The main theorem.

Theorem 1.1 (Main Theorem). [computer-assisted, see Sec. 16] For every q ∈ (0, 1),

(S) R(q) =M(q) := 2
√
q(1− q) max

k≥1

√
k q̂ k−1, q̂ = max(q, 1− q).

Let p = min(q, 1−q). The maximum in (S) is attained at k = ⌊1/(p(2−p))⌋, and also at k−1 exactly

when p = 1−
√

(k − 1)/k. The supremum defining R(q) is attained at α = (1, . . . , 1)/
√
k ∈ Rk.

With qk := 1 −
√

(k − 1)/k (k ≥ 2), the maximiser is k on the closed band [qk+1, qk], where
M = Tk; the neighbours k ± 1 tie with k at the two ends. Thus

R(q) =



2τ q ∈ [q2,
1
2 ], q2 = 1− 1√

2
= 0.2928 . . . ,

2
√
2 (1− q)τ q ∈ [q3, q2], q3 = 1−

√
2/3 = 0.1835 . . . ,

2
√
3 (1− q)2τ q ∈ [q4, q3], q4 = 1−

√
3
2 = 0.1339 . . . ,

4 (1− q)3τ q ∈ [q5, q4], q5 = 1− 2√
5
= 0.1055 . . . ,

2
√
k (1− q)k−1τ q ∈ [qk+1, qk], k ≥ 5,

and R(1 − q) = R(q). The theorem holds on the whole range q ∈ (0, 1); as q → 0 (or q → 1),

R(q) →
√

2/e = 0.85776 . . . (by (S) and Theorem 4.2). Figure 1 shows the structure of the proof,
and Figure 2 shows R(q), computed from (S), with each range of q shaded by the theorem that
proves it. The range (0, q5] is not subdivided: Sections 11 and 12 reduce this whole range to one
q-free claim about measures K, and Sections 13, 14 and 15 prove the claim for three classes of K
(Figure 2(d)), so all three are used at every q ∈ (0, q5].

Remark 1.2 (an equivalent Boolean form). [computer-assisted, see Sec. 16] By Lemma 11.2, R(q)2 =
4q(1 − q) supf D(f), where f runs over all functions {0, 1}n → [0, 1] (n ≥ 1), the cube carries the
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Main Theorem (Theorem 1.1): R(q) = 2
√

q(1− q) maxk≥1

√
k q̂ k−1 for every q ∈ (0, 1), attained by 1k/

√
k

proof: Section 3.3, Steps 0–5

Middle range: R =M on

[q6, 1− q6]
Corollary 3.1 (Section 3): the six

closed ranges below, glued at

q2, q3, qL, q4, q5

Symmetry R(q) = R(1− q):
Lemma 4.1

lower bound R ≥M :
Theorem 4.2

Small q: R ≤M on (0, q5]
Section 3.3, Steps 3–4;

the mirror range [1− q5, 1) by

symmetry

Step 1 Steps 0, 2 Steps 3–5

Theorem 5.1 (k = 1) on [q2,
1
2
], Section 5

computer: Proposition 5.7: 379 cells, 641 boxes
by hand: 5.2–5.6

Theorem 6.1 (k = 2) on [q3, q2], Section 6

computer: Proposition 6.4: 784 cells, 55 515 boxes

bit lemma 6.3; by hand: 6.2

Theorem 7.1 (k = 3, upper part) on [qL, q3], Section 7

computer: Proposition 7.4: 2 704 cells, 81 975 boxes
bit lemma 7.3; by hand: 7.2

Theorem 8.1 (k = 3, lower part) on [q4, qL], Section 8
computer: Proposition 8.10: 288 cells, 1 421 boxes

bit lemma 8.3; pieces and m-split 8.4–8.9

Theorem 9.1 (k = 4) on [q5, q4], Section 9

computer: Proposition 9.8: 1 268 cells, 7 261 boxes

bit lemma 9.2; pieces and m-split 9.3–9.7

Theorem 10.1 (k = 5) on [q6, q5], Section 10
computer: Proposition 10.8: 861 cells, 9 166 boxes

bit lemma 10.2; main terms, split nodes, m-split
10.3–10.7

Common tools, Section 4, used in Sections 5–10
by hand: one-coordinate identity 4.3 ([BF3, Lemma 9.4],

proved here); cumulants 4.4 and moments 4.6–4.8;

six-moment bound 4.9–4.10; cells 4.13–4.14; two
coordinates and bits 4.16–4.19; box certificates

4.20–4.23; vertex sets 4.24–4.31; near-circle, near-sphere

and m-split bounds 4.34–4.39

computer-assisted: the cumulants κ7, . . . , κ10 (4.5),

and through them the ten-moment bound 4.12, the

cell lemma 4.15 and the vertex-certificate lemmas
4.32–4.33

Reduction to one q-free inequality, Sections 11–12

level-one form (Lemma 11.2), Poissonisation

(Theorems 11.3 and 11.4), size of the window

(Proposition 11.5), localisation A′(q) < 77
50

(Theorem 12.1)
if every K of the Claim satisfies (∗), then R ≤M on

(0, q5]

Claim (Section 3.3, Steps 3–4): every finitely supported

probability measure K on [− 77
50
, 77
50

] satisfies

(∗) E|ZK | ≤ max
(
g(λ+θ (K)), g(λ−θ (K)), C5

)
with

θ = 17
20

Band, max(V+, V−) ≥ 4
5
: Theorem 13.11, Section 13

by hand: 13.1–13.10; computer: Proposition 13.12: 1 339

certified squares

Heavy, 1
2
≤ max(V+, V−) < 4

5
: Theorem 14.1,

Section 14
by hand: 14.2–14.8; computer: Proposition 14.9: 436

boxes, 1 237 certificates

Light, max(V+, V−) < 1
2
: Theorem 15.1, Section 15

by hand: 15.2–15.9; computer: Proposition 15.10: 10 966

certificates

V+ = K([ 17
20
, 77
50

]), V− = K([− 77
50
,− 17

20
]); the three cases

cover all K

hypothesis

proved by hand
computer-assisted, directly or through
a block it uses (Section 16)

needed only for the
extremisers on [q6, q5]

Figure 1. Structure of the proof. An arrow means “is used in the proof of”. Green
blocks are proved by hand; blue blocks are computer-assisted, either directly (a finite
computation, described in Section 16) or because they use a blue block. Numbers
without a name are statement numbers of this paper; ranges of numbers include the
definitions between them. The dashed block is needed only for the extremisers on
[q6, q5]: the value of R there also follows from Sections 11–15 (Section 3.3, Step 1).
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¡
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q 5

1
¡
q 6

0.84

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.00
R
(q
)

q
2=e = 0:8578…, the limit of R(q) as q! 0 and as q! 1

(a) R(q) on (0; 1), shaded by
the theorem that proves each range

symmetry R(q) =R(1¡ q) (Lemma 4.1)

R(q) =M(q)

2
q
q(1¡ q)  (one coordinate)

corners qk, 1¡ qk

0 q2 1
2

1¡ q2 1
q

§§5–10
§§11–12

§13 band
§14 heavy
§15 light

Theorem 5.1Thm 6.1 Thm 6.1

Thms 11.4, 12.1

Thm 13.11

Thm 14.1

Thm 15.1

mirror

mirror

mirror

mirror

for each q in (0; q5] the three theorems of §§13–15 together give the claim of §3.3

q2q3q4q5q6

0.88

0.90

0.92

R
(q
)

qL =
25
169 Thm 6.1 (§6), k= 2

Th
m

 7
.1

Th
m

 8
.1

Th
m

 9
.1

Th
m

 1
0.

1

§§
11
–1

5

(b) the regimes k= 2; … ; 5 (q6 ∙ q∙ q2)

10−3 10−2 10−1

q (log scale)

0.85

0.90

0.95

1.00

q
2=e

(0; q5]: §§11–15
Poissonisation, localisation,
band, heavy and light regions

(c) small q: the corners qk accumulate at 0

0 1
2

4
5

1
V+ =K([

17
20;

77
50])

0

1
2

4
5

1

V
¡
=
K
([
¡
77 50
;
¡

1
7
2
0
])

light
Thm 15.1

(§15)
heavy

Thm 14.1
(§14)

heavy
Thm 14.1

(§14)
band, Thm 13.11 (§13)

(d) how §§13–15 split the measures K

ranges for q∙ 1
2 (mirror for q¸ 1

2)
Theorem 5.1 (§5): k= 1, [q2; 12]

Theorem 6.1 (§6): k= 2, [q3; q2]
Theorem 7.1 (§7): k= 3, upper part, [qL; q3]
Theorem 8.1 (§8): k= 3, lower part, [q4; qL]
Theorem 9.1 (§9): k= 4, [q5; q4]
Theorem 10.1 (§10): k= 5, [q6; q5]
§§11–15: (0; q5]
[q6; q5]: covered by both

Figure 2. The optimal constant R(q) of Theorem 1.1, computed from (S) by
figures/plot Rq.py, which checks the closed form against the maximum over all
k ≤ 2k∗+10 and against a complete enumeration, in floating point, of the binomial
law of χ1 + · · ·+ χk (largest difference 3 · 10−15). Each range of q is shaded by the
theorem that proves it; hatched ranges are covered both by Theorem 10.1 and by
Sections 11–15; dots are the corners qk and 1 − qk. (a) The whole range, with the

symmetry R(q) = R(1 − q), the limit
√
2/e (dotted) and the one-coordinate value

2
√
q(1− q) (dashed), which equals R(q) exactly on [q2, 1 − q2]; the strip lists the

sections that prove each range. (b) The regimes k = 2, . . . , 5; qL = 25
169 separates

Theorems 7.1 and 8.1 and is not a corner. (c) Small q on a logarithmic scale. (d)
The three classes of measures K of Sections 13–15 (Section 3).
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product Bernoulli(q) measure, ∆i(f) = E[f | xi = 1] − E[f | xi = 0] and D(f) =
∑

i∆i(f)
2. So

Theorem 1.1 says that ∑
i

∆i(f)
2 ≤ max

k≥1
k q̂ 2k−2

for every such f , with equality for the OR of k bits if q ≤ 1
2 , and for the AND of k bits if q ≥ 1

2 ,
where k attains the maximum.

Remark 1.3 (extremisers). [computer-assisted, see Sec. 16] On [q6, 1 − q6], q6 = 1 −
√

5/6, the
extremisers are determined completely by Theorems 5.1(c), 6.1(b), 7.1(b), 8.1(b), 9.1(b) and 10.1(b)
(for example, on (q2, 1− q2) they are ±ei). For q < q6 or q > 1− q6 the proof gives the value R(q)
and the equal-coefficient extremiser, but it does not show that there are no others.

1.3. History. The constant R(q) comes from the study of the L1-Poincaré inequality on the Ham-
ming cube. Ivanisvili, Li, van Handel and Volberg [ILvHV, Theorem 3.1] showed that R(q) < 1 for
q in a small interval around 3

4 , and used this to improve the constant π2 in the L1-Poincaré inequality

on the cube. Van Handel then proved the quantitative bound R(q) ≤
(
1− 1

480 min{4q3(1−q)3, (2q−
1)4q(1−q)}

)1/2
(a private communication, quoted as [IS, (1.7)]), and Ivanisvili and Stone [IS, Corol-

lary 2] improved it to R(q) ≤ 1−min{4q3(1−q)3, (2q−1)4q(1−q)}/(45−3(q(1−q))3). These upper
bounds are close to 1. Stone computed two families exactly. For two coefficients, α = (1, 1)/

√
2

beats one coordinate for q < 1 − 1/
√
2 ([St, Section 4.2], as cited in [BF3, Remark 9.8(c)]). The

value of k equal coefficients, maximised over k, is the right-hand side of (S); it is stated in [IS,
(1.10)], with a reference to a forthcoming paper of Stone (as printed there, the formula lacks the

factor (1−p∗)1/2), and [IS, Remark 1.3] works out what would follow for the L1-Poincaré inequality
if R(q) were equal to it. We call the statement that R(q) equals it for every q ∈ (0, 1) Conjecture S;
it is Theorem 1.1.

For the central range, the report [BF3] proved, in its Theorem K (Section 9.4), that R(q) =

2
√
q(1− q) for q ∈ [38 ,

5
8 ], by Stein’s method and an exact rational interval computation, and

conjectured [BF3, Remark 9.8(c)] that R(q) = 2
√
q(1− q) holds exactly for 1 − 1√

2
≤ q ≤ 1√

2
,

where at q = 1 − 1√
2
both e1 and (e1 + e2)/

√
2 are extremal. This is Theorem 5.1 below, whose

proof does not depend on [BF3]. Theorems 6.1–10.1 extend the formula, regime by regime, to
[q6, 1− q6], and Sections 11–15 handle all small q at once.

1.4. Use of earlier work. The proof of Theorem 1.1 uses no result of [BF3], [ILvHV], [IS] or [St]
without proof. The following facts also appear in that earlier work, and each of them is stated and
proved in full here.

• The one-coordinate identity E|aχ+ Y | = 2τa+ (2q − 1)EY + 2ERa(Y ) of Lemma 4.3, the
starting point of Sections 5–10. Its case a > 0, Y = bM with b ≥ 0, M bounded and
EM = 0 is [BF3, Lemma 9.4], stated there for 3

8 ≤ q ≤ 1
2 .

• The two-coefficient value E|χ1 + χ2|/
√
2 = 2

√
2 (1 − q)τ (q ≤ 1

2), which exceeds 2τ if and
only if q < q2 (Lemma 5.2, and Theorem 4.2 with k = 2). This is the example of [BF3,
Remark 9.8(c)], which attributes it to [St, Section 4.2].

• The value Tk(q) of k equal coefficients and its maximum over k, the right-hand side of (S)
(Theorem 4.2); see [IS, (1.10)].

• The equivalence of the inequality with a bound on level-one coefficients (Lemma 11.2). Its
special case R(q) ≤ 2τ ⇐⇒ supf D(f) ≤ 1 is the equivalent form of [BF3, Theorem K].

The result [BF3, Theorem K] itself is not used: Theorem 5.1 proves R(q) = 2
√
q(1− q) on the

larger range [q2, 1 − q2] ⊃ [38 ,
5
8 ] by a different method. The bounds of [ILvHV] and [IS], and the

one quoted in [IS], are cited only for history. Everything else in the proof is either proved here or
classical.
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1.5. The strategy.
What is being maximised. Each χi is a centred, normalised coin that comes up “heads” with
probability q. We weight n such coins and ask how large the mean absolute value of the sum can
be, relative to its standard deviation. For q near 1

2 the best choice is to put all the weight on one
coin. As q decreases, heads become rare events, and it pays to spread the weight evenly over k
coins. Then the sum is negative only when all k coins show tails, and k is about 1/(2q). The best
k jumps at the thresholds qk, so M(q) is the upper envelope of the curves Tk. The lower bound
R ≥M is this computation (Theorem 4.2). All the work is in the upper bound R ≤M .
The middle range (Sections 4–10). For each k = 1, . . . , 5 we prove E|

∑
αiχi| ≤ Tk(q)∥α∥2 for

q in the band of k. Write the sum as a1χ1 + a2χ2 + (remainder) with the largest coefficients
in front. Exact identities reduce the problem to bounding an expectation of a piecewise-linear
function of the remainder. The first six (or ten) moments of the remainder are fixed by power sums
of its coefficients, and these are controlled by the parameters. A polynomial “moment certificate”
then bounds the expectation on a cell of parameter space. The certificates must be exact at the
extremisers, so they degenerate there; separate lemmas (the near-circle lemma, the m-split, the
quartic certificate, the bit lemmas) cover small neighbourhoods of the extremisers. Finitely many
polynomial inequalities remain, and they are checked by computer in exact rational arithmetic or
in outward-rounded interval arithmetic. This works for each fixed k, but every k needs a new and
larger computation, so it cannot reach all small q.
Small q: Poissonisation (Section 11). When q is small, a sum of many rare coins looks like a
compound Poisson variable. Poissonisation makes this exact at every fixed q. Take a maximiser,
and let f be the indicator that its sum is positive. Replace each bit xi by the event that a
Poisson(s) count is positive, where s = ln 1

1−q . Stein’s identity for the Poisson law then gives

Rn(q) ≤
√
q/((1− q)s) E|ZK |, where ZK is a centred compound Poisson variable whose jump sizes

are the normalised coefficients. The expected number of jumps of size at least θ is always an integer
multiple of s, and this is exactly what produces the discrete maximum over k in (S). So everything
reduces to one q-free inequality:

ID∗(C) : E|ZK | ≤ max
(
g(λ+θ (K)), g(λ−θ (K)), C

)
,

where λ±θ (K) is the expected number of jumps of size ≥ θ (resp. ≤ −θ), and g(λ) = 2
√
λ e−λ is

E|Z| when all jumps have the same size a ≥ 1 (then λ = a−2). With C = C5 = g(2 ln 5
4) this yields

R =M on all of (0, q5] (Theorem 11.4).
No huge coefficients (Section 12). The first-order optimality conditions of a maximiser show that
no coefficient can be large: for large n, every jump of the measure K produced above lies in [−A,A]
for any fixed A > A′(q), and A′(q) ≤ A′(q5) = 1.53804 . . . < 1.54 (Theorem 12.1). So ID∗(C5) is
needed only for K carried by [−1.54, 1.54].
Proving ID∗(C5) (Sections 13–15). Fix θ = 0.85 and sort K by the masses V+ and V− that it puts
on the large jumps [0.85, 1.54] and [−1.54,−0.85].

• Band (V+ ≥ 4
5 or V− ≥ 4

5). This region contains the Dirac laws K = δa, for which the

inequality is an equality whenever a ≥ 1 and g(a−2) ≥ C5, so the bound must be sharp to
first order. An exact identity isolates the extremal Poisson part. The residual enters only
through two stop-loss terms, which a comparison lemma bounds (Theorem 13.11).

• Heavy far region (12 ≤ V± < 4
5). The large jumps are replaced by their chord law, which

is larger in convex order. Everything else enters through a degree-16 moment certificate
(Theorem 14.1).

• Light far region (V+ < 1
2 and V− <

1
2). Here there is room to spare: E|ZK | ≤ 171

200 = 0.855 <
C5 = 0.85510 . . . The proof spreads windows of jumps to two points (a convex-order step)
and uses 10 966 exact moment certificates (Theorem 15.1).
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Assembly. The middle range, the small-q range (0, q5] and its mirror image cover (0, 1), and adjacent
ranges share their closed endpoints (Section 3).

1.6. Computer assistance and organisation. Several statements rest on finite computations.
They are marked [computer-assisted, see Sec. 16] in the text; their proofs reduce them, by hand,
to finitely many inequalities, which are decided by computer in exact rational arithmetic (Sturm
sequences, exact comparisons of rationals) or in outward-rounded interval or ball arithmetic. Float-
ing point is used only to find certificates and subdivisions, never to decide an inequality. Section 16
lists, for every numbered statement, whether it is proved by hand or computer-assisted, and, for
the computer-assisted ones, the method, the programs, their sizes, the recorded running times
and certified counts, and the commands that reproduce them. The verifying programs are in the
code archive, but the recorded certificate data of most computer-assisted propositions are not; Sec-
tion 16.5 lists which verifications were repeated for this paper, on the archive and on regenerated
data.

Section 2 fixes notation. Section 3 explains which result covers which values of q and proves
Theorem 1.1 from the results of the later sections. Sections 4–10 prove the formula on the middle
range [q6, 1 − q6]: Section 4 collects the tools common to all regimes, and Sections 5–10 treat
k = 1, 2, 3, 3, 4, 5 (the regime k = 3 in two parts). Section 11 contains the Poissonisation and
the reduction of (0, q5] to ID∗(C5), Section 12 the localisation of maximisers, Sections 13 and 14
the band and the heavy far region, and Section 15 the light far region. Section 16 describes the
computer-assisted components.

2. Notation and conventions

The following symbols have the same meaning throughout, except where a local meaning is stated
in a section.

symbol meaning

q, q̂, p q ∈ (0, 1); q̂ = max(q, 1− q); p = min(q, 1− q)

u, v, τ u =
√
(1− q)/q, v =

√
q/(1− q) = 1/u, τ =

√
q(1− q) = qu = (1− q)v

χ, χi, χ
(q) i.i.d., P(χ = u) = q, P(χ = −v) = 1− q; χ = (X − q)/τ with X ∼ Bernoulli(q);

the superscript shows the parameter when two values occur
L, Rn(q), R(q) L =

∑
i αiχi = α · χ for a unit vector α; Rn(q) = max|α|=1, α∈Rn E|L|;

R(q) = supnRn(q)
| · |, ei, 1S |α| = ∥α∥2 for vectors; standard basis vectors; 1S =

∑
i∈S ei

Tk(q) 2
√
kq (1− q)k−1/2 = 2

√
k (1− q)k−1τ , the value of 1k/

√
k when kq < 1, q ≤ 1

2 ;
in Sections 5–10, T denotes the target of the regime

M(q) 2τ maxk≥1

√
k q̂ k−1; for q ≤ 1

2 , M(q) = maxk Tk(q)

qk (k ≥ 2) 1−
√
(k − 1)/k, where Tk−1(qk) = Tk(qk); M = Tk on [qk+1, qk];

q2 = 0.292893 . . ., q3 = 0.183503 . . ., q4 = 0.133974 . . ., q5 = 0.105572 . . .,
q6 = 0.087129 . . .

qL
25
169 = 0.147928 . . ., the boundary between Sections 7 and 8

s = s(q) ln 1
1−q , so that 1− q = e−s

g(λ) 2
√
λ e−λ (λ ≥ 0); max g = g( 12 ) =

√
2/e = 0.857763 . . .

C(q), CK C(q) = maxk≥1 g(ks); for q ≤ 1
2 , M(q) =

√
q/((1− q)s)C(q), equation (11.1);

CK = min0<q≤qK C(q) = C(qK) (Theorem 11.4(d))

C5 g(2 ln 5
4 ) = 1.28

√
2 ln 1.25 = 0.855100455470819 . . .; C4 = 0.853343 . . .,

C6 = 0.855984 . . .
Kolmogorov measure K a finite Borel measure on R (in Sections 11–15 usually a probability measure)
ZK the centred infinitely divisible law with logEeitZK =

∫
(eitx − 1− itx)x−2K(dx);

EZ2
K = K(R); for finitely supported K = σ2δ0 +

∑
j wjδaj

:

ZK = σG+
∑

j aj(Nj − wj/a
2
j ), Nj ∼ Poisson(wj/a

2
j )
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symbol meaning (continued)

λ±θ (K)
∫
±x≥θ

x−2K(dx) (closed thresholds): the expected number of jumps of size ≥ θ,

resp. ≤ −θ; also written λ±(K), and Λ = λ+θ (K) in Section 13
ID∗(C) every finitely supported probability measure K on R \ {0} has some

θ = θ(K) > 0 with E|ZK | ≤ max(g(λ+θ (K)), g(λ−θ (K)), C)
θ, A, V± in Sections 13–15: θ = 17

20 , A = 77
50 , V+ = K([θ,A]), V− = K([−A,−θ])

A′(q)
√
2q/s/(1− q) (Theorem 12.1(f)); increasing, with

A′(q5) =
√

5q5/ ln
5
4 = 1.538044391650755 . . . < 77

50

∆i(f), D(f) for f : {0, 1}n → [0, 1] (or [−1, 1]) under the Bernoulli(q) product measure,
∆i(f) = E[f | xi = 1]− E[f | xi = 0], D(f) =

∑
i ∆i(f)

2

ORS 2 · 1{∃i ∈ S : xi = 1} − 1 (in Section 11, the indicator 1{∃i ∈ S : xi = 1})
Nλ, G a Poisson(λ) variable (N0 = 0) and a standard Gaussian, independent of each

other and of everything else
X ≤cx Y convex order: Ef(X) ≤ Ef(Y ) for every convex f
x+ max(x, 0)

Local notation. In Sections 4–10, M usually denotes the remainder
∑
βiχi (a random variable),

not the function M(q); in Section 14, M(a, b) = aθ2 + bA2. In Section 11, K is an integer in qK ,
CK and a measure elsewhere. Further local symbols are introduced where they are used.
Arithmetic conventions. All polynomials in the computer-assisted parts have rational coefficients.
“Verified” means verified in exact rational arithmetic or in outward-rounded interval (or ball)
arithmetic. For a rational x ≥ 0 and an integer N ≥ 1, the rational lower and upper bounds of

√
x

are ⌊N
√
x⌋/N and (⌊N

√
x⌋ + 1)/N , computed with integer square roots; unless stated otherwise

N = 1015, and we write ⌊
√
x⌋15 and ⌈

√
x⌉15 for them.

3. Structure of the proof and proof of the Main Theorem

3.1. Which result covers which values of q. Figure 3 and Table 1 show how the results cover
(0, 1). All intervals are closed at every finite endpoint where two results meet. The point 0 is
excluded, since q ∈ (0, 1).

q
0 q6

0.0871

q5
0.1056

q4
0.1340

qL
0.1479

q3
0.1835

q2
0.2929

1
20.5

Thm. 5.1
2τ

Thm. 6.1

2
√
2 q̂τ

Thm. 7.1

2
√
3 q̂2τ

Thm. 8.1

2
√
3 q̂2τ

Thm. 9.1

4q̂3τ

Thm. 10.1

2
√
5 q̂4τ

Secs. 11–15: R =M on (0, q5]

Figure 3. The range (0, 12 ], not to scale. Thick bars are closed intervals (filled
dots); the small-q chain is open at 0 and closed at q5. Above each bar is the theorem
and the value M(q) there. The range [12 , 1) is the mirror image under q 7→ 1 − q:
every theorem of Sections 5–10 proves the mirror statement, and R(q) = R(1− q),
M(q) =M(1−q) give the rest. The overlap [q6, q5] of Theorem 10.1 and the small-q
chain is not needed for the value of R.
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closed range of q R(q) = proved in

[q2, 1− q2] 2τ Theorem 5.1 (Section 5)

[q3, q2] ∪ [1− q2, 1− q3] 2
√
2 q̂ τ Theorem 6.1 (Section 6)

[qL, q3] ∪ [1− q3, 1− qL] 2
√
3 q̂2τ Theorem 7.1 (Section 7)

[q4, qL] ∪ [1− qL, 1− q4] 2
√
3 q̂2τ Theorem 8.1 (Section 8)

[q5, q4] ∪ [1− q4, 1− q5] 4q̂3τ Theorem 9.1 (Section 9)

[q6, q5] ∪ [1− q5, 1− q6] 2
√
5 q̂4τ Theorem 10.1 (Section 10)

[q6, 1− q6] M(q) Corollary 3.1
(0, q5] M(q) Sections 11–15, see Table 2
[1− q5, 1) M(q) mirror (Lemma 4.1)

(0, 1) M(q) Theorem 1.1, proved in Section 3.3

Table 1. The q-ranges and their proofs.

Corollary 3.1 (the middle range). [computer-assisted, see Sec. 16] R(q) = M(q) for every q ∈
[q6, 1− q6] = [1−

√
5/6,

√
5/6].

Proof. By Lemma 4.1 let q ≤ 1
2 , so q̂ = 1 − q and M(q) = maxk Tk(q). The interval [q6,

1
2 ] is the

union of [q2,
1
2 ], [q3, q2], [qL, q3], [q4, qL], [q5, q4] and [q6, q5], on which Theorems 5.1, 6.1, 7.1, 8.1,

9.1 and 10.1 give R(q) = T1, T2, T3, T3, T4 and T5 respectively (with T1 = 2τ). By Theorem 4.2,
the maximum of Tk(q) over k ≥ 1 is attained at k = ⌊1/(q(2− q))⌋. Since q(2− q) = 1− (1− q)2 is
increasing on (0, 1) and equals 1/k at q = qk, this maximiser is k on [qk+1, qk] (with the tie of k− 1
and k at qk), and k = 1 on [q2,

1
2 ]. Hence R(q) =M(q) on each of the six intervals. □

3.2. How the small-q chain fits together. Table 2 lists the results used on (0, q5], and Fig-
ure 2(d) shows how the three theorems of Sections 13–15 divide the measures K: the masses V+ =
K([1720 ,

77
50 ]) and V− = K([−77

50 ,−
17
20 ]) of a probability measure K on [−77

50 ,
77
50 ] satisfy V± ≥ 0 and

V++V− ≤ 1; the light region is {V+ < 1
2 , V− <

1
2}, the heavy region {1

2 ≤ V+ < 4
5}∪{1

2 ≤ V− <
4
5}

and the band {V+ ≥ 4
5} ∪ {V− ≥ 4

5}. The lines V± = 1
2 belong to the heavy region and the lines

V± = 4
5 to the band, so the three regions cover the triangle with no gap.

link statement used where

L0 R(q) ≥M(q) for q ≤ 1
2 (equal coefficients) Theorem 4.2

L1 if ID∗ holds at every Kf with constant C ≤ C(q), then
R(q) ≤M(q); min(0,q5] C = C5

Lemma 11.2, Theorem 11.4,
Proposition 11.5

L2 only K carried by [−A,A] with A > A′(q) are needed;
A′(q) ≤ A′(q5) <

77
50

Theorem 12.1(f),(g)

L3 band: V+ ≥ 4
5 or V− ≥ 4

5 ⇒ E|ZK | ≤
max(g(λ±17/20(K)), C5)

Theorem 13.11

L4 heavy: 1
2 ≤ V+ < 4

5 or 1
2 ≤ V− < 4

5 ⇒ E|ZK | < C5 Theorem 14.1
L5 light: V+ < 1

2 and V− < 1
2 ⇒ E|ZK | ≤ 171

200 < C5 Theorem 15.1

Table 2. The links of the small-q chain.

3.3. Proof of the Main Theorem.

Proof of Theorem 1.1. Step 0: symmetry. By Lemma 4.1, R(q) = R(1 − q), and the extremisers
for q and 1− q coincide. Since q̂ and q(1− q) are invariant under q 7→ 1− q, also M(q) =M(1− q).
For q ≤ 1

2 , q̂ = 1− q and M(q) = maxk Tk(q).
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Step 1: the middle range. Corollary 3.1 gives (S) for every q ∈ [q6, 1 − q6], in particular on
[q5, 1−q5]. (Only Theorems 5.1–9.1 are needed for [q5, 1−q5]; the value of R on [q6, q5] is also given
by Steps 2–4.)

Step 2: the lower bound on (0, 12 ]. By Theorem 4.2, for q ∈ (0, 12 ] the maximum of Tk(q) over k ≥ 1

is attained at k = ⌊1/(q(2− q))⌋, this k satisfies kq < 1, and E|χ1 + · · ·+ χk|/
√
k = Tk(q) =M(q).

Hence R(q) ≥M(q), with this α = 1k/
√
k.

Step 3: reduction of the upper bound on (0, q5]. Fix q ∈ (0, q5] and put A = 77
50 , C = C5. We

check the two hypotheses of Theorem 12.1(f).

• A > A′(q): by Theorem 12.1(g), A′ is strictly increasing, so A′(q) ≤ A′(q5) =
√
5q5/ ln

5
4 =

1.538044 . . . < 1.54 = A.
• C

√
q/((1− q)s) ≤M(q): by Theorem 11.4(d), C(q) ≥ C5 on (0, q5], and by (11.1), M(q) =√

q/((1− q)s)C(q) ≥
√
q/((1− q)s)C5.

Theorem 12.1(f) uses the bound

(∗) E|ZK | ≤ max
(
g(λ+θ (K)), g(λ−θ (K)), C5

)
only at the single finitely supported probability measure K = K̃ there, which is carried by [−A,A],
and for any θ > 0, because λ±θ (K̃) is an integer multiple of s for every θ. So R(q) = M(q) follows
once we show:

Claim. Every finitely supported probability measure K on [−77
50 ,

77
50 ] satisfies (∗) with θ =

17
20 .

Step 4: proof of the Claim. Let V+ = K([1720 ,
77
50 ]) and V− = K([−77

50 ,−
17
20 ]). Exactly one of the

following three cases occurs.

(i) V+ ≥ 4
5 or V− ≥ 4

5 . Theorem 13.11 gives E|ZK | ≤ max(g(λ+0.85(K)), C5), resp. E|ZK | ≤
max(g(λ−0.85(K)), C5), and either bound implies (∗).

(ii) Not (i), and V+ ≥ 1
2 or V− ≥ 1

2 . Then 1
2 ≤ V+ < 4

5 or 1
2 ≤ V− <

4
5 , and Theorem 14.1 gives

E|ZK | < C5.
(iii) V+ < 1

2 and V− <
1
2 . Theorem 15.1 gives E|ZK | ≤ 171

200 < C5, since C5− 171
200 = 1.0045 . . .·10−4 >

0.

In each case (∗) holds. The cases are exhaustive: if (i) fails then V± <
4
5 , and if (ii) fails too then

V± <
1
2 .

Step 5: conclusion. Steps 2–4 give R(q) = M(q) for every q ∈ (0, q5]. By Step 0 this also holds
on [1− q5, 1). With Step 1, (S) holds on (0, q5] ∪ [q5, 1− q5] ∪ [1− q5, 1) = (0, 1). Finally, for q ≤ 1

2

the vector 1k/
√
k of Step 2 attains R(q) = M(q), and by Step 0 it also attains R(1− q); together

with Theorem 4.2 this proves the remaining statements, with p = min(q, 1− q). □

4. The middle range: common tools

This section collects the definitions and lemmas used in all six regimes of the middle range. Each
regime (Sections 5–10) fixes a target T = Tk, a parameter range [U−, U+] and a threshold AS , and
supplies the finite data and the regime-specific bounds at the extremisers.

4.1. Symmetry and parametrisation.

Lemma 4.1 (symmetry). The law of −χ(q) equals the law of χ(1−q). Hence E|
∑
αiχ

(q)
i | =

E|
∑
αiχ

(1−q)
i |, R(q) = R(1− q), and the extremisers for q and 1− q coincide.

Proof. −χ(q) takes the value −uq with probability q and vq with probability 1 − q. Since u1−q =√
q/(1− q) = vq and v1−q = uq, the variable χ(1−q) takes the value vq with probability 1 − q and

−uq with probability q. Finally |
∑
αi(−χi)| = |

∑
αiχi|. □
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From now on in Sections 4–10, q ≤ 1
2 , i.e. u ≥ 1. We parametrise everything by u:

(4.1) q =
1

1 + u2
, 1− q =

u2

1 + u2
, v =

1

u
, τ =

u

1 + u2
, qu = (1− q)v = τ.

The map u 7→ q is a decreasing bijection [1,∞) → (0, 12 ]; on u ≥ 1, τ and q are decreasing and 1− q
is increasing in u. The thresholds qk correspond to

uk :=

√
1− qk
qk

=

√
(k − 1) +

√
k(k − 1), so

u2 =

√
1 +

√
2, u3 =

√
2 +

√
6, u4 =

√
3 + 2

√
3, u5 =

√
4 + 2

√
5, u6 =

√
5 +

√
30,

numerically u2 ≈ 1.5537740, u3 ≈ 2.1093814, u4 ≈ 2.5424598, u5 ≈ 2.9106934, u6 ≈ 3.2368543
(indeed 1− qk =

√
(k − 1)/k, so u2k =

√
k − 1/(

√
k −

√
k − 1)). By (4.1),

(4.2)

Tk = 2
√
k (1−q)k−1τ =

√
k T̃k(u), T̃k(u) =

2u2k−1

(1 + u2)k
,

d

du

u2k−1

(1 + u2)k
=
u2k−2(2k − 1− u2)

(1 + u2)k+1
,

so Tk is increasing on [1,
√
2k − 1] and decreasing on [

√
2k − 1,∞). Hence for 1 ≤ u1 < u2 and

u ∈ [u1, u2] (here u1, u2 denote the ends of an interval, not the thresholds),

(4.3) Tk(u) ≥ T−(u1, u2) := Skmin{T̃k(u1), T̃k(u2)},

where Sk ≤
√
k is a fixed rational lower bound of

√
k: S1 = 1, S4 = 2, and Sk = ⌊

√
k⌋15 for

k = 2, 3, 5. (If u ≤
√
2k − 1 then Tk is increasing on [u1, u], and if u ≥

√
2k − 1 it is decreasing on

[u, u2].) For rational u1, u2 the number T−(u1, u2) is rational.

4.2. Equal coefficients.

Theorem 4.2 (equal coefficients). Let q ∈ (0, 12 ] and k ≥ 1 with kq < 1. Then

E|χ1 + · · ·+ χk|√
k

= 2
√
kq (1− q)k−1/2 = Tk(q).

The maximum of Tk(q) over all k ≥ 1 is attained at k = ⌊1/(q(2 − q))⌋, which satisfies kq < 1;

k − 1 and k are both maximal exactly when q = 1−
√
(k − 1)/k. Consequently R(q) ≥ M(q), and

M(q) →
√

2/e as q → 0.

Proof. Let S = X1+· · ·+Xk, so
∑
χi = (S−kq)/τ . Since 0 < kq < 1 and S ∈ {0, 1, . . . }, S−kq < 0

iff S = 0. As E(S− kq) = 0, E|S− kq| = 2E(kq−S)+ = 2kq(1− q)k, hence E|
∑
χi|/

√
k = 2kq(1−

q)k/(τ
√
k) = 2

√
kq(1−q)k−1/2. With h(k) =

√
k(1−q)k we have h(k+1)/h(k) =

√
1 + 1/k (1−q) ≥

1 iff k ≤ (1 − q)2/(q(2 − q)) = 1/(q(2 − q)) − 1, so h increases up to k∗ = ⌊1/(q(2 − q))⌋ and
decreases afterwards, with h(k− 1) = h(k) iff (1− q)2 = (k− 1)/k. Also k∗q ≤ 1/(2− q) < 1. Since

Tk(q) = 2
√
q/(1− q)h(k), this proves the statements on the maximum, and R(q) ≥ Tk∗(q) =M(q).

For the limit, 2
√
kq(1− q)k−1/2 = 2

√
q/(1− q)

√
k e−ks, maxκ>0

√
κe−κs = (2es)−1/2 at κ = 1/(2s),

an integer within 1 of 1/(2s) gives
√
ke−ks = (2es)−1/2(1 + o(1)), and q/((1− q)s) → 1. □

The formula of Theorem 4.2 also follows from the level-one identity (4.7) below: if q < 1/k and
S = χ1+· · ·+χk, then S ≥ u−(k−1)v > 0 when some χi = u (because u2 > k−1), and S = −kv < 0
otherwise; so |S| = fS with f = 1−2 ·1{all χi = −v}, and E[fχi] = −2(1−q)k(−v) = 2(1−q)k−1τ .
We use the comparisons

(4.4)
Tj+1

Tj
=

√
j + 1

j
(1− q), so Tj+1 ≤ Tj ⇐⇒ 1− q ≤

√
j
j+1 ⇐⇒ q ≥ qj+1,

with equality iff q = qj+1 (j ≥ 1, q ∈ (0, 1); T1 = 2τ).



THE OPTIMAL L1–L2 CONSTANT OF BIASED BITS 13

4.3. The one-coordinate identity.

Lemma 4.3 (one-coordinate identity). For a ≥ 0 let

Ra(y) = (1− q)(y − av)+ + q(−y − au)+ = max{0, (1− q)(y − av), q(−y − au)}.

If Y is integrable and independent of χ, then E|aχ + Y | = 2τa + (2q − 1)EY + 2ERa(Y ). In

particular, if a ∈ [0, 1), b =
√
1− a2 and M =

∑
i βiχi is independent of χ1 with

∑
β2i = 1, then

E|aχ1 + bM | = 2τa+ 2ERa(bM).

Proof. The two expressions for Ra agree because the positive parts are supported on the disjoint sets
{y > av} and {y < −au} (if a = 0 they are {y > 0} and {y < 0}). For fixed y, use |x| = x+2(−x)+
for the first term and |x| = −x+ 2x+ for the second:

q|au+ y|+ (1− q)|y − av| = q(au+ y) + 2q(−au− y)+ + (1− q)(av − y) + 2(1− q)(y − av)+

= a
(
qu+ (1− q)v

)
+ (2q − 1)y + 2Ra(y) = 2τa+ (2q − 1)y + 2Ra(y),

since qu = (1 − q)v = τ . Condition on Y and take expectations; for the last statement use
EM = 0. □

The case a > 0, Y = bM with b ≥ 0, M bounded and EM = 0 is [BF3, Lemma 9.4], stated there
for 3

8 ≤ q ≤ 1
2 .

4.4. Moments of the remainder.

Lemma 4.4 (cumulants of order at most six). Let w = u2 + v2 and d = u− v. The cumulants of
χ are κ1 = 0, κ2 = 1, κ3 = d, κ4 = w − 4, κ5 = d(w − 10) and κ6 = w2 − 26w + 64.

Proof. By (4.1), mk := Eχk = quk + (1 − q)(−u−1)k =
uk + (−1)ku2−k

1 + u2
. Using u4 − 1 = (u2 +

1)(u2 − 1), u6 + 1 = (u2 + 1)(u4 − u2 + 1), u8 − 1 = (u2 + 1)(u2 − 1)(u4 + 1) and u10 + 1 =
(u2 + 1)(u8 − u6 + u4 − u2 + 1), we get

m3 =
u2 − 1

u
= u− v, m4 = u2 − 1 + u−2 = w − 1,

m5 =
(u2 − 1)(u4 + 1)

u3
= (u− v)w, m6 = u4 + u−4 − w + 1 = w2 − w − 1.

For a centred variable with unit variance the cumulants are κ3 = m3, κ4 = m4−3, κ5 = m5−10m3

and κ6 = m6−15m4−10m2
3+30. With (u−v)2 = w−2 this gives κ4 = w−4, κ5 = (u−v)(w−10)

and κ6 = w2 − w − 1− 15(w − 1)− 10(w − 2) + 30 = w2 − 26w + 64. □

Lemma 4.5 (cumulants of order seven to ten). [computer-assisted, see Sec. 16] With w and d as

in Lemma 4.4, κj = d[j odd]Gj(w) for 3 ≤ j ≤ 10, where

G3 = 1, G4 = w − 4,

G5 = w − 10, G6 = w2 − 26w + 64,

G7 = w2 − 56w + 244, G8 = w3 − 120w2 + 1188w − 2176,

G9 = w3 − 246w2 + 4044w − 11080, G10 = w4 − 502w3 + 14604w2 − 86728w + 126976.

