A SHORT PROOF THAT THE BOOLEAN BOHNENBLUST-HILLE
CONSTANT IS AT MOST d2(logd)3/2+0(1)

PAATA IVANISVILI

This proof was generated on November 6, 2026, by Grok Bot using Cursor’s agents, quided by several
prompts from Paata Ivanisvili.

ABSTRACT. For f: {—1,1}" — C of degree at most d, with A(d) =1 + log(1 + logd) and with
BH(d) the Boolean Bohnenblust—Hille constant defined below, we prove
BH(d) < C d*(1 + log d)? A(d)*/*

and

BH(d) < C d*(1 +log d)*?A(d)*/*(1 + log A(d))*/*.
In particular BH(d) < C d*(1 + logd)®/?. The level-two bound ®(M,2) < CM/log(M + 1) is
proved below; the block-constant estimate uses Bernstein—Walsh on complex lines. From any
such seed, one weighted bootstrap gives both bounds. Blei’s inequality and the entropy form of
AM-GM, applied at the £ level and grouped by a single block degree, produce a counting factor
r1/7. The critical contraction, with L ~ log M blocks, therefore starts at level 20L2 log L. The
weight r'*/L meets that contraction and contributes only a constant at degree d.

1. STATEMENT

Let {—1,1}" carry the uniform probability measure; E is expectation and || - ||, the L? norm (the
(7 norm for arrays). Every f:{-1,1}" = Cis f =} gy f(S)xs; deg f = max{|9] : f(S) # 0}.
For » > 1 put

2r
r+1

C A= (S 1FP) " @) = sup{a,() s des f < M. | fll < 1),

|S[=r

Dr =

the supremum over all n and all complex f, and let BH(d) be the least constant with
(g |f(S)[Pa)t/Pa < BH(d)| f|loo Whenever deg f < d. For s > 2 let o5 = ((s —1)/(s +1))1/2 =
(ps — 1)'/2, 50 log(1/0,) = artanh(1/s). Logarithms are natural.

Theorem 1.1. There is an absolute constant C' such that for every d > 1, with A\(d) = 1+ log(1 +
log d),

(1) BH(d) < C d?(1 +logd)? A\(d)"/4,
(2) BH(d) < C d*(1 +log d)/2X\(d)3/%(1 + log A(d))"/*.
In particular BH(d) < C d?(1 + log d)>/2.

Theorem 1.2. Let § > 1, Ko > 0, Cy > 0, and suppose ®(M,2) < CoMP(1 + log M)K° for all
M > 1. Then, with C' absolute and Cj; = max(Cy, 7/2),

BH(d) < 1 + C Cyd"*P(1 +log d)X03/2 (1 + log(1 + logd))/*  (d > 1),
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and, with A\(d) = 1+ log(1 +logd),
BH(d) < 14 C Cyd™P(1 +logd)XotIA\(d)*2(1 + log A(d))Y/*  (d > 1).
Theorem 1.3 (the seed). ®(M,2) < C M/log(M + 1) for all M > 1.

The Boolean Bohnenblust-Hille inequality is due to Defant, Mastylo and Pérez [6]. Ivanisvili
[8, Theorem 1.1] proved BH(d) < Cd?". Slote, Tseng and Volberg [11] give a proof scheme for
the bound BH(d) < C.d%/?t1/1°82+¢ for every ¢ > 0. Barbosa, Nifiez-Alarcén, Pellegrino and
Raposo [1] prove BH(d) < Cd®/?(1 4 logd)?. Theorem 1.1 is Theorem 1.2 with =1, Ko = 1/2
and Theorem 1.3. Sections 2-5 prove Theorem 1.2 from an arbitrary level-two seed, and Section 6
proves Theorem 1.3.

Outline. Lemma 3.1 aggregates at the £~ level and passes to £? only over the pairs consisting of a
block and a block degree. The resulting counting factor is |T° |1/ " < rY7 which is what permits
the critical stage to begin at level [20L? log L] rather than at a higher power of L. The weight
on that stage is r'*1/L with L = [1 4 log M|: it produces the contraction 1 — x? < L=2 and, at
degree d, only the factor d'/F < e. Proposition 3.2 is applied twice for (1) and three times for (2).
The powers of logd are then K from the seed, % from the factor Ri/ * with R, = [20L2log L]
(the weight is /% below R,), and 1 from the contraction 1 — k2 =< L~2.

