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ABSTRACT. Let ¢ be the largest ¢ such that any k points of the symmetric moment curve
Ui(t) = (cost,sint,cos3t,sin3t,...,cos(2k — 1)¢,sin(2k — 1)t) lying on an open arc of length ¢
span a face of conv Uy. Barvinok, Lee and Novik proved 7/2 < ¢ < w and ¢r — /2, reduced
1 to configurations collapsed to the two endpoints of the arc, and conjectured that the balanced
collapse is always the worst one. We turn their characterization into an explicit two-integral

criterion. We use it to prove: ¢ < g—‘—% for even k > 4; ¢ < §+10g(64ﬁ(2k,;1§ VRo1/2)
for odd k > 13; and liminfy (4k(¢r — 7/2) — logk) > 2log2. We also prove the effective two-
sided bound § + l(ﬁk < ¢p < G A+ loglz% for every k > 2; on a finite range of k it rests
on explicit closed-form inequalities certified in ball arithmetic. Refining the analysis we obtain
the exact second-order term, limy (4k(¢r — 5) — logk) = log(8m), which is the asymptotics of
the balanced split. We prove the Barvinok-Lee-Novik conjecture for all k¥ < 440 (both parities;
computer-assisted, ball arithmetic), together with the monotonicity of ¢ in that range. We also
prove it, analytically but with an ineffective threshold, for all sufficiently large k. The splits far
from balanced are excluded by the sharp asymptotics. For near-balanced splits we show that the
criterion is strictly concave in the exponent: its second derivative is at most —46/N + O(N~?)
with N§ =< logk. This is proved with Stein identities for the weights sin®u sin®(¢ — v) and a
moving-frame treatment of the kink |sin(u — s)|. The same estimates, used to first order in the
other exponent, show that ¢ is strictly decreasing for all sufficiently large k. This answers BLN’s
monotonicity question asymptotically. The conjecture thus remains open only on a finite but
unspecified range 440 < k < Ky. We also isolate an “endpoint monotonicity” conjecture which

implies ¢rr1 < Pk.

1. INTRODUCTION

Let S = R/277Z and By, = convUi(S) C R?*, the Barvinok-Novik orbitope [I, B]. A raked
trigonometric polynomial of degree <2k —11is f(t) =c+ E?zl(aj cos(2j — 1)t + b;sin(2j — 1)t),
ie. f = ¢+ (C,Ug). Faces of By through U(ty),...,U(t,) correspond to nonnegative raked
polynomials vanishing at the ¢;.

Definition 1 ([2]). ¢y is the largest number such that for every open arc I' C S of length ¢ and
all distinct t1,...,t, € I', n < k, the set conv{U(t1),...,U(t,)} is a face of By.

Known. Barvinok-Novik [I]: ¢ > 0. Lee: ¢ > v6k /2. BarvinokLee Novik [2]: 7/2 <

¢r < mand ¢p — w/2; ¢ = 27/3, ¢p3 = ™ — arccos 3_2‘/5, and ¢4 ~ 1.8706585 in closed form.
They also give a characterization (Theorem [13| below). Edges of By were determined in [II, 4].
The facial structure of B3 is unknown.
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Conjecture 2 ([2]). In Theorem[13(2) one can take mqa = my = k if k is even and {mq, mp} =
{k—1,k+ 1} if k is odd. For even k this is equivalent to ¢, = 2y, where oy is the smallest

positive oot of cosa + 1+ Z?;ll(—l)j (2(2;)1!?” tan? a = 0.

BLN also write that their computations suggest ¢ is decreasing, but they could not prove it.

Results. For a split (p,q), p,¢g > 1, p+q =k, and L € (0,7), let f,, 1 be the unique raked
polynomial of degree < 2k—1 with constant term 1, a root of multiplicity 2p at 0 and of multiplicity
2q at L [2, Cor. 3.5]. Let L(p,q) € (0,7] be the first L at which f, ;1 acquires an additional root
(L(p,q) = mif none). Put a=2p—1,b=2q — 1.

Theorem 3 (integral criterion). For L € (0,7) let A(u) = sin®wu sin®(L — u) on (0,L), let
s € (0,L) be the argument of fOL A(u)etdu, and put

s L s
Iy = / A(u)sin(s—u) du = ;/ A(u)| sin(u—s)| du, It = / sin® u sin®(u—L) sin(u—s) du.
0 0 L

Then fpqr >0 on' S iff Iows > Iin, and fpq.1 is > 0 and has a root outside {0, L} iff Iout = Iin.
Consequently, fpq1 has a root outside {0, L} iff Iowy < Iin. Moreover Ap4(L) = Iou — Iin s
positive on (0, L(p, q)), vanishes at L(p,q) if L(p,q) < 7, and is negative on (L(p,q), 7). Finally
¢, = minyg— L(p, q) and L(p,q) = L(q,p).
log (87(k + &
Theorem 4 (upper bounds). (i) For even k > 4: ¢, < L(5,%) < g + o8 El(::( 1 1))
rw  log (647 (k—1)\/k—1/2) =« N 3logk + O(1)

3) For odd k > 13: - _
(ii) For o > 13 ¢k<2+ 5% — 8 5 17

Theorem 5 (lower bounds). (i) liminfy_,o (4k(¢r — 5) — logk) > 2log 2.
(ii) o > 5 + l(zf;;k for every k > 2.

The proof of (ii) is analytic for £ > 2-10* For 301 < k < 2-10% it consists of certifying in ball
arithmetic, for each of the ~ 10® splits, the sign of an explicit closed form in Gamma functions
(Proposition . For k < 300 it follows from the enclosures of Theorem

log k+4.1
4

Theorem 6 (effective upper bound). ¢ < § + — for every k > 2.

For even k > 302 this follows from Theorem [4(i), and for k¥ < 300 from Theorem [§ For odd
k > 301 it comes from an explicit criterion for the split (%,%) (Proposition That
criterion is certified in ball arithmetic for £ < 200001 and verified by hand beyond. Together with
Theorem [5(ii),
w  logk
> T Ik

logk +4.1
4k

<¢k<g+ for every k > 2.

Theorem 7 (sharp asymptotics). klim (4k (¢r—5)—log k:) = log(87), i.e. ¢, = g#—%—i—
—00

1
o(%)-
This is exactly the asymptotics of the balanced split. It is what Conjecture [2] predicts, but it does
not imply the conjecture: a non-balanced split could still win at order o(1/k). The proof ( is

analytic but does not give an explicit rate. The cruder bounds of Theorems (ii) and |§| hold
for every k in their stated ranges; Theorem (1) is an asymptotic statement.

Theorem 8 (computer-assisted, rigorous). For every 2 < k < 440, the balanced split is the
unique minimizer in Theorem (2) That is, Conjecture @ holds, in both parities, and ¢ =
L(k/2], [k/2]). Moreover ¢pi1 < ¢i for 2 < k < 440, and L(p,q+ 1) < L(p,q) for allp+ q <
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200. FEach ¢y, is enclosed in an interval of half-width 1.01 - 1072 about a floating-point value,
printed to 12 decimals (files numerics/rigorous_200. txt, numerics/rigorous_201_300. tzt,
numerics/rigorous_301_400. tzt and numerics/rigorous_401_440.txt).

BLN proved £ < 4. The proof is in §8 Theorem [3| turns each comparison into the sign of an
explicit closed-form expression at a rational point, and these signs are certified in ball arithmetic
(Arb).

Theorem 9 (all sufficiently large k). There is Ko such that for every k > K the balanced split is
the unique minimizer in Theorem (2), up to p <> q. That is, C’onjecture@ holds for all k > Kjy.

Theorem 10 (monotonicity for large k). There is Ko such that ¢r11 < ¢ for all k > K.
Moreover, endpoint monotonicity L(p,q + 1) < L(p,q) (Conjecture below) holds for all k =
p+q> Ky with 0.42k < p < 0.58k.

The proofs ( are analytic but ineffective: we do not compute Ky or Ky. Together with Theo-
rem [8] the conjecture holds for k < 440 and for k > K. The splits far from balanced are handled
by the sharp asymptotics. For near-balanced splits we prove that the criterion log Ii;, — log Iy is
strictly concave in the (real) exponent 2p — 1 at L = L(|£], [4]). Its second derivative is at most
—45/N + O(N~2) with N§ =< log k.

In floating point ( we also find, for & < 300, that p — L(p, k — p) is strictly decreasing on
p < k/2, and that 4k(¢, —7/2) —log k approaches log(87) = 3.2242, the value of the upper bound
in Theorem (1) So the upper bound (i) is asymptotically sharp if the conjecture holds. We also
propose:

Conjecture 11 (endpoint monotonicity). L(p,q+ 1) < L(p,q) for all p,q > 1.

