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Abstract. Let ξ = (ξ1, . . . , ξn) be a Gaussian vector whose blocks ξj are standard Gaussian
vectors, let λ be the smallest eigenvalue of its covariance, and let Tx be the Ornstein–Uhlenbeck
(Mehler) operator with real parameter x ∈ [−1, 1]. Ivanisvili and Kalantzopoulos proved that
the forward inequality ∥

∏
j(Trjfj(ξj))

pj∥α ≤ ∥
∏

j fj(ξj)
pj∥1 holds for all positive fj if and

only if an explicit covariance condition holds, for α ∈ (−∞, 0) ∪ [1,∞). Their flow method
does not apply to α ∈ (0, 1). We show that for equal parameters rj = x and equal exponents
pj = p ≥ 1 their condition remains necessary and sufficient for every α ∈ (0, 1) and every
covariance. Equivalently, for p ≥ 1 and 0 < r < p,∥∥∥∏

j

Txfj(ξj)
∥∥∥
Lr

≤
∥∥∥∏

j

fj(ξj)
∥∥∥
Lp

for all fj ≥ 0 ⇐⇒ (1− x2) + rλx2 ≤ pλ.

When pλ < 1 this excludes a neighbourhood of x = 0; exponentials along the bottom eigenvector
are extremal. For 0 < r < p < 1 the inequality fails for every |x| < 1, so for 0 < p < 1 (and
λ > 0) the covariance condition is not sufficient; for p < 0 (and non-singular covariance) the
forward inequality always holds. The range pλ ≥ 1 follows from their theorem at α = 1; the
new range is pλ < 1. For two functions with unequal parameters r1 ̸= r2 the condition is
not sufficient in general, for any α ∈ (0, 1): for every αp > 2 there are parameters where it
holds while second-order perturbations in the second Wiener chaos violate the inequality, and
certified examples are given. It is sufficient when αp = 1, and when αp ≥ 1 and one of the
two parameters vanishes; for αp ≤ 1 no second-order perturbation of the constants detects
anything beyond it. For αp > 1, positive correlation and positive parameters, a flow with
separate noise parameters gives a sufficient condition under which the covariance condition is
sharp. It is a one-dimensional differential inequality that reduces to two closed-form inequalities.
It holds exactly when some path of this flow reaches the threshold, and where the inequalities
fail strictly no path comes near it; it is not known to be necessary for the inequality itself. It
is verified in ball arithmetic at explicit points with 1 < αp ≤ 2, and numerically it holds at
about 92% of the sampled points of that range not already covered by the case α = 1. The
proof combines a reverse correlated log-Sobolev inequality, which bounds Ent

(∏
j Ψj(ξj)

)
from

below by −λ
∑

i<j E
[
⟨∇Ψi(ξi), Bij∇Ψj(ξj)⟩

∏
l ̸=i,j Ψl(ξl)

]
for every symmetric B ≥ −Id with

zero diagonal blocks, with a flow in three parameters (exponent, correlation and noise) along
which (q(1− θ)− 1)s2 is the controlling quantity.

1. Introduction and results

Let γk be the standard Gaussian measure on Rk. For x ∈ [−1, 1] and measurable f : Rk →
[0,∞] put

Txf(y) = Ef
(
xy +

√
1− x2G

)
∈ [0,∞], G ∼ γk.

This is the Ornstein–Uhlenbeck (Mehler) operator; on polynomials TxHβ = x|β|Hβ. Products of
values in [0,∞] are taken with 0·∞ = 0, and negative powers with ∞−a = 0. Let ξ = (ξ1, . . . , ξn)
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be a centred Gaussian vector in Rk1 × · · · × Rkn with ξj ∼ γkj , and let Σ = cov(ξ); its diagonal
blocks are identities. Ivanisvili and Kalantzopoulos [6, Thm. 9] considered, for rj ∈ [−1, 1] and
pj ̸= 0, the forward inequality

(1)
∥∥∥ n∏
j=1

(
Trjfj(ξj)

)pj∥∥∥
α
≤
∥∥∥ n∏
j=1

fj(ξj)
pj
∥∥∥
1
, ∥W∥α = (E|W |α)1/α,

for all measurable fj : Rkj → (0,∞). They proved that for α ∈ (−∞, 0) ∪ [1,∞) it holds if and
only if

(2) diag
(1− r2j

pj
Idkj

)n
j=1

≤
(
(1− αrurv) cov(ξu, ξv)

)n
u,v=1

([6, (2.16), (2.17)]). The range α ∈ (0, 1) is excluded: their FB theorem needs (t, y) 7→
F ′′(t)y2/|F ′(t)| to be convex [6, (2.30)], and for F (t) = tα this function is (α − 1)y

2

t for α > 0,
which is concave when 0 < α < 1. For the reverse inequality the range α ∈ (0, 1] is covered [6,
Thm. 9(ii)].

We treat the forward inequality for α ∈ (0, 1) with equal parameters and equal exponents.
Write r = αp; then (1) with rj = x and pj = p is the p-th power of

(3)
∥∥∥ n∏
j=1

Txfj(ξj)
∥∥∥
Lr

≤
∥∥∥ n∏
j=1

fj(ξj)
∥∥∥
Lp
,

where ∥W∥Lr = (E|W |r)1/r also for r < 1. Let λ = λmin(Σ). Since the diagonal blocks of Σ are
identities, its eigenvalues average to 1, so λ ∈ [0, 1], and λ = 1 only if Σ = Id.

Theorem 1.1. Let ξ be as above, x ∈ [−1, 1], p ∈ [1,∞) and r ∈ (0, p). Then (3) holds for all
measurable fj : Rkj → [0,∞] if and only if

(4) (1− x2) + rλx2 ≤ pλ.

If (4) fails, then (3) fails for fj(y) = e⟨aj ,y⟩, for every a = (a1, . . . , an) ̸= 0 with Σa = λa.

Proposition 1.2. Let ξ be as above, 0 < r < p < 1 and |x| < 1. Then (3) fails for some f1
with values in [12 ,

3
2 ] and f2 = · · · = fn = 1.

Proposition 1.3. Let ξ be as above with Σ non-singular, x ∈ [−1, 1], p < 0 and α ∈ (0, 1).
Then (1) with rj = x and pj = p holds for all measurable fj : Rkj → (0,∞). (For p < 0 the left
side of (2) is ≤ 0, so (2) holds as well.)

Corollary 1.4. Let ξ be as above with Σ non-singular, x ∈ [−1, 1], p ̸= 0 and α ∈ (0, 1).
Then (1) with rj = x and pj = p holds for all measurable fj : Rkj → (0,∞) if and only if
|x| = 1, or p ∈ (−∞, 0) ∪ [1,∞) and (2) holds. So for equal parameters rj = x and exponents
pj = p with p ∈ (−∞, 0) ∪ [1,∞) the characterisation of [6, Thm. 9(i)] extends to α ∈ (0, 1);
for unequal parameters it does not (Proposition 6.5). For 0 < p < 1 it does not: (2) holds for x
close to ±1, while (1) fails for every |x| < 1.

Proof. With rj = x the right side of (2) is (1 − αx2)Σ, and 1 − αx2 > 0. So (2) says 1−x2

p ≤
(1 − αx2)λ. For p > 0 this is (4) with r = αp; for p < 0 it holds automatically. Moreover, (1)
is the p-th power of (3) when p > 0. For |x| = 1 and p > 0, (3) is Lyapunov’s inequality. For
p ≥ 1 apply Theorem 1.1, whose witnesses are positive, for 0 < p < 1 apply Proposition 1.2,
and for p < 0 apply Proposition 1.3. If 0 < p < 1 and x2 = 1, then (4) reads rλ ≤ pλ, which
holds strictly since λ > 0; so it holds for x close to ±1. □
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Remark 1.5. (a) Examples. If ξj ∈ Rk and cov(ξi, ξj) = ρIdk for i ̸= j, then λ = 1 − ρ for
ρ ∈ [0, 1) and λ = 1 + (n− 1)ρ for ρ ∈ [− 1

n−1 , 0); for n = 2, λ = 1− |ρ|. For n = 1, λ = 1.

(b) If pλ ≥ 1, then (4) holds for every x ∈ [−1, 1], since its left side is a convex combination

of 1 and rλ < pλ. This case is not new. At α = 1, (2) with rj = x, pj = p reads 1−x2

p ≤
(1−x2)λ, which holds when pλ ≥ 1; so [6, Thm. 9(i)] gives ∥

∏
j Txfj(ξj)∥p ≤ ∥

∏
j fj(ξj)∥p, and

Lyapunov’s inequality gives (3). For two ρ-correlated functions, [11, Prop. 1.4(a)] is proved in
the same way, with [6, Thm. 1] at α = 1 applied at an intermediate exponent s ∈ [max{r, (1−
|ρ|)−1}, p] instead of p. At x = 0, (3) reads

∏
j Efj ≤ ∥

∏
j fj(ξj)∥p, which is [6, Theorem B]

(Chen–Dafnis–Paouris) with pj = p.

(c) If pλ < 1, then rλ < 1, and (4) reads x2 ≥ 1−pλ
1−rλ ∈ (0, 1]. So (3) fails near x = 0. For

two ρ-correlated functions at x = 0, for instance, T0f = Ef , and f1 = ey1 , f2 = e−y1 give
Ef1Ef2 = e > ep(1−ρ) = ∥f1(ξ1)f2(ξ2)∥p when p(1− ρ) < 1.

(d) Since |Txf | ≤ Tx|f | for complex-valued f , (3) under (4) also holds for complex-valued fj ,
in particular for polynomials and for bounded functions. Necessity holds within each of these
classes too. Truncations min{e⟨a,y⟩,M} and the partial sums of the exponential series converge

to e⟨a,y⟩ in every Ls(γk), and so do their images under Tx. Moreover, (fj)j 7→
∏

j fj(ξj) is

continuous from
∏

j L
ns(γkj ) to L

s by Hölder’s inequality. For n = 2, (3) is the real case z = x

of the two-function inequality studied in [11, 7].
(e) Comparison with [6, Thm. 10]. For q ≥ p ≥ 1/λ, Ivanisvili and Kalantzopoulos show that

∥
∏

j Txfj(ξj)∥q ≤ ∥
∏

j fj(ξj)∥p for all fj ≥ 0 iff x2 ≤ pλ−1
qλ−1 . Theorem 1.1 (with r = q < p)

says that for p ≥ 1 and pλ < 1 it holds iff x2 ≥ pλ−1
qλ−1 : the same threshold, with the inequality

reversed. If pλ ≥ 1 and q < p, every x is admissible.
(f) For n = 1 and p ≥ 1, (3) holds for every x, as ∥Txf∥r ≤ ∥Txf∥max{r,1} ≤ ∥f∥max{r,1} ≤

∥f∥p. By Proposition 1.2 the restriction p ≥ 1 in Theorem 1.1 cannot be dropped. For n = 1,
expanding at 1+εh with h in the m-th Wiener chaos gives the necessary condition (1−r)x2m ≥
1− p; for m = 1 (and λ = 1) this is (4), for p ≥ 1 these conditions are empty, and for p < 1 and
large m they fail at every |x| < 1.

