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Abstract. For f : {−1, 1}n → C of degree at most d, with λ(d) = 1 + log(1 + log d) and with
BH(d) the Boolean Bohnenblust–Hille constant defined below, we prove

BH(d) ≤ C d2(1 + log d)2 λ(d)1/4

and
BH(d) ≤ C d2(1 + log d)3/2λ(d)3/2(1 + log λ(d))1/4.

In particular BH(d) ≤ C d2(1 + log d)5/2. The level-two bound Φ(M, 2) ≤ CM
√

log(M + 1) is
proved below; the block-constant estimate uses Bernstein–Walsh on complex lines. From any
such seed, one weighted bootstrap gives both bounds. Blei’s inequality and the entropy form of
AM–GM, applied at the ℓpr level and grouped by a single block degree, produce a counting factor
r1/r. The critical contraction, with L ≈ logM blocks, therefore starts at level 20L2 logL. The
weight r1+1/L meets that contraction and contributes only a constant at degree d.

1. Statement

Let {−1, 1}n carry the uniform probability measure; E is expectation and ∥ · ∥q the Lq norm (the

ℓq norm for arrays). Every f : {−1, 1}n → C is f =
∑

S⊆[n] f̂(S)xS ; deg f = max{|S| : f̂(S) ̸= 0}.

For r ≥ 1 put

pr =
2r

r + 1
, Ar(f) =

( ∑
|S|=r

|f̂(S)|pr
)1/pr

, Φ(M, r) = sup{Ar(f) : deg f ≤M, ∥f∥∞ ≤ 1},

the supremum over all n and all complex f , and let BH(d) be the least constant with

(
∑

S |f̂(S)|pd)1/pd ≤ BH(d)∥f∥∞ whenever deg f ≤ d. For s ≥ 2 let σs = ((s − 1)/(s + 1))1/2 =

(ps − 1)1/2, so log(1/σs) = artanh(1/s). Logarithms are natural.

Theorem 1.1. There is an absolute constant C such that for every d ≥ 1, with λ(d) = 1 + log(1 +
log d),

BH(d) ≤ C d2(1 + log d)2 λ(d)1/4,(1)

BH(d) ≤ C d2(1 + log d)3/2λ(d)3/2(1 + log λ(d))1/4.(2)

In particular BH(d) ≤ C d2(1 + log d)5/2.

Theorem 1.2. Let β ≥ 1, K0 ≥ 0, C0 > 0, and suppose Φ(M, 2) ≤ C0M
β(1 + logM)K0 for all

M ≥ 1. Then, with C absolute and C ′
0 = max(C0, π/2),

BH(d) ≤ 1 + C C ′
0 d

1+β(1 + log d)K0+3/2
(
1 + log(1 + log d)

)1/4
(d ≥ 1),
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and, with λ(d) = 1 + log(1 + log d),

BH(d) ≤ 1 + C C ′
0 d

1+β(1 + log d)K0+1λ(d)3/2(1 + log λ(d))1/4 (d ≥ 1).

Theorem 1.3 (the seed). Φ(M, 2) ≤ CM
√

log(M + 1) for all M ≥ 1.

The Boolean Bohnenblust–Hille inequality is due to Defant, Masty lo and Pérez [6]. Ivanisvili
[8, Theorem 1.1] proved BH(d) ≤ Cd27. Slote, Tseng and Volberg [11] give a proof scheme for

the bound BH(d) ≤ Cεd
3/2+1/ log 2+ε for every ε > 0. Barbosa, Núñez-Alarcón, Pellegrino and

Raposo [1] prove BH(d) ≤ Cd5/2(1 + log d)3. Theorem 1.1 is Theorem 1.2 with β = 1, K0 = 1/2
and Theorem 1.3. Sections 2–5 prove Theorem 1.2 from an arbitrary level-two seed, and Section 6
proves Theorem 1.3.

Outline. Lemma 3.1 aggregates at the ℓpr level and passes to ℓ2 only over the pairs consisting of a
block and a block degree. The resulting counting factor is |T |1/r ≤ r1/r, which is what permits
the critical stage to begin at level ⌈20L2 logL⌉ rather than at a higher power of L. The weight

on that stage is r1+1/L with L = ⌊1 + logM⌋: it produces the contraction 1 − κ2 ≍ L−2 and, at

degree d, only the factor d1/L ≤ e. Proposition 3.2 is applied twice for (1) and three times for (2).

The powers of log d are then K0 from the seed, 1
2 from the factor R

1/4
∗ with R∗ = ⌈20L2 logL⌉

(the weight is r5/4 below R∗), and 1 from the contraction 1 − κ2 ≍ L−2.

2. Tools

Lemma 2.1 (Bonami–Beckner). For 1 ≤ p ≤ 2, 0 ≤ ρ ≤ (p − 1)1/2 and g : {−1, 1}n → C,
∥Tρg∥2 ≤ ∥g∥p, where TρxS = ρ|S|xS. Hence for s ≥ 2, t ≥ 0 and every G,

(3) σts

( ∑
|ξ|=t

|Ĝ(ξ)|2
)1/2

≤ ∥G∥ps .

Also ∥h∥q ≤ (q − 1)k/2∥h∥2 for q ≥ 2 and deg h ≤ k, and ∥h∥2 ≤ 3k∥h∥1 for deg h ≤ k.

Proof. The real case of the first claim is the Bonami–Beckner inequality [3, 2], [9, Ch. 9]. For
complex g, Tρg(x) = Eξg(xξ) with independent ξi, Eξi = ρ, so |Tρg| ≤ Tρ|g| and ∥Tρg∥2 ≤ ∥|g|∥p.
For (3) use ∥TσsG∥2 ≤ ∥G∥ps and Parseval. The Lq bound is the dual statement ∥T(q−1)−1/2g∥q ≤
∥g∥2 applied to g = T(q−1)1/2h. For the last claim, ∥h∥2 ≤ ∥h∥1/31 ∥h∥2/34 ≤ ∥h∥1/31 3k/3∥h∥2/32 . □

Lemma 2.2 (level one). If degF ≤ M , then A1(F ) ≤ π
2M∥F∥∞; if F is real,

∑
i |F̂ ({i})| ≤

M∥F∥∞.

