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Abstract

For a Boolean function g : {−1, 1}m → {−1, 1} with Eg ̸= 0, Chase, Filmus, Minzer, Mossel
and Saurabh (STOC 2022, “Approximate polymorphisms”, henceforth CFMMS) introduced the
list-decoding threshold sg and proved sLg ≤ sg ≤ sUg for two Gaussian optimisation problems
that differ only in whether the m Gaussian test functions are required to coincide. They asked
whether sUg = sLg (Open Question 5) and for which g the threshold exceeds the trivial value
1
2 + 1

2 |Eg| (Open Question 6). We prove:

(A) For g = E2 (“exactly two of the three inputs equal +1”), sLg = 5
8 exactly, while sUg > 5

8 and

sg >
5
8 . Hence sUg ̸= sLg and sLg ̸= sg in general, and CFMMS Lemma 5.6 (nontriviality of

sLg when all level-one Fourier coefficients are nonzero) is false. Moreover 0.6251187 < sg ≤
sUg < 0.626951 and sUg > 0.6253166 (computer-assisted; the upper bound uses Borell’s
noise stability theorem, and the CFMMS argument gives 0.65067).

(B) An exact characterisation sg = slabg , where slabg is a labelled Gaussian optimisation problem

lying between sLg and sUg : finitely many “label” bits select which Gaussian test function is
used, and the joint law of the labels of the m columns and of the output is remembered.

(C) Nontriviality criteria: with J = {j : ĝ({j}) ̸= 0} and h(w) = Eug(w, u) (w ∈ {−1, 1}J),
sUg is nontrivial iff sgn(Eg)h(w) < 0 for some w, and this condition is necessary for sg; it is
sufficient for sg whenever ∥h∥22 > |Eg| (in particular whenever all level-one coefficients are
nonzero, which repairs CFMMS Lemma 5.6 with sg in place of sLg ), and more generally
whenever a finite “labelled decoder” certificate exists. For all g on m ≤ 4 variables (exact
computer check of all 52,144 relevant functions), sg is nontrivial iff sUg is nontrivial iff
sgn(Eg)h(w) < 0 for some w.

(D) An exact criterion: sg > trivg iff a finite “labelled decoder” certificate exists (a condition
on h only).

(E) For an explicit g0 on 5 variables, sLg0 = sg0 = trivg0 = 3
4 < sUg0 . Hence the CFMMS

upper bound sUg is not tight either, and for every m ≥ 5 the sU criterion of (C) does
not characterise nontriviality of sg (while it does for m ≤ 4 and Eg ̸= 0). The proof
rests on a sharp L1-Khintchine inequality for q-biased bits, E|

∑
i αiχi| ≤ E|χ1| for unit

α, equivalently W 1(f) ≤ q(1 − q) for f : {−1, 1}n → [0, 1] on the q-biased cube, proved
for every q ∈ [ 38 ,

5
8 ] (Theorem K; computer-assisted except at q ∈ { 3

8 ,
2
5 ,

5
12 ,

1
2} and their

images under q 7→ 1− q), false for q < 1− 1√
2
. A second explicit function g1 (using q = 2

5 )

behaves in the same way, and so does a third, g2, whose proof instead uses a Hoffman-
type level-one inequality W 1(f) ≤ qEf2 + 1−2q

q (Ef)2 for all f ≥ 0 on the q-biased cube,

0 < q ≤ 1
2 (Theorem L). Together with their symmetric images these settle 48 of the 288

undecided five-variable functions. Coupling arguments, which replace each row of the label
matrix by a row of three to seven correlated entries realising the same pair (and triple)
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laws, settle 192 more and give second proofs of the cases of g0 and g1 that do not use
Theorem K; none of the remaining 48 (two problems) has a certificate with at most three
label bits (computer-assisted, exact), and each of the two problems is equivalent to an
explicit inequality for a single function P : {−1, 1}k → [0, 1], which holds numerically for
k ≤ 8.

(F) A maximal-correlation criterion for triviality when h has no terms of degree ≥ 3 (The-
orem F), proved with Witsenhausen’s tensorisation of maximal correlation. It gives an
explicit gF on 6 variables with only two relevant coordinates (|J | = 2) and sLgF = sgF =

trivgF = 9
16 < sUgF , and such functions on every m ≥ 6; for |J | ≤ 2 and m ≤ 5 none exist

(computer-assisted). If the nonzero level-one coefficients of g are pairwise distinct, the sU

criterion of (C) is exact. Two refinements for one class of size two, which feed Theorem L
and a second coupling into the covariance bound, decide every g with |J | ≤ 2 and m ≤ 8
(computer-assisted, exact): sg > trivg iff a certificate as in (D) exists with at most three
rows; two rows suffice for m ≤ 7 but not for m = 8.
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1 Setting and results

1.1 Notation and the CFMMS definitions

We use ±1 notation. For g : {−1, 1}m → {−1, 1} we write g =
∑

S⊆[m] ĝ(S)
∏

j∈S xj for its Fourier
expansion and identify g with this multilinear polynomial; thus g(y) is defined for y ∈ [−1, 1]m

(and for y ∈ Rm). We write

µ = µg = Eg = ĝ(∅), trivg = 1
2 + 1

2 |µ|, ρj =
ĝ({j})√
1− µ2

(j ∈ [m]).

For f : {−1, 1}n → {−1, 1} and Z uniform in {−1, 1}n×m, (f ◦gn)(Z) = f(g(Z1·), . . . , g(Zn·)) (rows)
and (g ◦ fm)(Z) = g(f(col1 Z), . . . , f(colm Z)) (columns).

Definition 1.1 (CFMMS Def. 5.2). sg is the infimum of all s with the following property: for
every ϵ > 0 there are δ > 0 and L ∈ N such that for all n and all f : {−1, 1}n → {−1, 1}, if
PrZ [(f ◦ gn)(Z) = (g ◦ fm)(Z)] ≥ s+ ϵ then |f̂(S)| ≥ δ for some |S| ≤ L.

(In CFMMS the displayed event is misprinted as f◦gm = g◦fm.) We call f (δ, L)-pseudorandom
if |f̂(S)| < δ for all |S| ≤ L. Directly from the definition:

Remark 1.2. (a) If fN : {−1, 1}nN → {−1, 1} is a single sequence with max|S|≤L |f̂N (S)| → 0
for every fixed L and lim infN Pr[fN ◦ g = g ◦ fN ] ≥ a, then sg ≥ a. (Indeed, if s < a had the
property, take ϵ = (a − s)/3 and the corresponding δ, L; for large N , fN is (δ, L)-pseudorandom
and has agreement ≥ a − ϵ > s + ϵ.) (b) If for every ϵ > 0 there are δ, L such that every (δ, L)-
pseudorandom f has agreement ≤ b+ ϵ, then sg ≤ b (the value s = b has the property: given ϵ, use
(b) with ϵ/2).

Definition 1.3 (CFMMS Def. 5.1). Ng is the law of a Gaussian vector (G0,G1, . . . ,Gm) of standard
Gaussians such that G1, . . . ,Gm are independent and E[G0Gj ] = ρj . For n ∈ N, N n

g is the law of
(G0, . . . ,Gm) ∈ (Rn)m+1 whose n coordinates are independent copies of Ng.

(This exists since
∑

j ρ
2
j = ∥g=1∥22/(1− µ2) ≤ 1.) For q1, . . . , qm : Rn → [−1, 1] measurable put

γq(x) = E
[
g
(
q1(G1), . . . , qm(Gm)

) ∣∣G0 = x
]

(x ∈ Rn), val(q) = 1
2 + 1

2 Ex∼N(0,In)|γq(x)|,

where the conditional expectation is taken with respect to the explicit Gaussian conditional law of
Lemma 2.1 (so γq is defined for every x).

Definition 1.4 (CFMMS Thm. 5.3 and Lemma 5.5). sUg = sup val(q1, . . . , qm) over all n and all

qj : Rn → {−1, 1} with Eqj = 0; sLg = sup val(q, . . . , q) over all n and all q : Rn → [−1, 1] with
Eq = 0.
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CFMMS prove, for g depending on all coordinates, not of the form ±
∏

j xj , and with µ ̸= 0:

sg ≤ sUg (Thm. 5.3), sUg < 1 (Lemma 5.4), sg ≥ sLg (Lemma 5.5), sLg ≥ trivg (discussion after

Lemma 5.5; see also Lemma 2.3(a) below); moreover the supremum defining sUg is unchanged if
[−1, 1]-valued qj are allowed (CFMMS §5.2.2, “Rounding”, in the proof of Thm. 5.3).

Open questions (CFMMS §7). Q5: Is sUg = sLg ? Is the optimum always achieved in one-
dimensional Gaussian space? Q6: For which functions g is sg > max(E[g], 1 − E[g])? (in {0, 1}
notation; in ±1 notation the right-hand side is trivg.) CFMMS add: “Lemma 5.6 shows that the
strict inequality holds for unbalanced g whenever all Fourier coefficients on the first level are non-
zero. Conversely, when all Fourier coefficients on the first level vanish, Theorem 5.3 shows that
equality holds.”

Overloaded symbols. A few letters are reused with a meaning that is local to one part of the
paper. b is a sign in πb (§7–§9), a [0, 1]-valued test function in Lemma 2.2 and §3, and a coefficient
in the proof of Theorem K (§9.4). W is a label matrix (Definition 1.5, §5, §6), whereas Wk(·)
(Gaussian Hermite weights, §3) and W 1, W+ (§9) are Fourier weights. d = |J |, except in §6,
where (d, τ) are regularity parameters and d1, d2 are degree cut-offs. γq and γν are conditional
expectations of g, whereas in §6 γ, γ0 are noise rates, and γn is the standard Gaussian measure on
Rn (§7, §8). In §4.2, κ, ℓ, σ are functions on [−1, 1] and c = − 1

14 ; in the proof of Proposition 4.3,

κ(t) = 15+t2

14 , α, β are the constants of that proposition, L(a) is an orthant probability, X = 12 is
a cut-off and h an integration variable, and in §3 α, β are other constants. In Theorem A, §4 and
the paragraphs on E2, J = Exγq(x)

+ is a number; elsewhere J = {j : ĝ({j}) ̸= 0}. In the proof of
Theorem K (§9.4), f is the Stein solution, Z ∼ N(0, 1), U is a zero-bias variable, I a random index,
k(·) and m(·) are auxiliary functions of the Mills ratio, and θ = 1− 2q; elsewhere Z is a column of
a label matrix, U = [m] \ J , I is the integral of Theorem A, k the number of labels, m the arity

and θ a gap (§7). In §9.7, β = 1−2q
q , c = (1−q)2

q and h is a nonnegative factor of degree at most 1;

in Proposition 10.4 and its proof β = 1−2q
q again, A is a number, W1 a weight, f = EP̄ 2, and U(·),

V (·) are functions of one variable; elsewhere β± are biases, c(j) is the class of j and Aw are sets.
Φ is the standard Gaussian distribution function, except for the functionals Φ, Φ+, Φ♯ of §10. ρj
are the Gaussian correlations of the setting, ρij maximal correlations (§10), ρ(L,R) a correlation
of two variables, and ρ∗ the correlation of the coupling in §9.7. In §10, r = |U | in the paragraph
on candidates, in Proposition 10.7 and in the paragraphs on six to nine variables; r = q

1−q in
Proposition 10.6, its proof and Remark 10.10; and r is a row index in the proofs of Theorem F and
of Proposition 10.4. There, too, c is a coefficient in Lemma 10.5 but the less likely value of a ±1
variable in Remark 10.10, Qn is a set of vectors (Proposition 10.9), and λ±1 in Lemma 10.5 is λ±.

1.2 The labelled value

Definition 1.5 (labelled value). Let k ≥ 0, n ≥ 0 and let (Qz)z∈{−1,1}k be measurable functions

Qz : Rn → [−1, 1] with EQz = 0 (expectation under N(0, In)). Let W be uniform in {−1, 1}k×m,
independent of (G0, . . . ,Gm) ∼ N n

g ; write W·j ∈ {−1, 1}k for its columns and g(W ) ∈ {−1, 1}k for

g applied to each row. For ν ∈ {−1, 1}k put

γν(x) = E
[
g
(
QW·1(G1), . . . , QW·m(Gm)

) ∣∣∣G0 = x, g(W ) = ν
]
,

vallab(Q) =
1

2
+

1

2

∑
ν

Pr[g(W ) = ν] Ex∼N(0,In)|γν(x)|.
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slabg is the supremum of vallab(Q) over all k, n and all such families.

For k = 0 there is one function Q = Q∅ and vallab(Q) = val(Q, . . . , Q), so sLg ≤ slabg . (The labels
play the role of the influential coordinates of f ; see §5.)

1.3 Results

Theorem A (g = E2). Let E2(x1, x2, x3) = +1 iff exactly two of x1, x2, x3 equal +1. Then
µ = −1

4 , ĝ({j}) =
1
4 for all j, and:

(a) for every n, every measurable q : Rn → [−1, 1] (mean zero or not) and every x ∈ Rn,
γ(q,q,q)(x) ≤ 2 · 0.49788 − 1 < 0; that is, after randomised rounding of the three inputs,

Pr[E2 = +1 | G0 = x] ≤ 0.49788 < 1
2 . Consequently s

L
E2 =

5
8 = trivE2;

(b) sUE2 ≥ 5
8 + J > 0.6253166, where J = Exγq(x)

+ for q = (sgn, sgn,− sgn) on R satis-
fies J > 3.1663998209 × 10−4 (computer-assisted, Proposition 4.3; in floating point J =
3.16639982095 × 10−4); analytically J ≥ I > 0, where I =

∫∞
x0

(
1 − 6Φ(−x/

√
14)

)
φ(x) dx ≈

1.3588× 10−5 and x0 =
√
14Φ−1(5/6);

(c) sE2 ≥ slabE2 ≥ 5
8 + 3

8J > 0.6251187;

(d) sE2 ≤ sUE2 <
5
8 + 1.95035× 10−3 < 0.626951 (computer-assisted; Theorem 4.5).

In particular sLg < sUg and sLg < sg for g = E2, and CFMMS Lemma 5.6 is false (E2 is unbalanced

and all its level-one coefficients are nonzero, but sLE2 = trivE2).

Theorem B (exact characterisation). Let g depend on all coordinates, g ̸= ±
∏

j xj , and Eg ̸= 0.

Then sLg ≤ sg = slabg ≤ sUg .