2. TooLs

Lemma 2.1 (Bonami-Beckner). For 1 <p <2, 0<p < (p—1)Y? and g : {-1,1}* — C,
1 T,gll2 < llgllp, where T,x¥ = pl¥laS. Hence for s > 2, t >0 and every G,

3 (S 16©R)" <l¢l,.
€=t

Also ||hlly < (¢ — 1)*2||n||2 for ¢ > 2 and degh < k, and ||h||2 < 3¥||h||1 for degh < k.
Proof. The real case of the first claim is the Bonami-Beckner inequality [3, 2], [9, Ch. 9]. For

complex g, T,g(x) = E¢g(x€) with independent &;, E&; = p, so |T,g| < T)|g| and || Tpgll2 < ||9]llp-
For (3) use ||75,G||2 < [|G|lp, and Parseval. The L? bound is the dual statement ||T{,_;y-1/29(lq <

lgll2 applied to g =Ty, yy1/2h. For the last claim, [[h]lz < [[A]/*[IR]3° < IR]y/*353(n)3°. O

Lemma 2.2 (level one). If deg F' < M, then Ay(F) < SM||F|loo; if I is real, ), |ﬁ({z})| <
M|[Floo-

Proof. Fix x. The function t — T;F(z) is a polynomial of degree < M bounded by ||F||o on
[—1,1] (an average for ¢ > 0, and T_¢F(z) = T, F'(—x)). Its derivative at 0 is Fy(z) = >, ﬁ({j})x]
The function 6 +— TeospF () is a trigonometric polynomial of order at most n = | M |. Bernstein’s
inequality [5, p. 98] gives that the absolute value of its derivative is at most n||F||o, so at 6 = 7/2

one has |Fi(z)| < n||F| < M||F|lo. For real F' choose x; = sign ﬁ({]}) For complex F' take
zj = signRe(e " F({j})) and average over 0, using 5 02” [Re(e™?a)|df = 2|al. O

Lemma 2.3 (Blei’s inequality for L blocks). Let L > 2, let a be an array on Ej X --- X Ep,
deNf,r=|d|,sj=r—d; >1,0;=s;/(L—1)r), and

50 =( 3 (3 al))
k)k£j WS

Then 3_;0; =1 and [lall,, <TI; X;(a)¥.
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Proof. For P € [1,00)% let ||a||p be the iterated norm (¢f% in iy, first, ££* in 4y last). If 6; > 0,
>.j0;=1and 1/P, = Z 0; /P] for every k, then [lallp < []; Ha||P(])
Hoélder’s inequality || [], b; % ler < TL, 116, H P<J for arbitrary b; > 0 (exponents PU)/(P§;)). For
the induction step fix i1, apply the claim to a(i1,-), and then apply the one-index inequality in 7;
to b;(i1) = ||a(i1, ')H(P2(j)7“'7pl(lj)). Let PY) have 2 in position j and ps; elsewhere. Since 0;/(2s;) =

1/(2(L — 1)r), %’“ + D ik 0;(3 + ﬁ) =1+4+= p—, so P = (py,...,pr). Finally, Minkowski’s

inequality [[|[Fllgllez < [[I[Fllezllz (¢ < 2) moves the £ norm innermost, so |[al|pi) < Xj(a). O

For one index this is

Random partitions. Fix L > 2 and let w : [n] — [L] be uniform, I; = w™1(j). For d € N¥
let ag(w) = (f(S1U---USL))s;c1,|5,=d;> an array on [[{S C I; : |S] = d;}, and X;(d,w) =
Xj(aa(w))-
Lemma 2.4 (capture identity). For every set C of multidegrees with ]d\ =,
Eu ) llaa@)lir = n(@A(f)r,  n(C) = Pr [Mult(r; £,..., 1) €C].
deC

Proof. Each S lies in exactly one array, at the multidegree (|.S N I;|);, which for |S| = r has the
multinomial law. O

Partial square functions. A weight is a function w : N — (0,00), where N = {1,2,...}; only its
values at s < M enter G,. For N >1and 1 < R< M let

- As(g)? 112 "
Gw(R):sup{(Z w(s)2> g {-1,1}"=-C, n<N, degg < M, HgHoogl}.
s=1

Ny 1/(2s)

(M and N are fixed and suppressed.) G, (R) < 0o, since A4(g) < ( ) ||g\|2 by Holder.

Lemma 2.5 (section estimate). Let Q be a function on {—1,1} x {—=1,1} with |I| +|J| < N
and deg@Q < M. Putbye = Q(aU§) fora CI, £ C J, and Yy, = (Z|a\:s(z\g|:t ‘ba7£’2)ps/2)l/ps.
Then for every weight w and 2 < R < M,

ZZ

s=2 t>0

Proof. Fix s > 2, p = p,, and let ga(y) = D b acy®, the coefficient of 2% in Q(-,y). With
Cat = Ué(Z\ﬂ:t |ba.g|?)1/? we have |[ca,. |2 = | Tr.gallz < [|gallp by Lemma 2.1, so Minkowski’s

2t}/82t

Guw(R)?[Q%.

inequality (p < 2) gives
2ty 2 2 2 p 2/p_ P 2/p
> 022 = [[le-dllo )l < Jallp < (D llgallt) ™ = (B A4(QC 1)),
t a

which is at most E,A4(Q(-,y))?. Divide by w(s)? and sum over 2 < s < R. Each section Q(-,y)
has degree < M, at most N coordinates and sup norm < [|Qlloo, 50 By Y- p As(Q(-,y))* /w(s)? <
Gu(R)?]|Q1%- O
Lemma 2.6 (binomial tails). If Z ~ Bin(r,1/L), p = r/L and 0 < a < 1, then Pr[|Z — u| >
ap) < 2e %k ¢, = a%(3 — a)/6.