Proof. Fix x. The function t 7→ TtF (x) is a polynomial of degree ≤ M bounded by ∥F∥∞ on

[−1, 1] (an average for t ≥ 0, and T−tF (x) = TtF (−x)). Its derivative at 0 is F1(x) =
∑

j F̂ ({j})xj .

The function θ 7→ Tcos θF (x) is a trigonometric polynomial of order at most n = ⌊M⌋. Bernstein’s
inequality [5, p. 98] gives that the absolute value of its derivative is at most n∥F∥∞, so at θ = π/2

one has |F1(x)| ≤ n∥F∥∞ ≤ M∥F∥∞. For real F choose xj = sign F̂ ({j}). For complex F take

xj = sign Re(e−iθF̂ ({j})) and average over θ, using 1
2π

∫ 2π
0 |Re(e−iθa)| dθ = 2

π |a|. □

Lemma 2.3 (Blei’s inequality for L blocks). Let L ≥ 2, let a be an array on E1 × · · · × EL,
d ∈ NL0 , r = |d|, sj = r − dj ≥ 1, θj = sj/((L− 1)r), and

Xj(a) =
( ∑

(ik)k ̸=j

( ∑
ij∈Ej

|ai1...iL |
2
)psj /2)1/psj

.

Then
∑

j θj = 1 and ∥a∥pr ≤
∏
j Xj(a)θj .
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Proof. For P ∈ [1,∞)L let ∥a∥P be the iterated norm (ℓPL in iL first, ℓP1 in i1 last). If θj ≥ 0,∑
j θj = 1 and 1/Pk =

∑
j θj/P

(j)
k for every k, then ∥a∥P ≤

∏
j ∥a∥

θj
P (j) . For one index this is

Hölder’s inequality ∥
∏
j b
θj
j ∥ℓP ≤

∏
j ∥bj∥

θj

ℓP
(j) for arbitrary bj ≥ 0 (exponents P (j)/(Pθj)). For

the induction step fix i1, apply the claim to a(i1, ·), and then apply the one-index inequality in i1
to bj(i1) = ∥a(i1, ·)∥(P (j)

2 ,...,P
(j)
L )

. Let P (j) have 2 in position j and psj elsewhere. Since θj/(2sj) =

1/(2(L − 1)r), θk
2 +

∑
j ̸=k θj(

1
2 + 1

2sj
) = 1

2 + 1
2r = 1

pr
, so P = (pr, . . . , pr). Finally, Minkowski’s

inequality ∥∥F∥ℓqv∥ℓ2u ≤ ∥∥F∥ℓ2u∥ℓqv (q ≤ 2) moves the ℓ2 norm innermost, so ∥a∥P (j) ≤ Xj(a). □

Random partitions. Fix L ≥ 2 and let ω : [n] → [L] be uniform, Ij = ω−1(j). For d ∈ NL0
let ad(ω) = (f̂(S1 ∪ · · · ∪ SL))Sj⊆Ij ,|Sj |=dj , an array on

∏
j{S ⊆ Ij : |S| = dj}, and Xj(d, ω) =

Xj(ad(ω)).

Lemma 2.4 (capture identity). For every set C of multidegrees with |d| = r,

Eω
∑
d∈C

∥ad(ω)∥prpr = η(C)Ar(f)pr , η(C) = Pr
[
Mult(r; 1

L , . . . ,
1
L) ∈ C

]
.

Proof. Each S lies in exactly one array, at the multidegree (|S ∩ Ij |)j , which for |S| = r has the
multinomial law. □

Partial square functions. A weight is a function w : N → (0,∞), where N = {1, 2, . . . }; only its
values at s ≤M enter Gw. For N ≥ 1 and 1 ≤ R ≤M let

Gw(R) = sup
{( R∑

s=1

As(g)2

w(s)2

)1/2
: g : {−1, 1}n → C, n ≤ N, deg g ≤M, ∥g∥∞ ≤ 1

}
.

(M and N are fixed and suppressed.) Gw(R) <∞, since As(g) ≤
(
N
s

)1/(2s)∥g∥2 by Hölder.

Lemma 2.5 (section estimate). Let Q be a function on {−1, 1}I × {−1, 1}J with |I| + |J | ≤ N

and degQ ≤M . Put bα,ξ = Q̂(α∪ ξ) for α ⊆ I, ξ ⊆ J , and Ys,t =
(∑

|α|=s(
∑

|ξ|=t |bα,ξ|2)ps/2
)1/ps .

Then for every weight w and 2 ≤ R ≤M ,

R∑
s=2

∑
t≥0

σ2ts Y
2
s,t

w(s)2
≤ Gw(R)2∥Q∥2∞.

Proof. Fix s ≥ 2, p = ps, and let gα(y) =
∑

ξ bα,ξy
ξ, the coefficient of xα in Q(·, y). With

cα,t = σts(
∑

|ξ|=t |bα,ξ|2)1/2 we have ∥cα,·∥ℓ2 = ∥Tσsgα∥2 ≤ ∥gα∥p by Lemma 2.1, so Minkowski’s

inequality (p ≤ 2) gives∑
t

σ2ts Y
2
s,t =

∥∥(∥c·,t∥ℓp)t
∥∥2
ℓ2

≤
∥∥(∥cα,·∥ℓ2)α

∥∥2
ℓp

≤
(∑

α

∥gα∥pp
)2/p

=
(
EyAs(Q(·, y))p

)2/p
,

which is at most EyAs(Q(·, y))2. Divide by w(s)2 and sum over 2 ≤ s ≤ R. Each section Q(·, y)
has degree ≤M , at most N coordinates and sup norm ≤ ∥Q∥∞, so Ey

∑
s≤RAs(Q(·, y))2/w(s)2 ≤

Gw(R)2∥Q∥2∞. □

Lemma 2.6 (binomial tails). If Z ∼ Bin(r, 1/L), µ = r/L and 0 < a < 1, then Pr[|Z − µ| >
aµ] ≤ 2e−caµ, ca = a2(3 − a)/6.