Conjecture [11] implies ¢1 < L(ps, qx + 1) < L(p«, ) = ¢k, where (p«,q«) attains ¢y. So it
answers BLN’s monotonicity question. It is rigorously verified for p + ¢ < 200 (Theorem .

Relation to the source paper. On an arc of length < 7 the curve Uy meets every hyperplane at
most 2k times, counting multiplicity [2, Thm. 3.1]; that is, it is a convex curve. The configurations
in Theorem [3| are the endpoint principal representations, the analogue in even dimension of the
upper and lower hulls in the source paper’s Theorem 2.1. ¢ is the first time the corresponding
supporting hyperplane of the convex hull of the arc stops supporting the whole closed curve. The
criterion follows the source paper’s method: factor the derivative of the support function into
explicit sines, and read off signs from integrals of positive functions.

2. FAacTs FROM [2]

Theorem 12 ([2], Thm. 3.1, Cor. 3.5). (a) A nonzero raked f of degree < 2k — 1 has at most
4k — 2 roots on S counting multiplicity. If its constant term is 0, then f(t + w) = —f(t), and it
has at most 2k — 1 roots in any open semicircle. (b) If distinct t; lie in an open semicircle and
> m; = 2k, there is a unique raked f of degree < 2k — 1 with constant term 1 having a root of
multiplicity exactly m; at t;.

Theorem 13 ([2], Thm. 5.1, Lemma 5.7). (1) For arcs of length < ¢p: if t1,...,t, € I' are
distinct and m; are positive even integers with >, m; = 2k, then the polynomial of Theorem (b)
has no other roots and is > 0. ¢y, is the largest length with this property. (2) For an arc of length
o with endpoints a,b there are positive even mg + my = 2k such that the polynomial with roots
of multiplicities mq, my at a,b is > 0 and has a root in T' + . (8) Let T be an open arc of length
< 7 with endpoint a, and fix positive even mg, my with mg + my = 2k. For b € T let f;, be the
polynomial of Theorem (b) with roots of multiplicities mq at a and my at b. Let x,y,z € T,
with x between a and y and y between a and z. If f, > 0 and fy, has a root in I' +m, then f, >0
off {a,z}, and f, is negative somewhere.



4 PAATA IVANISVILI

3. THE TWO-CLUSTER CRITERION: PROOF OF THEOREM [3

Lemma 14. Let g be a raked polynomial of degree < 2k — 1 with zero constant term, i.e. an
odd-harmonic trigonometric polynomial. If g has roots of multiplicity > p; at points r; that are
distinct mod 7, with 3 p; = 2k — 1, then g(t) = C];sin® (t — ;).

Proof. cos((2j—1)t) and sin((2j—1)t) are homogeneous polynomials of degree 2j—1 in (cost, sint).
Multiplying by (cos?t + sin?¢)*~7, odd-harmonic polynomials of degree < 2k — 1 are exactly the
restrictions F'(cost,sint) of binary forms F' of degree 2k — 1. A root of order p at t = r means

the linear form ¢, (x,y) = xsinr — ycosr divides F to order p, and ¢,(cost,sint) = —sin(t — r).
Distinct 7; mod 7 give non-proportional linear forms. Hence Hﬁfj , of degree 2k — 1, divides F,
and F' is a scalar multiple of it. O]

Proof of Theorem[3. Write f = fpqr. Then f’is odd-harmonic of degree < 2k — 1, with roots
of multiplicity exactly 2p — 1 at 0 and 2¢ — 1 at L (Theorem [12b)). Its antipodes are roots as
well, since f'(t + m) = —f'(t). By Rolle’s theorem there is a further root o € (0, L). Lemma
gives f/(t) = K g(t) with g(t) = sin®t sin®(t — L)sin(t — o). Since f(0) = f(L) = 0, fOLg = 0.
On (0,L), g = —A(u) sin(u — o) (bis odd), so Im (e~ fOL Ae™) = 0. The point fOL Aetdu/ fOL A
lies in the closed circular segment bounded by the arc {e® : 0 < v < L} and its chord. This
is a convex set not containing 0, since L < w. The point is not one of the extreme points 1,
et because A > 0 on (0,L). The only points of the segment with argument 0 or L are 1 and
e'l', so s € (0,L). The condition above says o = s (mod 7), and since o, s € (0,L) with L < 7,
o= s Put F(t) = fgg. On (0,s), g > 0; on (s,L), g < 0; on (L,m), g > 0, since every
factor is positive there (u —s € (0,7)). Hence F > 0 on (0,L) U (L,n] and F(r) = [[ g =
Iout > 0. Since g(t +m) = —g(t), we get F(t+m) = F(w) — F(t), and F has mean F(m)/2 > 0.
By uniqueness, f = 2F/F(w). On [0,7], F > 0 with maximum max(F(s), F(r)). On [r,27],
F =F(n)—-F(-—m) > 0iff F(s) < F(n), with an extra zero exactly when F(s) = F(w). If
F(s) > F(m), then F(m +s) = F(n) — F(s) <0 < F(m), so F vanishes somewhere in (7,7 + s),
which contains neither 0 nor L. Finally F(s) = Iip, and F(7) = Ioy.

Sign pattern. Suppose A(y) = 0 for some y € (0, 7). Then f,, 4, > 0, and its extra root s+ lies
in (m,7+y). Given 0 < z <y < z <, choose v € (z,7) and apply Theorem [L3|3) with a = 0,
I'=(0,7), mq = 2p, my = 2¢; note (m,m+y) C '+ . It gives A(z) > 0 and A(z) < 0. So A has
at most one zero, and if A(y) = 0 then A > 0 before y and A < 0 after y. By Theorem [13[1),
A > 0 for small L. A is continuous in L, because A, s and the integrals are. This gives the sign
pattern.

¢r = min L(p,q). If L < ¢, the configuration {0, L} lies in an open arc of length < ¢y, so by
Theorem [13[(1) A, 4(L) > 0 for every split, and L(p, q) > ¢5. By (2), some split has A, ;(¢x) = 0.
Symmetry. t — fp, (L —t) is raked with constant term 1, so it equals f, . O

4. UPPER BOUNDS

Proposition 15 (balanced split). Let k be even, p = q = k/2, and ¢ = cos(L/2). Then
1
A(L) = B ) - Ju(e), () = / (22 — A da

Proof. Here a = b = k — 1, and A is symmetric about L/2, so s = L/2. Substituting u =

L/2 —w, we have sinusin(L — u) = cos?>w — ¢?, and I, = fOL/2(0082 w — ) Lsinw dw = Jy(c).
Substituting u = £5™ 4 w, we have sinusin(u — L) = ¢? — sin? w and sin(u — s) = cosw. Hence
T = ffC(CZ — ) ldy = ch*lB(%, k). O

Lemma 16. J,,(c) > (1 — ¢2)™/(2m) for c € (0,1), m > 1.
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Proof. Withz =1 —y: 22— > (1—-¢c*) =2y >0for 0 <y < (1 —c?)/2 <1—c. Integrate
(1 —c?) —2y)™ L over [0, (1 — ¢?)/2]. O

Lemma 17 (Wendel [5]). For z > 0: z/\/z+1/2 <T'(z+ })/T'(z) < /z.

Proof of Theorem [J|(i). By Theorem [3|it suffices to show A(Z + &) < 0 for 6 = 6, := log(8m(k +
3))/(4(k — 1)), which satisfies §; < 0.4 for k > 4. By Proposition [15| and Lemma |16 it suffices

that ¢**~1B(3,k) < (1 —c*)*/(2k), i.e
2k log tan o > log (2kB(3,k)/c), a=T+2, c=cosa.
We have log tan a = 2artanhtan § > ¢ and ¢ = (cos § —sin )/v2 > (1 —§)/v/2. By Lemma

(5, k) = /7T(k)/T(k + 5) < \/7r( 5)/1{: So the right side is at most %log(&r(k + %)) —
log(1—6) < 3 log(8m(k+ 4))+26. This is < 2kd for § > 4. Since logtana > § strictly for § > 0,
the required strict inequality holds at § = d. O

Odd k: a three-cluster configuration. Let & be odd and a € (0,7/2). Consider roots of
multiplicity & — 1 at +« and 2 at 0. All multiplicities are even, they sum to 2k, and they lie in an
arc of length 2a.. By Theorem (1), if the corresponding f is negative somewhere, then ¢ < 2a.