Proof. For j ≤ 6 this is Lemma 4.4. In general the cumulants are determined by the moments mk

of the proof of Lemma 4.4 through the recursion κn = mn −
∑n−1

k=1

(
n−1
k−1

)
κkmn−k. The identities

for 7 ≤ j ≤ 10 are identities of rational functions of u, verified in exact symbolic arithmetic (the
difference of the two sides simplifies to 0); the cases j ≤ 6 are checked in the same way. □
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Lemma 4.6 (moments from cumulants). Let M =
∑
βiχi (a finite sum of i.i.d. copies of χ) with∑

β2i = 1 and power sums pj =
∑

i β
j
i . Then M has cumulants K1 = 0, K2 = 1, Kj = κjpj, and

EMn = µn(K3, . . . ,Kn) for n ≤ 10, where µ0 = 1 and

µn =
n∑
k=2

(
n− 1

k − 1

)
Kk µn−k (K2 = 1).

Each µn is a polynomial in K3, . . . ,K10 with nonnegative integer coefficients; we write µn =∑
eNn(e)

∏10
j=3K

ej
j over exponent vectors e = (e3, . . . , e10). The term with e = 0 is the Gaussian

moment: Nn(0) = (n− 1)!! for even n and 0 for odd n. In particular

EM3 = κ3p3, EM4 = 3 + κ4p4,

EM5 = κ5p5 + 10κ3p3, EM6 = 15 + 15κ4p4 + 10κ23p
2
3 + κ6p6.

Proof. Cumulants of independent sums add and Kj(βχ) = βjκj , so Kj(M) = κjpj , with K1 = 0

and K2 =
∑
β2i = 1. The recursion is the moment–cumulant relation mn =

∑n
k=1

(
n−1
k−1

)
Kkmn−k

with K1 = 0. The value at K3 = · · · = K10 = 0 is the n-th moment of a standard Gaussian. For
n ≤ 6 the relations read m3 = K3, m4 = K4+3K2

2 , m5 = K5+10K3K2 and m6 = K6+15K4K2+
10K2

3 + 15K3
2 . □

Lemma 4.7 (power sums). Let
∑
β2i = 1, maxi |βi| ≤ m ≤ 1 and ρ =

√
p4. Then

p23 ≤ p4 ≤ m2, p24 ≤ p6 ≤ m2p4, |p5| ≤ mp4, 0 ≤ p4 ≤ 1;

more generally 0 ≤ ρ ≤ m, |p3| ≤ ρ, |pj | ≤ mj−4ρ2 for 5 ≤ j ≤ 10, and pj ≥ ρj−2 for even j ≥ 4.
(Note that maxi |βi| ≤ 1 always.)

Proof. p23 = (
∑
βi · β2i )2 ≤

∑
β2i

∑
β4i = p4 by Cauchy–Schwarz, and p24 = (

∑
βi · β3i )2 ≤∑

β2i
∑
β6i = p6. Also p4 ≤ m2

∑
β2i = m2, p6 ≤ m2p4 and, for j ≥ 5, |pj | ≤

∑
|βi|j−4β4i ≤ mj−4p4.

For even j ≥ 4, Jensen’s inequality for the probability weights β2i and the convex function

x 7→ x(j−2)/2 gives pj =
∑
β2i (β

2
i )

(j−2)/2 ≥ (
∑
β2i β

2
i )

(j−2)/2 = ρj−2. □

Lemma 4.8 (sign information). Let
∑
β2i = 1, m = max |βi|, and suppose βi0 = −m for some i0.

If m ≥ mc ∈ (0, 1], then p3 ≤ φ(mc) := −m3
c + (1−m2

c)
3/2. Moreover φ(m) < 0 iff 2m2 > 1.

Proof. For i ̸= i0, |βi| ≤ (
∑

i ̸=i0 β
2
i )

1/2 =
√
1−m2. Hence p3 = −m3 +

∑
i ̸=i0 β

3
i ≤ −m3 +√

1−m2
∑

i ̸=i0 β
2
i = φ(m), and φ′(m) = −3m2 − 3m

√
1−m2 ≤ 0, so φ(m) ≤ φ(mc). Finally

φ(m) < 0 iff (1−m2)3/2 < m3 iff 1−m2 < m2. □

4.5. Moment certificates: the objective bounds.
Six-moment cumulant enclosures. For 1 ≤ u1 ≤ u ≤ u2 the functions κ3 = u − 1/u ≥ 0 and w =
u2+u−2 are increasing. Put κ3 ∈ [k−3 , k

+
3 ] = [u1− 1

u1
, u2− 1

u2
] and w ∈ [w−, w+] = [u21+u

−2
1 , u22+u

−2
2 ].

We require w+ < 13. Then κ4 ∈ [w− − 4, w+ − 4]; since x 7→ f6(x) = x2 − 26x + 64 is decreasing
on x < 13, κ6 ∈ [f6(w

+), f6(w
−)]; and |κ5| ≤ k+5 := k+3 max(|w− − 10|, |w+ − 10|).

Definition 4.9 (six-moment objective bound). For c = (c0, . . . , c6) ∈ Q7, an interval [u1, u2] with
1 ≤ u1 < u2 and w+ < 13, a number m∗ ∈ (0, 1], an optional number p∗ < 0 (allowed only if
u1 > 1), and a target Θ, put

A = c0 + c2 + 3c4 + 15c6, B̄ = k+3 |c3 + 10c5|,
C+ = max

κ4∈[w−−4,w+−4]
κ4(c4 + 15c6), D̄ = k+5 |c5|,

E+ = max{f6(w−)c6, f6(w+)c6}, F+ = max{0, 10(k−3 )
2c6, 10(k

+
3 )

2c6},
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Γ = C+ + D̄m∗ + F+ + max(E+, 0)m∗2 and ε = min(E+, 0). If p∗ is given and c3 + 10c5 ≥ 0,
replace A by A + k−3 (c3 + 10c5)p

∗ and B̄ by 0. We say that c satisfies the six-moment objective
bound for (u1, u2,m

∗, p∗,Θ) if h(ρ) = Θ−A− B̄ρ− Γρ2 − ερ4 > 0 for all ρ ∈ [0,m∗].

Lemma 4.10 (six-moment expectation bound). Suppose c satisfies the six-moment objective bound
for (u1, u2,m

∗, p∗,Θ), and let P (y) =
∑

k cky
k. Then EP (M) < Θ for every u ∈ [u1, u2] and every

M =
∑
βiχi with

∑
β2i = 1 and max |βi| ≤ m∗, and, if p∗ is given, p3 ≤ p∗.

Proof. By Lemma 4.6,

EP (M) = c0 + c2 + c3κ3p3 + c4(3 + κ4p4) + c5(κ5p5 + 10κ3p3) + c6(15 + 15κ4p4 + 10κ23p
2
3 + κ6p6)

= A+ κ3(c3 + 10c5)p3 + κ4(c4 + 15c6)p4 + κ5c5p5 + κ6c6p6 + 10κ23c6p
2
3,

with A the unmodified value. Put ρ =
√
p4 ∈ [0,m∗] (Lemma 4.7). We bound each term, using the

cumulant enclosures for the actual u ∈ [u1, u2] and Lemma 4.7:

• κ3(c3+10c5)p3 ≤ k+3 |c3+10c5| |p3| ≤ B̄ρ, because |p3| ≤ ρ. If p∗ is given and c3+10c5 ≥ 0,
then instead κ3(c3 + 10c5)p3 ≤ κ3(c3 + 10c5)p

∗ ≤ k−3 (c3 + 10c5)p
∗, using κ3 ≥ k−3 > 0 and

p∗ < 0.
• κ4(c4 + 15c6)p4 ≤ C+ρ2, because p4 ≥ 0 and the expression is linear in κ4.
• κ5c5p5 ≤ k+5 |c5|m∗ p4 = D̄m∗ρ2.
• 10κ23c6p

2
3 ≤ F+p23 ≤ F+ρ2, because F+ ≥ 0 and p23 ≤ p4.

• κ6c6p6 ≤ E+p6, because p6 ≥ 0 and the expression is linear in κ6. If E+ ≥ 0, then
E+p6 ≤ E+m∗2p4 = E+m∗2ρ2. If E+ < 0, then E+p6 ≤ E+p24 = E+ρ4.

Summing, EP (M) ≤ Θ− h(ρ) < Θ. □

Ten-moment cumulant enclosures. For 1 ≤ u1 ≤ u ≤ u2: d = u − 1/u and w = u2 + u−2 are
increasing and d ≥ 0, so d ∈ [d−, d+] = [u1 − 1

u1
, u2 − 1

u2
] and w ∈ [w−, w+] as above. Let

[G−j , G
+
j ] ⊇ Gj([w

−, w+]) be rational enclosures of the ranges of the polynomials Gj of Lemma 4.5.

(The verifiers compute them exactly from the real roots of G′j , isolated by Sturm sequences, or as

the hull of exact end values on subintervals on which G′j has no root and interval Horner enclosures

on short subintervals that contain one; see Section 10.) Then κj ∈ [κ−j , κ
+
j ], where this is [G−j , G

+
j ]

for even j and the interval product [d−, d+] · [G−j , G
+
j ] for odd j.

Definition 4.11 (ten-moment objective bound). Let D ≤ 10, c = (c0, . . . , cD) ∈ QD+1, 1 <
u1 < u2 rationals, m∗ ∈ (0, 1], p∗ < 0 optional, and Θ a target. Put Le =

∑
n cnNn(e) and

A = L0 =
∑

n even cn(n − 1)!!. For every e ̸= 0 with Le ̸= 0 let [C−e , C
+
e ] be the interval product

Le
∏
j [κ
−
j , κ

+
j ]
ej , and put

ue = e3 + 2
∑
j≥4

ej , Ue =
∏
j≥5

(m∗)(j−4)ej .

Call e even if ej is even for every odd j. For even e let (ℓe, le) = (0, 0) if ej > 0 for some odd j,
and (ℓe, le) = (1,

∑
j even(j − 2)ej) otherwise. Define the term bounds

(T0) if p∗ is given, e = (1, 0, . . . , 0) (i.e. the monomial p3) and C−e ≥ 0: replace A by A + C−e p
∗,

and be = 0;
(T1) otherwise, if e is not even: be(ρ) = max(|C−e |, |C+

e |)Ue ρue ;
(T2) if e is even and C+

e ≤ 0: be(ρ) = C+
e ℓe ρ

le ;
(T3) if e is even and C+

e > 0: be(ρ) = C+
e Ue ρ

ue .

We say that c satisfies the ten-moment objective bound for (u1, u2,m
∗, p∗,Θ) if h(ρ) = Θ − A −∑

e be(ρ) > 0 for all ρ ∈ [0,m∗].
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Lemma 4.12 (ten-moment expectation bound). [computer-assisted, see Sec. 16] Suppose c satisfies
the ten-moment objective bound for (u1, u2,m

∗, p∗,Θ) and let P (y) =
∑

n cny
n. Then EP (M) < Θ

for every u ∈ [u1, u2] and every M =
∑
βiχi with

∑
β2i = 1, max |βi| ≤ m∗ and, if p∗ is given,

p3 ≤ p∗.

Proof. By Lemma 4.6, EP (M) =
∑

n cnµn = L0 +
∑

e ̸=0Cep
e with Ce = Le

∏
j κ

ej
j ∈ [C−e , C

+
e ] (by

Lemma 4.5 and the ten-moment cumulant enclosures) and pe =
∏
j p

ej
j . Let ρ =

√
p4 ∈ [0,m∗].

By Lemma 4.7, |pe| ≤ ρe3(ρ2)e4
∏
j≥5(m

∗ j−4ρ2)ej = Ueρ
ue ; if e is even then pe ≥ 0 (odd power

sums appear to even powers, and pj ≥ 0 for even j); and if moreover ej = 0 for all odd j,

then pe ≥
∏
j even ρ

(j−2)ej = ρle . Hence: in case (T0), p3 ≤ p∗ < 0 and Ce ≥ C−e ≥ 0 give

Cep3 ≤ Cep
∗ ≤ C−e p

∗; in case (T1), Cep
e ≤ |Ce||pe| ≤ be(ρ); in case (T2), Ce ≤ C+

e ≤ 0 and
pe ≥ ℓeρ

le ≥ 0 give Cep
e ≤ C+

e p
e ≤ C+

e ℓeρ
le ; in case (T3), pe ≥ 0 gives Cep

e ≤ C+
e p

e ≤ C+
e Ueρ

ue .
Summing, EP (M) ≤ Θ− h(ρ) < Θ. □

We say that c satisfies the objective bound for (u1, u2,m
∗, p∗,Θ) if it satisfies the six-moment

bound (when D = 6 and this is the bound used in the regime) or the ten-moment bound; in both
cases EP (M) < Θ under the stated conditions.

4.6. Cells: the one-coordinate route. Let |α| = 1 and L =
∑
αiχi. Replacing α by −α does

not change E|L|, and permuting coordinates does not change the law of L. So we may assume
a := maxi |αi| = α1 > 0. If a = 1 then L = χ1 and E|L| = 2τ . Otherwise 0 < a < 1; put

b1 =
√
1− a2 > 0, βi = αi/b1 for i ≥ 2, and

M1 =
∑
i≥2

βiχi,
∑
i≥2

β2i = 1, max
i≥2

|βi| ≤ min
(
1,
a

b1

)
.

Then L = aχ1 + b1M1, M1 is independent of χ1, EM1 = 0, EM2
1 = 1, and by Lemma 4.3, for the

target T = Tk,

(4.5) E|L| = 2τa+ 2ERa(b1M1), so E|L| < Tk ⇐⇒ ERa(b1M1) < τ
(√
k(1− q)k−1 − a

)
.

Definition 4.13 (cell and cell certificate). Let k ≥ 1. A cell is a rectangle [u1, u2] × [a, a] with

rationals 1 ≤ u1 < u2 and 0 ≤ a < a < 1, together with a rational upper bound b̄ of
√

1− a2 and

a rational m̄ ∈ (0, 1] with m̄ ≥ min{1, a/
√
1− a2}. Put

ℓ̄1(y) =
u22

1 + u22

(
b̄ y− a

u2

)
, ℓ̄2(y) =

1

1 + u21

(
− b̄ y−a u1

)
, Θ1 = τ(u2)

(
Sk

( u21
1 + u21

)k−1
−a

)
,

with Sk as in (4.3). A cell certificate is a vector c ∈ QD+1, D ≤ 10, with P (y) =
∑

n cny
n, such

that

(V1) P (y) > 0 for all y ∈ R;
(V2) P (y)− ℓ̄1(y) > 0 for all y ∈ R;
(V3) P (y)− ℓ̄2(y) > 0 for all y ∈ R;
(V4) c satisfies the objective bound for (u1, u2, m̄,−,Θ1).

In the verifiers, b̄ = ⌈
√

1− a2⌉15 and m̄ = min{1, a/⌊
√
1− a2⌋15} (for k = 1, m̄ = 1 if a2 ≥ 1

2);
these satisfy the requirements, which are asserted exactly.

Lemma 4.14 (domination on a cell). For every u ∈ [u1, u2], every a ∈ [a, a], b1 =
√
1− a2, and

every y ∈ R: Ra(b1y) ≤ R̄(y) := max{0, ℓ̄1(y), ℓ̄2(y)}.

Proof. By (4.1), Ra(b1y) = max{0, ℓ1(y), ℓ2(y)} with ℓ1(y) = u2

1+u2
(b1y− a

u) and ℓ2(y) =
1

1+u2
(−b1y−

au). Suppose ℓ1(y) > 0. Then b1y > a/u ≥ 0, so y > 0. Since a ≥ a, u ≤ u2 and b1 ≤ b̄, we get

0 < b1y − a
u ≤ b̄y − a

u2
. Also 0 < u2

1+u2
≤ u22

1+u22
. Hence ℓ1(y) ≤ ℓ̄1(y). Suppose ℓ2(y) > 0. Then



THE OPTIMAL L1–L2 CONSTANT OF BIASED BITS 17

−b1y > au ≥ 0, so y < 0. Since −y > 0 and b1 ≤ b̄, we have −b1y ≤ −b̄y; since a ≥ a ≥ 0 and
u ≥ u1 > 0, we have −au ≤ −au1. So 0 < −b1y − au ≤ −b̄y − au1, and with 1

1+u2
≤ 1

1+u21
we get

ℓ2(y) ≤ ℓ̄2(y). In all cases max{0, ℓ1, ℓ2} ≤ max{0, ℓ̄1, ℓ̄2}. □

Lemma 4.15 (cell lemma). [computer-assisted, see Sec. 16] Let a cell have a cell certificate, and
suppose Θ1 > 0. Then E|L| < Tk(u) for every u ∈ [u1, u2] and every unit α with a ≤ maxi |αi| ≤ a.

Proof. Reduce α as above, so a = α1 ∈ [a, a]. By (V1)–(V3), P > R̄ on R, so by Lemma 4.14,

ERa(b1M1) ≤ ER̄(M1) ≤ EP (M1). Since a/
√
1− a2 is increasing, the coefficients of M1 are at

most min(1, a/
√
1− a2) ≤ m̄ in absolute value. By Lemma 4.10 or 4.12 and (V4), EP (M1) < Θ1.

Finally Θ1 ≤ τ(u)(
√
k(1 − q)k−1 − a): indeed 0 < Θ1, τ(u) ≥ τ(u2), (1 − q)k−1 ≥ (

u21
1+u21

)k−1,

Sk ≤
√
k and a ≤ a. By (4.5), E|L| < Tk. □

For k = 1 the target is T1 = 2τ and Θ1 = τ(u2)(1− a) > 0; Lemma 4.15 then says ERa(b1M1) <
τ(u)(1− a).

4.7. Two coordinates, bits, and the OR region.
Splitting off the two largest coefficients. Let |α| = 1 and L =

∑
αiχi. Changing the sign of α and

permuting coordinates does not change E|L|. So we may assume

a1 := α1 = max
i

|αi| > 0, a2 := |α2| = max
i≥2

|αi|, |α3| ≥ |α4| ≥ · · · ,

and we put s = sgnα2 ∈ {1,−1} (s = 1 if α2 = 0),

r =
√
a21 + a22 ∈ (0, 1], b =

√
1− r2.

If r < 1, let βi = αi/b for i ≥ 3 and M =
∑

i≥3 βiχi. Then

L = a1χ1 + s a2χ2 + bM,
∑
i≥3

β2i = 1, m := max
i≥3

|βi| =
|α3|
b

≤ min
(
1,
a2
b

)
,

and M is independent of (χ1, χ2). We use half-angle coordinates for (a1, a2):

a1 = r c(t), a2 = r d(t), c(t) =
1− t2

1 + t2
, d(t) =

2t

1 + t2
, t =

a2
r + a1

.

Since 0 ≤ a2 ≤ a1, the angle ϑ with tanϑ = a2/a1 is in [0, π/4] and t = tan(ϑ/2) ∈ [0,
√
2 − 1].

We fix T8 = 20711
50000 = 0.41422 ≥

√
2 − 1 (indeed (T8 + 1)2 ≥ 2). On [0, 1], c is decreasing and d is

increasing in t, both are ≥ 0, and c2 + d2 = 1. Thus every unit α gives a point

(u, t, r, s) ∈ [U−, U+]× [0, T8]× (0, 1]× {1,−1}
whenever u ∈ [U−, U+]. Each regime fixes a threshold AS : if a1 ≤ AS we use the one-coordinate
route (Lemma 4.15); otherwise r ≥ a1 > AS and we use the two-coordinate route.

Lemma 4.16 (two-coordinate value). Let q ≤ 1
2 , c, d ≥ 0, s ∈ {1,−1}, and X = cχ1 + s dχ2.

List the atoms of X as (χ1, χ2) = (u, u), (u,−v), (−v, u), (−v,−v), with probabilities p = (q2, q(1−
q), q(1− q), (1− q)2) and values xj. Then pjxj = τgj with

(4.6) g =
(
q(c+ sd), (1− q)c− s q d, −q c+ s(1− q)d, −(1− q)(c+ sd)

)
,

and

E|X| = 2τ max{c, d, [s = 1] (1− q)(c+ d)}
(the last entry is present only for s = 1). Consequently, with ρ =

√
c2 + d2 > 0: 2τ max(c, d) ≤ T1ρ,

with equality iff cd = 0; and 2τ(1 − q)(c + d) ≤ T2ρ, with equality iff c = d. In particular
E|X| ≤ max(T1, T2)ρ.
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Proof. The identities pjxj = τgj follow from (4.1); for example q(1−q)(cu−sdv) = (1−q)τc−qτsd.
Since EX = 0, E|X| = 2EX+ = 2τ

∑
j(gj)+. For s = 1: g1 ≥ 0 ≥ g4, so EX+/τ = q(c+ d) + ((1−

q)c− qd)+ + ((1− q)d− qc)+. If both middle terms are nonnegative this equals (1− q)(c+ d), and
then (1−q)(c+d)−c = (1−q)d−qc ≥ 0 and similarly ≥ d. If only the first is nonnegative it equals
q(c+d)+(1−q)c−qd = c, and (1−q)(c+d)−c = (1−q)d−qc < 0, while c ≥ d (otherwise (1−q)d−qc ≥
(1− 2q)c ≥ 0). The case where only the second is nonnegative is symmetric. Both negative would
give (1− q)(c+ d) < q(c+ d), impossible for q ≤ 1

2 . In all cases EX+/τ = max{c, d, (1− q)(c+ d)}.
For s = −1: g2 ≥ 0 ≥ g3. If c ≥ d then g1 ≥ 0 ≥ g4 and EX+/τ = q(c− d) + (1− q)c+ qd = c. If
c < d then g1 < 0 < g4 and EX+/τ = (1 − q)c + qd + (1 − q)(d − c) = d. So EX+/τ = max(c, d).
Finally max(c, d) ≤ ρ with equality iff cd = 0, and (1 − q)(c + d) ≤

√
2(1 − q)ρ with equality iff

c = d; note T1 = 2τ and T2 = 2
√
2(1− q)τ . □

The level-one identity and OR functions. For n ≥ 1, f : {0, 1}n → [−1, 1] and xi = 1{χi = u} put
∆i(f) = E[f | xi = 1]− E[f | xi = 0], a polynomial in q. Then, by (4.1),

(4.7) E[fχi] = quE[f | xi = 1]− (1− q)v E[f | xi = 0] = τ ∆i(f).

For c ∈ Rn write Gn(c) = E|c1χ1 + · · · + cnχn|. For a set S ⊆ {1, . . . , n} let ORS = 2 · 1{∃i ∈ S :
xi = 1} − 1. Then

(4.8) ∆i(ORS) = 2(1− q)|S|−1 (i ∈ S), ∆i(ORS) = 0 (i /∈ S) :

for i ∈ S, E[ORS | xi = 1] = 1 and E[ORS | xi = 0] = 1 − 2(1 − q)|S|−1; for i /∈ S, ORS does not
depend on xi.

Lemma 4.17 (bit reduction). Let n ≥ 1 and B > 0, and suppose that
∑n

i=1∆i(f)
2 ≤ B2 for every

f : {0, 1}n → {−1, 1}. Then Gn(c) ≤ τB |c| for every c ∈ Rn. If c ̸= 0 and Gn(c) = τB|c|, then
f∗ = sgn(c·χ) (with sgn 0 = 1), a function of (x1, . . . , xn) with values ±1, satisfies

∑
i∆i(f

∗)2 = B2,
and c is a positive multiple of ∆(f∗).

Proof. Let X = c · χ; then |X| = f∗X. By (4.7) and Cauchy–Schwarz, Gn(c) = E[f∗X] =
τ
∑

i ci∆i(f
∗) ≤ τ |c| |∆(f∗)| ≤ τB|c|. If equality holds with c ̸= 0, then |∆(f∗)| = B, and equality

holds in Cauchy–Schwarz with
∑

i ci∆i(f
∗) = Gn(c)/τ > 0 (as X is centred and not a.s. 0), so c is

a positive multiple of ∆(f∗). □

How bit claims are checked. The bit lemmas of Sections 6–10 apply Lemma 4.17 with B = τ−1Tk,
i.e. B2 = 4k(1− q)2k−2, so they need the sign of

Hf (q) = 4k(1− q)2k−2 −
n∑
i=1

∆i(f)
2

on an interval of q whose ends are among the thresholds qj (or are rational). For each f , ∆i(f) =∑
x:xi=1(f(x)−f(x−ei))

∏
l ̸=i q

xl(1− q)1−xl is an integer polynomial, and the distinct polynomials

Hf are tested (39 for n = 3, 1 630 for n = 4). The threshold qj is the root in (0, 1) of gj(q) =

jq2 − 2jq + 1 (that is, j(1 − q)2 = j − 1); gj is decreasing on [0, 1], its other root 1 +
√
(j − 1)/j

exceeds 1, and it is irreducible over Q because its discriminant 4j(j − 1) is not a square. Rational

enclosures q−j < qj < q+j (from rational bounds of
√
(j − 1)/j) are fixed, with the signs of gj at

their ends asserted. On subintervals with rational ends, positivity is shown by an exact Sturm
count (no root) and the sign at one end; at an irrational end qj , either gj ∤ Hf , and Hf has no

root in [q−j , q
+
j ] and the correct sign at a rational end, or gj | Hf , Hf = gjQ, and Q has no root in

[q−j , q
+
j ] and the correct sign. Since gj is irreducible, Hf (qj) = 0 iff gj | Hf . The lists of functions

with Hf ≡ 0 and with gj | Hf are compared with the truth tables of the OR functions.
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Lemma 4.18 (OR-region identity). Let n ≥ 1, q ∈ (0, 1) and c ∈ Rn with ci > 0 and ci > q
∑n

l=1 cl
for every i. Then

Gn(c) = 2τ(1− q)n−1
n∑
i=1

ci ≤ 2
√
n (1− q)n−1τ |c| = Tn|c|,

with equality in the inequality if and only if c1 = · · · = cn.

Proof. Let S =
∑

l clχl. If all xl = 0 then S = −v
∑

l cl < 0. Otherwise pick i with xi = 1. Every
l with xl = 1 contributes clu instead of −clv, a gain of cl(u + v) > 0, so S ≥ ciu − v

∑
l ̸=i cl =

ci(u + v) − v
∑

l cl. By (4.1), u + v = (1 + u2)/u = v/q, so S ≥ v
q

(
ci − q

∑
l cl

)
> 0. Hence

|S| = OR{1,...,n} · S, and by (4.7) and (4.8), Gn(c) =
∑

i ciE[ORχi] = τ
∑

i ci · 2(1 − q)n−1. The

inequality is Cauchy–Schwarz,
∑

i ci ≤
√
n|c|, with equality iff all ci are equal. □

4.8. Box certificates. This subsection is used for k = 2, 3 (Sections 6 and 7). A box is B =
[u1, u2] × [t1, t2] × [r1, r2] with rationals 1 < u1 < u2, 0 ≤ t1 < t2 ≤ 1, 0 ≤ r1 < r2 ≤ 1, together

with a sign s. For a point of B, a1 = rc(t), a2 = rd(t) and b =
√
1− r2, as in Section 4.7.

Lemma 4.19 (conditional expectation, box form). For a point of B with r < 1, E|L| = EF (M),
where

F (y) =
4∑
j=1

pj |xj + by| =
4∑
j=1

∣∣pjxj + pjb y
∣∣,

xj and pj are the atoms and probabilities of a1χ1+ sa2χ2, and pjxj = rτgj with g as in (4.6) (with
c = c(t), d = d(t)).

Proof. Condition on (χ1, χ2) (independent of M), and use Lemma 4.16 for (a1, a2) = r(c, d). □

Box enclosures. On B: q ∈ [ 1
1+u22

, 1
1+u21

], 1 − q ∈ [
u21

1+u21
,

u22
1+u22

], τ ∈ [τ(u2), τ(u1)], c ∈ [c(t2), c(t1)],

d ∈ [d(t1), d(t2)], r ∈ [r1, r2] and b ∈ [b−, b+] with b− = ⌊
√
1− r22⌋15 (b− = 0 if r2 = 1) and b+ =

⌈
√

1− r21⌉15. Interval arithmetic then gives rational enclosures pjxj ∈ [π−j , π
+
j ] and pjb ∈ [β−j , β

+
j ]

with β−j ≥ 0. We define m̄(B) = 1 if b− = 0 or r2d(t2) ≥ b−, and otherwise m̄(B) is a rational with

m̄(B) ≥ r2d(t2)/b
−. Then m ≤ min(1, a2/b) ≤ min(1, m̄(B)) at every point of B with r < 1.

Definition 4.20 (box envelope). FB(y) =
∑

j max(π+j +β+j y, −π
−
j −β−j y) for y ≥ 0, and FB(y) =∑

j max(π+j + β−j y, −π
−
j − β+j y) for y < 0.

Lemma 4.21 (box envelope). F (y) ≤ FB(y) for all y ∈ R and all points of B with r < 1. On each
half-line, FB is the maximum of the 24 affine functions obtained by choosing one of the two lines
in each summand.

Proof. |pjxj + pjby| = max(pjxj + pjby, −pjxj − pjby). For y ≥ 0: pjxj + pjby ≤ π+j + β+j y and

−pjxj − pjby ≤ −π−j − β−j y. For y < 0: pjby ≤ β−j y and −pjby ≤ −β+j y. A sum of maxima is the
maximum over all choices. □

Definition 4.22 (box certificate). Let m∗ ∈ (0,min(1, m̄(B))] and let p∗ < 0 be optional. A box
certificate for (B, s,m∗, p∗) is c ∈ Q7 with P (y) =

∑
cky

k such that (W1) P (y) > FB(y) for all
y ∈ R, and (W2) c satisfies the six-moment objective bound for (u1, u2,m

∗, p∗, T−(u1, u2)), with
T− as in (4.3).

Lemma 4.23 (box certificate lemma). If c is a box certificate for (B, s,m∗, p∗), then E|L| < T (u)
at every point of B with r < 1 and every remainder M with m ≤ m∗ and, if p∗ is given, p3 ≤ p∗.

Proof. By Lemmas 4.19 and 4.21 and (W1), E|L| = EF (M) ≤ EP (M). By Lemma 4.10 and (W2),
EP (M) < T−(u1, u2) ≤ T (u), using (4.3). □



20 PAATA IVANISVILI

With m∗ = min(1, m̄(B)) and no p∗, Lemma 4.23 covers every remainder. These are the boxes
of kind lp. A box of kind small satisfies r2c(t1) ≤ AS , so a1 = rc(t) ≤ AS on it, and it is left to the
one-coordinate route.

4.9. Vertex certificates. This subsection is used for k = 3, 4, 5 in Sections 8–10. Let k′ ≥ 2 and
a sign vector σ ∈ {1,−1}k′ with σ1 = 1. For x ∈ Rk′+1 and y ∈ R put

Fx(y) = E
∣∣∣ k′∑
i=1

σixiχi + xk′+1 y
∣∣∣,

where χ1, . . . , χk′ are i.i.d. normalised q-biased bits. We use σ = (1, s, ς1, . . . , ςk′−2), where the ςi
are the signs of peeled coefficients (Lemma 4.25).

Lemma 4.24 (convexity in the coefficients). For fixed q and y, the map x 7→ Fx(y) is convex and
positively homogeneous of degree one. Consequently, if x =

∑
l νlVl with νl ≥ 0, then Fx(y) ≤∑

l νlFVl(y).

Proof. Fx(y) is the expectation of the absolute value of a linear function of x, i.e. a seminorm of x.
A seminorm N satisfies N(

∑
νlVl) ≤

∑
νlN(Vl) for νl ≥ 0. □

The patches are the maps, for j ≥ 0 and k′ = 2 + j,

pk′(t, r, µ1, . . . , µj) =
(
rc(t), rd(t), b0µ1, . . . , bj−1µj , bj

)
, b0 =

√
1− r2, bi = bi−1

√
1− µ2i ,

for t ∈ [0, 1] and r, µ1, . . . , µj ∈ [0, 1]. Thus p2(t, r) = (rc, rd, b0), p3(t, r, µ1) = (rc, rd, b0µ1, b1),
p4(t, r, µ1, µ2) = (rc, rd, b0µ1, b1µ2, b2), and so on. Their values are unit vectors with nonnegative
entries: b2i−1µ

2
i + b2i = b2i−1, so |pk′ |2 = r2c2 + r2d2 + b20 = 1.

Peeling. Let N =
∑

i∈I γiχi be a finite sum with
∑
γ2i = 1, and µ(N) = maxi |γi|. If µ = µ(N) < 1

and γi∗ = ςµ with ς ∈ {1,−1}, the peeled remainder is N ♭ =
∑

i∈I\{i∗}(γi/
√
1− µ2)χi. Then

(4.9) N = ςµχi∗ +
√

1− µ2N ♭,
∑
i ̸=i∗

γ2i
1− µ2

= 1, µ(N ♭) ≤ κ(µ) := min
(
1,

µ√
1− µ2

)
,

and N ♭ is independent of χi∗ : indeed
∑

i ̸=i∗ γ
2
i = 1 − µ2, and each |γi| is at most µ and at most√

1− µ2. If µ(N) = 1, then N = ςχi∗ (all other coefficients vanish). We put κ(1) = 1; κ is
nondecreasing, and a rational κ′ ≥ 0 satisfies κ′ ≥ κ(µ) iff κ′ ≥ 1, or µ < 1 and κ′2(1− µ2) ≥ µ2.

Lemma 4.25 (conditional expectation). Consider a point with r < 1 and remainder M , and let

j ≥ 0. Put M (0) = M and, for i = 1, . . . , j, let µi = µ(M (i−1)), attained by the coefficient ςiµi of

χli, and M
(i) = (M (i−1))♭ if µi < 1.

(i) If µ1, . . . , µj < 1, then E|L| = EFp2+j(t,r,µ1,...,µj)(M
(j)) with σ = (1, s, ς1, . . . , ςj), the bits being

χ1, χ2, χl1 , . . . , χlj ; here M
(j) is independent of these bits, the squares of its coefficients sum

to 1, and µ(M (j)) ≤ κ(µj) if j ≥ 1.
(ii) If j ≥ 1, µ1, . . . , µj−1 < 1 and µj = 1, then L = a1χ1 + sa2χ2 +

∑
i<j ςibi−1µiχli + ςjbj−1χlj ,

and Fp2+j(t,r,µ1,...,µj)(y) = E|L| for every y ∈ R (with the same σ).

Proof. L = a1χ1+sa2χ2+b0M
(0) with (a1, a2) = (rc(t), rd(t)), and by (4.9), if µi < 1, bi−1M

(i−1) =

ςibi−1µiχli + biM
(i). By induction L = a1χ1+sa2χ2+

∑
i≤j ςibi−1µiχli + bjM

(j), where the bits are

distinct and independent ofM (j); conditioning onM (j) gives (i), and the bound on µ(M (j)) is (4.9).

In (ii), M (j−1) = ςjχlj , which gives the formula for L; the last entry of p2+j is bj = bj−1
√
1− 1 = 0,

so Fp2+j (y) does not depend on y and equals E|L|. □
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Definition 4.26 (vertex set). Let X =
∏k′

i=1[ξ
−
i , ξ

+
i ] be a box of patch parameters (t, r, µ1, . . . , µj),

k′ = 2 + j, and p = pk′ . A vertex set for X is a vector n0 ∈ Qk′+1 and 2k
′
vectors Vϵ ∈ Qk′+1,

indexed by ϵ ∈ {0, 1}k′ , such that:

(P1) |n0|2 ≥ 1 and Vϵ · n0 = |n0|2 for all ϵ;
(P2) (parallelepiped) Vϵ = V0 +

∑
i ϵiEi with Ei = Vei − V0;

(P3) (facets) for each i and δ ∈ {0, 1} the 2k
′−1 vertices with ϵi = δ span a linear subspace of

dimension k′; let hi,δ be a normal vector of it, oriented so that hi,δ · c̄ > 0 for the centre

c̄ = V0 +
1
2

∑
iEi (and hi,δ · c̄ ̸= 0 is required);

(P4) (enclosure) hi,δ · p(ξ) ≥ 0 for all i, δ and all ξ ∈ X.

Lemma 4.27 (cone lemma). Let (n0, (Vϵ)) be a vertex set for X. Then for every ξ ∈ X there are
νϵ ≥ 0 with p(ξ) =

∑
ϵ νϵVϵ and

∑
ϵ νϵ ≤ 1/|n0| ≤ 1.

Proof. First, V0, E1, . . . , Ek′ is a basis of Rk′+1. Indeed Ei ·n0 = 0 by (P1) and V0 ·n0 = |n0|2 ̸= 0, so
V0 /∈ span{Ei}. By (P2) the face {ϵi = 0} spans Si = span(V0, {Ej}j ̸=i), which has dimension k′ by

(P3); hence the k′ vectors V0, {Ej}j ̸=i are linearly independent. Moreover c̄−V0− 1
2

∑
j ̸=iEj =

1
2Ei

and hi,0 · c̄ ̸= 0 with hi,0 ⊥ Si, so Ei /∈ Si. Thus the k
′ + 1 vectors are independent.

Let z ∈ Rk′+1 with hi,δ · z ≥ 0 for all i, δ, and write z = λV0 +
∑

i µiEi. Since hi,0 ⊥ Si, hi,0 · z =
µi hi,0 · Ei, and hi,0 · c̄ = 1

2hi,0 · Ei > 0; so µi ≥ 0. The face {ϵi = 1} spans span(V0 + Ei, {Ej}j ̸=i),
so hi,1 · Ej = 0 (j ̸= i) and hi,1 · V0 = −hi,1 · Ei; then hi,1 · c̄ = −1

2hi,1 · Ei > 0, so hi,1 · V0 > 0,
and hi,1 · z = (λ − µi)hi,1 · V0; so µi ≤ λ. If λ = 0 then z = 0. Otherwise z/λ = V0 +

∑
i θiEi

with θi = µi/λ ∈ [0, 1], which is a point of the parallelepiped conv{Vϵ}, i.e. a convex combination∑
ωϵVϵ (take ωϵ =

∏
i θ
ϵi
i (1 − θi)

1−ϵi). So z =
∑
νϵVϵ with ν = λω ≥ 0 and

∑
νϵ = λ. Finally

z · n0 = λ|n0|2, so λ = z · n0/|n0|2 ≤ |z|/|n0|. By (P4), z = p(ξ) satisfies the hypothesis, and
|p(ξ)| = 1. □

Condition (P4) can be checked without subdivision: the minimum of a linear functional over a
parameter box of a patch is the end of a short chain of one-variable minimisations.

Lemma 4.28 (facet minima). For α, β ∈ R and −1 ≤ x− < x+ ≤ 1 let g(x) = αx+β
√
1− x2 and

m(α, β;x−, x+) = minx∈[x−,x+] g(x).

(i) If β ≥ 0, then m(α, β;x−, x+) = min(g(x−), g(x+)).

(ii) If β < 0, put R =
√
α2 + β2 and x∗ = −α/R. Then m(α, β;x−, x+) = −R if x− ≤ x∗ ≤ x+,

and m(α, β;x−, x+) = min(g(x−), g(x+)) otherwise.
(iii) m(α, β;x−, x+) is nondecreasing in β, and also in α if x− ≥ 0.

Let k′ = 2+j with j ≥ 0, let X = [t−, t+]× [r−, r+]×
∏j
i=1[µ

−
i , µ

+
i ] with 0 ≤ t− < t+ ≤ 1, 0 ≤ r− <

r+ ≤ 1 and 0 ≤ µ−i < µ+i ≤ 1, and let h ∈ Rk′+1. Put Wj = hk′+1, Wi−1 = m(hi+2,Wi;µ
−
i , µ

+
i ) for

i = j, j − 1, . . . , 1, A = m(h1, h2; c(t
+), c(t−)) and G = m(A,W0; r

−, r+). Then

min
ξ∈X

h · pk′(ξ) = G.

If in this recursion each value of m is replaced by a lower bound of it (and the later steps are applied
to these lower bounds), the result is a lower bound of G.

Proof. (i) The function x 7→
√
1− x2 is concave on [−1, 1], so for β ≥ 0 the function g is concave,

and the minimum of a concave function over an interval is attained at an endpoint.
(ii) For β < 0 the function g is convex. By the Cauchy–Schwarz inequality, g(x) ≥

−R |(x,
√
1− x2)| = −R for all x ∈ [−1, 1]. Moreover R > 0, |x∗| ≤ 1 and

√
1− x∗2 = |β|/R =

−β/R, so g(x∗) = −α2/R − β2/R = −R. Thus x∗ is a minimum point of g on [−1, 1]. If
x∗ ∈ [x−, x+], the minimum over [x−, x+] is −R. Otherwise [x−, x+] lies in [−1, x∗] or in [x∗, 1],
where the convex function g is nonincreasing, respectively nondecreasing, so the minimum is at-
tained at an endpoint.
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(iii) For every x ∈ [−1, 1], g(x) is nondecreasing in β because
√
1− x2 ≥ 0, and nondecreasing

in α if x ≥ 0. Minima over x of pointwise nondecreasing families are nondecreasing.

Now the patch. Put wj = hk′+1 and wi−1(µi, . . . , µj) = hi+2µi +
√
1− µ2i wi(µi+1, . . . , µj) for

i = j, . . . , 1. Since bi = bi−1

√
1− µ2i , we have bi−1wi−1 = hi+2 bi−1µi + biwi, and therefore

h · pk′(t, r, µ1, . . . , µj) = r
(
h1c(t) + h2d(t)

)
+ b0w0(µ1, . . . , µj), b0 =

√
1− r2.

First, minwi−1 = Wi−1, the minimum being over µl ∈ [µ−l , µ
+
l ] for l ≥ i. This holds for i− 1 = j,

since wj = hk′+1 =Wj . If it holds for i, then for fixed µi the minimum of wi−1 over µi+1, . . . , µj is

hi+2µi +
√
1− µ2i Wi, because the weight

√
1− µ2i is nonnegative and wi does not depend on µi.

Minimising over µi ∈ [µ−i , µ
+
i ] gives m(hi+2,Wi;µ

−
i , µ

+
i ) =Wi−1. Second, c is a decreasing bijection

of [t−, t+] onto [c(t+), c(t−)], and d(t) =
√
1− c(t)2 for t ∈ [0, 1] (because c2 + d2 = 1 and d ≥ 0).