Proof. EeτZ ≤ eµ(e
τ−1). With τ = log(1 +a), resp. τ = log(1−a) < 0, Markov’s inequality for eτZ

bounds the upper, resp. lower, tail by e−µϕ(a), resp. e−µψ(a), where ϕ(a) = (1 + a) log(1 + a) − a ≥
a2

2 − a3

6 and ψ(a) = (1 − a) log(1 − a) + a ≥ a2

2 . □
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3. Degree-marginal aggregation and the stage inequality

Fix L ≥ 2 and r ≥ 4. A window is a nonempty set C of multidegrees d ∈ NL0 with |d| = r
and 1 ≤ dj ≤ r − 2 for all j. For d ∈ C let sj = r − dj ≥ 2 and θj = θj(d) = sj/((L− 1)r) as in
Lemma 2.3, and D(d) =

∑
j θj log(Lθj) ≥ 0 (the relative entropy of θ with respect to the uniform

law on [L]). Let T (C) = {dj : d ∈ C, 1 ≤ j ≤ L}. For a weight w define

Mw(r,d) =

L∏
j=1

(σ−djsj w(sj)

w(r)

)θj
, κw(r, C)2 = η(C)−(1+ 1

r
) |T (C)|

1
r max

d∈C
Mw(r,d)2e(1+

1
r
)D(d).

For a splitting [n] = I ⊔ J write Ys,t(f ; J) for the quantity Ys,t of Lemma 2.5 with Q = f .

Lemma 3.1 (degree-marginal aggregation). For every f : {−1, 1}n → C, every window C at level
r and every weight w,

Ar(f)2

w(r)2
≤ κw(r, C)2 · 1

L
Eω

L∑
j=1

∑
t∈T (C)

σ2tr−t Yr−t,t(f ; Ij)
2

w(r − t)2
.

Proof. Write p = pr and fix ω. For every d with |d| = r and every j with 1 ≤ dj ≤ r − 2 put

Uj(d) = σ
dj
sjXj(d, ω)/w(sj), where sj = r − dj . For d ∈ C, Lemma 2.3 gives ∥ad∥p ≤

∏
j X

θj
j =

w(r)Mw(r,d)
∏
j U

θj
j . By the weighted AM–GM inequality,

∏
j

(Upj )θj =
∏
j

(Lθj)
θj
∏
j

( Upj
Lθj

)θj
≤ eD(d)

∑
j

θj
Upj
Lθj

=
eD(d)

L

∑
j

Upj .

Hence, with µ = maxd∈C Mw(r,d)peD(d),

(4)
∑
d∈C

∥ad∥pp ≤
µw(r)p

L

L∑
j=1

∑
t∈T

∑
d∈C, dj=t

Uj(d)p.

Fix j and t ∈ T , and let s = r − t; every d in the inner sum has sj = s. The sets α ⊆ [n] \ Ij with
|α| = s are partitioned according to the profile (|α ∩ Ik|)k ̸=j , and the part of profile (dk)k ̸=j is
exactly the outer index set of Xj(d, ω). Hence

∑
d:|d|=r, dj=tXj(d, ω)ps = Ys,t(f ; Ij)

ps , and since
ps ≤ p, ∑

d∈C, dj=t
Uj(d)p ≤

( ∑
d: |d|=r, dj=t

Uj(d)ps
)p/ps

= Vj,t(ω)p, Vj,t =
σts Ys,t(f ; Ij)

w(s)
.

Take Eω in (4). By Lemma 2.4 the left side becomes η(C)Ar(f)p. On the right, Hölder’s inequality
for the measure Pr⊗(counting on [L] × T ), of total mass L|T |, with exponents 2/p and 2/(2 − p),

gives E
∑

j,t V
p
j,t ≤ (L|T |)1−p/2(E

∑
j,t V

2
j,t)

p/2. Therefore

Ar(f)p ≤ η−1µw(r)pL−1(L|T |)1−p/2
(
E
∑
j,t

V 2
j,t

)p/2
.

Raise this to the power 2/p = 1 + 1
r . Then µ2/p = maxM2

we
(1+1/r)D and L−2/p(L|T |)2/p−1 =

L−1|T |1/r. □

Proposition 3.2 (stage inequality). Let w be a weight, 4 ≤ R ≤ R′ ≤ M , L ≥ 2, and for
each r ∈ [R,R′] let Cr be a window at level r with L blocks such that κw(r, Cr) ≤ κ. Then
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r=RAr(f)2/w(r)2 ≤ κ2Gw(R′ − 1)2∥f∥2∞ for every f with deg f ≤ M on n ≤ N coordinates.
Consequently, if κ < 1,

Gw(R′)2 ≤ Gw(R− 1)2

1 − κ2
.

Proof. Sum Lemma 3.1 over r ∈ [R,R′] and exchange the sum with Eω and 1
L

∑
j . For fixed ω and

j, the pairs (s, t) = (r− t, t) with r ∈ [R,R′] and t ∈ T (Cr) are distinct and satisfy 2 ≤ s ≤ R′ − 1.
So Lemma 2.5, applied to Q = f with J = Ij , bounds their contribution by Gw(R′− 1)2∥f∥2∞. For

the second claim, take the supremum over g of
∑

s<RAs(g)
2/w(s)2 +

∑R′

s=RAs(g)
2/w(s)2; this

gives Gw(R′)2 ≤ Gw(R− 1)2 + κ2Gw(R′ − 1)2 ≤ Gw(R− 1)2 + κ2Gw(R′)2, and Gw(R′) <∞. □

4. Windows, fixed levels and the two stages

For L ≥ 3, 0 < a ≤ 1
2 and r ≥ 4L let Cr(L, a) = {d ∈ NL0 : |d| = r, |dj − r/L| ≤ ar/L ∀j}.