Proposition 18. Let ¢ = cosa, w(y) = (y> — )2 on [c, 1], and 2 = fcl wy?/ fcl w. Then
f>0o0nSiff

1 c
LHS := / (y)(y —c )dy < RHS := 2/ (62 _ y2)k72(cg _ yQ) dy.
Co 0

Proof. By uniqueness f is even. f’ is odd-harmonic of degree < 2k — 1, with roots of multiplicity
k—2at +a and 1 at 0, so it is divisible by (sin?¢ — sin? a)*~2sint in the binary-form sense. The
quotient () is a quadratic form, i.e. Q = A 4+ B cos 2t + C'sin 2t, and it is even, so C' = 0. Rolle’s
theorem on (0, ) gives a root o, so Q o sin?t — sin? 0. With y = cosu: f(t) = Kfclostg, where
g(y) = (2 —y?)*2(c2 — y?). The condition f(a) =0 is fcl g = 0, which gives the formula for ¢,
(recall k — 2 is odd). The sign of g is + on |y| < ¢, — on ¢ < |y| < ¢y, and + on |y| > ¢,. Also
f(r) =2K focg > 0 equals twice the mean, so K > 0. Tracking fxl g for z from 1 down to —1, its
only possible negative value is at 2 = —¢,, where it equals 2 [Jg — fclg g, and fclg g = LHS. By
evenness this settles [—m, 0] as well. O

Proof of Theorem[{|(ii). First, RHS < ¢**3B(1,k — 1). For LHS: let Y = y* with y ~ w/Z on
[c,1], Z = Ji—1(c). Then LHS = ZE(Y —EY); = %E|Y — EY|. For any density with maximum
fmax, ElY —EY| > 1/(4 fmax), since P(|Y —EY| < r) < 27 fnax. Here fy (v) = w(y/v)/(2y/vZ) <
(1—¢®)k=2/(2¢Z). With Lemma [16]this gives LHS > ¢Z2/(4(1—c?)*=2) > ¢(1—c?)*/(16(k—1)?
So f is negative somewhere if 2k log tan o > log (16(l<: — 1)23(%, k— 1)) —4loge. Put a= 7§ +
and use logtana > 6, —4loge < 2log2 + 86 for § < 1/2, and B(3,k— 1) < \/7(k—3)/(k — 1).
It suffices that (2k — 8)0 > log(64/m(k — 1)\/k —1/2). The resulting ¢ is < 1/2 for k > 13.
Strictness: put 09 = log(64y/m(k — 1)\/k —1/2)/(2k — 8). At 6 = dp the sufficient inequality
still holds strictly, because logtana > ¢ for 6 > 0. So f is negative somewhere at ap = 7 + %0
The coefficients of f solve a linear system (constant term 1, and roots of multiplicity at least
k—1,2,k—1at —«,0, ) whose matrix is continuous in «. It is invertible: a kernel vector would
be a nonzero raked polynomial with zero constant term and at least 2k roots in the open semicircle
(=%, %), which Theorem (a) excludes. So f depends continuously on «, and negativity is an

272
open condition in o. Hence f is negative somewhere at some o’ < ag, and ¢ < 20/ < §+dp. O
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Odd k: the sharp order of magnitude. For odd k the three-cluster bound loses a factor 3
in front of log k. The near-balanced split p = 2 , q = kgl recovers the factor 1. The tools are

those of §5 below, used in the opposite direction.

Proposition 19 (general-split upper criterion). Let 2 < p < q with b —a = 2, and put N =

atb L =540, 6= tmd w=N"P Asume §—2—w>0 f+2tws g, and
= (va+ vb)?/(1 4 sind) > 4. Put
a b
Ky=—573 +— Biow = 1v/21/K,, (1—erfe(w\/K,/2))— 1 (152/k%)%/4.

sin?(% — 2 — w) sin?(5 —w)’
Let Dy = 2T (p+1)I'(¢+3)/(T(p)L(q)) as in Lemma(c). If Eyow > 0 and (0+t)D1+blog cos d —

(bt p) > log 2 — log Eloy, then Ay, 4(L) <0, and hence ¢, < L(p,q) < L.

Proof. We use the notation M, ,(¢) = f(f sin” u sin? (¢ — u) du and Lemmas ﬁ and @ of §5 below;
their proofs do not use this subsection Outer integral. Ioyy < Mg p(m — L) since sin < 1, and by
log-concavity (Lemma. ) log My (5 —6) < log M, (5 ) 0D;.

Inner mass. Dropping u 6 (g,L), we get Mg (L) > cos (5Mab( YEo(1 + tT)°, where u ~
sin®ucos’u on (0,%) and T = tanwu. By Jensen and log(l + 2) > z — 22/2, Eo(1 + tT)° >
exp(thoT—%EoT%, with bEgT = bB(p+3,9—3)/B(p,q) = D1 (as in the proof of Lemma (c))
and EoT? = B(p +1,¢ — 1)/B(p,q) = p/(q — 1).

Mean absolute deviation. Ly, = 1M, (L) E|sin(u — s)| for u ~ A/M on (0,L), A =e~". Let
uy be the mode, so V'(u1) = 0. Since V(%) = (b — a) cotZ > 0and V(£ —n) < —2an +
(b — a) (because cot(z — n) — cot(z +n) > 2n and cot(& + 77) < 1), we have u; € (% -2 5
On |u — ui| < w we have V" < K, by the two assumptions on the window. Hence A(u) >
A(uq e Kw(@=u1)*/2 there, and the maximal density satisfies A(u;)/M < 1/ I, e~ Kwe®/2dy Since
P(lu —s| <7) < 2rA(uy)/M, Elu — s| > M/(4A(uy)). Integrating (u — u1)¥~1V'(u) by parts,
with V” > k (proof of Lemma , gives E(u — u1)? < 1/k and E(u — u1)* < 3/k?. Hence

Ecos(u —u1) > 1— 5 > 1 and |[Esin(u — w1)| < Elu — uy| < kT2 < 3, since £ > 4. The
angle s maximizes o + Ecos(u — o), so Ecos(u — s5) > Ecos(u — uy). If |[s —ui[ > F, then
Ecos(u — s) = cos(s — u1)Ecos(u — u1) + sin(s — u1)Esin(u — uy) < |[Esin(u — u1)] < 1 <
E cos(u — u1), a contradiction. So |s —u1| < §. From Esin(u — s) = 0 we get tan(s — u1) =

Esin(u — u1)/Ecos(u — uy), hence |s — uy| < [tan(s — u1)| < = 2/(1 — 5) < 2k~ Y2, Thus
E(u — s)* < 8(3 + 16)/x2. Finally E| sin(u - s)\ > Elu — s| — %E\u — 83 > Elow. Combining,
log Iin — log Iout > (0 4+ t) Dy + blog cos ( ) —log 2 + log Ejoy > 0. O

Proof of Theorem[f. Put C' = 4.1 and &, = (logk + C)/(4k).

2 < k < 300. The enclosures of Theorem I 8| give ¢ < 5 + O, compared in ball arith-
metic. The smallest margin is 7.2 - 1074, at k = 300 (numerics/bln_odd upper_arb.py, output
numerics/odd _upper_arb.txt).

Even k > 302. By Theorem i), 4k(¢r—5)—logk < g(k) := log(8ﬂ)+log(1+i)+w.
Both k-dependent terms decrease in k; for the last one,

d log(8n(z +3)) _ (x—1)/(z +§) ~ log(8n(z + 1)

dx r—1 - (x —1)2 <0
Hence g(k) < ¢(302) < 3.26 < C.
0Odd 301 < k < 200001. Apply Proposition |19 with p = &L ¢ = % (soa=k—2,b=k)

and 6 = Jp. For each of these 99851 values of k, its four hypotheses and its final inequality
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were certified in Arb ball arithmetic (precision 96 bits). The smallest certified margin in the final
inequality is 0.0257, at k = 301 (same script).