The main tool is the following lower bound for the entropy Ent(W ) = E[W logW ] −
EW logEW of a product.

Lemma 1.6 (Reverse correlated log-Sobolev inequality). Let ξ = (ξ1, . . . , ξn) be a centred Gauss-
ian vector in Rk1 × · · · × Rkn with cov(ξ) ≥ λId, λ ≥ 0. Let B = (Bij) be a symmetric matrix

with blocks Bij ∈ Rki×kj , Bjj = 0 and B ≥ −Id. Let Ψj : Rkj → (0,∞) be C1, with Ψj and
|∇Ψj | bounded and inf Ψj > 0. Then

(5) Ent
( n∏

j=1

Ψj(ξj)
)

≥ −λ
∑
i<j

E
[
⟨∇Ψi(ξi), Bij∇Ψj(ξj)⟩

∏
l ̸=i,j

Ψl(ξl)
]
.

The basic case is Bij = Id for i ̸= j (blocks of equal size), which satisfies B ≥ −Id; then (5)

involves
∑

i<j E[⟨∇Ψi,∇Ψj⟩
∏

l ̸=i,j Ψl]. If Ψj = e⟨aj ,·⟩, Ba = −a and cov(ξ)a = λa, both sides

of (5) equal λ
2 |a|

2E
∏

j Ψj (these Ψj are unbounded, but the computation is explicit). Ivanisvili
and Kalantzopoulos proved a correlated log-Sobolev inequality, which bounds the same entropy
from above [6, Thm. 11]. Lemma 1.6 is a lower bound of the opposite type.

2. Preliminaries

2.1. The operator Tx. For measurable f ≥ 0, T1f = f , T0f = Ef , TxTyf = Txyf , and

T−xf = Tx(f(− ·)), since −G ∼ G. Let S be the set of C∞ functions f on some Rk with
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inf f > 0 such that f and all its derivatives are bounded. For f ∈ S and s ∈ (0, 1] we have
Tsf ∈ S, ∇Tsf = s Ts∇f , and
(6) ∂sTsf = −1

s LTsf, L = ∆− ⟨y,∇⟩.

Indeed, with c =
√
1− s2, ∂sTsf(y) = E⟨∇f(sy + cG), y − s

cG⟩ for s < 1, and Gaussian in-
tegration by parts gives E⟨∇f(sy + cG), G⟩ = cE∆f(sy + cG). So ∂sTsf = ⟨y, Ts∇f⟩ −
sTs∆f = −1

s

(
∆Tsf − ⟨y,∇Tsf⟩

)
, which extends continuously to s = 1. If f is bounded

and s < 1, then Tsf is C∞ with bounded derivatives: differentiate the Gaussian density in
Tsf(y) =

∫
f(w)ϕc(w − sy) dw. If moreover inf f > 0, then Tsf ∈ S.

2.2. Gaussian calculus. Let ζ be a centred Gaussian vector in RK with covariance C. For C1

functions h which, with their first derivatives, have polynomial growth, Gaussian integration by
parts reads

(7) E
[
ζa h(ζ)

]
=
∑
b

Cab E
[
∂bh(ζ)

]
.

If C = C(θ) depends smoothly on θ and stays positive definite, then for C2 functions h which,
with their derivatives up to order two, have polynomial growth,

(8)
d

dθ
EC(θ)

[
h(ζ)

]
=

1

2

∑
a,b

Ċab EC(θ)

[
∂a∂bh(ζ)

]
.

This follows from the heat equation ∂θϕC(θ) = 1
2

∑
a,b Ċab∂a∂bϕC(θ) for the Gaussian density

(compare Fourier transforms, ∂θe
−ωTCω/2 = −1

2ω
T Ċω e−ωTCω/2), and two integrations by parts.

If Ċ has zero diagonal blocks and h(ζ) =
∏

j Gj(ζj), then

(9)
d

dθ
EC(θ)

[∏
j

Gj(ζj)
]
=
∑
i<j

EC(θ)

[〈
∇Gi(ζi), Ċij∇Gj(ζj)

〉 ∏
l ̸=i,j

Gl(ζl)
]
.

2.3. The path of covariances and the case q = 1. Assume 0 < λ < 1 and put β = 1 − λ,

B̂ = (Σ− Id)/β and

Σθ = Id + θB̂, θ ∈ [0, 1).

Then B̂ has zero diagonal blocks and λmin(B̂) = −1. So B̂ ≥ −Id, λmin(Σθ) = 1 − θ > 0, and
Σβ = Σ. We write Eθ for expectations with respect to ξ ∼ N(0,Σθ). For measurable fj ≥ 0 and

s ∈ [0, 1],
∏

j Tsfj(ξj) = E
[∏

j fj(sξj +
√
1− s2Aj)

∣∣ ξ], with Aj ∼ γkj independent of ξ and of

each other. The vector (sξj +
√
1− s2Aj)j has covariance s2Σθ + (1− s2)Id = Σs2θ. Hence, by

Tonelli,

(10) Eθ

[∏
j

Tsfj(ξj)
]
= Es2θ

[∏
j

fj(ξj)
]
.

3. Proof of Lemma 1.6

One Gaussian. Let ν = N(m,σ2Idk) and let Ψ > 0 be C1 with Ψ, |∇Ψ| bounded. For
every h with Eνe

h < ∞, the entropy inequality Eν [Ψh] ≤ Entν(Ψ) + EνΨ logEνe
h holds. With

h(w) = ⟨λ′, w−m⟩ we have Eνe
h = eσ

2|λ′|2/2 and, by Gaussian integration by parts, Eν [Ψ(w)(w−
m)] = σ2Eν∇Ψ. Choosing λ′ = Eν∇Ψ/EνΨ gives the following bound, which is the reverse local
log-Sobolev inequality for the heat semigroup at time σ2 (compare [1, Ch. 5]):

(11) Entν(Ψ) ≥ σ2 |Eν∇Ψ|2

2EνΨ
.
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Conditioning. If λ = 0, the right side of (5) vanishes. Let λ > 0 and write ξ =
√
λA + η

with A ∼ γK (K =
∑

j kj) independent of η ∼ N(0, cov(ξ) − λId). Given η, the blocks

ξj = ηj +
√
λAj are independent with laws N(ηj , λIdkj ). Put uj(ηj) = E[Ψj(ξj) | η]; then

uj is C1, ∇uj(ηj) = E[∇Ψj(ξj) | η], and uj ≥ inf Ψj > 0. Put bj = ∇uj/uj , b = (b1, . . . , bn) and
U =

∏
j uj(ηj). The chain rule for entropy and its exact tensorisation for independent factors

give

Ent
(∏

j

Ψj(ξj)
)
= E

[
Ent

(∏
j

Ψj(ξj)
∣∣∣ η)]+ Ent(U) ≥ E

[∑
j

Ent
(
Ψj(ξj)

∣∣ η)∏
l ̸=j

ul

]
.

By (11), Ent(Ψj(ξj) | η) ≥ λ
2 |∇uj |

2/uj , so the right side is at least λ
2E[U |b|2]. On the other hand,

by conditional independence, and since B has zero diagonal blocks,∑
i<j

E
[
⟨∇Ψi(ξi), Bij∇Ψj(ξj)⟩

∏
l ̸=i,j

Ψl(ξl)
]
=
∑
i<j

E
[
U⟨bi, Bijbj⟩

]
=

1

2
E
[
U bTBb

]
.

Since B ≥ −Id, bTBb ≥ −|b|2, and so λ
2E[U |b|2] ≥ −λ

2E[U b
TBb], which is (5). □

4. A flow in three parameters

Assume 0 < λ < 1 and use Σθ, B̂ from Section 2.3. Fix fj ∈ S on Rkj . For q > 0, θ ∈ (0, 1)
and s ∈ (0, 1] put Fj = Tsfj ,

W =
∏
j

Fj(ξj)
q, Φ(q, θ, s) =

1

q
logEθW, aj =

∇Fj

Fj
(ξj), S =

∑
i<j

⟨ai, B̂ijaj⟩.

Since Fj ∈ S uniformly for s in compact subsets of (0, 1], all integrands below are bounded by
polynomials in |ξ|, and differentiation under the expectation is justified by dominated conver-
gence. Note the pointwise inequality

(12)
∑
j

|aj |2 + 2S = |a|2 + aT B̂a ≥ 0.

Lemma 4.1. Φ is C1 (one-sided in s at s = 1), and

q2EθW ∂qΦ = Ent(W ), q2EθW ∂θΦ = q3 Eθ[WS],

q2EθW ∂sΦ =
q2

s
Eθ

[
W
(
(q − 1)

∑
j

|aj |2 + 2θq S
)]
.

Proof. First, ∂qΦ = − 1
q2

logEW + 1
q

E[W log
∏

j Fj ]

EW = Ent(W )
q2EW . Second, apply (9) with C(θ) =

Σθ, Ċ = B̂ and Gj = F q
j , for which ∇Gj = qF q

j ∇Fj/Fj . Third, by (6), ∂sΦ =

E[W
∑

j ∂sFj/Fj ]/EW = −1
s

∑
j E[Ψ(j)LFj(ξj)]/EW with Ψ(j) = W/Fj(ξj). The off-diagonal

blocks of Σθ are θB̂jl. By (7) applied to h = Ψ(j)∂cFj(ξj) and summed over c,

E
[
Ψ(j)LFj(ξj)

]
= −E

[〈
∇jΨ

(j),∇Fj(ξj)
〉
+ θ

∑
l ̸=j

〈
∇Fj(ξj), B̂jl∇lΨ

(j)
〉]
.

Here ∇jΨ
(j) = (q − 1)Ψ(j)aj and ∇lΨ

(j) = qΨ(j)al for l ̸= j, and Ψ(j)∇Fj(ξj) = Waj . So

E[Ψ(j)LFj ] = −E[W ((q − 1)|aj |2 + θq
∑

l ̸=j⟨aj , B̂jlal⟩)]. Summing over j, and using B̂lj = B̂T
jl,

gives the third formula. □
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Put I(q, θ, s) = (q(1− θ)− 1) s2. Call a continuous, piecewise C1 path t 7→ (q(t), θ(t), s(t)) ∈
(0,∞) × (0, 1) × (0, 1] admissible if, on each piece, q̇ ≥ 0, θ̇ ≥ 0, ṡ ≥ 0, q ≥ 1 wherever ṡ > 0,
and d

dtI ≥ 0.