Hence mint∈[t−,t+](h1c(t)+h2d(t)) = m(h1, h2; c(t
+), c(t−)) = A. Third, for fixed r the two brackets

depend on disjoint sets of parameters and have the nonnegative weights r and b0, so the minimum
over t and µ is rA+

√
1− r2W0. Minimising over r ∈ [r−, r+] gives G. The last statement follows

from (iii) by induction along the recursion: in the steps for Wi−1 the replaced value enters as β,
and in the step for G the values A and W0 enter as α and β, with x = r ≥ r− ≥ 0. □

Checking (P4). (P4) holds if and only if G(hi,δ) ≥ 0 for all 2k′ facet normals. A rational lower
bound of G is computed by the recursion of Lemma 4.28 in exact rational arithmetic: an endpoint
value g(x±) is bounded below using a rational lower bound of

√
1− (x±)2 if β ≥ 0 and a rational

upper bound if β < 0; the value −R is bounded below by −R+ with R+ ≥ R rational; and the
condition x− ≤ x∗ ≤ x+ is decided exactly. For rationals p, q′ the sign of p − q′R is: ≥ 0 if
p ≥ 0 ≥ q′; < 0 if p ≤ 0 ≤ q′ and (p, q′) ̸= (0, 0); the sign of p2 − q′2R2 if p, q′ > 0; and the sign of
q′2R2 − p2 if p, q′ < 0. Then x− ≤ x∗ if and only if p− q′R ≥ 0 for (p, q′) = (−α, x−), and x∗ ≤ x+

if and only if p − q′R ≤ 0 for (p, q′) = (−α, x+). (P4) is accepted if the lower bound is ≥ 0 for
every facet normal. (For k = 3, Section 8, (P4) was checked instead by interval bisection of the
parameter box against the 2k′ facet normals.)

Vertex envelopes. Fix a u-interval [u1, u2] with u1 > 1. For a vertex V ∈ Qk′+1 let γ =

(σ1V1, . . . , σk′Vk′) and bV = Vk′+1. The atoms of
∑

i γiχi are indexed by ω ∈ {u,−v}k′ , with

probability πω =
∏
i q

[ωi=u](1− q)[ωi=−v] and value yω =
∑

i γiωi, and by (4.1)

πωyω = τ
∑
i

γi (±1)i
∏
l ̸=i

q[ωl=u](1− q)[ωl=−v], (±1)i = +1 if ωi = u, −1 otherwise.

Using q ∈ [ 1
1+u22

, 1
1+u21

], 1 − q ∈ [
u21

1+u21
,

u22
1+u22

] and τ ∈ [τ(u2), τ(u1)], interval arithmetic gives ra-

tional enclosures πωyω ∈ [η−ω , η
+
ω ] and πω ∈ [π−ω , π

+
ω ], valid for all u ∈ [u1, u2]. Put [β−ω , β

+
ω ] =

[min(π−ω bV , π
+
ω bV ),max(π−ω bV , π

+
ω bV )].

Definition 4.29 (vertex envelope). ΦV (y) =
∑

ωmax(η+ω + β+ω y, −η−ω − β−ω y) for y ≥ 0, and
ΦV (y) =

∑
ωmax(η+ω + β−ω y, −η−ω − β+ω y) for y < 0.

Lemma 4.30 (vertex envelope). FV (y) ≤ ΦV (y) for all y ∈ R and all u ∈ [u1, u2]. On each closed
half-line, ΦV is continuous and piecewise linear, with breakpoints among the points where the two
lines of one summand cross.

Proof. FV (y) =
∑

ω πω|yω + bV y| =
∑

ω |πωyω + πωbV y| and |z| = max(z,−z). For y ≥ 0: πωyω +
πωbV y ≤ η+ω +β+ω y and −πωyω −πωbV y ≤ −η−ω −β−ω y, since πωbV ∈ [β−ω , β

+
ω ] (whatever the sign of

bV ). For y < 0 the roles of β± are exchanged. □

Definition 4.31 (vertex certificate). Let X be a parameter box, σ a sign vector, [u1, u2] a u-
interval, m∗ ∈ (0, 1] a cap, and p∗ < 0 optional. A vertex certificate for (X,σ, [u1, u2],m

∗, p∗) is a
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vertex set (n0, (Vϵ)) for X and coefficient vectors c(ϵ) ∈ QD+1, D ≤ 10, with Pϵ(y) =
∑

n c
(ϵ)
n yn,

such that for every ϵ: (W1) Pϵ(y) > ΦVϵ(y) for all y ∈ R; and (W2) c(ϵ) satisfies the ten-moment
objective bound for (u1, u2,m

∗, p∗, T−(u1, u2)).

(W1) is checked as follows: on each half-line, ΦV coincides on each interval between consecutive
breakpoints with one line λ0+λ1y (one choice of line per summand); for every such line, Pϵ−λ0−λ1y
is shown to be positive on all of R by Sturm sequences.

Lemma 4.32 (vertex certificate lemma). [computer-assisted, see Sec. 16] Let a vertex certificate
for (X,σ, [u1, u2],m

∗, p∗) be given. Let Z be the class of random variables Z =
∑
βiχ
′
i (finite sums

of i.i.d. copies of χ, independent of χ1, . . . , χk′) with
∑
β2i = 1, max |βi| ≤ m∗ and, if p∗ is given,

p3 ≤ p∗. Then for every u ∈ [u1, u2], every ξ ∈ X and every Z ∈ Z,

EFp(ξ)(Z) < T−(u1, u2) ≤ T (u).

Proof. By Lemma 4.27, p(ξ) =
∑
νϵVϵ with ν ≥ 0 and

∑
νϵ ≤ 1. By Lemmas 4.24 and 4.30 and

(W1), for every y, Fp(ξ)(y) ≤
∑

ϵ νϵFVϵ(y) ≤
∑

ϵ νϵPϵ(y). Taking expectations over Z, EFp(ξ)(Z) ≤∑
ϵ νϵEPϵ(Z). By (W1) and Lemma 4.30, EPϵ(Z) > EFVϵ(Z) ≥ 0, and by (W2) and Lemma 4.12,

EPϵ(Z) < T−. Since
∑
νϵ ≤ 1 and maxϵ EPϵ(Z) ≥ 0,

∑
ϵ νϵEPϵ(Z) ≤ maxϵ EPϵ(Z) < T−. Finally

T− ≤ T (u) by (4.3). □

Two members of Z are used repeatedly: Z = N−1/2(χ′1 + · · · + χ′N ) with N
−1/2 ≤ m∗ (no p∗),

and, if m∗ = 1, Z = χ′1 (no p∗).
Boxes. In Sections 8–10 a box is B = [u1, u2] × [t1, t2] × [r1, r2] with rationals 1 < u1 < u2,
0 ≤ t1 < t2 ≤ 1, 0 ≤ r1 < r2 ≤ 1, together with a sign s. Let b− be a rational lower bound of√
1− r22 (b− = 0 if r2 = 1), and define m̄(B) = 1 if b− = 0 or r2d(t2) ≥ b−, and m̄(B) = r2d(t2)/b

−

otherwise. Then m̄(B) ∈ (0, 1] and m ≤ min(1, a2/b) ≤ m̄(B) at every point of B with r < 1,
because a2 = rd(t) ≤ r2d(t2) and b ≥ b−. A box of kind lpv carries a vertex certificate for
([t1, t2] × [r1, r2], (1, s), [u1, u2], m̄(B),−). A box of kind small satisfies r2c(t1) ≤ AS , so a1 =
rc(t) ≤ AS on it.

Lemma 4.33 (lpv boxes). [computer-assisted, see Sec. 16] At every point of an lpv box with r < 1,
E|L| < T .

Proof. By Lemma 4.25 (j = 0), E|L| = EFp2(t,r)(M), and M ∈ Z since m ≤ m̄(B). Apply
Lemma 4.32. □

4.10. Near the extremisers: tail bound, near-circle and near-sphere bounds.

Lemma 4.34 (tail bound). Let y ∈ R, b ≥ 0 and let Z be a random variable with EZ = 0 and
EZ4 <∞. Then

E|y + bZ| ≤ |y|+min
(
bE|Z|, 27

128

b4EZ4

|y|3
)
,

where for y = 0 the minimum is read as its first entry. The same convention is used below whenever
this bound is applied at a point where y = 0.

Proof. The first bound is the triangle inequality. For the second (y ̸= 0), |y + z| − |y| − sgn(y)z =
2(− sgn(y)z−|y|)+ ≤ 2(|z|−|y|)+, and E[sgn(y)bZ] = 0. For x ≥ 0 and η > 0, (x−η)+ ≤ 27

256x
4/η3:

the maximum of (x − η)/x4 over x > η is at x = 4
3η and equals 27

256η
−3. Hence E|y + bZ| − |y| ≤

2 · 27
256 b

4EZ4/|y|3. □

For any remainder N =
∑
γiχi with

∑
γ2i = 1 we have E|N | ≤ 1 and EN4 = 3 + κ4

∑
γ4i ≤

E′4 := 3 + max(0, κ4) by Lemma 4.6 (as 0 ≤
∑
γ4i ≤ 1).
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Lemma 4.35 (near-circle tests). Let B be a box with r1 > 0 (of either kind). Let yj (j = 1, . . . , 4)
be the atoms of cχ1+ sdχ2, so that the atoms of a1χ1+ sa2χ2 are ryj. Let ηj ≥ 0 be a lower bound

of |yj | on B, p+j an upper bound of pj, b
+ an upper bound of

√
1− r21, and E4 = 3 +max(0, w+ −

4) min(1, m̄(B))2. Let T− = T−(u1, u2).

(A) If all ηj > 0 and 27
128E4(b

+)2 1+r2
r31

∑
j p

+
j η
−3
j < T−, then E|L| < T at every point of B with

r < 1 at which G := E|cχ1 + sdχ2| ≤ T .
(B) Let G+ be an upper bound of E|cχ1 + sdχ2| = τ

∑
j |gj | on B with G+ ≤ T−, and e+j =

min
(
b+, 27

128(b
+)4E4/(r

3
1η

3
j )
)
(e+j = b+ if ηj = 0). If

∑
j p

+
j e

+
j < T−(1 − r2) + r1(T

− − G+),

then E|L| < T at every point of B with r < 1.

Proof. At a point of B with r < 1, condition on (χ1, χ2) and apply Lemma 4.34 with Z =M . Here
EM4 = 3+κ4p4 ≤ E4 by Lemma 4.6, since p4 ≤ m2 ≤ min(1, m̄(B))2 and κ4 = w−4 ≤ w+−4; also
E|M | ≤ 1. This gives E|L| ≤ rG+

∑
j pjej , where ej = min(b, 27

128b
4E4/(r

3|yj |3)). (A) Since 1−r =

b2/(1+r) and b > 0,
∑

j pjej ≤
27
128

b4E4
r3

∑
j

pj
|yj |3 ≤ b2 · 27

128E4(b
+)2 1

r31

∑
j

p+j
η3j
< b2T−

1+r2
≤ T (1−r). With

G ≤ T , E|L| < rT+T (1−r) = T . (B) E|L| ≤ rG++
∑

j p
+
j e

+
j < rG++T−(1−r2)+r1(T−−G+) ≤

rG+ + T−(1− r) + r(T− −G+) = T− ≤ T , using r1 ≤ r ≤ r2 and T− −G+ ≥ 0. □

Boxes of kind ncA pass test (A) or test (B); boxes of kind ncB pass test (B). The hypothesis
G ≤ T of (A) is supplied in each regime by Lemma 4.16.

Positive peeling. At a point with r < 1 we use the peeling of Lemma 4.25, with M (0) = M and
µi = µ(M (i−1)), and we put

ai+2 = bi−1µi, bi = bi−1

√
1− µ2i (b0 = b),

so that (a1, a2, a3, . . . , aj+2, bj) = p2+j(t, r, µ1, . . . , µj). Let j ≥ 1 and let I1, . . . , Ij ⊂ (0, 1] be
intervals. The point is positively peeled through I1, . . . , Ij if µ1, . . . , µj−1 < 1 and, for i = 1, . . . , j,

µi ∈ Ii and M
(i−1) has the coefficient +µi at some χli , which is the coefficient peeled off (ςi = +1).

Then, by Lemma 4.25, the indices l1, . . . , lj ≥ 3 are distinct (each peeling removes the peeled
coordinate), and

L = a1χ1 + sa2χ2 +

j∑
i=1

ai+2χli + bjM
(j),

where the last term is absent if µj = 1 (then bj = 0). For j = 0 every point with r < 1 counts as
positively peeled (through the empty list). For j = 1, “positively peeled through [m1,m2]” means

βi0 = +m for some i0 ≥ 3 with m ∈ [m1,m2]; then a3 = bm and b1 = b
√
1−m2.

Lemma 4.36 (near-sphere bound). Let j ≥ 1, n = j + 2, and consider a point that is positively

peeled through I1, . . . , Ij. Let Yn = a1χ1 + sa2χ2 +
∑j

i=1 ai+2χli, with atoms yl and probabilities pl

(l = 1, . . . , 2n), and rn = |(a1, . . . , an)| =
√

1− b2j . Then

(4.10) E|L| ≤ E|Yn|+
∑
l

plmin
(
bj ,

27

128

b4jE
′
4

|yl|3
)
.

Suppose moreover that all yl ̸= 0, that 27
128E

′
4 b

2
j (1 + rn)

∑
l pl|yl|−3 < T , and that the main-term

bound Gn(c) ≤ T |c| holds for c = (a1, sa2, a3, . . . , an). Then E|L| < T if bj > 0, and E|L| =
E|Yn| = Gn(c) ≤ T if bj = 0.

Proof. If µj = 1 then bj = 0 and L = Yn. Otherwise L = Yn + bjM
(j) with M (j) independent of

the n bits of Yn; conditioning on these bits and applying Lemma 4.34 with Z =M (j) gives (4.10).
Under the extra hypotheses, E|Yn| = Gn(c) ≤ Trn, as |c| = rn. If bj > 0, the hypothesis and
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1 − rn = b2j/(1 + rn) give
∑

l pl
27
128

b4jE
′
4

|yl|3
< T

b2j
1+rn

= T (1 − rn), hence E|L| < Trn + T (1 − rn) = T

by (4.10). If bj = 0, then rn = 1 and E|L| = E|Yn| = Gn(c) ≤ T . □

In the applications all ai are positive: a1 > 0; ai+2 = bi−1µi > 0, because b0 = b > 0, bi > 0 for
i < j (as µi < 1) and µi > 0; and a2 ≥ |αl1 | = a3.
Piece tests (An), (Bn). Let B be a box with sign s and b− > 0, let j ≥ 1, n = j + 2, and
Ii = [µ−i , µ

+
i ] ⊂ (0, 1] for i = 1, . . . , j. On B× I1 × · · · × Ij we enclose a1 = rc(t) ∈ [r1c(t2), r2c(t1)],

a2 = rd(t) ∈ [r1d(t1), r2d(t2)], b
2
0 ∈ [(b−)2, (b+)2] with b+ a rational upper bound of

√
1− r21, and

recursively

b2i ∈
[
(b2i−1)

−(1− (µ+i )
2), (b2i−1)

+(1− (µ−i )
2)
]
, ai+2 = bi−1µi ∈

[
b−i−1µ

−
i , b

+
i−1µ

+
i

]
,

where b±i−1 are the square roots of the bounds of b2i−1; and rn ≤ r+n := min(1,
√

1− (b2j )
−). The 2n

atoms yl, the probabilities pl and the products plyl = τ
∑

i(±ci)
∏
i′ ̸=i P[·] (by qu = (1− q)v = τ , as

in Lemma 4.16; c = (a1, sa2, a3, . . . , an)) are enclosed in interval arithmetic over u ∈ [u1, u2]. Let
ηl be a lower bound of |yl|, p+l an upper bound of pl, |plyl|+ an upper bound of |plyl|, b+j an upper

bound of
√
(b2j )

+, a±i the bounds of ai, q
+ = 1

1+u21
, E′+4 = 3+max(0, w+−4) and T− = T−(u1, u2).

The piece (B; I1, . . . , Ij) passes

• test (An) if all ηl > 0 and 27
128E

′+
4 (b2j )

+(1 + r+n )
∑

l p
+
l η
−3
l < T−;

• test (AOR
n ) if it passes (An), s = 1, and a−i > q+

∑n
i′=1 a

+
i′ for i = 1, . . . , n;

• test (Bn) if
∑

l

(
|plyl|+ + p+l min

(
b+j ,

27
128((b

2
j )

+)2E′+4 /η3l
))
< T−, where the second entry of

the minimum is omitted if ηl = 0.

Lemma 4.37 (piece tests). Consider a point of B that is positively peeled through I1, . . . , Ij, with
u ∈ [u1, u2].

(i) If the piece passes (Bn), then E|L| < T (for either sign s).
(ii) If the piece passes (An) and the main-term bound Gn(c) ≤ T |c| holds at the point, then

E|L| < T if bj > 0, and E|L| = Gn(c) ≤ T if bj = 0.
(iii) If the piece passes (AOR

n ), then ai > q
∑

i′ ai′ for all i, and Gn(c) = 2τ(1− q)n−1
∑

i ai ≤ Tn|c|
(Lemma 4.18).

Proof. All quantities above lie in their enclosures, E′4 ≤ E′+4 (as κ4 = w − 4 and w ≤ w+), and
T− ≤ T (u) by (4.3). (i) follows from (4.10), since E|Yn| =

∑
l |plyl|. (ii) is Lemma 4.36. (iii)∑

i′ a
+
i′ > 0, so ai ≥ a−i > q+

∑
i′ a

+
i′ ≥ q

∑
i′ ai′ , and s = 1 gives c = (a1, . . . , an) with positive

entries. □

4.11. m-split boxes for k = 2, 3. In Sections 6 and 7 the extremiser (e1 + e2 + e3)/
√
3 is, in the

coordinates of Section 4.7, the point a1 = a2 = b = 1/
√
3 withM = χ3, som = 1 and p3 = 1. There

the six-moment relaxation is exact, and no box certificate can work near it. We split according to
m = maxi≥3 |βi| and the sign of a largest remaining coefficient.

Definition 4.38 (m-split box, first kind). An m-split box is a box B with sign s and b− >
0, together with: a rational mc ∈ (0, 1] and a rational p∗ with φ(mc) ≤ p∗ < 0 (this forces

2m2
c > 1 by Lemma 4.8; the verifier also checks 2m2

c > 1 directly); a box certificate c(1) for

(B, s,min(mc, m̄(B)),−); a box certificate c(2) for (B, s,min(1, m̄(B)), p∗); and pieces [m1,m2],
each passing (A3) or (B3), whose union contains [mc,min(1, m̄(B))].

Lemma 4.39 (m-split lemma, first kind). Let B be an m-split box, and suppose that G3(c) ≤ T |c|
for all c ∈ R3 at the values of q considered. At every point of B with r < 1 we have E|L| ≤ T .
Equality forcesm = 1, βi0 = +1 for some i0 (that is, α = a1e1+sa2e2+bei0), and G3(a1, sa2, b) = T .
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Proof. Recall m ≤ min(1, m̄(B)). If m ≤ mc, use c
(1) and Lemma 4.23: E|L| < T . If m ≥ mc

and βi0 = −m for some i0, then p3 ≤ φ(mc) ≤ p∗ by Lemma 4.8; use c(2) and Lemma 4.23:
E|L| < T . Otherwise βi0 = +m for some i0, and m ∈ [mc,min(1, m̄(B))] lies in a piece, through
which the point is positively peeled. Lemma 4.37 gives E|L| < T unless b1 = 0, i.e. m = 1, and
then E|L| = G3(a1, sa2, b) ≤ T . □

5. The central range: R(q) = 2
√
q(1− q) if and only if q2 ≤ q ≤ 1− q2

Theorem 5.1 (the central range). [computer-assisted, see Sec. 16]

(a) For every q ∈ [q2, 1− q2], every n ≥ 1 and every α ∈ Rn with |α| = 1,

E
∣∣∣ n∑
i=1

αiχi

∣∣∣ ≤ 2
√
q(1− q).

Consequently R(q) = 2
√
q(1− q) for q ∈ [q2, 1− q2].

(b) For q ∈ (0, q2) ∪ (1 − q2, 1), R(q) ≥ 2
√
2 max(q, 1 − q)

√
q(1− q) > 2

√
q(1− q). Hence

{q : R(q) = 2
√
q(1− q)} = [q2, 1− q2].

(c) (Extremisers.) For q ∈ (q2, 1 − q2), equality in (a) holds if and only if α = ±ej. For q ∈
{q2, 1− q2}, equality holds if and only if α = ±ej or α = ± 1√

2
(ei + ej) with i ̸= j.

Part (b) is the two-coefficient example of [BF3, Remark 9.8(c)] (see also [St, Section 4.2]), proved
in Lemma 5.2. Part (a) for q ∈ [38 ,

5
8 ] is [BF3, Theorem K]; the proof below does not use it. By

Lemma 4.1 we take q ≤ 1
2 , i.e. u ≥ 1, in (4.1). The interval q ∈ [q2,

1
2 ] corresponds to u ∈ [1, u2],

u2 =
√

1 +
√
2, since (1− q2)/q2 = 1/(

√
2− 1) = 1 +

√
2. We fix the rational number

ū0 =
776887

500000
= 1.553774 > u2

(indeed ū40 − 2ū20 − 1 > 0, which is equivalent to ū20 > 1 +
√
2). The target is T = T1 = 2τ , and by

Lemma 4.3, for |α| = 1 reduced as in Section 4.6 (a = α1 = max |αi| ∈ (0, 1), L = aχ1 + bM with

b =
√
1− a2 and maxi≥2 |βi| ≤ min(1, a/b)),

E|L| = 2τa+ 2ERa(bM), so E|L| ≤ 2τ ⇐⇒ ERa(bM) ≤ τ(1− a).

5.1. Six-moment cells. The one-coordinate route of Section 4.6 is used with k = 1, D = 6
and the six-moment objective bound. On u ≤ ū0 we have w+ < 2.83 < 13. For k = 1 and a cell
[u1, u2]×[a, a] (here u1, u2 are the ends of the cell, not thresholds), Definition 4.13 reads: (V1)–(V3)
as stated, and (V4) the polynomial h(r) = τ(u2)(1−a)−A− B̄r−Γr2−εr4 of Definition 4.9 (with
m∗ = m̄) satisfies h > 0 on [0, m̄]; and Lemma 4.15 gives ERa(bM) < τ(u)(1− a) for u ∈ [u1, u2],
a ∈ [a, a].

5.2. The quartic two-extremiser certificate. Near (q, a) = (q2, 1/
√
2) two configurations are

extremal: e1 and (e1 + e2)/
√
2. No six-moment certificate can work at that point, because the

target τ(1 − a) is attained there with M = χ2: a law with the first four moments of χ is the law
of χ, since E[(M − u)2(M + v)2] is determined by these moments and vanishes, so the six-moment
relaxation is exact at (e1 + e2)/

√
2. Instead we compare L with aχ1 + bχ2.

Lemma 5.2 (two-coefficient value). If a, b > 0 and bu ≥ av, bv ≤ au (equivalently q/(1 − q) ≤
b/a ≤ (1 − q)/q), then ERa(bχ) = q(1 − q)(bu − av) and E|aχ1 + bχ2| = 2τ(1 − q)(a + b). In
particular, for q ≤ 1

2 , E|χ1 + χ2|/
√
2 = 2

√
2(1− q)τ , which exceeds 2τ if and only if q < q2.

Proof. Ra(bu) = (1 − q)(bu − av)+ = (1 − q)(bu − av) and Ra(−bv) = q(bv − au)+ = 0. So
ERa(bχ) = q(1−q)(bu−av). By Lemma 4.3, E|aχ1+bχ2| = 2τa+2q(1−q)(bu−av) = 2τa+2(1−
q)τb− 2qτa = 2τ(1− q)(a+ b), using q(1− q)u = (1− q)τ and q(1− q)v = qτ . For a = b = 1/

√
2

the hypothesis reads v ≤ u, i.e. q ≤ 1
2 . Finally

√
2(1− q) > 1 ⇐⇒ q < 1− 1√

2
. □
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The certificate. Let u > 1 and a, b > 0 with a2+ b2 = 1, and let c4 > 0. With τ = u/(1+u2) define

(5.1) B0 = τ4
(
2a− b(u2 − 1)

)
, s = τ3(bu2 − a), B = B0 − 2c4u, G = s−B0u+ c4u

2,

and

P (y) = (y + v)2 S0(y), S0(y) = c4y
2 +By +G.

(Here s and G are local symbols.) Write ℓ1(y) = (1− q)(by− av) and ℓ2(y) = −q(by+ au), so that

Ra(by) = max{0, ℓ1, ℓ2}. Write P (y) =
∑4

k=0 cky
k; then c3 = B + 2vc4.

Lemma 5.3 (algebraic identities). The following hold identically in u, a, b, c4 (with q, v, τ given by
(4.1)):

(i) P (u) = ℓ1(u) and P
′(u) = ℓ′1(u); trivially P (−v) = P ′(−v) = 0.

(ii) B2 − 4c4G = B2
0 − 4c4s.

(iii) P (y) − ℓ1(y) = (y − u)2S1(y) with S1(y) = c4y
2 + d1y + d0 and d21 − 4c4d0 = B2

0 − 4c4
(
s +

B0(u+ v)
)
.

(iv) κ3c3 + 2κ4c4 = κ3B0 − 4c4.
(v) EP (χ) = qP (u)+(1−q)P (−v) = q(1−q)(bu−av), and 2τa+2q(1−q)(bu−av) = 2τ(1−q)(a+b).
(vi) Let z0 = au/b, δ = z0 − v, g1 = 2c4z0 −B and g0 = c4z

2
0 −Bz0 +G. Then for all x,

P (−z0 − x)− ℓ2(−z0 − x) = e0 + e1x+ e2x
2 + e3x

3 + c4x
4,

where e0 = δ2g0, e1 = δ2g1 + 2δg0 − qb, e2 = δ2c4 + 2δg1 + g0 and e3 = 2δc4 + g1. Moreover
ℓ2(−z0 − x) = qbx.

Proof. (iv) is short. c3 = B + 2vc4 = B0 − 2c4(u − v) = B0 − 2c4κ3, so κ3c3 + 2κ4c4 = κ3B0 −
2c4(κ

2
3 − κ4), and κ

2
3 − κ4 = u2 − 2uv + v2 − u2 − v2 + 4 = 2 because uv = 1.

(ii): 4c4G−B2 = 4c4s− 4c4B0u+ 4c24u
2 − (B2

0 − 4c4uB0 + 4c24u
2) = 4c4s−B2

0 .
(i): P (u) = (u+ v)2S0(u) and S0(u) = c4u

2+Bu+G = s by (5.1), with (u+ v)2 = (1+u2)2/u2.

So P (u) = s(1+u2)2/u2 = τ3(bu2−a)(1+u2)2/u2 = u(bu2−a)
1+u2

. Also ℓ1(u) =
u2

1+u2
(bu− a

u) =
u(bu2−a)
1+u2

.

Next, P ′(u) = 2(u+ v)s+ (u+ v)2S′0(u) with S
′
0(u) = 2c4u+B = B0. This gives

P ′(u) =
2(1 + u2)

u
τ3(bu2 − a) +

(1 + u2)2

u2
τ4
(
2a− b(u2 − 1)

)
=

u2

(1 + u2)2
[
2(bu2 − a) + 2a− b(u2 − 1)

]
=
u2b(u2 + 1)

(1 + u2)2
=

u2b

1 + u2
,

which is ℓ′1(u) = (1− q)b.
(iii): By (i), P − ℓ1 is a quartic with leading coefficient c4 and a double root at u. Hence

P−ℓ1 = (y−u)2(c4y2+d1y+d0). Comparing coefficients of y3 and y2 gives d1 = c3+2uc4 = B0+2vc4
and d0 = c2 + 2ud1 − u2c4, where c2 = G+ 2vB + v2c4. Substituting: d0 = s+B0(u+ 2v) + c4v

2.
Then d21 − 4c4d0 = B2

0 +4c4vB0 +4c24v
2 − 4c4s− 4c4B0(u+2v)− 4c24v

2 = B2
0 − 4c4(s+B0(u+ v)).

(v): P (−v) = 0, P (u) = ℓ1(u) = (1− q)(bu− av), and q(1− q)u = (1− q)τ , q(1− q)v = qτ .
(vi): ℓ2(−z0 − x) = −q(−bz0 − bx + au) = qbx, since bz0 = au. Next, (y + v)2 = (δ + x)2 at

y = −z0 − x, and S0(−z0 − x) = c4(z0 + x)2 − B(z0 + x) + G = c4x
2 + g1x + g0. Expanding

(δ2 + 2δx+ x2)(c4x
2 + g1x+ g0)− qbx gives the stated coefficients. □

Lemma 5.4 (quartic certificate lemma). Let 1 < u < 19
10 , a, b > 0 with a2 + b2 = 1, bu2 > a and

au2 > b, and let c4 > 0 satisfy

(Q1) B0 > 0 and 4c4s−B2
0 > 0;

(Q3) e0 > 0 and e2 −
(e−1 )

2

4e0
− (e−3 )

2

4c4
> 0, where x− = min(x, 0);

(Q4) κ3B0 − 4c4 > 0.
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(There is no condition (Q2): the positivity of S1 follows from (Q1), see Step 2.) Then for every
M =

∑
βiχi with

∑
β2i = 1,

ERa(bM) ≤ q(1− q)(bu− av)− (1− p3)(κ3B0 − 4c4),

and therefore E|aχ1 + bM | ≤ 2τ(1− q)(a+ b), with strict inequality unless p3 = 1.

Proof. Step 1: P ≥ 0. Since bu2 > a, s > 0; by Lemma 5.3(ii) the discriminant of S0 is B2
0 − 4c4s,

which is negative by (Q1). With c4 > 0 this gives S0 > 0 on R, hence P = (y + v)2S0 ≥ 0.
Step 2: P ≥ ℓ1. By Lemma 5.3(iii), the discriminant of S1 is B2

0 − 4c4s− 4c4B0(u+ v) < 0, since
B0 > 0. So S1 > 0 and P − ℓ1 = (y − u)2S1 ≥ 0.

Step 3: P ≥ ℓ2. If y ≥ −z0 = −au/b, then ℓ2(y) = −q(by + au) ≤ 0 ≤ P (y). If y < −z0, write
y = −z0 − x with x > 0. By Lemma 5.3(vi), P (y)− ℓ2(y) = f(x) := e0 + e1x+ e2x

2 + e3x
3 + c4x

4.
Put η = (e−1 )

2/(4e0). Then

f(x) =
[
e0 + e1x+ ηx2

]
+ x2

[
(e2 − η) + e3x+ c4x

2
]
.

The first bracket is ≥ e0 > 0 if e1 ≥ 0, and equals (
√
e0+ e1x/(2

√
e0))

2 ≥ 0 if e1 < 0. In the second

bracket, D := e2 − η > (e−3 )
2/(4c4) ≥ 0 by (Q3). If e3 ≥ 0 the bracket is ≥ D > 0 for x ≥ 0. If

e3 < 0 it is ≥ D − e23/(4c4) > 0. Hence f(x) > 0 for x > 0. So P ≥ max{0, ℓ1, ℓ2} = Ra(b ·) on R,
and ERa(bM) ≤ EP (M).

Step 4: comparison with χ. P has degree 4. By Lemma 4.6, EP (M) = c0 + c2 + c3κ3p3 + c4(3 +
κ4p4), and EP (χ) is the same expression with p3 = p4 = 1. Here κ4 = u2 + u−2 − 4 < 0, because
u2 < 361

100 < 2 +
√
3; so c4κ4 < 0. Also p23 ≤ p4 ≤ 1 (Lemma 4.7), so |p3| ≤ 1. Therefore

EP (χ)− EP (M) = c3κ3(1− p3) + c4κ4(1− p4) ≥ c3κ3(1− p3) + c4κ4(1− p23)

= (1− p3)
(
c3κ3 + c4κ4(1 + p3)

)
≥ (1− p3)

(
c3κ3 + 2c4κ4

)
= (1− p3)(κ3B0 − 4c4).

The first inequality uses c4κ4 ≤ 0 and 1− p4 ≤ 1− p23. The second uses 1− p3 ≥ 0, c4κ4 ≤ 0 and
1 + p3 ≤ 2. The last equality is Lemma 5.3(iv).

Step 5. By Lemma 5.3(v), ERa(bM) ≤ EP (M) ≤ q(1− q)(bu− av)− (1− p3)(κ3B0 − 4c4). By
Lemma 4.3 and Lemma 5.3(v), E|aχ1 + bM | ≤ 2τa+ 2q(1− q)(bu− av)− 2(1− p3)(κ3B0 − 4c4) ≤
2τ(1− q)(a+ b), with strict inequality if p3 < 1, by (Q4). □

Corollary 5.5 (quartic bound for q ≥ q2). Under the hypotheses of Lemma 5.4, if moreover q ≥ q2
(i.e. u ≤ u2), then E|aχ1 + bM | ≤ 2τ . Equality forces q = q2, a = b = 1/

√
2 and M = χj for a

single j.

Proof. (1 − q)(a + b) ≤ (1 − q)
√
2(a2 + b2) =

√
2(1 − q) ≤

√
2(1 − q2) = 1. Equality needs a = b,

q = q2 and p3 = 1. If p3 =
∑
β3i = 1 =

∑
β2i then

∑
β2i (1 − βi) = 0 with each βi ≤ 1; so every

βi ∈ {0, 1}, and exactly one βj = 1. □

5.3. The near-dictator range.

Lemma 5.6 (near-dictator bound). Let u ∈ [1, u2], a ∈ [ 910 , 1), b =
√
1− a2, and let M =

∑
βiχi

with
∑
β2i = 1. Then ERa(bM) ≤ 0.9402 τ(1− a).

Proof. For t > 0 and all real x we have (x− t)+ ≤ 27
256 t3

x4. Indeed, for x > t the ratio (x− t)/x4 is

maximised at x = 4t/3, where it equals 27/(256t3). Now Ra(by) = (1−q)b (y− av
b )++qb (−y−

au
b )+.

So

ERa(bM) ≤ 27

256
EM4

[
(1− q)b

b3

a3v3
+ qb

b3

a3u3

]
=

27

256

b4

a3
EM4

[
(1− q)u3 + qv3

]
=

27

256

b4

a3
EM4 τ(u4 + v4),
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using (1− q)u3 = u5

1+u2
= τu4 and qv3 = v3

1+u2
= τv4. By Lemma 4.6, EM4 = 3+κ4p4 ≤ 3, because

κ4 = u2 + u−2 − 4 ≤ 0 for u2 ≤ 2 +
√
3. The function u4 + u−4 is increasing on u ≥ 1 and equals

(1 +
√
2)2 + (

√
2− 1)2 = 6 at u2. With b4 = (1− a)2(1 + a)2,

ERa(bM) ≤ τ(1− a) · 81 · 6
256

· (1− a)(1 + a)2

a3
.

The function (1−a)(1+a)2/a3 is a product of the positive decreasing functions 1−a and (1+a)2/a3

on (0, 1) (the derivative of the latter is (1 + a)(2a− 3(1 + a))/a4 < 0). So it is at most its value at

a = 9/10, and 486
256 · (1/10)(19/10)2

(9/10)3
= 0.940104 . . . < 0.9402. □

5.4. The certified data. The region

S = [1, ū0]× [0, 9
10 ] \

(
(611400 , ū0]× (1625 ,

77
100)

)
is the union of the eight rectangles in Table 3.

file u-range a-range cells

r1a [1, ū0] [0, 4
25 ] 94

r1b [1, ū0] [ 4
25 ,

8
25 ] 59

r1c [1, ū0] [ 8
25 ,

12
25 ] 32

r1d [1, ū0] [ 1225 ,
16
25 ] 71

r2a [1, 1310 ] [ 77
100 ,

9
10 ] 16

r2b [ 1310 , ū0] [ 77
100 ,

9
10 ] 47

r3a [1, 1310 ] [ 1625 ,
77
100 ] 16

r3b [ 1310 ,
611
400 ] [ 1625 ,

77
100 ] 44

total 379

Table 3. The six-moment cover of S (Theorem 5.1). Cell widths range from 0.0079
to 0.139 in u and from 0.0040 to 0.0325 in a.

For the quartic boxes we parametrise a = 2t
1+t2

, b = 1−t2
1+t2

(0 < t < 1). Then a2 + b2 = 1,

a is increasing and b is decreasing in t, and t 7→ a(t) is a bijection of [0, 1] onto [0, 1]. Since
a( 9

25) =
225
353 <

16
25 and a( 471

1000) =
942000
1221841 >

77
100 , the box Q = [611400 , ū0]× [ 925 ,

471
1000 ] in the (u, t)-plane

contains a preimage of every (u, a) ∈ [611400 , ū0]× [1625 ,
77
100 ].

Proposition 5.7 (certified data for Theorem 5.1). [computer-assisted, see Sec. 16]

(i) Each of the eight rectangles of Table 3 is tiled by cells [u1, u2] × [a, a] (379 in all), each of
which has a cell certificate (Definition 4.13 with k = 1, D = 6, the six-moment objective

bound, b̄ = ⌈
√

1− a2⌉15, and m̄ = 1 if a2 ≥ 1
2 , otherwise m̄ = min{1, a/⌊

√
1− a2⌋15}).

(ii) Q is tiled by 641 boxes in the (u, t)-plane (widths 0.0008 to 0.0033 in u and 0.0017 to 0.0069
in t), each with a rational constant c4 > 0 such that bu2− a > 0, au2− b > 0, (Q1), (Q3) and
(Q4) of Lemma 5.4 hold at every (u, t) of the box.

(iii) The eight rectangles, the rectangle [611400 , ū0]×[1625 ,
77
100 ] and the strip [1, ū0]×[ 910 , 1] cover [1, ū0]×

[0, 1].

How it is verified. (i) For each cell, each polynomial p ∈ {P, P − ℓ̄1, P − ℓ̄2} has even degree 6,
positive leading coefficient and p(0) > 0, and its Sturm sequence, computed in exact rational
arithmetic, shows that p has no real root; this is (V1)–(V3). (V4) is checked as follows: h(0) > 0,
h(m̄) > 0, and the Sturm sequence of h shows that h has no root in (0, m̄]. The numbers b̄, m̄,
the lines and the cumulant enclosures are recomputed from the cell corners, and b̄2 ≥ 1 − a2 and
⌊
√
1− a2⌋215 ≤ 1−a2 are asserted exactly. (ii) For each box, with its c4, all quantities are evaluated

in outward-rounded interval arithmetic (120 bits) from the formulas (5.1): the coefficients of P by
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expanding (y+v)2S0, and the ek by a Taylor shift of P at −z0; each stored box is subdivided (with
the same c4) until all conditions hold (20 969 sub-boxes in all). For (Q3) the conservative form
e2 − σ1e

2
1/(4e0) − σ3e

2
3/(4c4) > 0 is used, where σk = 0 if the enclosure of ek is nonnegative and

σk = 1 otherwise; this is valid because (e−)2 ≤ e2, with (e−)2 = 0 when e ≥ 0. (Q4) is required
strictly; the smallest certified lower bound of κ3B0 − 4c4 over all boxes is 1.77 · 10−3. (iii) Within
each rectangle and within Q, the cells lie in the rectangle, have pairwise disjoint interiors and total
area equal to the area of the rectangle, in exact arithmetic; then their closed union is the whole
rectangle, since a closed subset of full measure of a rectangle is dense. The cover of [1, ū0] × [0, 1]
is checked on the grid formed by all breakpoints. The cumulant identities used in (V4) are those
of Lemma 4.4. The recorded data are not in the code archive; data regenerated for this paper (a
tiling of the eight rectangles by 348 cells, and the same 641 boxes) are accepted by the same verifier
(Section 16.5). □

5.5. Proof of Theorem 5.1. (a) By Lemma 4.1 we may assume q ∈ [q2,
1
2 ], i.e. u ∈ [1, u2]. Let

|α| = 1 and reduce to a = α1 = max |αi| > 0 as in Section 4.6. If a = 1 then E|L| = 2τ . Let
0 < a < 1. It suffices to show ERa(bM) ≤ τ(1 − a). Since u ≤ u2 < ū0, the point (u, a) lies
in [1, ū0] × (0, 1), and by Proposition 5.7(iii) one of the following applies (we take the first that
applies).

(1) a ≥ 9
10 : Lemma 5.6 gives ERa(bM) ≤ 0.9402 τ(1− a) < τ(1− a).

(2) (u, a) ∈ [611400 , ū0]× [1625 ,
77
100 ]: choose t ∈ [ 925 ,

471
1000 ] with a(t) = a; then b(t) =

√
1− a2 = b. The

point (u, t) lies in a box of Proposition 5.7(ii), so the hypotheses of Lemma 5.4 hold at (u, a, b)
with that box’s c4 (note 1 < 611

400 ≤ u < 19
10). By Corollary 5.5 (here q ≥ q2), E|L| ≤ 2τ .

(3) Otherwise (u, a) ∈ S, so it lies in a cell of Proposition 5.7(i), and Lemma 4.15 gives ERa(bM) <
τ(1− a).

In every case E|L| ≤ 2τ . Since α = e1 gives E|L| = 2τ , R(q) = 2τ .
(b) By Lemma 4.1 let q < q2 ≤ 1

2 . Lemma 5.2 with a = b = 1/
√
2 gives R(q) ≥

√
2(1−q) 2τ > 2τ .

(c) Let q ∈ [q2,
1
2 ] and suppose E|L| = 2τ with 0 < a < 1. In cases (1) and (3) the inequality

is strict. So case (2) applies, and Corollary 5.5 gives q = q2, a = b = 1/
√
2 and M = χj . So

α = (e1 + ej)/
√
2, up to the global sign and the permutation used in the reduction. Conversely

these vectors attain 2τ at q2 by Lemma 5.2, since
√
2(1 − q2) = 1. If a = 1 then α = ±ej . For

q ∈ [12 , 1− q2] use Lemma 4.1. □

6. The regime k = 2: R(q) = 2
√
2 (1− q)

√
q(1− q) for q3 ≤ q ≤ q2

Theorem 6.1 (the regime k = 2). [computer-assisted, see Sec. 16] Let T = T2 = 2
√
2 (1− q)τ .

(a) For every q ∈ [q3, q2], every n ≥ 1 and every α ∈ Rn with |α| = 1,

E
∣∣∣ n∑
i=1

αiχi

∣∣∣ ≤ 2
√
2 (1− q)

√
q(1− q).

For q ∈ [1 − q2, 1 − q3] the same holds with 1 − q replaced by q. Consequently R(q) =

2
√
2max(q, 1− q)

√
q(1− q) for q ∈ [q3, q2] ∪ [1− q2, 1− q3].

(b) (Extremisers.) Let q ∈ [q3, q2]∪[1−q2, 1−q3]. Equality in (a) holds if and only if α = ± 1√
2
(ei+

ej) with i ̸= j, or q ∈ {q2, 1− q2} and α = ±ei, or q ∈ {q3, 1− q3} and α = ± 1√
3
(ei + ej + ek)

with i, j, k distinct.
(c) (Sharpness.) For q ∈ (0, q3), R(q) ≥ 2

√
3 (1−q)2τ > T (q). For q ∈ (q2,

1
2 ], R(q) ≥ 2τ > T (q).