For the nontriviality question let J = {j ∈ [m] : ĝ({j}) ̸= 0}, d = |J |, U = [m] \ J , and

h(w) = Eu∈{−1,1}U g(w, u) (w ∈ {−1, 1}J),

so ĥ(S) = ĝ(S) for S ⊆ J , Eh = µ. Call j, j′ ∈ J equivalent if ρj = ρj′ and let c(j) denote

the class of j. For b ∈ {−1, 1} let πb(w) = 1+b h(w)
2d(1+bµ)

(a probability distribution on {−1, 1}J : the

law of the J-part of a uniform input conditioned on g = b). For k ≥ 0, ν ∈ {−1, 1}k and maps
Fc : {−1, 1}k → [−1, 1] (one per class) put

Γν(F ) = E
[
h
(
Fc(j)(C·j)

)
j∈J

]
, C ∈ {−1, 1}k×J with independent rows, row i ∼ πνi .

Theorem C (nontriviality). Let g be as in Theorem B. Then:

(i) if sgn(µ)h(w) ≥ 0 for all w ∈ {−1, 1}J , then sg = sUg = trivg;

(ii) if sgn(µ)h(w) < 0 for some w, then sUg > trivg. Thus s
U
g > trivg iff ∃w : sgn(µ)h(w) < 0;

(iii) if sgn(µ)Γν(F ) < 0 for some k, ν, F , then sg > trivg; if this holds with k = 0 (i.e. sgn(µ)h(y) <
0 for some y ∈ [−1, 1]J that is constant on classes), then even sLg > trivg;

(iv) if ∥h∥22 > |µ|, then sg > trivg. In particular, if all level-one coefficients of g are nonzero then
sg > trivg (the corrected form of CFMMS Lemma 5.6);
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(v) if m ≤ 4, then sg > trivg ⇐⇒ sUg > trivg ⇐⇒ ∃w ∈ {−1, 1}J : sgn(µ)h(w) < 0
(computer-assisted, exact integer arithmetic; §7.1).

Parts (i) and (iv) already decide every g with at most one coordinate outside J , for every
m. If U = ∅, then h = g is ±1-valued and nonconstant, so ∥h∥22 = 1 > |µ|. If U = {u},
then h(w) = 1

2(g(w, 1) + g(w,−1)) ∈ {−1, 0, 1}, so ∥h∥22 = E|h| ≥ |Eh| = |µ|, with equality iff
sgn(µ)h ≥ 0. Hence, for |U | ≤ 1, sg > trivg iff sgn(µ)h(w) < 0 for some w.

The sufficient condition (iii) is in fact also necessary, and the classes play no role:

Theorem D (exact criterion for nontriviality). Let g be as in Theorem B and σ = sgn(µ). The
following are equivalent:

(a) sg > trivg;

(b) slabg > trivg;

(c) σ Γν(F ) < 0 for some k ≥ 0, ν ∈ {−1, 1}k and class-wise maps Fc : {−1, 1}k → [−1, 1];

(d) σ E
[
h
(
F (C·j)

)
j∈J

]
< 0 for some k ≥ 0, ν ∈ {−1, 1}k and a single map F : {−1, 1}k → [−1, 1]

(rows of C independent, row i ∼ πνi), which may moreover be taken rational-valued.

In particular, whether sg is nontrivial depends only on h, and it is certified by a finite exact
computation whenever it holds.

The condition ∃w : sgn(µ)h(w) < 0, which is necessary by Theorem C(i) and equivalent to
sUg > trivg by (ii), is not sufficient once m ≥ 5:

Theorem E (an explicit g with sg = trivg < sUg ). Let g0 : {−1, 1}5 → {−1, 1} be the func-

tion defined in (10) (§9); it depends on all five coordinates, Eg0 = −1
2 , J = {1, 2, 3} and h =

(−1,−1,−1, 12 , 0,−
1
2 ,−

1
2 ,−

1
2) in the order + + +,++−, . . . ,−−−. Then

sLg0 = sg0 = trivg0 = 3
4 < sUg0 .

Corollary E′. For every m ≥ 5 there is g : {−1, 1}m → {−1, 1} depending on all coordinates with
sLg = sg = trivg < sUg . For m ≤ 4 there is no such g with Eg ̸= 0 (Theorem C(v)).

The restriction Eg ̸= 0 in the last statement is needed for our argument: Theorems B–D, and
hence Theorem C(v), assume µ ̸= 0, and for balanced g CFMMS define sUg and sLg differently; we
do not treat that case.

The method of proof of Theorem E also settles a second, inequivalent function: for the function
g1 of (14) (§9.6), with Eg1 = −3

8 , one has sLg1 = sg1 = trivg1 = 11
16 < sUg1 (Proposition 9.10).

The key new ingredient is a sharp L1-Khintchine inequality for biased bits, which may be of
independent interest. For unbiased bits the corresponding statement is trivial (Cauchy–Schwarz),
and for q-biased bits with q < 1− 1√

2
≈ 0.293 it is false: two equal coefficients, α = ( 1√

2
, 1√

2
), give

E|χ1 + χ2|/
√
2 =

√
2(1 − q)E|χ1| > E|χ1| (Remark 9.8(c); this example is in Stone’s thesis [16,

§4.2]).

Theorem K (sharp L1-Khintchine inequality for biased bits). Let 3
8 ≤ q ≤ 5

8 and let χ1, . . . , χn

be independent with Pr[χi =
√
(1− q)/q] = q and Pr[χi = −

√
q/(1− q)] = 1 − q (so Eχi = 0,

Eχ2
i = 1). Then for every α ∈ Rn with

∑
i α

2
i = 1,

E
∣∣∣ n∑
i=1

αiχi

∣∣∣ ≤ E|χ1| = 2
√
q(1− q).
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Equivalently, every f : {−1, 1}n → [0, 1] has level-one weight W 1(f) ≤ q(1− q) with respect to the
product measure with Pr[xi = 1] = q, with equality for f(x) = 1{x1 = 1}.

The proof (§9.4) is by induction on n: a zero-bias Stein bound handles vectors whose coefficients
are all small (at most 3

10 for q = 3
8), and explicit quadratic majorants handle the inductive step

otherwise. The argument is uniform in q except for two inequalities in one or two real variables,
which we verify by hand for q = 3

8 ,
2
5 ,

5
12 and by an exact rational interval computation for all

q ∈ [38 ,
1
2 ]; the case q > 1

2 follows by the symmetry χi 7→ −χi. Theorem E uses q = 3
8 and

Proposition 9.10 below uses q = 2
5 . The range cannot be extended to all q with q(1− q) ≥ 1

2π (the
range in which the central limit theorem gives no obstruction): for q < 1 − 1√

2
the two-coefficient

example above violates the inequality (Remark 9.8). In the notation of Ivanisvili and Stone [10],
who study the best constant R(q) in E|L| ≤ R(q)(EL2)1/2 for such sums in connection with the
L1-Poincaré inequality on the Hamming cube [9], Theorem K determines R(q) = 2

√
q(1− q)

for q ∈ {3
8 ,

2
5 ,

5
12} and the mirror values 5

8 ,
3
5 ,

7
12 , and (computer-assisted) for all q ∈ [38 ,

5
8 ]; see

Remark 9.8(d) for the literature.
A third boundary function needs a level-one bound that depends on the mean, and for it a

short spectral argument suffices (§9.7). It is of Hoffman type, as in Friedgut’s proof of the biased
Erdős–Ko–Rado theorem [5].

Theorem L (level-one inequality for nonnegative functions). Let 0 < q ≤ 1
2 and let f : {−1, 1}n →

[0,∞), where {−1, 1}n carries the product measure with Pr[xi = 1] = q. Then

W 1(f) ≤ q E[f2] +
1− 2q

q
(Ef)2.

In particular W 1(f) ≤ qp+ 1−2q
q p2 if f takes values in [0, 1] and Ef = p. For q < 1

2 , equality holds

in the first inequality iff f̂(S) = 0 for all |S| ≥ 3 and f(x)f(y) = 0 for all x, y whose sets of +1
coordinates are disjoint, that is, iff up to a permutation of the coordinates

f = 1{x1 = 1}h(x2, . . . , xn) or f = a1{x1 = x2 = 1}+b1{x1 = x3 = 1}+c1{x2 = x3 = 1},

where h ≥ 0 has degree at most 1 and a, b, c ≥ 0. For q = 1
2 , equality holds iff f̂(S) = 0 for all odd

|S| ≥ 3 and f(x)f(−x) = 0 for all x. Equality in the second inequality holds iff in addition f is
{0, 1}-valued; for q < 1

2 this leaves f = 0 and, up to a permutation of the coordinates, 1{x1 = 1},
1{x1 = x2 = 1} and 1{x1 = 1, x2 = −1}.

With Theorem L the method also settles the function g2 of (17) (§9.8): Eg2 = −3
8 and sLg2 =

sg2 = trivg2 = 11
16 < sUg2 (Proposition 9.11); here the dictator decoder and the AND of two labels

are both extremal.
When h has no terms of degree ≥ 3 there is a soft criterion for triviality, based on the maximal

correlation of the columns of the label matrix (§10). For distinct i, j ∈ J and b ∈ {−1, 1} let
Corrπb

(wi, wj) be the correlation of the coordinates wi, wj under πb (defined as 0 if one of them is
πb-a.s. constant), and put ρij = maxb |Corrπb

(wi, wj)|.

Theorem F (maximal-correlation criterion). Let g be as in Theorem B, σ = sgn(µ), and suppose
that ĝ(S) = 0 for every S ⊆ J with |S| ≥ 3 (automatic if |J | ≤ 2). If

Φ(y) := σh(y)−
∑

{i,j}⊆J

|ĥ({i, j})| ρij
√

(1− y2i )(1− y2j ) ≥ 0

for every y ∈ [−1, 1]J that is constant on classes, then σΓν(F ) ≥ 0 for all k, ν and class-wise F ,
and hence sLg = sg = trivg.
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Theorem F can only help inside classes: at a vertex w that is constant on classes the square roots
vanish, so the hypothesis contains σh(w) ≥ 0, and if σh(w) < 0 at such a vertex then Theorem C(iii)
with k = 0 already gives sLg > trivg (Corollary 10.2). With two relevant coordinates in one class it
gives a new kind of example (§10.1): the function gF on 6 variables defined in (18) has J = {1, 2},
ĝ({1}) = ĝ({2}), EgF = −1

8 , and

sLgF = sgF = trivgF = 9
16 < sUgF .

Corollary F′. For every m ≥ 6 there is g : {−1, 1}m → {−1, 1} depending on all coordinates with
|J | = 2 and sLg = sg = trivg < sUg . For m ≤ 5 there is no such g with Eg ̸= 0 and |J | ≤ 2
(computer-assisted: Theorem C(v) and Proposition 11.1).

For one class of size two, Proposition 10.4 sharpens Theorem F by applying Theorem L to the
part of the covariance that comes from single rows of the more dangerous sign, and Proposition 10.6
sharpens it further by comparing the column pair with a second coupling (the anti-coupling of
Theorem L in the dangerous rows). Together with an exact enumeration of the possible h (Propo-
sition 10.7) this settles all cases with |J | ≤ 2 and m ≤ 8: sg > trivg iff Theorem D(c) holds with
k ≤ 3, and k ≤ 2 suffices for m ≤ 7 (Corollary 10.8). For m = 8 it does not: the function g3 of
Proposition 10.9 has sg3 > trivg3 , but its smallest certificate has k = 3.
Answers. Q5, first part: no, sUg ̸= sLg in general (Theorem A), and the true value is the intermediate

labelled value (Theorem B); the CFMMS upper bound is not tight either, sg < sUg can happen
(Theorem E). The second part of Q5 (whether the optimum is attained in one-dimensional Gaussian
space) remains open (§11). Q6 (for unbalanced g): Theorem D characterises nontriviality exactly
by finite “labelled decoder” certificates, a condition on h alone that can be certified by a finite
exact computation whenever it holds (no bound on k is known; §11). Theorem C gives a necessary
condition, which is also sufficient for m ≤ 4 (C(v)), and sufficient conditions (C(iii), (iv)); by
Theorem E and Corollary E′ the necessary condition is not sufficient for any m ≥ 5. It is sufficient
whenever the nonzero level-one coefficients of g are pairwise distinct (Corollary 10.2): the failures
come from coordinates in the same class. With only two relevant coordinates they first occur at
m = 6 (Theorem F, Corollary F′), and for |J | ≤ 2 and m ≤ 8 nontriviality is decided exactly, by
certificates with k ≤ 3 on one side and Theorem F and Propositions 10.4 and 10.6 on the other
(Corollary 10.8). What remains open is described in §11.

Numerical values for E2. By Theorem A, 0.6251187 < sE2 ≤ sUE2 < 0.626951 and sUE2 >
0.6253166. The lower bounds are the values val(sgn, sgn,− sgn) = 5

8 +J and 5
8 +

3
8J ≤ vallab(z sgn)

(one label, n = 1); floating-point evaluation gives vallab(z sgn)− 5
8 −

3
8J ≈ 5.7 · 10−9 (e2 check.py,

and the same value with the quadrature of e2 label roles.py), so the second output label con-
tributes almost nothing. By Theorem A(d), sUE2 − 5

8 < 1.9504 × 10−3, within a factor 6.2 of

J = 3.1664 × 10−4; the bound sUE2 ≤ 1
2 + 1

2

√
⟨Tρ′g, g⟩ = 0.650666 . . . contained in the proof of

CFMMS Lemma 5.4 (ρ′ = 2
π arcsin 1

5 , ⟨Tρ′g, g⟩ =
1
16(1 + 3ρ′ +3ρ′2 +9ρ′3)) has excess 2.567× 10−2.

The exact value of sE2 remains unknown.

2 Preliminaries

Multilinear facts. The following apply to g and to any multilinear polynomial bounded by 1 on
{−1, 1}m, e.g. to h.

(M1) If Y1, . . . , Ym are independent bounded random variables, then expanding the multilinear
polynomial gives Eg(Y1, . . . , Ym) = g(EY1, . . . ,EYm). In particular, for y ∈ [−1, 1]m we
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have g(y) = Eg(Y ), where the Yj ∈ {−1, 1} are independent with EYj = yj (“randomised
rounding”); so |g(y)| ≤ 1.

(M2) For y, y′ ∈ [−1, 1]m, |g(y) − g(y′)| ≤
∑

j |yj − y′j |: g is affine in each variable and ∂jg(y) =
1
2(g(y

j→1)− g(yj→−1)) ∈ [−1, 1]; change one coordinate at a time.

Lemma 2.1 (conditional law). Let (G0, . . . ,Gm) ∼ N n
g . Conditionally on G0 = x ∈ Rn, (G1, . . . ,Gm)

is Gaussian with mean (ρ1x, . . . , ρmx) and covariance (Im − ρρT)⊗ In. If ρj = 0 then Gj is inde-
pendent of (G0, (Gi)i ̸=j).