Lemma 4.2. Along an admissible path, t 7→ Φ(q(t), θ(t), s(t)) is non-decreasing.

Proof. By Lemma 4.1, Λ := q2EW d
dtΦ equals

Λ = q̇ Ent(W ) + q3θ̇E[WS] +
q2ṡ

s
E
[
W
(
(q − 1)

∑
j

|aj |2 + 2θqS
)]
.

If E[WS] ≥ 0, each term is non-negative; for the last one, ṡ > 0 forces q ≥ 1. Let E[WS] < 0.

By Lemma 1.6 with Ψj = F q
j , B = B̂ and λ = 1 − θ (as Σθ ≥ (1 − θ)Id), Ent(W ) ≥ −(1 −

θ)q2E[WS] = (1 − θ)q2|E[WS]|. If ṡ > 0, then q ≥ 1, and (12) gives (q − 1)
∑

j |aj |2 + 2θqS ≥
−2(q(1− θ)− 1)S. Hence, in all cases,

Λ ≥ q2|E[WS]|
(
q̇(1− θ)− qθ̇ +

2ṡ

s

(
q(1− θ)− 1

))
=
q2|E[WS]|

s2
d

dt
I ≥ 0. □

5. Proof of Theorem 1.1

5.1. Reductions. By T−xf = Tx(f(− ·)) and −ξ ∼ ξ we may assume x ≥ 0. If x = 1, (3)
is Lyapunov’s inequality. If λ = 1, then Σ = Id, the ξj are independent, and ∥Txfj∥r ≤
∥Txfj∥max{r,1} ≤ ∥fj∥max{r,1} ≤ ∥fj∥p, while (4) holds. If λ = 0, (4) forces x = 1. If x = 0, (4)
says pλ ≥ 1, so by Remark 1.5(b) it holds for every x, and the case x = 0 follows from x ∈ (0, 1)
by letting x ↓ 0 (for fj ∈ S, Txfj → Efj boundedly; then approximate as in Section 5.3). So let
0 < λ < 1 and x ∈ (0, 1), and put β = 1− λ.

5.2. Sufficiency for fj ∈ S. We have Φ(r, β, x) = log ∥
∏

j Txfj(ξj)∥Lr and Φ(p, β, 1) =

log ∥
∏

j fj(ξj)∥Lp . Put I0 = I(r, β, x) = (rλ − 1)x2 and I1 = I(p, β, 1) = pλ − 1; then (4)

is I0 ≤ I1. We join the two points by admissible paths, using (10) once when r < 1. Each path
below is admissible: the monotonicity of q, θ, s is clear from the formulas, θ stays in (0, 1), and
d
dtI is stated. Condition (4) is used only in the case r ≥ 1, rλ < 1 and in the subcase θ1x

2 ≤ β,
and there it also forces p ≥ 1. In the other two cases (4) holds automatically (in the last one
because I0 = −θ1x2 < −β ≤ pλ − 1 when p ≥ 1), and p ≥ 1 is used only in the last leg of the
subcase θ1x

2 > β, which is where Proposition 1.2 shows the argument must break.
Case r ≥ 1, rλ < 1. First s 7→ (q(s), β, s), s ∈ [x, 1], with q(s) = (1 + I0s

−2)/λ. Here
q(x) = r, q increases (as I0 < 0), q ≥ 1, and I ≡ I0. Then (q, β, 1) for q from q(1) = (1 + I0)/λ
to p, with d

dtI = q̇λ ≥ 0. This is possible since q(1) ≤ p is I0 ≤ I1.

Case r ≥ 1, rλ ≥ 1. First (r, β, s), s ∈ [x, 1], with d
dtI = 2(rλ − 1)sṡ ≥ 0; then (q, β, 1),

q ∈ [r, p].
Case r < 1. Then rλ < 1. Put θ1 = 1− rλ ∈ (β, 1), so that I0 = −θ1x2.
Subcase θ1x

2 ≤ β. First (q, 1− rλ/q, x) for q ∈ [r, 1]: θ increases from β to θ1, s is constant,
and I ≡ I0. By (10), Φ(1, θ1, x) = Φ(1, θ1x

2, 1). Then (q, 1 − (1 − θ1x
2)/q, 1) for q ∈ [1, q3],

q3 = (1− θ1x
2)/λ ≥ 1: θ increases from θ1x

2 > 0 to β, and I ≡ −θ1x2 = I0. Finally (q, β, 1) for
q ∈ [q3, p]; here q3 ≤ p is I0 ≤ I1.

Subcase θ1x
2 > β. Put θ2 = β/x2 ∈ (β, θ1). First (q, 1 − rλ/q, x) for q ∈ [r, q4], q4 =

rλ/(1 − θ2) < 1, with I constant and θ increasing from β to θ2. Then (q, θ2, x) for q ∈ [q4, 1],
with d

dtI = q̇(1− θ2)x
2 ≥ 0. By (10), Φ(1, θ2, x) = Φ(1, β, 1). Finally (q, β, 1) for q ∈ [1, p].

By Lemma 4.2 and (10), Φ(r, β, x) ≤ Φ(p, β, 1) in every case, which is (3).
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5.3. Approximation. Let fj : Rkj → [ε,M ] be measurable, 0 < ε < M < ∞. For δ ∈ (0, 1),

f δj := T1−δfj ∈ S, and Txf
δ
j = Tx(1−δ)fj . As δ → 0, Tx(1−δ)fj → Txfj pointwise (continuity

of the Mehler kernel in its parameter, for x < 1, and dominated convergence), and f δj → fj in

L2(γkj ), hence in γkj -probability. Since each ξj ∼ γkj and all functions take values in [ε,M ],

dominated convergence carries (3) from f δj to fj . For general measurable fj ≥ 0 apply this to

max{ε,min{fj ,M}}, let ε ↓ 0 (dominated convergence, all values in [0,M+1]) and thenM ↑ ∞
(monotone convergence on both sides).

5.4. Necessity. Let Σa = λa, a ̸= 0, and fj(y) = e⟨aj ,y⟩. Then Txfj(y) = ex⟨aj ,y⟩+(1−x2)|aj |2/2,
and V =

∑
j⟨aj , ξj⟩ is centred Gaussian with variance aTΣa = λ|a|2. Hence

log
∥∥∥∏

j

Txfj(ξj)
∥∥∥
Lr

=
(1− x2)|a|2

2
+
rλx2|a|2

2
, log

∥∥∥∏
j

fj(ξj)
∥∥∥
Lp

=
pλ|a|2

2
.

If (4) fails, the first exceeds the second. □

5.5. Proof of Proposition 1.2. With f2 = · · · = fn = 1, (3) reads ∥Txf1∥Lr(γk1 )
≤ ∥f1∥Lp(γk1 )

.

Fix m ≥ 1 with (1 − r)x2m < 1 − p. Let Hm be the m-th Hermite polynomial in the first
coordinate, so EHm = 0, EH2

m = m! and TxHm = xmHm. For M > 0 let hM = φM (Hm) −
EφM (Hm), with φM (t) = max{−M,min{t,M}}. As M → ∞, hM → Hm in L2(γk1), so
Eh2M → m! and, Tx being a contraction of L2, E(TxhM )2 → x2mm!. FixM with (1−r)E(Txh)2 <
(1 − p)Eh2, where h = hM . Then h is bounded, Eh = 0, and Txh is bounded by ∥h∥∞ with
ETxh = 0.

For s > 0 and measurable g with Eg = 0 and |g| ≤ 1/2, Taylor’s formula for (1+t)s on [−1
2 ,

1
2 ]

gives E(1+g)s = 1+ s(s−1)
2 Eg2+R with |R| ≤ CsE|g|3. Hence ∥1+g∥s = 1+ s−1

2 Eg2+O(E|g|3+
(Eg2)2). Apply this with g = εTxh, s = r, and with g = εh, s = p, for 0 < ε ≤ 1/(2∥h∥∞), and
put f1 = 1 + εh ∈ [12 ,

3
2 ]. Then Txf1 = 1 + εTxh, and

∥Txf1∥r − ∥f1∥p =
ε2

2

(
(1− p)Eh2 − (1− r)E(Txh)2

)
+O(ε3) > 0

for ε small. □

5.6. Proof of Proposition 1.3. Taking logarithms in (1) and multiplying by 1/p < 0 shows
that (1) is equivalent to Φ(αp, β, x) ≥ Φ(p, β, 1), with Φ(q, θ, s) = 1

q logEθ
∏

j(Tsfj)(ξj)
q as in

Section 4 and β = 1 − λ, so that Σβ = Σ. If λ = 1 we take B̂ = 0. Section 4 assumed q > 0
and 0 < λ < 1; here q < 0, λ ∈ (0, 1] and θ = β stays fixed, and the proof of Lemma 4.1 applies
verbatim. By symmetry we may assume x ≥ 0, and x = 0 follows from x > 0 by letting x ↓ 0.
Let first fj ∈ S. Along the path t 7→ (q, θ, s) = (p + t(α − 1)p, β, 1 − t(1 − x)), t ∈ [0, 1], we

have q̇ = (α− 1)p > 0, θ̇ = 0, ṡ ≤ 0 and q < 0. By Lemma 4.1,

q2EW
d

dt
Φ = q̇ Ent(W ) +

q2ṡ

s
E
[
W aT (qΣ− Id)a

]
≥ 0,

since (q−1)
∑

j |aj |2+2βqS = aT
(
(q−1)Id+q(Σ− Id)

)
a and qΣ− Id is negative definite. Hence

Φ(p, β, 1) ≤ Φ(αp, β, x). For measurable fj with values in [ε,M ] we approximate by T1−δfj as
in Section 5.3. All functions involved take values in [ε,M ], so both sides converge by dominated
convergence.

For general fj > 0 we use two monotone limits. First let fj ≥ 1/M and apply the bounded case
to min{fj ,K}. As K → ∞, Txmin{fj ,K} ↑ Txfj . The negative powers are bounded by M−p

and M−αp, so dominated convergence applies to both sides. Then apply this to max{fj , 1/M}
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and let M → ∞. Now max{fj , 1/M}p ↑ fpj , and (Txmax{fj , 1/M})αp ↑ (Txfj)
αp pointwise

(with ∞αp = 0), so monotone convergence applies to both sides. □

6. Unequal parameters

In this section n = 2, (X,Y ) is a pair of ρ-correlated standard Gaussian vectors in Rk (that
is, cov(X,Y ) = ρ Idk), ρ ∈ [0, 1), p ≥ 1, 0 < r < p and x1, x2 ∈ [−1, 1], and we consider

(13)
∥∥Tx1f(X)Tx2g(Y )

∥∥
Lr ≤

∥∥f(X) g(Y )
∥∥
Lp ,

which is (1) with rj = xj , pj = p and α = r/p, raised to the power 1/p. For m ≥ 1 put

Mm =

(
p− 1− (r − 1)x2m1 (p− r(x1x2)

m)ρm

(p− r(x1x2)
m)ρm p− 1− (r − 1)x2m2

)
, M =M1.