Lemma 4.1 (the multiplier). Let L ≥ 3, 0 < a ≤ 1
2 , b ≥ 1, r ≥ 4L with ar ≥ L, and let w

satisfy w(s)/w(r) ≤ (s/r)b for r/2 ≤ s ≤ r. Then C = Cr(L, a) is a window, |T (C)| ≤ 2ar/L+ 1,

η(C) ≥ 1 − 2Le−car/L, and for d ∈ C

2 logMw(r,d) +
(
1 + 1

r

)
D(d) ≤ 2

(L− 1)(1 − 4/r2)
− 2b log

L

L− 1
+
(
2b+ 1 + 1

r

) a2

(L− 1)2
.

Proof. For d ∈ C we have dj ≥ (1 − a)r/L ≥ r/(2L) ≥ 2 and sj = r − dj ≥ r(1 − 1+a
L ) ≥ r

2 ≥ 2.
C is nonempty: it contains a vector with entries ⌊r/L⌋ and ⌈r/L⌉, since ar/L ≥ 1. So C is a
window. The set T consists of integers in an interval of length 2ar/L. By the union bound

and Lemma 2.6, 1 − η ≤
∑

j Pr[|dj − r/L| > ar/L] ≤ 2Le−car/L. Next, logMw = P1 + P2 with

P1 =
∑

j θjdj artanh(1/sj) and P2 =
∑

j θj log(w(sj)/w(r)). Using artanhu ≤ u/(1−u2), sj ≥ r/2

and θj/sj = 1/((L− 1)r), we get P1 ≤ (1 − 4/r2)−1
∑

j dj/((L− 1)r) = (1 − 4/r2)−1/(L− 1). As

sj/r = (L−1)θj ∈ [12 , 1], the hypothesis gives P2 ≤ b
∑

j θj log((L−1)θj) = b(D− log L
L−1). Finally

log x ≤ x− 1 gives D ≤
∑

j θj(Lθj − 1) = L
∑

j(θj −
1
L)2, and θj − 1

L = −(dj/r − 1
L)/(L− 1), so

D ≤ L
(L−1)2

·L · a2
L2 = a2

(L−1)2
. Combine: 2P1+2P2+(1+ 1

r )D ≤ 2P1−2b log L
L−1 +(2b+1+ 1

r )D. □

Proposition 4.2 (stage one). Let L = 3, a = 1
20 , b = 5

4 , and let w satisfy w(s)/w(r) ≤ (s/r)5/4

for r/2 ≤ s ≤ r. Then κw(r, Cr(3, 1
20))2 ≤ e−1/125 for every r ≥ R0 := 25000.

Proof. Lemma 4.1 applies since r ≥ 25000 ≥ max(4L,L/a) = 60; it bounds the multiplier term
by (1 − 4/r2)−1 − 5

2 log 3
2 + (72 + 1

r ) 1
1600 ≤ 1 + 10−8 − 1.013662 + 0.002188 ≤ −0.01147. Here

ca = 59
48000 ≥ 0.001229, so car/3 ≥ 10.24 and 1 − η ≤ 6e−10.24 ≤ 2.2 · 10−4; the capture term is

−(1 + 1
r ) log η ≤ (1 + 1

r )1−ηη ≤ 2.3 ·10−4. The counting term is 1
r log |T | ≤ 1

r log( r30 + 1) ≤ 2.7 ·10−4,

since x 7→ 1
x log( x30 + 1) is decreasing for x ≥ R0. The total is at most −0.01097 < − 1

125 . □

Proposition 4.3 (stage two). Let L ≥ 40, a = 1
4 , b = 1 + 1

L , and let w satisfy w(s)/w(r) ≤
(s/r)1+1/L for r/2 ≤ s ≤ r. Then κw(r, Cr(L, 14))2 ≤ e−1/(2L2) for every r ≥ RL := ⌈20L2 logL⌉.

Proof. Lemma 4.1 applies since RL ≥ 4L = L/a. Let u = 1
L−1 . Since 2u− 2 log(1 + u) ≤ u2 and

2
L log L

L−1 ≥ 2
L2 , Lemma 4.1 bounds the multiplier term by

u2 +
10u

r2
− 2

L2
+
(

3 +
2

L
+

1

r

)u2
16

≤ 1.1907u2 − 2

L2
+

10u

r2
≤ −0.747

L2
+

10−7

L2
,

using (1 − 4/r2)−1 ≤ 1 + 5/r2, (L/(L − 1))2 ≤ (40/39)2 ≤ 1.052 and r2 ≥ 400L4 log2 L. Here
c1/4 = 11

384 , so car/L ≥ 0.57L logL and 1 − η ≤ 2L · L−0.57L ≤ 10−30/L2; the capture term is
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below 10−29/L2. The counting term is 1
r log |T | ≤ log r

r ≤ logRL
RL

, and logRL ≤ log(21L2 logL) ≤
3.045 + 2 logL+ log logL, so

logRL
RL

≤ 1

20L2

(
2 +

3.045 + log logL

logL

)
≤ 0.16

L2
.

The total is at most −0.58/L2 < −1/(2L2). □

Remark 4.4. The proofs of Propositions 4.2 and 4.3 use only Lemma 4.1. For the pure power
w(s) = sb, the objective 2 logMw(r,d)+(1+ 1

r )D(d) is
∑

j χ(sj) with χ convex, so it is largest at a

vertex of the window, but that observation is not required above. Explicitly, with c = 1/((L− 1)r)
and Ψ(s) = s artanh(1/s) =

∑
k≥0 s

−2k/(2k + 1), one has χ(s) = c[2(r − s)Ψ(s) + 2bs log(s/r) +

(1+ 1
r )s log(Lcs)] and χ′′ = c[(2b+1+ 1

r )/s+2(r−s)Ψ′′−4Ψ′] > 0, since Ψ′ < 0 < Ψ′′. Any weight
satisfying the hypothesis of Lemma 4.1 has no larger objective than this pure power, because
sj ≥ r/2 on the window.