Proof. Standard Gaussian conditioning: E[Gj | G0] = ρjG0 and Cov(Gi,Gj | G0) = δij − ρiρj ,
coordinatewise. If ρj = 0, Gj is uncorrelated with, hence independent of, the jointly Gaussian
vector (G0, (Gi)i ̸=j).

Gaussian analysis. Let γn = N(0, In). Every ϕ ∈ L2(γn) has an orthogonal (Hermite /
Wiener chaos) decomposition ϕ =

∑
k≥0 ϕ

=k; write Wk(ϕ) = ∥ϕ=k∥22. Then ϕ=0 = Eϕ, ϕ=1(y) =

⟨E[ϕ(Y )Y ], y⟩, so W1(ϕ) = ∥E[ϕ(Y )Y ]∥2, and
∑

k≥1Wk(ϕ) = Varϕ. If Y, Y ′ are jointly Gaussian
standard Gaussian vectors in Rn with E[YrY ′

s ] = r0δrs (|r0| ≤ 1), then (Mehler)

E[ϕ(Y )ψ(Y ′)] =
∑
k≥0

rk0⟨ϕ=k, ψ=k⟩, E[ψ(Y ′) | Y ] = (Ur0ψ)(Y ), Ur0ψ =
∑
k

rk0ψ
=k (1)

(see e.g. O’Donnell, Analysis of Boolean Functions, Ch. 11).

Lemma 2.2 (level-one bound). If b : Rn → [0, 1] is measurable then W1(b) ≤ φ(Φ−1(Eb))2 ≤ 1
2π .

Proof. If E[bY ] = 0 there is nothing to prove. Otherwise let e = E[bY ]/∥E[bY ]∥ and X = ⟨e, Y ⟩ ∼
N(0, 1). Then ∥E[bY ]∥ = E[b(Y )X]. Among measurable 0 ≤ b′ ≤ 1 with Eb′ = p := Eb, E[b′X] is
maximised by b′ = 1{X > t} with Pr[X > t] = p (bathtub principle: E[(b− b′)(X − t)] ≤ 0), giving∫∞
t sφ(s) ds = φ(t) = φ(Φ−1(p)) ≤ (2π)−1/2.

Elementary facts about the labelled value.

Lemma 2.3. Let (Qz) be as in Definition 1.5.

(a) Exγν(x) = µ for every ν. Hence Ex|γν | = |µ|+ 2Ex[(sgn(µ)γν)
−] and

vallab(Q) = trivg +
∑
ν

Pr[g(W ) = ν]Ex[(sgn(µ)γν)
−],

where t− = max(−t, 0). So vallab(Q) > trivg iff some γν has sign opposite to µ on a set
of positive measure. The same holds for val(q) with γq (for mean-zero qj). In particular
sLg , s

lab
g , sUg ≥ trivg.

(b) (Reduction to h.) γν(x) = E
[
h
(
(QC·j (Gj))j∈J

) ∣∣G0 = x
]
, where C ∈ {−1, 1}k×J is indepen-

dent of the G’s with independent rows, row i ∼ πνi; indeed, conditionally on g(W ) = ν, the
J-columns W·J have the law of C. Similarly γq(x) = E[h((qj(Gj))j∈J) | G0 = x] for mean-zero
qj.

(c) sLg ≤ slabg ≤ sUg .
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Proof. (a) GivenW , the vectors G1, . . . ,Gm are independent standard Gaussians (unconditionally on
G0), so the inputs QW·j (Gj) are independent with mean 0 and by (M1) E[g(· · · ) |W ] = g(0, . . . , 0) =
µ. Averaging over W with g(W ) = ν gives Exγν = µ. Then |t| = sgn(µ)t + 2(sgn(µ)t)− gives the
formula. (b) Fix W and x. By Lemma 2.1, for j ∈ U the Gj are independent of each other and of
(G0, (Gi)i∈J), so given W , x and (Gi)i∈J the inputs QW·j (Gj), j ∈ U , are independent with mean
EQW·j = 0; by (M1) we may replace them by 0, and g(yJ , 0U ) = h(yJ). Finally the J-columns of
W conditioned on g(W ) = ν have independent rows (the rows of W are independent and g(W )i

depends on row i only), and row i has law Pr[w | g(w, u) = νi] = 2−d(1+νih(w))/2
(1+νiµ)/2

= πνi(w).

(c) The first inequality is the case k = 0. For the second, for fixed W let q
(W )
j = QW·j ; then

γν = E[γq(W ) | g(W ) = ν], so by the triangle inequality
∑

ν Pr[ν]E|γν | ≤ EWEx|γq(W )(x)| ≤ 2sUg −1,

using that sUg is unchanged when [−1, 1]-valued functions are allowed (CFMMS §5.2.2).

3 Theorem A(a): sLE2 = 5/8

For E2: E2(x) = −1
4 +

1
4

∑
j xj −

1
4

∑
i<j xixj −

3
4x1x2x3, so µ = −1

4 , ĝ({j}) =
1
4 , ρj = ρ = 1/4√

15/4
=

1√
15

for j = 1, 2, 3, and triv = 5
8 .

Lemma 3.1. Let c ∈ (−1
2 , 0], c

′ = c
1+c , and let Y1, Y2, Y3 be jointly Gaussian standard Gaussian

vectors in Rn such that the n coordinates of (Y1, Y2, Y3) are i.i.d. and E[Yi,rYj,r] = c for i ̸= j. For
every measurable b : Rn → [0, 1] with p = Eb(Y1),

3E
[
b(Y1)b(Y2)

(
1− b(Y3)

)]
≤ 3p2(1− p) + 6|c|W1(b) p+

(
6|c|3p+ 3c2 + 3c′2

)
p(1− p).

Proof. Conditionally on Y3 = y we have Yi = cy +
√
1− c2Zi (i = 1, 2), where (Z1, Z2) is in-

dependent of Y3, Zi ∼ N(0, In) and E[Z1,rZ2,s] = c′δrs (indeed Cov(Y1, Y2 | Y3) = c − c2 and
Var(Yi | Y3) = 1− c2). Put by(z) = b(cy +

√
1− c2z) and v(y) = Eby(Z1) = (Ucb)(y). By (1) with

r0 = c′ ≤ 0, using that the odd-k terms are ≤ 0 and c′k ≤ c′2 for even k ≥ 2, and b2y ≤ by:

E[b(Y1)b(Y2) | Y3 = y] =
∑
k

c′kWk(by) ≤ v(y)2 + c′2
(
Eb2y − v(y)2

)
≤ v(y)2 + c′2v(y)(1− v(y)).

Multiplying by 1− b(y) ∈ [0, 1] and integrating over y ∼ N(0, In),

E[b(Y1)b(Y2)(1− b(Y3))] ≤ E[(1− b)v2] + c′2 E[v(1− v)]

≤ E[(1− b)v2] + c′2p(1− p),

since Ev = p and Ev2 ≥ p2. Write v = p+ w with w =
∑

k≥1 c
kb=k, Ew = 0. Then

E[(1− b)v2] = p2(1− p) + 2pE[(1− b)w] + E[(1− b)w2].

Here, as c ≤ 0 and
∑

k≥1Wk(b) = Var b ≤ p(1− p),

E[(1− b)w] = −E[bw] =
∑
k≥1

(−1)k+1|c|kWk(b) ≤ |c|W1(b) + |c|3
∑
k≥3

Wk(b) ≤ |c|W1(b) + |c|3p(1− p),

and E[(1 − b)w2] ≤ Ew2 =
∑

k≥1 c
2kWk(b) ≤ c2p(1 − p). Collecting terms and multiplying by 3

proves the claim.
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Theorem 3.2. Let g = E2, n ≥ 1, q : Rn → [−1, 1] measurable, and x ∈ Rn. Then
1+γ(q,q,q)(x)

2 ≤
maxp∈[0,1] B̃(p) < 0.49788, where

B̃(p) = 3p2(1− p) +
3

14π
p+

( 3

1372
p+

3

196
+

3

169

)
p(1− p).

Consequently γ(q,q,q) < 0 everywhere, val(q, q, q) = 5
8 for every mean-zero q, and sLE2 =

5
8 .

Proof. Let a = (1+q)/2 ∈ [0, 1]. The multilinear polynomial (1+E2(2t−1))/2 in t ∈ {0, 1}3 equals
Θ(t) = t1t2(1− t3) + t1t3(1− t2) + t2t3(1− t1). By (M1) (randomised rounding), for y ∈ [−1, 1]3,
1+E2(y)

2 = Θ(1+y
2 ). By Lemma 2.1, given G0 = x we can write Gj = ρx+

√
1− ρ2 Yj with (Y1, Y2, Y3)

as in Lemma 3.1 with c = −ρ2

1−ρ2
= − 1

14 (so c′ = − 1
13). With b(y) = a(ρx +

√
1− ρ2y) and the

symmetry of the law of (Y1, Y2, Y3),

1+γ(q,q,q)(x)

2 = E[Θ(b(Y1), b(Y2), b(Y3))] = 3E[b(Y1)b(Y2)(1− b(Y3))].

Lemma 3.1 with Lemma 2.2 (W1(b) ≤ 1
2π ), 6|c|

1
2π = 3

14π , 6|c|
3 = 3

1372 , 3c
2 = 3

196 , 3c
′2 = 3

169 , gives

the bound B̃(p) with p = Eb(Y1) ∈ [0, 1].
It remains to show max[0,1] B̃ < 0.49788. The coefficient of 1/π in B̃ is 3

14p ≥ 0 and π > 3.14,

so B̃ ≤ B̄ on [0, 1], where B̄ is B̃ with 1/π replaced by 50
157 :

1
2 − B̄(p) = 4119

1372p
3 − 344223

115934p
2 − 526815

5200468p+
1
2 .

This cubic has no real root in [0, 1] (exact Sturm-sequence count) and equals 1
2 at p = 0, so

it is positive on [0, 1]; this is all that is needed for sLE2 = 5
8 . For the constant 0.49788: the

cubic 49788
100000 − B̄(p) likewise has no real root in [0, 1] (exact Sturm count) and equals 12447

25000 > 0
at p = 0, so B̄ < 0.49788 on [0, 1]. The maximum of B̄ on [0, 1] is attained at the critical

point p∗ = 76494
232037 +

√
159156415444069

36429809 ≈ 0.675965, where B̄(p∗) ≈ 0.4978777 (both counts and this
value: script numerics/e2 rigorous.py). For a hand check: with α = 3

14π < 0.06823 and β =
3

1372 + 3
196 + 3

169 < 0.035245 we have B̃(p) ≤ ϕ(p) := 3p2(1 − p) + αp + βp(1 − p); ϕ′(p) = 0 iff
9p2 − (6 − 2β)p − (α + β) = 0, whose root in [0, 1] is p ≈ 0.67585, where ϕ ≈ 0.49802 < 1

2 , and
ϕ(0) = 0, ϕ(1) = α.

Hence γ(q,q,q)(x) ≤ 2 · 0.49788 − 1 < 0 for all x; by Lemma 2.3(a) (case k = 0), val(q, q, q) =

triv = 5
8 for every mean-zero q.

Remark 3.3 (where the CFMMS proof of Lemma 5.6 fails). CFMMS prove Lemma 5.6 with
n = 1, q = sgn: they note E|γ| ≥ |Eγ| = |Eg| and assert that equality holds “only if |γ(x)| = |E[g]|
almost surely”, then observe |γ(x)| → 1 as |x| → ∞. But equality in E|γ| ≥ |Eγ| holds if and
only if γ does not change sign. For E2 all ρj > 0, so γ(x) → E2(+,+,+) = −1 as x → +∞
and γ(x) → E2(−,−,−) = −1 as x → −∞; by Theorem 3.2, γ < 0 everywhere, so there is no
gain although |γ| → 1. In general, the gain requires sgn(µ)γ < 0 somewhere (Lemma 2.3(a)), and
q = sgn only reaches the two points ±(sgn ρj)j of the cube in the limit.

Remark 3.4. The bound is not an artefact of n = 1 or of Boolean q: it holds for all n, all
[−1, 1]-valued q, and even without the constraint Eq = 0. The sharper bound obtained by keeping
W1(b) ≤ φ(Φ−1(p))2 has maximum 0.4900295 (at p ≈ 0.66016). For q = sgn (n = 1) the true
maximum of Pr[E2 = +1 | G0 = x] is 0.47363 (numerical).
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4 Theorem A(b)–(d): bounds for sUE2 and sE2

4.1 Lower bounds

Proposition 4.1. For g = E2, n = 1 and (q1, q2, q3) = (sgn, sgn,− sgn) we have γq(x) ≥ 1 −
6Φ(−x/

√
14) for all x ∈ R. Hence sUE2 ≥ val(q) ≥ 5

8 + I with I as in Theorem A, and I > 0.

Proof. Given G0 = x, Gj ∼ N(ρx, 1− ρ2), so Pr[Gj ≤ 0 | x] = Φ(−ρx/
√

1− ρ2) = Φ(−x/
√
14). On

the event {G1,G2,G3 > 0} the inputs are (+1,+1,−1) and E2 = +1; by the union bound Pr[E2 =
+1 | x] ≥ 1− 3Φ(−x/

√
14), i.e. γq(x) ≥ 1− 6Φ(−x/

√
14), which is positive for x > x0. The qj are

±1-valued with mean 0, and by Lemma 2.3(a), val(q) = 5
8+Eγ+q ≥ 5

8+
∫∞
x0

(1−6Φ(−x/
√
14))φ(x) dx.

The integrand is positive on (x0,∞), so I > 0; numerically I = 1.3588002 × 10−5 (mpmath, 30
digits).

Proposition 4.2. For g = E2, k = 1, n = 1 and Qz(y) = z sgn(y) (z ∈ {−1, 1}) we have
vallab(Q) ≥ 5

8 + 3
8Eγ

+
q ≥ 5

8 + 3
8I, where q = (sgn, sgn,− sgn). Hence sE2 ≥ slabE2 >

5
8 .

Proof. EQz = 0. Here W = (w1, w2, w3) is a single uniform row and Pr[g(W ) = +1] = 3
8 .

Conditioned on g(W ) = +1, W is uniform on {(+,+,−), (+,−,+), (−,+,+)} and the inputs are
(wj sgn(Gj))j . Given G0 = x the variables G1,G2,G3 are exchangeable and E2 is symmetric, so each
of the three patterns contributes γq(x), i.e. γ+ = γq. By Lemma 2.3(a), vallab(Q) ≥ 5

8 + 3
8Eγ

+
+ =

5
8+

3
8Eγ

+
q , and Eγ+q ≥ I by Proposition 4.1. The last statement follows from Theorem 5.1 below.