For k = 1, f = ea · and g = eb · give the log-ratio−1
2(a, b)M(a, b)T , and (2) isM ≥ 0 (multiply (2)

by p). For k > 1 the matrices are M ⊗ Idk, and the statements below hold with k = 1 replaced
by any k.

Proposition 6.1. Let r = 1 < p. Then (13) holds for all measurable f, g ≥ 0 if and only if
1− x1x2ρ ≤ p(1− ρ), which is (2).

Proof. By the argument of (10), (x1X +
√
1− x21A1, x2Y +

√
1− x22A2), with A1, A2 ∼

γk independent of each other and of (X,Y ), is a ρ′-correlated pair with ρ′ = x1x2ρ, so
E[Tx1f(X)Tx2g(Y )] = Eρ′ [f(X)g(Y )], where Eρ′ refers to a ρ′-correlated pair. Necessity is
the exponential computation above.

If x1x2 ≥ 0, then Eρ′ [f(X)g(Y )] = E[Txf(X)Txg(Y )] with x =
√
x1x2, and (13) with r =

1 is the case r = 1, n = 2, λ = 1 − ρ of Theorem 1.1 with parameter x; there (4) reads
(1− x1x2) + x1x2(1− ρ) ≤ p(1− ρ).

If x1x2 < 0, put s = 1 + |ρ′| = 1 − x1x2ρ. Nelson’s theorem in two-function form gives
Eρ′ [f(X)g(Y )] ≤ ∥f∥Ls∥g∥Ls : indeed Eρ′ [F (X)G(Y )] = E[F Tρ′G] and ∥Tρ′G∥Ls′ ≤ ∥G∥Ls ,

since (s′ − 1)ρ′2 = |ρ′| = s − 1. For bounded positive f, g, [6, Theorem B] with F1 = fs,
F2 = gs and exponents p/s gives ∥f∥pLs∥g∥pLs ≤ E[f(X)pg(Y )p], because its covariance condition
diag( sp Id,

s
p Id) ≤ cov(X,Y ) is 1− s

p ≥ ρ, i.e. 1− x1x2ρ ≤ p(1− ρ). For bounded f, g ≥ 0 apply

this to f + ε, g + ε and let ε→ 0; for general f, g ≥ 0 use min{f,K}, min{g,K} and monotone
convergence. □

So for two functions and r = 1 condition (2) is sharp, and for x1x2 ≥ 0 unequal parameters
reduce to equal ones. For r ̸= 1 this reduction is not available, and for r > 2 condition (2) is
not sufficient (Propositions 6.3 and 6.5). The mechanism is the following family of necessary
conditions.

Proposition 6.2. Let k = 1 and m ≥ 1. If (13) holds for all measurable f, g with values in
[12 ,

3
2 ], then Mm ≥ 0.

Proof. Let Hm be the m-th Hermite polynomial and, as in the proof of Proposition 1.2, hK =
φK(Hm) − EφK(Hm) with φK(t) = max{−K,min{t,K}}. As K → ∞, hK → Hm in L2 =

L2(R, e−y2/2dy/
√
2π). The quantities Eh2, E[h(X)h(Y )], E(Txh)2 and E[Tx1h(X)Tx2h(Y )] are

continuous in h ∈ L2: Tx is a contraction of L2, and E[u(X)v(Y )] = E[uTρv]. Since TxHm =
xmHm and E[Hm(X)Hm(Y )] = ρmm!, they tend to m!, ρmm!, x2mm! and (x1x2)

mρmm!.
Fix (a, b) ∈ [−1, 1]2 and K, put h = hK , and let 0 < ε ≤ 1/(2∥h∥∞), f = 1 + εah and

g = 1 + εbh; these take values in [12 ,
3
2 ]. For s > 0 and |u|, |v| ≤ 1

2 , Taylor’s formula gives

(1 + u)s(1 + v)s = 1+ s(u+ v) + s(s−1)
2 (u2 + v2) + s2uv+R with |R| ≤ Cs(|u|3 + |v|3). Apply it
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with s = r, u = εaTx1h(X), v = εbTx2h(Y ), and with s = p, u = εah(X), v = εbh(Y ). All these
variables have mean zero. Taking logarithms we get

log ∥f(X)g(Y )∥Lp − log ∥Tx1f(X)Tx2g(Y )∥Lr =
ε2

2
QK(a, b) +O(ε3),

where

QK(a, b) = (p− 1)(a2 + b2)Eh2 + 2pabE[h(X)h(Y )]

− (r − 1)
(
a2E(Tx1h)

2 + b2E(Tx2h)
2
)
− 2rabE[Tx1h(X)Tx2h(Y )].

As K → ∞, QK(a, b) → m! (a, b)Mm(a, b)T . If Mm has a negative eigenvalue with unit eigen-
vector (a, b), choose K with QK(a, b) < 0 and then ε small: (13) fails. □

For m = 1 this is M ≥ 0. For x1 = x2, Theorem 1.1 shows that M ≥ 0 implies Mm ≥ 0 for
all m. For unequal parameters this fails in general (Propositions 6.3 and 6.5), although it holds
for r ≤ 1 (Proposition 6.6).

Proposition 6.3. Let k = 1.

(a) In each of the cases

(E1) (ρ, r, x1, x2, p) =
(

97
100 , 5, 1,

4
5 ,

29
2

)
, (E2) (ρ, r, x1, x2, p) =

(
49
50 , 8,

49
50 ,

4
5 , 25

)
,

the matrix M is positive definite, so that (2) holds, but detM2 < 0. Consequently (13)
fails for some f, g with values in [12 ,

3
2 ], i.e. (1) with rj = xj, pj = p and α = r/p (= 10

29 ,

resp. 8
25) fails although (2) holds. Explicitly, f(y) = e−c1y2/2 and g(y) = e−c2y2/2 with

(c1, c2) = ( 49
100 ,−

31
100) in (E1) and (15 ,−

3
20) in (E2) give

log
∥∥Tx1f(X)Tx2g(Y )

∥∥
Lr − log

∥∥f(X) g(Y )
∥∥
Lp = 3.6672 . . . · 10−4, resp. 2.0526 . . . · 10−4.

(b) In the case (E3) (ρ, r, x1, x2, p) =
(

97
100 , 8,

19
20 ,

1
2 , 47

)
everyMm, m ≥ 1, is positive definite,

but (c1, c2) = (− 653
2500 ,

4373
5000) gives the log-ratio 0.20181 . . . > 0. So even all second-order

conditions at f = g = 1 together do not imply (13).

Proof. In (E1), detM = 7831
40000 with M11 = 19

2 , and detM2 = −0.3578 . . . < 0; in (E2), detM =
15710319
39062500 with M11 > 0, and detM2 = −1.2650 . . . < 0. These are rational numbers, and
their signs were checked in exact arithmetic (numerics/certify unequal counterexample.py).

Proposition 6.2 withm = 2 gives the first claim of (a). For the Gaussians, Txf(y) = D−1/2e−by2/2

with D = 1+c(1−x2) and b = cx2/D, when D > 0. ForW = (X,Y ) with covariance S =
(

1 ρ
ρ 1

)
and a diagonal matrix A with S−1+A positive definite, Ee−WTAW/2 = det(Id+SA)−1/2. Hence
the log-ratio equals

−1
2 logD1 − 1

2 logD2 − 1
2r log det

(
Id + S diag(rb1, rb2)

)
+ 1

2p log det
(
Id + S diag(pc1, pc2)

)
.

The script checks the conditions Dj > 0, S−1 + diag(rb1, rb2) > 0 and S−1 + diag(pc1, pc2) > 0
exactly, and evaluates the expression in Arb ball arithmetic (256 bits), with the values stated.
In (E1) and (E2) direct Gauss–Hermite quadrature (160 × 160 nodes) agrees to eleven digits.
In (E3) the Gaussians are close to the boundary of integrability. There Mm is checked to be
positive definite exactly for m ≤ 3; for m ≥ 4, (Mm)jj ≥ p − 1 − (r − 1)x8j (as r > 1) and

|(Mm)12| ≤ pρ4 (as 0 < r(x1x2)
m < p), and (46− 7 · 0.958)(46− 7 · 0.58) > (47 · 0.974)2. □

The Gaussian g in (a) grows. Replacing it by min{g,K} gives bounded counterexamples,
since both sides converge monotonically as K → ∞.

On the faces where one parameter vanishes, the condition is sharp when r ≥ 1.
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Proposition 6.4. Let r ≥ 1 and x2 = 0. Then (13) holds for all measurable f, g : Rk → (0,∞)
if and only if M ≥ 0, i.e. p ≥ s := 1+ (r− 1)x21 and (p− s)(p− 1) ≥ p2ρ2. The same holds with
the roles of x1 and x2 exchanged.

Proof. Necessity is the exponential computation above. Let M ≥ 0. Then 1 ≤ s ≤ r, T0g = Eg,
and the left side of (13) is ∥Tx1f∥Lr Eg. By Nelson’s hypercontractivity theorem, ∥Tx1f∥Lr ≤
∥f∥Ls ; for s > 1 this is because x21 =

s−1
r−1 , and for s = 1 it is trivial. By [6, Theorem B] applied

to F1 = fs with exponent p/s and F2 = g with exponent p,

∥f∥pLs(Eg)p = (EF1)
p/s(EF2)

p ≤ E
[
F1(X)p/sF2(Y )p

]
= E

[
f(X)pg(Y )p

]
,

because the covariance condition of that theorem, diag( sp Id,
1
p Id) ≤ cov(X,Y ), is (1− s

p)(1−
1
p) ≥

ρ2 with s ≤ p, which is M ≥ 0. Combining the two bounds gives (13). □

The examples of Proposition 6.3(a) are not isolated: sufficiency fails for every r > 2.

Proposition 6.5. Let k = 1, r > 2 and p > max{r, 2+ 2
r−2}. Then there are ρ, x2 ∈ (0, 1) such

that, with x1 = 1, M ≥ 0 and detM2 < 0. Hence (2) holds while (13) fails for some f, g with
values in [12 ,

3
2 ]. After a small increase of p and a small decrease of x1, M is positive definite

and still detM2 < 0. In particular, for every α ∈ (0, 1) condition (2) is not sufficient for (1)
with unequal parameters: take r ≥ 2 +

√
2 and p = r/α, so that p > r ≥ 2 + 2

r−2 .