Hence {q ∈ (0, 12 ] : R(q) = T (q)} = [q3, q2].
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Parameters. By Lemma 4.1 we take q ≤ 1
2 . The range q ∈ [q3, q2] corresponds to u ∈ [u2, u3]. We

fix the rationals

U− =
1553773

1000000
< u2, U+ =

1054691

500000
= 2.109382 > u3

(indeed U4
−−2U2

−−1 < 0, and U2
+ > 2 with (U2

+−2)2 > 6), and AS = 9
20 . The computations cover

u ∈ [U−, U+]; the theorem uses only u ∈ [u2, u3]. The lower bound T−(u1, u2) is (4.3) with k = 2
and S2 = ⌊

√
2⌋15. By (4.4): for q ≤ 1

2 , 2τ ≤ T iff q ≤ q2; and for q < 1
3 , T3 ≤ T iff q ≥ q3.

Lemma 6.2 (two coordinates for k = 2). If q ≤ q2, then E|cχ1 + sdχ2| ≤ T
√
c2 + d2 for c, d ≥ 0,

and for (c, d) ̸= 0 equality holds if and only if s = 1 and c = d, or q = q2 and cd = 0.

Proof. By Lemma 4.16, E|X| = max(2τ max(c, d), [s = 1] 2τ(1 − q)(c + d)), with 2τ max(c, d) ≤
T1ρ ≤ Tρ (equality iff cd = 0 and T1 = T2, i.e. q = q2) and 2τ(1 − q)(c + d) ≤ Tρ (equality iff
c = d). □

Lemma 6.3 (three-bit lemma, k = 2). [computer-assisted, see Sec. 16] Let q ∈ [q3, q2] and c ∈ R3.
Then G3(c) ≤ T |c|. For c ̸= 0 equality holds if and only if c is a positive multiple of one of:
±(ei + ej) (i ̸= j); ±(e1 + e2 + e3), and then q = q3; ±ei, and then q = q2.

Proof. Claim: for each of the 28 = 256 functions f : {0, 1}3 → {−1, 1}, the polynomial Pf (q) =

8(1−q)2−
∑3

i=1∆i(f)
2 is ≥ 0 on [q3, q2]. Moreover Pf ≡ 0 exactly for f = ±(2 ·1{xi∨xj}−1) (six

functions); Pf (q3) = 0 ̸= Pf exactly for f = ±(2·1{x1∨x2∨x3}−1); and Pf (q2) = 0 ̸= Pf exactly for

f = ±(2xi−1). Given the claim, Lemma 4.17 withB2 = 8(1−q)2 givesG3(c) ≤ τ |c|
√
8(1−q) = T |c|.

The claim is a finite exact computation, carried out as described in Section 4.7: Pf is a polynomial
with rational coefficients of degree ≤ 4; with g3 = 3q2 − 6q + 1 and g2 = 2q2 − 4q + 1, the minimal
polynomials of q3 and q2, and rational enclosures q3 ∈ [q−3 , q

+
3 ], q2 ∈ [q−2 , q

+
2 ] of width 10−15: (i)

by Sturm sequences, Pf has no root in [q+3 , q
−
2 ], and Pf (q

+
3 ) > 0; (ii) near q3: if g3 | Pf , write

Pf = g3Q; then Q has no root in [q−3 , q
+
3 ] and Q(q+3 ) < 0, so Pf ≥ 0 on [q3, q

+
3 ] (as g3 ≤ 0 on [q3, 1]);

otherwise Pf has no root in [q−3 , q
+
3 ] and Pf (q

+
3 ) > 0; (iii) near q2, in the same way with g2 (which

is ≥ 0 on [0, q2]) and Q(q−2 ) > 0. The six functions with Pf ≡ 0 are ± the OR of two bits, by (4.8)
(∆(f) = 2(1− q)(ei + ej)).

Equality. Suppose G3(c) = T |c| with c ̸= 0. By Lemma 4.17, Pf∗(q) = 0 and c is a positive
multiple of ∆(f∗). By the claim, f∗ is ±OR of two bits, with ∆ = ±2(1 − q)(ei + ej); or q = q3
and f∗ = ±OR3, with ∆ = ±2(1 − q)2(1, 1, 1); or q = q2 and f∗ = ±(2xi − 1), with ∆ = ±2ei.
Conversely, these c attain T |c| by Theorem 4.2 and Lemma 6.2. □

For k = 2 the near-circle test (A) of Lemma 4.35 applies at points with u ≥ u2 (where G ≤ T by
Lemma 6.2), and the m-split lemma 4.39 at points with u ∈ [u2, u3] (where Lemma 6.3 holds). The
piece test (A3) and the near-circle test (A) bound only the error term; the main term is bounded
by Lemma 6.3, valid only for q ≥ q3, and by Lemma 6.2, valid only for q ≤ q2. This is why the
theorem stops at u2 and u3.

Proposition 6.4 (certified data for Theorem 6.1). [computer-assisted, see Sec. 16]

(i) The rectangle [U−, U+]× [0, 9
20 ] is tiled by 784 cells (450 with u ∈ [U−, 2], 334 with u ∈ [2, U+]),

each with a cell certificate (Definition 4.13, k = 2, D = 6, six-moment objective bound) and
Θ1 > 0.

(ii) For each sign s, the box [U−, U+] × [0, T8] × [ 920 , 1] is tiled by boxes B (Section 4.8), each of
one of the kinds: lp (a box certificate for (B, s,min(1, m̄(B)),−)); ncA/ncB (the box passes
test (A) or (B) of Lemma 4.35); small (r2c(t1) ≤ 9

20); ms (an m-split box of the first kind,
Definition 4.38, with u1 ≥ 2). The counts are in Table 4.
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sign lp ncA ncB ms small total

s = +1 33 479 1 680 1 909 1 189 374 38 631
s = −1 15 331 288 958 0 307 16 884

Table 4. Two-coordinate boxes for Theorem 6.1 (55 515 in all). Widths range from
1.25 · 10−3 to 0.01 in u, from 8.1 · 10−4 to 0.052 in t and from 1.6 · 10−3 to 0.05 in r.
All ms boxes have u ≥ 2.09; they carry 1 669 pieces (1 659 of type (A3), 10 of type
(B3)), with mc ∈ {31

40 ,
4
5 ,

33
40 ,

17
20 ,

7
8 ,

9
10}.

How it is verified. Cells: (V1)–(V3) by Sturm sequences; Θ1 > 0; (V4) strictly by Sturm on [0, m̄].

(In fact S2
u21

1+u21
≥ 1.414 · 0.707 > 9

20 ≥ a, so Θ1 > 0.) Box certificates (lp, and both certificates of

each ms box): (W1) by writing FB on each half-line as the maximum of the 16 sign-pattern lines
and checking by Sturm counting that P minus each line is positive on that half-line; (W2) strictly;
the verifier recomputes m̄(B) as the exact quotient r2d(t2)/b

−. For ms boxes also 0 < mc ≤ 1,
2m2

c > 1, p∗ < 0, p∗ ≥ φ(mc) (as (p
∗+m3

c)
2 ≥ (1−m2

c)
3 with p∗+m3

c ≥ 0), and m∗ = min(mc, m̄)

for c(1); the pieces cover [mc,min(1, m̄)], and each passes (A3) or (B3) in outward-rounded interval
arithmetic (120 bits). Near-circle boxes: tests (A)/(B) strictly in interval arithmetic (120 bits).
Coverage (exact): the cells and, for each sign, the boxes lie in their region, have pairwise disjoint
interiors and total volume equal to the volume of the region, so their closed union is the region.
Also U− < u2, U+ ≥ u3, T8 ≥

√
2− 1, and every small box has r2c(t1) ≤ 9

20 . □

Proof of Theorem 6.1. (a) By Lemma 4.1 let q ∈ [q3, q2], i.e. u ∈ [u2, u3] ⊂ [U−, U+]. Reduce α as
in Section 4.7.

(1) a1 = 1: α = e1 and E|L| = 2τ ≤ T , with equality iff q = q2.
(2) a1 ≤ 9

20 : (u, a1) lies in a cell, and Lemma 4.15 gives E|L| < T .

(3) a1 >
9
20 and r = 1: L = a1χ1 + sa2χ2, and Lemma 6.2 gives E|L| ≤ T , with equality iff s = 1

and a1 = a2, or q = q2 and a2 = 0.
(4) a1 >

9
20 and r < 1: (u, t, r) lies in a box of the cover for the sign s, and the box is not small,

because a1 >
9
20 . If it is lp, Lemma 4.23 with m∗ = min(1, m̄(B)) ≥ m gives E|L| < T . If it is

ncA or ncB, Lemma 4.35 gives E|L| < T (here u ≥ u2). If it is ms, Lemma 4.39 gives E|L| ≤ T
(here u ≤ u3).

So E|L| ≤ T always, and (e1 + e2)/
√
2 attains T (Theorem 4.2). Hence R(q) = T (q). For q ∈

[1− q2, 1− q3] use Lemma 4.1: R(q) = R(1− q) = 2
√
2 q τ .

(b) Equality can occur only in cases (1), (3) and the ms case of (4). Case (1) gives α = ±ej at

q = q2. Case (3) gives α = ±(ei+ ej)/
√
2, or α = ±ej at q = q2. In the ms case, Lemma 4.39 gives

α = a1e1+sa2e2+bei0 (after the reduction) withG3(a1, sa2, b) = T and a1, b > 0, a2 ≥ |αi0 | = b > 0.
By Lemma 6.3, (a1, sa2, b) is a positive multiple of ±(ei+ ej), of ±ei or of ±(1, 1, 1). Only the last

has three nonzero entries, so q = q3, s = 1 and a1 = a2 = b, i.e. α = (e1 + e2 + ei0)/
√
3. Undoing

the reduction (global sign and permutation) gives the list in (b). Conversely, each listed vector
attains T at the stated q (Theorem 4.2). For q ≥ 1

2 use Lemma 4.1.

(c) For q < q3 <
1
3 , Theorem 4.2 with k = 3 and (4.4) give R(q) ≥ 2

√
3(1 − q)2τ > T . For

q ∈ (q2,
1
2 ], R(q) ≥ E|χ1| = 2τ > T . Together with (a) this gives {q ≤ 1

2 : R(q) = T (q)} = [q3, q2].□

7. The regime k = 3, upper part: R(q) = 2
√
3 (1− q)2

√
q(1− q) for qL ≤ q ≤ q3

Theorem 7.1 (the regime k = 3, upper part). [computer-assisted, see Sec. 16] Let T = T3 =
2
√
3 (1− q)2τ and qL = 25

169 .
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(a) For every q ∈ [qL, q3], every n ≥ 1 and every α ∈ Rn with |α| = 1,

E
∣∣∣ n∑
i=1

αiχi

∣∣∣ ≤ 2
√
3 (1− q)2

√
q(1− q).

For q ∈ [1 − q3, 1 − qL] the same holds with 1 − q replaced by q. Consequently R(q) =

2
√
3max(q, 1− q)2

√
q(1− q) for q ∈ [qL, q3] ∪ [1− q3, 1− qL].

(b) (Extremisers.) Let q ∈ [qL, q3] ∪ [1 − q3, 1 − qL]. Equality in (a) holds if and only if α =
± 1√

3
(ei + ej + ek) with i, j, k distinct, or q ∈ {q3, 1− q3} and α = ± 1√

2
(ei + ej) with i ̸= j.

(c) (Sharpness.) For q ∈ (q3,
1
2 ], R(q) ≥ T2(q) > T (q). For q ∈ (0, q4), R(q) ≥ 4(1− q)3τ > T (q).

Hence [qL, q3] ⊆ {q ∈ (0, 12 ] : R(q) = T (q)} ⊆ [q4, q3].

Parameters. The range q ∈ [qL, q3] corresponds to u ∈ [u3,
12
5 ], since 1/(1 + (12/5)2) = 25

169 . We fix

U− =
2109381

1000000
< u3, U+ =

12

5
< u4 =

√
3 + 2

√
3 ≈ 2.5425,

(indeed U2
− > 2 with (U2

− − 2)2 < 6, and U2
+ = 5.76 < 3 + 2

√
3), and AS = 2

5 . The computations
cover u ∈ [U−, U+]; the theorem uses only u ∈ [u3, U+]. The lower bound T− is (4.3) with k = 3,
S3 = ⌊

√
3⌋15. By (4.4): (i) for q ≤ 1

2 , T2 ≤ T iff q ≤ q3, with equality iff q = q3; (ii) for q ≤ q3,

2τ < T2 ≤ T ; (iii) for q < 1
4 , T4 > T iff q < q4.

Lemma 7.2 (two coordinates for k = 3). If q ≤ q3, then E|cχ1 + sdχ2| ≤ T
√
c2 + d2 for c, d ≥ 0,

and for (c, d) ̸= 0 equality holds if and only if q = q3, s = 1 and c = d.

Proof. By Lemma 4.16: 2τ max(c, d) ≤ 2τρ < Tρ by (ii), and 2τ(1− q)(c+ d) ≤ T2ρ ≤ Tρ by (i),
with equality iff c = d and q = q3; the last entry is present only for s = 1. □

Lemma 7.3 (three-bit lemma, k = 3). [computer-assisted, see Sec. 16] Let q ∈ [qL, q3] and c ∈ R3.
Then G3(c) ≤ T |c|. For c ̸= 0 equality holds if and only if c is a positive multiple of ±(e1+e2+e3),
or q = q3 and c is a positive multiple of ±(ei + ej) for some i ̸= j.

Proof. Claim: for each of the 256 functions f : {0, 1}3 → {−1, 1}, Pf (q) = 12(1−q)4−
∑3

i=1∆i(f)
2

is ≥ 0 on [qL, q3]. Moreover Pf ≡ 0 exactly for f = ±OR{1,2,3} (two functions); Pf (q3) = 0 ̸= Pf
exactly for f = ±OR{i,j} (six functions); and no Pf ̸≡ 0 has a zero in [qL, q3). Given the claim,

Lemma 4.17 with B2 = 12(1− q)4 gives G3(c) ≤ T |c|.
The claim is checked as in Section 4.7, with g3 and a rational enclosure q3 ∈ [q−3 , q

+
3 ] of width

10−15 (g3(q
−
3 ) > 0 > g3(q

+
3 ) and qL < q−3 are asserted): (i) by Sturm sequences, Pf has no root

in [qL, q
−
3 ], and Pf (qL) > 0; (ii) near q3: if g3 | Pf , Pf = g3Q, then Q has no root in [q−3 , q

+
3 ]

and Q(q−3 ) > 0, so Pf > 0 on [q−3 , q3) and Pf (q3) = 0; otherwise Pf has no root in [q−3 , q
+
3 ] and

Pf (q
−
3 ) > 0. The two functions with Pf ≡ 0 are ±OR3 (∆(OR3) = 2(1 − q)2(e1 + e2 + e3)), and

∆(ORij) = 2(1− q)(ei + ej) gives P = 12(1− q)4 − 8(1− q)2 = 4(1− q)2g3(q).
Equality. If G3(c) = T |c| with c ̸= 0, Lemma 4.17 and the claim give f∗ = ±OR3, with

∆ = ±2(1− q)2(1, 1, 1), or q = q3 and f∗ = ±ORij , with ∆ = ±2(1− q)(ei+ ej). Conversely, these
c attain T |c| by Theorem 4.2 and Lemma 7.2 (at q = q3, T2 = T ). □

For k = 3 the near-circle test (A) applies at points with u ≥ u3 (Lemma 7.2), and Lemma 4.39
at points with u ∈ [u3, U+] (Lemma 7.3). In this regime the extremiser (e1 + e2 + e3)/

√
3 is an

interior point of the parameter region for every u in the range, so the m-split is needed throughout;
and at (e1 + e2)/

√
2 we have E|L| = T2 < T for q < q3. Both main-term bounds hold only for

q ≤ q3, which is why the theorem stops at u3.

Proposition 7.4 (certified data for Theorem 7.1). [computer-assisted, see Sec. 16]
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(i) The rectangle [U−, U+]× [0, 25 ] is tiled by 2 704 cells, each with a cell certificate (k = 3, D = 6,
six-moment objective bound) and Θ1 > 0.

(ii) For each sign s, the box [U−, U+] × [0, T8] × [25 , 1] is tiled by boxes of the kinds lp, ncA/ncB,

small (r2c(t1) ≤ 2
5) and ms (with u1 ≥ 2), as in Proposition 6.4(ii); the counts are in Table 5.

sign lp ncA ncB ms small total

s = +1 45 720 1 097 1 205 21 232 617 69 871
s = −1 11 613 0 232 0 259 12 104

Table 5. Two-coordinate boxes for Theorem 7.1 (81 975 in all). Widths range from
2.5 · 10−3 to 0.0106 in u, from 1.6 · 10−3 to 0.052 in t and from 3.1 · 10−3 to 0.05 in
r. The ms boxes carry 32 932 pieces (32 386 of type (A3), 546 of type (B3)), with
mc ∈ {3

4 ,
31
40 ,

4
5 ,

33
40 ,

17
20 ,

7
8 ,

9
10}.

How it is verified. As for Proposition 6.4, with the target T−(u1, u2) of (4.3) for k = 3 (in the
interval parts, T− is computed from an interval enclosure of

√
3). The verifier also asserts Θ1 > 0

for every cell; indeed S3(
u21

1+u21
)2 ≥ S3(

U2
−

1+U2
−
)2 > 1.15 > 2

5 ≥ a. Also U− < u3, U+ < u4 and

T8 ≥
√
2− 1 are asserted. □

Proof of Theorem 7.1. (a) By Lemma 4.1 let q ∈ [qL, q3], i.e. u ∈ [u3, U+] ⊂ [U−, U+]. Reduce α as
in Section 4.7.

(1) a1 = 1: α = e1 and E|L| = 2τ < T .
(2) a1 ≤ 2

5 : (u, a1) lies in a cell, and Lemma 4.15 gives E|L| < T .

(3) a1 >
2
5 and r = 1: L = a1χ1 + sa2χ2, and Lemma 7.2 gives E|L| ≤ T , with equality iff q = q3,

s = 1 and a1 = a2.
(4) a1 >

2
5 and r < 1: (u, t, r) lies in a box of the cover for the sign s, not small. If it is lp,

Lemma 4.23 gives E|L| < T . If it is ncA or ncB, Lemma 4.35 gives E|L| < T (here u ≥ u3). If
it is ms, Lemma 4.39 gives E|L| ≤ T (here u ∈ [u3, U+]).

So E|L| ≤ T always, and (e1 + e2 + e3)/
√
3 attains T (Theorem 4.2, q < 1

3). Hence R(q) = T (q).

For q ∈ [1− q3, 1− qL] use Lemma 4.1: R(q) = R(1− q) = 2
√
3 q2τ .

(b) Equality can occur only in case (3) and in the ms case of (4). Case (3) gives q = q3 and
α = ±(ei+ej)/

√
2. In the ms case, Lemma 4.39 gives α = a1e1+sa2e2+bei0 with G3(a1, sa2, b) = T

and a1, b > 0, a2 ≥ b > 0. By Lemma 7.3, (a1, sa2, b) is a positive multiple of ±(1, 1, 1) (the
alternative ±(ei + ej) has a zero entry), so s = 1 and a1 = a2 = b, i.e. α = (e1 + e2 + ei0)/

√
3.

Undoing the reduction gives the list in (b). Conversely, each listed vector attains T at the stated
q (Theorem 4.2; at q3, T2 = T ). For q ≥ 1

2 use Lemma 4.1.

(c) For q ∈ (q3,
1
2 ], R(q) ≥ T2(q) > T (q) by (i). For q < q4 <

1
4 , R(q) ≥ E|χ1 + · · · + χ4|/2 =

4(1− q)3τ > T (q) by (iii). □

8. The regime k = 3, lower part: R(q) = 2
√
3 (1− q)2

√
q(1− q) for q4 ≤ q ≤ qL

Theorem 8.1 (the regime k = 3, lower part). [computer-assisted, see Sec. 16] Let T = T3 =
2
√
3 (1− q)2τ .

(a) For every q ∈ [q4, qL], every n ≥ 1 and every α ∈ Rn with |α| = 1,

E
∣∣∣ n∑
i=1

αiχi

∣∣∣ ≤ 2
√
3 (1− q)2

√
q(1− q).
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For q ∈ [1 − qL, 1 − q4] the same holds with 1 − q replaced by q. Consequently R(q) =

2
√
3max(q, 1− q)2

√
q(1− q) for q ∈ [q4, qL] ∪ [1− qL, 1− q4].

(b) (Extremisers.) Let q ∈ [q4, qL] ∪ [1 − qL, 1 − q4]. Equality in (a) holds if and only if α =
± 1√

3
(ei + ej + ek) with i, j, k distinct, or q ∈ {q4, 1− q4} and α = ±1

2(ei + ej + ek + el) with

i, j, k, l distinct.
(c) (Sharpness.) For q ∈ (0, q4), R(q) ≥ T4(q) > T (q).

Corollary 8.2 (the whole k = 3 regime). [computer-assisted, see Sec. 16] R(q) = T3(q) for every
q ∈ [q4, q3], and {q ∈ (0, 12 ] : R(q) = T3(q)} = [q4, q3]. For q ∈ [q4, q3] the extremisers are the

vectors ±(ei + ej + ek)/
√
3, together with ±(ei + ej)/

√
2 when q = q3 and ±(ei + ej + ek + el)/2

when q = q4. The mirror statements hold on [1− q3, 1− q4].

Proof. On [qL, q3] this is Theorem 7.1(a),(b); on [q4, qL] it is Theorem 8.1(a),(b). For q ∈ (q3,
1
2 ],

R(q) ≥ T2(q) > T3(q) (Theorem 7.1(c)), and for q < q4, R(q) ≥ T4(q) > T3(q) (Theorem 8.1(c)). □

Parameters. The range q ∈ [q4, qL] corresponds to u ∈ [125 , u4]. We fix

U− =
12

5
, U+ =

127123

50000
= 2.54246 ≥ u4

(indeed U2
+ > 3 and (U2

+ − 3)2 ≥ 12, so U2
+ ≥ 3 + 2

√
3), and put qU = 1/(1 + U2

+) ≤ q4. Since

u3 < U−, every q in the range satisfies q < q3. We put AS = 7
20 . The computations cover

u ∈ [U−, U+]; the theorem uses only u ∈ [U−, u4]. In (4.3) the verifier uses a rational lower bound
S3 of

√
3 (N = 1015) in exact arithmetic and an outward-rounded enclosure of

√
3 in its interval

parts; rational bounds of square roots in the patch enclosures use N = 1012. By (4.4): for q ≤ q3,
2τ < T2 ≤ T ; and for q < 1

4 , T4 ≥ T iff q ≤ q4, with equality iff q = q4. Lemma 7.2 applies on the

whole range (q < q3): E|cχ1 + sdχ2| < T
√
c2 + d2 for (c, d) ̸= 0.

Lemma 8.3 (three- and four-bit lemmas, k = 3 lower part). [computer-assisted, see Sec. 16] Let
c ̸= 0.

(a) If q ∈ [qU , qL] and c ∈ R3, then G3(c) ≤ T |c|, with equality iff c is a positive multiple of
±(e1 + e2 + e3).

(b) If q ∈ [q4, qL] and c ∈ R4, then G4(c) ≤ T |c|, with equality iff c is a positive multiple of
±(ei+ ej + ek) for distinct i, j, k, or q = q4 and c is a positive multiple of ±(e1+ e2+ e3+ e4).

Proof. For f : {0, 1}n → {−1, 1} put Hf (q) = 12(1 − q)4 −
∑n

i=1∆i(f)
2. Claims (finite exact

computations):

(C1) (n = 3, all 28 functions) Hf ≥ 0 on [qU , qL]; Hf ≡ 0 exactly for f = ±OR{1,2,3}; every other
Hf is > 0 on [qU , qL].

(C2) (n = 4, all 216 functions) Hf ≥ 0 on [q4, qL]; Hf ≡ 0 exactly for the eight functions f = ±ORS
with |S| = 3; Hf (q4) = 0 ̸≡ Hf exactly for f = ±OR{1,2,3,4}, and these two Hf are > 0 on
(q4, qL]; every other Hf is > 0 on [q4, qL].

Given the claims, Lemma 4.17 with B2 = 12(1 − q)4 gives Gn(c) ≤ T |c| on the stated ranges.
If equality holds, Hf∗(q) = 0 and c is a positive multiple of ∆(f∗); by the claims and (4.8): for
n = 3, f∗ = ±OR{1,2,3} and ∆(f∗) = ±2(1− q)2(1, 1, 1); for n = 4, either f∗ = ±ORS with |S| = 3

and ∆(f∗) = ±2(1 − q)2
∑

i∈S ei, or q = q4, f
∗ = ±OR{1,2,3,4} and ∆(f∗) = ±2(1 − q)3(1, 1, 1, 1).

Conversely these vectors attain T |c| by Theorem 4.2 (for c = ei+ej+ek the fourth coordinate does
not contribute; at q4, T4 = T ).

How the claims are checked (Section 4.7). The distinct polynomials Hf are tested (39 for n = 3,
1 630 for n = 4). For n = 3: Hf ≡ 0, or Hf has no real root in [qU , qL] (Sturm) and Hf (qL) > 0.

For n = 4, with g4(q) = 4q2 − 8q + 1 and rationals q−4 < q4 < q+4 , g4(q
−
4 ) > 0 > g4(q

+
4 ), qU < q−4 ,

q+4 < qL: for Hf ̸≡ 0, Hf has no root in [q+4 , qL] and Hf (qL) > 0; and either g4 | Hf , Hf = g4Q,



36 PAATA IVANISVILI

where Q has no root in [q−4 , q
+
4 ] and Q(q+4 ) < 0 (so Hf = g4Q ≥ 0 on [q4, q

+
4 ] with equality

only at q4), or g4 ∤ Hf , and Hf has no root in [q−4 , q
+
4 ] and Hf (q

−
4 ) > 0. As a check of (4.8):

HOR{1,2,3,4} = 12(1− q)4 − 16(1− q)6 = −4(1− q)4g4(q). □

Lemma 8.3(b) is false for q < q4, where (e1+ · · ·+e4)/2 gives T4 > T ; this is the only place where
the lower end q4 enters the proof. In this regime the two-coordinate route uses vertex certificates
(Section 4.9) with patches p2 and p3, and the m-split below.

8.1. Pieces of type TC, SG and TCS. The following definitions are used in this section and in
Section 9, with the target T of the regime. Let B be a box with b− > 0, sign s, and [m1,m2] ⊂ (0, 1].

Definition 8.4 (pieces of type TC and SG). • A TC piece with sign s3 ∈ {1,−1} is a rational
cap κ ∈ (0, 1] with κ ≥ κ(m2) = min(1,m2/

√
1−m2

2) (that is, κ = 1, or m2 < 1 and κ2(1−
m2

2) ≥ m2
2), and a vertex certificate for ([t1, t2]× [r1, r2]× [m1,m2], (1, s, s3), [u1, u2], κ,−).

• An SG piece (for s3 = −1) is a rational p∗ with 2m2
1 > 1 and φ(m1) ≤ p∗ < 0, a

rational cap κ ∈ (0, 1] with κ ≥ min(m2, m̄(B)), and a vertex certificate for ([t1, t2] ×
[r1, r2], (1, s), [u1, u2], κ, p

∗).

Lemma 8.5 (TC and SG piece lemma). [computer-assisted, see Sec. 16] Consider a point of B
with r < 1 whose remainder has m = maxi≥3 |βi| ∈ [m1,m2] and βi0 = s3m.

(i) If [m1,m2] carries a TC piece with sign s3, then E|L| < T .
(ii) If s3 = −1 and [m1,m2] carries an SG piece, then E|L| < T .

Proof. (i) If m < 1, Lemma 4.25 (j = 1) gives E|L| = EFp3(t,r,m)(M
′), M ′ = M (1), with µ(M ′) ≤

κ(m) ≤ κ(m2) ≤ κ, so M ′ ∈ Z and Lemma 4.32 applies. If m = 1, then m2 = 1 and κ = 1,
and E|L| = Fp3(t,r,1)(y) for every y (Lemma 4.25(ii)); taking Z = χ′ (one bit, an element of Z),
E|L| = EFp3(t,r,1)(Z) < T by Lemma 4.32. (ii) By Lemma 4.8 with mc = m1, p3(M) ≤ φ(m1) ≤ p∗.
Also m ≤ m2 and m ≤ m̄(B), so m ≤ κ. Thus M ∈ Z, and Lemmas 4.25 (j = 0) and 4.32 give
E|L| < T . □

Definition 8.6 (pieces of type TCS). A TCS piece on [m1,m2] is: a rational cap κ ∈ (0, 1] with
κ ≥ κ(m2); a rationalm

′
c ∈ (0, 1] and a rational p′∗ with 2m′2c > 1 and φ(m′c) ≤ p′∗ < 0; a vertex cer-

tificate C′ for (X3, (1, s, 1), [u1, u2],m
′
c,−) and a vertex certificate C′′ for (X3, (1, s, 1), [u1, u2], κ, p

′∗),
where X3 = [t1, t2] × [r1, r2] × [m1,m2]; and sub-pieces [n1, n2] ⊂ (0, 1], each passing (A4) or (B4)
on B × [m1,m2]× [n1, n2], whose union contains [m′c, κ].

Lemma 8.7 (TCS piece lemma). [computer-assisted, see Sec. 16] Let [m1,m2] carry a TCS piece
for B, and suppose that G4(c) ≤ T |c| for all c ∈ R4 at the values of q considered. At every point
of B with r < 1 whose remainder has βi0 = +m, m = max |βi| ∈ [m1,m2], we have E|L| ≤ T .
Equality forces m < 1, µ(M ′) = 1, α = a1e1 + sa2e2 + a3ei0 + a4ei1 for some i1 /∈ {1, 2, i0}, and
G4(a1, sa2, a3, a4) = T , where all four entries are nonzero.

Proof. If m = 1: E|L| = Fp3(t,r,1)(y) for every y (Lemma 4.25(ii)); take Z = N−1/2(χ′1 + · · ·+ χ′N )

with N−1/2 ≤ m′c, which belongs to the class of C′. Lemma 4.32 gives E|L| = EFp3(t,r,1)(Z) < T .

Now let m < 1 and M ′ = M (1). By Lemma 4.25, E|L| = EFp3(t,r,m)(M
′) and m′ := µ(M ′) ≤

κ(m) ≤ κ.

• If m′ ≤ m′c: M
′ is in the class of C′, and Lemma 4.32 gives E|L| < T .

• If m′ ≥ m′c and M
′ has the coefficient −m′ at some χi1 : by Lemma 4.8, p3(M

′) ≤ φ(m′c) ≤
p′∗, and m′ ≤ κ, so M ′ is in the class of C′′, and E|L| < T .

• OtherwiseM ′ has the coefficient +m′ at some χi1 , withm
′ ∈ [m′c, κ], som

′ lies in a sub-piece
[n1, n2], and the point is positively peeled through [m1,m2], [n1, n2]. If the sub-piece passes
(B4), Lemma 4.37 gives E|L| < T . If it passes (A4), Lemma 4.37 (with the main-term bound
G4 ≤ T | · |) gives E|L| < T when b2 > 0, and E|L| = G4(c) ≤ T with c = (a1, sa2, a3, a4),
|c| = 1, when b2 = 0.
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In the last case with b2 = 0 we have m′ = 1 and a4 = b1 > 0 (as m < 1); all entries of c are nonzero
(a1 > 0, a2 ≥ |αi0 | = a3 = bm > 0, a4 > 0), and L = a1χ1 + sa2χ2 + a3χi0 + a4χi1 . □

Definition 8.8 (m-split box of kind ms5, level one). An m-split box of kind ms5 is a box B with
sign s, r2 < 1 (so b− > 0) and u1 ≥ 2, together with: a rational mc with 0 < mc < min(1, m̄(B)); a

vertex certificate C(1) for ([t1, t2] × [r1, r2], (1, s), [u1, u2],mc,−); plus pieces [m1,m2], each of type
(A3), (B3), TC with s3 = 1, or TCS, whose union contains [mc,min(1, m̄(B))]; and minus pieces
[m1,m2], each of type SG or TC with s3 = −1, whose union contains [mc,min(1, m̄(B))].

Lemma 8.9 (m-split lemma, k = 3 lower part). [computer-assisted, see Sec. 16] Let B be an m-
split box of kind ms5. At every point of B with r < 1 and q ∈ [q4, qL] we have E|L| ≤ T . Equality
forces s = 1 and either α = 1√

3
(e1 + e2 + ei0), or q = q4 and α = 1

2(e1 + e2 + ei0 + ei1).

Proof. Recall m ≤ min(1, m̄(B)). If m ≤ mc, use C(1): by Lemmas 4.25 and 4.32, E|L| < T . Let
m ≥ mc. If βi0 = +m for some i0, then m lies in a plus piece. A piece (B3) or TC gives E|L| < T
(Lemmas 4.37 and 8.5(i)). A piece (A3) gives E|L| < T if b1 > 0, and E|L| = G3(a1, sa2, b) ≤ T
if b1 = 0 (i.e. m = 1), by Lemma 4.37 with the main-term bound of Lemma 8.3(a) (q ∈ [q4, qL] ⊂
[qU , qL]); in the latter case equality forces (a1, sa2, b) to be a positive multiple of ±(1, 1, 1), so s = 1,
a1 = a2 = b = 1√

3
and β = ei0 . A piece TCS gives E|L| ≤ T by Lemma 8.7 (with Lemma 8.3(b)); in

case of equality, G4(a1, sa2, a3, a4) = T with all entries nonzero, so by Lemma 8.3(b) q = q4 and the
vector is a positive multiple of ±(1, 1, 1, 1); since a1, a3, a4 > 0, s = 1 and a1 = a2 = a3 = a4 = 1

2 .
Otherwise the maximum m is attained only by negative coefficients, βi0 = −m, and m lies in a
minus piece; Lemma 8.5 gives E|L| < T . □

8.2. Certified data and proof.

Proposition 8.10 (certified data for Theorem 8.1). [computer-assisted, see Sec. 16]

(i) The rectangle [U−, U+] × [0, 7
20 ] is tiled by 288 cells (98, 126 and 64 cells for u ∈ [125 ,

247
100 ],

[247100 ,
127
50 ], [

127
50 , U+]; widths 6.2 · 10−4 to 0.0175 in u and 0.022 to 0.044 in a), each with a cell

certificate of degree 10 (k = 3, ten-moment objective bound) and Θ1 > 0.
(ii) For each sign s, the box [U−, U+]×[0, T8]×[ 720 , 1] is tiled by boxes of kind lpv (Section 4.9), ncA

(test (A) or (B) of Lemma 4.35) or ms5 (Definition 8.8); the counts are in Table 6. (There
are no small boxes.)

sign lpv ncA ms5 small total

s = +1 626 13 302 0 941
s = −1 480 0 0 0 480

Table 6. Two-coordinate boxes for Theorem 8.1. Widths range from 2.46 · 10−3
to 0.01 in u, from 3.2 · 10−3 to 0.104 in t and from 5.1 · 10−3 to 0.081 in r. The
ms5 boxes use mc ∈ {2

5 ,
9
20 ,

1
2 ,

3
5 ,

3
4 ,

4
5 ,

17
20 ,

9
10} and carry 1 350 pieces: plus pieces 123

(A3), 689 TC, 210 TCS (all with m′c = 17
20 , with 301 sub-pieces, all of type (A4));

minus pieces 146 SG, 182 TC. In total there are 2 845 vertex certificates (1 106 lpv,
302 C(1), 871 TC, 146 SG, 2×210 in TCS) with 16 544 vertices; all their polynomials
have degree 6.

How it is verified. Coverage (exact):
√
5 < U− ≤ 12

5 ; U+ ≥ u4; T8 ≥
√
2 − 1; the cells and, for

each sign, the boxes tile their regions (they lie in the region, have pairwise disjoint interiors and
total volume equal to that of the region). Cells: (V1)–(V3) by Sturm sequences; Θ1 > 0 (indeed

S3(
u21

1+u21
)2 ≥ S3(

144
169)

2 > 1.25 > 7
20 ≥ a); (V4) strictly (the polynomials µn from the recursion, the
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monomial bounds of Definition 4.11, and a Sturm count of the roots of h on [0, m̄] together with
h(0) > 0). Vertex certificates (all lpv records and all certificates inside ms5 records): (P1) and
(P2) exactly; (P3) by exact Gaussian elimination (rank of each facet, normal vector, orientation
by the centre); (P4) by interval bisection of the parameter box against the 2k′ facet normals,
with componentwise rational enclosures of the patch (monotonicity of c, d and outward square-root
bounds), succeeding when every sub-box has a nonnegative lower bound for each facet value, and
failing if some sub-box has a facet value with negative upper bound or if more than 20 000 sub-
boxes are needed; (W1) on every linear piece of every vertex envelope, recomputed from the atom
enclosures over [u1, u2]; (W2) strictly with the target T−(u1, u2). The caps are taken from the

structure: m̄(B) (recomputed exactly) for lpv, mc for C(1), the recorded cap κ ∈ (0, 1] for TC, SG
and C′′, and m′c for C′; the p∗ values are those of the records. Near-circle boxes: interval arithmetic
(120 bits), strict. m-split structure: r2 < 1, u1 ≥ 2, 0 < mc < min(1, m̄(B)); the plus pieces
and the minus pieces each cover [mc,min(1, m̄(B))]; each (A3)/(B3) piece passes its test (120 bits,
strict); TC caps satisfy κ = 1 or κ2(1−m2

2) ≥ m2
2; SG: 0 < m1 ≤ 1, 2m2

1 > 1, p∗ < 0, p∗ ≥ φ(m1)
(checked as p∗ + m3

1 ≥ 0 and (p∗ + m3
1)

2 ≥ (1 − m2
1)

3) and κ ≥ min(m2, m̄(B)); TCS: the cap
condition, the same φ check for (m′c, p

′∗), the sub-pieces cover [m′c, κ], and each sub-piece passes
(A4) or (B4) (strict). □

Proof of Theorem 8.1. (a) By Lemma 4.1 let q ∈ [q4, qL], i.e. u ∈ [U−, u4] ⊆ [U−, U+]; then q < q3
and q ∈ [qU , qL]. Reduce α as in Section 4.7.

(1) a1 = 1: α = e1 and E|L| = 2τ < T .
(2) a1 ≤ 7

20 : (u, a1) lies in a cell, and Lemma 4.15 gives E|L| < T .

(3) a1 >
7
20 and r = 1: L = a1χ1 + sa2χ2, and Lemma 7.2 (q < q3) gives E|L| < T .

(4) a1 >
7
20 and r < 1: (u, t, r) lies in a box of the cover for the sign s, since t ∈ [0,

√
2−1] ⊆ [0, T8]

and r ≥ a1 >
7
20 . If it is lpv, Lemma 4.33 gives E|L| < T . If it is ncA, Lemma 4.35 gives

E|L| < T (q < q3, Lemma 7.2). If it is ms5, Lemma 8.9 gives E|L| ≤ T .

So E|L| ≤ T always, and (e1 + e2 + e3)/
√
3 attains T (Theorem 4.2, q < 1

3). Hence R(q) = T (q).
For q ∈ [1− qL, 1− q4] use Lemma 4.1.

(b) Equality can occur only in the ms5 case of (4). By Lemma 8.9, after the reduction, α =
1√
3
(e1 + e2 + ei0), or q = q4 and α = 1

2(e1 + e2 + ei0 + ei1). Undoing the reduction gives the list in

(b). Conversely, (ei + ej + ek)/
√
3 gives T for q < 1

3 , and (ei + ej + ek + el)/2 gives T4 = T at q4
(Theorem 4.2). For q ≥ 1

2 use Lemma 4.1.

(c) For q < q4 <
1
4 , R(q) ≥ E|χ1 + · · ·+ χ4|/2 = T4(q) > T (q). □

9. The regime k = 4: R(q) = 4(1− q)3
√
q(1− q) exactly for q5 ≤ q ≤ q4

Theorem 9.1 (the regime k = 4). [computer-assisted, see Sec. 16] Let T = T4 = 4(1− q)3τ .

(a) For every q ∈ [q5, q4], every n ≥ 1 and every α ∈ Rn with |α| = 1,

E
∣∣∣ n∑
i=1

αiχi

∣∣∣ ≤ 4(1− q)3
√
q(1− q).

For q ∈ [1−q4, 1−q5] the same holds with 1−q replaced by q. Consequently R(q) = 4max(q, 1−
q)3

√
q(1− q) for q ∈ [q5, q4] ∪ [1− q4, 1− q5].

(b) (Extremisers.) Let q ∈ [q5, q4] ∪ [1 − q4, 1 − q5]. Equality in (a) holds if and only if α =
±1

2(ei + ej + ek + el) with i, j, k, l distinct, or q ∈ {q4, 1− q4} and α = ± 1√
3
(ei + ej + ek) with

i, j, k distinct, or q ∈ {q5, 1− q5} and α = ± 1√
5
(ei1 + · · ·+ ei5) with i1, . . . , i5 distinct.
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(c) (Sharpness.) R(q) > T (q) for q ∈ (0, q5) ∪ (q4,
1
2 ]. More precisely, R(q) ≥ T5(q) > T (q) for

q < q5, R(q) ≥ T3(q) > T (q) for q4 < q < 1
3 , and R(q) ≥ 2τ > T (q) for 1

3 ≤ q ≤ 1
2 . Hence

{q ∈ (0, 12 ] : R(q) = T (q)} = [q5, q4].

Parameters. The range q ∈ [q5, q4] corresponds to u ∈ [u4, u5]. We fix

U− =
1589

625
= 2.5424 ≤ u4, U+ =

29107

10000
= 2.9107 ≥ u5,

since U2
− > 3 and (U2

− − 3)2 ≤ 12, and U2
+ > 4 and (U2

+ − 4)2 ≥ 20; and AS = 33
100 . The

computations cover u ∈ [U−, U+]; the theorem uses only u ∈ [u4, u5]. Here S4 = 2, so T−(u1, u2) =
min{T (u1), T (u2)} is rational. Also U− ≥ 2, and q̂− = U2

−/(1 +U2
−) (the value of 1− q at u = U−)

satisfies

(9.1) q̂4− ≥ 1
2 , 2q̂3− ≥ 1

(exact check; q̂− ≈ 0.866020). Since q̂− is rational and 21/4, 21/3 are irrational, both inequalities
are strict, and since 1− q increases with u, (1− q)4 > 1

2 and 2(1− q)3 > 1 for all u ≥ U−. By (4.4)
and (9.1): (i) T3 ≤ T iff q ≤ q4, with equality iff q = q4; (ii) T5 ≤ T iff q ≥ q5, with equality iff
q = q5; (iii) for u ≥ U−: 2τ < T (as 2(1 − q)3 > 1) and T2 < T (as (1 − q)4 > 1

2). Hence, by

Lemma 4.16, E|cχ1 + sdχ2| ≤ max(2τ, T2)
√
c2 + d2 < T

√
c2 + d2 for u ≥ U− and (c, d) ̸= 0. By

Lemma 4.18 and (ii): if q ≥ q5, c ∈ R5 has ci > 0 and ci > q
∑

l cl for all i, then G5(c) ≤ T5|c| ≤ T |c|,
and G5(c) = T |c| iff q = q5 and c1 = · · · = c5.