Proof. Ee™? < eMe™=1) With 7 = log(1 +a), resp. 7 = log(1 —a) < 0, Markov’s inequality for e™%
bounds the upper, resp. lower, tail by e #?(@) resp. e #¥(@) where ¢(a) = (1 +a)log(l+a) —a >

2

%—%and@b(a):(l—a)log(l—a)—l—az“2—2. O
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3. DEGREE-MARGINAL AGGREGATION AND THE STAGE INEQUALITY

Fix L > 2 and r > 4. A window is a nonempty set C of multidegrees d € N} with |d| = r
and 1 <dj <r—2forall j. FordeClets;=r—d; >2and§; =6;(d) =s;/(L—1)r) asin
Lemma 2.3, and D(d) =}, 0;1log(L#;) > 0 (the relative entropy of  with respect to the uniform
law on [L]). Let T(C) ={d;j : d € C, 1 < j < L}. For a weight w define

L _—d
os;” w(sj)\ 0 (1al 1 1
Mu(rid) = [T (Z28) 0 w00 =€) O [T(O)F mae M )26+ P0@),

For a splitting [n] = I U J write Y ;(f;J) for the quantity Ys; of Lemma 2.5 with @ = f.

j=1

Lemma 3.1 (degree-marginal aggregation). For every f : {—1,1}" — C, every window C at level
r and every weight w,

Ar(f)2< 7E"JZZ rtrttfl>.

r—t
Jj=1teT(C)

Proof. Write p = pr and fix w. For every d with |d| = r and every j with 1 < d; <r — 2 put
Uj(d) = O'SJX (d, w)/w(s]) where sj = r —d;. For d € C, Lemma 2.3 gives [laall, < [, ij =
w(r)My(r,d) I1; Uj . By the weighted AM—GM inequality,

U? o, Ur D@
[T = e I1 ()" < PO 0,7 = -y
J J

J J J J

Hence, with 1 = maxgee My, (r, d)PeP (@),

L
(@ > faaly < PASTS S wap

deC j=1teT deC, dj=t

Fix j and t € T, and let s = r —¢; every d in the inner sum has s; = s. The sets a C [n] \ I; with
|a| = s are partitioned according to the profile (Jow N Ix|)x;, and the part of profile (dj)r; is
exactly the outer index set of X;(d,w). Hence > g, q/—,, d;—t X;(d,w)Ps =Y, (f;1;)P+, and since
Ps <D,

p/ps ot Yai(f; Ij)
oom@rs (Y s@r) = v, V=R
dEC, d]':t d: |d\:r, djzt

Take E,, in (4). By Lemma 2.4 the left side becomes 7(C)A,(f)P. On the right, Holder’s inequality
for the meabure Pr ®(counting on [L] x T'), of total mass L|T'|, with exponents 2/p and 2/(2 — p),
gives EZ]t < < (LT~ p/Q(EZ V2 . )P/2. Therefore

AP < (L (L)) (B Z )"

Raise this to the power 2/p = 1 + 1. Then p*? = maxM2e(+1/"P and L=2P(L|T|)?/P~1 =
LY 1M, O

Proposition 3.2 (stage inequality). Let w be a weight, 4 < R < R’ < M, L > 2, and for
each r € [R,R'] let C, be a window at level r with L blocks such that ky(r,C.) < k. Then
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ZiRAr(f)z/w(r)2 < K2Gy(R — 1)?||f||% for every f with degf < M onn < N coordinates.
Consequently, if K < 1,
Guw(R—1)?
/\2 < w .
Gu(R)" < 1— k2
Proof. Sum Lemma 3.1 over 7 € [R, R'] and exchange the sum with E,, and + > ;- For fixed w and
J, the pairs (s,t) = (r —t,t) with r € [R, R'] and t € T(C,) are distinct and satisfy 2 < s < R’ — 1.
So Lemma 2.5, applied to Q = f with J = I;, bounds their contribution by Gy, (R’ —1)?||f||%,. For
the second claim, take the supremum over g of Y., As(g)?/w(s)? + ZE;R As(9)?/w(s)?; this
gives G (R)? < Gu(R — 1) + K2Gw(R —1)?2 < Guw(R — 1)? 4+ k2Gw(R')?, and G(R') < co. O