Proof. Put A = p− r > 0 and Γ = 2− (p− 2)(r − 2) < 0. For σ > 0 and κ > 0 let ρ = e−σ and
x2 = e−κσ. With x1 = 1 the entry (Mm)11 = A does not depend on m, and

Dm(σ, κ) := detMm = A
(
A+ (r − 1)(1− e−2mκσ)

)
−
(
A+ r(1− e−mκσ)

)2
e−2mσ.

This is an entire function of (σ, κ) with Dm(0, κ) = 0. Inserting 1−e−2mκσ = 2mκσ−2m2κ2σ2+
O(σ3), 1− e−mκσ = mκσ − 1

2m
2κ2σ2 +O(σ3) and e−2mσ = 1− 2mσ + 2m2σ2 +O(σ3) gives

Dm(σ, κ) = 2mA(A− κ)σ +m2q(κ)σ2 +O(σ3), q(κ) = (2A−Ar − r2)κ2 + 4Arκ− 2A2,

uniformly for κ in compact sets. The function G = D1/σ extends analytically to σ = 0, with
G(0, κ) = 2A(A − κ) and ∂κG(0, A) = −2A ̸= 0. By the implicit function theorem there is an
analytic κ(σ) for small σ with κ(0) = A and D1(σ, κ(σ)) = 0, and comparing coefficients gives

κ(σ) = A+ q(A)
2A σ +O(σ2). Therefore

D2(σ, κ(σ)) = 4A
(
A− κ(σ)

)
σ + 4q(κ(σ))σ2 +O(σ3) = 2q(A)σ2 +O(σ3),

and q(A) = A2(2A − Ar − r2 + 4r − 2) = A2Γ < 0. So for small σ > 0 we have ρ, x2 ∈ (0, 1),
detM = D1 = 0 andM11 = A > 0, henceM ≥ 0, while detM2 < 0. Proposition 6.2 with m = 2

gives the failure. Increasing p adds a positive multiple of
(

1 ρ
ρ 1

)
to M , which makes it positive

definite. A small change of p and x1 keeps detM2 < 0 by continuity. For the last sentence,
r ≥ 2 +

√
2 gives 2 + 2

r−2 ≤ 2 +
√
2 ≤ r < p. □

In the regime of this proof the sign of detM2 is that of Γ = 2 − (p − 2)(r − 2), which
is positive for all r ≤ 2 and p ≥ 1 (it is at least r). So this mechanism needs r > 2
(numerics/forward unequal asymptotics.py checks the expansion and the limit 2A2Γ in 50-
digit arithmetic).

For r ≤ 1 the chaos conditions give nothing beyond (2).

Proposition 6.6. Let 0 < r ≤ 1, p > r, p ≥ 1, ρ ∈ [0, 1) and x1, x2 ∈ [−1, 1]. If M ≥ 0, then
Mm ≥ 0 for every m ≥ 1.
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Proof. Put P0 = p− 1 and c = r − 1 ≤ 0. The diagonal entries P0 − cx2mj ≥ P0 ≥ 0 of Mm are

non-negative, so it suffices to show detMm ≥ 0. Replacing p by p + ε adds ε
(

1 ρ
ρ 1

)
to M and

makes it positive definite, an open condition; so, by continuity of Mm in all parameters, we may
assume ρ, |x1|, |x2| ∈ (0, 1). Write ρ = e−σ, x21 = e−u, x22 = e−v with σ, u, v > 0, and put

ϕ(s) = log
(
P0 − ce−s

)
, χ(s) = log

(
p− re−s

)
, χ̃(s) = log

(
p+ re−s

)
(s ≥ 0).

Here χ and χ̃ are well defined since p > r, and ϕ since P0 ≥ 0 ≥ c with (P0, c) ̸= (0, 0). The di-

agonal of Mm is (eϕ(mu), eϕ(mv)), and its off-diagonal entry satisfies |(Mm)12| ≤ eχ̂(m(u+v)/2)−mσ,
with χ̂ = χ if x1x2 ≥ 0 and χ̂ = χ̃ if x1x2 < 0, with equality for m = 1. So detM ≥ 0 means σ ≥
σ̂(u, v), and detMm ≥ 0 follows frommσ ≥ σ̂(mu,mv), where σ̂(u, v) = χ̂(u+v

2 )− 1
2ϕ(u)−

1
2ϕ(v).

First let χ̂ = χ and σ∗ := σ̂. We have χ′′ < 0 and, because c ≤ 0, ϕ′′ ≥ 0. Hence ℓ(τ) =
σ∗(τu, τv) is concave on [0,∞), and ℓ(0) = 0 since ϕ(0) = χ(0) = log(p− r). A concave function
ℓ on [0,∞) with ℓ(0) = 0 satisfies ℓ(m) ≤ mℓ(1) for m ≥ 1. So σ∗(mu,mv) ≤ mσ∗(u, v) ≤ mσ.

If x1x2 < 0, then σ̂ = σ∗ + ψ(u+v
2 ) with ψ = χ̃ − χ = log p+re−s

p−re−s , which is non-negative and

decreasing. Hence σ̂(mu,mv) ≤ mσ∗(u, v) + ψ(u+v
2 ) ≤ mσ̂(u, v) ≤ mσ. □

For r ≥ 1 and x1x2 ≤ 0 the implication M ≥ 0 ⇒ Mm ≥ 0 is immediate: the diagonal
entries of Mm do not decrease with m, and |(Mm)12| ≤ (p + r|x1x2|m)ρm ≤ |M12|. So every
failure of the chaos conditions has r > 1 and x1x2 > 0. For r ≤ 1 no perturbation of the
constants f = g = 1 at second order detects anything beyond (2), while for every r > 2 the
second chaos does (Proposition 6.5). For 1 < r ≤ 2 the same reduction applies, but ϕ is concave
and the concavity argument fails. Numerically σ∗(mu,mv) ≤ mσ∗(u, v) still holds there: the
derivative of detM along the dilation (σ, u, v) 7→ t(σ, u, v) is non-negative at every boundary
point sampled for r < 2 and in a targeted minimisation at r = 2 (values below rounding
level are positive in 50-digit arithmetic), and it is negative at many sampled points for r > 2
(numerics/forward unequal barrier.py).

Remark 6.7. (a) Where the conditions fail. In our scans
(numerics/forward unequal chaos scan.py, floating point, xj ∈ (0, 1)), at the thresh-
old p = p∗ of M ≥ 0 some Mm with m ≤ 60 is indefinite only for r > 2. None of the
80000 random cases with r < 2 fails (for r ≤ 1 this is Proposition 6.6). The 40000 random
cases with 2 ≤ r < 2.5 find nothing either, although Proposition 6.5 gives failures there,
with ρ and x1 extremely close to 1 and p large. A targeted minimisation finds nothing
below rounding level (about −2 · 10−14) for r ∈ {0.5, 0.9, 1.5, 2}, and negative values from
r = 2.2 on. The smallest values of λmin(Mm)/p∗ found are −9 · 10−6 at r = 2.2, −2 · 10−4

at r = 2.5, −1.6 · 10−3 at r = 3 and −1.9 · 10−2 at r = 5. They need ρ close to 1 (ρ ≥ 0.9
in all cases found) and one xj close to 1; the other can be as small as about 0.6. In all
18012 failing random cases the level m = 2 fails first. Proposition 6.3(b) shows that centred
Gaussians, which see the second chaos non-perturbatively, can violate (13) even where
every Mm is positive definite. So for every r > 2 condition (2) is not sufficient in general,
although it is sufficient on the faces x1x2 = 0 (Proposition 6.4) and wherever Theorem 6.9
below applies. We do not know whether it is sufficient for all r ∈ (0, 2] \ {1}, nor what
the exact condition is for r > 2. The natural candidate is that all Gaussian test functions
satisfy (13). A random search over centred Gaussians at p = p∗ found no violation for
r ∈ {0.3, 0.7, 1.3, 1.7, 2, 2.2, 2.5} (numerics/forward unequal gaussian search.py). Non-

Gaussian test functions f, g = exp(
∑

k≤6 akTk(s)) and exp(
∑

k≤6 akHek(s)), s = t/
√
16 + t2

resp. t/
√
1 + t2/16, with bounded coefficients, optimised at p = p∗ at five points with

r ∈ {1.5, 1.8, 2} and at four points with r ∈ {0.5, 0.8}, and re-evaluated on finer quad-
rature grids, found no violation either (best log-ratios between −4 · 10−7 and −6 · 10−10;
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numerics/forward unequal flex attack.py and forward unequal flex attack he.py).
In the related comparison setting of [4], however, Gaussian functions are not extremal [4,
Prop. 1.10], so Gaussian tests alone are weak evidence here.

(b) What the method gives. For r < 1 and x1x2 > 0, raising q to 1 at fixed noise and then
using (10) yields sufficiency under (1 − r(1 − ρ))x1x2 ≥ 1 − p(1 − ρ). We only sketch this;
when (1− r(1− ρ))x1x2 > ρ the path has to stop at θ = ρ/(x1x2), as in the second subcase of
Section 5.2. This condition implies M ≥ 0, and is strictly stronger for some parameters with
x1 ̸= x2. Here the flow method cannot be sharp for the following structural reason. Consider
flows of the type of Lemma 4.2, with a common exponent q, the correlation θ and separate noise
parameters s1, s2. For exponential test functions the flow evaluates the Gaussian log-ratio matrix
N(q, θ, s1, s2) with diagonal entries 1 + (q − 1)s2j and off-diagonal entry qθs1s2. A flow that is

monotone for all exponentials has N(t) non-decreasing between its initial and final values, whose
difference isM =M(p). When the path crosses q = 1, P = N(t1)−N(0) satisfies 0 ≤ P ≤M(p)
and has the fixed diagonal ((1− r)x21, (1− r)x22). At p = p∗ the matrix M has rank one, which
forces P = τM and then (1 − r)(p − 1)(x21 − x22) = 0; for r < 1, p > 1 and xj ≥ 0 this means
x1 = x2. The set of such P is compact and, for x1 ̸= x2, empty at p∗, so it is also empty for p
near p∗.

For r ≥ 1 no such crossing is needed. With q allowed to pause and sj ≤ 1 enforced, candi-
date lossless paths reach p∗ in at least 1405 of 1707 random cases with 2001 steps, and 1409
with 8001 steps (r ∈ [1, 4], ρ ≤ 0.95; numerics/forward unequal flow obstruction.py).
For r > 1, Corollary 6.10 and Proposition 6.12 below show that a path of the
flow of Lemma 6.8 reaching p∗ exists exactly when a closed-form criterion holds;
the criterion holds at 1410 of these cases, including all 1405 found by the search
(numerics/forward unequal flow obstruction vs criterion.py). Turning such paths into
a proof requires a version of Lemma 4.2 with separate noise parameters and conditioning on a
non-isotropic Gaussian component, along which θ may decrease. Lemma 6.8 below is such a
version, and Theorem 6.9 turns it into a sufficient condition under which (2) is sharp.