Lemma 9.2 (three- and four-bit lemmas, k = 4). [computer-assisted, see Sec. 16] Let q ∈ [q5, q4]
and c ̸= 0.

(a) If c ∈ R3, then G3(c) ≤ T |c|, with equality iff q = q4 and c is a positive multiple of ±(e1 +
e2 + e3).

(b) If c ∈ R4, then G4(c) ≤ T |c|, with equality iff c is a positive multiple of ±(e1 + e2 + e3 + e4),
or q = q4 and c is a positive multiple of ±(ei + ej + ek) for distinct i, j, k.

Proof. For f : {0, 1}n → {−1, 1} put Hf (q) = 16(1− q)6 −
∑n

i=1∆i(f)
2. Claims:

(C1) (n = 3, all 28 functions) Hf ≥ 0 on [q5, q4]; no Hf vanishes identically; Hf (q4) = 0 exactly for
f = ±OR{1,2,3}, and these two Hf are > 0 on [q5, q4); every other Hf is > 0 on [q5, q4].

(C2) (n = 4, all 216 functions) Hf ≥ 0 on [q5, q4]; Hf ≡ 0 exactly for f = ±OR{1,2,3,4}; Hf (q4) =
0 ̸≡ Hf exactly for the eight functions f = ±ORS with |S| = 3, and these eight Hf are > 0
on [q5, q4); every other Hf is > 0 on [q5, q4].

Given the claims, Lemma 4.17 with B2 = 16(1 − q)6 gives Gn(c) ≤ 4(1 − q)3τ |c| = T |c| on
[q5, q4]. If equality holds, then Hf∗(q) = 0 and c is a positive multiple of ∆(f∗); by the claims
and (4.8): for n = 3, q = q4, f

∗ = ±OR{1,2,3} and ∆(f∗) = ±2(1 − q)2(1, 1, 1); for n = 4, either

f∗ = ±OR{1,2,3,4} and ∆(f∗) = ±2(1 − q)3(1, 1, 1, 1), or q = q4, f
∗ = ±ORS with |S| = 3 and

∆(f∗) = ±2(1− q)2
∑

i∈S ei. Conversely these vectors attain T |c| by Theorem 4.2: (1, 1, 1, 1) gives

T4 for q < 1
4 , and at q4, ei + ej + ek gives T3 = T4.

How the claims are checked. The distinct polynomials Hf are tested (39 for n = 3, 1 630

for n = 4). With g4(q) = 4q2 − 8q + 1 and g5(q) = 5q2 − 10q + 1, take rationals q−5 < q5
and q+4 > q4 from rational bounds of

√
4/5 and

√
3/4, with g5(q

−
5 ) > 0 and g4(q

+
4 ) < 0. For

Hf ̸≡ 0: either g4 | Hf , Hf = g4Q, where Q has no root in [q−5 , q
+
4 ] (Sturm) and Q(q−5 ) > 0;

then Q > 0 on [q5, q4], and Hf = g4Q ≥ 0 there with equality only at q4, since g4 > 0 on

[0, q4). Or g4 ∤ Hf , and Hf has no root in [q−5 , q
+
4 ] and Hf (q

−
5 ) > 0, so Hf > 0 on [q5, q4]. As a

check of (4.8): for n = 3, HOR{1,2,3} = 16(1 − q)6 − 12(1 − q)4 = 4(1 − q)4g4(q), and for n = 4,

HOR{1,2,3,4} = 16(1− q)6 − 4 · 4(1− q)6 = 0. □
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Both lemmas are false for q > q4, where (e1+e2+e3)/
√
3 gives T3 > T4, and the bound G5 ≤ T |c|

in the OR region is false for q < q5, where (e1 + · · · + e5)/
√
5 gives T5 > T4. These are the only

places where the ends q4 and q5 enter the proof; the box computations cover u ∈ [U−, U+], and
their conclusions are used only for u ∈ [u4, u5].

9.1. The m-split for k = 4. In the coordinates of Section 4.7 the extremisers are the following
points (all with s = 1 and t =

√
2− 1, since a1 = a2): (e1 + e2 + e3 + e4)/2, for every q ∈ [q5, q4]:

a1 = a2 = 1
2 , b = 1√

2
, M = (χ3 + χ4)/

√
2, so m = 1√

2
, and after peeling χ3, M

′ = χ4, m
′ = 1;

(e1+e2+e3)/
√
3, at q4: a1 = a2 = b = 1√

3
,M = χ3, m = 1; (e1+ · · ·+e5)/

√
5, at q5: a1 = a2 =

1√
5
,

b =
√

3/5, M = (χ3 + χ4 + χ5)/
√
3, m = 1√

3
; after peeling, M ′ = (χ4 + χ5)/

√
2, m′ = 1√

2
, and

M ′′ = χ5, m
′′ = 1. Equality holds at these points, so no certificate with a strict bound can contain

them. We use the pieces of Section 8.1 (with T = T4) and, inside some pieces, peel off the largest

coefficient again, up to five split coordinates. We write M ′ = M (1), m′ = µ(M ′), M ′′ = M (2),

m′′ = µ(M ′′) (Lemma 4.25), and a3 = bm, b′ = b
√
1−m2, a4 = b′m′, b′′ = b′

√
1−m′2, a5 = b′′m′′,

b′′′ = b′′
√
1−m′′2 (so b′ = b1, b

′′ = b2, b
′′′ = b3).

Definition 9.3 (inner pieces). Let B be a box with b− > 0 and sign s, [m1,m2] ⊂ (0, 1], X3 =
[t1, t2]× [r1, r2]× [m1,m2], [n1, n2] ⊂ (0, 1] and X4 = X3 × [n1, n2].

• A TC4 piece with sign s4 ∈ {1,−1} is a rational cap κ4 ∈ (0, 1] with κ4 ≥ κ(n2) and a
vertex certificate for (X4, (1, s, 1, s4), [u1, u2], κ4,−).

• A TC4S piece is: a rational cap κ4 ∈ (0, 1] with κ4 ≥ κ(n2); a rational m′′c
and a rational p′′∗ with 2m′′2c > 1, φ(m′′c ) ≤ p′′∗ < 0 and m′′c < κ4; a ver-
tex certificate D′ for (X4, (1, s, 1, 1), [u1, u2],m

′′
c ,−) and a vertex certificate D′′ for

(X4, (1, s, 1, 1), [u1, u2], κ4, p
′′∗); and sub-pieces [o1, o2] ⊂ (0, 1], each passing (AOR

5 ) or (B5)
on B × [m1,m2]× [n1, n2]× [o1, o2], whose union contains [m′′c , κ4].

• An SG3 piece is a rational p′∗ with 2n21 > 1 and φ(n1) ≤ p′∗ < 0, a rational cap κ3 ∈ (0, 1]
with κ3 ≥ n2 or κ3 ≥ κ(m2), and a vertex certificate for (X3, (1, s, 1), [u1, u2], κ3, p

′∗).

Definition 9.4 (pieces of type TCN). A TCN piece on [m1,m2] is: a rational cap κ ∈ (0, 1] with
κ ≥ κ(m2); a rational m′c with 0 < m′c < κ; a vertex certificate C′ for (X3, (1, s, 1), [u1, u2],m

′
c,−);

inner plus pieces [n1, n2] ⊂ (0, 1], each passing (A4) or (B4) on B × [m1,m2]× [n1, n2] or carrying
a TC4 piece with s4 = 1 or a TC4S piece, whose union contains [m′c, κ]; and inner minus pieces
[n1, n2] ⊂ (0, 1], each carrying an SG3 piece or a TC4 piece with s4 = −1, whose union contains
[m′c, κ].

Lemma 9.5 (TCN piece lemma). [computer-assisted, see Sec. 16] Let [m1,m2] carry a TCN piece
for B. At every point of B with r < 1 and q ∈ [q5, q4] whose remainder has βi0 = +m, m =
max |βi| ∈ [m1,m2], we have E|L| ≤ T . Equality forces s = 1 and either α = 1

2(e1 + e2 + ei0 + ei1),

or q = q5 and α = 1√
5
(e1 + e2 + ei0 + ei1 + ei2), for some distinct i1, i2 /∈ {1, 2, i0}.

Proof. If m = 1: as in Lemma 8.7, E|L| = Fp3(t,r,1)(y) for every y, and Z = N−1/2(χ′1 + · · ·+ χ′N )

with N−1/2 ≤ m′c is in the class of C′; so E|L| < T .
Let m < 1. By Lemma 4.25 (j = 1), E|L| = EFp3(t,r,m)(M

′) and m′ = µ(M ′) ≤ κ(m) ≤ κ.

(1) m′ ≤ m′c: M
′ is in the class of C′, and E|L| < T (Lemma 4.32).

(2) m′ ≥ m′c, and M ′ has no coefficient +m′, so it has the coefficient −m′ at some χi1 . Then
m′ ∈ [m′c, κ] lies in an inner minus piece [n1, n2].

• SG3: by Lemma 4.8 (with mc = n1 ≤ m′), p3(M
′) ≤ φ(n1) ≤ p′∗; and m′ ≤ κ3,

since m′ ≤ n2 and m′ ≤ κ(m2). So M ′ is in the class of the SG3 certificate (patch p3,
σ = (1, s, 1)), and E|L| < T .
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• TC4 with s4 = −1: if m′ < 1, Lemma 4.25 (j = 2, ς2 = −1) gives E|L| =
EFp4(t,r,m,m′)(M

′′) with µ(M ′′) ≤ κ(n2) ≤ κ4, so E|L| < T by Lemma 4.32. If m′ = 1,
then n2 = 1, κ4 = 1, E|L| = Fp4(t,r,m,1)(y) for every y (Lemma 4.25(ii)), and Z = χ′ gives
E|L| < T .

(3) m′ ≥ m′c and M
′ has the coefficient +m′ at some χi1 . Then m

′ ∈ [m′c, κ] lies in an inner plus
piece [n1, n2], and the point is positively peeled through [m1,m2], [n1, n2].

• (A4) or (B4): Lemma 4.37 (with the main-term bound of Lemma 9.2(b)) gives E|L| < T ,
except in case (A4) with b

′′ = 0, where E|L| = G4(a1, sa2, a3, a4) ≤ T ; as in Lemma 8.7 all
four entries are nonzero, so by Lemma 9.2(b) equality forces s = 1 and a1 = · · · = a4 =

1
2 ,

i.e. α = 1
2(e1 + e2 + ei0 + ei1).

• TC4 with s4 = 1: as for s4 = −1 above (now ς2 = +1), E|L| < T .

• TC4S: ifm′ = 1, then E|L| = Fp4(t,r,m,1)(y) for every y, and Z = N−1/2(χ′1+· · ·+χ′N ) with
N−1/2 ≤ m′′c is in the class of D′; so E|L| < T . If m′ < 1, then E|L| = EFp4(t,r,m,m′)(M

′′)
with m′′ = µ(M ′′) ≤ κ(n2) ≤ κ4, and: if m

′′ ≤ m′′c , M
′′ is in the class of D′; if m′′ ≥ m′′c

and M ′′ has no coefficient +m′′, it has the coefficient −m′′, so p3(M ′′) ≤ φ(m′′c ) ≤ p′′∗

(Lemma 4.8) and M ′′ is in the class of D′′; in both cases E|L| < T . Otherwise M ′′ has
the coefficient +m′′ at some χi2 with m′′ ∈ [m′′c , κ4], so m

′′ lies in a sub-piece [o1, o2],
and the point is positively peeled through [m1,m2], [n1, n2], [o1, o2]. By Lemma 4.37 (via
(AOR

5 ), whose main-term bound is G5 ≤ T5| · | ≤ T | · | for q ≥ q5, or via (B5)), E|L| < T ,
except in case (AOR

5 ) with b′′′ = 0, where E|L| = G5(a1, . . . , a5) ≤ T with equality only if
q = q5 and a1 = · · · = a5 = 1√

5
(and s = 1, which (AOR

5 ) requires). In that case m′′ = 1,

M ′′ = χi2 , and α = 1√
5
(e1 + e2 + ei0 + ei1 + ei2).

The indices i0, i1, i2 are distinct and different from 1, 2, because each peeling removes the peeled
coordinate from the remainder. □

Definition 9.6 (m-split box, k = 4). An m-split box of kind ms5 for k = 4 is as in Definition 8.8,
except that the plus pieces may also be of type TCN.

Lemma 9.7 (m-split lemma, k = 4). [computer-assisted, see Sec. 16] Let B be an m-split box
(Definition 9.6). At every point of B with r < 1 and q ∈ [q5, q4] we have E|L| ≤ T . Equality forces
s = 1 and one of: α = 1

2(e1 + e2 + ei0 + ei1); or q = q4 and α = 1√
3
(e1 + e2 + ei0); or q = q5 and

α = 1√
5
(e1 + e2 + ei0 + ei1 + ei2) (with distinct indices outside {1, 2}).

Proof. Recall m ≤ min(1, m̄(B)). If m ≤ mc, use C(1): by Lemmas 4.25 (j = 0) and 4.32, E|L| < T .
Letm ≥ mc. If βi0 = +m for some i0, thenm lies in a plus piece. A piece (B3) or TC gives E|L| < T
(Lemmas 4.37 and 8.5(i)). A piece (A3) gives E|L| < T if b′ > 0, and E|L| = G3(a1, sa2, b) ≤ T if
b′ = 0 (i.e. m = 1); in the latter case equality forces, by Lemma 9.2(a), q = q4 and (a1, sa2, b) to
be a positive multiple of ±(1, 1, 1), so s = 1, a1 = a2 = b = 1√

3
and β = ei0 . A piece TCS gives

E|L| ≤ T by Lemma 8.7 (with Lemma 9.2(b)), and equality forces G4(a1, sa2, a3, a4) = T with all
entries nonzero, hence (Lemma 9.2(b)) s = 1 and α = 1

2(e1 + e2 + ei0 + ei1). A piece TCN gives
E|L| ≤ T with equality only as in Lemma 9.5. Otherwise the maximum m is attained only by
negative coefficients, βi0 = −m, and m lies in a minus piece; Lemma 8.5 gives E|L| < T . □

9.2. Certified data and proof.

Proposition 9.8 (certified data for Theorem 9.1). [computer-assisted, see Sec. 16]

(i) The rectangle [U−, U+]× [0, 33
100 ] is tiled by 1 268 cells (256, 257, 300 and 455 for u ∈ [U−,

66
25 ],

[6625 ,
273
100 ], [273100 ,

141
50 ], [14150 , U+]), each with a cell certificate of degree ten (k = 4, ten-moment

objective bound) and Θ1 > 0.
(ii) For each sign s, the box [U−, U+] × [0, T8] × [ 33100 , 1] is tiled by boxes of the kinds small, lpv,

ncA, ncB and ms5 (Definition 9.6); only lpv and ms5 occur, and the counts are in Table 7.
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sign lpv ncA ms5 small total

s = +1 3 327 0 2 718 0 6 045
s = −1 1 216 0 0 0 1 216

Table 7. Two-coordinate boxes for Theorem 9.1. Widths range from 7 · 10−4 to
0.01 in u, from 3.2 · 10−3 to 0.104 in t and from 5.2 · 10−3 to 0.084 in r. The ms5
boxes use mc =

1
2 (2 194 boxes), 9

20 (240), 3
4 (104), 4

5 (64), 3
5 (62), 17

20 (25), 9
10 (18)

and 2
5 (11). Each has exactly one minus piece (211 SG, 2 507 TC) and between one

and eight plus pieces (5 467 in total: 101 (A3), 2 681 TC, 1 438 TCS and 1 247 TCN).
The TCS pieces have m′c = 17

20 (1 223) or 4
5 (215) and 1 999 sub-pieces, all of type

(A4). The TCN pieces have m′c =
13
20 (1 193), 3

5 (38) or 11
20 (16), and cap κ = 1 (364)

or κ ∈ [0.681, 0.999] (883); their inner plus pieces are 534 (A4), 2 479 TC4 and 216
TC4S (all with m′′c = 17

20 ; 383 sub-pieces, all of type (AOR
5 )), and their inner minus

pieces are 1 247 TC4 and 73 SG3. In total there are 21 014 vertex certificates (4 543

lpv, 2 718 C(1), 5 188 TC, 211 SG, 2×1 438 in TCS, 1 247 C′ of TCN, 3 726 TC4, 2×216
in TC4S, 73 SG3) with 171 488 vertices; 7 472 of them have two patch parameters,
9 384 three and 4 158 four. The polynomials of 1 894 vertices have degree 10, all
others degree 6.

How it is verified. As for Proposition 8.10, with the following changes. Coverage: 2 ≤ U− ≤ u4
(checked as U2

− ≤ 3 or (U2
− − 3)2 ≤ 12), U+ ≥ u5 (checked as U2

+ ≥ 4 and (U2
+ − 4)2 ≥ 20), (9.1);

every box has the sign of its file and one of the kinds small, lpv, ncA, ncB, ms5. Vertex certificates
of every level (all lpv records, and inside ms5 records C(1), TC, SG, C′ and C′′ of TCS, and inside
TCN pieces C′, TC4 (both signs), D′ and D′′ of TC4S, and SG3): (P4) is checked by the recursion
of Lemma 4.28 as described after it, with exact sign decisions and integer square-root bounds. The
sign vector, caps and p∗ values are taken from the structure: m̄(B) for lpv, mc for C(1), m′c for C′,
m′′c for D′, and the recorded cap and p∗ for the others. m-split structure, in addition to the checks
of Proposition 8.10: the cap conditions of TCS and TCN (withm2) and of TC4 and TC4S (with n2);
the φ conditions of SG, TCS, SG3 and TC4S; the cap conditions of SG and SG3; 0 < m′c < κ ≤ 1 for
TCN and m′′c < κ4 for TC4S; all nested covers; and each (A4)/(B4) and (AOR

5 )/(B5) piece passes its

test (interval arithmetic, strict). Cells: Θ1 > 0, indeed 2(
u21

1+u21
)3 ≥ 2q̂3− ≥ 1 > 33

100 ≥ a by (9.1). □

Proof of Theorem 9.1. (a) By Lemma 4.1 let q ∈ [q5, q4], i.e. u ∈ [u4, u5] ⊆ [U−, U+]. Reduce α as
in Section 4.7.

(1) a1 = 1: α = e1 and E|L| = 2τ < T by (iii).
(2) a1 ≤ 33

100 : (u, a1) lies in a cell, and Lemma 4.15 gives E|L| < T .

(3) a1 >
33
100 and r = 1: L = a1χ1 + sa2χ2, and E|L| < T by the two-coordinate bound above.

(4) a1 >
33
100 and r < 1: (u, t, r) lies in a box of the cover for the sign s, and it is not a small box,

since a1 > AS . If it is lpv, Lemma 4.33 gives E|L| < T . If it is ncA or ncB, Lemma 4.35 gives
E|L| < T . If it is ms5, Lemma 9.7 gives E|L| ≤ T .

So E|L| ≤ T always, and (e1+ e2+ e3+ e4)/2 attains T (Theorem 4.2, q < 1
4). Hence R(q) = T (q).

For q ∈ [1− q4, 1− q5] use Lemma 4.1: R(q) = R(1− q) = 4q3τ .
(b) Equality can occur only in the ms5 case of (4). By Lemma 9.7, after the reduction, α =

1
2(e1+e2+ei0+ei1), or q = q4 and α = 1√

3
(e1+e2+ei0), or q = q5 and α = 1√

5
(e1+e2+ei0+ei1+ei2).

Undoing the reduction gives the list in (b). Conversely, each listed vector attains T at the stated
q (Theorem 4.2): T3 = T4 at q4 and T5 = T4 at q5. For q ≥ 1

2 use Lemma 4.1.

(c) For q < q5 <
1
5 , R(q) ≥ T5(q) > T (q) by (ii). For q4 < q < 1

3 , R(q) ≥ T3(q) > T (q) by (i).

For 1
3 ≤ q ≤ 1

2 , R(q) ≥ E|χ1| = 2τ , and 2τ > 4(1− q)3τ because (1− q)3 ≤ (23)
3 < 1

2 . □
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10. The regime k = 5: R(q) = 2
√
5 (1− q)4

√
q(1− q) exactly for q6 ≤ q ≤ q5

Theorem 10.1 (the regime k = 5). [computer-assisted, see Sec. 16] Let T = T5 = 2
√
5 (1− q)4τ .

(a) For every q ∈ [q6, q5], every n ≥ 1 and every α ∈ Rn with |α| = 1,

E
∣∣∣ n∑
i=1

αiχi

∣∣∣ ≤ 2
√
5 (1− q)4

√
q(1− q).

For q ∈ [1 − q5, 1 − q6] the same holds with 1 − q replaced by q. Consequently R(q) =

2
√
5max(q, 1− q)4

√
q(1− q) for q ∈ [q6, q5] ∪ [1− q5, 1− q6].

(b) (Extremisers.) Let q ∈ [q6, q5] ∪ [1 − q5, 1 − q6]. Equality in (a) holds if and only if α =
± 1√

5
(ei1 + · · ·+ ei5) with i1, . . . , i5 distinct, or q ∈ {q5, 1− q5} and α = ±1

2(ei + ej + ek + el)

with i, j, k, l distinct, or q ∈ {q6, 1− q6} and α = ± 1√
6
(ei1 + · · ·+ ei6) with i1, . . . , i6 distinct.

(c) (Sharpness.) R(q) > T (q) for q ∈ (0, q6) ∪ (q5,
1
2 ]. More precisely, R(q) ≥ T6(q) > T (q) for

q < q6, R(q) ≥ T4(q) > T (q) for q5 < q < 1
4 , and R(q) ≥ 2τ > T (q) for 1

4 ≤ q ≤ 1
2 . Hence

{q ∈ (0, 12 ] : R(q) = T (q)} = [q6, q5].

Parameters. The range q ∈ [q6, q5] corresponds to u ∈ [u5, u6]. We fix

U− =
29106

10000
= 2.9106 ≤ u5, U+ =

3236855

1000000
= 3.236855 ≥ u6,

since U2
− > 4 and (U2

−−4)2 ≤ 20, and U2
+ > 5 and (U2

+−5)2 ≥ 30; and AS = 1
4 . The computations

cover u ∈ [U−, U+]; the theorem uses only u ∈ [u5, u6]. In (4.3), S5 = ⌊
√
5⌋15. The value q̂− =

U2
−/(1 + U2

−) of 1− q at u = U− satisfies

(10.1) 5q̂8− > 1, 5q̂6− > 2

(exact check; q̂− ≈ 0.894421, 5q̂8− ≈ 2.05, 5q̂6− ≈ 2.56). Since 1− q increases with u, 5(1− q)8 > 1
and 5(1− q)6 > 2 for all u ≥ U−. By (4.4) and (10.1): (i) T4 ≤ T iff q ≤ q5, with equality iff q = q5;
(ii) T6 ≤ T iff q ≥ q6, with equality iff q = q6; and Tj+1 ≤ Tj for every j ≥ 6 and q ≥ q6 (as 1− q ≤√

5/6 ≤
√
j/(j + 1)); (iii) for u ≥ U−: 2τ < T and T2 < T . Hence E|cχ1 + sdχ2| < T

√
c2 + d2

for u ≥ U− and (c, d) ̸= 0 (Lemma 4.16). In the OR region of Lemma 4.18: G5(c) ≤ T |c|, with
equality iff c1 = · · · = c5; and for q ≥ q6 and n ≥ 6, Gn(c) ≤ Tn|c| ≤ T |c|, where Gn(c) = T |c| holds
iff n = 6, q = q6 and c1 = · · · = c6 (for n ≥ 7, Tn ≤ T7 < T6 ≤ T , since T7 < T6 iff 1− q <

√
6/7).

The ranges [G−j , G
+
j ] of the ten-moment cumulant enclosures are computed in this regime as the

hull of exact end values on subintervals of [w−, w+] on which G′j has no root (Sturm) and interval

Horner enclosures on subintervals that still contain one after a fixed number of bisections (30 in
the verifier, i.e. of length 2−30 times the range; 24 in the generator): G′9 vanishes at w ≈ 8.68, i.e.
u ≈ 2.926, inside the range.

Lemma 10.2 (three- and four-bit lemmas, k = 5). [computer-assisted, see Sec. 16] Let q ∈ [q6, q5]
and c ̸= 0.

(a) If c ∈ R3, then G3(c) < T |c|.
(b) If c ∈ R4, then G4(c) ≤ T |c|, with equality iff q = q5 and c is a positive multiple of ±(e1 +

e2 + e3 + e4).

Proof. For f : {0, 1}n → {−1, 1} put Hf (q) = 20(1− q)8 −
∑n

i=1∆i(f)
2. Claims:

(C1) (n = 3, all 28 functions) Hf > 0 on [q6, q5].
(C2) (n = 4, all 216 functions) Hf ≥ 0 on [q6, q5]; no Hf vanishes identically; Hf (q5) = 0 exactly

for f = ±OR{1,2,3,4}, and these two Hf are > 0 on [q6, q5); every other Hf is > 0 on [q6, q5].
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Given the claims, |∆(f)| ≤ 2
√
5(1− q)4 for all f , so Lemma 4.17 gives Gn(c) ≤ T |c| on [q6, q5]. If

equality holds with c ̸= 0, then Hf∗(q) = 0 and c is a positive multiple of ∆(f∗). By the claims,
n = 4, q = q5 and f

∗ = ±OR{1,2,3,4}, so ∆(f∗) = ±2(1−q)3(1, 1, 1, 1) by (4.8). In particular equality
never holds for n = 3. Conversely, at q5 the vector c = ±(1, 1, 1, 1) gives G4(c) = T4|c| = T |c| by
Theorem 4.2 (q5 <

1
4).

How the claims are checked. The distinct polynomials Hf are tested (39 for n = 3, 1 630 for

n = 4). With g5(q) = 5q2 − 10q + 1 and g6(q) = 6q2 − 12q + 1, take rationals q−6 < q6 and q+5 > q5
from rational bounds of

√
5/6 and

√
4/5, with g6(q

−
6 ) > 0 and g5(q

+
5 ) < 0. For Hf ̸≡ 0: either

g5 | Hf , Hf = g5Q, where Q has no root in [q−6 , q
+
5 ] (Sturm) and Q(q−6 ) > 0; then Q > 0 on

[q6, q5], and Hf = g5Q ≥ 0 there with equality only at q5, since g5 > 0 on [0, q5). Or g5 ∤ Hf ,

and Hf has no root in [q−6 , q
+
5 ] and Hf (q

−
6 ) > 0, so Hf > 0 on [q6, q5]. The verifier checks that

no Hf vanishes identically, that no Hf with n = 3 is divisible by g5, and that the functions
with n = 4 and g5 | Hf are exactly the two truth tables of ±OR{1,2,3,4}. As a check of (4.8):

HOR{1,2,3} = 20(1− q)8 − 12(1− q)4 = 4(1− q)4
(
5(1− q)4 − 3

)
> 0 (as (1− q)2 ≥ 4

5 for q ≤ q5), and

HOR{1,2,3,4} = 20(1− q)8 − 16(1− q)6 = 4(1− q)6g5(q). □

The four-bit lemma is false for q > q5, where (e1 + e2 + e3 + e4)/2 gives T4 > T5, and the bound
G6 ≤ T |c| in the OR region is false for q < q6, where (e1 + · · · + e6)/

√
6 gives T6 > T5. The ends

of [q6, q5] enter the proof through the four-bit lemma (q ≤ q5) and through Gn ≤ Tn|c| ≤ T |c| for
n ≥ 6 in the OR region (q ≥ q6; Lemma 4.18 and (ii) above), both used in the near-sphere bounds
of the m-split below; the box computations cover u ∈ [U−, U+], and their conclusions are used only
for u ∈ [u5, u6].

10.1. The m-split for k = 5: split nodes. In the coordinates of Section 4.7 the extremisers
are the following points (all with s = 1 and t =

√
2 − 1; µ1, µ2, . . . are the successive maxima

of Lemma 4.25): (e1 + · · · + e5)/
√
5, for every q ∈ [q6, q5]: a1 = a2 = 1√

5
, b =

√
3/5, M =

(χ3 + χ4 + χ5)/
√
3, µ1 = 1√

3
, µ2 = 1√

2
, µ3 = 1; (e1 + e2 + e3 + e4)/2, at q5: a1 = a2 = 1

2 , b =
1√
2
,

M = (χ3 + χ4)/
√
2, µ1 = 1√

2
, µ2 = 1; (e1 + · · · + e6)/

√
6, at q6: a1 = a2 = 1√

6
, b =

√
2/3,

M = (χ3 + · · · + χ6)/2, µ1 = 1
2 , µ2 = 1√

3
, µ3 = 1√

2
, µ4 = 1. Equality holds at these points. We

split according to m = µ1 and the sign of a largest coefficient of M ; inside some pieces we peel
off that coefficient and split the next remainder in the same way. This gives a finite tree of split
nodes. The points above are reached at the leaves, where the remainder is used up (bj = 0) and the
near-sphere bound is exact. Throughout, (A∗n) denotes the test (An) if n ≤ 4 and (AOR

n ) if n ≥ 5
(Section 4.10).

Lemma 10.3 (main terms for k = 5). [computer-assisted, see Sec. 16] Let q ∈ [q6, q5], n ≥ 3, and
c = (a1, sa2, a3, . . . , an) with all ai > 0; if n ≥ 5 suppose moreover s = 1 and ai > q

∑
i′ ai′ for all

i. Then Gn(c) ≤ T |c|, with equality only if s = 1, a1 = · · · = an, and either n = 5, or n = 4 and
q = q5, or n = 6 and q = q6.

Proof. For n = 3 this is Lemma 10.2(a), with strict inequality. For n = 4 it is Lemma 10.2(b):
equality forces q = q5 and c to be a positive multiple of ±(1, 1, 1, 1); as c1 = a1 > 0 the sign
is +, so s = 1 and all ai are equal. For n ≥ 5, Lemma 4.18 and the comparisons above give
Gn(c) = 2τ(1− q)n−1

∑
i ai ≤ Tn|c| ≤ T |c|, with equality iff all ai are equal and Tn = T , i.e. n = 5,

or n = 6 and q = q6. □

For a box B with sign s and intervals I1, . . . , Il ⊂ (0, 1] (l ≥ 0) put Xl = [t1, t2]× [r1, r2]× I1 ×
· · · × Il (parameters of the patch p2+l) and σl = (1, s, 1, . . . , 1) ∈ {1,−1}2+l.

Definition 10.4 (split node). Let B be a box with sign s and r2 < 1 (so b− > 0), let l ≥ 0,
I1, . . . , Il ⊂ (0, 1], and κ̂ ∈ (0, 1]. A split node of level l on (B; I1, . . . , Il) with range κ̂ consists of a
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rational cut mc ∈ (0, 1], a vertex certificate C for (Xl, σl, [u1, u2],mc,−), and two finite families of
intervals [n1, n2] ⊂ (0, 1], the plus pieces and the minus pieces, each family covering [mc, κ̂]. Each
plus piece is of one of the following types:

• (A∗l+3) or (Bl+3): the piece (B; I1, . . . , Il, [n1, n2]) passes this test;

• TC+: a rational cap κ′ ∈ (0, 1] with κ′ ≥ κ(n2), and a vertex certificate for (Xl ×
[n1, n2], (σl, 1), [u1, u2], κ

′, −);
• TCN: a rational κ′ ∈ (0, 1] with κ′ ≥ κ(n2), and a split node of level l + 1 on
(B; I1, . . . , Il, [n1, n2]) with range κ′ (its child);

• TCS: a TCN piece whose child, with cut m′c and range κ′, has exactly one minus piece,
[m′c, κ

′], of type SG with cap κ′, and only plus pieces of type (A∗l+4) or (Bl+4).

Each minus piece is of one of the following types:

• SG: a rational p∗ with 2n21 > 1 and φ(n1) ≤ p∗ < 0, a rational cap κ′ ∈ (0, 1] with
κ′ ≥ min(n2, κ̂), and a vertex certificate for (Xl, σl, [u1, u2], κ

′, p∗);
• TC−: a rational cap κ′ ∈ (0, 1] with κ′ ≥ κ(n2), and a vertex certificate for (Xl ×
[n1, n2], (σl,−1), [u1, u2], κ

′, −).

The height of a node is 0 if it has no TCN piece (including TCS), and otherwise one more than the
largest height of its children.

A TCS piece is stored compactly: its cap κ′, the cut m′c, the value p
′∗, the two vertex certificates

(cap m′c; cap κ
′ with p′∗) and the sub-pieces. In the notation of Section 9, TC4, TC4S and SG3 are

the pieces TC±, TCS and SG of a node of level one.

Lemma 10.5 (split node lemma). [computer-assisted, see Sec. 16] Let N be a split node of level
l on (B; I1, . . . , Il) with range κ̂. Consider a point of B with q ∈ [q6, q5] that is positively peeled

through I1, . . . , Il, with µl < 1 if l ≥ 1, and with µl+1 = µ(M (l)) ≤ κ̂. Then E|L| ≤ T . Equality

forces s = 1 and α = n−1/2(e1 + e2 + el1 + · · ·+ eln−2) for distinct l1, . . . , ln−2 ≥ 3, where n = 5, or
n = 4 and q = q5, or n = 6 and q = q6.

Proof. Induction on the height of N . By Lemma 4.25(i) with j = l (for l = 0: L = a1χ1 + sa2χ2 +

bM), E|L| = EFp2+l(ξ)(M
(l)) with ξ = (t, r, µ1, . . . , µl) ∈ Xl and the sign vector σl. Write µ = µl+1.

Case µ ≤ mc. M
(l) belongs to the class Z of C (cap mc), and Lemma 4.32 gives E|L| < T .

Case µ ≥ mc, and M (l) has the coefficient +µ at some χll+1
. We peel it (ςl+1 = +1). As

µ ∈ [mc, κ̂], µ lies in a plus piece [n1, n2], and the point is positively peeled through I1, . . . , Il, [n1, n2].

• (A∗l+3) or (Bl+3): by Lemmas 4.37 and 10.3 (with j = l + 1, n = l + 3; all ai > 0, and for

n ≥ 5 the test (AOR
n ) gives s = 1 and the OR-region condition), E|L| < T , except for (A∗l+3)

with bl+1 = 0, where E|L| ≤ T . In that case L = Yn, i.e. α = a1e1 + sa2e2 +
∑l+1

i=1 ai+2eli ,

and equality forces s = 1, all ai = n−1/2, and (n, q) as in the statement.

• TC+: if µ < 1, Lemma 4.25(i) with j = l+1 gives E|L| = EFp3+l(ξ,µ)(M
(l+1)) with the sign

vector (σl, 1), where (ξ, µ) ∈ Xl × [n1, n2] and µ(M
(l+1)) ≤ κ(µ) ≤ κ(n2) ≤ κ′; so M (l+1) is

in the class of the certificate, and Lemma 4.32 gives E|L| < T . If µ = 1, then n2 = 1 and
κ′ = 1, and Fp3+l(ξ,1)(y) = E|L| for every y (Lemma 4.25(ii)); with Z = χ′ (in the class, cap
1), E|L| = EFp3+l(ξ,1)(Z) < T .

• TCN (in particular TCS), with child N ′ of cutm′c and range κ′: if µ = 1, then Fp3+l(ξ,1)(y) =

E|L| for every y, with the sign vector σl+1, and Z = N−1/2(χ′1+ · · ·+χ′N ) with N−1/2 ≤ m′c
is in the class of the certificate of N ′ (patch parameters Xl+1, sign vector σl+1, cap m

′
c); so

E|L| = EFp3+l(ξ,1)(Z) < T . If µ < 1, the point is positively peeled through I1, . . . , Il, [n1, n2]

with µl+1 < 1, and µl+2 ≤ κ(µ) ≤ κ(n2) ≤ κ′; the induction hypothesis forN ′ (whose height
is smaller) gives E|L| ≤ T , with equality only as stated.
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Case µ ≥ mc, and M
(l) has no coefficient +µ. Then it has the coefficient −µ at some χll+1

, and
µ ∈ [mc, κ̂] lies in a minus piece [n1, n2].

• SG: by Lemma 4.8 (applied to M (l) with n1 ≤ µ in place of mc), p3(M
(l)) ≤ φ(n1) ≤ p∗;

and µ ≤ min(n2, κ̂) ≤ κ′. So M (l) is in the class of the certificate, and Lemma 4.32 gives
E|L| < T .

• TC−: exactly as for TC+, peeling the coefficient −µ (ςl+1 = −1, sign vector (σl,−1)):
E|L| < T .

□

Definition 10.6 (m-split box, k = 5). An m-split box (kind ms) is a box B with sign s and r2 < 1,
together with a split node of level 0 on B with range min(1, m̄(B)).

Lemma 10.7 (m-split lemma, k = 5). [computer-assisted, see Sec. 16] Let B be an m-split box.
At every point of B with r < 1 and q ∈ [q6, q5] we have E|L| ≤ T . Equality forces s = 1 and

α = n−1/2(e1+e2+el1 + · · ·+eln−2) for distinct l1, . . . , ln−2 ≥ 3, where n = 5, or n = 4 and q = q5,
or n = 6 and q = q6.

Proof. Every point with r < 1 is positively peeled through the empty list, and µ1 = m ≤
min(1, a2/b) ≤ min(1, m̄(B)). Apply Lemma 10.5 with l = 0. □

10.2. Certified data and proof.

Proposition 10.8 (certified data for Theorem 10.1). [computer-assisted, see Sec. 16]

(i) The rectangle [U−, U+]×[0, 14 ] is tiled by 861 cells (234, 232, 245 and 150 for u ∈ [U−, 3], [3,
31
10 ],

[3110 ,
16
5 ], [

16
5 , U+]), each with a cell certificate of degree ten (k = 5, ten-moment objective bound)

and Θ1 > 0.
(ii) For each sign s, the box [U−, U+]× [0, T8]× [14 , 1] is tiled by boxes of the kinds small, lpv, ncA,

ncB and ms (Definition 10.6); only lpv and ms occur, and the counts are in Table 8.

sign lpv ncA/ncB ms small total

s = +1 3804 0 4303 0 8107
s = −1 1059 0 0 0 1059

Table 8. Two-coordinate boxes for Theorem 10.1. Widths range from 0.00086 to
0.01 in u, from 0.013 to 0.1 in t and from 0.023 to 0.094 in r. The ms boxes carry
split nodes of height 0 (2017 boxes), 1 (809), 2 (1348) and 3 (129), where a TCS piece
counts as a TCN piece. Besides the children of the TCS pieces, which are stored
with them, there are 4303 nodes of level 0, 4873 of level 1 and 3958 of level 2. Cuts:
level 0 2

5 (1335), 7
20 (1330), 9

20 (1034), 1
2 (592), 3

10 (10), 3
4 (2); level 1 1

2 (1281), 11
20

(1094), 13
20 (902), 9

20 (825), 3
5 (771); level 2 13

20 (3913), 3
5 (45). Pieces: level 0: minus

2 SG, 4301 TC; plus 5445 TC, 4873 TCN, 58 TCS; level 1: minus 4873 TC; plus 127
(A4), 5768 TC, 3958 TCN, 1400 TCS; level 2: minus 3958 TC; plus 1431 (AOR

5 ), 6240
TC, 396 TCS. Every TCS piece has m′c =

17
20 ; the sub-pieces are 58 (A4) at level 0,

1769 (AOR
5 ) at level 1, 644 (AOR

6 ) at level 2. There are 52 292 vertex-certificate sets
(4863 in lpv boxes, 47 429 in split nodes) with 784 616 vertices; 9168 of them have
two patch parameters, 14 735 three, 17 399 four and 10 990 five. The polynomials of
24 326 vertices have degree 10, all others degree 6.

How it is verified. As for Proposition 9.8, with the following changes. Coverage: U− ≤ u5 (checked
as U2

− ≤ 4 or (U2
− − 4)2 ≤ 20), U+ ≥ u6 (checked as U2

+ ≥ 5 and (U2
+ − 5)2 ≥ 30), (10.1). Vertex
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certificates of every node of every split tree are checked as before, with the patch parameters, sign
vector, cap and p∗ value of each certificate taken from its position in the tree. Split trees: for every
ms box r2 < 1 and a recorded root cap ≥ min(1, m̄(B)); recursively, for every node: 0 < mc < κ ≤ 1
for its recorded cap κ (the range at the root is min(1, m̄(B)), below a TCN piece [n1, n2] it is κ, and
κ ≥ κ(n2) is checked); the plus pieces and the minus pieces each cover [mc, κ̂]; every near-sphere
piece of a node of level l is of type (A∗l+3)/(Bl+3) and passes its test (strict; (AOR

n ) includes s = 1

and the OR-region condition); the cap condition κ′ ≥ κ(n2) of TC± and TCS; for TCS, m′c < κ′,
the φ condition of (m′c, p

′∗), the cover of [m′c, κ
′] by the sub-pieces, and the sub-pieces of type

(A∗l+4)/(Bl+4) passing their tests; for SG, the φ condition of (n1, p
∗) and κ′ ≥ min(n2, κ̂). Cells:

Θ1 > 0, indeed q̂4− ≥ 5−1/2 > 2
5 and S5 ≥ 2, so S5(

u21
1+u21

)4 ≥ S5q̂
4
− >

4
5 >

1
4 ≥ a. □

Proof of Theorem 10.1. (a) By Lemma 4.1 let q ∈ [q6, q5], i.e. u ∈ [u5, u6] ⊆ [U−, U+]. Reduce α as
in Section 4.7.

(1) a1 = 1: α = e1 and E|L| = 2τ < T by (iii).
(2) a1 ≤ 1

4 : (u, a1) lies in a cell, and Lemma 4.15 gives E|L| < T .

(3) a1 >
1
4 and r = 1: L = a1χ1 + sa2χ2, and E|L| < T by the two-coordinate bound above.