Odd k > 200003. We verify the hypotheses and the inequality of Proposition by hand.
Let N = 2k —2 and w = N~'/3 and put ; = %—kw. Then 6 := 6, < 2.04-107° and
€1 < 0.0135821, and both decrease in k. So % — % —w =7+ g —&1 > 0and %—i— % +w < 3;
and k£ > 4a/(1 4+ 6) > 4, since b > a. Both arguments of sin in K, lie in [T — &1, 5]. Moreover
sin( —e) = (cose —sine)/v2 > s(e)/V2, where s(e) = 1 —e — £2/2. Hence K,, < 2N/s(e1)?,
and 1./27/K, > \/m/N s(e1). Since sin? < 1, K, > a+b = N, so erfe(wy/Ky/2) < e1 :=
erfe(NY/6/v/2) < 10716, From & > 4a/(1 + 6) we get £(152/k2)3/* < 0.902a7%/2 < 1\ /n/N - 22,
using N = 2a + 2. Therefore

BEiow > 3VT/N(1—1n), ni=ec1+ 3] +e1+ %2 <0.01369.
In particular Ejoy > 0, and since N < 2k, log2 — log Fiow < %logk + %log %8 —log(1 — 7). On

the other side, LemmaHgives Dy >2pq/+/(p+ 3)(g+3) = (k* —1)//k(k +2) > k — 1. Since

§ <t <25, logcosd > —62 and g — 1 = p, the left side of the inequality in Proposition [19]is at
least 26(k — 1) — k6% — 542 > L(logk + C) — 26 — 3k6%. The quantity 3k6? = 3(log k + C)?/(16k)
decreases in k and is < 2.5 - 107%. So the margin in the inequality of Proposition [19|is at least

% — %log % +log(1 —n) — 26 — 3k6? > 2.05 — 1.85366 — 0.01379 — 0.00005 — 0.00025 > 0.18.
In all cases Proposition |19 or the preceding cases give ¢ < § + 0. g

Remark 20. Letting C' | log(128/7) in the last step shows that Proposition [19] alone gives
limsupy, oqq (4k(¢r— %) —logk) < log(128/7) = 3.707. Theoremgives the sharp value log(87) =
3.224 for both parities. The explicit lower bounds on the margin used in the last step are compared
with the exact criterion at & = 200003, 106 + 1, 10® + 1 and 10'? + 1 in the same script.

5. LOWER BOUND: PROOF OF THEOREM

Throughout, p < ¢ (by symmetry), a = 2p —1,b =2¢—1, L = § 46 with 0 < ¢ < 0.2,
t = tand, and M, ,(¢) = foe sin® u sin¥ (¢ — ) du.

Lemma 21 (variance). Let y = e~ du be a probability measure on an interval, V € C%, V" >
k > 0, and (u —m)e”V — 0 at the endpoints, where m = [wudu. Then Var,(u) < 1/k. If
moreover the interval has length < m and s = arg [ e™dpu, then [ sin®(u — s)du < Var,(u).

Proof. Integrating by parts, [(u— m)V'(u)dp = 1. Also [(u — m)V'(m)du = 0, and (u —
m)(V'(u)—V'(m)) > k(u—m)?. Hence r Var < 1. Next, o — [cos(u—o)dp = | [ e?du| cos(o—s)
is maximal at o = s. Hence [sin?(u —s) < 2 [(1 — cos(u — s)) < 2 [(1 — cos(u — m)) <
[(u—m)2. O

Lemma 22. I;;, < $M,,(L) /@5_1/2 with ks = (v/a +Vb)%/(1 + sin ).

Proof. Apply Lemma to A/M, (L) = eV, with V" = a/sin® u + b/ sin?(L — u). By Cauchy—
Schwarz, V" is at least (v/a+v/b)?/(sin? u+sin?(L—u)), and sin® u+sin?(L—u) = 1—cos L cos(2u—
L) <1+sinéd. Then Iy, = 1M [ |sin(u — s)| < 1M ([ sin®(u — s))'/2. O
Lemma 23. I > M1 p41(m— L).

Proof. For w € [L,n] we have u — s € [u — L,u] C [0, 7], so by concavity of sin, sin(u — s) >
min(sinw, sin(u—L)) > sinusin(u—L). Substitute v = u—L and use sin(L+v) = sin(r—L—v). O
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Lemma 24. (a) { — M, ({) is log-concave on (0,7) for z,y > 0. (b) Myy(n/2) = 3B(p,q),
Ma1p41(7/2) = 5B+ 3,a+ 3). (¢) Dy 1= (log My (w/2) = 2XEUALEYE) < 9 /pg. (d)
Let u ~ sin®*! ucosb+111Ldu 0? (0,7/2) and T = tanwu. Then (b+1)ET = Dy := 2%%7
and sin® u ~ Beta(p + 5,4+ 3).
Proof. (a) My = hg * hy with h, = sin® “1(0,x) log-concave, and a convolutlon of log-concave
functions is log-concave (Prékopa’s theorem [6]). (b),(d) are Beta integrals: fo sin® u cos? udu =

B(“”‘H, y“). (c) M, () = b [ sin® usin®~(¢ — u) cos(¢ — u), which at £ = 7/2 gives bB(p +
2, q-— f)/B(p, q); simplify, and use Lemma O
Proposition 25 (explicit safety criterion). Let 7 = (4/5)P~1/2(1/5)9%Y/2/B(p + L, g + 1) and
suppose T < 1, t < 1/2. Define

tDo

(1—-2t)(1—1)
If ®(p,q,6) <0, then Ap4(5 +0) >0, and hence L(p,q) > 5 + 6.

Proof. By Lemmas 22| and [23| it suffices that log M, (5 + &) — log Myq1p41(5 — 6) < log2 +
3logrs. By Lemm( ), log My p(5 + 6) < logMyp(5) + 0D1. Next, Moy1p41(5 —6) =
fgr/z_é sin ! wcos®™ (u + §)du, and cos(u + 6) = cosdcosu(l — tT). So Myy1p41(5 — 6) =
cos"™ 6 Moy p41(5)E(1 — tT)%Ft. On {T < 2}, log(1 — tT) > —tT/(1 — 2t). By Jensen on the
conditional law, E(1 —¢T)% > Pyexp(—(b+1) tIET/ (1 —2t)Py)) with Py = P(T < 2). Moreover
1 — Py = P(sin®u > 4/5) < 7: the Beta(p +1,q+ 1) density is decreasing on [4/5,1] because
p < q. Combine with Lemma . O

Proof of Theorem [§(i). Fix ¢ < 21og2 and put 6 = (logk + ¢)/(4k). We show max,<,® < 0

for large k. Lemma (17| gives log% < logk — 1 log(pq) + 3log ((1 + %)(1 + %q)),

Dy < 21/(p+%)(q—|—%), and Dy < 2,/pg. Also 7 < CV'k (0.8)F uniformly in p < ¢, using
1/B(a, B) < 201871 /(o + B)/(27) (log-convexity of I and duplication). Further —logcosd < 62,
and s=gha=yy = L+ O(0 + 7). Finally 6,/pq (;;) < vk — 0, k6> = 0, and 6k (6 +7) — 0. So,

uniformly in p,
d < F+o(1), F = —log y+(log k+c)y—log 2—log(\/ﬁ+\/l;)+% 10g(1+%), Y= @ € (0, %]

Since (va+vb)? =2k —24+2y/(2p — 1)(2¢ — 1) > 2k(1+2y) —2 —2/y and 1)y < k/Vk — 1, we
have log(v/a+vb) > 1 log(2k) + 3 log(1+2y) —o(1). Thus F < h(y) + 1 log(1 + i) +0(1), where
h(y) = —logy+(log lﬁ—c)y—% log k—% log 2—% log(14-2y) is convex. We have h(%) = §—log2 <0,
A(Ymin) = —3 log2 + o(1) with ymin = V& — 1/k, and h(k~¥/4) = —Llogk — 3log2 + o(1). On
(k=14 1], p > ky? > Vk, so the extra term is o(1), and by convexity h < max(h(k~/), h(3)) < 0.
On [Ymin, k~/4], the extra term is at most 2log 2 < 0.203 and h < —3log2+0(1) < —1.03. Hence
® < 0 for all splits when k& is large. Proposition and Theorem give ¢y > 5 +0 for large k. [J

(p,q,0) = log P05 + 6D +

— — —7) — _1
pLig+l) (b+1)logcosd —log(l—7) —log 2 — 5 log Ks.

Proof of Theorem @( ii). Take ¢ = 0. For k > 2-10* the error terms in the previous proof are
explicitly small. Here § < 1.3-107%, (1 + 36)6v/k/2 < 0.009 (the 1/p part of the Dy correction,
including the factor m < (1+36)d), 3kd? <1073 (the O(6) part), 2kd? = (log k)?/(8k) <
7-107* (the logcosd term), the log(y/a + v/b) correction is < (1 + k/vk — 1)/k < 0.008, and
7 < 10799, The remaining terms are also small: §log(1+sind) < §/2; 3log(1 + 2%]) < o (as

q > k/2); the 1/q and 1/(pq) parts of the Dy correction, at most m'%/pq (ﬁ + ﬁ) < 6;
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and —log(1 — 7) < 27. Together they contribute < 3-10~%. All these bounds decrease in k, and

their total is < 0.02. On the other side, h(3) = —log?2, h(k=1/*) < —2.7, and on the small-p
branch h < A(ymin) < —0.976, so even after adding %log% it stays < —0.77. On the large-p
branch, p > vk and the extra term % 5 log(1 273) is < ﬁ < 0.002. So in every case the error

total is < 0.025, against a margin of at least 0.69. Hence ¢ < 0.