4. WINDOWS, FIXED LEVELS AND THE TWO STAGES
For L>3,0<a<3%andr>4Llet C.(L,a)={d €N} :|d|=r, |dj —r/L| < ar/L Vj}.

Lemma 4.1 (the multiplier). Let L > 3, 0 < a < %, b>1,r > 4L with ar > L, and let w
satisfy w(s)/w(r) < (s/r)? forr/2 < s <r. Then C =C.(L,a) is a window, |T(C)| < 2ar/L +1,
n(C) >1—2Le "/t and ford € C
2 L a?
—2b1 2b4+1+41)—rs.
R Ry A ARy ey

Proof. For d € C we have d; > (1 —a)r/L >r/(2L) > 2 and s; =7 —d; > r(1 — 132) > £ > 2.
C is nonempty: it contains a vector with entries |r/L| and [r/L], since ar/L > 1. So C is a
window. The set T consists of integers in an interval of length 2ar/L. By the union bound
and Lemma 2.6, 1 —n < > . Pr[[d; —r/L| > ar/L] < 2Le %"/l Next, logM,, = P; + P with
Py =3, 0;djartanh(1/s;) and Py = 3, 0;log(w(s;)/w(r)). Using artanhu < u/(1— u?), s; >r/2
and 0;/s; = 1/((L — 1)r), we get Py < (1 —4/r?)7! >idi/(L—1)r)=(1 —4/r)7Y/(L —1). As
sj/r = (L—1)0; € [3,1], the hypothesis gives P, < bZ 6;log((L— 1) i) =b(D log +27). Finally
10gx<:v—1givesDgzjﬁj(lﬂj—l):LZj(ﬁj )%, and 0, — + = —(d;/r — 1)/(L — 1), so
D< L% = . Combine: 2P +2P,+(1+1)D < 2P1—2blogm+(2b+1+%)D. 0

2log My (r,d) + (1 + l)D(d) <

r

a2
(L-1)2
Proposition 4.2 (stage one). Let L =3, a = 55, b= 2, and let w satisfy w(s)/w(r) < (s/r)5/4
forr/2 <s<r. Then ky(r,Cr(3, 20)) < e V125 for every r > Ry := 25000.

(L— 1)2

Proof. Lemma 4.1 applies since r > 25000 > max(4L, L/a) = 60; it bounds the multiplier term
by (1—4/r%)71 = Slog3 + (4 + 1)% < 1+107% - 1.013662 + 0.002188 < —0.01147. Here
Cq = % > 0.001229 S0 ¢qr/3 > 10.24 and 1 —n < 6e 1024 < 2.2.107%; the capture term is
—(1+1)logn < (1+ 1)17’7 < 2.3-10%. The counting term is + log [T < % log(go +1) €2.7-1074,

since z +— % ~log(g5 + 1) is decreasing for > Ry. The total is at most —0.01097 < — 125 0

Proposition 4.3 (stage two). Let L > 40, a = 1, b = 1+ 1, and let w satisfy w(s)/w(r) <
(s/r) VL forr/2 < s <. Then ky(r,Cr(L, 1) < e Y@L for every r > Ry, := [20L%log L].

Proof. Lemma 4.1 applies since Ry, > 4L = L/a. Let u = 1. Since 2u — 2log(1 +u) < u? and
%log LE > L2’ Lemma 4.1 bounds the multiplier term by
10u 2 2 1\u? 2 10u 0.747 1077
2 2
S )7<11907 Sl
v T I <+L+ 16 TpEtE T T

using (1 —4/r?)™' <1 +5/r2, (L/(L —1))? < (40/39)? < 1.052 and 2 > 400L*log? L. Here
Cijy = %, so cqor/L > 0.57T Llog L and 1 —n < 2L - L=%57F < 10730/L2; the capture term is
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below 1072%/L2. The counting term is 1 log |7 < 10% < %, and log Ry, < log(21L%log L) <
3.045 + 2log L + loglog L, so
log Ry, 1 3.045 + log log L 0.16
< )<
Ry, 2012 log L L?
The total is at most —0.58/L% < —1/(2L?). O

Remark 4.4. The proofs of Propositions 4.2 and 4.3 use only Lemma 4.1. For the pure power
w(s) = s°, the objective 2log My, (r,d) + (1+ 1)D(d) is >~ x(sj) with x convex, so it is largest at a
vertex of the window, but that observation is not required above. Explicitly, with ¢ = 1/((L — 1)r)
and W(s) = sartanh(1/s) = >, <5 2¥/(2k + 1), one has x(s) = c[2(r — s)U(s) + 2bslog(s/r) +
(14 1)slog(Les)] and x” = c[(2b+1+1)/s+2(r —s)¥” —4¥] > 0, since ¥’ < 0 < ¥”. Any weight
satisfying the hypothesis of Lemma 4.1 has no larger objective than this pure power, because
sj > r/2 on the window.