Proposition 4.5 (fixed levels). Let S(M) ≥ π
2M satisfy Φ(M, 2) ≤ S(M). Define D1 = D2 = 1,

D3 = (9/2)2/3
√

3, and Dr = π
−1/pr
r (σ2σr−2)−2(r−2)/rD

(r−2)/r
r−2 for r ≥ 4, where πr =

(
r
2

)
2−r. Then

Ar(f) ≤ DrS(M)∥f∥∞ for all r ≥ 1 and deg f ≤M .

Proposition 2.6 of [1] is the case of a level-two bound of order M3/2, for functions on a finite
local system. The statement here is the Boolean case with an arbitrary level-two bound S(M).

Proof. Let ∥f∥∞ ≤ 1. The cases r = 1, 2 are Lemma 2.2 and the hypothesis. For r = 3 take
L = 3 and d = (1, 1, 1), so sj = 2 and θj = 1

3 . Fix j, and for each S = (Sk)k ̸=j with |Sk| = 1 let

GS(xj) =
∑

S⊆Ij f̂(S ∪
⋃
k ̸=j Sk)x

S
j . By (3), σ2Xj ≤ (

∑
S ∥GS∥p2p2)1/p2 . For fixed xj the numbers

GS(xj) are level-two coefficients of a section of f , so
∑

S |GS(xj)|p2 ≤ S(M)p2 and Xj ≤
√

3S(M).

Lemmas 2.3 and 2.4 (with η = 2
9) give A3 ≤ (9/2)1/p3

√
3S(M). For r ≥ 4 take L = 2 and

d = (2, r− 2). The same argument bounds the two Blei factors by σ−2
r−2Dr−2S(M) (sections in the

variables of I2, by induction) and σ
−(r−2)
2 S(M) (sections in the variables of I1); their geometric

mean with weights r−2
r , 2r and the capture η = πr give the recursion. □

5. Proof of Theorem 1.2

Let S(M) = C ′
0M

β(1 + logM)K0 ; then S(M) ≥ π
2M and Φ(M, 2) ≤ S(M). A function on the

cube has integer degree, so Φ(t, r) depends on t only through ⌊t⌋. Replace M by ⌊M⌋ and take M
to be a positive integer. In the application to BH(d) one has M = d, already an integer, so this

replacement does not change the bounds below. Put H2 =
∑

r<R0
D2
rr

−5/2, an absolute constant.
Fix N ≥ 1 and let L∗ = ⌊1 + logM⌋.
The weight. If L∗ ≤ 39, let R∗ = M and w(r) = r5/4. If L∗ ≥ 40, let R∗ = RL∗ = ⌈20L2

∗ logL∗⌉;
then 118000 < R∗ ≤ 21L2

∗ logL∗ < eL∗−1 ≤M . Let

w(r) = r5/4 (r ≤ R∗), w(r) = R
5/4
∗ (r/R∗)

1+1/L∗ (r > R∗).

For L∗ ≥ 40, logw is a piecewise linear function of log r with slopes 5
4 ≥ 1 + 1

L∗
, so w(s)/w(r) ≤

(s/r)1+1/L∗ for all s ≤ r. In both cases w is increasing and w(s)/w(r) = (s/r)5/4 for s ≤ r ≤ R∗.

The stages. By Proposition 4.5, Gw(min(M,R0 − 1))2 ≤
∑

r<R0
D2
rS(M)2/r5/2 = H2S(M)2.

If R∗ ≥ R0, Proposition 3.2 with three blocks and Proposition 4.2 on the levels [R0, R∗] give

Gw(R∗)
2 ≤ H2S(M)2/(1 − e−1/125) ≤ 126H2S(M)2. If L∗ ≥ 40, Proposition 3.2 with L∗ blocks

and Proposition 4.3 with L = L∗ on the levels [R∗ + 1,M ] give

Gw(M)2 ≤ Gw(R∗)
2

1 − e−1/(2L2
∗)

≤ 4L2
∗Gw(R∗)

2 ≤ 504L2
∗H

2S(M)2.
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In all cases Gw(M) ≤ 23L∗HS(M).

Completion. Let deg f ≤ d, ∥f∥∞ ≤ 1, and take M = d and N = n. Since pr ≤ pd for r ≤ d,∑
S ̸=∅ |f̂(S)|pd ≤

∑d
r=1Ar(f)pd . Hölder’s inequality over the d levels and the monotonicity of w

then give

∥f̂∥pd ≤ 1 + d
1
2d

( d∑
r=1

Ar(f)2
)1/2

≤ 1 + e1/(2e)w(d)Gw(d).

If L∗ ≤ 39 then w(d) ≤ e10d. If L∗ ≥ 40 then w(d) ≤ R
1/4
∗ d · d1/L∗ ≤ eR

1/4
∗ d, since L∗ ≥ log d,

and R∗ ≤ 21L2
∗ logL∗. With L∗ ≤ 1 + log d,

BH(d) ≤ 1 +C dL
3/2
∗ (log(1 +L∗))

1/4S(d) ≤ 1 +C C ′
0 d

1+β(1 + log d)K0+3/2
(
1 + log(1 + log d)

)1/4
.

This is the first bound of Theorem 1.2.

Three stages. Let L3 = L∗. If L3 ≥ 40, let R3 = RL3 , L2 = ⌈logR3⌉ and R2 = RL2 . Suppose
L3 ≥ 40 and L2 ≥ 40; otherwise log d < e20, and the first bound already implies the second. Then
L2 < L3, R0 < R2 < R3 < M , and we use

w(r) =


r5/4 (r ≤ R2),

R
5/4
2 (r/R2)

1+1/L2 (R2 < r ≤ R3),

w(R3)(r/R3)
1+1/L3 (r > R3).

The slopes 5
4 ≥ 1 + 1

L2
≥ 1 + 1

L3
decrease. So Proposition 3.2 applies with Proposition 4.2 on

[R0, R2], with Proposition 4.3 for L = L2 on [R2 + 1, R3], and with Proposition 4.3 for L = L3 on

[R3 + 1,M ]. Hence Gw(M) ≤
√

126HS(M) · 2L2 · 2L3, and w(d) ≤ dR
1/4
2 R

1/L2

3 d1/L3 ≤ e2R
1/4
2 d.