(c) Earlier tests. At the test points of numerics/test forward unequal.py and
numerics/test forward unequal r ge 1.py with M ≥ 0 (r ≤ 3, ρ ≤ 0.8), optimised test
functions found no violation; at the control points with M ̸≥ 0 they did. The closed-form
Gaussian scan numerics/forward unequal gaussians.py (p ≤ 3, ρ ≤ 0.9) found no violation
either; its parameter box contains no failure of any Mm.

6.1. A flow with separate noise parameters. Let (X,Y ) be a θ-correlated pair of standard
Gaussian vectors in Rk, |θ| < 1, and let f, g ∈ S. For q ≥ 1 and s1, s2 ∈ (0, 1] put F = Ts1f ,
G = Ts2g,

W = F (X)qG(Y )q, Φ(q, θ, s1, s2) =
1

q
logEθW, a1 =

∇F
F

(X), a2 =
∇G
G

(Y ).

The proof of Lemma 4.1, applied to each noise parameter separately (there B̂12 = Id), gives

q2EW ∂qΦ = Ent(W ), q2EW ∂θΦ = q3E[W ⟨a1, a2⟩],

q2EW ∂s1Φ =
q2

s1
E
[
W
(
(q − 1)|a1|2 + θq⟨a1, a2⟩

)]
,

and the same for s2 with a1, a2 exchanged.

Lemma 6.8. Let t 7→ (q, θ, s1, s2)(t) be continuous on [0, 1] and piecewise C1 with finitely many
pieces, with q ≥ 1, |θ| < 1 and sj ∈ (0, 1]. Suppose that on each piece q̇ ≥ 0 and ṡj ≥ 0, and
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that for every t in the interior of a piece there are d1, d2 ≥ 0 with

(14)

(
1− d1 θ
θ 1− d2

)
≥ 0,

(
q̇d1 + 2(q − 1) ṡ1s1 q

(
θ̇ + θ( ṡ1s1 + ṡ2

s2
)
)

q
(
θ̇ + θ( ṡ1s1 + ṡ2

s2
)
)

q̇d2 + 2(q − 1) ṡ2s2

)
≥ 0.

Then t 7→ Φ(q(t), θ(t), s1(t), s2(t)) is non-decreasing.

Here dj = 0 is allowed. Where q̇ = 0 one may take d1 = d2 = 0; the first condition is then
|θ| ≤ 1, and only the second one remains. The dimension k plays no role, since all matrices act
through ⊗Idk.

Proof. Write L0 for the second matrix in (14) without the terms q̇dj . By the formulas above,

Λ := q2EW d
dtΦ = q̇Ent(W )+ q2

2 E[W aT (L0⊗ Idk)a], a = (a1, a2). By the first condition in (14)

we may write (X,Y ) = η + (
√
d1A1,

√
d2A2) with A1, A2 ∼ γk and η centred Gaussian, all

independent. Given η, X and Y are independent with laws N(η1, d1Id) and N(η2, d2Id). Put
Ψ1 = F q, Ψ2 = Gq, uj = E[Ψj | η], bj = E[∇Ψj | η]/uj and U = u1u2. As in the proof of
Lemma 1.6, by (11), Ent(W ) ≥ 1

2E[U(d1|b1|2 + d2|b2|2)]. Since ∇Ψj = qΨjaj , conditional in-

dependence gives E[W ⟨a1, a2⟩] = q−2E[U⟨b1, b2⟩], and the conditional Cauchy–Schwarz inequal-
ity E[|∇Ψj |2/Ψj | η] ≥ |E[∇Ψj | η]|2/uj gives E[W |aj |2] ≥ q−2E[U |bj |2]. The diagonal entries
2(q − 1)ṡj/sj of L0 are non-negative, so

Λ ≥ 1

2
E
[
U bT

((
q̇ diag(d1, d2) + L0

)
⊗ Idk

)
b
]

≥ 0.

Differentiation under the expectation is justified as in Lemma 4.1, and Φ is continuous along
the path. □

The same proof works for n functions and a general path of covariances. Let t 7→
(C(t), q(t), s1(t), . . . , sn(t)) be continuous on [0, 1] and piecewise C1, with C(t) positive def-
inite with identity diagonal blocks, q > 0 and sj ∈ (0, 1]. Let ξ ∼ N(0, C(t)), Φ =
1
q logE

∏
j(Tsjfj(ξj))

q and σj = ṡj/sj , and suppose that on each piece q̇ ≥ 0, σj ≥ 0 and

(q− 1)σj ≥ 0. If for every t in the interior of a piece some block-diagonal D with 0 ≤ D ≤ C(t)
satisfies q̇D + L ≥ 0, where L has the diagonal blocks 2(q − 1)σjId and the off-diagonal blocks

q
(
Ċjl + (σj + σl)Cjl

)
, then Φ is non-decreasing. For non-scalar blocks Dj the proof uses (11)

in the matrix form Entν Ψ ≥ ⟨AEν∇Ψ,Eν∇Ψ⟩/(2EνΨ) for ν = N(m,A), which is (11) with

σ = 1 applied to z 7→ Ψ(m+A1/2z). With all sj ≡ 1 and q = pt this is the ungrouped case of [4,
Thm. 4.1], which also allows a singular starting covariance and grouped blocks. With equal sj ,

C(t) = Σθ(t) and D = (1− θ)Id it gives Lemma 4.2: as B̂ ≥ −Id and θ̇+2θσ ≥ 0, the condition

q̇D + L ≥ 0 reduces to its value on the bottom eigenvectors of B̂, which is s−2 d
dtI ≥ 0.

For two functions with ρ ∈ (0, 1), x1, x2 ∈ (0, 1] and r > 1 this lemma yields a sufficient
condition under which (2) is sharp. Put µj = 1+(r−1)x2j and µ0 = rx1x2, so thatMjj = p−µj
and M12 = ρ(p − µ0). The quadratic detM(p) = (p − µ1)(p − µ2) − ρ2(p − µ0)

2 has leading
coefficient 1−ρ2 > 0 and is ≤ 0 at p = µ1, µ2, so it has real roots p− ≤ p∗ with p− ≤ µ1, µ2 ≤ p∗.
Hence M(p) ≥ 0 for p ≥ p∗, detM(p) < 0 for p− < p < p∗, and the diagonal of M(p) is negative
for p < p−; if p− < p∗, then M(p−) ≥ 0 would force p− = µ1 = µ2 and ρ(p− − µ0) = 0, and
then p− would be a double root. So {p : M(p) ≥ 0} = [p∗,∞): p∗ is the threshold of (2). Let
u = (1,−κ) be the kernel vector of M(p∗), κ =M11(p

∗)/M12(p
∗); for r < p∗ and xj ∈ (0, 1] one

has p∗ > r ≥ µj , µ0, so κ > 0. Put

c1 = 1 + (r − 1)x21 − κrρx1x2, c2 = rρx1x2 − κ
(
1 + (r − 1)x22

)
,

γ1(φ) = c1− 1+κφ, γ2(φ) = φ− c2−κ, and φmin = max{(1− c1)/κ, c2+κ}, so that γ1, γ2 ≥ 0
exactly for φ ≥ φmin.
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Theorem 6.9. Let k ≥ 1, ρ ∈ (0, 1), x1, x2 ∈ (0, 1] and 1 < r < p∗. Suppose there is a
continuous, piecewise C1, non-decreasing φ : [r, p∗] → R with

(a) φ(r) ≥ max{ρx1x2, φmin} and γ1(φ(r)) + γ2(φ(r)) > 0;

(b) φ′(q) ≥ max
{ γ1(φ(q))
κq(q − 1)

,
γ2(φ(q))

q(q − 1)

}
on each piece;

(c) φ(p∗) ≤ ρ.

Then (13) holds for p = p∗, hence for every p ≥ p∗, and for all measurable f, g ≥ 0. So at this
point (2) is necessary and sufficient.

Proof. For q ∈ [r, p∗] and φ ∈ R put

w1(q, φ) =
c1 − 1 + κqφ

q − 1
, w2(q, φ) =

qφ− c2 − κ

κ(q − 1)
,

N(q, φ) =

(
1 + (q − 1)w1 qφ

qφ 1 + (q − 1)w2

)
.

A direct computation gives N(q, φ)u = (c1, c2) for all q, φ; N is the Gaussian log-ratio matrix of
the flow for exponential test functions, with wj = s2j and φ = θs1s2. Moreover wj(r, ρx1x2) = x2j ,

and the two rows of M(p∗)u = 0 give w1(p
∗, ρ) = w2(p

∗, ρ) = 1. Consider the path made of
three stretches: at q = r, φ rises from ρx1x2 to φ(r); then q runs from r to p∗ with φ = φ(q);

at q = p∗, φ rises from φ(p∗) to ρ. Along it put sj = w
1/2
j and θ = φ/(s1s2). At the start

(q, θ, s1, s2) = (r, ρ, x1, x2) and at the end (p∗, ρ, 1, 1), so by Lemma 6.8 it suffices to check its
hypotheses, for f, g ∈ S; Section 5.3 then gives all measurable f, g ≥ 0.

Conjugating the matrices in (14) by diag(s1, s2) and putting ej = wjdj , the conditions become(
w1 − e1 φ

φ w2 − e2

)
≥ 0,

(
q̇e1 + (q − 1)ẇ1 qφ̇

qφ̇ q̇e2 + (q − 1)ẇ2

)
≥ 0,

together with ej ≥ 0, q̇ ≥ 0 and ẇj ≥ 0. On the first and third stretches q̇ = 0 and we take
e1 = e2 = 0, so that the first matrix is (w1 φ

φ w2 ), which is positive semi-definite because |θ| < 1
(checked below). There φ is the parameter, ∂φw1 = κq/(q − 1) > 0, ∂φw2 = q/(κ(q − 1)) > 0,

and the second matrix is q
(

κ 1
1 1/κ

)
≥ 0. On the second stretch take q as the parameter and

e1 = γ1(φ)/(q − 1), e2 = γ2(φ)/(κ(q − 1)), which are non-negative by (a), since φ is non-

decreasing. Then w1 − e1 = κφ and w2 − e2 = φ/κ, so the first matrix is φ
(

κ 1
1 1/κ

)
≥ 0. The

two matrices add up to d
dqN(q, φ(q)), which annihilates u; the first does too, hence so does the

second, which is therefore positive semi-definite as soon as its trace e1 + e2 + (q − 1)(w′
1 + w′

2)
is non-negative. Finally w′

1 ≥ 0 and w′
2 ≥ 0 are equivalent to the two lower bounds in (b).