Proposition 4.5 (fixed levels). Let S(M) > §M satisfy ®(M,2) < S(M). Define Dy = Dy =1,
D3 = (9/2)2/3\/3, and D, = ﬁfl/pr (0207«_2)_2(T_2)/7’D1(f:22)/r forr >4, where 7, = (5)2_". Then
Ar(f) < D.S(M)||flloo for all > 1 and deg f < M.

Proposition 2.6 of [1] is the case of a level-two bound of order M?/2, for functions on a finite
local system. The statement here is the Boolean case with an arbitrary level-two bound S(M).

Proof. Let || f|loc < 1. The cases r = 1,2 are Lemma 2.2 and the hypothesis. For r = 3 take
L=3andd=(1,1,1),s0 s; = 2 and 0; = 1. Fix j, and for each S = (Sk)jx; with [Sg| =1 let
Gs(xj) =gy, F(su Uk Sk)mf By (3), 02X; < (3 g |Gs|[52)'/72. For fixed z; the numbers
Gs(z;) are level-two coefficients of a section of f, so Y g |Gs(x;)[P? < S(M)P? and X; < v/3S(M).
Lemmas 2.3 and 2.4 (with n = 2) give A3 < (9/2)'/P3\/3S(M). For r > 4 take L = 2 and
d = (2,7 —2). The same argument bounds the two Blei factors by o7 %, D,_2S(M) (sections in the

variables of I, by induction) and o, r=2g (M) (sections in the variables of I7); their geometric
mean with weights ’7—2, % and the capture n = 7, give the recursion. O

5. PROOF OF THEOREM 1.2

Let S(M) = C{MP(1 + log M)%0; then S(M) > ZM and ®(M,2) < S(M). A function on the
cube has integer degree, so ®(t,7) depends on ¢ only through [¢|. Replace M by | M| and take M
to be a positive integer. In the application to BH(d) one has M = d, already an integer, so this
replacement does not change the bounds below. Put H* =Y, <Ro D2r=5/2 an absolute constant.
Fix N > 1 and let L, = |1+ log M.

The weight. If L, < 39, let R, = M and w(r) = r®/*. If L, > 40, let R, = Ry, = [20L2log L.];
then 118000 < R, < 21L2%log L, < e*~1 < M. Let

w(r) =r (r <R,  wlr)=RT0r/R)FYE (r > R,).
For L, > 40, logw is a piecewise linear function of logr with slopes 2 > 1+ L%, so w(s)/w(r) <
(5/r)' /L= for all s < r. In both cases w is increasing and w(s)/w(r) = (s/r)?/* for s < r < R..
The stages. By Proposition 4.5, Gy (min(M, Ry — 1)) < > _p D2S(M)?/r®? = H?S(M)?.
If R. > Ry, Proposition 3.2 with three blocks and Proposition 4.2 on the levels [Ry, R.] give
Guw(R.)? < H2S(M)?/(1 — e~ V/125) <126 H2S(M)?. If L, > 40, Proposition 3.2 with L, blocks
and Proposition 4.3 with L = L, on the levels [R, + 1, M| give

Gu(y < el

R SV 2 2 < 27172 2
< s < ALIGL(R.)? < 504 LIHES(M)2
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In all cases G (M) < 23 L.HS(M).
Completion. Let deg f < d, ||fllc < 1, and take M = d and N = n. Since p, < pg for r < d,
Y50 [F(S)[Pe < Zle A, (f)P4. Holder’s inequality over the d levels and the monotonicity of w

then give
d

1Pl < 1+ a7 (D2 A(£)?)

r=1

If L, < 39 then w(d) < e'%d. If L, > 40 then w(d) < R/*d - d"/" < e RY*d, since L, > logd,
and R, < 21L2log L,. With L, <1 +logd,
BH(d) < 1+ Cd L¥*(log(1 + L.)) /45 (d) < 14 C C,d"*P(1 +log d)*0+3/2(1 + log(1 + log d)) /",
This is the first bound of Theorem 1.2.
Three stages. Let Ls = L. If Ly > 40, let R3 = Rr,, Ls = [log R3] and Ry = Rp,. Suppose
L3 > 40 and Lo > 40; otherwise logd < €%, and the first bound already implies the second. Then
Ly < L3, Ry < Ry < R3 < M, and we use

r5/4 (r < Ry),

w(r) = ¢ RY*(r/Ry)* Y/ 2 (Ry <1 < Ry),
w(R3)(r/Rs)'*/Es (r > Ry).

1/2
< 1+ Y Cw(d) Gy (d).