For 301 < k < 2-10* we certified ®(p, k — p, logk) < 0, together with the hypotheses 7 < 1
and t < § of Proposition in Arb ball arithmetic (precision 96 bits) for each of the 99977500
pairs (k, p) with p < k/2. All Gamma arguments are multiples of 3, so logT'(n/2) is tabulated
once. The largest upper endpoint of the certified enclosures of @ is —0.6127 ,at k=301, p=1
(numerics/bln_lower_arb.py, output numerics/lower_arb.txt; about 80 seconds on 8 cores).
For 2 < k < 300, the enclosures of Theorem |8 give ¢, — § — logk > 0; the smallest margin is
0.0026, at k = 300 (same script). O

6. SHARP ASYMPTOTICS: PROOF OF THEOREM

Lemma 26 (Laplace bounds for strongly log-concave laws). Let u = e~Vdu/Z be a probability
measure on an open interval J, V € C?*(J), V" > k > 0, and eV — 0 at the endpoints. Let
V/(ul) =0, K =V"(u1), y = u—wuy. Suppose |V" — K| < nK on [u1 — w,uy + w] C J with
n <%, and put A= (1 —n)Kw?/2 > 1. Then, with an absolute constant C':

(Ely\—\/ 2/(7TK)‘ <CpreMKEV2 By < O(mte™MKV2 Ey? <kl Ey' <3n 2

Proof. Let ¢(y) = V(u1 +y) — V(u1) and Ky = (1 £ n)K. For |y| < w, Taylor’s formula
gives K_42/2 < ¢ < K y?/2. For |y| > w, convexity and ¢'(+w) = +K_w give ¢(y) >
K_ fw(|y\ — w/2). Hence the parts of [e™% and [|yle™# over |y| > w are at most %_e~* and

%f (w4 %= w). Over |y| < w they lie between the corresponding Gaussian integrals with K

and K_, namely /27/Ky (1— ) and 72~ (1 —O(e™)). Taking ratios gives the first bound.

For the second, compare fo ye ¥ and f_w |y]e ®: both lie in [ﬁ(l —e), i] The last two

bounds come from integrating y* ~1V'(u; + y) > ky* by parts (j = 1,2). O

Fix e = % and call a split central if ek < p < q and extreme if p < ek (with p < q). Throughout,
o(1) is uniform over central splits as k — oo, and 0 < 0 < 2logk/k, L = § 40, L' = 7 — L. Write
u1(£) for the mode of Ay = sin®usin®(¢ — u) on (0,£), and rq, = 2vab/(a + b).

Lemma 27 (central splits). (a) tan®ui(%) = a/b, [uj(€)| <1, and K(€) := V)'(u1(¢)) = 2N (1 +
O(|t—7%1)). Moreover |V;"| = O(N) within distance 0.1 of u1(€). (b) Iin = %Ma’b(L)(ﬂ'N)_l/Q(l-f-
0(1)). (¢) Iout = Map(L') rap(1 4+ 0(1)). (d) ¥ :=log M, (L) — log My (L") = 26Dy + O(N§?) +
o(1), and D1 = 2,/pq(1 + O(1/k)).

Proof. (a) uy solves F(u,?) :== acotu—bcot({—u) =0, and v} = =9, F/0,F = acscgcusii(f;g()e u) €
(0,1). At £=Z,sin*u; =a/N,so K =a- ¥ +b- & = 2N. For central splits tan ul( ) € [8,1],
so uj and £ — u1 stay at distance > 0.25 from 0 for |€ 5| <0.05. On that range csc? and csc? - cot

are bounded, which gives the remaining claims. (b) Apply Lemma m to Ap/M, with kK > N/2
(Lemma [22), w = N=1/3, 5 = O(N~1/3) and A =< N'/3. We get E|y| = (xN)~/2(1 + o(1)) and
Ey = o(N~1/2). From Esin(u — s) = 0, tan(s —u;) = Esiny/E cosy, and |Esiny — Ey| < E|y|® =
O(N—3/2). To pass to s — u; itself, note that Ecosy > 1 — 3Ey? > 1— 4. Also s maximizes o —
E cos(u—o), so Ecos(u—s) > Ecosy If [s—uy| > 5, then Ecos(u s) < |[Esiny| < E|y| < Ecosy,
a contradiction. Hence |s —ui| < §, and s — u; = arctan(Esiny/Ecosy) = o(N~1/2). Hence
E|sin(u—s)| = Ely|+O(|s—u |[+E|y[3+|s—u1*) = (xN)"Y2(1+0(1)), and i, = M E|sin(u—s)|.
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(¢) The substitution v = m—u maps the outer density to A7/ and sin(u—s) to sin(v+s). By (a) and
Lemma Elv—ui (L) = O(N~Y2). Also vi +s = ui (L) +ui (L) +o(1) = 2u1 (Z) +O(8) +o(1),

and sin2u1(§) = 21@ = Tap, and 74, > 0.79 for central splits once k is large (the limit value at
p = €kis 0.8). Hence Esin(v+s) = rq(14-0(1)). (d) Upper bound: log M (5 +46) < log M (5)+0D;
by concavity. Also M(Z — ) = cos’d M(5)Eo(1 — tT)%, and on {T < 1/(2t)}, (1 —tT)® >
e~WT=b*T* " By Jensen, with bE(T = Dy, EgT? = 21 <2, and P(T" > 3) < EoT®(2t)" super-
polynomially small, we get log M (5 —§) > log M(5) —tD1 — O(N6?). Lower bound: by concavity
log M (5—06) <log M(5)—0D1; and as in Proposition log M (5+0) > log M(5)+tD1—O(N§?).
Since t — § = O(8?), (d) follows; the bound on D; is Lemma O

Proof of Theorem[7. By Theorem [3| a split is safe at L iff log I,y > log Iy For central splits, by
Lemma this is iff U < log(2rq,vVmN)+o(1). Put 6 = (logk+-c)/(4k) and r = 2,/pq/k € [0.8,1].
Then 74 = (1 + O(1/k)), N = 2k — 2, and N6? = o(1). So the condition reads

(%) 2(logk +¢) < % logk + 3 log(87) + logr + o(1).

Upper bound. The balanced split (p = |k/2]) has r = 1 — O(k™2). By (x) it is unsafe for
¢ > log8m and k large. Hence ¢ < L(L%J, [%1) < 5+ %. Lower bound, central
splits. Let ¢ = log8m — €. Using logr > —(1 —r)/r > —%(1 — ), the right side of (*) minus the
left side is at least (1—r) (2 logk+ 5 log 87 —2)+ %€ —o(1) > 0.4¢'—0(1) > 0. So every central split
is safe for large k. Lower bound, extreme splits. The proof of Theorem (1) applies verbatim with

¢ = log 87 in the range y = \/pg/k < \/p/k < \/e. There h(\/e) = (Ve — 3)logk + O(1) — —oc
and h(Ymin) — —% log 2, so by convexity ® < 0 for large k, uniformly over extreme splits. Hence

¢r = min, L(p,k —p) > 5 + % for large k, for every € > 0. O

7. ALL SUFFICIENTLY LARGE k: PROOF OF THEOREM [0

Write Lpa = L(ng, [g] ). By symmetry we only consider p < q.

Lemma 28 (far-from-balanced splits). There is K4 such that for k > K4 every split with p < g
and p < 0.41k satisfies L(p,k — p) > Lpal.