Proposition 4.3 (computer-assisted). Let q = (sgn, sgn,− sgn) on R, J = Exγq(x)
+, β =

√
15/13,

α =
√

7/6, and let T (h, s) = 1
2π

∫ s
0 e

−h2(1+t2)/2 dt
1+t2

be Owen’s function. Then, with a = x/
√
14,

γq(x) = 6L(a)− 4Φ(a) + 16T (a, β)− 1, L(a) = 3

∫ a

−∞
φ(h)

(
Φ(βh)− 2T (βh, α)

)
dh, (2)

and J > 3.1663998209 × 10−4. Consequently sUE2 ≥ 5
8 + J > 0.6253166 and sE2 ≥ 5

8 + 3
8J >

0.6251187.

Proof. Given G0 = x write Gj = ρx +
√
1− ρ2 Yj , where (Y1, Y2, Y3) is standard Gaussian with

pairwise correlations c = − 1
14 (Lemma 2.1); then Gj > 0 iff Yj > −a. Let Aj = {Yj > −a}. The in-

puts (sgnG1, sgnG2,− sgnG3) have exactly two entries +1 on A1A2A3, on A1A
c
2A

c
3 and on Ac

1A2A
c
3,

so by exchangeability and inclusion–exclusion Pr[E2 = 1 | x] = L + 2
(
Φ(a) − 2Φ2(a, a; c) + L

)
,

where L = Pr[A1A2A3] and Φ2(·, ·; r) is the bivariate normal distribution function with correla-
tion r (as (−Yj)j has the law of (Yj)j , Pr[A1A2] = Φ2(a, a; c)). Owen’s formula Φ2(h, h; r) =
Φ(h) − 2T

(
h,

√
(1− r)/(1 + r)

)
and

√
(1− c)/(1 + c) = β give (2) for γq = 2Pr[E2 = 1 | x] − 1,

once L is identified. Now L = Pr[Yj < a ∀j] tends to 0 as a → −∞, and d
da Pr[Yj < a ∀j] =

3φ(a) Pr[Y1, Y2 < a | Y3 = a]. Given Y3 = a the pair (Y1, Y2) has means ca, variances 1 − c2

and correlation c′ = c/(1 + c) = − 1
13 , so the conditional probability is Φ2(βa, βa; c

′), and Owen’s

formula with
√
(1− c′)/(1 + c′) = α gives the formula for L.

Since γ+q ≥ γq, J ≥
∫ X
x1
γqφdx for all x1 < X. We take X = 12 and x1 = 128826889/(5 · 107),

close to the zero 2.5765378 of γq (floating point; any x1 gives a valid bound). Put h1 = x1/
√
14,

H = X/
√
14, w(h) = Φ(X)−Φ(

√
14h), κ(t) = 15+t2

14 and λ(t) = 1+β2(1+t2). Inserting (2), writing

the constant term as
∫ X
x1
φ, and exchanging the order of integration (Tonelli: T is an integral of a
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positive function, and so are the two parts φ(h)Φ(βh) and 2φ(h)T (βh, α) of the integrand of L),
we get ∫ X

x1

φ(x)T ( x√
14
, β) dx =

1

2π

∫ β

0

Φ(
√
κX)− Φ(

√
κx1)

(1 + t2)
√
κ

dt,∫ X

x1

φ(x)L( x√
14
) dx =

(
Φ(X)− Φ(x1)

)
L(h1) + 3

∫ H

h1

φ(h)Φ(βh)w(h) dh

− 3

π

∫ α

0

1

1 + t2

∫ H

h1

φ(h)e−β2(1+t2)h2/2w(h) dh dt,

L(h1) = 3

∫ h1

−∞
φ(h)Φ(βh) dh− 3

π

∫ α

0

Φ(
√
λh1)

(1 + t2)
√
λ
dt,

using
∫ v
u φ(x)e

−θx2/2dx = Φ(
√
1+θ v)−Φ(

√
1+θ u)√

1+θ
. The integrands are analytic near the (compact)

intervals of integration; the integral over (−∞, h1] is cut at −40, with an error in [0,Φ(−40)]. The
script e2 lower rig.py encloses all of them with Arb’s rigorous numerical integration at 128-bit
precision (square roots with branch-cut checks) and obtains

∫ X
x1
γqφdx ∈ 3.16639982094540644 ×

10−4 ± 7 · 10−22. It also compares (2) with tensor Gauss–Hermite quadrature (difference below
1.3 · 10−15 at nine points). The last statement follows from sUE2 ≥ val(q) = 5

8 + J (Lemma 2.3(a))
and Proposition 4.2.

With Theorem 3.2 this proves Theorem A(a)–(c); part (d) is proved in §4.2. (Floating point,
vallab(z sgn) exceeds 5

8 + 3
8J by about 5.7 · 10−9; see the paragraph on numerical values for E2 at

the end of §1.3, and §11 for other label families.)

Remark 4.4 (few labels cannot reach sUE2). For every family (Qz) with k label bits, vallab(Q)− 5
8 ≤

(1− 4−k) (sUE2 −
5
8). Indeed, write q

(W )
j = QW·j , so that γν = E[γq(W ) | g(W ) = ν], and let D be the

event that the three columns of W coincide. On D, q(W ) = (q, q, q) and γq(W ) < 0 everywhere by

Theorem 3.2. By convexity of t 7→ t+, γ+ν ≤ E[γ+
q(W )1Dc | g(W ) = ν]. Moreover, by Lemma 2.3(a),

Exγ
+
q = val(q)− 5

8 ≤ sUE2 −
5
8 for every mean-zero [−1, 1]-valued q. Then Lemma 2.3(a) and Fubini

give vallab(Q) − 5
8 =

∑
ν Pr[ν]Exγ

+
ν ≤ Pr[Dc](sUE2 −

5
8), and Pr[D] = 4−k. In particular one label

bit yields at most 3
4 of the gain of sUE2. Whether sE2 = sUE2 therefore depends on constructions with

many labels.

4.2 An upper bound for sUE2: proof of Theorem A(d)

Throughout this subsection g = E2, ρ = 1/
√
15 and c = − 1

14 . For t ∈ [−1, 1] let

κ(t) =
1 + 3t

4
, ℓ(t) = 2φ

(
Φ−1(1+t

2 )
)
, σ(t) =

√
1− t2,

with ℓ(±1) = 0. Let E3 be the set of positive semidefinite 3 × 3 matrices with unit diagonal, and
for w = (w12, w13, w23) ∈ R3 let G(w) = maxX∈E3(w12X12 + w13X13 + w23X23). For m ∈ [−1, 1]3

write κj = κ(mj), ℓj = ℓ(mj), σj = σ(mj), let K3 = 5.15, and

Ξ(m) = E2(m) + |c|G(κ3ℓ1ℓ2, κ2ℓ1ℓ3, κ1ℓ2ℓ3) + c2
(
|κ3|σ1σ2 + |κ2|σ1σ3 + |κ1|σ2σ3

)
+ 3

4

(√
2 c2

(
ℓ1ℓ2σ3 + ℓ1ℓ3σ2 + ℓ2ℓ3σ1

)
+K3|c|3σ1σ2σ3

)
.

(3)
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Theorem 4.5. Let ψ : [−1, 1] → [0,∞) be convex and piecewise linear, with ψ(m1) + ψ(m2) +
ψ(m3) ≥ Ξ(m) for every m ∈ [−1, 1]3 with Ξ(m) > 0. Then

sUE2 ≤
5

8
+ 3Eψ

(
2Φ(X/

√
14)− 1

)
, X ∼ N(0, 1).

The piecewise linear function ψ with 401 knots computed by numerics/e2 upper rig.py satisfies
the hypothesis, and for it 3Eψ(2Φ(X/

√
14) − 1) = 0.00195034886458 . . . (Remark 4.9). Hence

sE2 ≤ sUE2 <
5
8 + 1.95035× 10−3 < 0.626951.

The proof has three ingredients. Lemma 4.6 bounds γq(x) by Ξ evaluated at the three condi-
tional means mj(x) = E[qj(Gj) | G0 = x]; it uses the Hermite expansions of the three functions, the
level-one inequality (Lemma 2.2) and the closed form of G (Lemma 4.7). Lemma 4.8 shows that
each mj is dominated in the convex order by the conditional mean of a halfspace, a consequence
of Borell’s noise stability theorem. Finally, a separable convex majorant of Ξ+ is computed and
checked with interval arithmetic.

Lemma 4.6 (pointwise bound). Let Y1, Y2, Y3 be jointly Gaussian standard Gaussian vectors in Rn

such that the n coordinates of (Y1, Y2, Y3) are i.i.d. with E[Yi,rYj,r] = c for i ̸= j. Let f1, f2, f3 : Rn →
{−1, 1} be measurable and mj = Efj(Yj). Then EE2

(
f1(Y1), f2(Y2), f3(Y3)

)
≤ Ξ(m1,m2,m3).

Proof. Write Fj = fj(Yj), F̃j = Fj −mj , Cij = E[F̃iF̃j ] and T = E[F̃1F̃2F̃3]. Inserting E[FiFj ] =
mimj +Cij and E[F1F2F3] = m1m2m3+m1C23+m2C13+m3C12+T into E2(y) = −1

4 +
1
4

∑
j yj −

1
4

∑
i<j yiyj −

3
4y1y2y3 gives

EE2(F1, F2, F3) = E2(m)− κ3C12 − κ2C13 − κ1C23 − 3
4T. (4)

Let fj =
∑

d≥0 f
=d
j be the Hermite expansions. Then f=0

j = mj , f
=1
j (y) = ⟨aj , y⟩ with aj =

E[fj(Y )Y ], and
∑

d≥1 ∥f=d
j ∥22 = Var fj = σ2j because f2j = 1. Lemma 2.2 applied to b =

1+fj
2 , for

which Eb = 1+mj

2 and W1(b) =
1
4 |aj |

2, gives |aj | ≤ ℓj .
Pair terms. By (1) with r0 = c, Cij =

∑
d≥1 c

d⟨f=d
i , f=d

j ⟩ = c⟨ai, aj⟩ + Rij , where |Rij | ≤
c2

∑
d≥2 ∥f=d

i ∥2∥f=d
j ∥2 ≤ c2σiσj by Cauchy–Schwarz. Write aj = ℓjvj with |vj | ≤ 1 (vj = 0 if

ℓj = 0) and let uj = vj ⊕
√

1− |vj |2 ej ∈ Rn ⊕R3, where e1, e2, e3 is the standard basis of R3. The
uj are unit vectors and ⟨ui, uj⟩ = ⟨vi, vj⟩ for i ̸= j, so their Gram matrix lies in E3. As c < 0,

−κ3C12 − κ2C13 − κ1C23 ≤ |c|G(κ3ℓ1ℓ2, κ2ℓ1ℓ3, κ1ℓ2ℓ3) + c2
(
|κ3|σ1σ2 + |κ2|σ1σ3 + |κ1|σ2σ3

)
.

The triple term. Let ha = Hea/
√
a! be the normalised Hermite polynomials, hα(y) =

∏
r hαr(yr)

and α! =
∏

r αr! for α ∈ Nn. Then f=d
j =

∑
|α|=d f̂j(α)hα (a finite sum, as n is finite) and

∥f=d
j ∥22 =

∑
|α|=d f̂j(α)

2. If X1, X2, X3 are standard Gaussians with all pairwise correlations equal

to c, comparing the coefficients of ta11 t
a2
2 t

a3
3 in E

∏
j e

tjXj−t2j/2 = ec(t1t2+t1t3+t2t3), where etx−t2/2 =∑
aHea(x)t

a/a!, gives

E[ha1(X1)ha2(X2)ha3(X3)] =

√
a1!a2!a3!

k12! k13! k23!
ck12+k13+k23

if a1 = k12+k13, a2 = k12+k23, a3 = k13+k23 for integers kij ≥ 0, and 0 if there are no such integers.

Fix d = (d1, d2, d3) with all di ≥ 1 and put Ed = E[f=d1
1 (Y1)f

=d2
2 (Y2)f

=d3
3 (Y3)]. As the coordinates

are independent, for |α| = d1, |β| = d2, |δ| = d3 the expectation E[hα(Y1)hβ(Y2)hδ(Y3)] is the
product of the one-dimensional values; it vanishes unless α = λ12+λ13, β = λ12+λ23, δ = λ13+λ23
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for multi-indices λij ∈ Nn (which are then unique), and then it equals cK
√
α!β!δ!/(λ12!λ13!λ23!)

with K = d1+d2+d3
2 . Hence Ed = 0 unless k12 = d1+d2−d3

2 , k13 = d1+d3−d2
2 and k23 = d2+d3−d1

2 are
nonnegative integers, and in that case

Ed = cK
∑

|λij |=kij

A1(λ12, λ13)A2(λ12, λ23)A3(λ13, λ23), Aj(λ, λ
′) = f̂j(λ+ λ′)

√
(λ+ λ′)!

λ!λ′!
.

For finite matrices A,B,D and α ∈ Nn we have∣∣∣ ∑
x,y,z

A(x, y)B(x, z)D(y, z)
∣∣∣ ≤ ∥A∥F ∥B∥F ∥D∥F ,

∑
λ≤α, |λ|=k

α!

λ! (α− λ)!
=

(
|α|
k

)

(Cauchy–Schwarz in x, then in (y, z); Vandermonde’s identity). Hence ∥A1∥2F =
(
d1
k12

)
∥f=d1

1 ∥22,
∥A2∥2F =

(
d2
k12

)
∥f=d2

2 ∥22 and ∥A3∥2F =
(
d3
k13

)
∥f=d3

3 ∥22. Therefore

|Ed| ≤M(d) |c|K
3∏

j=1

∥f=dj
j ∥2, M(d)2 =

(
d1
k12

)(
d2
k12

)(
d3
k13

)
=

d1! d2! d3!

(k12! k13! k23!)2
. (5)

Next, T = limD→∞
∑

d1,d2≤D

∑
d3≥1Ed, where the inner sums are finite. Indeed, let PD denote

the projection onto the chaoses of degrees 1, . . . , D. As |F̃j | ≤ 2, |T − E[PDF̃1 PDF̃2 F̃3]| ≤ 4∥F̃1 −
PDF̃1∥2 + 2σ1∥F̃2 − PDF̃2∥2 → 0. Given Y3 we have Yi = cY3 +

√
1− c2Zi (i = 1, 2) with (Z1, Z2)

independent of Y3, so E[f=d1
1 (Y1)f

=d2
2 (Y2) | Y3] is a polynomial in Y3 of degree at most d1+ d2, and

therefore E[f=d1
1 (Y1)f

=d2
2 (Y2)F̃3] =

∑d1+d2
d3=1 Ed.