The slopes g > 1+ L% > 1+ L%) decrease. So Proposition 3.2 applies with Proposition 4.2 on

[Ro, Re|, with Proposition 4.3 for L = Lg on [Ry + 1, R3], and with Proposition 4.3 for L = L3 on
[Rs + 1, M]. Hence Go(M) < /126 HS(M) - 2Ly - 2L3, and w(d) < d Ry *Ry/**dV/Ls < e2RY*d.
Since Ly < 1+ logd, Ly <1+ log(21L31og L3) < 5+ 3log L3 < 5A(d) and Ry < 21L31log Ly <
CA(d)%(1 +1og A(d)), this gives the second bound of Theorem 1.2. O

6. THE SEED: PROOF OF THEOREM 1.3

Symbols introduced in this section are local to it. The block-constant estimate is proved directly,
by Bernstein—Walsh on complex lines; polarization is not used. All functions in this section are
real-valued. For complex f, apply the result to Ref and Imf, whose Walsh coefficients are Ref
and Imf, so &¢(M,2) < 20 (M,2), where ¢ and Pg denote ¢ with the supremum over complex,
resp. real, f. For real g with |g| <1 and degg < M we use three facts.

(a) 5, 16({i})] < M (Lemma 2.2)
(b) (Level-one inequality.) If a = ||g[l1 > 0, then ||Pig|l2 < Cia+/log(e/a) with C; = 1 + /2,
where Pig = ), g({i})x;. The same shape of bound is classical [12, 4], [9, Sec. 5.4]; the
constant used here is proved as follows. If h = P;g = 0 there is nothing to prove. Otherwise
put Z = |h|/||h||2. Hoeffding’s inequality [7, Theorem 2] says that if Y; are independent and
a; <Y; <b;, then Pr[S—ES > t] < exp(—2t2/ Zi(bi—ai)Q) for ¢t > 0. Write h = ), ¢;z; with
z; € {—1,1}. Each summand lies in [—|c;|, |c;]], so 3, (bi —a;)? = 4||h||3. The one-sided bound
and the same bound for —h give Pr[|h| > ul|h||2] < 2¢7¥*/2, that is Pr[Z > u] < 2e7%*/2.
Since 0 < |g| <1 and E|g| = a,
Ihll3 = E[gh] < Ellgl|n]] = ||2]l2E[|g|Z],
so [|h]l2 < E[lg|Z] < [;° min(a, 2e~"*/2) du. With ug = (2log(2/))"/?2 the integral up to ug
is at most aug. The tail satisfies fi; 2~ /2 dy < 2uale_“g/2 = a/ug: indeed %G_UQ/Q =
—ue_“2/2, SO f;; ue= /2 dy = e‘“g/Q, and u > wug on the range gives qu: e v 2y <

uale_“g/Q, while e7%/2 = @/2. For 0 < a < 1 one has uy > 1 and log(e/a) > 1,
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and u?2 = 2log(2/a) < 2log(e/a), so ug + 1/ug < ug + 1 < (1 + v/2)y/log(e/a). Thus
17]l2 < Cray/log(e/a).
(c) (Blei-Littlewood; Lemma 2.3 with L = 2, d = (1,1).) For every finite array, [las/3 <

(Zu ||au-||2)1/2(2i ||a.i\|2)1/2.

Lemma 6.1 (Bernstein-Walsh on complex lines). Let F': {—1,1}/ = C, deg F < M, || F|lo <1,
and let F also denote its multi-affine extension to C’. Let z = a+ib with a € [-1,1]7, b € R7\ {0},
and suppose that A = mingp, 40(1 — |a;])/|bi| > 0. Then |F(z)] < eM/A,

Proof. Fo,(¢) = F(a+ (b) is a polynomial of degree < M in ¢ € C. For real |¢| < A the point
a+ ¢b lies in [—1,1]7, where F is an average of its values on the cube; so [F,,| < 1 on [—A, A].
By the Bernstein-Walsh inequality [10, Thm. 5.5.7], |F,4(¢)| < |w + vVw? — 1|M with w = (/A
and the branch of modulus > 1. (Apply the maximum principle to F, (Aw)(w + vw? — 1)~M

(CU{oc}) \ [~1,1]; this holds for complex coefficients.) At ¢ =4 this is (A~} + /1 + A-2)M =
eMarsinh(l/A) < eM/A‘ 0O

Theorem 6.2 (block-constant test forms). Let |[B| <1 on {—1,1}/, deg B < M, a = ||B||;. Let
G1,..., Gy C J be disjoint with |Gj| = nj > no, let €; € {£1} and \; > 0 with }; /\jz =1, and
let L=73:A; ZieGj eixi/ /. Puty =E[BL]/a and C" =2e. If a« > 0 and K > 2 is an integer
with v > 18V K and Kng > 4C"?M?, then o < 2(C'M//Kng)X

Proof. Replacing x; by €;x;, we may assume € = 1. Let B be the average of B over [] ; Sym(Gj),
acting on the coordinates. Then |B| < 1,deg B < M, || B||1 < a, and E[BL] = E[BL] = v, since L
is invariant. Fix the coordinates outside the blocks in B and call the resulting function g of the block
variables; g is invariant, [g| <1 and degg < M. So its level-k part is Qr = 354 ag [ ]; e, (zc;),
where 3 € NI and e, is the elementary symmetric polynomial; hence ||Qx[|3 = > 5 lagl?T] j (gj ).