Proof. By the upper-bound part of the proof of Theorem |7} Ly, < 5 + w for large

k. Let ¢y = log8m + % and 04 = (logk + c4)/(4k). For a central split (p > k/5) with p < 0.41k
we have r = 2,/pq/k € [0.8,0.984]. At ¢ = c the right side of () minus the left side equals
1—j(logk‘ + log 8m) — 45 + logr > 0.008log k — %. This tends to oo, so the split is safe at 0, for
large k. For extreme splits (p < k/5) we repeat the proof of Theorem [5|i) with ¢ = c;, in the
range y = /pq/k < 0.4. The restriction ¢ < 2log2 in that proof is used only at y = %, which lies
outside this range. Here 1(0.4) = (0.4 — $)logk + O(1) — —oc and h(ymin) — —3 log 2. Since h
is convex, ® < maxh + %log% + o(1) < 0, and Proposition [25| shows these splits are safe at d.
In both cases L(p,q) > § + 64 > Lyal. O

Setting for near-balanced splits. For the rest of this section a,b > 0 are real, N = a + b,
z = a/N € [04,0.6], and £ € A =[5 — 5,2 + L] (For the splits of k we have N = 2k —
2.) Let u = pgqy be the probability measure on (0,¢) with density Ay/M,(¢), where Ag(u) =
sinu sin® (0 —u) = eV, Write E, Var, Cov for its moments, u; for its mode (V' (uy) = 0), and
Pe(u) = logsinu — logsin(¢ — u), so that 9,V = —1y when b = N — a with N fixed, and 9V =
—log sin(¢ —u) when a is fixed. Put ©(u) = 1+ |logsinu|+ |logsin(¢ —u)| + | cot u| + | cot (£ —u)|,
B =[u; — %,ul + %] and By = [u] — ﬁ,ul + ﬁ] Constants C, Cyy,, co and the implied constants
in O(-) do not depend on a, ¢, N. All statements hold for N > Nj, where N1 may depend on the
number of moments used.
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Lemma 29 (geometry). (i) ui, £ —u; € [0.58,0.99]. (%) V" > N on (0,¢). (iii) On B:
sinu,sin(f — u) > 0.32, V” < 10N, |VU)| < CN and ]¢§])| < C forj < 5. (iw) On (0,0):
W9 < COITL and |VU)| < CNOJ for 1< j <5,

Proof. u; solves acotu = beot({ — u), and 0 < dpu; < 1 (proof of Lemma (a)). At L = 3,
tan?u; = a/b € [2,3], so uy and % — uy lie in [0.684,0.887]; this gives (i). (ii) holds because
csc2 > 1. On B both u and £ — u lie in [0.33,1.24], which gives (iii). (iv) holds because the
derivatives of logsin are polynomials in cot. O

Lemma 30 (tails and moments). (i) Z := [, e~ (V=V))dy > cgN=12, so the density of u is at
most C\/N. (i) Elu —uy|™ < Cpu N~™/2. (iii) E[O™; u ¢ By] < CppeN/700,

Proof. (i) On B, V —V (u1) < 5N(u—u1)?. (ii) By Lemma (ii), Vi(u)—V(ur) > F(u—u)?, so
Elu—w™<z7tf ly|me=Nv*/2dy. (i) Off By we have V — V(u1) > N/392. With 6 = 1/600,
e~ (V=V(u)) < e—(l_G)N/?’QQeW(“l)Az, and V(1) < (sin 0.58) 79N < 0619V " Hence the left side is
at most Z~le~0.00153N f(f @mAg du, and the last integral is bounded once fa, b > m + 2. O

Lemma 31 (Stein identities). (i) If g € C*(0,£) and |g|+|g'| < CO™, then E ¢'(u) = E[g(u)V'(u)].
(i) Let |¢c —ui| < C/N and y = uw—c. Then Ey = O(NY), Ey?> = V'(c)7t + O(N~?),
Ey? = O(N—2), and Ely|™ = O(N~™/2).

Proof. (i) Integrate by parts on (e, — €); the boundary terms vanish because e~V vanishes to
order > 0.4N at 0 and £. (ii) The moment bound follows from Lemma [30ii). By Lemma
[V'(e)] = [V'(c) = V()| < C, and on By V'(u) = V'(c) + V"(c)y + 1V (c)y* + R with |R| <
CNly|3. The contributions of u ¢ B to the identities below are O(e~N/8%0) by Lemma (iii),
since |V’| < NO. Applying (i) with g=1,g=9y?> and g =15: 0 = V'(c) + V"(c)Ey + O(NEy?),
so By = O(N71). Next 2By = V'(c)Ey? + V"(c)Ey® + O(NEy*), so Ey? = O(N~2). Finally
1=V'(c)By+V"(c)Ey? + 2V (c)Ey® + O(NEy*), so Ey> = V"(c)"1 + O(N~2). O

Lemma 32 (smooth functionals). Let F,G € C3(0,f), possibly depending on a and ¢, with
|FW] |G| < C on B for j <3 and |F|,|G| < CO™ on (0,£). Then EF = F(uy) + O(N~1),
Cov(F,G) = F'(u1)G'(u1)/V"(u1) + O(N~2) (in particular Cov(F,G) = O(N~') and Var F =
F'(u1)?/V"(u1) + O(N=2)), and k(F,G,G) := E[(F — EF)(G — EG)?] = O(N~?).

Proof. Let y = u—wu; and Y = y — Ey. By Lemma with ¢ = uy: By = O(N7!), EY? =
Ey? — 3EyEy? + 2(Ey)® = O(N72), and Vary = V"(u1)™! + O(N~2). On B; write F =
F(u)+F'(u1)y+Rp with |Rp| < Cy?, and Rp = $F"(u1)y?+ R}, with |Rj,| < Cly[3; similarly for
G. Contributions from u ¢ By are exponentially small by Lemma (iii). The first claim follows.
Next, Cov(F,G) = F'G' Vary+F’ Cov(y, Rg)+G’' Cov(y, Rp)+Cov(Rp, Rg). Here Cov(y, Rp) =
%F” Cov(y,y?) + Cov(y, R%) = O(N~2), since Cov(y,y?) = Ey3 — EyEy?. The same holds for G,
and | Cov(Rr, Rg)| < (ER% ER%)'Y/? = O(N~2). Finally F — EF = F'(u1)Y + Qp with |Qp| <
C(y?>+N~1) on By, and similarly for G. Expanding, k = F'G?EY3+EO(Y?|Q|+|Y||Q*+|Q?),
where |Q| = |QF| + |Qg/|, and this is O(N~2). O

Lemma 33 (odd functions). Let |c —u1| < C/N. Suppose that for |y| < <= we have g(c +y) =
—g(c—1y) and |g(c+7v)| < |y|™, and that |g| < CO™ on (0,£). Then Eg(u) = O(N—(m+1/2),

Proof. Let Z(y) = V(c+y) — V(c), so Eg = [glc+ y)e =Wdy/ [eEWdy. For |y| < &
we have ¢ +y € By. There |Z/(0)] = |V/(¢)] < C;, N < Z’ < 10N and |2 < CN, so
—C|y|—|—%y2 < E(Fy) < Cly|+5Ny? and |Z(y)—E(—y)| < C(ly|+N|y|*). Hence Je=> coN~1/2,
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By oddness,

1/15 ~ 1/15 _ ~
) / glc+ y)e_:(y)dy’ = ’ / glc+y)(e =W - 6_:(_y))dy‘
~1/15 0

m—+2

< C/ Y™ (y + Ny?)eV NV 2ay = O(NTT57),
0

The rest of the domain contributes O(e="/3%) [ e==: on B; because Z(y) > —Cly| + §y? with
ly| > 1=, and off By by Lemma (iii). O

Lemma 34 (the angular mean). Let ¢ = L and let s = s(a) € (0, L) be defined by Esin(u—s) =0,
as in Theorem @ Then |s — ui| = O(N7Y), §'(a) = ¥5(s)/V"(s) + O(N~2) (in particular
s =0(N™Y)), and s"(a) = O(N~2). Here derivatives are taken in a with b= N —a and L fized.
Also Oys = O(N~Y) when a and L are fized.

Proof. With y; = u—u, s—uy is an argument of Ee¥!, since s = arg Ee’. Moreover E cosy; > %,
so Re Ee® > 0, and |s — u1| < L < 3T. Hence s — u;y is the principal argument, tan(s — uy) =
Esinyy/Ecosy, and |s — uy| < C|Esiny;| = O(N~!) because Esiny; = Ey; + O(E|y1]3). The
a-derivative of the log-density of p is ¥ — Ev, with ¢» = 1. Differentiating F sin(u — s(a)) = 0
gives s’ = P/Q with P = Cov(sin(u — s),%) and Q = Ecos(u —s) =1 +O(N~!). Puty=u—s
and Taylor-expand 1 at s on Bj:

P = (¢(s) — EyY)Esiny + w’(s)E[y siny] + %w"(s)E[yQ siny| + O(Ey4) = w'(s)Ey2 + O(N_Q).
This uses Esiny = 0, Elysiny] = Fy? + O(Ey*) and E[y*siny] = Ey® + O(E|y]®) = O(N~2)
(Lemma [31{(ii) with ¢ = s). Since Ey? = V"(s)~! + O(N~?), the formula for s’ follows. Next,
P' = k(sin(u—s),1,v9)—s Cov(cos(u—s),1) = O(N~2) and Q' = Cov(cos(u—s), 1) +s"E sin(u—
s) = O(N~1), both by Lemma[32] So s” = (P'Q — PQ')/Q* = O(N~2). Finally, differentiating
Esin(u — s) = 0 in b gives dps = Cov(sin(u — s),logsin(L — u))/Q = O(N~1). O

The three terms. Fix L =7+ € A with § > 0, and L' = m— L. Let 1 = 14,1, (variable u) and
W = pa,1 (variable v), with expectations E and E’. Theorem [3| together with the substitution
v =" —uin lou, gives liy = 1 My (L) E|sin(u — s)| and Iy = M, (L) E'sin(v + s). Hence

G(a) :=log iy —log Iony = Th + 1o — T3 — log 2,

Mg (L . .
ial :bg]w:f(j)’))’ T, = log E|sin(u — s)|, T3 = log E' sin(v + s),

)

with b= N — a and s = s(a). Primes denote derivatives in a.
Proposition 35 (mass term). T} < —46/N + C(83N~1 + N72).