Since d1+d2+d3 ≥ 3 is even whenever Ed ̸= 0, every nonzero term has K ≥ 2, and K = 2 only
for the permutations of (1, 1, 2), for which M(d) =

√
2; by (5), ∥f=1

j ∥2 = |aj | ≤ ℓj and ∥f=2
j ∥2 ≤ σj

their contribution is at most
√
2c2(ℓ1ℓ2σ3+ ℓ1ℓ3σ2+ ℓ2ℓ3σ1). For the terms with K ≥ 3, by (5) and

Cauchy–Schwarz,∑
K≥3

|Ed| ≤
( ∑

K≥3

M(d)2c2K
)1/2(∑

d

∏
j

∥f=dj
j ∥22

)1/2
≤ K3|c|3σ1σ2σ3,

where the sums run over the triples d with di ≥ 1 for which the kij are nonnegative integers. Here∑
K≥3M(d)2c2K = c6(26 + 96c2 + 348c4 + . . . ) = 26.49903 . . . c6 < K2

3c
6: the terms with K ≤ 60

are summed in exact rational arithmetic, and for K > 60 we use M(d)2 ≤ 2d1+d2+d3 = 4K and

the fact that there are at most (K+1)(K+2)
2 triples (k12, k13, k23) with sum K, so that the tail is at

most
∑

K>60
(K+1)(K+2)

2 (4c2)K , which is less than twice its first term because consecutive terms
have ratio K+3

K+1 · 4
196 < 0.022 (e2 upper rig.py). In particular

∑
d |Ed| < ∞, so T =

∑
dEd and

−3
4T ≤ 3

4

(√
2c2(ℓ1ℓ2σ3+ℓ1ℓ3σ2+ℓ2ℓ3σ1)+K3|c|3σ1σ2σ3

)
. Inserting the two bounds into (4) proves

the lemma.

Lemma 4.7 (the elliptope). Let w ∈ R3 and let a ≤ b ≤ d be |w12|, |w13|, |w23| in increasing order.
If w12w13w23 ≥ 0 then G(w) = a+b+d. If w12w13w23 < 0 then G(w) = b+d−a when bd ≥ a(b+d),
and G(w) = 1

2

(
ab
d + ad

b + bd
a

)
otherwise. In all cases G(w) ≤ a+ b+ d, and G is convex.

Proof. G is a maximum of linear functions, hence convex, and G(w) ≤ a+b+d because |Xij | ≤ 1 on
E3. Conjugation by a diagonal sign matrix diag(s) maps E3 onto itself and replaces wij by sisjwij ;
a permutation of the indices maps E3 onto itself and permutes the three entries of w arbitrarily.

15



If w12w13w23 ≥ 0 there are signs with sisjwij ≥ 0 for all pairs: after a permutation we may
assume that w23 = 0 if some entry vanishes, and then s1 = 1, s2 = sgnw12, s3 = sgnw13 (with
sgn 0 := 1) work. Then X = 11T gives a + b + d. If w12w13w23 < 0, signs can be chosen with
sisjwij < 0 for all pairs, so we may assume w12 = −a, w13 = −b, w23 = −d with 0 < a ≤ b ≤ d,
and G(w) = −minX∈E3(aX12 + bX13 + dX23). Every X ∈ E3 is the Gram matrix of unit vectors
u1, u2, u3, and every x ∈ [−1, 1] is ⟨u1, u2⟩ for some unit vectors. For fixed u1, u2 with ⟨u1, u2⟩ = x,
bX13 + dX23 = ⟨u3, bu1 + du2⟩ ≥ −|bu1 + du2| = −

√
b2 + d2 + 2bdx, with equality for a suitable

unit vector u3. Hence the minimum is minx∈[−1,1] ϕ(x) with ϕ(x) = ax−
√
b2 + d2 + 2bdx, a convex

function with ϕ′(x) = 0 exactly at x∗ = b2d2/a2−b2−d2

2bd , where
√
b2 + d2 + 2bdx∗ = bd

a . Here x
∗ ≥ −1

because bd
a ≥ d ≥ d− b. If x∗ ≥ 1, i.e. bd ≥ a(b+ d), the minimum is ϕ(1) = a− b− d; otherwise it

is ϕ(x∗) = −1
2

(
ab
d + ad

b + bd
a

)
.

Lemma 4.8 (majorisation by halfspaces). Let 0 < ρ < 1, let q : Rn → {−1, 1} be measurable with
Eq = 0, and let f∗(x) = (Uρ sgn)(x1) = 2Φ

(
ρx1/

√
1− ρ2

)
− 1. Then E(Uρq− t)+ ≤ E(f∗ − t)+ for

every t ∈ R, and Eψ(Uρq) ≤ Eψ(f∗) for every convex piecewise linear ψ : [−1, 1] → R.

Proof. Let f = Uρq and let (X,Y ) be ρ-correlated standard Gaussian vectors in Rn, so that
f(X) = E[q(Y ) | X] and f∗(X) = E[sgn(Y1) | X]. Since Ef = Ef∗ = 0, both sides of the first claim
equal −t for t ≤ −1, and both vanish for t ≥ 1. For t ∈ (−1, 1) let A = {f > t} and Q = {q = 1},
so γn(Q) = 1

2 , and

E(f − t)+ = E[(q(Y )− t)1A(X)] = 2Pr[X ∈ A, Y ∈ Q]− (1 + t)γn(A).

By Borell’s noise stability theorem [1] (see also [13, 4]), Pr[X ∈ A, Y ∈ Q] ≤ Pr[X ∈ H,Y ∈ H ′] for
the parallel halfspaces H = {x1 > θ} and H ′ = {y1 > 0} with γn(H) = γn(A) (if γn(A) ∈ {0, 1},
take H = ∅ or H = Rn, i.e. θ = ±∞; then the inequality is trivial). The same identity with sgn(y1)
in place of q gives 2Pr[X ∈ H,Y ∈ H ′]− (1 + t)γn(H) = E[(f∗(X)− t)1H(X)] ≤ E(f∗ − t)+, and
the first claim follows. A convex piecewise linear ψ with interior knots t1 < · · · < tr has the form
ψ(u) = α+ βu+

∑
i λi(u− ti)

+ with λi ≥ 0, and Ef = Ef∗.

Proof of Theorem 4.5. Let n ≥ 1 and q1, q2, q3 : Rn → {−1, 1} with Eqj = 0, and fix x ∈ Rn. By

Lemma 2.1, conditionally on G0 = x we may write Gj = ρx +
√
1− ρ2 Yj with (Y1, Y2, Y3) as in

Lemma 4.6: the conditional covariances are 1 − ρ2 and −ρ2, and −ρ2/(1 − ρ2) = c. Lemma 4.6
with fj(y) = qj(ρx +

√
1− ρ2 y) gives γq(x) ≤ Ξ(m(x)), where mj(x) = Efj(Yj) = (Uρqj)(x). If

Ξ(m(x)) ≤ 0 then γq(x)
+ = 0; otherwise γq(x)

+ ≤ Ξ(m(x)) ≤
∑

j ψ(mj(x)). As ψ ≥ 0, in both

cases γq(x)
+ ≤

∑
j ψ(mj(x)). By Lemma 2.3(a) (with µ = −1

4) and Lemma 4.8,

val(q) =
5

8
+ Exγ

+
q ≤ 5

8
+

3∑
j=1

Eψ(Uρqj) ≤
5

8
+ 3Eψ

(
2Φ(x1/

√
14)− 1

)
,

because ρ/
√

1− ρ2 = 1/
√
14. Taking the supremum over n and q proves the inequality; the

numerical statements are verified in Remark 4.9.

Remark 4.9 (the computer-assisted part). python3 e2 upper rig.py 400 (python-flint 0.9 for
Arb ball arithmetic; 84 seconds) constructs ψ and verifies its properties. (i) Knots. The values
Φ−1(1+u

2 ), u = −1 + k
200 (0 < k < 400), rounded to multiples of 2−30, give z1 < · · · < z399

with z200 = 0 and |za| < 2.81; the knots are u0 = −1, ua = 2Φ(za) − 1 and u400 = 1. At
the knots ℓ(ua) = 2φ(za) and σ(ua) =

√
1− u2a; these are enclosed in Arb balls (200 bits) and

converted to double precision intervals with outward rounding. ψ interpolates values ψ(ua) =
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ya ≥ 0 that are double precision numbers (outputs/e2 upper psi 400.txt); they come from
a linear programme (minimise a discretisation of 3Eψ(U) subject to the vertex inequalities of
(iii) and convexity), increased by 2 · 10−9 + 10−6u2a. (ii) Convexity. The 399 numbers (ya+2 −
ya+1)(ua+1 − ua) − (ya+1 − ya)(ua+2 − ua+1), which are the slope increments of ψ multiplied by
(ua+1 − ua)(ua+2 − ua+1), are positive in ball arithmetic with the exact knots (the smallest lower
bound is 2.5·10−13; the smallest slope increment is 1.0·10−8). (iii) The majorant property. The cells
B = [ua, ua+1] × [ub, ub+1] × [uc, uc+1] cover [−1, 1]3, and by the symmetry of Ξ and of

∑
j ψ(mj)

it suffices to treat a ≤ b ≤ c (10,746,800 cells). (Ξ is symmetric: permuting m permutes the three
arguments of G and the terms of the other sums in (3), and by Lemma 4.7 G(w) depends only on
the multiset {|w12|, |w13|, |w23|} and the sign of w12w13w23.) On B the function

∑
j ψ(mj)−E2(m)

is multilinear, so its minimum over B is attained at a vertex. On the other hand Ξ−E2 ≤ Corr(B)
on B, where Corr(B) is computed from (3) as follows. As 0 is a knot, ℓ and σ are monotone
on every knot interval, so their ranges there are spanned by their values at the two endpoints; κ
is affine. This gives a box containing all (κ3ℓ1ℓ2, κ2ℓ1ℓ3, κ1ℓ2ℓ3), m ∈ B, and since G is convex
it is bounded on the box by its maximum over the 8 corners, evaluated with the closed form of
Lemma 4.7; the other terms are bounded by products of upper endpoints. If E2(v) + Corr(B) ≤ 0
at all vertices v of B, then Ξ ≤ 0 on B and nothing is required. For each of the remaining
2,884,855 cells the script checks ψ(v1) + ψ(v2) + ψ(v3) ≥ E2(v) + Corr(B) at the 8 vertices, which
implies

∑
j ψ(mj) ≥ Ξ(m) on B; the smallest slack is 5.6 · 10−7. (iv) Rounding. The knot data

are enclosed with outward rounding as in (i); the inequalities of (iii) are then evaluated in double
precision with rounding to nearest, and the rounding errors are absorbed by explicit margins:
Corr(B) is multiplied by 1 + 10−12 and increased by 10−14, E2(v) is increased by 10−14, and every
comparison is required to hold with slack above 10−13. All terms of Corr(B) are nonnegative; the
only subtraction, b + d − a in Lemma 4.7, satisfies b + d − a ≥ 1

3(a + b + d); and G is 1-Lipschitz
for the ℓ1 norm with G(w) ≥ b + d − a ≥ 1

3∥w∥1 (take X = ssT for suitable signs s), so relative
errors of its arguments are amplified at most threefold. Counting the roundings along each term (at
most 25 relative errors of size 2−53, including this amplification), the relative error of the computed
Corr(B) is below 30 · 2−53 < 4 · 10−15, far below 10−12. The absolute errors are below 10−14: the
enclosure of κ is widened by one ulp only, which near its zero u = −1

3 does not cover the rounding
error of (1 + 3u)/4, but that error is below 2 · 10−16 and changes Corr(B) by less than 10−16; the
evaluation of E2(v) (about a dozen operations on numbers of modulus at most 3) has error below
4 · 10−15; and the double precision vertices differ from the exact knots by at most 2.3 · 10−16 per
coordinate, which changes E2 by less than 7 · 10−16 by (M2). The slacks (sums of four numbers of
modulus at most 3) are computed with error below 2 · 10−15, far below 10−13. (v) The expectation.
On [ua, ua+1], ψ(u) = αa + βau, and U = 2Φ(X/

√
14) − 1 ∈ [ua, ua+1] iff X ∈ [

√
14za,

√
14za+1]

(z0 = −∞, z400 = ∞). So Eψ(U) =
∑

a(αaPa + βaMa) with Pa = Φ(
√
14za+1) − Φ(

√
14za) and

Ma =
∫ √

14za+1√
14za

(2Φ(s/
√
14) − 1)φ(s) ds, evaluated with Arb’s rigorous numerical integration; on

the two outer intervals the integral is cut at |s| = 40, with error at most Φ(−40). The result
is 3Eψ(U) ∈ [0.0019503488645821, 0.0019503488645822]. With 100, 200 and 300 instead of 400
subintervals the same procedure gives sUE2 ≤ 0.6270294, 0.6269737 and 0.6269565.

Remark 4.10 (how sharp is Theorem A(d)?). The bound gives sUE2 −
5
8 < 1.951 · 10−3, whereas

(sgn, sgn,− sgn) gives J = 3.1664 · 10−4 (Proposition 4.3). For this configuration m1(x) =
m2(x) = f∗(x) and m3(x) = −f∗(x), so Lemma 4.8 is an identity, and the loss has two sources
(e2 upper sanity.py, floating point): along the curve m(x), ExΞ(m(x))+ = 1.211 · 10−3, a factor
3.8 above Eγ+, and Ex

∑
j ψ(mj(x)) = 1.950 · 10−3, a further factor 1.6. The second loss comes

from x < 0, where m(x) = (−t,−t, t) with t > 0 and Ξ(m(x)) < 0, but ψ(±t) > 0 is forced
by other points of the cube. More general majorants of the same kind do not reduce it in our
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experiments. Lemma 4.8 holds for every measurable h : Rn → [−1, 1] with Eh = 0 (in its proof,
E[h(Y )1A(X)] is maximised, by the bathtub principle, by some h = 2 · 1Q − 1 with γn(Q) = 1

2),
and Uρ(

∑
j θjqj) = ⟨θ,m⟩; so

∑
j ψ(mj) may be replaced by

∑
θ ψθ(⟨θ,m⟩) with convex ψθ and

finitely many directions ∥θ∥1 ≤ 1. With all vectors with entries ±1
3 , all vectors with two entries

±1
2 and one entry 0, and the permutations of (12 ,±

1
4 ,±

1
4) (one ψ per permutation class), the

discretised linear programme has the same value as the separable one up to the solver tolerance
(e2 upper ridge.py, floating point, 61 knots). The first loss is not a weakness of Lemma 4.6
but of every bound in terms of the conditional means. In the setting of that lemma with n = 1,
the aligned functions f1 = f2 = sgn(y − θ), f3 = sgn(y − θ′) with m = (t, t,−t) come close to
Ξ: for t = 0.3, 0.45, 0.6, 0.75, 0.9 the gap Ξ(m) − EE2(F ) decreases from 0.013 to 0.002. The
mean of the positive part of their value along m(x) is 1.014 · 10−3. Hence every bound B with
EE2(f1(Y1), f2(Y2), f3(Y3)) ≤ B(m1,m2,m3) for all Boolean fj with given means (as in Lemma 4.6)
has ExB(m(x))+ ≥ 1.014 · 10−3 along the curve m(x) of (sgn, sgn,− sgn) (floating point); so no
argument that bounds γq(x) through such a function of m(x) alone can prove sUE2 < 0.62601. Going
further requires using that the functions fj for different x are restrictions of the same qj (for the
aligned choice at every x, m3 would be increasing in x, while m3 = −f∗ is decreasing). For random
halfspaces in Rn, n ≤ 3, and random finite unions of intervals in R the gap Ξ(m) − EE2(F ) is
always positive in our tests, with smallest values 6.0 · 10−4 and 5.0 · 10−3.