Since L3 ≤ 1 + log d, L2 ≤ 1 + log(21L2
3 logL3) ≤ 5 + 3 logL3 ≤ 5λ(d) and R2 ≤ 21L2

2 logL2 ≤
Cλ(d)2(1 + log λ(d)), this gives the second bound of Theorem 1.2. □

6. The seed: proof of Theorem 1.3

Symbols introduced in this section are local to it. The block-constant estimate is proved directly,
by Bernstein–Walsh on complex lines; polarization is not used. All functions in this section are

real-valued. For complex f , apply the result to Ref and Imf , whose Walsh coefficients are Ref̂

and Imf̂ , so ΦC(M, 2) ≤ 2ΦR(M, 2), where ΦC and ΦR denote Φ with the supremum over complex,
resp. real, f . For real g with |g| ≤ 1 and deg g ≤M we use three facts.

(a)
∑

i |ĝ({i})| ≤M (Lemma 2.2).

(b) (Level-one inequality.) If α = ∥g∥1 > 0, then ∥P1g∥2 ≤ C1α
√

log(e/α) with C1 = 1 +
√

2,
where P1g =

∑
i ĝ({i})xi. The same shape of bound is classical [12, 4], [9, Sec. 5.4]; the

constant used here is proved as follows. If h = P1g = 0 there is nothing to prove. Otherwise
put Z = |h|/∥h∥2. Hoeffding’s inequality [7, Theorem 2] says that if Yi are independent and
ai ≤ Yi ≤ bi, then Pr[S−ES ≥ t] ≤ exp

(
−2t2/

∑
i(bi−ai)2

)
for t > 0. Write h =

∑
i cixi with

xi ∈ {−1, 1}. Each summand lies in [−|ci|, |ci|], so
∑

i(bi−ai)2 = 4∥h∥22. The one-sided bound

and the same bound for −h give Pr[|h| ≥ u∥h∥2] ≤ 2e−u
2/2, that is Pr[Z > u] ≤ 2e−u

2/2.
Since 0 ≤ |g| ≤ 1 and E|g| = α,

∥h∥22 = E[gh] ≤ E[|g||h|] = ∥h∥2 E[|g|Z],

so ∥h∥2 ≤ E[|g|Z] ≤
∫∞
0 min(α, 2e−u

2/2) du. With u0 = (2 log(2/α))1/2 the integral up to u0

is at most αu0. The tail satisfies
∫∞
u0

2e−u
2/2 du ≤ 2u−1

0 e−u
2
0/2 = α/u0: indeed d

due
−u2/2 =

−ue−u2/2, so
∫∞
u0
ue−u

2/2 du = e−u
2
0/2, and u ≥ u0 on the range gives

∫∞
u0
e−u

2/2 du ≤
u−1
0 e−u

2
0/2, while e−u

2
0/2 = α/2. For 0 < α ≤ 1 one has u0 ≥ 1 and log(e/α) ≥ 1,
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and u20 = 2 log(2/α) ≤ 2 log(e/α), so u0 + 1/u0 ≤ u0 + 1 ≤ (1 +
√

2)
√

log(e/α). Thus

∥h∥2 ≤ C1α
√

log(e/α).
(c) (Blei–Littlewood; Lemma 2.3 with L = 2, d = (1, 1).) For every finite array, ∥a∥4/3 ≤

(
∑

u ∥au·∥2)1/2(
∑

i ∥a·i∥2)1/2.

Lemma 6.1 (Bernstein–Walsh on complex lines). Let F : {−1, 1}J → C, degF ≤M , ∥F∥∞ ≤ 1,
and let F also denote its multi-affine extension to CJ . Let z = a+ib with a ∈ [−1, 1]J , b ∈ RJ \{0},
and suppose that Λ = mini:bi ̸=0(1 − |ai|)/|bi| > 0. Then |F (z)| ≤ eM/Λ.

Proof. Fa,b(ζ) = F (a + ζb) is a polynomial of degree ≤ M in ζ ∈ C. For real |ζ| ≤ Λ the point

a+ ζb lies in [−1, 1]J , where F is an average of its values on the cube; so |Fa,b| ≤ 1 on [−Λ,Λ].

By the Bernstein–Walsh inequality [10, Thm. 5.5.7], |Fa,b(ζ)| ≤ |ω +
√
ω2 − 1|M with ω = ζ/Λ

and the branch of modulus ≥ 1. (Apply the maximum principle to Fa,b(Λω)(ω +
√
ω2 − 1)−M on

(C ∪ {∞}) \ [−1, 1]; this holds for complex coefficients.) At ζ = i this is (Λ−1 +
√

1 + Λ−2)M =

eM arsinh(1/Λ) ≤ eM/Λ. □

Theorem 6.2 (block-constant test forms). Let |B| ≤ 1 on {−1, 1}J , degB ≤M , α = ∥B∥1. Let
G1, . . . , Gm ⊆ J be disjoint with |Gj | = nj ≥ n0, let εi ∈ {±1} and λj ≥ 0 with

∑
j λ

2
j = 1, and

let L =
∑

j λj
∑

i∈Gj
εixi/

√
nj. Put γ = E[BL]/α and C ′ = 2e. If α > 0 and K ≥ 2 is an integer

with γ ≥ 18
√
K and Kn0 ≥ 4C ′2M2, then α ≤ 2 (C ′M/

√
Kn0)

K .

Proof. Replacing xi by εixi, we may assume ε ≡ 1. Let B̄ be the average of B over
∏
j Sym(Gj),

acting on the coordinates. Then |B̄| ≤ 1, deg B̄ ≤M , ∥B̄∥1 ≤ α, and E[B̄L] = E[BL] = γα, since L
is invariant. Fix the coordinates outside the blocks in B̄ and call the resulting function g of the block
variables; g is invariant, |g| ≤ 1 and deg g ≤M . So its level-k part is Qk =

∑
|β|=k aβ

∏
j eβj (xGj ),

where β ∈ Nm0 and eb is the elementary symmetric polynomial; hence ∥Qk∥22 =
∑

β |aβ|2
∏
j

(nj

βj

)
.