Proof. 921log My n—a(f) = Vary, ,(1¢). By Lemma [32| this equals g(z,¢)/N + O(N~?), where
q = ¢Yp(u1)*/K and K = V"(u1)/N = zesc®ug + (1 — x) esc®(f — ug). Put v = cotus. The
mode equation z cotu; = (1 — z) cot(¢ — u1) gives ¥)(u1) =v/(1 —x), K =1+ 27*/(1 — z) and
qa=7*/((1 —2)(1 — z+xv%)). Hence 9q/0v = 2v/(1 — x + v%)?, Opu1 = (1 — z) csc?({ —u1) /K
and 0py = — csc? uq Opuq. At £ = % we have V2 =(1—-x)/z, K=2and dpu; = %, so

¥ 1 1
- - <9
K@ 3) =~ a2 T T —a))i S
Since ¢ is real-analytic on [0.4,0.6] x A, g(z,L) — q(z, L") = 26 0pq(z,§) + O(6%), and T} =
(a(z, L) = q(@, L) /N + O(N7?). D

Proposition 36 (outer term). |T§| < CN~2.
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Proof. Let F,(v) = sin(v + s(a)) and x = v¢r/. On the set B of ' we have v+ s € [0.9,2.24] by
Lemmas ( ) and [34] so F, > 0.78 there and E'F, > 5. The a-derivative of the log-density of 4/
is x — E’x. Therefore

(E'F,) = Cov'(Fy, x) + s'E' cos(v + s),

(E'F,)" =K' (Fu, X, X) + 25" Cov/(cos(v + ), x) + 8" E' cos(v + s) — s> E'F,.
By Lemmas !and . E’ = O(N~') and (E'F,)" = O(N~2), so T{ = (E'F,)"/E'F, —
((E'Fa)'/E'Fa) O

Proposition 37 (mner term). TV < CN~2.

Proof. We work in the frame that moves with s. Let ¢,(y) = Ar(s(a)+y)/Map(L) fory € (—s, L—
s), extended by 0; this is the density of y = u—s. Then h(a) := E|sin(u—s)| = [|siny| ¢a(y) dy,
and since 0,V = —¢ and 0,log M, (L) = E1),

Sa(y) := Balog qa(y) = ¥(s +y) — B —s'V'(s +y),
0aSa(y) = 25'Y (s +y) — Vary — 5"V (s +y) — s*V" (s + ).

Ap, vanishes to order > 0.4N at 0 and L. Hence ¢,(y) and its first two a-derivatives (which
equal ¢,5, and q,(S? + 9,5,) inside the support) extend continuously by 0. They are bounded
uniformly on {|y| < L} X [ag—1n, ap+n] for small n > 0, so we may differentiate under the integral
sign. This gives F,[S,] = 0 and Ey[S2 + 8,5,] = 0 (differentiate [ g, = 1 twice), together with

(log h>” = Varw(&z) + Ey [8asa]a Ew[f] = Eq” Siny’ f]/h

Size of Sg. By Lemma Evy = (ur) + O(N~1). By Lemma |s —u1| = O(N71), [V'(s)] <
C and s = ¢/(s)/V"(s) + O(N~2). Hence S,(0) = O(N™1), 9,5,(0) = ¢'(s) — s'V"(s) =
O(N7!), and 825, = ¢" — s'V" = O(1) on By —s. So [Sa(y)] < C(N~' 4 y?) for s +y € By,
while |S,| < CNO(s + y)? everywhere. Lower bound for h. The density of u is at most Cv/ N
(Lemma ()) With t = coN~1/2 small enough we get P(jy| < ¢) < 1. Since |y| < L <
1.7 we have |siny| > 1min(|y|,1), hence h > JEmin(|y|,1) > L > cN~Y2. Variance part.
Vary, (Sq) < E4| smy|52]/h < CE[lyl(N~Y 4+ y*)?]/h 4+ O(eN/®0) = O(N~2). Drift part. Let
D(y) = 8aSa(y) — 05,(0). Since E,, — E, annihilates constants, F,[0,Sq] = E¢[04S4] + (Ew —
E,)[D], and E,[0,S.) = —F,4[S?] = O(N~2). On By — s, using ' = O(N~1), s” = O(N~2) and
Lemma 29|(iii), we have D(y) = By + D2(y) with 8 = 25"y (s) — s"V"(s) — s2V"(s) = O(N 1)
and |Dy(y)| < Cy?/N. Everywhere |D| < CO(s + y)*. Moreover E;y = Fu —s = O(N™1Y),
and Euy = E[|sin(u — s)|(u — s)]/h = O(N=3?2)/h = O(N~') by Lemma [33[ with m = 2.
Also Eyy? + Egy* = O(N™Y). Hence (Ey, — E,)[D] = B(Ewy — Egy) + O(N72) = O(N72). So
(logh)” = O(N=2), and Ty = log h. O

Proof of Theorem@ Let L = Ly and 0 = L — 5. Then 6 > ¢, — § > l‘fkk for large k by

Theorem . The upper-bound part of the proof of Theorem [7] gives § < 18 k+l°,§ Srtl < QIC]’fk
for large k: so L € A. By Lemma [2§] it remains to treat sphts with 0.41k < p < gq. For these
a=2p—1€][04N,0.6N] when k > 10. By Propositions 7, for all real a € [0.4N,0.6V],

46 53 1 logk '

¢"(a) < - +¢( ) < —_ <0 (k>Kp).
@s-x+oytm)= vt~ (k= Kp)

Moreover G(a) = G(N — a). Indeed, u — L —u and s — L — s exchange a and b in [;,, and

u+— 7+ L — u does so in Iyy. The balanced exponents ap, = 2L§J — 1 and N — apy satisfy

G =0 at L. If k is even, then apy = % is the maximum point of the strictly concave symmetric
function G, so G(a) < 0 for every other a in the window. If k is odd, then G(§ £ 1) = 0 and
strict concavity gives G < 0 outside [% -1, % + 1]; every other admissible a = 2p — 1 satisfies
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la — %| > 3. In both cases every non-balanced split in the window has I,y > Ly at L, i.e.
Apq(L) >0, and hence L(p, q) > Ly by Theorem [3| Take Ko = max(K4, Kp, 10). O

Monotonicity.

Proposition 38 (derivatives in b). Let L = § 4+ 6 € A with 0 > 0, and let T1,T5,T3 be as
above, now regarded as functions of b with a and L fized. Then OyT1 > 0.220 — C/N and
|0y T>| + [0pT5| < C/N.

Proof. T1. We have 0 log M, ,(¢) = my := E;logsin({ — u), and 9,71 = my — my. The log-
density of fi,p¢ has (-derivative bcot(¢ — u) — Ebcot(f — u), and A, vanishes to order b at
u = ¢. Hence dymy = Ecot({ — u) + bCov(logsin(¢ — u),cot(f — u)). By Lemma and since
Opuy = besc?(€ —uy)/V" (ur) (proof of Proposition,

_ beot(£ — uy) csc(0 — uy)
V7 (uy)

Oymy = cot(f — uq) + O(N™Y) =cot(£ —uy) (1 — dpuy) + O(NH).