5 The lower bound sg ≥ slabg

Theorem 5.1. Let g : {−1, 1}m → {−1, 1} depend on at least two coordinates, with µ = Eg ̸= 0.
Then sg ≥ slabg .

Fix k, n and a family (Qz) as in Definition 1.5, and measurable “decoders” Pν : Rn → [−1, 1],
ν ∈ {−1, 1}k. Put

V (P,Q) = EW EG∼Nn
g

[
Pg(W )(G0) g

(
QW·1(G1), . . . , QW·m(Gm)

)]
=

∑
ν

Pr[g(W ) = ν]Ex[Pν(x)γν(x)].

With Pν = sgn γν we get 1+V (P,Q)
2 = vallab(Q). It therefore suffices to prove:

Proposition 5.2. For all (P,Q) as above and every η > 0 there is a sequence of Boolean functions
fN (N → ∞) with max|S|≤L |f̂N (S)| → 0 for every fixed L and lim infN Pr[fN ◦ g = g ◦ fN ] ≥
1+V (P,Q)

2 − η.

By Remark 1.2(a) the proposition gives sg ≥ 1+V (P,Q)
2 − η for every η > 0, hence sg ≥ vallab(Q)

(with Pν = sgn γν), and Theorem 5.1 follows by taking the supremum over Q.

Step 0: continuity. By (M2), |g(y)− g(y′)| ≤
∑

j |yj − y′j | on [−1, 1]m; since each Gj is N(0, In)
and independent of W ,

|V (P,Q)− V (P ′, Q′)| ≤ max
ν

∥Pν − P ′
ν∥L1(γn) +mmax

z
∥Qz −Q′

z∥L1(γn).

Continuous functions are dense in L1(γn), and truncation to [−1, 1] does not increase the distance
to a [−1, 1]-valued function. If Q′

z is continuous, [−1, 1]-valued and ∥Q′
z − Qz∥1 ≤ η′, then Q′′

z =
(Q′

z − EQ′
z)/(1 + |EQ′

z|) is continuous, [−1, 1]-valued, has mean 0, and ∥Q′′
z − Qz∥1 ≤ 3η′ (as

|EQ′
z| ≤ η′). Hence we may and do assume that all Pν , Qz are continuous.
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Step 1: the construction. Assume µ < 0 (for µ > 0 reverse the inequalities defining A,B). Let
K = k + nN ; we index the coordinates of {−1, 1}K by [k] (labels) and by pairs (b, i) ∈ [n] × [N ]
(block b). For v ∈ {−1, 1}[n]×[N ] put σ(v) = 1

nN

∑
b,i vb,i,

v̄b =
1√
N

∑
i

vb,i, ṽb =

∑
i vb,i −Nµ√
N(1− µ2)

(b ∈ [n]),

A = {v : σ(v) ≥ µ/2}, B = {v : σ(v) < µ/2}, and define f∗ : {−1, 1}k × {−1, 1}[n]×[N ] → [−1, 1] by

f∗(z, v) = Qz(v̄) if v ∈ A, f∗(z, v) = Pz(ṽ) if v ∈ B.

Step 2: the value of f∗. Let Z be uniform in {−1, 1}K×m, W = (Zij)i∈[k] its label rows, and

for j ∈ [m] let v(j) = (Z(b,i),j)b,i and v
(0) = (g(Z(b,i),·))b,i. Then colj Z = (W·j , v

(j)) and gK(Z) =

(g(W ), v(0)), and W is independent of (v(0), . . . , v(m)). The coordinates of v(0) are i.i.d. with mean
µ, those of v(j) i.i.d. uniform; by Hoeffding’s inequality the event E = {v(0) ∈ B, v(1), . . . , v(m) ∈ A}
has Pr[Ec] ≤ (m+ 1)e−nNµ2/8. On E,

f∗(gK(Z)) g
(
f∗(col1 Z), . . . , f

∗(colm Z)
)
= Pg(W )(ṽ

(0)) g
(
QW·1(v̄

(1)), . . . , QW·m(v̄
(m))

)
=: ΨW

(
ṽ(0), v̄(1), . . . , v̄(m)

)
.

For each block b, (ṽ
(0)
b , v̄

(1)
b , . . . , v̄

(m)
b ) = N−1/2

∑
i≤N ξb,i where

ξb,i =
(g(Z(b,i),·)− µ√

1− µ2
, Z(b,i),1, . . . , Z(b,i),m

)
are i.i.d. centred vectors whose covariance is that of Ng (CFMMS Lemma 5.10: E[ g(x)−µ√

1−µ2
xj ] = ρj),

and different blocks are independent. By the multivariate CLT,

(ṽ(0), v̄(1), . . . , v̄(m)) → (G0, . . . ,Gm) ∼ N n
g in distribution.

For each fixed W , ΨW is bounded by 1 and continuous, so EΨW (ṽ(0), . . . ) → EΨW (G0, . . . ,Gm);
since the left-hand side of the last display is bounded by 1, W is independent of the v’s, and
Pr[Ec] → 0,

VN := EZ

[
f∗(gK(Z)) g

(
f∗(col1 Z), . . . , f

∗(colm Z)
)]

−−−−→
N→∞

V (P,Q). (6)

Step 3: f∗ is pseudorandom. Write f∗ = Υ+R with Υ(z, v) = Qz(v̄) and R = 1B(v)(Pz(ṽ)−
Qz(v̄)). Under the uniform measure, Pr[v ∈ B] ≤ e−nNµ2/8, so |R̂(S)| ≤ 2e−nNµ2/8 for all S. For
S = S1 ⊔ S2 with S1 ⊆ [k] and S2 ⊆ [n] × [N ], Υ̂(S) = Ez[χS1(z)ϕ̂z(S2)] where ϕz(v) = Qz(v̄).
If S2 = ∅ then |ϕ̂z(∅)| = |EvQz(v̄)| → |EQz(G)| = 0 by the CLT. If 1 ≤ |S2| ≤ N − 1: ϕz is
invariant under permutations of the coordinates inside each block, so all sets in the orbit of S2 under∏

b Sym(N) have the same coefficient; the orbit has
∏

b

(
N
Lb

)
≥ N elements (Lb = |S2 ∩ ({b}× [N ])|,

some Lb ∈ [1, N − 1]), so Parseval gives Nϕ̂z(S2)
2 ≤ Eϕ2z ≤ 1. Altogether, uniformly in the degree

up to N − 1,

ϵN := max
|S|≤N−1

|f̂∗(S)| ≤ max
(
max

z
|EvQz(v̄)|, N−1/2

)
+ 2e−nNµ2/8 −−−−→

N→∞
0.
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Step 4: rounding to a Boolean function. Let f be random with independent values f(u) ∈
{−1, 1}, Ef(u) = f∗(u) (u ∈ {−1, 1}K). For a fixed Z whose m+1 points gK(Z), col1 Z, . . . , colm Z
are distinct, independence gives Ef [f(g

KZ)
∏

j∈S f(colj Z)] = f∗(gKZ)
∏

j∈S f
∗(colj Z). Two

columns coincide with probability 2−K , and Pr[gK(Z) = colj Z] = pKj with pj = Prx[g(x) =

xj ] =
1+ĝ({j})

2 < 1 (g is not the dictator xj). Expanding g in the Fourier basis, |EfV (f) − VN | ≤
2∥ĝ∥1(

(
m
2

)
2−K+

∑
j p

K
j ) → 0, where V (f) = EZ [(f◦gK)(g◦fm)], so Ef Pr[f◦g = g◦f ] = 1+EfV (f)

2 →
1+V (P,Q)

2 . Moreover f̂(S)− f̂∗(S) = 2−K
∑

u(f(u)− f∗(u))χS(u) is a sum of 2K independent cen-

tred terms of range ≤ 21−K , so by Hoeffding Pr[|f̂(S) − f̂∗(S)| ≥ 2−K/4] ≤ 2 exp(−2K/2/2).
A union bound over the at most (K + 1)N−1 sets with |S| ≤ N − 1 shows that the event

GN = {max|S|≤N−1 |f̂(S) − f̂∗(S)| < 2−K/4} has Pr[Gc
N ] ≤ 2(K + 1)N−1e−2K/2/2 → 0, because

K ≥ N . Since agreement probabilities lie in [0, 1], some fN ∈ GN has Pr[fN ◦ g = g ◦ fN ] ≥
Ef Pr[f ◦ g = g ◦ f ] − Pr[Gc

N ]. This defines one sequence (fN ), and for every fixed L and N > L

we have max|S|≤L |f̂N (S)| ≤ ϵN + 2−K/4 → 0. Its agreement tends to 1+V (P,Q)
2 , where (P,Q)

are the continuous approximations of Step 0, which lie within η of the original value; this proves
Proposition 5.2.

6 The upper bound sg ≤ slabg

Theorem 6.1. Let g depend on all coordinates, g ̸= ±
∏

j xj, µ = Eg ̸= 0. Then sg ≤ slabg .

The proof follows CFMMS’s proof of their Theorem 5.3 with two changes: (1) we do not take a
supremum separately for each restriction of the influential coordinates, but keep track of the joint
law of the column labels and the output label; (2) to make the Gaussian test function depend only
on the label, all m column functions must receive the same noise rate. CFMMS Theorem 5.12
(noise resilience of connected distributions) only asserts that some rates γ1, . . . , γk > 0 work; its
proof chooses them one after another (γi after degree cut-offs that depend on γ1, . . . , γi−1), so the
statement gives no control over the rates, and in particular no way to make them equal. We need
equal rates on the m column parties, so we replace it by a three-party version (Lemma 6.7) in which
the parties x<m and xm receive the same rate.

6.1 Tools

Theorem 6.2 (Jones’ regularity lemma; CFMMS Thm. 2.9). For all d ∈ N, τ, ϵ > 0 there is L
such that for every f : {−1, 1}n → {−1, 1} there is Λ ⊆ [n], |Λ| ≤ L, such that for each of the
two product measures π0 (uniform) and πµ: Prz∼π[fΛ→z is (d, τ)-regular w.r.t. π] ≥ 1− ϵ. ((d, τ)-

regular: Inf≤d
i ≤ τ for all i.)

Theorem 6.3 (Invariance; CFMMS Thm. 5.9, from Mossel, GAFA 2010, Thms. 4.1–4.2). Let D
be a distribution on {−1, 1}k′ with coordinate means µ1, . . . , µk′ and let G be Gaussian with the
same mean vector and covariance. For all ϵ, γ > 0 there are d ∈ N, τ > 0 such that for all
f1, . . . , fk′ : {−1, 1}n → {−1, 1} that are (d, τ)-regular (w.r.t. πµℓ

) and all γ1, . . . , γk′ ≥ γ,∣∣∣Ex∼Dn

∏
ℓ

(Tµℓ
1−γℓ

fℓ)(xℓ)− EGn

∏
ℓ

clip(Tµℓ
1−γℓ

fℓ)(Gℓ)
∣∣∣ < ϵ,

∣∣∣E clip(Tµℓ
1−γℓ

fℓ)(Gℓ)− Efℓ
∣∣∣ < ϵ.

Lemma 6.4 (the two cases of CFMMS Lemma 5.13 that we use). Under the hypotheses of The-
orem 6.1, after permuting the coordinates of g, the following two bipartite graphs are connected
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(x uniform; vertices are the values that occur, edges join pairs of values that occur jointly): G(1)

between the values of x<m = (x1, . . . , xm−1) and the values of (g(x), xm), and G(2) between the
values of (x<m, g(x)) and the values of xm.

Proof. If for every j we had g(x) = xj g
′
j(x−j) for some g′j , every set in the Fourier support of

g would contain every j, so g = ±
∏

j xj . So we may order the coordinates such that, writing

x = (a, t) with a ∈ {−1, 1}m−1 and t = xm, some a0 has g(a0, 1) = g(a0,−1); as g depends on xm,
some a1 has g(a1, 1) ̸= g(a1,−1).

G(2): each left vertex (a, g(a, t)) is adjacent to t ∈ {−1, 1}, and the left vertex (a0, g(a0, 1)) is
adjacent to both 1 and −1; hence G(2) is connected.

G(1): each a is adjacent to exactly the two vertices (g(a, 1), 1) and (g(a,−1),−1), so G(1) is
connected iff the graph H on the right-hand vertices with one edge {(g(a, 1), 1), (g(a,−1),−1)} for
each a is connected. If g(·, 1) or g(·,−1) is constant, all edges of H contain the same vertex and
H is connected. Otherwise all four vertices (±1,±1) occur, and H is a subgraph of the complete
bipartite graph K2,2 between {(±1, 1)} and {(±1,−1)} without isolated vertices. The edges with
g(a, 1) = g(a,−1) lie in one perfect matching of K2,2 and those with g(a, 1) ̸= g(a,−1) in the other.
H contains edges of both kinds (from a0 and a1); two such edges share a vertex and form a path
through three vertices, which contains both vertices of one side. The fourth vertex has an edge,
which ends on that side, so H is connected.

Fix such an ordering. On the single-coordinate space Ω = {−1, 1}m (uniform) consider the three
“parties” A(x) = x<m, B(x) = g(x), C(x) = xm. For two maps L,R on a finite probability space
with positive atoms, let ρ(L,R) = sup{E[ϕ(L)ψ(R)] : Eϕ = Eψ = 0, Eϕ2 = Eψ2 = 1} (maximal
correlation).

Lemma 6.5. (a) If the bipartite graph of (L,R) is connected then ρ(L,R) < 1. (b) On the n-
fold product, let T ψ = E[ψ(R(n)) | L(n)] for ψ ∈ L2 of R(n) = (R(ω1), . . . , R(ωn)). If ψ has
Efron–Stein decomposition ψ =

∑
S ψS (w.r.t. the product of the R-marginals) then T ψS is the

S-component of T ψ (w.r.t. the L-marginals) and ∥T ψS∥2 ≤ ρ|S|∥ψS∥2, ρ = ρ(L,R). In particular
∥T ψ∥2 ≤ ρD+1∥ψ∥2 if ψS = 0 for all |S| ≤ D.