For t ∈ C and y ∈ Tm let z(t, y) have coordinates zi = tyj for i ∈ Gj . Since eb(tyj , . . . , tyj) =(nj

b

)
tbybj , the multi-affine extension satisfies

g(z(t, y)) =
∑
k≤M

tkhk(y), hk(y) =
∑
|β|=k

cβy
β, cβ = aβ

∏
j

(
nj
βj

)
.

If |t| = δ ≤ 1
2 , each coordinate of z(t, y) has real and imaginary parts of modulus ≤ δ. So either

z(t, y) is real and |g(z(t, y))| ≤ 1, or Lemma 6.1 applies with Λ ≥ (1− δ)/δ and gives |g(z(t, y))| ≤
eMδ/(1−δ) ≤ e2Mδ. Cauchy’s estimate in t with δ = k/(2M) ≤ 1

2 gives |hk(y)| ≤ (2M/k)kek =

(C ′M/k)k for y ∈ Tm and 1 ≤ k ≤ M , and Parseval on Tm gives
∑

β |cβ|2 ≤ (C ′M/k)2k. Since∏
j

(nj

βj

)
≥

∏
j(nj/βj)

βj ≥ (n0/k)k,

∥Qk∥22 =
∑
β

|cβ|2∏
j

(nj

βj

) ≤
( k

n0

)k(C ′M

k

)2k
, i.e. ∥Qk∥2 ≤

( C ′M√
kn0

)k
.

Now L has level one and ∥L∥2 = 1. Let q = C ′M/
√
Kn0 ≤ 1

2 . For degψ < K, Hölder’s inequality

and Lemma 2.1 give ∥ψ∥1+1/K ≤ ∥ψ∥(K−1)/(K+1)
1 ∥ψ∥2/(K+1)

2 ≤ 9∥ψ∥1, and Lemma 2.1 gives

∥L∥K+1 ≤
√
K. Hence

E[gL] = E[g<KL] ≤ 9
√
K ∥g<K∥1 ≤ 9

√
K
(
∥g∥1 +

∑
k≥K

∥Qk∥2
)
≤ 9

√
K(∥g∥1 + 2qK).

Averaging over the fixed coordinates gives γα = E[B̄L] ≤ 9
√
K(∥B̄∥1 + 2qK) ≤ 9

√
K(α+ 2qK),

and γ ≥ 18
√
K yields α ≤ 2qK . □
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Theorem 6.3 (decomposition of the level-one tail). Let M ≥ 1 and K ≥ 2 be integers and
B : {−1, 1}J → R with |B| ≤ 1, degB ≤M and α = ∥B∥1 > 0. Let v be the level-one coefficient
vector of B and sv = ∥v∥2. The set T of coordinates outside a fixed choice of the min(M2, |J |)
largest |vi| splits as T = T ′ ⊔ T ′′ with

∥v|T ′∥2 ≤ 36
√
K α, ∥v|T ′′∥4/34/3 ≤ C2M

2/3s4/3v

(
1 +

1

K

( 2

α

)2/K)
, C2 = 24C ′2.

Proof. If |J | ≤ M2, then T = ∅ and there is nothing to prove. Otherwise every entry of v|T
is ≤ sv/M , since the M2 top entries dominate it. Let Vk = {i ∈ T : 2−k−1 < |vi| ≤ 2−k} and

mk = |Vk|. Only k with 2−k < 2sv/M occur, ∥v|Vk∥
4/3
4/3 ≤ mk2

−4k/3, and
∑

2−k<2sv/M
2−4k/3 ≤

6(sv/M)4/3. Coordinates with vi = 0 go to T ′′. Let n∗ = 4C ′2M2. Levels with mk < n∗ go to

T ′′, at total cost ≤ 6n∗(sv/M)4/3 = 24C ′2M2/3s
4/3
v . For integers ν ≥ n∗, let W (ν) be the union

of the levels with mk ≥ ν and φ(ν) = ∥v|W (ν)∥2/α, which is non-increasing in ν and vanishes for

large ν. Let n∗ be the least ν ≥ n∗ with φ(ν) ≤ 36
√
K, and put T ′ = W (n∗). Every remaining

level has n∗ ≤ mk < n∗, hence φ(mk) > 36
√
K. For such k apply Theorem 6.2 to the blocks

{Vl : ml ≥ mk}, all of size ≥ n0 := mk, with εi = sgn vi and λl = ∥v|Vl∥2/∥v|W (mk)∥2. The entries

of a level agree within a factor 2, so ∥v|Vl∥1 ≥ 1
2

√
ml ∥v|Vl∥2 and

E[BL] =
∑
l

λl
∥v|Vl∥1√

ml
≥ 1

2
∥v|W (mk)∥2 > 18

√
K α;

also Kmk ≥ n∗. Hence α ≤ 2(C ′M/
√
Kmk)

K , i.e. mk ≤ (C ′2M2/K)(2/α)2/K , and these levels

cost at most 6(C ′2M2/K)(2/α)2/K(sv/M)4/3 in total. □

Lemma 6.4 (summing the rows). Let Bu (u ∈ U) be real with |Bu| ≤ 1, αu = ∥Bu∥1 and
su = ∥P1Bu∥2, and suppose

∑
u s

2
u ≤ 1 and

∑
u αu ≤ Γ, where Γ ≥ 2. Then for every integer

K ≥ 7, ∑
u:αu>0

s4/3u

(
1 +

1

K

( 2

αu

)2/K)
≤ C3 Γ2/3

√
log Γ

(
1 +

1

K

(
2Γ10

)2/K)
.

Proof. By (b), su ≤ C1αu
√
ℓu with ℓu = log(e/αu); note αu ≤ 1.