For t € C and y € T™ let 2(t,y) have coordinates z; = ty; for i € G;. Since ep(ty;,...,ty;) =
(7;]' )tby?, the multi-affine extension satisfies

= tFhly), () =D sy’ s = “51_.[ <Zj>

k<M |Bl=k

If |t| = § < 3, each coordinate of z(t,y) has real and imaginary parts of modulus < §. So either
z(t,y) is real and |g(z(¢,y))| < 1, or Lemma 6.1 applies with A > (1 —0)/0 and gives |g(z(t,y))] S
eMO/(1=0) < ¢2M3_ Cauchy’s estimate in ¢ with = k/(2M) < L gives |hi(y)| < (2M/k)*e

(C'M/E)* for y € T™ and 1 < k < M, and Parseval on T™ glves 25 leg|? < (C'M k)%, Slnce

Hj (gj) = Hj(nj/ﬂ])ﬁﬂ > (no/k),

I9clE =3 '05'2 —(k;) (CMY e ||@k||2g(f/%)’i

Now L has level one and ||L'||2 =1. Let ¢ = C'M/\/Kng < 3. For degt < K, Holder’s inequality
R

. K— 1
and Lemma 2.1 give [[¢]y11/x < |9
1Ll x+1 < VK. Hence

ElgL] = Elg~*£] < 9K g5 | < 9VE (gl + Y 1Qullz) < 9VElglls +24%).

k>K

Averaging over the fixed coordinates gives ya = E[BL] < 9VK(||B|1 + 2¢%) < 9VK (o + 2¢5),
and v > 18VK yields a0 < 2qK. O

< 9]|¢]]1, and Lemma 2.1 gives
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Theorem 6.3 (decomposition of the level-one tail). Let M > 1 and K > 2 be integers and
B:{-1,1}Y = R with |B| <1, deg B < M and o = ||B||1 > 0. Let v be the level-one coefficient
vector of B and s, = ||[v||2. The set T of coordinates outside a fived choice of the min(M?,|J|)
largest |v;| splits as T =T UT" with

1 /2\2/K
lolrrlle < 36VE @, [olonllyfy < Cob®Psif3 (14 —(2) ), Ca= 240",

Proof. If |J| < M?, then T = ) and there is nothing to prove. Otherwise every entry of v|7
is < s,/M, since the M? top entries dominate it. Let Vi = {i € T : 2771 < |o;| < 27%} and
myg = |Vi|. Only k with 27% < 2s,/M occur, ||v|VkHi§§ < mp2~ /3 and D o-k<2s, /M 24k/3 <
6(s,/M)*/3. Coordinates with v; = 0 go to T". Let n, = 4C"2M?. Levels with my < n, go to
T", at total cost < 6n.(s,/M)*/3 = 24C™2 M2/358/%. For integers v > ny, let W(v) be the union
of the levels with my > v and () = [|v[y(,)ll2/@, which is non-increasing in v and vanishes for
large v. Let n* be the least v > n, with p(v) < 36V/K, and put T/ = W(n*). Every remaining
level has n, < my < n*, hence ¢(my,) > 36v/ K. For such k apply Theorem 6.2 to the blocks
{Vi i my = my}, all of size > ng := my, with ; = sgnv; and A\ = [[v|v;[l2/][v|w (m,)ll2- The entries
of a level agree within a factor 2, so [[v|y;|l1 > 5/ [|v]v;]]2 and

v 1
E[BL] = lem > Sllolwmell2 > 18VK a;
l

N
also Kmy, > n,. Hence a < 2(C'M//EKmy)X, i.e. my < (C?M?/K)(2/a)? %, and these levels
cost at most 6(C"2M?/K)(2/a)* % (s,/M)*/? in total. O

Lemma 6.4 (summing the rows). Let B, (u € U) be real with |B,| < 1, o, = ||By|1 and
sy = ||P1Bull2, and suppose Y, s2 <1 and Y.,y < T, where I' > 2. Then for every integer

K>T7,
3 sf/3(1 N %(3)2/1() < 03 T2/3/logT (1 n %(2F10)2/K>_

(8%
wiy, >0 w

Proof. By (b), sy, < Crau/ly, with £, = log(e/ay); note v, < 1.
Rows with 0 < a,, < 710, Here 1 < (2/ay,)**, so the summand is at most 28?/3(2/0@)2/[( <
Cai/g_wKE%/g < Cay, - aql/QIZZB, as % — % > % The function ¢ — t1/21 log(e/t)2/3 is increasing
on (0,e'%] and bounded by 3.2 on (0,1]. So on (0,I'"10) it is at most CT~1%/21(logT')?/3 (use the
bound 3.2 when I' < e!3), and these rows contribute < CT/2 (logT')?/3 < CT?/3,
Rows with oy, > T719. Here (2/a,)? % < (2I''0)% K and it remains to bound Zsf‘/B. Rows
with s, > 1/T" give Zsiﬁ < F2/3233 < I'?/3. Rows with s, < 1/T give sﬁ/3 < I 13, <