By Lemma (i), cot(f —u1) > cot0.99 > 0.65. Also 1 — dpu; = wcsc?uy /K, and this is at least
0.4 csc2(0.99)/ csc?(0.58) > 0.17. So dymy > 0.11 — C/N on A, and my, — my, > 25(0.11 — C/N).
T3. The b-derivative of the log-density of 1 is logsin(L' —v) — E'logsin(L' — v). So 9y E’ sin(v +
s) = Cov/(sin(v + s),logsin(L’ — v)) + s E' cos(v + s) = O(N~!) by Lemmas [32] and and
E'sin(v+s) > 5. Tb. As in Proposition Oplogh = E,[S°] with S°(y) = logsin(L — s — y) —
Elogsin(L — u) — s V'(s + y). By Lemmas |32 and S(0) = O(N7Y), 9,5°(0) = O(1) and
028° < C on By — s. Hence E,,[S%] = Sb(0) + 9,5°(0) Ewy + O(Eyy?) + O(e N/80) = O(N 1),
because E,y = O(N~!) (Lemma and E,y? = O(N71). O

Proof of Theorem[10. Let (p,q) be a split of k with 0.42k < p < 0.58k, and put a = 2p — 1,
by :1 2qk— 1, L =L(p,q), 6 =L—7F. Then 6 > ¢ — 5 > lzgkk for large k (Theorem (1)) Also
§ < =222 for large k. Indeed, apply Lemmato (min(p, q), max(p, q)), using L(p,q) = L(q,p). At
d = lo,gck it gives ¥ = 2rlog k + o(log k), which exceeds log(2rq,vaTN) 4+ 0(1), so the split is unsafe
there. For b € [bg, bo + 2] we have a/(a+b) € [0.4,0.6] once k is large. Let g(b) = log Iin —1og Iout,
computed at L with exponents (a,b). Then g(by) = 0, and by Proposition

C 0.05log k C
/

= o1 +0,Th — 9T > 0. - = —

g(b) bl 1 bl bl3 0.226 N> 2 ok 5

So g(bo+2) > 0, ie. Apgr1(L) <0, and L(p,q + 1) < L by Theorem [3| This proves endpoint
monotonicity for k > K. Now take Ko = max(Ky, K}). For k > Ky we have ¢, = L(ps«, q.) with
(P, gx) = (L%J, [%]) (Theorem @ Since (ps«, ¢« + 1) is a split of k + 1, ¢p+1 < L(ps, ¢ +1) <
L(ps«, qs) = Pk 0

>0 (k> K)).

Numerical check of the three terms (numerics/bln_decomp.py, numerics/decomp.txt). At

a = % and L = Ly, as N tuns from 40 to 1280: N2T} runs from —11.7 to —19.3, against

—4N§ from —12.1 to —19.4; N2TY runs from 0.06 to 0.005; N?TY — —4; and N2G” runs
from —7.9 to —15.3. These are consistent with the propositions above. For Proposition
(numerics/bln _decomp_b.py, numerics/decomp_b.txt), at the balanced split for & = 20, .. ., 640:
NO,T agrees with 2N§ - 21/ /(1 — z) to three decimals (from 2.98 to 4.84), N9,Tb — —3, and
NOyT5 — 0. These numbers concern only near-balanced splits. They say nothing about the size of
Ky or K», which also depend on the o(1) terms in Lemma [28] and we did not make the constants

explicit.
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8. RIGOROUS VERIFICATION FOR k < 440: PROOF OF THEOREM

Fix a split with a =2p — 1, b = 2¢g — 1, and a rational L € (0,7). Expanding by the binomial
theorem,

P(u) :=sin® u sin ( (24)7%~ bZZ( )( > a+b IlemiR=b)L pi(2)—at2—bju,

7=0 1=0

Put Fy(t fo Psin and Fy(t) fg P cos. These are finite sums of fg emtdy = (et —1)/(in)
with n odd In the notation of the proof of Theorem (3] F' = coss F} — sins F5. Since P < 0 on
(0,L), s =atan2(—Fy (L), —F>(L)), and

A, (L) = F(m) — F(s) = coss (Fi(m) — Fi(s)) — sins (Fa(m) — F2(s)).

Every quantity here is evaluated in Arb ball arithmetic (python-flint, precision 200 + 6k bits,
which absorbs the 2¢7% cancellation), giving a rigorous enclosure of A, ,(L). By the sign pattern
of Theorem (3, a certified Ay, (L) > 0 proves L(p,q) > L, and a certified A, (L) < 0 proves
L(p,q) < L.

For each k we take a rational L* (denominator < 10'?) halfway between the floating-point values

of Lya and ming,. /o) L(p, k — p). We certify Apa(L*) < 0 and Ay ,(L*) > 0 for every other
p < k/2, which gives Ly, < L* < L(p,k—p). The other comparisons in Theorem use separating
rational points in the same way. The enclosures of ¢ come from certified signs at rational points
within 5-1071° of L == 1072, The floating-point values only choose the test points; correctness
rests on the certified signs. Code: numerics/bln rigorous.py; the run for £ < 200 (all three
claims) takes about 50 minutes on one core (output numerics/rigorous_200.txt), and the run
bln rigorous.py 201 300 (the conjecture for 201 < k < 300 and ¢p11 < ¢ for 200 < k < 300)
about 40 minutes (numerics/rigorous 201_300.txt). The range 301 < k£ < 400 was run in four
chunks, bln rigorous.py with arguments 301 337, 338 363, 364 383 and 384 400, in parallel.
Each chunk also certifies ¢r11 < ¢p across its lower seam. This took about 85 minutes of wall
time, at roughly 80 seconds per k near k = 350 (numerics/rigorous_301_400.txt). Near the
balanced split the quantities compared are of size about 27(@+0)/2 s the rational test points are
converted to balls at 4000 bits; with fewer bits the first £ of a run above k ~ 370 was not certified.
The range 401 < k < 440 (and ¢p41 < ¢ for 400 < k < 440) was run as bln_rigorous.py 401
440 on one core, at about 12 minutes per k (numerics/rigorous 401 440.txt).
Two further certificates. Theorems [5|(ii) and [6] use Theorem [§] for & < 300. Above that, on a
finite range, they use the explicit closed forms of Propositions 25| and These are certified in
Arb by numerics/bln_lower_arb.py (all 99977500 pairs (k,p) with 301 < k < 2-10% output
numerics/lower_arb.txt) and by numerics/bln_odd_upper_arb.py (odd 301 < k& < 200001;
output numerics/odd_upper_arb.txt). Both scripts read the enclosures of Theorem [§] from the
output files above. bln_rigorous.py certifies ¢y € (Ly —1.01-10712, Ly +1.01-107'%) and prints
Ly rounded to 12 decimals, so the scripts use the printed value £2 - 1012

9. NUMERICAL EVIDENCE

Computation of L(p,q) (numerics/bln _fast.py). The quantities s, I, and Iy of Theorem
are integrals of positive functions. We evaluate them in log scale with 1200-point Gauss—Legendre
rules split at the peaks, and solve log Iyt = log i, by Brent’s method. Doubling the number of
nodes changes L by at most 6 - 10714, The method reproduces ¢g = 27/3, ¢3 = 1.962719002 and
¢4 = 1.870658532 to all digits.

Results (numerics/sweep_300.txt). For every 2 < k < 300: the minimizing split is the balanced
one (Conjecture [2| both parities); p — L(p, k — p) is strictly decreasing on 1 < p < k/2, with the
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smallest gap 1.3 -1077; and ¢y, is strictly decreasing in k. Conjecture [L1]is rigorously verified for
p+ q < 200 (Theorem .

k  ¢r (numerical) 4k(¢r — 5) —logk lower (Prop. upper (Prop.

10 1.7115206092 3.3264 +0.457 3.383

20  1.6493102586 3.2854 +0.923 3.312
100 1.5904114962 3.2409 +1.242 3.246
300 1.5782417442 3.2307 +1.322 3.232
10% - - +1.382 3.2245

The last two columns are in the normalization 4k — log k. The first gives the largest ¢ such that
® < 0 for all splits at 6 = (logk+c¢)/(4k). The second gives the smallest ¢ satisfying the sufficient
inequality 2klogtana > log(2kB(%,k)/c) in the proof of Theorem (i), for even k. The limit
log(87) = 3.22417 is matched by the heuristic Laplace expansion of the criterion. For a split with
p =p/k and r = 2,/p(1 — p), one has I, ~ M(L)/(2V7N) (N = 2k — 2), Iy ~ rM(r — L),
and log M (% +9) —log M (5 —6) =~ 4,/pq . This predicts L(p,q) =~ § + log k+l°i,§:+210gT, which is
minimized at r = 1 on the admissible range 7 > 2/v/k. The predicted gaps L(p, k—p) — L(%, &) =~

202
(loz k+210g sm_1)le _}g/ 2” match the observed ones (for example 1.1-10~7 predicted against 1.3-1077

observed at k = 300). The proof of Theorem |§| does not use this expansion. Instead it controls
the second derivative of the criterion in the exponent (§7).
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