(4) a1 >
1
4 and r < 1: (u, t, r) lies in a box of the cover for the sign s, not small since a1 > AS . If

it is lpv, Lemma 4.33 gives E|L| < T . If it is ncA or ncB, Lemma 4.35 gives E|L| < T . If it is
ms, Lemma 10.7 gives E|L| ≤ T .

So E|L| ≤ T always, and (e1 + · · ·+ e5)/
√
5 attains T (Theorem 4.2, q < 1

5). Hence R(q) = T (q).

For q ∈ [1− q5, 1− q6] use Lemma 4.1: R(q) = R(1− q) = 2
√
5 q4τ .

(b) Equality can occur only in the ms case of (4). By Lemma 10.7, after the reduction, α =

n−1/2(e1+e2+el1 + · · ·+eln−2) with distinct li ≥ 3, where n = 5, or n = 4 and q = q5, or n = 6 and
q = q6. Undoing the reduction gives the list in (b). Conversely, each listed vector attains T at the
stated q (Theorem 4.2): (ei1 + · · ·+ ei5)/

√
5 gives T5 for q < 1

5 ; (ei + ej + ek + el)/2 gives T4 = T5
at q5 (q5 <

1
4); and (ei1 + · · ·+ ei6)/

√
6 gives T6 = T5 at q6 (q6 <

1
6). For q ≥

1
2 use Lemma 4.1.

(c) For q < q6 <
1
6 , R(q) ≥ T6(q) > T (q) by (ii). For q5 < q < 1

4 , R(q) ≥ T4(q) > T (q) by (i).

For 1
4 ≤ q ≤ 1

2 , R(q) ≥ E|χ1| = 2τ , and 2τ > 2
√
5(1− q)4τ because 5(1− q)8 ≤ 5(34)

8 < 1. □

11. Poissonisation: the reduction of (0, q5] to a q-free inequality

11.1. Setting. By χ 7→ −χ, R(q) = R(1 − q); in this section q ∈ (0, 12 ]. Recall τ =
√
q(1− q),

u =
√
(1− q)/q, v =

√
q/(1− q) (so χ ∈ {u,−v}, qu = (1 − q)v = τ), and χ = (X − q)/τ with

X ∼ Bernoulli(q). Put

s = s(q) = ln 1
1−q , M(q) = max

k≥1
2
√
kq (1− q)k−1/2,

B(q) =

√
2q

e(1− q)s
, q∗k = 1− e−1/(2k) (k ≥ 1).

Definition 11.1 (Kolmogorov measures and RID). For a finitely supported probability measure
K = σ2δ0 +

∑m
j=1wjδaj (aj ̸= 0, wj > 0) let

ZK = σG+
m∑
j=1

aj

(
Nj −

wj
a2j

)
, G ∼ N(0, 1), Nj ∼ Poisson(wj/a

2
j ),

all independent; EZK = 0 and EZ2
K = K(R) = 1. Let RID = supK E|ZK |.
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For K ≥ 2 let qK = 1 −
√
(K − 1)/K, let g(x) = 2

√
x e−x (x ≥ 0) and C(q) = maxk≥1 g(ks).

Since (1− q)k = e−ks,

(11.1) M(q) = 2
√

q
1−q max

k≥1

√
k e−ks =

√
q

(1−q)s C(q).

11.2. Level-one form. For f : {0, 1}n → [0, 1] and the product Bernoulli(q) measure, let ∆i(f) =
E[f | xi = 1]− E[f | xi = 0] and D(f) =

∑
i∆i(f)

2.

Lemma 11.2 (level-one form). R(q)2 = 4q(1− q) supn,f D(f).

Proof. E[fχi] = q
τ (E[f | xi = 1] − Ef) = q(1−q)

τ ∆i(f) = τ∆i(f). Given α, let L =
∑
αiχi and

f = 1{L > 0}; since EL = 0, E|L| = 2E[fL] = 2τ
∑

i αi∆i(f) ≤ 2τ∥α∥2
√
D(f). Conversely,

given f with D(f) > 0, put αi = ∆i(f) and L =
∑
αiχi: τD(f) = E[fL] ≤ EL+ = E|L|/2 ≤

R(q)
√
D(f)/2. □

11.3. Poissonisation.

Theorem 11.3 (Poissonisation). For every q ∈ (0, 12 ], with s = ln 1
1−q ,

R(q)2 ≤ R2
ID

q

(1− q) s
.

Proof. Fix f : {0, 1}n → [0, 1]. Let N1, . . . , Nn be i.i.d. Poisson(s) and xi = 1{Ni ≥ 1}; the xi are
i.i.d. Bernoulli(1 − e−s) = Bernoulli(q). Put F (N) = f(x(N)) ∈ [0, 1]. For N ∼ Poisson(s) and
bounded h, E[(N − s)h(N)] = sE[h(N + 1)− h(N)]; applying this to Ni conditionally on (Nj)j ̸=i,

E[F (N)(Ni − s)] = sE[F (N + ei)− F (N)].

Now x(N + ei) is x(N) with coordinate i set to 1. Hence F (N + ei) − F (N) = 0 if Ni ≥ 1, and
= f(xi←1)−f(xi←0) if Ni = 0, an event of probability e−s = 1−q independent of (xj)j ̸=i. Therefore
E[F (N + ei) − F (N)] = (1 − q)∆i(f). Let I =

∑
i∆i(f)(Ni − s); this is ZK up to scaling, with

EI = 0 and EI2 = sD(f), so E|I| ≤ RID

√
sD(f). Using 0 ≤ F ≤ 1,

s(1− q)D(f) = E[FI] ≤ EI+ = 1
2E|I| ≤

1
2RID

√
sD(f).

Thus D(f) ≤ R2
ID/(4s(1− q)2), and Lemma 11.2 gives R(q)2 ≤ 4q(1− q)R2

ID/(4s(1− q)2). □

The proof only tests F against sums of i.i.d. Poisson(s) variables; applied to one configuration
at a time, it gives the following q-free condition, uniform in k.

Theorem 11.4 (configuration-wise Poissonisation). Let q ∈ (0, 12 ], s = s(q), and g, C(q) as

in (11.1). For f : {0, 1}n → [0, 1] with D(f) > 0 let β = ∆(f)/
√
D(f) (a unit vector) and

Kf =
∑
i:βi ̸=0

β2i δβi/
√
s,

a probability measure on R \ {0}. For θ > 0 and a measure K put λ+(K) = λ+θ (K) =∫
[θ,∞) x

−2K(dx) and λ−(K) = λ−θ (K) =
∫
(−∞,−θ] x

−2K(dx) (the expected numbers of jumps of

ZK of size ≥ θ, resp. ≤ −θ).
(a) 2τ

√
D(f) ≤

√
q/((1− q)s) E|ZKf

|.
(b) λ±(Kf ) = s k± with the integers k± = #{i : ±βi ≥ θ

√
s}, and for every integer k ≥ 1,√

q/((1− q)s) g(ks) = Tk(q) = 2
√
kq(1− q)k−1/2 (and g(0) = 0).

(c) If for every f (it suffices: for a maximiser f∗n of D over functions of n bits, for every n) there
is θ = θ(f) > 0 with

(11.2) E|ZKf
| ≤ max

(
g(λ+(Kf )), g(λ−(Kf )), C(q)

)
(λ± taken at θ(f)), then R(q) =M(q).
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(d) For C > 0 let ID∗(C) be the statement: for every finitely supported probability measure K on
R \ {0} there is θ = θ(K) > 0 with

E|ZK | ≤ max
(
g(λ+(K)), g(λ−(K)), C

)
(λ± taken at θ(K)).

If ID∗(C) holds, then R(q) = M(q) for every q ∈ (0, 12 ] with C(q) ≥ C. For K ≥ 2,

min0<q≤qK C(q) = CK :=
√

2/e/(1 + EK−1) (Ek as in Proposition 11.5), attained at qK ; so
ID∗(CK) gives R = M on (0, qK ]. Numerically, C4 = 0.85334356 . . ., C5 = 0.85510045 . . .,

C6 = 0.85598448 . . ., i.e.
√

2/e − CK = 0.0044203, 0.0026634, 0.0017794. A decimal C may
replace CK only if C ≤ CK (e.g. 0.8533435, 0.855100, 0.855984). In closed form C5 =

g(2 ln 5
4) = 1.28

√
2 ln 1.25.

Proof. (a) This is the proof of Theorem 11.3 for the given f . With Ni i.i.d. Poisson(s) and F =
f(x(N)), I =

∑
i∆i(f)(Ni − s) satisfies EI2 = sD(f) and s(1− q)D(f) = E[FI] ≤ EI+ = E|I|/2.

The variable I/
√
sD(f) =

∑
i ci(Ni− s), ci = βi/

√
s, is compensated compound Poisson; c(N − s)

with N ∼ Poisson(s) has Kolmogorov measure sc2δc, so I/
√
sD(f) has Kolmogorov measure∑

i sc
2
i δci = Kf (indices with βi = 0 contribute nothing), i.e. it has the law of ZKf

. Hence√
D(f) ≤ E|ZKf

|/(2(1− q)
√
s) and 2τ

√
D(f) ≤ τE|ZKf

|/((1− q)
√
s) =

√
q/((1− q)s)E|ZKf

|.
(b) The atom of index i sits at βi/

√
s with mass β2i , so it contributes (s/β2i )β

2
i = s to λ+ iff

βi/
√
s ≥ θ (to λ− iff βi/

√
s ≤ −θ). And

√
q/((1− q)s) · 2

√
ks e−ks = 2

√
kq(1 − q)k/

√
1− q since

e−s = 1− q.
(c) By (a), (b) and (11.2), 2τ

√
D(f) ≤ max(Tk+(q), Tk−(q),M(q)) = M(q), with T0 := 0 and

Tk ≤ M by the definition of M . By Lemma 11.2, R(q) = 2τ supf
√
D(f) ≤ M(q), and R ≥ M

by Theorem 4.2. For the parenthetical claim: D is continuous on the compact set [0, 1]2
n
, so

Rn := 2τ maxf
√
D(f) over n-bit f is attained at some f∗n, and R(q) = supnRn.

(d) Every Kf is a finitely supported probability measure on R \ {0}, so ID∗(C) with C ≤ C(q)
gives (11.2) with θ(f) = θ(Kf ); (b) holds for every θ, so the proof of (c) applies. For the minimum:

C(q) =
√
2/eM(q)/B(q) by (11.1) and the definition of B; by Proposition 11.5, on (0, qK ], the

union of the bands [qk+1, qk], k ≥ K, the maximum of B/M − 1 is maxk≥K−1Ek = EK−1, attained

at qK (Ek decreases). So C(q) ≥ CK on (0, qK ], with equality at qK . At q5, 1 − q5 = 2/
√
5, so

s(q5) =
1
2 ln

5
4 , the tie g(4s(q5)) = g(5s(q5)) holds, and C5 = C(q5) = g(4 · 1

2 ln
5
4) = g(2 ln 5

4). The
decimal values are evaluations of these closed forms. □

11.4. Size of the window.

Proposition 11.5 (size of the window). B(q)/M(q) = 1/maxk≥1 g̃(ks) with g̃(x) =
√
2ex e−x =

g(x)/
√

2/e. On the band q ∈ [1 −
√
k/(k + 1), 1 −

√
(k − 1)/k] where k is the maximiser of

Theorem 4.2, B/M −1 vanishes only at q∗k and is largest at the ends; at the tie q = 1−
√
k/(k + 1)

it equals

Ek =
(1 + 1/k)k/2√
e k ln(1 + 1/k)

− 1,

and Ek is decreasing in k. Hence sup0<q≤1−1/
√
2(B/M − 1) = E1 =

√
2/(e ln 2) − 1 = 0.030279,

attained at q = 1 − 1/
√
2; the supremum over (0, 1/4] is E2 = 0.010304 and over (0, 1/10] it is

E5 = 0.002079; Ek ∼ 1/(16k2).

Proof. By definition B(q) = 2
√
q/(1− q)maxκ>0

√
κe−κs, since maxκ>0

√
κe−κs = (2es)−1/2

(proof of Theorem 4.2), and M(q) = 2
√
q/(1− q)maxk∈N

√
ke−ks by (11.1). So B/M =

(2es)−1/2/maxk
√
ke−ks = 1/maxk g̃(ks). By Theorem 4.2, k maximises

√
je−js exactly for

s ∈ [sk, sk−1] with sk = 1
2 ln(1 + 1/k) (s0 = ∞). On that band B/M = 1/g̃(ks), and

log g̃(ks) = 1
2 log(2eks)− ks is strictly concave in s with maximum 0 at s = 1/(2k). So B/M − 1 is
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largest at a band end. At s = sk the maximum is g̃(xk), xk = ksk =
k
2 ln(1 + 1/k), which gives Ek.

Since k ln(1 + 1/k) increases to 1, xk increases to 1/2, and g̃ increases on (0, 1/2], so Ek decreases.
The bands meeting (0, 1− 1/

√
2] are those with k ≥ 2 (and the endpoint s = s1), whose end values

are Ej , j ≥ 1. The values on (0, 1/4] and (0, 1/10] follow in the same way, since q = 1/4 and
q = 1/10 are interior points of bands 2 and 5 with smaller values there. □

Remark 11.6 (the Dirac family). For N ∼ Poisson(λ) and m = ⌊λ⌋, E(λ − N)+ = λP(N ≤
m) − λP(N ≤ m − 1) = λP(N = m); for λ < 1 this is λe−λ. Hence for a ≥ 1, E|Zδa | =

aE|N1/a2 − a−2| = 2a−1e−1/a
2
= g(1/a2) = g(λ+θ (δa)) when a ≥ θ. So ID∗(C) is tight along the

Dirac family and must be proved exactly near every δa with g(1/a2) close to C; away from the

Dirac family it is the bound E|ZK | ≤ C, with the margin
√
2/e − C. This is why the proof of

ID∗(C5) (Sections 13–15) treats a band around the Dirac laws separately from the far region.

12. Localisation of maximisers at finite q

In this section χi are i.i.d., χi = u with probability q and −v with probability 1 − q, u =√
(1− q)/q, v = 1/u, τ =

√
q(1− q) = qu = (1 − q)v, and s = ln(1/(1 − q)). For a unit α ∈ Rn

put L = α · χ. Rn = max|α|=1 E|α · χ| (attained), R = R(q) = supnRn; Rn is nondecreasing in n

(append a zero coefficient), so Rn → R, and 0 < R ≤ 1. Here L+ = max(L, 0), L− = max(−L, 0)
and P denotes probability.

Theorem 12.1 (localisation). Let q ∈ (0, 1), n ≥ 1, |α| = 1 with E|L| = Rn, and put δ = R−Rn ≥
0, p+ = P (L > 0), p− = P (L < 0).

(a) P (L = 0) = 0 (so p+ + p− = 1), and E[χi sgnL] = Rnαi for every i.
(b) Let L′ = L − αiχi. If αi > 0, then Rnuαi = 2(1 − q)P (−αiu < L′ < αiv) ≤ 2p−. If αi < 0,

then Rnu|αi| = 2(1− q)P (−|αi|v < L′ < |αi|u) ≤ 2p+.
(c) For every a > 0: E[(L + a)+;L < 0] ≤ δ/(2q) + Ra2/(4(1 − q)), and E[(a − L)+;L > 0] ≤

δ/(2q) +Ra2/(4(1− q)).
(d) p2− ≤ R(Rn + δ/q)/(2(1− q)) and p2+ ≤ R(Rn + δ/q)/(2(1− q)); also R2

n ≤ 4p+p−.

(e) Hence maxi u|αi| ≤ Λn :=
√
2R(Rn + δ/q)/(1− q) /Rn, and Λn →

√
2/(1− q) as n→ ∞.

(f) Let q ≤ 1
2 , let f

∗ maximise |∆(f)| over f : {0, 1}n → [0, 1] and α∗ = ∆(f∗)/|∆(f∗)|. Then

E|α∗ · χ| = Rn, so (a)–(e) apply to α∗, and the measure K̃ =
∑

i α
∗2
i δα∗

i /
√
s (that is, Kf∗

of Theorem 11.4) is supported in [−Λn/(u
√
s),Λn/(u

√
s)], where Λn/(u

√
s) → A′(q) :=√

2/(1− q)/(u
√
s) =

√
2q/s/(1 − q). Consequently: if, for some A > A′(q) and some C

with C
√
q/((1− q)s) ≤ M(q), every finitely supported probability measure K on [−A,A]

has some θ = θ(K) > 0 with E|ZK | ≤ max(g(λ+θ (K)), g(λ−θ (K)), C), then R(q) = M(q).

The proof uses the hypothesis only at K = K̃ for one n, and this K̃ is a finitely supported
probability measure on [−A,A].

(g) A′(q) is strictly increasing in q, so one A > A′(qK) serves every q ≤ qK : A′(q) →
√
2 as

q → 0, and A′(0.05) = 1.46976, A′(q6) = 1.51455, A′(0.1) = 1.53085, A′(q5) = 1.53804,

A′(q4) = 1.57599. In closed form 1− q5 = 2/
√
5 and s(q5) =

1
2 ln

5
4 , so A

′(q5) =
√
5q5/ ln

5
4 =

1.538044391650755 . . . < 77
50 . The bound is nearly attained: ORk at q = qk+1 (where 1k/

√
k

attains M(q), tied with 1k+1/
√
k + 1; Theorem 4.2) has K̃ = δa with a = 1/

√
ks(qk+1) =√

2/(k ln(1 + 1/k)) =
√
2(1 + 1/(4k) + O(k−2)) >

√
2, e.g. a = 1.49690 for k = 4 against

A′(q5) = 1.53804. So a band/far-region split for q ≤ qK must allow atoms beyond
√
2.

Proof. (a) For |t| small, φ(t) := E|L + tχi| ≤ Rn|α + tei| = Rn(1 + 2tαi + t2)1/2 =: γ(t), by
maximality and homogeneity, with equality at t = 0. Comparing difference quotients (division by
t < 0 reverses the inequality) gives φ′+(0) ≤ γ′(0) ≤ φ′−(0), while φ

′
−(0) ≤ φ′+(0) by convexity

of φ. So φ′+(0) = φ′−(0) = γ′(0) = Rnαi. By dominated convergence (difference quotients are
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bounded by |χi|), φ′±(0) = E[χi sgnL] ± E[|χi|;L = 0]. Hence E[|χi|;L = 0] = 0, so P (L = 0) = 0
as |χi| ≥ min(u, v) > 0, and E[χi sgnL] = Rnαi.

(b) L′ is independent of χi and qu = (1−q)v = τ , so E[χi sgnL] = τ(E sgn(L′+αiu)−E sgn(L′−
αiv)). Let αi > 0. The function sgn(x + αiu) − sgn(x − αiv) equals 2 on (−αiu, αiv), 1 at the
two endpoints and 0 elsewhere, and the endpoint events are null: {L = 0} ⊇ {χi = u, L′ =
−αiu} ∪ {χi = −v, L′ = αiv}, and P (L = 0) = 0 by (a). So Rnαi = 2τP (−αiu < L′ < αiv);
multiply by u (τu = 1− q). On {χi = −v}, which is independent of L′ and has probability 1− q,
L = L′−αiv < 0 whenever L′ < αiv; so p− ≥ (1− q)P (−αiu < L′ < αiv). For αi < 0 put b = |αi|:
the same computation gives Rnb = 2τP (−bv < L′ < bu), and on {χi = −v}, L = L′ + bv > 0
whenever L′ > −bv, so p+ ≥ (1− q)P (−bv < L′ < bu).

(c) Append an independent bit χ with coefficient β: E|L+ βχ| ≤ Rn+1

√
1 + β2 ≤ R(1 + β2/2).

For a, b > 0 and real x, |x+ a| − |x| = a(1− 2 · 1{x < 0}) + 2(x+ a)+1{x < 0} and |x− b| − |x| =
b(1 − 2 · 1{x > 0}) + 2(b − x)+1{x > 0}. Let β > 0, a = βu, b = βv, H(a) = E[(L + a)+;L < 0],
H−(b) = E[(b− L)+;L > 0]. Using P (L = 0) = 0,

E|L+ βχ| = qE|L+ a|+ (1− q)E|L− b|
= Rn + qa(2p+ − 1) + (1− q)b(1− 2p+) + 2qH(a) + 2(1− q)H−(b)

= Rn + 2qH(a) + 2(1− q)H−(b),

as qa = (1− q)b = τβ. Dropping H−(b) ≥ 0: 2qH(a) ≤ δ+Rβ2/2 = δ+Rqa2/(2(1− q)), which is
the first bound. For the second take β < 0 and a = |β|u: E|L+βχ| = qE|L−a|+(1−q)E|L+|β|v| =
Rn + 2qH−(a) + 2(1− q)H(|β|v), and the same estimate.

(d) EL = 0 and E|L| = Rn give E[L−] = E[L+] = Rn/2. Since (L + a)+ ≥ L + a, H(a) ≥
ap−−Rn/2, so by (c) ap−−Ra2/(4(1− q)) ≤ Rn/2+ δ/(2q) for every a > 0; at a = 2(1− q)p−/R
this reads (1− q)p2−/R ≤ (Rn + δ/q)/2. The bound for p+ is the same with H−(a) ≥ ap+ −Rn/2.

Finally Rn/2 = E[L(1{L > 0}−p+)] ≤ (EL2)1/2(p+(1−p+))1/2 by Cauchy–Schwarz, with EL2 = 1.
(e) Combine (b) and (d): u|αi| ≤ 2max(p+, p−)/Rn ≤ Λn. As n→ ∞, Rn → R > 0 and δ → 0,

so Λn →
√
2R2/(1− q)/R.

(f) For every f with values in [0, 1] and every unit α′, the level-one identity E[fχi] = τ∆i(f) and
E[α′ ·χ] = 0 give E|α′ ·χ| = 2E[(α′ ·χ)+] ≥ 2E[f α′ ·χ] = 2τ α′ ·∆(f), with equality for f = 1{α′ ·χ >
0}. Hence Rn = maxα′ E|α′ · χ| ≤ 2τ maxf |∆(f)| = 2τ |∆(f∗)| = 2τ α∗ ·∆(f∗) ≤ E|α∗ · χ| ≤ Rn.

The atoms of K̃ are α∗i /
√
s with |α∗i | ≤ Λn/u by (e). For the implication: suppose R > M(q).

Since Rn → R and Λn/(u
√
s) → A′(q) < A, there is n with Rn > M(q) and supp K̃ ⊂ [−A,A].

By Theorem 11.4(a) at f = f∗ (for which 2τ
√
D(f∗) = 2τ |∆(f∗)| = Rn) and the hypothesis at

K = K̃ with θ = θ(K̃), Rn ≤ E|ZK̃ |
√
q/((1− q)s) ≤ max(g(λ+), g(λ−), C)

√
q/((1− q)s) ≤ M(q),

since λ±(K̃) = s ·#{i : ±α∗i ≥ θ
√
s} and g(ks)

√
q/((1− q)s) = Tk(q) ≤ M(q) (Theorem 11.4(b)).

This contradicts Rn > M(q). Hence R(q) ≤M(q), and R(q) ≥M(q) by Theorem 4.2.
(g) d

dq ln(A
′(q)2) = 1/q − 1/((1 − q)s) + 2/(1 − q), which is positive iff s(1 + q) > q; this holds

because s > q. The ORk atom: α = 1k/
√
k, so K̃ = δ1/

√
ks, and s(qk+1) = 1

2 ln(1 + 1/k). The

numbers are evaluations of these closed forms. □

13. The band around the Dirac laws

13.1. Setting. A Kolmogorov measure is a finite Borel measure K on R; ZK denotes the centred
infinitely divisible random variable with

logEeitZK =

∫
R

eitx − 1− itx

x2
K(dx) (the integrand is − t2/2 at x = 0),



52 PAATA IVANISVILI

so EZK = 0, EZ2
K = K(R), K({0}) is the Gaussian variance and x−2K(dx) on R \ {0} is the Lévy

measure. ZK1+K2

d
= ZK1 + ZK2 with independent summands. For a finitely supported K,

ZK =
√
K({0})G+

∑
x∈suppK\{0}

x
(
Nx −K({x})/x2

)
,

with G ∼ N(0, 1) and independent Nx ∼ Poisson(K({x})/x2). Throughout, Nλ denotes a
Poisson(λ) variable (N0 = 0) and G a standard Gaussian, independent of each other and of

everything else. We write g(λ) = 2
√
λ e−λ; g(1/x2) = E|Zδx | for x ≥ 1 (Remark 11.6), and

max g = g(1/2) =
√

2/e. Sections 13.2–13.4 are written for a general threshold θ and support
bound A.

13.2. Exact identities.

Lemma 13.1 (flip formula). For y ̸= 0 and w ∈ R, |y+w| = |y|+sgn(y)w+2
(
− sgn(y)w−|y|

)
+
.

Consequently, if Y and W are independent, E|Y | + E|W | < ∞, EW = 0 and P(Y = 0) = 0, then
E|Y +W | = E|Y |+ 2E

[
(− sgn(Y )W − |Y |)+

]
.

Proof. Let ς = sgn(y), so y + w = ς(|y| + ςw). If |y| + ςw ≥ 0 then |y + w| = |y| + ςw and
(−ςw − |y|)+ = 0. If |y| + ςw < 0 then |y + w| = −|y| − ςw = |y| + ςw + 2(−ςw − |y|). Take
expectations; E[sgn(Y )W ] = E sgn(Y )EW = 0. □

Lemma 13.2 (conditional form). Let Y,W be independent and integrable with EW = 0, EW 2 =
ρ2 <∞, and put ℓ(y) = E|y+W |. Then E|Y +W | = E ℓ(Y ); ℓ is convex and 1-Lipschitz; for every
real y

ℓ(y) = y + 2E(−W − y)+ = −y + 2E(W + y)+, |y| ≤ ℓ(y) ≤
√
y2 + ρ2.

Proof. Fubini gives E|Y +W | = Eℓ(Y ); convexity and the Lipschitz bound are inherited from | · |.
The two identities are |x| = x + 2(−x)+ = −x + 2x+ with x = y +W , together with EW = 0.

Jensen gives ℓ(y) ≥ |y| and Cauchy–Schwarz ℓ(y) ≤ (E(y +W )2)1/2. □

Lemma 13.3 (OR-region identity with a residual). Let K = KS + KR with KS ̸= 0 and KR

finite measures, KS carried by [θ,∞) for some θ > 0, and put Λ =
∫
x−2dKS, m =

∫
x−1dKS,

V = KS(R). Let Y = ZKS
and W = ZKR

be independent and NS the number of jumps of Y . Then
Y = SNS

− m, where NS ∼ Poisson(Λ) and, given NS = n, Sn = J1 + · · · + Jn with Ji i.i.d. of
law νS/Λ, νS(dx) = x−2KS(dx), carried by [θ,∞). If moreover θ > m (every jump exceeds the
compensator), then

E|ZK | = 2me−Λ + 2e−Λ E(W −m)+ + 2E
[
(−W − Y )+; NS ≥ 1

]
,

and 2me−Λ ≤
√
V g(Λ) ≤

√
2/e

√
V , with equality in the first inequality iff KS is a single atom,

and in both iff KS = V δ√2V .

Proof. νS is carried by [θ,∞) and has mass Λ ≤ θ−2V < ∞, so Y is compound Poisson with
rate Λ, jump law νS/Λ and compensator

∫
x νS(dx) = m. On {NS = 0}, Y = −m < 0; on

{NS ≥ 1}, Y ≥ θ −m > 0. Hence P(Y = 0) = 0 (here KS ̸= 0 is used: m > 0) and, as EY = 0,
E|Y | = 2EY− = 2me−Λ. Lemma 13.1 with the independence of W and (Y,NS) gives the identity.

Cauchy–Schwarz gives m2 ≤ ΛV , with equality iff x−1 is KS-a.e. constant, so 2me−Λ ≤
√
V g(Λ);

and g ≤ g(1/2) =
√
2/e with equality iff Λ = 1/2. A single atom V δx has Λ = V/x2, which is 1/2

iff x =
√
2V . □
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13.3. A comparison lemma for stop-loss terms. For a function ψ and x ∈ R put Dxψ(z) =∫ 1
0 (1− u)ψ′′(z + ux) du; for x ̸= 0 this is (ψ(z + x)− ψ(z)− xψ′(z))/x2, and D0ψ = ψ′′/2.

Lemma 13.4 (comparison). Let ψ : R → R be C1 with ψ′ absolutely continuous and ψ′′ nonde-
creasing and bounded. Let K be a finitely supported Kolmogorov measure and T : R → R a map
with T (x) ≥ x on suppK. Then Eψ(ZK) ≤ Eψ(ZT#K).

Proof. Step 1 (smooth ψ). Assume first ψ ∈ C2 with ψ′′ nondecreasing and |ψ′′| ≤ M . For a
finitely supported Kolmogorov measure L = σ2δ0 +

∑
j wjδxj (xj ̸= 0) and a square-integrable X

independent of the Z’s, put Φ(s) = Eψ(X + ZsL), s ≥ 0. Since Z(s+δ)L
d
= ZsL + Yδ with Yδ = ZδL

independent and EYδ = 0, Taylor’s formula with integral remainder gives

Φ(s+ δ)− Φ(s) = E
[
Y 2
δ

∫ 1

0
(1− u)ψ′′(X ′ + uYδ) du

]
, X ′ = X + ZsL.

Write Yδ = σ
√
δ G − δc +

∑
j xjN

(j)
δλj

with λj = wj/x
2
j , c =

∑
j xjλj . On the event of no jump

(probability 1− δ
∑
λj +O(δ2)) the contribution is δσ2 Eψ′′(X ′)/2+ o(δ), by bounded convergence

and continuity of ψ′′; on the event of exactly one jump, of size xj (probability δλj + O(δ2)), it is

δλjx
2
j EDxjψ(X

′) + o(δ); on the event E2 of two or more jumps the integrand is at most M
2 Y

2
δ and

E[Y 2
δ ;E2] ≤ 3

(
σ2δ P(E2)+ δ2c2 +E[(

∑
j |xj |N

(j)
δλj

)2;E2]
)
= O(δ2) (Poisson moments). Hence Φ has

the right derivative E (GLψ)(X + ZsL) with GLψ =
∑

x∈suppL L({x})Dxψ, which is continuous in

s (bounded continuous integrand, weakly continuous law), so Φ ∈ C1. Now let K ′ = T#K and
Ψ(t) = Eψ(Z(1−t)K + Z ′tK′) with independent summands, t ∈ [0, 1]. Applying the above in each
variable (the two partial derivatives are jointly continuous, for the same reason),

Ψ′(t) = E
[
(GK′ψ − GKψ)(Z(1−t)K + Z ′tK′)

]
,

(GK′ψ − GKψ)(z) =
∑

x∈suppK
K({x})

(
DT (x)ψ(z)−Dxψ(z)

)
≥ 0,

because y 7→ Dyψ(z) =
∫ 1
0 (1− u)ψ′′(z + uy)du is nondecreasing when ψ′′ is. So Ψ(1) ≥ Ψ(0).

Step 2 (general ψ). Let ϕε be a smooth probability density supported in [−ε, ε] and ψε =
ψ ∗ ϕε. Then ψε ∈ C∞, ψ′′ε = ψ′′ ∗ ϕε is nondecreasing and bounded, and |ψε(w) − ψ(w)| ≤
ε sup|v−w|≤ε |ψ′(v)| ≤ εC(1 + |w|) since ψ′ is Lipschitz. As E|Z| <∞, Step 1 for ψε and ε→ 0 give
the claim. □

Remark 13.5 (smoothed stop-loss test functions). The test functions used below are ψt,h(w) =
(w− t+ h)2+/(4h), h > 0: they are C1, ψ′′t,h = (2h)−11{w > t− h} is nondecreasing, and ψt,h(w) ≥
(w − t)+ (for w ≥ t the difference is (w − t − h)2/(4h)). The stop-loss function (w − t)+ itself
does not satisfy the hypothesis, and the conclusion fails for it: with t = 0, K = δ√2 and T (x) = 2,

E(ZK)+ = 1
2E|ZK | drops from 1

2

√
2/e to 1

2g(1/4) =
1
2e
−1/4.

Lemma 13.6 (stop-loss bounds). Let 0 < θ ≤ A, let KR be a finitely supported Kolmogorov
measure carried by [−A, θ), a = KR((0, θ)), b = KR([−A, 0]), ρ2 = a+ b, W = ZKR

, and

WB = θ
(
Na/θ2 − a/θ2

)
+

√
bG, WC = A

(
Nb/A2 − b/A2

)
+
√
aG.

For t ∈ R and h > 0 put χBh (t) =
1
2hE(WB − t+ h)2+, χ

C
h (t) =

1
2hE(WC − t+ h)2+. Then for every

t ∈ R:
(i) 2E(W − t)+ ≤ χBh (t) and 2E(−W − t)+ ≤ χCh (t);

(ii) 2E(W − t)+ ≤
√
t2 + ρ2 − t and 2E(−W − t)+ ≤

√
t2 + ρ2 − t;

(iii) χBh , χ
C
h are C1, convex and nonincreasing in t, with d2

dt2
χ•h(t) = P(W• > t − h)/h ∈ [0, 1/h]

a.e.;
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(iv) χBh (t) and χ
C
h (t) are nondecreasing in a and in b (the other fixed), and χBh (t) is nondecreasing

in θ.

Proof. (i) 2E(W − t)+ ≤ 2Eψt,h(W ). Apply Lemma 13.4 to KR with T (x) = θ on (0, θ) and

T (x) = 0 on [−A, 0]: T#KR = aδθ + bδ0 and ZT#KR

d
= WB. For the second bound, −W = ZK̃

with K̃(B) = KR(−B), carried by (−θ,A]; take T (x) = A on [0, A] and T (x) = 0 on (−θ, 0),
so T#K̃ = bδA + aδ0 and ZT#K̃

d
= WC . (ii) 2(W − t)+ = |W − t| + (W − t), so 2E(W − t)+ =

E|W − t| − t ≤ (t2 + ρ2)1/2 − t; the same for −W . (iii) For fixed w, t 7→ (w − t + h)2+ is C1,
convex, nonincreasing, with second derivative 2 · 1{w > t − h}; differentiate under E (dominated
convergence). (iv) Increasing a to a′ replaces WB by WB + θ(N ′−λ′) with an independent centred
Poisson term, and increasing b adds an independent centred Gaussian; for the convex function
w 7→ (w− t+h)2+ Jensen’s inequality (conditionally on WB) gives monotonicity. The same for WC .
Monotonicity in θ is Lemma 13.4 again (moving the atom aδθ to aδθ′ , θ

′ > θ). □

13.4. The jump law and the band bound.

Lemma 13.7 (one jump). Let J take values in [j0, j1] (j0 < j1), with mean µ and variance σ2.

(a) For every convex φ on [j0, j1]: Eφ(J) ≤ (j1−µ)φ(j0)+(µ−j0)φ(j1)
j1−j0 . (b) If φ ≤ Γ on [j0, j1], where

Γ is C1 with Γ′ absolutely continuous and Γ′′ ≤ κ a.e. on [j0, j1], then Eφ(J) ≤ Γ(µ) + κσ2/2. (c)
(two-point bound) Let φ ≤ ψ on [j0,∞), where ψ is C1 on [j0,∞) with ψ′ absolutely continuous
and ψ′′ nonincreasing a.e. (that is, ψ′ is concave). Let µ > j0, d = µ − j0, x = µ + σ2/d and
w = d2/(d2 + σ2). Then Eφ(J) ≤ Tψ(σ

2) := (1 − w)ψ(j0) + wψ(x). If moreover ψ is convex and
nonincreasing on R, then for all s2 ≥ σ2, j′0 ≤ j0, 0 ≤ w′ ≤ d2/(d2 + s2) and u′ ≤ d+ s2/d,

Eφ(J) ≤ (1− w′)ψ(j′0) + w′ ψ(j′0 + u′).

Proof. (a) is convexity, φ(J) lying below the chord. (b) Γ(J) = Γ(µ) + Γ′(µ)(J − µ) +
∫ J
µ (J −

u)Γ′′(u) du ≤ Γ(µ) + Γ′(µ)(J − µ) + κ(J − µ)2/2; take expectations.

(c) The law P ∗ = (1−w)δj0 +wδx has mean j0+w(x− j0) = j0+
d2

d2+σ2 · d
2+σ2

d = µ and variance

(1−w)d2+wσ4/d2 = σ2. Let Q be the quadratic with Q(j0) = ψ(j0), Q(x) = ψ(x), Q′(x) = ψ′(x)
(if σ2 = 0 then x = µ, w = 1, J = µ a.s. and there is nothing to prove), and k = Q − ψ. Then
k(j0) = k(x) = k′(x) = 0 and k′ = Q′ − ψ′ is convex. By Rolle k′(ξ) = 0 for some ξ ∈ (j0, x); a
convex function vanishing at the two points ξ < x is ≤ 0 on [ξ, x] and ≥ 0 on [j0, ξ]∪ [x,∞). So k is
nondecreasing on [j0, ξ], nonincreasing on [ξ, x] and nondecreasing on [x,∞); with k(j0) = k(x) = 0
this gives k ≥ 0, i.e. ψ ≤ Q on [j0,∞). As EQ(J) depends only on the mean and variance of J ,
Eφ(J) ≤ Eψ(J) ≤ EQ(J) = EP ∗Q = EP ∗ψ = Tψ(σ

2).
For the second statement: if σ2 < s2, the two-point law P ∗∗ on {j0, x(s2)} with mean µ arises

from P ∗ by splitting the mass at x(σ2) between j0 and x(s2) > x(σ2) with conditional mean
x(σ2), so Tψ(σ

2) ≤ Tψ(s
2) for convex ψ (Jensen). Write w̃ = d2/(d2 + s2) and ũ = d + s2/d, so

Tψ(s
2) = ψ(j0) − w̃ (ψ(j0) − ψ(j0 + ũ)). The bracket is ≥ 0 as ψ is nonincreasing, so Tψ(s

2) ≤
(1−w′)ψ(j0) +w′ψ(j0 + ũ) for w′ ≤ w̃, and ψ(j0) ≤ ψ(j′0), ψ(j0 + ũ) ≤ ψ(j′0 + u′) because j′0 ≤ j0
and j′0 + u′ ≤ j0 + ũ. □

For KS ̸= 0 carried by [θ,A] the jump law νS/Λ of Lemma 13.3 has mean µ1 = m/Λ and second
moment

∫
x2 νS(dx)/Λ = V/Λ, hence variance σ2J = (ΛV −m2)/Λ2.

Lemma 13.8 (feasible parameters). If KS ̸= 0 is carried by [θ,A] and has mass V , then (F1)
V/A2 ≤ Λ ≤ V/θ2; (F2) V/A ≤ m ≤ V/θ; (F3) θΛ ≤ m ≤ AΛ; (F4) m2 ≤ ΛV ; (F5) Λ ≤
( 1
A + 1

θ )m− V
Aθ .

Proof. Integrate against KS the pointwise inequalities, valid for x ∈ [θ,A]: A−2 ≤ x−2 ≤ θ−2,
A−1 ≤ x−1 ≤ θ−1, θx−2 ≤ x−1 ≤ Ax−2, and (x−1 − A−1)(θ−1 − x−1) ≥ 0; (F4) is Cauchy–
Schwarz. □
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Proposition 13.9 (band bound). Let 0 < θ ≤ A and let K be a finitely supported probability
Kolmogorov measure on [−A,A] with KS = K|[θ,A] ̸= 0; let V,Λ,m be as in Lemma 13.3, KR =

K − KS with a, b, ρ2 = 1 − V as in Lemma 13.6, W = ZKR
, ℓ(y) = E|y + W | and P2(Λ) =

1−e−Λ(1+Λ). Let cB ≥ 2E(W −m)+, cC ≥ 2E(−W − (2θ−m))+ and O ≥ E ℓ(J−m), J ∼ νS/Λ,
independent of W . Then

(13.1) E|ZK | ≤ e−Λ(m+ cB) + Λe−ΛO +mΛe−Λ + P2(Λ) cC .

Moreover O may be taken as µ1 −m+O′ with O′ ≥ 2E[(−W − (J −m))+], and then the right side
of (13.1) equals 2me−Λ + e−ΛcB + Λe−ΛO′ + P2(Λ)cC .

Proof. By Lemmas 13.2 and 13.3, E|ZK | =
∑

n≥0 P(NS = n)E ℓ(Sn−m). For n = 0, ℓ(−m) = m+

2E(W−m)+ (Lemma 13.2). For n = 1 the term is Λe−ΛEℓ(J−m). For n ≥ 2, y = Sn−m ≥ 2θ−m
and ℓ(y) = y+2E(−W−y)+ ≤ y+2E(−W−(2θ−m))+, because y 7→ E(−W−y)+ is nonincreasing.
Finally

∑
n≥2 P(NS = n)E(Sn−m) = E(SNS

−m)+me−Λ−Λe−Λ(µ1−m) = mΛe−Λ, using EY = 0

and Λµ1 = m. For the second form, ℓ(y) = y+2E(−W − y)+ holds for every real y (Lemma 13.2),
so Eℓ(J −m) = µ1−m+2E(−W − (J −m))+, and e

−Λm+Λe−Λ(µ1−m)+mΛe−Λ = 2me−Λ. □

Admissible choices. By Lemmas 13.2, 13.6 and 13.7: cB = min(χBh (m),
√
m2 + ρ2 − m), cC =

min(χCh (2θ − m),
√
(2θ −m)2 + ρ2 − (2θ − m)), any h > 0. Put φ(y) = 2E(−W − y)+, so that

O′ ≥ Eφ(J −m) is required; φ is convex and nonincreasing, and by Lemmas 13.2 and 13.6

φ(y) ≤ χCh (y), φ(y) ≤
√
y2 + ρ2 − y, φ(y) = −2y + 2E(W + y)+ ≤ −2y + χBh (−y)

for all y ∈ R and h > 0. Admissible O′ (with J ∈ [θ,A], mean µ1, variance σ
2
J , y = J −m):

(O1) the chord of φ itself (Lemma 13.7(a)), with the endpoint values φ(θ−m), φ(A−m) replaced
by any of the upper bounds above;

(O2) Lemma 13.7(b) with Γ(y) = −2y + χBh (−y), κ = 1/h (Lemma 13.6(iii));

(O3) Lemma 13.7(c) with j0 = θ −m and ψ = χCh , whose second derivative P(WC > y − h)/h is
nonincreasing (Lemma 13.6(iii)), ψ being convex and nonincreasing;

(O4) if θ ≥ m: Lemma 13.7(c) with j0 = θ − m ≥ 0 and ψ(y) =
√
y2 + r2 − y for any r2 ≥ ρ2,

whose second derivative r2/(y2 + r2)3/2 is nonincreasing on [0,∞).