Proof. (a) The supremum is over a compact set of a finite-dimensional space, so it is attained; if
it equals 1 then ϕ(L) = ψ(R) a.s., i.e. ϕ(l) = ψ(r) for every edge (l, r); connectivity forces ϕ, ψ
constant, contradicting Eϕ = 0, Eϕ2 = 1. (b) This is Mossel (GAFA 2010) Props. 2.11–2.12:
T =

⊗
i≤n T (1), where the single-coordinate operator T (1) maps constants to constants and mean-

zero functions to mean-zero functions with norm ≤ ρ; the S-component space is
⊗

i∈S(mean zero)⊗⊗
i/∈S(constants).

Lemma 6.6 (hypercontractivity; O’Donnell Ch. 10, as used in CFMMS Lemma B.1). Let (Ω′, π′)
be a finite probability space with minimal atom λ, and M = 1/λ. If ϕ : Ω′n → R has Efron–Stein
degree ≤ e then ∥ϕ∥q ≤ (

√
q − 1M1/2−1/q)e∥ϕ∥2 for q ≥ 2.

We also use: for ψ1 a function of party X with all ES components of degree ≤ e1 and ψ2

a function of party Y with all ES components of degree > e2 (each w.r.t. its own marginal), the
product ψ1(X)ψ2(Y ), viewed on the joint product space of (X,Y ), has no ES components of degree
≤ e2 − e1. (For |S| ≤ e1, |S′| > e2 and |V | ≤ e2 − e1 pick i ∈ S′ \ (S ∪ V ); averaging ψ1,Sψ2,S′

over coordinate i gives 0, hence all conditional expectations onto coordinates in V , and so the
V -component, vanish. A function of X alone has the same ES decomposition on the joint space as
on its own space.)
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6.2 A three-party noise lemma

Noise operators: T1−γ is the usual noise operator on {−1, 1}n (uniform), Tµ
1−γ its µ-biased ana-

logue, and on party A, whose values lie in ({−1, 1}m−1)n ∼= {−1, 1}(m−1)n, TA
1−γ = T

⊗(m−1)
1−γ is

the bitwise noise operator (each of the (m − 1)n bits is re-randomised with probability γ). Note
TA
1−γ

∏
j<m fj(a·j) =

∏
j<m(T1−γfj)(a·j).

Lemma 6.7. Under the hypotheses of Theorem 6.1 (ordering of Lemma 6.4), for every ϵ > 0 there
are γ, γ0 ∈ (0, 1), depending only on g and ϵ, such that for all n and all F : {−1, 1}(m−1)n → [−1, 1],
f0, fm : {−1, 1}n → [−1, 1],∣∣∣E[F (A)f0(B)fm(C)

]
− E

[
(TA

1−γF )(A) (T
µ
1−γ0

f0)(B) (T1−γfm)(C)
]∣∣∣ ≤ ϵ,

where (A,B,C) = (A(x(i)), B(x(i)), C(x(i)))i≤n with x(1), . . . , x(n) i.i.d. uniform in {−1, 1}m.

Proof. Let r1 = max(12 , ρ(A, (B,C))) and r2 = max(12 , ρ((A,B), C)) (maximal correlations; not to
be confused with the level-one quantities ρj); these lie in (0, 1) by Lemmas 6.4 and 6.5(a), and
Lemma 6.5(b) holds with any upper bound on the maximal correlation. Let K2 = maxe≥0 e r

e
2,

MA = 2m−1, MB = 2/(1− |µ|). Write T = TA
1−γ or T1−γ as appropriate and T0 = Tµ

1−γ0
. We pass

from E0 = E[Ff0fm] to E1 = E[TF f0fm], E2 = E[TF f0 Tfm], E3 = E[TF T0f0 Tfm].
Step 1 (A). Let G = (I − T )F and let T1 be conditional expectation from functions of A to

functions of (B,C). Since |f0fm| ≤ 1, |E0 − E1| = |E[(T1G)(B,C)f0(B)fm(C)]| ≤ ∥T1G∥2. Split
G = G≤D + G>D (ES decomposition on the A-space). Then ∥T1G>D∥2 ≤ rD+1

1 ∥G∥2 ≤ rD+1
1

(Lemma 6.5(b); ∥G∥2 ≤ ∥F∥2 ≤ 1 as I − T has spectrum in [0, 1]). The ES component of degree
|S| on the A-space is spanned by characters of at most (m − 1)|S| bits, on which I − T acts by
1 − (1 − γ)#bits ≤ (m − 1)|S|γ; hence ∥T1G≤D∥2 ≤ ∥G≤D∥2 ≤ (m − 1)Dγ. So |E0 − E1| ≤
rD+1
1 + (m− 1)Dγ.

Step 2 (C). Let T2 map functions of C to functions of (A,B). Since |TF · f0| ≤ 1, |E1 −E2| ≤
∥T2(I − T )fm∥2, and by Lemma 6.5(b) and orthogonality of ES components, ∥T2(I − T )fm∥22 ≤∑

S r
2|S|
2 (1− (1− γ)|S|)2∥(fm)S∥2 ≤ maxe(r

e
2eγ)

2. So |E1 − E2| ≤ K2γ.
Step 3 (B). Let F̃ = TF (|F̃ | ≤ 1) and H = (I − T0)f0 (|H| ≤ 2); then |E2 − E3| =

|E[F̃ (A)H(B)Tfm(C)]|. (i) ∥F̃>d1∥2 ≤ (1− γ)d1 (an ES component of degree e involves at least e
bits), so replacing F̃ by F̃≤d1 costs at most 2(1−γ)d1 . (ii) ∥H≤d2∥2 ≤ d2γ0, so by Cauchy–Schwarz
|E[F̃≤d1H≤d2Tfm]| ≤ ∥F̃≤d1∥2∥H≤d2∥2 ≤ d2γ0. (iii) Let Ψ = F̃≤d1(A)H>d2(B), a function on the
(A,B)-space with no ES components of degree ≤ d2 − d1, and let T3 map functions of (A,B) to
functions of C. Then |E[ΨTfm(C)]| ≤ ∥T3Ψ∥2 ≤ rd2−d1+1

2 ∥Ψ∥2, and

∥Ψ∥2 ≤ ∥F̃≤d1H∥2 + ∥F̃≤d1H≤d2∥2 ≤ 2 + ∥F̃≤d1∥2q∥H≤d2∥2q/(q−1) ≤ 2 + 2(2qMA)
d1/2βd2q ,

by Hölder ( 1
2q+

q−1
2q = 1

2) and Lemma 6.6, where βq =
√

q+1
q−1 M

1/(2q)
B . Fix q so large that r2βq ≤

√
r2.

Then (iii) is at most 4(
√
2qMA/r2)

d1r
d2/2
2 . Altogether

|E0 − E3| ≤ rD+1
1 + (m− 1)Dγ +K2γ + 2(1− γ)d1 + d2γ0 + 4(

√
2qMA/r2)

d1r
d2/2
2 .

Choose, in this order: D with rD+1
1 ≤ ϵ/8; γ with (m − 1)Dγ ≤ ϵ/8 and K2γ ≤ ϵ/4; d1 with

2(1 − γ)d1 ≤ ϵ/8; d2 with 4(
√
2qMA/r2)

d1r
d2/2
2 ≤ ϵ/8; γ0 with d2γ0 ≤ ϵ/8. Then |E0 − E3| ≤ 7

8ϵ.
None of the choices depends on n or on the functions.
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6.3 Proof of Theorem 6.1

Let ϵ > 0 and choose ϵ1, . . . , ϵ4 > 0 with 2(m + 1)ϵ4 + ∥ĝ∥1
(
ϵ1 + (2m + 1)ϵ2 + 2mϵ3

)
≤ 2ϵ. Let

γ, γ0 be given by Lemma 6.7 for ϵ1; let (d, τ) be given by Theorem 6.3 for the distribution D
of (x1, . . . , xm, g(x)), accuracy ϵ2 and noise bound min(γ, γ0); let L be given by Theorem 6.2 for
(d, τ, ϵ4); and let δ = 2−Lϵ3. By Remark 1.2(b) it suffices to show that every (δ, L)-pseudorandom
f : {−1, 1}n → {−1, 1} satisfies Pr[f ◦ gn = g ◦ fm] ≤ slabg + ϵ.

Let Λ be given by Theorem 6.2, k = |Λ| ≤ L, and for z ∈ {−1, 1}Λ let fz = fΛ→z (a function on
{−1, 1}[n]\Λ). Call z good if fz is (d, τ)-regular w.r.t. π0, and µ-good if it is regular w.r.t. πµ. Let
W = Z|Λ×[m]; it is uniform, its columns are uniform and g(W ) ∼ πΛµ , so W is good (all columns

good and g(W ) µ-good) with probability ≥ 1−(m+1)ϵ4. For every z, |Efz| = |
∑

S⊆Λ f̂(S)χS(z)| ≤
2Lδ = ϵ3.

For z ∈ {−1, 1}Λ define on R[n]\Λ: Q̃z = clip(T1−γfz) (multilinear extension), and Qz =

(Q̃z −EQ̃z)/(1+ |EQ̃z|) if z is good, Qz ≡ 0 otherwise; and P̃ν(x) = clip(Tµ
1−γ0

fν)(µ+
√

1− µ2 x).

Then (Qz)z is an admissible family in Definition 1.5 (with n′ = n − k), and for good z, |EQ̃z| ≤
|Efz|+ ϵ2 ≤ ϵ2 + ϵ3 by Theorem 6.3.

Fix a good W and S ⊆ [m]. Conditioned on W , the remaining rows of Z are i.i.d. uniform, so
with (x1, . . . , xm, y) ∼ D[n]\Λ,

EZ|W

[
f(gn(Z))

∏
j∈S

f(colj Z)
]
= E

[
fg(W )(y)

∏
j∈S

fW·j (xj)
]
.

Apply Lemma 6.7 with F =
∏

j∈S,j<m fW·j , fm = fW·m if m ∈ S and fm ≡ 1 otherwise, f0 = fg(W )

(error ≤ ϵ1); then Theorem 6.3 to the regular functions fW·j (j ∈ S, rate γ), fg(W ) (rate γ0) and

the constant 1 for j /∈ S (error < ϵ2); the Gaussian analogue of D is (G1, . . . ,Gm, µ +
√
1− µ2G0)

with (G0, . . . ,Gm) ∼ Ng (CFMMS Lemma 5.10). This gives∣∣∣EZ|W

[
f(gnZ)

∏
j∈S

f(colj Z)
]
− E

[
P̃g(W )(G0)

∏
j∈S

Q̃W·j (Gj)
]∣∣∣ ≤ ϵ1 + ϵ2.

Replacing Q̃W·j by Q̃W·j/(1+|ej |) and then by QW·j (ej = EQ̃W·j ) changes the Gaussian expectation

by at most
∑

j |ej |+
∑

j
|ej |

1+|ej | ≤ 2m(ϵ2 + ϵ3) (all factors are bounded by 1). Multiplying by ĝ(S)

and summing over S:∣∣∣EZ|W
[
(f◦gn)(g◦fm)

]
−EG

[
P̃g(W )(G0) g

(
QW·1(G1), . . . , QW·m(Gm)

)]∣∣∣ ≤ ∥ĝ∥1
(
ϵ1+(2m+1)ϵ2+2mϵ3

)
for good W ; for bad W the difference is at most 2. Averaging over W (which is independent of G),

EZ

[
(f ◦ gn)(g ◦ fm)

]
≤

∑
ν

Pr[g(W ) = ν]Ex[P̃ν(x)γν(x)] + 2ϵ

≤
∑
ν

Pr[g(W ) = ν]Ex|γν(x)|+ 2ϵ ≤ 2slabg − 1 + 2ϵ,

where γν is computed for the family (Qz). Hence Pr[f ◦ gn = g ◦ fm] ≤ slabg + ϵ.

Theorems 5.1 and 6.1 together with Lemma 2.3(c) prove Theorem B.

7 Nontriviality: proof of Theorem C

Throughout, g is as in Theorem B. Note ρ2j < 1 for all j (ρ2j = 1 would force g to depend on xj
only).
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(i) By Lemma 2.3(b), for mean-zero [−1, 1]-valued qj , γq(x) = E[h(Y ) | G0 = x] with Y ∈ [−1, 1]J ;
if sgn(µ)h ≥ 0 on {−1, 1}J then also on [−1, 1]J by (M1), so sgn(µ)γq ≥ 0 and val(q) = trivg by
Lemma 2.3(a). Thus sUg = trivg, and trivg ≤ sLg ≤ sg ≤ sUg gives (i).

(ii) Let sgn(µ)h(w) < 0. Take n = 1, qj(y) = wj sgn(ρj) sgn(y) for j ∈ J and qj = sgn for j ∈ U

(all ±1-valued, mean zero). Given G0 = x, Pr[sgnGj = sgn(ρjx)] = Φ(|ρj |x/
√
1− ρ2j ) → 1 as

x→ +∞, so by Lemma 2.3(b) and (M2), γq(x) → h(w). Hence sgn(µ)γq < 0 on some (x1,∞) and
val(q) > trivg by Lemma 2.3(a). With (i) this gives the equivalence.

(iii) Let sgn(µ)Γν(F ) = −θ < 0. Let ρc denote the common value of ρj on class c (all ρc ̸= 0,
pairwise distinct). Take n = 1; for R,X > 0 let Ic = [ρcX − R − 1, ρcX + R + 1]. Choose R with
8dΦ(−R) ≤ θ and then X so large that the intervals Ic are pairwise disjoint and

∑
c γ1(Ic) ≤

1
2 .

Define

Qz(y) = Fc(z) (y ∈ Ic), Qz(y) = κz := −
∑

c Fc(z)γ1(Ic)

1−
∑

c γ1(Ic)
(y /∈

⋃
c Ic).

Then |Qz| ≤ 1 and EQz = 0. For x ∈ [X,X + 1] and j ∈ J , Gj | x ∼ N(ρjx, 1 − ρ2j ) with
|ρjx − ρjX| ≤ 1, so Pr[Gj /∈ Ic(j) | x] ≤ 2Φ(−R). On the event that Gj ∈ Ic(j) for all j ∈ J
(independent of the labels) the J-inputs equal Fc(j)(C·j); by Lemma 2.3(b) and |h| ≤ 1, |γν(x) −
Γν(F )| ≤ 2 · 2dΦ(−R) ≤ θ/2. So sgn(µ)γν ≤ −θ/2 on [X,X + 1], and vallab(Q) > trivg by
Lemma 2.3(a) (Pr[g(W ) = ν] > 0 as g is nonconstant). By Theorem 5.1, sg > trivg. For k = 0 the
family is a single function, so sLg ≥ val(Q, . . . , Q) > trivg.