Rows with 0 < αu < Γ−10. Here 1 ≤ (2/αu)2/K , so the summand is at most 2s
4/3
u (2/αu)2/K ≤

Cα
4/3−2/K
u ℓ

2/3
u ≤ Cαu · α1/21

u ℓ
2/3
u , as 1

3 − 2
K ≥ 1

21 . The function t 7→ t1/21 log(e/t)2/3 is increasing

on (0, e−13] and bounded by 3.2 on (0, 1]. So on (0,Γ−10) it is at most CΓ−10/21(log Γ)2/3 (use the

bound 3.2 when Γ < e1.3), and these rows contribute ≤ CΓ11/21(log Γ)2/3 ≤ CΓ2/3.

Rows with αu ≥ Γ−10. Here (2/αu)2/K ≤ (2Γ10)2/K , and it remains to bound
∑
s
4/3
u . Rows

with su ≥ 1/Γ give
∑
s
4/3
u ≤ Γ2/3

∑
s2u ≤ Γ2/3. Rows with su < 1/Γ give s

4/3
u ≤ Γ−1/3su ≤

Γ−1/3C1αu
√

log(eΓ10), which sums to ≤ CΓ2/3
√

log Γ. □

Proof of Theorem 1.3. Degree is an integer, so Φ(M, 2) = Φ(⌊M⌋, 2). The map u 7→ u
√

log(u+ 1)
is increasing on [1,∞), and ⌊M⌋ ≤ M , so the bound at ⌊M⌋ implies the bound at M . Replace
M by ⌊M⌋ and assume that M is a positive integer. Fix a bipartition I ⊔ J of the coordinates

and a real f with |f | ≤ 1 and deg f ≤ M . Write bui = f̂({u, i}) for u ∈ I, i ∈ J . The rows
Bu(y) = Ex[xuf(x, y)] and the columns Bi(x) = Ey[yif(x, y)] are bounded by 1, have degree
≤ M , and have level-one vectors bu = (bui)i and bi = (bui)u. For each y the section f(·, y) has
level-one coefficients Bu(y), so by (a)

∑
u |Bu(y)| ≤M ; integrating,

∑
u ∥Bu∥1 ≤M , and likewise∑

i ∥Bi∥1 ≤M . By Parseval,
∑

u ∥bu∥22 =
∑

i ∥bi∥22 ≤ 1.
Let Γ = max(2,M) and K = max(7, ⌈log Γ⌉). For every row with αu = ∥Bu∥1 > 0 fix a set topu

of min(M2, |J |) largest entries, apply Theorem 6.3, and write bu = bu|topu + t′u + t′′u with t′u = bu|T ′
u
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and t′′u = bu|T ′′
u

, where topu, T
′
u, T

′′
u partition J . A row with αu = 0 vanishes; put topu = T ′

u = ∅
and T ′′

u = J . Do the same for the columns, with sets topi, T ′i, T ′′i partitioning I and vectors t′i,
t′′i. Partition the entries (u, i) into

E1 = {(u, i) : i ∈ topu ∪ T ′′
u }, E2 = {(u, i) : i ∈ T ′

u, u ∈ topi ∪ T ′′i},
E3 = {(u, i) : i ∈ T ′

u, u ∈ T ′i}.

E1. Hölder on at most M2 entries gives ∥bu|topu∥
4/3
4/3 ≤ M2/3s

4/3
u , where su = ∥bu∥2. With

Theorem 6.3 and Lemma 6.4,∑
E1

|bui|4/3 ≤ (1 + C2)M
2/3

∑
u:αu>0

s4/3u

(
1 +

1

K

( 2

αu

)2/K)
≤ CM2/3Γ2/3

√
log Γ,

because (2Γ10)2/K ≤ exp(2(log 2 + 10 log Γ)/K) ≤ e21.
E2. Every entry of E2 lies in topi ∪ T ′′i for its column i, so the same argument applied to the

columns gives the same bound.
E3. Let a = b1E3 . Its row u is a sub-vector of t′u and its column i a sub-vector of t′i, so∑
u ∥au·∥2 ≤ 36

√
K

∑
u αu ≤ 36

√
KM , and likewise for the columns. By (c),

∑
E3

|bui|4/3 ≤
(36

√
KM)4/3.

Altogether ∥b∥4/34/3 ≤ CM4/3(log(M + 1))2/3 for every bipartition. For a uniformly random

bipartition each pair {i, j} is split with probability 1
2 , so A2(f)4/3 = 2E(I,J)∥b(I,J)∥

4/3
4/3 and

A2(f) ≤ CM
√

log(M + 1). □

7. Remarks

1. Where the length went. The fixed levels are the recursion of Proposition 4.5. Above the constant
level R0, Proposition 3.2 is applied on two or three ranges of degrees. Lemma 3.1 is stated for
an arbitrary window and weight, so the two contracting ranges differ only in the values fed to
Lemma 4.1.

2. The exponent (heuristic). The top stage needs L ≳ log d blocks, since its weight r1+1/L costs

d1/L in the completion. Lemma 4.1 then gives only 1 − κ2 ≍ L−2, which costs a factor ≍ log d.
The stage can start only at a level R ≳ L2 logL, where the counting term (log r)/r drops below

L−2, and the weight below R costs R1/4. A third stage with L2 ≈ logR3 blocks covers the levels
between R2 ≈ L2

2 logL2 and R3. This turns the cost (log d)1/2+o(1) into (log log d)3/2+o(1), which
is (2). More stages improve only the iterated logarithms: K0 + 1 is the exponent of log d that this
kind of stacking gives.

3. The seed. By Theorem 1.2, any seed Φ(M, 2) ≤ CM(1 + logM)K0 with K0 < 1 (two stages) or

K0 <
3
2 (three stages) already gives BH(d) ≤ Cd2(1 + log d)5/2. In particular a cruder seed than

Theorem 1.3 would suffice for the target. The bootstrap cannot start from level one alone: at
s = 1 the extraction (3) is void (σ1 = 0), so a bound for Φ(M, 2) is the input this bootstrap needs.

4. The constant. The constant C is absolute. It depends on H2 =
∑

r<R0
D2
rr

−5/2, a finite sum
up to the fixed cutoff R0 = 25000, and no attempt is made to optimize it. The inequalities in
Propositions 4.2 and 4.3 are proved in the text; in particular Proposition 4.3 uses the factor

e−1/(2L2).
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