In (O3) and (O4) the mean of J −m exceeds j0 unless J ≡ θ, in which case Eφ(J −m) = φ(θ−m).
Upper bounds for σ2J : (ΛV −m2)/Λ2 (exact) and (µ1− θ)(A−µ1) (Bhatia–Davis: since J ∈ [θ,A],
E[(J − θ)(A− J)] ≥ 0, that is, EJ2 ≤ (A+ θ)µ1 −Aθ).

13.5. The band lemma at θ = 17
20 , A = 77

50 . By Theorems 11.4(d) and 12.1(f),(g), Theorem 1.1
for q ≤ q5 follows from ID∗(C5) for finitely supported probability measures K on [−1.54, 1.54],
where C5 = g(2 ln 5

4) = 0.8551004 . . .. We prove it with θ = 0.85 on a band. Near the Dirac laws

with g(Λ) > C5 the bound of Proposition 13.9 has to be sharp to first order in ρ2, and one more
choice of O′ is needed, together with a lemma that absorbs its constant term into the main term.

(O5) If µ1 > θ: for every h > 0 and j′0 ≤ j0 = θ −m, with κ = (h − j′0)
2
+/(2h), d = µ1 − θ and

w = d2/(d2 + σ2J) (the exact σ2J),

O′ = (1− w)κ+ (1− w)
ρ2

2h
+ χCh (µ1 −m).

Indeed Lemma 13.7(c) (first statement) with ψ = χCh gives Eφ(J −m) ≤ (1− w)χCh (j0) + wχCh (x)

with x = µ1 −m + σ2J/d ≥ µ1 −m; then w ≤ 1, χCh ≥ 0 is nonincreasing, and χCh (j0) ≤ χCh (j
′
0) ≤

κ+ρ2/(2h), because WC has mean 0 and variance a+ b = ρ2, so that E(WC + e)2+ ≤ E(WC + e)2 =
e2 + ρ2 for e = h − j′0 ≥ 0 and E(WC − c)2+ ≤ EW 2

C = ρ2 for c = j′0 − h ≥ 0. The term (1 − w)κ
does not vanish as ρ2 → 0; the next lemma absorbs it into the main term, using the slack that
Cauchy–Schwarz (F4) leaves when σ2J > 0.
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Lemma 13.10 (absorption). Let KS ̸= 0 be carried by [θ,A], with mass V , Λ, m, µ1 = m/Λ and

σ2J as above, d = µ1 − θ > 0 and w = d2/(d2 + σ2J). If 0 < D ≤ d and 0 ≤ κ ≤ D2
√
Λ/V , then

2me−Λ + Λe−Λκ (1− w) ≤
√
V g(Λ).

Proof. 1− w = σ2J/(d
2 + σ2J) ≤ σ2J/D

2 = (ΛV −m2)/(Λ2D2), so the left side is at most e−ΛQ(m)

with Q(t) = 2t + κ(ΛV − t2)/(ΛD2). If κ = 0, Q(m) = 2m ≤ 2
√
ΛV by (F4). If κ > 0, Q is a

concave quadratic with vertex t∗ = ΛD2/κ ≥ ΛD2/(D2
√

Λ/V ) =
√
ΛV , so Q is nondecreasing on

(−∞,
√
ΛV ]; asm ≤

√
ΛV by (F4), Q(m) ≤ Q(

√
ΛV ) = 2

√
ΛV . Finally 2e−Λ

√
ΛV =

√
V g(Λ). □

Theorem 13.11 (band lemma, θ = 0.85, A = 1.54). [computer-assisted, see Sec. 16] Let K be a
finitely supported probability Kolmogorov measure on [−1.54, 1.54]. If K([0.85, 1.54]) ≥ 4/5 then
E|ZK | ≤ max(g(λ+0.85(K)), C5); if K([−1.54,−0.85]) ≥ 4/5 then E|ZK | ≤ max(g(λ−0.85(K)), C5).

Proof. Reflection x 7→ −x maps ZK to −ZK and exchanges λ+θ and λ−θ , so assume K([θ,A]) ≥ 4/5

with θ = 0.85, A = 1.54. Then KS = K|[θ,A] ̸= 0, V = KS(R) ≥ 4/5, Λ = λ+θ (K), and

KR = K−KS is carried by [−A, θ) with a = KR((0, θ)), b = KR([−A, 0]), ρ2 = a+b = 1−V ≤ 1/5.
Proposition 13.9 in its second form (no sign condition on θ −m) gives

E|ZK | ≤ F := 2me−Λ + e−ΛcB + Λe−ΛO′ + P2(Λ) cC ,

with cB ≥ 2E(W −m)+ and cC ≥ 2E(−W −(2θ−m))+ from Lemma 13.6 and O′ any of (O1)–(O5).
Every bound used is a function of (a, b,Λ,m), of σ2J = (ΛV −m2)/Λ2 and of free parameters (h,
upper bounds for σ2J), and (a, b,Λ,m) lies in

D∗ = {a, b ≥ 0, a+ b ≤ 1
5 , (Λ,m) satisfy (F1)–(F5) with V = 1− a− b}.

By Proposition 13.12, D∗ is covered by boxes in (a, b,Λ,m) on each of which F ≤ max(g(Λ), C5):
either directly (F < max(g(Λ), C5) with all costs at a corner of the box), or, for a+ b ≤ 1/50 and

m < θ, from F ≤
√

1− ρ2 g(Λ) + aA + bB (by (F4), or by Lemma 13.10 when (O5) is used) and
one of the tests (T1)–(T3) below. □

13.6. The certified band computation. All inequalities are decided in ball arithmetic (arb, 80
bits), with θ = 17/20, A = 77/50 and C5 as balls containing the exact values; floating point only
chooses the parameters h and the subdivision. Grid points are rounded by exact comparisons with
dyadic rationals.
Evaluation of χ. For J > 0, λ ≥ 0, s ≥ 0, c ∈ R: E(J(Nλ−λ)−c+sG)2+ =

∑
n≥0 pn(λ)Q(J(n−λ)−

c, s) with pn(λ) = e−λλn/n! and Q(d, s) = E(d+sG)2+ = (d2+s2)Φ(d/s)+ds ϕ(d/s) (Q(d, 0) = d2+;
Φ, ϕ the standard normal distribution function and density). The sum is taken over n ≤ 14; the
tail is bounded by

∑
n>14

λn

n! ((Jn+C)2+ s2) ≤ t15/(1− ϱ) with C = Jλ+ |c|, t15 its first term and

ϱ = 16λ/152 < 1 (ratio of consecutive terms), using Q(d, s) ≤ d2 + s2 and e−λ ≤ 1. The values χBh ,

χCh are enclosed in this way, with jump θ resp. A.

Squares in (a, b). The triangle {a, b ≥ 0, a+b ≤ 1
5} is covered by the squares [a1, a2]× [b1, b2] of side

1/128 with a1 + b1 <
1
5 ; a square that is not certified is split into four, down to side 1/8192. On a

square, V ∈ [Vlo, Vhi] = [1−min(a2+b2,
1
5), 1−a1−b1], and every (a, b) of the square with a+b ≤ 1

5

satisfies a ≤ ā, b ≤ b̄, where (ā, b̄) = (a2, b2) if a2 + b2 ≤ 1
5 and otherwise ā = min(a2, ⌈15 − b1⌉),

b̄ = min(b2, ⌈15 − a1⌉) (rounded up to multiples of 2−24). The costs χBh , χ
C
h are evaluated at (ā, b̄)

(Lemma 13.6(iv)), and the Cauchy–Schwarz terms with r2 = min(ā+ b̄, 15) ≥ ρ2.

Boxes in (Λ,m). For each square, Λ ∈ [Vlo/A
2 − 0.01, Vhi/θ

2 + 0.01] (in strips of width 1/64) and
m ∈ [2125, 4820]/4096 ⊃ [0.8/A, 1/θ] (in blocks of 64/4096), which contains every point allowed by
(F1)–(F2). A box [Λ1,Λ2]× [m1,m2] is discarded if one of (F1)–(F5) fails at every point of the box
for every V ∈ [Vlo, Vhi]; otherwise it must pass the direct check or (if a2 + b2 ≤ 1

50) the slope check
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below. Boxes that pass neither are bisected, alternately in m and in Λ, down to m-width 1/4096
and Λ-width 1/16384; a box that still fails makes the square uncertified.

On a box: e−Λ ≤ e−Λ1 , Λe−Λ ≤ max[Λ1,Λ2] te
−t, P2(Λ) ≤ P2(Λ2) (P ′2(t) = te−t ≥ 0); the

target is bounded below by T = max(min(g(Λ1), g(Λ2)), C5) (g is unimodal); M bounds 2me−Λ =

2e−Λmin(m,
√
ΛV ) (by (F4)) over the box with m ≤ m2, V ≤ Vhi, computed exactly from the

unimodality of g; µ1 = m/Λ ∈ [µlo, µhi] with µlo = max(θ,m1/Λ2), µhi = min(A,m2/Λ1); d =
µ1 − θ ≥ dlo = µlo − θ; σ2J ≤ s2 = min((Λ2Vhi − m2

1)/Λ
2
1, dhi(A − θ − dlo)) (exact formula

and Bhatia–Davis); in the box version of Lemma 13.7(c), j′0 = θ − m2, w
′ = d2lo/(d

2
lo + s2) and

u′ = mind∈[dlo,dhi](d+ s2/d), the far point j′0+u′ being rounded down to the m-grid. The functions
t 7→ 2E(W − t)+ and φ are nonincreasing, so their bounds are evaluated at the end of the box
range where the function is largest: cB at t = m1, cC at 2θ − m2, the endpoint values of φ at
θ − m2 and A − m2 (any pointwise bound of φ may then be used at that point). The chord of
(O1) has nonnegative weights, so it is at most the chord through upper values φ̄1 ≥ φ(θ − m),
φ̄2 ≥ φ(A − m); replacing φ̄1 by max(φ̄1, φ̄2) (still an upper bound, as φ(θ − m) ≥ φ(A − m))
makes this chord nonincreasing in µ1, so its value at µlo bounds it on the box.

Direct check. With cB = min(χBh (t),
√
t2 + r2 − t) at t = m1 and cC = min(χCh (y),

√
y2 + r2 − y)

at y = 2θ −m2, the box is certified if

M + e−Λ1cB + P2(Λ2) cC + max
[Λ1,Λ2]

(te−t)O′ < T

for one of the following O′, tried in this order: (O1) the chord with endpoint bounds φ̄1 =

min(χCh (y),
√
y2 + r2 − y,−2y + χBh (−y)) at y = θ − m2 and φ̄2 = min(χCh (y),

√
y2 + r2 − y)

at y = A−m2, with φ̄1 replaced by max(φ̄1, φ̄2) and µ1 by µlo; (O3) in the box version with three
float-chosen h; (O4) in the box version if θ − m2 ≥ 0; (O2) with Γ(µ) ≤ −2(µlo − m2) + χBh (t),
t ≤ −(µhi −m1) on the grid, and σ2J ≤ s2, two float-chosen h.

Slope check. Used when a2 + b2 ≤ 1
50 and m2 < θ. The range of ρ2 on the box is [r0, rB] with

r0 = a1+ b1 and rB = min(a2+ b2, 1−m2
1/Λ2) (by (F4)); it is bisected up to six times. On a piece

[r1, r2]: V ≤ 1 − r1 is used for s2, and all costs are replaced by linear bounds valid for a, b ≥ 0,
a+ b ≤ r, with r = min(⌈4096r2⌉/4096, 1

50) ≥ r2. For c = t− h > 0 with r/θ ≤ 2(θ − c), and with

Ψ(x) = E(G− x)2+,

χBh (t) ≤ a
1

2hθ2

∑
n≥1

(r/θ2)n−1

n!

(
(θn− c)2 + r

)
+ b

Ψ(c/
√
r)

2h
,

because the term n = 0 of the lattice sum is E(
√
bG− a/θ− c)2+ ≤ bΨ(c/

√
b) ≤ bΨ(c/

√
r), and for

n ≥ 1, P(Na/θ2 = n) ≤ a
θ2

(r/θ2)n−1

n! and E(θn−a/θ−c+
√
bG)2+ ≤ (θn−a/θ−c)2+b ≤ (θn−c)2+r

(as 0 ≤ a/θ ≤ 2(θn − c)); symmetrically, for c = y − h > 0 with r/A ≤ 2(A − c), χCh (y) ≤
a Ψ(c/

√
r)

2h + b 1
2hA2

∑
n≥1

(r/A2)n−1

n! ((An − c)2 + r). The series are summed to n = 11, and the rest

is bounded by twice the term n = 12 with c replaced by 0 (consecutive terms decrease by a factor

below 1/100, as r/θ2 < 0.03). Further
√
t2 + ρ2 − t ≤ ρ2/(2t) for t > 0. This gives linear bounds

(α, β) for cB (atm1), cC (at 2θ−m2), and for O′ through (O1) (the chord, with the max replacement
done coefficientwise), (O3), (O4) and (O5). In (O5), j′0 = θ −m2, κ = (h− j′0)

2
+/(2h) must satisfy

κ ≤ d2lo
√
Λ1/(1− r1), (1− w)ρ2/(2h) ≤ (1− w′)ρ2/(2h), and χCh (µ1 −m) ≤ χCh (θ −m2 + dlo) (far

point rounded down to the grid). Put A = e−Λ1αB + max(te−t)αO + P2(Λ2)αC , B likewise and
Mx = max(A,B), for the combination of options that minimises Mx (chosen in floats). Then on
the piece

F ≤
√

1− ρ2 g(Λ) + ρ2Mx ≤
(
1− ρ2

2

)
g(Λ) + ρ2Mx,

by (F4) for (O1), (O3), (O4), and by Lemma 13.10 (with D = dlo, as Λ ≥ Λ1, V ≤ 1− r1) for (O5).
The piece is certified by one of: (T1) Mx ≤ 1

2 min(g(Λ1), g(Λ2)); then F ≤ g(Λ) ≤ max(g(Λ), C5);
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(T2) ĝ+max(r1(Mx− ĝ/2), r2(Mx− ĝ/2)) < T with ĝ = max[Λ1,Λ2] g; then F ≤ ĝ+ρ2(Mx− ĝ/2) <
T ; (T3) M0 + r2Mx < T , where M0 bounds 2me−Λ (with V ≤ 1 − r1), and for (O5) M0 =
max

(
M, e−Λ1(2m2+κmax(0,Λ2(1−r1)−m2

2)/(Λ1d
2
lo))

)
, which bounds 2me−Λ+Λe−Λκ(1−w) by

the proof of Lemma 13.10 (e−ΛQ(m) ≤ e−ΛQ(m2) if m2 <
√
ΛV , and ≤

√
V g(Λ) ≤M otherwise).

Pieces with m2
1 > Λ2(1− r1) are empty by (F4).

The slope check is what makes the theorem hold up to ρ2 = 0 in the range 0.44628 . . . < Λ <
0.55785 . . . where g(Λ) > C5: there F equals g(Λ) at the Dirac law and the margin is of order ρ2.
In this range (O3) with h < θ−m loses a factor about 3 in the b-coefficient and (O4) is lossy in the
a-coefficient; (O5) with h ≈ 0.3–0.55 > θ−m ≈ 0.1 is what makes Mx < g/2 near the Dirac curve.

Proposition 13.12 (certified band data). [computer-assisted, see Sec. 16] The procedure above
certifies every square of the triangle {a, b ≥ 0, a+ b ≤ 1

5}:

side of the squares squares not certified (Λ,m) boxes

1/128 351 215 2 094 045
1/256 837 102 5 839 031
1/512 408 20 5 825 480
1/1024 80 0 1 135 478

The squares of a level are the children of the squares not certified at the level before, restricted to
those that meet the triangle. So the 1 339 certified squares cover the triangle. The 7 874 211 leaf
boxes of the certified squares are disposed of as follows: 3 114 781 are infeasible, 551 105 are certified
by (O1), 2 876 016 by (O3), 128 597 by (O4), 1 203 286 by (O2) and 426 by the slope check.

14. The heavy part of the far region

Throughout this section θ = 17/20 and A = 77/50. For a probability Kolmogorov measure K
on [−A,A] put V+ = K([θ,A]) and V− = K([−A,−θ]). By Theorem 13.11, the region left is the
far region {V+ < 4

5 , V− <
4
5}; we split it into the light part {V+ < 1

2 , V− <
1
2} (Section 15) and

the heavy part, where V+ ≥ 1
2 or V− ≥ 1

2 .

Theorem 14.1 (heavy far region). [computer-assisted, see Sec. 16] Let K be a probability Kol-
mogorov measure on [−1.54, 1.54] with 1

2 ≤ K([0.85, 1.54]) < 4
5 or 1

2 ≤ K([−1.54,−0.85]) < 4
5 .

Then E|ZK | < C5.

The proof is a moment argument for everything except the positive edge [θ,A], which is handled
exactly. Lemma 14.2 replaces the jumps in [θ,A] by jumps at θ and A (a convex-order increase).
Their Poisson counts are then fixed on a box of the two chord rates. Everything else (the negative
edge, the residual, and the part of the chord rates above the lower corner of the box) is a rest
measure W on [−A, θ] ∪ {A}. It enters only through its cumulants, which are bounded by a
degree-16 polynomial majorant and a Lagrangian relaxation, both checked in ball arithmetic.

14.1. Chord reduction of the positive edge. For a, b ≥ 0 put M(a, b) = aθ2 + bA2 and
Q(a, b) = (aθ + bA)2/(a+ b), with Q(0, 0) = 0.

Lemma 14.2 (chord reduction). Let K+ be a finite measure on [θ,A], ν(dx) = x−2K+(dx), and

a+ =

∫
A− x

A− θ
ν(dx), b+ =

∫
x− θ

A− θ
ν(dx), K#

+ = a+θ
2δθ + b+A

2δA.

(i) Q(a+, b+) ≤ K+(R) ≤ M(a+, b+). (ii) For every finite measure W with bounded support and
every convex ψ : R → R with |ψ(z)| ≤ c(1 + |z|), Eψ(ZK++W ) ≤ Eψ(Z

K#
++W

). In particular

E|ZK++W | ≤ E|Z
K#

++W
|.
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Proof. Put Λ = ν(R) ≤ θ−2K+(R) and m =
∫
x ν(dx). Since θ(A− x) + A(x− θ) = (A− θ)x, we

have a++ b+ = Λ and a+θ+ b+A = m. If Λ = 0 then K+ = K#
+ = 0 and there is nothing to prove;

let Λ > 0.
(i) Cauchy–Schwarz gives m2 ≤ Λ

∫
x2 ν(dx) = ΛK+(R), i.e. Q(a+, b+) ≤ K+(R). By convexity,

x2 ≤ A−x
A−θ θ

2 + x−θ
A−θA

2 on [θ,A]; integrating against ν gives K+(R) ≤M(a+, b+).

(ii) As in the proof of Lemma 13.3, ZK+

d
= SN −m, where N ∼ Poisson(Λ) and, independently,

Sn = J1 + · · · + Jn with Ji i.i.d. of law ν/Λ. Let J#
i be i.i.d. of law π = (a+δθ + b+δA)/Λ, with

partial sums S#
n , independent of N . For convex φ and x ∈ [θ,A], φ(x) ≤ A−x

A−θφ(θ)+
x−θ
A−θφ(A), and

integrating against ν/Λ gives Eφ(J1) ≤ Eφ(J#
1 ). Applying this to the convex functions φ(· + s)

and integrating over the other (independent) summands, we may replace J1, . . . , Jn by J#
1 , . . . , J

#
n

one at a time: Eφ(Sn + y) ≤ Eφ(S#
n + y) for all n and y. Summing against P(N = n) gives

Eφ(SN − m + y) ≤ Eφ(S#
N − m + y). By the colouring theorem for Poisson processes, S#

N
d
=

θNa+ + ANb+ with independent counts, so S#
N − m

d
= Z

K#
+
. Finally, ZK++W = ZK+ + ZW and

Z
K#

++W
= Z

K#
+
+ZW with independent summands; take φ = ψ, condition on ZW = y and integrate.

All expectations are finite, since |ψ(z)| ≤ c(1 + |z|) and all the variables are square integrable. □

Lemma 14.3 (the rate functions). On [0,∞)2 the functions M , Q and M − Q are continuous
and nondecreasing in each variable, M(a, b) − Q(a, b) = ab(A − θ)2/(a + b) for a + b > 0, and
Q(a, b) ≥ max(aθ2, bA2).

Proof. For a+ b > 0, (aθ2 + bA2)(a+ b)− (aθ + bA)2 = ab(A− θ)2, which gives the formula. The
function ab/(a + b) is nondecreasing in each variable: it equals (1/a + 1/b)−1 if a, b > 0 and 0
otherwise. Continuity at 0 follows from 0 ≤ Q ≤ M ≤ A2(a + b). With σ = aθ + bA, ∂aQ =
σ (aθ+ b(2θ−A))/(a+ b)2 ≥ 0 because 2θ = 1.7 > A, and ∂bQ = σ (a(2A− θ) + bA)/(a+ b)2 ≥ 0.
Hence Q(a, b) ≥ Q(a, 0) = aθ2 and Q(a, b) ≥ Q(0, b) = bA2. □

14.2. Reduction to a box of chord rates. For a box B = [a1, a2]× [b1, b2] ⊂ [0,∞)2 put

µB = 1−max
(
Q(a2, b2),

1
2

)
+M(a2, b2)−M(a1, b1), capB = (b2 − b1)A

2,

CB = θ(Na1 − a1) +A(Nb1 − b1) (independent Poisson counts) and hB(r) = E|CB + r|. Let WB be
the set of measures W on [−A, θ] ∪ {A} with W (R) = µB and W ({A}) ≤ capB. Call B empty if
Q(a1, b1) ≥ 4

5 or M(a2, b2) <
1
2 .

Lemma 14.4 (box reduction). Let K be a probability Kolmogorov measure on [−A,A] with 1
2 ≤

V+ < 4
5 , and let (a+, b+) be the chord rates of K+ = K|[θ,A] (Lemma 14.2). (i) (a+, b+) ∈ [0, 2825 ]×

[0, 1750 ]. (ii) If (a+, b+) ∈ B, then B is not empty, and there is W ∈ WB with E|ZK | ≤ EhB(ZW ).

Proof. (i) By Lemmas 14.2(i) and 14.3, max(a+θ
2, b+A

2) ≤ Q(a+, b+) ≤ V+ < 4
5 . So a+ < 0.8/θ2 =

1.107 . . . < 28
25 and b+ < 0.8/A2 = 0.337 . . . < 17

50 .
(ii) Write Q+ = Q(a+, b+), M+ = M(a+, b+), Qi = Q(ai, bi) and Mi = M(ai, bi). By

Lemma 14.3, Q1 ≤ Q+ ≤ Q2 and M1 ≤ M+ ≤ M2. If Q1 ≥ 4
5 then Q+ > V+, and if M2 <

1
2 then

M+ < V+; both contradict Lemma 14.2(i). So B is not empty.
Let W0 = K|[−A,θ), of mass 1 − V+, and W1 = W0 + (a+ − a1)θ

2δθ + (b+ − b1)A
2δA. Then

K#
+ +W0 = Kc +W1 with Kc = a1θ

2δθ + b1A
2δA, and ZKc

d
= CB. The measure W1 is carried

by [−A, θ] ∪ {A}, W1({A}) = (b+ − b1)A
2 ≤ capB, and W1(R) = 1 − V+ +M+ −M1. We claim

that W1(R) ≤ µB. Since V+ ≥ max(Q+,
1
2) by Lemma 14.2(i), it suffices that max(Q+,

1
2)−M+ ≥

max(Q2,
1
2)−M2:

• if Q2 ≤ 1
2 , the left side is at least 1

2 −M+ ≥ 1
2 −M2, which is the right side;

• if Q2 >
1
2 , the left side is at least Q+ −M+ ≥ Q2 −M2, because M −Q is nondecreasing.
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Put W = W1 + (µB − W1(R)) δ0 ∈ WB; then ZW
d
= ZW1 + σG with σ2 = µB − W1(R). Now

E|ZK | ≤ E|Z
K#

++W0
| by Lemma 14.2(ii), and E|Z

K#
++W0

| = E|CB + ZW1 |. Next, E|CB + ZW1 | ≤
E|CB+ZW1+σG| by Jensen (E|x+σG| ≥ |x|, conditionally on CB+ZW1), and E|CB+ZW1+σG| =
E|CB + ZW | = EhB(ZW ) by independence. □

14.3. The rest: moments, linear functionals, and the certificate inequalities. For W ∈
WB put κj(W ) =

∫
xj−2W (dx) for j ≥ 2; so κ2(W ) = µB (with 00 = 1), and κ3, κ4 are the first

and second moments of W . Put RB = [−AµB, θµB + (A− θ)capB]× [0, A2µB].

Lemma 14.5 (moments of the rest). Let W ∈ WB and Y = ZW . Then Ees|Y | < ∞ for every s.
The cumulants of Y are 0 (first) and κj(W ) (j ≥ 2), and EY n = Pn, where P0 = 1, P1 = 0 and

Pn =
∑n

i=2

(
n−1
i−1

)
κi(W )Pn−i. Moreover (κ3(W ), κ4(W )) ∈ RB.

Proof. W has compact support, so K(s) = logEesY =
∫
(esx− 1− sx)x−2W (dx) =

∑
j≥2

sj

j! κj(W )

is an entire function. Comparing the coefficients of sn−1/(n − 1)! in M′ = K′M, where M = eK,
gives the recursion. For the last claim, with w = W ({A}) ≤ capB: κ3 ≤ θ(µB − w) + Aw ≤
θµB + (A− θ)capB, κ3 ≥ −AµB, and 0 ≤ κ4 ≤ A2µB. □

Lemma 14.6 (linear functionals). Let R be a Borel function on [−A, θ] ∪ {A}, bounded above on
[−A, θ] by S. Then

∫
R dW ≤ µBS + capB (R(A)− S)+ for every W ∈ WB.

Proof. With w = W ({A}) ∈ [0, capB] we have W ([−A, θ]) = µB − w ≥ 0. So
∫
R dW ≤ (µB −

w)S + wR(A) = µBS + w(R(A)− S) ≤ µBS + capB(R(A)− S)+. □

A cell is a rectangle C = [k−3 , k
+
3 ]× [k−4 , k

+
4 ]. We write WB(C) = {W ∈ WB : (κ3(W ), κ4(W )) ∈

C}. All statements below are about W ∈ WB(C), and every real parameter in them (s3, s4, the
multipliers, the coefficients of φ) is arbitrary. The certificate supplies them, and they need not be
optimal.
(a) Cumulant ranges. Let j ∈ {3, . . . , 16}, s3, s4 ∈ R, γj(x) = xj−2−s3x−s4x2 and S ≥ sup[−A,θ] γj .

Then κj =
∫
γj dW + s3κ3 + s4κ4, so Lemma 14.6 gives

κj ≤ Uj := µBS + capB(γj(A)− S)+ +max(s3k
−
3 , s3k

+
3 ) + max(s4k

−
4 , s4k

+
4 ).

The lower bound Lj comes in the same way from −γj (with its own s3, s4). For j = 3, 4 the ranges
are intersected with C. If Lj > Uj for some j, then WB(C) = ∅.
(b) Empty cells (Farkas). Let γ(x) = −s3x− s4x

2 and S ≥ sup[−A,θ] γ. For every W ∈ WB(C) we
have 0 =

∫
γ dW+s3κ3+s4κ4 ≤ Φ := µBS+capB(γ(A)−S)++max(s3k

−
3 , s3k

+
3 )+max(s4k

−
4 , s4k

+
4 ).

So Φ < 0 implies WB(C) = ∅.
(c) The Lagrangian bound. Let φ(r) =

∑16
k=0 ckr

k. By Lemma 14.5, Eφ(ZW ) =
∑

k ckPk. Expand-
ing the Pk with κ2 = µB gives

Eφ(ZW ) = c′ +

16∑
j=3

pjκj +
∑
α∈P

eακ
α,

where P is the set of sorted tuples α = (α1 ≤ · · · ≤ αt), t ≥ 2, αi ≥ 3, that occur in some Pk,
k ≤ 16, together with their prefixes of length ≥ 2 (81 tuples, t ≤ 5), and κα =

∏
i καi . The

coefficients c′, pj , eα are exact polynomials in µB and the ck. For α = (α′, j) ∈ P (α′ the prefix

of length t − 1) let X = κα
′
(or X = κα1 if t = 2) and Y = κj . Let [Y −, Y +] = [Lj , Uj ] from

(a), and let [X−, X+] be the interval product of the ranges from (a) of the factors of X. Likewise
[κα,−, κα,+] is the interval product of the ranges of the καi . With wα = κα the following are ≥ 0
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on WB(C):
wα −X−Y − Y −X +X−Y −, wα −X+Y − Y +X +X+Y +,

−wα +X+Y + Y −X −X+Y −, −wα +X−Y + Y +X −X−Y +,

µt−1B

∫
|x|sα dW − wα, µt−1B

∫
|x|sα dW + wα (sα =

∑
i(αi − 2)),

k+3 − κ3, κ3 − k−3 , k+4 − κ4, κ4 − k−4 .

The first four are the McCormick inequalities (X −X−)(Y − Y −) ≥ 0, (X+ −X)(Y + − Y ) ≥ 0,
(X+−X)(Y −Y −) ≥ 0, (X−X−)(Y +−Y ) ≥ 0. The next two are Hölder’s inequality: for µB > 0

and the probability measure W/µB,
∏
i E|x|pi ≤

∏
i(E|x|s)pi/s = E|x|s with pi = αi − 2 ≥ 1 and

s =
∑
pi (Lyapunov), so |κα| ≤

∏
i

∫
|x|αi−2dW ≤ µt−1B

∫
|x|sαdW ; if µB = 0 then W = 0. The last

four are the definition of WB(C). Add nonnegative multiples of these expressions to Eφ(ZW ). Since
κj =

∫
xj−2dW , the result has the form c′′+

∫
R dW+

∑
α e
′
αwα withR(x) =

∑
j p
′
jx
j−2+

∑
s ηs|x|s.

By Lemma 14.6 and wα ∈ [κα,−, κα,+],

Eφ(ZW ) ≤ β := c′′ + µBSR + capB(R(A)− SR)+ +
∑
α

max(e′ακ
α,−, e′ακ

α,+),

for any SR ≥ sup[−A,θ]R. On [−A, 0] and on [0, θ], R is a polynomial.

Lemma 14.7 (majorant test). Let L ≥ θa1 + Ab1 and na, nb ≥ 0. For n ≤ na, m ≤ nb put
πnm = P(Na1 = n)P(Nb1 = m) and cnm = θ(n−a1)+A(m−b1). Let T ≥ P(Na1 > na)+P(Nb1 > nb)

and e = (T (θ2a1+A
2b1))

1/2. (i) hB(r) ≤ H(r) :=
∑

n≤na,m≤nb
πnm|cnm+r|+T |r|+e for all r. (ii)

hB(r) = r for r ≥ L, and hB(r) ≤ −r+δ for r ≤ −L, where δ = 2
∑

n≤na,m≤nb
πnm(cnm−L)++2e.

(iii) Let φ be a polynomial and ε ≥ 0. Suppose the Taylor coefficients of t 7→ φ(L+ t)− L− t and
of t 7→ φ(−L− t)− L− t− δ are nonnegative, and φ+ ε ≥ H on [−L,L]. Then φ+ ε ≥ hB on R.

Proof. Let E = {Na1 ≤ na, Nb1 ≤ nb}, so P(Ec) ≤ T , and recall ECB = 0, EC2
B = θ2a1 + A2b1.

(i) E[|CB + r|;E] is the sum, and E[|CB + r|;Ec] ≤ |r|P(Ec) +E[|CB|;Ec] ≤ T |r|+ (P(Ec)EC2
B)

1/2

(Cauchy–Schwarz). (ii) CB ≥ −θa1 − Ab1 ≥ −L, so CB + r ≥ 0 and hB(r) = r for r ≥ L. For
r ≤ −L, |CB + r| = |r| −CB +2(CB − |r|)+, so hB(r) = −r+2E(CB − |r|)+ ≤ −r+2E(CB −L)+.
On E this is the sum, and on Ec use (CB − L)+ ≤ |CB| and Cauchy–Schwarz as in (i). (iii) For
t ≥ 0, φ(L+ t) ≥ L+ t = hB(L+ t) and φ(−L− t) ≥ L+ t+ δ ≥ hB(−L− t) by (ii); on [−L,L]
use (i). □

On [−L,L], H is piecewise linear, with kinks at 0 and at the points −cnm, which are exact
rationals. The test φ+ ε ≥ H is therefore one polynomial upper bound per piece, sup(H −φ) ≤ ε.

Lemma 14.8 (cell certificate). If φ + ε ≥ hB on R and Eφ(ZW ) ≤ β for all W ∈ WB(C), then
EhB(ZW ) ≤ β + ε for all W ∈ WB(C).

Proof. hB ≤ φ+ ε pointwise, and E|φ(ZW )| <∞ by Lemma 14.5. □

14.4. The certified heavy-region data and the proof.

Proposition 14.9 (certified heavy-region data). [computer-assisted, see Sec. 16] The rate rectangle
[0, 2825 ] × [0, 1750 ] is tiled by dyadic leaf boxes B (from a 16 × 16 grid, each box split into four up to

four times; the box with indices (ia, ib) at level d is [ia, ia + 1] · 28
252
−4−d × [ib, ib + 1] · 17

502
−4−d).

Every leaf box is either empty (Q(a1, b1) ≥ 4
5 or M(a2, b2) <

1
2 , in exact arithmetic), or carries a

tiling of RB by cells C (dyadic quadtree leaves), each with a certificate that is either an emptiness
certificate ((a) with Lj > Uj for some j, or (b) with Φ < 0), or a polynomial φ of degree ≤ 16 with
L, the multipliers of (a) and (c), such that the tail test of Lemma 14.7(iii) holds at L, φ+ ε ≥ H
on [−L,L], and β + ε < C5. In the recorded data there are 436 leaves (certified at levels 0–4: 96,
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71, 66, 44, 3; empty: 134, 12, 6, 3, 1) and 1 237 cell certificates (1 236 polynomial, 1 Farkas; cells
of depth 0, 1, 2: 109, 536, 592); the largest certified bound β + ε is 0.854883 < C5 = 0.8551004 . . .,
in the box [0.0525, 0.0700]× [0.2072, 0.2125] (where V+ is close to 1

2).

How it is verified. All decisions use exact rationals and ball arithmetic at 128 bits; every inequality
is decided by a comparison of balls that is certain. The certificate data are IEEE doubles, which
are exact dyadic rationals and are converted exactly. θ, A, the box and cell endpoints, µB, capB
and RB are exact rationals, and C5 is a ball containing 1.28

√
2 ln 1.25. Polynomial upper bounds.

For a polynomial p given by ball coefficients and an interval [u, u′], an upper bound for sup[u,u′] p is

computed by branch and bound: on a piece [m−d,m+d] with exact centrem, the Taylor coefficients
qk of p(m + t) are computed by Horner shifts in ball arithmetic, and p ≤ q0 +

∑
k odd |qk|dk +∑

k≥2 evenmax(qk, 0)d
k on the piece; pieces are bisected while this bound exceeds the best value

found by more than a tolerance, and the result is the maximum of the bounds of the final pieces (the
tolerance affects only the tightness; a piece bound that is not a finite ball stops the verification).
This is used for S in (a) and (b), for SR in (c) (separately on [−A, 0] and [0, θ]), and for each piece
of H − φ in Lemma 14.7. Majorant data. na is chosen in floating point (about a1 + 12

√
a1 + 20,

likewise nb); the probabilities πnm are balls, and T is the upper end of the ball (1−
∑

n≤na
P(Na1 =

n)) + (1 −
∑

m≤nb
P(Nb1 = m)), clipped at 0. L is the double stored in the certificate (between

7.20 and 14.63), checked to be ≥ θa1 + Ab1. The returned ε is the upper end of the largest piece
bound, and ε = 0 if all are ≤ 0. Tilings. Every index lies in its grid (0 ≤ ia, ib < 24+d), so every
leaf lies in exactly one initial box, and each of the 256 initial boxes contains at least one leaf; for
each initial box its leaves are pairwise non-nested dyadic sub-squares whose areas add up to its
area. Distinct non-nested dyadic squares have disjoint interiors, so their union has full measure
and, being closed, is the whole box. The cells of RB are checked in the same way. Cells. A
polynomial certificate passes if φ has 17 finite coefficients, the tail test holds at L, and β + ε < C5,
where the ranges [Lj , Uj ] (3 ≤ j ≤ 16) come from (a) with the certificate’s (s3, s4), and β from (c)
with the certificate’s multipliers (negative entries are replaced by 0). A cell certified empty by (a)
passes whatever its type; a Farkas certificate passes if Φ < 0 in (b). The recorded certificates are
not in the code archive. A cover regenerated for this paper with the generator of Section 16 (424
leaves; 281 boxes with 1 244 cell certificates and 143 empty boxes; largest bound 0.854900 < C5) is
accepted by the same verifier (Section 16.5); any accepted cover proves Theorem 14.1. □

Proof of Theorem 14.1. Reflection x 7→ −x maps ZK to −ZK and exchanges V+ and V−, so assume
1
2 ≤ V+ < 4

5 . By Lemma 14.4(i), the chord rates (a+, b+) lie in some leaf box B of Proposition 14.9.
By Lemma 14.4(ii), B is not empty, so it carries a tiling of RB by cells with certificates. Also by
Lemma 14.4(ii), there is W ∈ WB with E|ZK | ≤ EhB(ZW ). By Lemma 14.5, (κ3(W ), κ4(W )) ∈
RB, so it lies in some cell C of the tiling. Then WB(C) ̸= ∅, so the certificate of C is not an
emptiness certificate ((a) or (b)). It is therefore a polynomial φ with φ + ε ≥ hB (Lemma 14.7)
and Eφ(ZW ) ≤ β (by (c)), where β + ε < C5. Lemma 14.8 gives E|ZK | ≤ β + ε < C5. □

15. The light part of the far region

Constants: A = 77
50 , θ = 17

20 , target
171
200 < C5 = 0.85510045547. For a probability measure K on

[−A,A] put V+ = K([θ,A]) and V− = K([−A,−θ]), and Flight = {V+ < 1
2 , V− <

1
2}.

Theorem 15.1 (light far region). [computer-assisted, see Sec. 16] Every finitely supported proba-
bility measure K on [−A,A] with V+ < 1

2 and V− <
1
2 satisfies E|ZK | ≤ 171

200 .

15.1. Notation. For a finitely supported finite measure K, ZK = σG +
∑

x ̸=0 x(Nx − λx) with

σ2 = K({0}), λx = K({x})/x2 and independent G ∼ N(0, 1), Nx ∼ Poisson(λx). Its cumulants are
κ1 = 0 and κj =

∫
xj−2 dK (j ≥ 2), and ZK1+K2 = ZK1 + ZK2 with independent summands. We

use: (CO1) if E[M | X] = 0 thenX ≤cx X+M ; (CO2) ifX ≤cx Y and Z is independent ofX and of
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Y , then X+Z ≤cx Y +Z. (All variables are integrable. (CO1) is the conditional Jensen inequality
E[φ(X+M) | X] ≥ φ(X) for convex φ; (CO2) follows by integrating Eφ(X+z) ≤ Eφ(Y +z), valid
for every convex φ and every z ∈ R, against the law of Z.) E|ZK | is invariant under K 7→ K(−dx).

15.2. The split chain.

Lemma 15.2 (two-point spread). Let 0 < a < b, W = [a, b], K = KW +KR with KW = K(·∩W ),
ν = x−2KW (dx), pa =

∫
b−x
b−a dν, pb =

∫
x−a
b−a dν, and X ′′(p) = a(Na − pa) + b(Nb − pb) with

independent Na ∼ Poisson(pa), Nb ∼ Poisson(pb), independent of ZKR
. Then ZK ≤cx X

′′(p)+ZKR
.

Proof. Thin each Nx (x ∈ W ) into independent Na
x , N

b
x with means λx

b−x
b−a , λx

x−a
b−a , and put X̃ =∑

x(aN
a
x + bN b

x) −
∑

x λxx. Given (Nx), N
a
x is binomial(Nx,

b−x
b−a ), so E[X̃ − ZKW

| (Nx)] =∑
xNx

(a−x)(b−x)+(b−x)(x−a)
b−a = 0 and ZKW

≤cx X̃ by (CO1). Also
∑

xN
a
x ∼ Poisson(pa),

∑
xN

b
x ∼

Poisson(pb) are independent and apa + bpb =
∑

x λxx, so X̃
d
= X ′′(p). Add ZKR

by (CO2). □

Lemma 15.3 (window mass from the rates). In Lemma 15.2, K(W ) = a2pa + b2pb − EW with
EW =

∫
(x− a)(b− x) dν and

0 ≤ EW ≤ (b− a)2papb
pa + pb

≤
(b− a

b+ a

)2
(a2pa + b2pb).

Hence (i) K(W ) ≤ a2pa + b2pb and (ii) a2pa + b2pb ≤ K(W ) (a+b)
2

4ab ; and (iii) if (pa, pb) ∈ B =

[Pa, qa] × [Pb, qb] then Vlo ≤ K(W ) ≤ Vhi, where exc = (b−a)2qaqb
qa+qb

, Vlo = a2Pa + b2Pb − exc,

Vhi = a2qa + b2qb.

Proof. a2(b − x) + b2(x − a) = (b − a)(x(a + b) − ab) and x2 − (x(a + b) − ab) = −(x − a)(b − x)
give the identity. With u = x−a

b−a : EW = (b− a)2
∫
u(1− u) dν, pb =

∫
u dν, pa =

∫
(1− u) dν, and

Jensen for the concave u(1− u) gives the first bound. Cauchy–Schwarz, (a
2

x + b2

y )(x+ y) ≥ (a+ b)2

with x = a2pa, y = b2pb, gives the second. papb
pa+pb

is nondecreasing in each rate. □

Lemma 15.4 (lower corner and top-up). In Lemma 15.2 let K(R) = 1, (pa, pb) ∈ B, P = (Pa, Pb)
and µ = 1−a2Pa−b2Pb+exc. Then X ′′(p)+ZKR

≤cx X
′′(P )+ZK′ with K ′ = KR+taδa+tbδb+gδ0,

ta = a2(pa − Pa) ∈ [0, a2(qa − Pa)], tb = b2(pb − Pb) ∈ [0, b2(qb − Pb)], g ≥ 0, K ′(R) = µ.