It remains to check sj ∈ (0, 1] and |θ| < 1. Along the whole path w1 and w2 are non-
decreasing, and they end at wj(p

∗, ρ) = 1, so wj ≤ 1. Moreover wj ≥ x2j > 0 on the first stretch,

w1 ≥ κφ > 0 and w2 ≥ φ/κ > 0 on the second, and on the third wj increases from its positive
value at the end of the second. On the second stretch w1w2 − φ2 = e1(w2 − e2) + e2w1 > 0,
because e1 + e2 > 0 there by (a). On the first and third stretches Q(φ) = w1w2 − φ2 satisfies
Q′ = q

q−1(κw2 +w1/κ)− 2φ > 2(
√
w1w2 −φ), which is positive wherever Q ≥ 0; since Q > 0 at

the start of each of these stretches, Q > 0 throughout. So θ2 = φ2/(w1w2) < 1. □

The flow is lossless on the exponential test functions in the direction u: for f = ea ·, g = eb ·

(k = 1) one has Φ = 1
2(a, b)N(q, φ)(a, b)T , and N(q, φ)u does not depend on (q, φ), so Φ is

constant along the path when (a, b) ∥ u. This is why the exponent p∗ is reached. The hypothesis
is not known to be necessary for the sufficiency of (2) (see the end of this section). By the
following corollary it can be checked in closed form.
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Corollary 6.10. In the setting of Theorem 6.9 put φs = max{ρx1x2, φmin}. If γ1(φs)+γ2(φs) >
0 and wj(r, φs) ≤ 1 for j = 1, 2, then (13) holds for p = p∗, so (2) is necessary and sufficient.
This is the case, in particular, whenever ρx1/x2 ≤ κ ≤ x1/(ρx2); for x1 = x2 this always
holds. Conversely, if the hypothesis of Theorem 6.9 holds, then wj(r, φs) ≤ 1 for j = 1, 2. So,
if γ1(φs) + γ2(φs) > 0, the hypothesis of Theorem 6.9 holds if and only if w1(r, φs) ≤ 1 and
w2(r, φs) ≤ 1.

Proof. Put K0 = 1 − c1 − κc2 − κ2. Then γ1(φ)/κ − γ2(φ) = −K0/κ for all φ, so the first
lower bound in (b) is the larger one exactly when K0 ≤ 0. In the proof of Theorem 6.9,
∂qw1 = −γ1/(q − 1)2 and ∂φw1 = κq/(q − 1), so w1 is constant along q 7→ (q, φ(q)) iff φ′ =
γ1(φ)/(κq(q−1)); similarly w2 is constant iff φ

′ = γ2(φ)/(q(q−1)). Let K0 ≤ 0,W1 = w1(r, φs),
and define φ by w1(q, φ(q)) =W1, i.e. φ(q) =

(
(q−1)W1+1− c1

)
/(κq). Then φ(r) = φs, which

gives (a); φ′ equals the larger lower bound in (b) as long as γ1(φ) ≥ 0, and is then non-negative,
so φ is non-decreasing and γ1, γ2 ≥ 0 persist; and w1(p

∗, φ(p∗)) = W1 ≤ 1 = w1(p
∗, ρ) gives

φ(p∗) ≤ ρ, since w1(p
∗, ·) is increasing. This is (c). For K0 ≥ 0 argue in the same way with w2.

For the last statement, γ1(ρx1x2) = (r− 1)x1(x1−κρx2) and γ2(ρx1x2) = (r− 1)x2(κx2− ρx1),
so under the stated inequalities φs = ρx1x2 and wj(r, φs) = x2j ≤ 1. Both γj(ρx1x2) vanish only

if x1 = κρx2 and κx2 = ρx1, which would give x1 = ρ2x1; so their sum is positive. For x1 = x2
one has κ = 1.

For the converse, let φ be as in Theorem 6.9. By (b), q 7→ wj(q, φ(q)) is non-decreasing (see
the end of the proof of Theorem 6.9), and wj(r, ·), wj(p

∗, ·) are increasing. With (a) and (c),
wj(r, φs) ≤ wj(r, φ(r)) ≤ wj(p

∗, φ(p∗)) ≤ wj(p
∗, ρ) = 1. □

The four points of the following proposition all need the initial pause (φs > ρx1x2).

Proposition 6.11. At (ρ, r, x1, x2) = (35 ,
3
2 ,

9
10 ,

1
5), (12 ,

6
5 ,

4
5 ,

3
10), ( 7

10 , 2,
7
10 ,

2
5) and (45 ,

9
5 ,

3
5 ,

3
4),

inequality (13) holds for all measurable f, g ≥ 0 if and only if p ≥ p∗, that is, iff (2) holds.

Proof (computer-assisted, ball arithmetic). Necessity is the exponential computation. For suf-
ficiency, numerics/certify forward noise flow.py computes p∗ (a root of a quadratic) and
κ, c1, c2, φmin in ball arithmetic and checks the hypothesis of Corollary 6.10. As an indepen-
dent check of Theorem 6.9 it also builds a polygonal φ with 400 pieces of equal length on
[r, p∗]. On a piece [qk, qk+1] the right side of (b) is increasing in φ and decreasing in q (as
γj ≥ 0), so it is bounded by its value at (qk, φ(qk+1)); the slope on the piece is chosen above
this bound, and the bound is re-checked in ball arithmetic. Conditions (a) and (c) are checked
the same way; the end values φ(p∗) of the polygon are 0.535, 0.343, 0.388 and 0.489, against
ρ. For the exact path of the proof of Corollary 6.10 they are 0.5328, 0.3413, 0.3875 and 0.4886
(numerics/certify forward noise flow remarks.py). Theorem 6.9 applies. □

Numerically (numerics/forward noise flow scan.py) the hypothesis of Theorem 6.9 holds
at 2731 of 2976 sampled points with 1 < r ≤ 2 and p∗ > r (about 92%; r, ρ, x1, x2 independent
and uniform on (1, 2), (0.05, 0.95), (0.05, 1), (0.05, 1), points with |x1 − x2| < 0.02 dropped),
and at 638 of 1222 sampled points with 2 < r ≤ 8 and p∗ > r (r uniform on (2, 8), ρ on
(0.05, 0.99), xj as before, no points dropped). Points with p∗ ≤ r are left out: there (13) holds
for every p ≥ r by [6, Thm. 9(i)] at α = 1 and Lyapunov’s inequality, as in Remark 1.5(b).
Condition (a) by itself can always be met by taking φ(r) large. At every observed failure the
pause forced by (a) already pushes some wj(r, φs) above 1, as it must by the converse part of
Corollary 6.10. For the same reason, the agreement of that criterion with a direct integration
of the extremal differential equation at all 8505 random points tested is a consistency check of
the script, not independent evidence. The hypothesis fails, as it must, at the counterexamples
(E1)–(E3) and at all 400 random points with r > 2 at which some Mm is indefinite at p∗.
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A direct quadrature check of Lemma 6.8 along the path of Theorem 6.9 at the first point of
Proposition 6.11 finds Φ increasing for random non-Gaussian f, g, and constant up to 2 · 10−15

for the extremal exponentials (numerics/forward noise flow check.py). Among the points
with p∗ > r in a sample of 300000 (r, ρ, x1, x2 uniform on (1, 2), (0, 1), (0, 1), (0, 1); same script
as the scan above), the criterion of Corollary 6.10 failed only when max{x1, x2} > 0.82 (the
smallest value observed was 0.83), at a rate rising with ρ from 2% to 43% among the points with
max{x1, x2} ≥ 0.8. This cut-off is a property of the sample: at (ρ, r, x1, x2) = (62496250 , 2,

163
400 ,

4083
5000),

where max{x1, x2} = 0.8166 and p∗ ≈ 4694, the criterion fails, with w2(r, φs) = 1.000145 . . .
(ball arithmetic, numerics/certify forward noise flow remarks.py).

We do not know whether (2) is sufficient where the criterion of Corollary 6.10 fails, for
1 < r ≤ 2. The evidence suggests that the hypothesis of Theorem 6.9 is not necessary. At
(ρ, x1, x2) = (35 , 1,

3
10) it fails at r = 1 + j

100 , j = 1, . . . , 100, and at r = 1 + 10−k, k = 3, . . . , 8,
with w1(r, φs) > 1.09 throughout and w1(r, φs) → 1.09 numerically as r ↓ 1 (ball arithmetic,
same script). Yet at r = 1 condition (2) is sufficient (Proposition 6.1). At (ρ, r, x1, x2) =
(35 ,

11
10 ,

99
100 ,

3
10) the hypothesis fails (w1(r, φs) = 1.0770 . . .). There an optimised attack on (13)

at p = p∗, with non-Gaussian test functions in a 14-parameter family for each of f and g and
a finer re-evaluation, found no violation (best log-ratio −3 · 10−10); the same attack finds the
violation at (E1) (log-ratio +1.2 · 10−2; numerics/forward noise flow nonhyp attack.py). It
found no violation at p = p∗ either at (ρ, r, x1, x2) = (45 ,

3
2 ,

19
20 ,

1
2), (

4
5 , 2,

19
20 ,

1
2) and (35 , 2, 1,

3
10),

where w1(r, φs) ≥ 1.10 (ball arithmetic); the best log-ratios lie between −1.2 · 10−9 and −5 ·
10−10 (numerics/out forward noise flow nonhyp attack more.txt). If (2) is sufficient at
such points, the proof needs a different argument: by the next proposition, no path of Lemma 6.8
from the starting point comes near the threshold there.

Proposition 6.12. Let ρ ∈ (0, 1), x1, x2 ∈ (0, 1] and 1 < r < p∗.

(a) If a path as in Lemma 6.8 joins (q, θ, s1, s2) = (r, ρ, x1, x2) to (p∗, ρ, 1, 1), then
w1(r, φs) ≤ 1 and w2(r, φs) ≤ 1, with strict inequalities if γ1(φs) + γ2(φs) = 0.

(b) If for every n a path as in Lemma 6.8 joins (r, ρ, x1, x2) to a point Pn, and Pn →
(p∗, ρ, 1, 1), then w1(r, φs) ≤ 1 and w2(r, φs) ≤ 1.

So if maxj wj(r, φs) > 1, some neighbourhood of (p∗, ρ, 1, 1) contains no endpoint of a path of
Lemma 6.8 starting at (r, ρ, x1, x2).

Proof. (a) Put wj = s2j , φ = θs1s2 and N(t) =
(

1+(q−1)w1 qφ
qφ 1+(q−1)w2

)
, all continuous and

piecewise C1 in t. In the interior of a piece let A and B be the two matrices of (14) conjugated
by diag(s1, s2), with ej = wjdj , as in the proof of Theorem 6.9; then A,B ≥ 0, and a direct

computation gives Ṅ = q̇A + B. At the endpoints N(1) − N(0) = M(p∗), so
∫ 1
0 u

T Ṅu dt =

uTM(p∗)u = 0. The integrand is non-negative and continuous on each piece, hence uT Ṅu = 0

in the interior of every piece. Since Ṅ ≥ 0, this gives Ṅu = 0; and since q̇ uTAu and uTBu are
non-negative with sum 0, it gives Au = 0 wherever q̇ > 0.