F*1/3Clau\/log(eflo), which sums to < CT%/3,/logT. O

Proof of Theorem 1.3. Degree is an integer, so ®(M,2) = ®(| M |,2). The map u +— u/log(u + 1)
is increasing on [1,00), and | M | < M, so the bound at |M | implies the bound at M. Replace
M by | M| and assume that M is a positive integer. Fix a bipartition I Ll J of the coordinates
and a real f with |f| < 1 and deg f < M. Write b,; = f({u,z}) foruw € I, i € J. The rows
Bu(y) = Eg[zyf(z,y)] and the columns B'(z) = E,[y; f(z,y)] are bounded by 1, have degree
< M, and have level-one vectors b, = (by;); and b° = (by;),. For each y the section f(-,y) has
level-one coefficients B, (y), so by (a) >, |Bu(y)| < M; integrating, >, || Bull1 < M, and likewise
S 1B < M. By Parseval, 3, [bull3 = 35, [6]3 < 1.

Let I' = max(2, M) and K = max(7, [logI']). For every row with o, = ||By|[1 > 0 fix a set top,
of min(M?,|.J|) largest entries, apply Theorem 6.3, and write by, = byltop, -+ t}, + th with ¢}, = by|7r
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and t]] = by|r», where top,, Ty, T,/ partition J. A row with a, = 0 vanishes; put top, =T, =0
and T,/ = J. Do the same for the columns, with sets top?, T, T"* partitioning I and vectors ¢,
t"". Partition the entries (u,) into

By = {(u,i):i € top, UT"},  Es={(u,i):ieT, uctop’ UT"},
By ={(u,i):i €T, uecT".

4/3

a3 < M?353/% where s, = |bull2. With

Ey. Hélder on at most M? entries gives [|by|top, ||
Theorem 6.3 and Lemma 6.4,

S bl < (L e 3 i (1 () < carrs iogT
Ey

«
Ui, >0 w

because (2I'9)2/K < exp(2(log2 4 101log')/K) < €'

Es. Every entry of Es lies in top® UT" for its column %, so the same argument applied to the
columns gives the same bound.

E3. Let a = blp,. Its row u is a sub-vector of ¢/, and its column i a sub-vector of ¢, so
S llawll2 < 36VK Y., oy < 36/ KM, and likewise for the columns. By (c), > B, |bui|¥? <

(36K M)*/3.

Altogether Hb”jﬁ < CM*3(log(M + 1))?/3 for every bipartition. For a uniformly random
bipartition each pair {i,7} is split with probability 1, so As(f)¥3 = QE(I’J)Hb(I’J)Hiég and

As(f) < CM /log(M + 1). 0

7. REMARKS

1. Where the length went. The fixed levels are the recursion of Proposition 4.5. Above the constant
level Rg, Proposition 3.2 is applied on two or three ranges of degrees. Lemma 3.1 is stated for
an arbitrary window and weight, so the two contracting ranges differ only in the values fed to
Lemma 4.1.

2. The exponent (heuristic). The top stage needs L 2= logd blocks, since its weight /L costs
d'/T in the completion. Lemma 4.1 then gives only 1 — 2 =< L~2, which costs a factor = logd.
The stage can start only at a level R > L?log L, where the counting term (logr)/r drops below
L~2, and the weight below R costs RY/4. A third stage with Ly = log R3 blocks covers the levels
between Ry ~ L3log Ly and R3. This turns the cost (logd)'/>*°(1) into (loglog d)3/>+°(M) which
is (2). More stages improve only the iterated logarithms: Ky + 1 is the exponent of logd that this
kind of stacking gives.

3. The seed. By Theorem 1.2, any seed ®(M,2) < CM(1 + log M)%°0 with Ky < 1 (two stages) or
Ko < 3 (three stages) already gives BH(d) < Cd?(1 + log d)®2. In particular a cruder seed than
Theorem 1.3 would suffice for the target. The bootstrap cannot start from level one alone: at
s =1 the extraction (3) is void (o1 = 0), so a bound for ®(M,2) is the input this bootstrap needs.

4. The constant. The constant C is absolute. It depends on H? = ZT<R0 Dfr_‘:’/?, a finite sum
up to the fixed cutoff Ry = 25000, and no attempt is made to optimize it. The inequalities in

Propositions 4.2 and 4.3 are proved in the text; in particular Proposition 4.3 uses the factor
—1/(2L?)
e )
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