Proof. Poisson splitting gives X ′′(p)
d
= X ′′(P ) + Ztaδa+tbδb . By Lemma 15.3, KR(R) + ta + tb =

1 + EW − a2Pa − b2Pb ≤ µ; the independent Zgδ0 =
√
g G is added by (CO1). □

Corollary 15.5 (reduction to the lower corner). E|ZK | ≤ EhP (ZK′), hP (r) =∑
i,j≥0 πi(Pa)πj(Pb) |r + ai+ bj − aPa − bPb|, πi(λ) = e−λλi/i!.

Proof. | · | is convex; apply Lemmas 15.2 and 15.4 and condition on ZK′ . □

Lemma 15.6 (a window straddling θ). In Lemma 15.2 let a < θ < b < 2a, ς = KW ([θ, b]),

β = b2(θ−a)
(b−a)θ2 and ρ = qa(b−a)θ2

b−θ . If (pa, pb) lies in the box B of Lemma 15.3(iii), then β < 1 and

ς ≥ slo := max
(
0,

b2Pb − βVhi
1− β

, b2Pb − βρ
)
; hence KR([θ,A]) = K([θ,A])− ς ≤ V+ − slo.

Proof. (x − a)/x2 has derivative (2a − x)/x3 > 0 on W , so b2(x − a)/((b − a)x2) is at most β on
[a, θ) and at most 1 on [θ, b]; integrating against KW gives b2pb ≤ βr + ς with r = KW ([a, θ)).
On [a, θ) both factors of (b− x)/((b− a)x2) decrease, so pa ≥ (b− θ)r/((b− a)θ2), i.e. r ≤ ρ; also
r = K(W ) − ς ≤ Vhi − ς. With pb ≥ Pb: ς ≥ b2Pb − βρ and ς(1 − β) ≥ b2Pb − βVhi. Finally
(b− a)θ2 − b2(θ − a) = (b− θ)(a(b+ θ)− bθ) > 0 since a > b

2 >
bθ
b+θ . □
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15.3. Cells and certificates. A cell consists of an outer function (h = hP , or h = | · | for light
cells), a mass µ, closed cap intervals I with bounds cI , possibly an excluded window W and atoms
p with caps capp, and possibly a rectangle Q = [L3, U3] × [L4, U4]. Its rest class C consists of the
K ′ = KR +

∑
p tpδp + gδ0 with KR finitely supported on [−A,A] \W , KR(I) ≤ cI , 0 ≤ tp ≤ capp,

g ≥ 0, K ′(R) = µ and, if Q is given, (
∫
x dK ′,

∫
x2dK ′) ∈ Q.

Lemma 15.7 (certificate). Let D be even. Suppose (C1) φ =
∑

k≤D φkr
k ≥ ĥ ≥ h on R; (C2)

Lj ≤ κj(K
′) ≤ Uj on C for 3 ≤ j ≤ D; (C3) z ≥ 0 are multipliers of inequalities valid on∏

j [Lj , Uj ] for the products wα =
∏
i∈α κi (McCormick for wα = wα′κj with exact interval ranges,

tangents w(j,j) ≥ 2tκj − t2, and w(j,j) ≤ µκ2j−2); (C4) y0 ∈ R, yI , yp ≥ 0, y±3 , y
±
4 ≥ 0 with

f(x) ≤ y0 +
∑

I yI1I(x) + y3x+ y4x
2 on every closed piece between consecutive breakpoints outside

W , f(p) ≤ y0 + yp + y3p + y4p
2 at the atoms and f(0) ≤ y0 (yk = y+k − y−k ). Write Eφ(Y ) =

φ0+
∑

k φkmk(κ) (mn =
∑n

i=2

(
n−1
i−1

)
κimn−i, κ1 = 0, κ2 = µ) as c0+

∑
j gjκj+

∑
|α|≥2 γαwα; for the

inequalities
∑

αArαwα +
∑

j Brjκj ≤ br put εα = γα −
∑

r zrArα, Ew =
∑

α |εα|max(|loα|, |hiα|),
dj = −

∑
r zrBrj, e0 = c0 +

∑
r zrbr, f(x) =

∑D
j=3(gj + dj)x

j−2. Then for every K ′ ∈ C,

Eh(ZK′) ≤ e0 + Ew + y0µ+
∑
I

yIcI +
∑
p

ypcapp + y+3 U3 − y−3 L3 + y+4 U4 − y−4 L4.

Proof. Eh(Y ) ≤ Eφ(Y ) ≤ c0+
∑

j gjκj+Ew+
∑

r zr(br−
∑

j Brjκj) = e0+Ew+
∫
f dK ′; integrate

(C4) against K ′. □

Here [loα, hiα] is the interval product of the ranges of the factors of wα. The ranges (C2) are
certified by the same x-duals with f = ±xj−2; a certified Lj > Uj shows that the cell is empty.
Only non-strict inequalities are needed in (C1), (C2) and (C4). Any z ≥ 0 gives a valid bound, the
residuals being paid in Ew; the choice of tangent points and the order of the inequality rows are
conventions of the certificate format and do not affect soundness.
What the exact verifier checks. Everything is recomputed from the cell definition and the certificate
(all entries are doubles, stored in hexadecimal and converted exactly; arithmetic in exact rationals).

(V1) ĥ: upper bounds for πi(Pa), πj(Pb), i ≤ I = P + 14
√
P + 25, from ball arithmetic (160 bits),

and the tail
∑

(i,j) outside πiπj |r + cij | ≤ πT |r| + ET with P(N > I) ≤ πIϱ/(1 − ϱ), ϱ = P/(I + 1),

E[N1{N > I}] = P (πI + P(N > I)) and |cij | ≤ ai+ bj + aPa + bPb (here P stands for Pa or Pb);

then φ− ĥ ≥ 0 is checked exactly on every piece between kinks and on the two half-lines. (V2) The
range certificates: (C4) for f = ±xn, exact. (V3) The inequality list of (C3) is rebuilt from the
certified ranges; z ≥ 0; γ, ε, Ew, d, e0 and f exact. (V4) The x-dual (C4), exact. (V5) The final
bound is ≤ 171

200 . Polynomial checks P ≥ 0 on [lo,hi]: Taylor expansion at the midpoint, accepted

if c0 −
∑

k |ck|hk ≥ 0 (h the half-width), rejected if c0 < 0, else bisection (depth ≤ 18) and finally
an exact Sturm count of the squarefree part (a root in the closed interval means rejection; with no
root, P ≥ 0 is checked at a point); on half-lines: all coefficients ≥ 0 after the shift, else Sturm.

15.4. Decomposition and cells.
Windows. ak = 0.3 · 1.03k rounded to 4 decimals, bk = 6

5ak, for k ≥ 0 while bk < A, plus [56A,A];
the family consists of these and their mirror images. A window is near if its end nearer to 0 is
below θ in absolute value (k ≤ 35); the others lie in [θ,A] or [−A,−θ].

Lemma 15.8 (three cases). For K ∈ Flight, after a reflection, at least one of the following holds:

(1) some near window carries more than 1
4 , and a heaviest near windowW = [a, b] (K(W ) ≥ K(W ′)

for every near W ′) is positive, with K(W ) > 1
4 ; or (2) every near window carries ≤ 1

4 , V+ ∈ [14 ,
1
2)

and V− ≤ V+; or (3) every window carries ≤ 1
4 , V± <

1
4 and

∫
x dK ≥ 0.
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Proof. If some near window carries more than 1
4 , reflect so that a heaviest one is positive. Otherwise,

if max(V+, V−) ≥ 1
4 , reflect so that V+ ≥ V−. Otherwise reflect so that

∫
x dK ≥ 0; a window that

is not near lies in [θ,A] or [−A,−θ], so it carries ≤ max(V+, V−) <
1
4 . □

Lemma 15.9 (cells, δ = 1
20). In each case of Lemma 15.8, K ′ of Lemma 15.4 (cases 1–2), respec-

tively K (case 3), lies in the rest class of a cell that is a root of the following enumeration or a
descendant of one under the subdivision rule.

• Case 1 (near-split boxes N/k/i, j; 7 956 roots): W = [a, b] = [ak, bk], (pa, pb) in Bij =
[iδ/a2, (i+1)δ/a2]× [jδ/b2, (j+1)δ/b2] with i = ⌊a2pa/δ⌋, j = ⌊b2pb/δ⌋. By Lemma 15.3(ii)
and K(W ) ≤ 1, i+ j ≤ ⌊(a+ b)2/(4abδ)⌋ = ⌊20 · 121

120⌋ = 20. Boxes with Vhi ≤ 1
4 or Vlo > 1

contain no admissible rates, by Lemma 15.3(iii). Caps on KR: KR([θ,A]) ≤ 1
2−slo (V+ < 1

2

and Lemma 15.6; slo = 0 unless b > θ, that is, k ≥ 30), KR([−A,−θ]) ≤ 1
2 (V− <

1
2), and

KR(W
′) ≤ Vhi for every near W ′ ̸=W (W is heaviest).

• Case 2 (chord boxes C/i, j; 60 roots): Lemma 15.2 with W = [θ,A] (the chord reduction);

V+ = K(W ) < 1
2 gives i+j ≤ ⌈v(a+b)2/(4abδ)⌉−1 = 10 with v = 1

2 (indeed 1
2 ·

(θ+A)2

4θA < 11
20);

boxes with Vhi <
1
4 or Vlo ≥ 1

2 are excluded. KR lives on [−A, θ); caps: KR([−A,−θ]) ≤
min(12 , Vhi) (V− ≤ V+ ≤ Vhi), KR(W

′) ≤ 1
4 for every near W ′.

• Case 3 (light cells L/s, t; 537 roots): m1 =
∫
x dK ≤ AV+ + θ(1− V+) <

A
4 + 3θ

4 = 1.0225

and m2 =
∫
x2dK ≤ A2(V++V−)+θ

2(1−V+−V−) < A2+θ2

2 = 1.547 < 31
20 , so (m1,m2) lies

in a cell [s/20, (s+1)/20]× [t/20, (t+1)/20], s < 24, t < 31; cells with (t+1)/20 < (s/20)2

are empty (m2 ≥ m2
1). Caps: every window ≤ 1

4 , K([θ,A]) ≤ 1
2 , K([−A,−θ]) ≤ 1

2 .
• Subdivision rule. A failed split-type box is replaced by the 4 × 4 subrectangles of its rest
rectangle R(B) = [−Am− − θ(µ − m−), Am+ + θ(µ − m+)] × [0, A2m∗ + θ2(µ − m∗)],
where c+ is the cap of KR on [θ,A] plus the caps of the atoms at points ≥ θ, c− the cap
on [−A,−θ], m+ = min(µ, c+), m− = min(µ, c−), m∗ = min(µ, c+ + c−). R(B) contains
(
∫
x dK ′,

∫
x2dK ′) for every K ′ in the rest class: the mass at points ≥ θ is ≤ c+, at points

≤ −θ it is ≤ c−, every other point has |x| < θ, and K ′(R) = µ. A failed cell with a rectangle
is replaced by its 2× 2 subrectangles; a light child with U4 < max(L3, 0)

2 is empty (Jensen)
and omitted.

Proof. In each case the root cells cover all admissible parameters: the bounds on i+j, the excluded
boxes and the caps are justified in the items (by Lemma 15.3, Lemma 15.6, V± <

1
2 and the choice of

W as a heaviest window), and in case 3 by the stated bounds on m1 and m2. Under the subdivision
rule the children of a cell cover it: R(B) contains (

∫
x dK ′,

∫
x2dK ′) for every K ′ in the rest class,

the subrectangles cover R(B), respectively the rectangle of the cell, and the omitted light children
are empty. □

Proposition 15.10 (certified light-region data). [computer-assisted, see Sec. 16] Every required
root of the enumeration of Lemma 15.9 is covered by verified cells (the cell itself or, under the
subdivision rule, all its descendants), each with a certificate of Lemma 15.7 whose bound is ≤ 171

200
or which certifies the cell empty:

case roots certificates (empty) depth D largest bound

1 (near splits) 7956 8481 (5) 2 14 0.85499698
2 (chord boxes) 60 1212 (166) 5 14 0.85495525
3 (light set) 537 1273 (60) 4 18 0.85497432

The largest bound, at the case-1 box k = 35, (i, j) = (0, 6), has 171
200 − U = 3.02 · 10−6. In case 1,

7922 boxes are certified at depth 0 and the other 34 by 539 rest cells at depth 1 and 20 at depth 2.

How it is verified. The coverage checker regenerates the required roots and the subdivision rule of
Lemma 15.9 from the exact cell definitions, compares the specification of every used certificate with
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the expected cell, and re-verifies each certificate with the exact verifier described after Lemma 15.7;
every required root is covered and every bound is at most 171

200 in exact arithmetic. The recorded
certificates are not in the code archive; the certificates of windows 30–35 of case 1 were regenerated
and verified for this paper (Section 16.5). □

Proof of Theorem 15.1. Let K ∈ Flight be finitely supported. By Lemma 15.8, after a reflection
(which does not change E|ZK |), one of the cases (1)–(3) holds. In cases (1)–(2), Corollary 15.5
gives E|ZK | ≤ EhP (ZK′), and in case (3) E|ZK | = Eh(ZK) with h = | · |. By Lemma 15.9, K ′ (resp.
K) lies in the rest class of a root cell or of a descendant of it, and by Proposition 15.10 it lies in
the rest class of a verified cell. That cell is not certified empty, so Lemma 15.7 bounds Eh(ZK′)
(resp. E|ZK |) by a number U ≤ 171

200 . □

16. Computer-assisted components

16.1. Conventions.

• Decisions. Every inequality on which a proof rests is decided either in exact rational
arithmetic (Sturm sequences, exact comparisons of rationals, exact Gaussian elimination)
or in outward-rounded interval or ball arithmetic (the interval arithmetic of mpmath, or
the arb balls of python-flint), so that each decision is certain. Floating point is used only
to find certificates and to choose subdivisions, never to decide an inequality.

• Generators and verifiers. The programs that search for certificates (linear programs solved
in floating point by HiGHS through scipy, and other floating-point searches) are not trusted.
A proof relies only on a verifier, which reads the stored certificates and re-checks every
inequality; the verifiers of Sections 5–10 share no code with their generators, and the later
ones reuse only exact helpers of the earlier ones (Sturm sequences, integer square roots,
tilings, moment polynomials, cone normals, envelopes). The one exception is the band
computation (Proposition 13.12), whose program chooses an option and its parameters for
each box in floating point and decides the box in ball arithmetic in the same run.

• Where the code is. All programs are in the archive Rq proof code only.zip; the paths
below are relative to its root directory Rq proof source/. The verifiers of Sections 5–
10 are in RQ-A/scripts/, those of Sections 13 and 14 in RQ-D/scripts/, and that of
Section 15 in RQ-B/numerics/. Independent re-implementations of all these computations,
written from the mathematical statements without the programs above, are in RQ-REF1/

ref/ (Theorems 5.1, 6.1, 7.1, 8.1), RQ-REF2/ref/ (Theorems 9.1, 10.1), RQ-REF3/ref/

(Sections 11–15) and RQ-AUD/audit/.
• Software. Python 3.12.3, numpy 2.5.4, scipy 1.18.1, sympy 1.14.0, mpmath 1.3.0, python-
flint 0.9.0 (pip install numpy scipy sympy mpmath python-flint; gmpy2 2.3.2 for
some of the independent re-implementations).

• Certificate data. The archive contains the programs, logs and small outputs, but none
of the certificate data files: the cells and boxes of Theorems 5.1–10.1 (the files listed in
RQ-A/outputs/k2 MD5SUMS.txt, . . . , k5 MD5SUMS.txt and RQ-A/outputs/cover/*.json,
quartic cover.json), the certificates of Theorem 14.1 (RQ-D/outputs/plus cert/certs

v1 r*.jsonl) and of Theorem 15.1 (RQ-B/numerics/cover final/*.jsonl.xz) are re-
ferred to by the commands below and by md5 lists in the archive, but are not in it. They
can be regenerated by the generators listed in Table 10; the generators are not trusted, and
any regenerated data must pass the verifier.

• Negative tests. Each regime of Sections 5–10 has a script that corrupts records (lowered
coefficients, shrunk polytopes, removed pieces, widened intervals, altered caps and signs)
and checks that the verifier rejects them; Sections 13–15 have control runs with lowered
targets and mutated certificates.
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16.2. Proof method of every numbered statement. Table 9 lists every numbered theorem,
proposition, lemma, corollary, definition and remark. A statement is computer-assisted if its proof
uses a finite computation, directly or through another computer-assisted statement. Definitions
need no proof and are marked with a dash. The decimal values of explicit constants in Sections 11

and 12 (for example C5, A
′(q5) =

√
5q5/ ln

5
4 < 77

50 , Ek) are evaluations of closed forms; they

are counted as by hand, and they were checked in exact rational enclosures by RQ-REF3/ref/

constants.py (121 lines, 5.7 KB, with RQ-REF3/ref/rig.py, 377 lines, 10.6 KB) and in inter-
val arithmetic by RQ-B/numerics/uniform k constants.py (95 lines, 2.9 KB); RQ-B/numerics/
constants check.py (73 lines, 2.9 KB) evaluates them in floating point on grids.

Table 9: Every numbered statement, proved by hand or computer-
assisted.

statement name proof

Theorem 1.1 Main Theorem computer-assisted
Remark 1.2 an equivalent Boolean form computer-assisted
Remark 1.3 extremisers computer-assisted
Corollary 3.1 the middle range computer-assisted
Lemma 4.1 symmetry by hand
Theorem 4.2 equal coefficients by hand
Lemma 4.3 one-coordinate identity by hand
Lemma 4.4 cumulants of order at most six by hand
Lemma 4.5 cumulants of order seven to ten computer-assisted
Lemma 4.6 moments from cumulants by hand
Lemma 4.7 power sums by hand
Lemma 4.8 sign information by hand
Definition 4.9 six-moment objective bound —
Lemma 4.10 six-moment expectation bound by hand
Definition 4.11 ten-moment objective bound —
Lemma 4.12 ten-moment expectation bound computer-assisted
Definition 4.13 cell and cell certificate —
Lemma 4.14 domination on a cell by hand
Lemma 4.15 cell lemma computer-assisted
Lemma 4.16 two-coordinate value by hand
Lemma 4.17 bit reduction by hand
Lemma 4.18 OR-region identity by hand
Lemma 4.19 conditional expectation, box form by hand
Definition 4.20 box envelope —
Lemma 4.21 box envelope by hand
Definition 4.22 box certificate —
Lemma 4.23 box certificate lemma by hand
Lemma 4.24 convexity in the coefficients by hand
Lemma 4.25 conditional expectation by hand
Definition 4.26 vertex set —
Lemma 4.27 cone lemma by hand
Lemma 4.28 facet minima by hand
Definition 4.29 vertex envelope —
Lemma 4.30 vertex envelope by hand
Definition 4.31 vertex certificate —
Lemma 4.32 vertex certificate lemma computer-assisted
Lemma 4.33 lpv boxes computer-assisted
Lemma 4.34 tail bound by hand
Lemma 4.35 near-circle tests by hand
Lemma 4.36 near-sphere bound by hand
Lemma 4.37 piece tests by hand
Definition 4.38 m-split box, first kind —
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statement name proof

Lemma 4.39 m-split lemma, first kind by hand
Theorem 5.1 the central range computer-assisted
Lemma 5.2 two-coefficient value by hand
Lemma 5.3 algebraic identities by hand
Lemma 5.4 quartic certificate lemma by hand
Corollary 5.5 quartic bound for q ≥ q2 by hand
Lemma 5.6 near-dictator bound by hand
Proposition 5.7 certified data for Theorem 5.1 computer-assisted
Theorem 6.1 the regime k = 2 computer-assisted
Lemma 6.2 two coordinates for k = 2 by hand
Lemma 6.3 three-bit lemma, k = 2 computer-assisted
Proposition 6.4 certified data for Theorem 6.1 computer-assisted
Theorem 7.1 the regime k = 3, upper part computer-assisted
Lemma 7.2 two coordinates for k = 3 by hand
Lemma 7.3 three-bit lemma, k = 3 computer-assisted
Proposition 7.4 certified data for Theorem 7.1 computer-assisted
Theorem 8.1 the regime k = 3, lower part computer-assisted
Corollary 8.2 the whole k = 3 regime computer-assisted
Lemma 8.3 three- and four-bit lemmas, k = 3 lower part computer-assisted
Definition 8.4 pieces of type TC and SG —
Lemma 8.5 TC and SG piece lemma computer-assisted
Definition 8.6 pieces of type TCS —
Lemma 8.7 TCS piece lemma computer-assisted
Definition 8.8 m-split box of kind ms5, level one —
Lemma 8.9 m-split lemma, k = 3 lower part computer-assisted
Proposition 8.10 certified data for Theorem 8.1 computer-assisted
Theorem 9.1 the regime k = 4 computer-assisted
Lemma 9.2 three- and four-bit lemmas, k = 4 computer-assisted
Definition 9.3 inner pieces —
Definition 9.4 pieces of type TCN —
Lemma 9.5 TCN piece lemma computer-assisted
Definition 9.6 m-split box, k = 4 —
Lemma 9.7 m-split lemma, k = 4 computer-assisted
Proposition 9.8 certified data for Theorem 9.1 computer-assisted
Theorem 10.1 the regime k = 5 computer-assisted
Lemma 10.2 three- and four-bit lemmas, k = 5 computer-assisted
Lemma 10.3 main terms for k = 5 computer-assisted
Definition 10.4 split node —
Lemma 10.5 split node lemma computer-assisted
Definition 10.6 m-split box, k = 5 —
Lemma 10.7 m-split lemma, k = 5 computer-assisted
Proposition 10.8 certified data for Theorem 10.1 computer-assisted
Definition 11.1 Kolmogorov measures and RID —
Lemma 11.2 level-one form by hand
Theorem 11.3 Poissonisation by hand
Theorem 11.4 configuration-wise Poissonisation by hand
Proposition 11.5 size of the window by hand
Remark 11.6 the Dirac family by hand
Theorem 12.1 localisation by hand
Lemma 13.1 flip formula by hand
Lemma 13.2 conditional form by hand
Lemma 13.3 OR-region identity with a residual by hand
Lemma 13.4 comparison by hand
Remark 13.5 smoothed stop-loss test functions by hand
Lemma 13.6 stop-loss bounds by hand
Lemma 13.7 one jump by hand
Lemma 13.8 feasible parameters by hand
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statement name proof

Proposition 13.9 band bound by hand
Lemma 13.10 absorption by hand
Theorem 13.11 band lemma, θ = 0.85, A = 1.54 computer-assisted
Proposition 13.12 certified band data computer-assisted
Theorem 14.1 heavy far region computer-assisted
Lemma 14.2 chord reduction by hand
Lemma 14.3 the rate functions by hand
Lemma 14.4 box reduction by hand
Lemma 14.5 moments of the rest by hand
Lemma 14.6 linear functionals by hand
Lemma 14.7 majorant test by hand
Lemma 14.8 cell certificate by hand
Proposition 14.9 certified heavy-region data computer-assisted
Theorem 15.1 light far region computer-assisted
Lemma 15.2 two-point spread by hand
Lemma 15.3 window mass from the rates by hand
Lemma 15.4 lower corner and top-up by hand
Corollary 15.5 reduction to the lower corner by hand
Lemma 15.6 a window straddling θ by hand
Lemma 15.7 certificate by hand
Lemma 15.8 three cases by hand
Lemma 15.9 cells, δ = 1

20
by hand

Proposition 15.10 certified light-region data computer-assisted

16.3. The computer-assisted statements. Table 10 gives, for each computer-assisted state-
ment, the method, the programs in the archive that verify it (with their sizes: lines, and KB of
1024 bytes), the certified cases and recorded running times (wall-clock times of the recorded runs,
on an 8-core machine unless stated otherwise), and the commands. Statements that are computer-
assisted only through others are not listed separately. Theorems 5.1–10.1, Corollaries 8.2 and 3.1,
Theorems 13.11, 14.1, 15.1 and 1.1 are listed with the proposition that carries their computation.
The others are Remarks 1.2 and 1.3 (through the theorems they restate); Lemmas 4.12, 4.15, 4.32
and 4.33 (through Lemma 4.5); and Lemmas 8.5, 8.7, 8.9, 9.5, 9.7, 10.3, 10.5 and 10.7 (through
Lemma 4.32 or the bit lemmas 8.3, 9.2 and 10.2).

Table 10: Computer-assisted statements: method, verifying programs
(lines, KB), certified cases and recorded runtime, and the commands
to reproduce them (run in the directory stated). Generators are listed
separately; they are not trusted.

statement method verifying programs (lines, KB) cases; runtime; command

Lemma 4.5 exact symbolic
algebra (sympy)

RQ-A/scripts/verify k3b.py part A1
(1006, 37.2); also part A of verify
k4.py (737, 30.3) and verify k5.py

(639, 26.9)

identities of rational functions;
2 s; in RQ-A/scripts: python3
verify k3b.py A



70 PAATA IVANISVILI

statement method verifying programs (lines, KB) cases; runtime; command

Proposition 5.7;
Theorem 5.1

(i) exact rationals,
Sturm sequences
over Python
Fractions; (ii)
outward-rounded
intervals (mpmath,
120 bits), adaptive
subdivision; (iii)
exact tiling

verifier RQ-A/scripts/verify all.py

(449, 17.5), parts A–E; negative tests
break tests.py (56, 2.8). Generators:
cover lp6.py (137, 4.9), lp6cert.py
(103, 4.4), exactcert.py (164, 5.4),
quartic verify.py (329, 10.3), run
cover.sh (6, 0.3). Data: outputs/
cover/r1a.json, . . . , r3b.json,
outputs/quartic cover.json

379 cells, 641 boxes (20 969
sub-boxes); about 1min (part C
1 s, part D 13 s); python3
verify all.py; python3 break

tests.py; regeneration of one
rectangle: python3 cover lp6.py

1 776887/500000 0 4/25 ../

outputs/cover/r1a.json; boxes:
python3 quartic verify.py

611/400 1553774/1000000 9/25

471/1000 ../outputs/quartic

cover.json

Lemma 6.3 exact Sturm
sequences

RQ-A/scripts/verify k2.py part G
(716, 28.9)

256 functions; under 1 s; python3
verify k2.py G

Proposition 6.4;
Theorem 6.1

cells and (W1),
(W2): exact
rationals (Sturm);
tests (A), (B),
(A3), (B3):
intervals (mpmath,
120 bits); exact
tiling

verifier RQ-A/scripts/verify k2.py

(716, 28.9) with the exact helpers of
verify all.py; negative tests break
tests k2.py (276, 7.8). Generators:
cover2c.py (141, 6.0), cert2c.py
(292, 10.3), nearcircle.py (66, 2.1),
nsphere3.py (95, 3.6), cover k2.py

(30, 1.1), run cover2c.sh (5, 0.3).
Data: outputs/cover k2/, outputs/
cover2c/ (117 entries in k2

MD5SUMS.txt)

784 cells; 55 515 boxes (48 810 lp,
4 835 near-circle, 1 189 ms with
1 669 pieces, 681 small); about
5min (certificates 161 s); python3
verify k2.py; python3 break

tests k2.py (15 s)

Lemma 7.3 exact Sturm
sequences

verify k2.py part G with RQ K=3 256 functions; under 1 s; RQ K=3

python3 verify k2.py G

Proposition 7.4;
Theorem 7.1

as for
Proposition 6.4

verify k2.py with RQ K=3; break
tests k2.py with RQ K=3. Generators:
as for k = 2, with cover k3.py (31,
1.1) and run k3.sh (11, 0.5). Data:
outputs/k3/ (98 entries in k3

MD5SUMS.txt)

2 704 cells; 81 975 boxes (57 333
lp, 2 534 near-circle, 21 232 ms
with 32 932 pieces, 876 small);
certificates 317 s; generation 97
jobs, 34min; RQ K=3 python3

verify k2.py

Lemma 8.3 exact Sturm
sequences, division
by g4

RQ-A/scripts/verify k3b.py part G
(1006, 37.2); generator-side check
fourbit.py (135, 4.6)

28 and 216 functions (39 and
1 630 distinct polynomials); 6 s;
python3 verify k3b.py G;
python3 fourbit.py

Proposition 8.10;
Theorem 8.1;
Corollary 8.2

exact rationals
(Sturm, Gaussian
elimination); (P4)
by interval
bisection; tests by
intervals (mpmath,
120 bits)

verifier RQ-A/scripts/verify k3b.py

(1006, 37.2) with the helpers of
verify all.py; negative tests break
tests k3b.py (222, 7.3). Generators:
cover5.py (290, 10.5), cert4.py (258,
8.9), cert5.py (324, 10.8), cover
lp10.py (154, 5.8), tenmom.py (322,
11.4), run k3b.sh (33, 1.4). Data:
outputs/k3b/ (37 entries in k3b

MD5SUMS.txt)

288 cells; 1 421 boxes; 2 845
vertex-certificate sets with 16 544
vertices; 93 s; python3 verify

k3b.py; regeneration bash run

k3b.sh (36 jobs, about 40min)

Lemma 9.2 exact Sturm
sequences

RQ-A/scripts/verify k4.py part G
(737, 30.3); generator-side check
bitlemma k4.py (99, 3.9)

as above; 6 s; python3 verify

k4.py G; python3 bitlemma

k4.py
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statement method verifying programs (lines, KB) cases; runtime; command

Proposition 9.8;
Theorem 9.1

exact rationals;
(P4) by the exact
recursion of
Lemma 4.28; tests
by intervals

verifier RQ-A/scripts/verify k4.py

(737, 30.3) with the helpers of verify
k3b.py and verify all.py; kinds
check k4 kinds check.py (38, 1.9);
negative tests break tests k4.py (357,
13.2). Generators: cover5.py,
cert5.py, cert6.py (389, 12.9),
sphmin.py (81, 2.9), cover lp10.py,
run k4.sh (66, 2.5). Data: outputs/
k4/ (81 entries in k4 MD5SUMS.txt)

1 268 cells; 7 261 boxes; 21 014
vertex-certificate sets with
171 488 vertices; 367 s (46
CPU-minutes); generation 80
jobs, 8.5 job-hours; python3
verify k4.py; python3 break

tests k4.py (10 s)

Lemma 10.2 exact Sturm
sequences, division
by g5

RQ-A/scripts/verify k5.py part G
(639, 26.9); generator-side check
bitlemma k5.py (76, 3.3)

as above; 8 s; python3 verify

k5.py G

Proposition 10.8;
Theorem 10.1;
Corollary 3.1

as for
Proposition 9.8;
ranges of Gj by
Sturm and interval
Horner

verifier RQ-A/scripts/verify k5.py

(639, 26.9) with the helpers of verify
k4.py, verify k3b.py, verify all.py;
negative tests break tests k5.py (418,
13.9). Generators: cover6.py (330,
12.2), cert5.py, cert6.py, sphmin.py,
cover lp10.py, run k5.sh (73, 3.0),
k5 sched.py (193, 7.5). Data:
outputs/k5/ (106 entries in k5

MD5SUMS.txt)

861 cells; 9 166 boxes; 52 292
vertex-certificate sets with
784 616 vertices; 4 449 s (9.8
CPU-hours); generation 105 jobs,
66 job-hours; python3 verify

k5.py; python3 break tests

k5.py (30 s)

Proposition 13.12;
Theorem 13.11

ball arithmetic
(arb, 80 bits),
exact dyadic grid
comparisons; no
stored data needed

verifier RQ-D/scripts/verify
bandstar.py (830, 29.5); controls
verify bandstar controls.py (50,
2.2); box-level record and replay
(evidence only; no proof depends on
them) bandstar record.py (452,
18.2), bandstar replay.py (708, 29.1)

1 339 certified squares; 14 894 034
(Λ,m) boxes, of which 7 874 211
leaves; 793 s with 8 processes; in
RQ-D: python3 scripts/verify

bandstar.py all 0.0078125 8

outputs/verify bandstar

squares.jsonl; controls
PYTHONPATH=scripts python3

scripts/verify bandstar

controls.py 8 (60 s)

Proposition 14.9;
Theorem 14.1

exact rationals
(fmpq) and arb

balls (128 bits);
doubles of the data
read as exact
dyadic rationals

verifier RQ-D/scripts/verify plus.py

(187, 7.3) with plus verify lib.py

(488, 17.4); controls verify plus

controls.py (71, 2.8); self-tests test
plus verify.py (283, 12.2).
Generators: plus cert.py (352, 14.7),
plus driver.py (137, 5.5), heavy box

lp.py (190, 7.8). Data: outputs/plus
cert/certs v1 r0.jsonl, . . . , certs
v1 r4.jsonl

436 leaf boxes (156 empty, 280
certified), 1 237 cell certificates;
25 s with 8 processes; in RQ-D/

scripts: python3 verify

plus.py ../outputs/plus cert/

certs v1 r[0-4].jsonl --nproc

8; regeneration python3 plus

driver.py v1 4 4 2 4 (11min)
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statement method verifying programs (lines, KB) cases; runtime; command

Proposition 15.10;
Theorem 15.1

exact rationals
(Fraction, fmpq),
arb balls (160 bits)
for the Poisson
weights, Taylor
bounds with
bisection and exact
Sturm counts

coverage checker RQ-B/numerics/
cover check.py (253, 11.4) with
cover common.py (166, 6.3) and far

verify.py (457, 17.5) (and only cert

from json of far cert.py); controls
cover controls.py (62, 3.0); script
reproduce flight.sh (17, 0.9).
Generators: far cert.py (742, 30.6),
cover driver.py (345, 15.1). Data:
cover final/nsplit D14.jsonl.xz,
chord D14.jsonl.xz, light vl025

D18.jsonl.xz

8 553 roots; 10 966 certificates
(231 certify empty cells); about
15min in all; in RQ-B/numerics:
bash reproduce flight.sh 8, or
python3 cover check.py nsplit

cover final/nsplit

D14.jsonl.xz 8 (8min), ...
chord cover final/chord

D14.jsonl.xz 2 (5min on 2
cores), ... light cover final/

light vl025 D18.jsonl.xz 8

Theorem 1.1 composition of the
above

— —

16.4. Code and data sizes. All sizes were measured on the unzipped archive (the script scripts/
ca inventory.py, distributed with the LATEX source of this paper, prints them and checks that
every file cited in Table 10 exists; none is missing).

• All code in the archive: 636 files (609 Python files and 27 shell scripts), 101 921 lines,
4 045 KB. Of this, 13 828 lines (533.4 KB) are in RQ-A/, 14 401 (557.9 KB) in RQ-B/,
7 784 (303.0 KB) in RQ-D/, 15 229 (616.8 KB) in RQ-C/ (exploratory and cross-check code),
and the independent re-implementations take 4 715 lines (186.4 KB) in RQ-REF1/, 3 133
(113.9 KB) in RQ-REF2/, 4 107 (148.5 KB) in RQ-REF3/ and 38 700 (1 583.4 KB) in RQ-AUD/;
the remaining 24 lines (1.6 KB) are in tools/.

• Programs cited in Table 10 (verifiers, negative tests, controls and self-tests, record and re-
play tools, driver scripts, generators): 14 937 lines, 571.4 KB; the verifiers alone (verify
all.py, verify k2.py, verify k3b.py, verify k4.py, k4 kinds check.py, verify

k5.py, verify bandstar.py, verify plus.py, plus verify lib.py, cover check.py,
cover common.py, far verify.py) have 5 966 lines.

• Stored outputs and logs in the archive (counting .txt files only): 99 files (166.8 KB) in RQ-A/

outputs/, 3 (0.6 KB) in RQ-B/numerics/, 107 (122.0 KB) in RQ-D/outputs/, 58 (290.0 KB)
in RQ-C/numerics/out/, 55 (74.4 KB) in the logs of the independent re-implementations,
and 405 (1 238.0 KB) in RQ-AUD/audit/. The whole archive has 1 909 files and 27 202 KB
(uncompressed).

• Certificate data (not in the archive). According to the archive’s own description, the data
of Theorems 9.1 and 10.1 take about 590 MB and are distributed in a separate outputs
archive (together with other large files, 124 files over 1 MB and 696 MB in all). The data
regenerated for this paper (Section 16.5) take 179.3 KB for Theorem 5.1 (eight cell files and
the 641 quartic boxes), 4 895 KB for a complete heavy-region cover (four certificate files),
7 687 KB (uncompressed) for the 1 653 light-region certificates of windows 30–35 of case 1,
and 153.6 KB for the per-square log of the band computation.

16.5. Verifications re-run for this paper. The archive was unzipped, all cited files were located
and measured, and items (2)–(8) below were re-run twice, each time on a fresh copy of the archive,
with the software versions above on an 8-core machine. The two runs gave the same results;
where their running times differ, both are given. Since the certificate data are not in the archive,
verifiers that read data were run either on data-free parts or on data regenerated by the (untrusted)
generators.
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(1) Integrity. bash tools/check pdf md5.sh, on the unmodified archive (before the manifests of
item (2) were added): of the 122 files whose md5 sums are pinned, 90 match, 2 are log files
that were modified after their md5 sums were recorded, and 30 are absent: the nine data files
of Proposition 5.7, the data manifests of k = 2, . . . , 5, the certificate files of Propositions 14.9
and 15.10, the certificate, result and log files of the recorded run of windows 30–35, and the
per-square log and four box-level record files of the band computation.

(2) Symbolic identities. Part A of verify all.py, verify k2.py (k = 2 and RQ K=3), verify
k3b.py, verify k4.py and verify k5.py (Lemmas 4.4 and 4.5, Lemma 4.6, Lemma 5.3,
Lemma 4.16 and the target formulas): all pass, 1–2 s each. Part E of verify all.py

(Lemma 5.6, the constant 0.940104): passes. (verify k2.py and verify k3b.py read their
regime constants U±, T8, AS from data manifests that are not in the archive; they were
supplied from the values stated in Sections 6–8.)

(3) Bit lemmas. Part G of verify k2.py (k = 2 and RQ K=3), verify k3b.py, verify k4.py and
verify k5.py, and the generator-side checks fourbit.py, bitlemma k4.py, bitlemma k5.py:
Lemmas 6.3, 7.3, 8.3, 9.2 and 10.2 are confirmed, with 39 and 1 630 distinct polynomials and
exactly the stated equality cases, in at most 8 s each.

(4) Proposition 5.7. The data were regenerated (cover lp6.py for the eight rectangles with the
default initial grid of run cover.sh, and quartic verify.py; 30 s in all) and verify all.py

(parts A–E) accepted them in 14 s and 13 s: a tiling of the eight rectangles by 348 certified
cells (62, 39, 32, 43, 32, 54, 32, 54), and the 641 quartic boxes (20 969 sub-boxes). Both runs
regenerated the same files. The regenerated box file quartic cover.json is byte-identical
to the recorded one (md5 f528c4c3a350924d8f878d9375c58af1), and so is r1c.json (md5
b72637cdb18725601f06acb31fe770f8); the other cell files differ from the recorded 379-cell
cover, whose initial grids are not recorded. break tests.py on the regenerated data: 127 of
160 corrupted certificates rejected, namely 119 of the 120 coefficient decreases and 8 of the
40 increases (an accepted corruption passes every check, so it is again a valid certificate; the
recorded run rejected 126 of 160), and the Sturm cross-check against sympy (300 polynomials)
and the c4 scaling test (34 of 34) as recorded.

(5) Proposition 13.12. verify bandstar.py was re-run unchanged (518 s and 463 s with 8 pro-
cesses) and reproduced every count of Proposition 13.12 exactly: 351/837/408/80 squares
with 215/102/20/0 not certified, 2 094 045/5 839 031/5 825 480/1 135 478 boxes, 1 339 certified
squares, and the leaf dispositions 3 114 781 / 551 105 / 2 876 016 / 128 597 / 1 203 286 / 426.
The controls verify bandstar controls.py (35 s and 32 s) reproduce the recorded state-
ments (the origin squares are certified at target shift 0 and not at 0.0005, first failing box on
the Dirac curve; 63 of the 80 last-level squares fail at shift 0.001).

(6) Proposition 14.9. The recorded certificates are not in the archive. A complete cover was
regenerated in each run with plus driver.py v1 4 4 2 4 (544 s and 523 s; four certificate
files each, which differ between the runs but have the same counts), and verify plus.py

(md5 sums of the verifier and its library equal the recorded ones) accepted each in about 20 s:
424 leaves tile the rate rectangle, 281 boxes certified by 1 244 cell certificates, 143 empty, 0
failures, largest bound 0.854900 < C5. (The floating-point generator does not reproduce the
recorded cover of 436 leaves exactly; any accepted cover proves Theorem 14.1.) Controls: 0,
0, 3, 45 and 178 of the 281 boxes fail when the target is lowered by 0, 10−4, 3 · 10−4, 10−3,
3 · 10−3, and every tiling mutation is rejected.

(7) Proposition 15.10, partially. Windows 30–35 of case 1 were regenerated with the documented
job (cover driver.py nsplit OUT 1/20 1/4 1/2 14 8 30,31,32,33,34,35, then refine

OUT 8 7; 373 s and 337 s), which produced the same stage counts as the recorded batch (1 326
and 336 and 16 jobs) and 1 653 certificates. cover check.py nsplit (39 s and 37 s) accepted
all 1 653 (5 certify empty cells), covered all 1 326 roots of these windows, and found the largest
bound U = 0.854996980551545, equal in all printed digits to the largest bound of the whole
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light region in Proposition 15.10. The other 6 630 roots of case 1 and cases 2–3 were not
regenerated.

(8) Constants. RQ-REF3/ref/constants.py: all 25 checks pass (among them 171
200 < C5 with

margin 1.005 ·10−4, C4 < C5 < C6, A
′(q5) = 1.538044391650755 < 77

50 , and the numerical facts
used in Lemma 15.9 and Section 14), with output identical to the recorded log; the rig.py self-
test and RQ-B/numerics/uniform k constants.py (interval arithmetic) pass; constants

check.py reproduces the values Ek of Proposition 11.5 in floating point.

Not re-run: the verifiers of Propositions 6.4, 7.4, 8.10, 9.8 and 10.8 on their certificate data (absent
from the archive; the recorded regeneration times are about 34min for k = 3, 40min for the lower
part of k = 3, 8.5 job-hours for k = 4 and 66 job-hours for k = 5; none is recorded for k = 2), the
remaining 85% of the light-region certificates, and the negative tests of Theorems 6.1–10.1, which
need the same data.
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