From Ṅu = 0, N(t)u = N(0)u = (c1, c2) for all t. As q ≥ r > 1, this says wj(t) =
wj(q(t), φ(t)), with the functions wj(q, φ) of the proof of Theorem 6.9. Where q̇ > 0, the two
rows of Au = 0 give e1 = w1 − κφ = γ1(φ)/(q − 1) and e2 = w2 − φ/κ = γ2(φ)/(κ(q − 1)), so
γ1(φ), γ2(φ) ≥ 0 there.

Let t0 = max{t : q(t) = r}; then t0 < 1 and q = r on [0, t0]. For every t > t0, q(t) − r =∫ t
t0
q̇ > 0, so (t0, t) contains interior points of pieces with q̇ > 0, where γj(φ) ≥ 0. By continuity

γj(φ(t0)) ≥ 0 for j = 1, 2, that is φ(t0) ≥ φmin. Since wj(t) = sj(t)
2 is non-decreasing,

w1(r, φ(t0)) = w1(t0) ≥ w1(0) = x21 = w1(r, ρx1x2), and w1(r, ·) is increasing; so φ(t0) ≥ ρx1x2,
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hence φ(t0) ≥ φs, and

wj(r, φs) ≤ wj(r, φ(t0)) = wj(t0) ≤ wj(1) = 1.

If γ1(φs) + γ2(φs) = 0, then γ1(φs) = γ2(φs) = 0. Suppose that φ(t0) = φs. Along points t ↓ t0
with q̇(t) > 0, e1 = γ1(φ)/(q − 1) → 0 and e2 → 0, so Au = 0 gives in the limit w1(t0) = κφ(t0)
and w2(t0) = φ(t0)/κ, with φ(t0) > 0 as w1(t0) ≥ x21. Then θ(t0)

2 = φ2/(w1w2) = 1, which is
impossible. So φ(t0) > φs, and the first inequality in the display is strict.

(b) LetNn(t) be the matrixN(t) for the n-th path and ∆n = Nn(1)−Nn(0). As in (a), Ṅn ≥ 0,
so 0 ≤ Nn(t) − Nn(0) ≤ ∆n for all t. Here Nn(0) does not depend on n, and ∆n → M(p∗),
so εn := uT∆nu → 0. For a positive semi-definite P and any vector v, |Pv|2 ≤ λmax(P ) v

TPv.

With P = Nn(t) − Nn(0) and v = u this gives |Nn(t)u − (c1, c2)| ≤ δn := (εn tr∆n)
1/2, and

hence |wj(t)− wj(q(t), φ(t))| ≤ Cδn for all t and j, with C = max{1, κ−1}/(r − 1).
Fix η ∈ (0, p∗ − r). For large n the n-th path has q(1) > r + η; let t0 = max{t : q(t) = r}

and t1 = min{t : q(t) = r + η}. Then
∫ t1
t0
q̇ = η and

∫ t1
t0
uT Ṅnu ≤ εn. So some interior point

t∗ ∈ (t0, t1) of a piece has q̇ > 0 and uT Ṅnu ≤ 2εnq̇/η there: otherwise integration would

give
∫ t1
t0
uT Ṅnu > 2εn. As uT Ṅnu ≥ q̇ uTAu, at t∗ we get uTAu ≤ 2εn/η; since A ≥ 0 and

trA ≤ w1+w2 ≤ 2, also |Au| ≤ 2(εn/η)
1/2. The rows of Au are w1−e1−κφ and φ−κ(w2−e2).

With ej ≥ 0 and the bound on wj − wj(q, φ) this gives, at t
∗,

γ1(φ)

q − 1
= w1(q, φ)− κφ ≥ −|Au| − Cδn,

γ2(φ)

κ(q − 1)
= w2(q, φ)−

φ

κ
≥ −|Au|

κ
− Cδn.

Moreover x2j = wj(0) ≤ wj(t
∗) ≤ 1, q(t∗) ∈ (r, r + η] and |φ(t∗)| ≤ 1. Letting first n → ∞ and

then η → 0, along subsequences, we obtain φ̄ with γj(φ̄) ≥ 0 and x2j ≤ wj(r, φ̄) ≤ 1 for j = 1, 2.

As in (a), this gives φ̄ ≥ φs and wj(r, φs) ≤ wj(r, φ̄) ≤ 1. □

Together with Corollary 6.10 and the construction in its proof, part (a) shows that the hy-
pothesis of Theorem 6.9 holds if and only if some path of Lemma 6.8 joins (r, ρ, x1, x2) to
(p∗, ρ, 1, 1), and if and only if w1(r, φs) ≤ 1 and w2(r, φs) ≤ 1, with strict inequalities when
γ1(φs) + γ2(φs) = 0; in that case the construction of Corollary 6.10 is started at a value
φ(r) > φs with wj(r, φ(r)) ≤ 1. At (ρ, r, x1, x2) = (35 ,

11
10 ,

99
100 ,

3
10), for instance, no path of

Lemma 6.8 starting at (r, ρ, x1, x2) ends near (p
∗, ρ, 1, 1).

7. Numerical checks

numerics/check forward real.py (floating point, equicorrelated case, nested Gauss–
Hermite quadrature over the common factor; evidence for the algebra, not part of the proof)
checks: (A) inequality (5) with Bij = Id for 500 random pairs (in the stronger form with
|E[Ψ′

1Ψ
′
2]|) and 300 random triples of smooth positive functions with logarithms of at most linear

growth (minimal ratio of the two sides 1.03 and 1.02), and equality for anti-aligned exponentials;
these functions are not bounded, so the test goes slightly beyond the hypotheses of Lemma 1.6;
(B) the formulas of Lemma 4.1 against finite differences in random directions of (q, θ, s) (relative

errors ≤ 10−9); (C) inequality (3) for n = 2 at x2 = 1.02x2∗, where x
2
∗ =

1−pλ
1−rλ , for six parameter

sets with pλ < 1 (including r < 1 and r > 1), with random functions and a local optimiser
over a seven-parameter family (no violation; the supremum of the ratio is 1, attained by con-
stants); (D) the closed form of the necessity computation, and the violation at x2 = 0.98x2∗;
(E) for n = 3, 60 random functions at x2 = 1.03x2∗ (no violation) and exponential witnesses
at x2 = 0.97x2∗ (violation), for three parameter sets. numerics/check forward general.py

checks Lemma 1.6 and inequality (3) for n = 3 with random non-equicorrelated covariances
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(for n = 2 with scalar blocks every covariance is equicorrelated): random pairings B, ran-
dom test functions above the threshold (largest log-ratio between −0.32 and −0.07, so this
is not a test of sharpness), and exponential witnesses along the bottom eigenvector below it.
numerics/check forward negative p.py tests (1) for p < 0 (Proposition 1.3) at 400 random
equicorrelated cases (n ∈ {2, 3}, ρ ∈ [0, 0.9), p ∈ (−3,−0.2), α ∈ (0.05, 0.95), x ∈ (−1, 1),
random smooth positive fj): the largest value of log(left side)− log(right side) is −1.5 · 10−3.

8. Novelty and limitations

Novelty. The forward inequality (1) with α ∈ (0, 1) is excluded from [6, Thm. 9(i)]. The
range pλ ≥ 1, where the condition is void, follows from [6, Thm. 9(i)] at α = 1 and Lyapunov’s
inequality (Remark 1.5(b)); for two functions this is [11, Prop. 1.4(a)]. As far as we know,
Theorem 1.1 is the first characterisation in the range pλ < 1, where the inequality fails near
x = 0. It shows that the covariance condition (2) stays exact for α ∈ (0, 1) in this case, although
the FB method does not apply. Propositions 6.3 and 6.5 show that this exactness does not
extend to unequal parameters: for every α ∈ (0, 1) condition (2) is not sufficient in general, even
for p ≥ 1, where for equal parameters it is exact; this is in contrast with the ranges covered by [6,
Thm. 9(i)]. The inequality is of Brascamp–Lieb type, with a correlated Lp norm on the right
and degenerate Gaussian (exponential) extremisers. Gaussian saturation is known for many
inequalities of this kind: Lieb [10], Barthe–Wolff [2] (inverse Brascamp–Lieb), Liu–Courtade–
Cuff–Verdú and Courtade–Liu [8, 5] (forward–reverse Brascamp–Lieb), Nakamura–Tsuji [12],
and the semigroup approach of Ledoux [9]. We are not aware of a result among these that
covers r < p with a correlated Lp norm on the right, but we did not search the literature
systematically beyond [6], its references and these works. Lemma 1.6 is a reverse counterpart of
the correlated log-Sobolev inequality [6, Thm. 11]. Its one-function ingredient (11) is classical;
we did not find the correlated version. The quantity Φ of Lemma 6.8 is monotone along a heat-
type flow, in the tradition surveyed by Ledoux [9]; Bennett and Bez [3] give a general method
for generating such quantities. We did not find the flow with separate noise parameters, or a
one-dimensional criterion like Theorem 6.9, in these works. Novelty is claimed to the best of
this search.

Limitations. (1) Only equal parameters rj = x and equal exponents pj = p are treated in
general. For two functions and r = 1, condition (2) is sharp (Proposition 6.1); the companion
note [4] extends this to general blocks and cross-covariance, and to any number of scalar functions
with sign-balanced correlations and xixj ≥ 0 on the non-zero correlations [4, Cor. 1.5]. For
unequal parameters it is not sufficient in general: sufficiency fails for every r > 2 (Propositions 6.3
and 6.5), but it holds when r ≥ 1 and x1x2 = 0 (Proposition 6.4), and wherever the one-
dimensional condition of Theorem 6.9 holds (r > 1 and ρ, x1, x2 > 0; verified at explicit points,
Proposition 6.11, and numerically at about 92% of the sampled points with 1 < r ≤ 2 and
p∗ > r). That condition is not known to be necessary, and the evidence at the end of Section 6.1
suggests that it is not. Where its closed-form inequalities fail strictly, no path of the flow of
Lemma 6.8 comes near the threshold (Proposition 6.12), so those cases need a different argument.
Whether (2) is sufficient for all r ∈ (0, 2] \ {1}, and what the exact condition is for r > 2, is
open (Remark 6.7). (2) Unequal negative exponents are not treated; for equal exponents p < 0
see Proposition 1.3. (3) Negative α and the reverse inequality are covered by [6], and are not
revisited.
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