(iv) Take k = 1 and Fc = id for all classes, and ν = − sgn(µ). Since Eπb
h = E[h+bh2]

1+bµ =
µ+b∥h∥22
1+bµ ,

we get sgn(µ)Γν(F ) =
|µ|−∥h∥22
1−|µ| < 0; apply (iii). (Explicitly: n = 1, Qz(y) = z sgn(|y| − Φ−1(3/4))

works, without using classes.) If all level-one coefficients are nonzero then J = [m], h = g and
∥h∥2 = 1 > |µ|.

(v) See §7.1.

7.1 Small arity: proof of Theorem C(v)

The script numerics/q6 exact.py enumerates all g : {−1, 1}m → {−1, 1}, m ≤ 4, with Eg ̸= 0,
depending on all coordinates and g ̸= ±

∏
xj (no symmetry reduction), computes J , h and the

classes exactly (integers), and certifies each g by one of: TRIV (sgn(µ)h ≥ 0; then everything
is trivial by (i)); L0 (a class-constant w ∈ {−1, 1}J with sgn(µ)h(w) < 0; then sLg , hence sg, is
nontrivial by (iii), k = 0); LAB1 (k = 1, ν ∈ {±1} and class-wise decoders Fc ∈ {id,−id,+1,−1}
with sgn(µ)Γν(F ) < 0; then sg is nontrivial by (iii)). Result:

m functions TRIV L0 LAB1 undecided

2 8 0 8 0 0
3 160 32 124 4 0
4 51976 5448 44244 2284 0

The undecided count is 0: every g that is not TRIV, i.e. every g with sgn(µ)h(w) < 0 for some w
(equivalently, by (ii), sUg > trivg), received an L0 or LAB1 certificate and so has sg > trivg, while

every TRIV g has sg = sUg = trivg by (i). This proves (v). At m = 3 the four LAB1 functions are
±E2(±x), the orbit of E2.
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8 Labels absorb the Gaussian part: proof of Theorem D

(a) ⇐⇒ (b) is Theorem B. (c)⇒(b) is contained in the proof of Theorem C(iii), which constructs
a family (Qz) with vallab(Q) > trivg, and (d)⇒(c) follows by taking Fc = F for every class; so the
equivalence of (b), (c) and (d) does not use §5 and §6. For the rationality claim in (d): πb has
rational values, so Γν(F ) is a polynomial with rational coefficients in the values F (z), z ∈ {−1, 1}k,
and a strict inequality survives a small perturbation of F to rational values in [−1, 1]. It remains
to prove (b)⇒(d). The idea is that the Gaussian part of a labelled configuration is itself a limit
of normalised sums of further label rows (multivariate CLT), so every sign change of some γν at a
finite point is an average of labelled values “at infinity”.

Step 0.
∑

j ρ
2
j < 1. Indeed

∑
j ρ

2
j =

∑
j ĝ({j})2/(1 − µ2) and

∑
S ̸=∅ ĝ(S)

2 = 1 − µ2, so equality
would mean that g = µ +

∑
j ĝ({j})xj has degree ≤ 1. A {−1, 1}-valued function of degree ≤ 1

is constant or ±xj (if ĝ({i}), ĝ({j}) ̸= 0 for i ̸= j, the four values c ± ĝ({i}) ± ĝ({j}) obtained by
flipping xi, xj lie in {−1, 1}, which forces |ĝ({i})| = |ĝ({j})| = 1, contradicting Parseval), and both
are excluded by µ ̸= 0 and g nonconstant.

Step 1 (a box where γν has the wrong sign). Assume (b). By Lemma 2.3(a) there are k, n, a
family (Qz) and ν0 ∈ {−1, 1}k such that σγν0 < 0 on a set of positive measure. Then d ≥ 1: if J = ∅,
then h ≡ µ and Lemma 2.3(b) gives γν0 ≡ µ. By Lemma 2.1 and Step 0, conditionally on G0 = x
the vector (Gj)j∈J is Gaussian with mean (ρjx)j∈J and nonsingular covariance (IJ − ρJρ

T
J ) ⊗ In;

let ψ be the density of the centred Gaussian with this covariance on (Rn)J . By Lemma 2.3(b),

γν0(x) =
∑
M

Pr[C =M ]

∫
h
(
(QM·j (yj))j∈J

)
ψ
(
y − (ρjx)j∈J

)
dy,

which is continuous in x because translation is continuous in L1 and |h| ≤ 1. Hence there are a
closed box B = x0 + [−ε, ε]n (ε > 0) and θ > 0 with σγν0 ≤ −θ on B, so

σ E
[
γν0(G0)1{G0 ∈ B}

]
≤ −θ γn(B) < 0. (7)

Step 2 (continuous decoders). Let η = θγn(B)/(3d) and choose continuous Q̃z : Rn → [−1, 1]
with ∥Qz − Q̃z∥L1(γn) ≤ η (continuous functions are dense in L1(γn), and truncation to [−1, 1]

does not increase the distance to a [−1, 1]-valued function; we do not need EQ̃z = 0). For M ∈
{−1, 1}k×J define the bounded function

ϕM (s0, (sj)j∈J) = h
(
(Q̃M·j (sj))j∈J

)
1{s0 ∈ B} (s0, sj ∈ Rn).

Let C be as in Lemma 2.3(b) for ν0, independent of the G’s. By Lemma 2.3(b) and the tower prop-
erty, E[γν0(G0)1{G0 ∈ B}] = E[h((QC·j (Gj))j)1{G0 ∈ B}], and by (M2), since each Gj ∼ N(0, In)

is independent of C, this differs from E[ϕC(G0,GJ)] by at most
∑

j∈J E|QC·j (Gj)− Q̃C·j (Gj)| ≤ dη.
With (7),

σ E[ϕC(G0,GJ)] ≤ −2
3 θ γn(B). (8)

Step 3 (CLT). Let N ∈ N and let W ′ be uniform in {−1, 1}(nN)×m, with rows indexed by
(r, t) ∈ [n] × [N ], independent of everything else; put ν ′ = g(W ′) ∈ {−1, 1}nN (row-wise) and, for
z′ ∈ R[n]×[N ], ΣN (z′) ∈ Rn, ΣN (z′)r = N−1/2

∑N
t=1 z

′
(r,t). Let

Sj = ΣN (W ′
·j) (j ∈ J), S0 = ΣN

(
(ν ′ − µ)/

√
1− µ2

)
.
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The vectors ξ(r,t) =
(
(g(W ′

(r,t)·) − µ)/
√
1− µ2, (W ′

(r,t)j)j∈J
)
∈ R1+d are i.i.d. and bounded; writ-

ing ξ = (ξ0, (ξj)j∈J) for any one of them, they have mean 0 and covariance E[ξ20 ] = E[ξ2j ] = 1,

E[ξjξl] = 0 (j ̸= l), E[ξ0ξj ] = ĝ({j})/
√

1− µ2 = ρj : the covariance of (G0, (Gj)j∈J) under Ng.
By the multivariate central limit theorem, applied to each r ∈ [n] (different r are independent),
(S0, SJ) converges in distribution to (G0,GJ) as N → ∞. For each M the function ϕM is bounded
and continuous off ∂B × (Rn)J , a null set for the law of (G0,GJ); by the portmanteau theorem
EϕM (S0, SJ) → EϕM (G0,GJ). Taking C independent of W ′ and averaging over M ,

E[ϕC(S0, SJ)] −→ E[ϕC(G0,GJ)] (N → ∞). (9)

Step 4 (identification). Let W be uniform in {−1, 1}k×m, independent of W ′, and consider the
matrix W̄ =

(
W
W ′

)
with k+nN rows, which is uniform; its output is g(W̄ ) = (g(W ), ν ′). Define the

single decoder

FN : {−1, 1}k × {−1, 1}[n]×[N ] → [−1, 1], FN (z, z′) = Q̃z(ΣN (z′)),

so that FN (W̄·j) = Q̃W·j (Sj). Conditionally on g(W ) = ν0, W·J has the law of C (Lemma 2.3(b))
and is independent of W ′, so E[ϕC(S0, SJ)] = E[ϕW·J (S0, SJ) | g(W ) = ν0]. Since S0 is a function
s0(ν

′) of ν ′ and ν ′ is independent of W ,

E[ϕC(S0, SJ)] =
∑

ν′: s0(ν′)∈B

Pr[g(W ′) = ν ′] E
[
h
(
(FN (W̄·j))j∈J

) ∣∣∣ g(W̄ ) = (ν0, ν
′)
]
.

As in the proof of Lemma 2.3(b) (rows of W̄ are independent and the output of a row depends on
that row only), conditionally on g(W̄ ) = ν̄ the J-columns of W̄ have independent rows with laws
πν̄i ; hence the conditional expectation is exactly the quantity in (d) for k + nN label bits, output
ν̄ = (ν0, ν

′) and the single decoder FN . By (8) and (9), σE[ϕC(S0, SJ)] < 0 for N large, so at least
one term of the (finite, nonnegatively weighted) sum has the sign required in (d).

Remark 8.1. Theorem D makes the finite-x structure of the labelled problem (the negative cor-
relations between the inputs given G0 = x) irrelevant for nontriviality: a sign change anywhere is
already visible at x = ∞ with more labels. It also shows that the class-wise decoders of Theo-
rem C(iii) are never needed; they remain convenient for writing down short certificates. This can
also be seen directly: append K label rows with output +1. The extra entries of column j are i.i.d.
with mean ĥ({j})/(1 + µ), which differs between classes, so the single decoder that applies Fc to
the first k entries when the empirical mean of the other K is closest to the mean of class c gives
a value that differs from Γν(F ) by at most twice the probability of misclassifying some column,
which tends to 0 as K → ∞. By contrast, Theorem D says nothing about the value of sg: dictator
decoders give large “values at infinity” that are not realisable.

9 An explicit g with sg = trivg < sUg : proof of Theorem E

9.1 The function g0

Write the inputs as (w1, w2, w3, u1, u2) and let

g0(w, u) = +1 ⇐⇒ (u1, u2) ∈ Aw, where (10)

A+++ = A++− = A+−+ = ∅, A+−− = {±1}2 \ {(+,+)},
A−++ = {(+,+), (−,−)}, A−+− = {(+,+)}, A−−+ = {(+,−)}, A−−− = {(−,+)}.
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Then h(w) = Eug0(w, u) =
1
2 |Aw| − 1, that is, in the order +++,++−,+−+,+−−,−++,−+

−,−−+,−−−,

h =
(
− 1,−1,−1, 12 , 0,−

1
2 ,−

1
2 ,−

1
2

)
, µ = Eh = −1

2 , σ = −1, trivg0 = 3
4 .

A direct count gives ĝ0({wj}) = ĥ({j}) = −1
8 for j = 1, 2, 3 and

ĝ0({ui}) = 2 · 2−5
∑
w

∑
(u1,u2)∈Aw

ui = 0 (i = 1, 2)

(over w = + − −, − + +, − + −, − − +, − − − the inner sums are −1, 0, 1, 1, −1 for i = 1 and
−1, 0, 1, −1, 1 for i = 2). So J = {1, 2, 3}, and J is a single class. The function g0 depends on u1
and u2 (because of A−++) and on each wj (because ĝ0({wj}) ̸= 0), it is not ± a parity and µ ̸= 0,
so Theorems B–D apply. The two row laws are

π+ = 1+h
4 =

(
0, 0, 0, 38 ,

1
4 ,

1
8 ,

1
8 ,

1
8

)
, π− = 1−h

12 =
(
1
6 ,

1
6 ,

1
6 ,

1
24 ,

1
12 ,

1
8 ,

1
8 ,

1
8

)
.

For k ≥ 0, ν ∈ {−1, 1}k and F : {−1, 1}k → [−1, 1] let C ∈ {−1, 1}k×3 have independent rows, row
i ∼ πνi , and let X,Y, Z ∈ {−1, 1}k be its three columns, so that Γν(F ) = Eh(F (X), F (Y ), F (Z)).

Proposition 9.1. Γν(F ) ≤ 0 for all k ≥ 0, ν ∈ {−1, 1}k and F : {−1, 1}k → [−1, 1].

Proof of Theorem E and Corollary E′, given Proposition 9.1. Since σ = −1, Proposition 9.1 says
that condition (d) of Theorem D fails for g0, so sg0 ≤ trivg0 by Theorem D. With Theorem B and
Lemma 2.3(a), trivg0 ≤ sLg0 ≤ sg0 ≤ trivg0 . Finally σh(+,−,−) = −1

2 < 0, so sUg0 > trivg0 by
Theorem C(ii).

For m ≥ 5 let gm(w, u1, . . . , um−3) = g0(w, u1, u2u3 · · ·um−3) (so g5 = g0). The product u′ =
u2 · · ·um−3 is uniform and independent of u1, so gm has the same h, the same µ and the same
level-one coefficients ĝm({wj}) = −1

8 ; for i ≥ 2, ui is uniform and independent of (w, u1, u
′) when

m ≥ 6, so ĝm({ui}) = E[g0(w, u1, u′)]E[ui] = 0, and ĝm({u1}) = ĝ0({u1}) = 0. As g0 depends on
u2, gm depends on every ui. Thus gm satisfies the hypotheses of Theorems B–D with the same J ,
h and σ as g0. Conditions (d) of Theorem D and the condition of Theorem C(ii) depend only on
h and σ, so the argument above applies verbatim. For m ≤ 4 and Eg ̸= 0, Theorem C(v) excludes
sg = trivg < sUg .

9.2 Reduction to a quadratic inequality

Lemma 9.2. Let P = 1+F
2 : {−1, 1}k → [0, 1] and P1 = P (X), P2 = P (Y ), P3 = P (Z). Then

2Γν(F ) ≤ 2EP1 − 4E[P1P2] + E[P2P3]− 1.

Proof. For y ∈ [−1, 1]3 put pj =
1+yj
2 . Then

2h(y) = −1 + 2p1 − 3p1p2 − 3p1p3 + p2p3 + 2p1p2p3,

since both sides are multilinear in p and they agree at the eight vertices p ∈ {0, 1}3 (the right-hand
side takes the values −2,−2,−2, 1, 0,−1,−1,−1 at p = (1, 1, 1), (1, 1, 0), . . . , (0, 0, 0)). Given C the
three inputs are F (X), F (Y ), F (Z), so 2Γν(F ) = E[−1+ 2P1 − 3P1P2 − 3P1P3 +P2P3 +2P1P2P3].
Both π+ and π− are invariant under exchanging w2 and w3 (their values at + + − and + − +
agree, as do their values at − + − and − − +), and the rows of C are independent, so (X,Y, Z)
and (X,Z, Y ) have the same law and E[P1P3] = E[P1P2]. Finally P1P2P3 ≤ P1P2 since 0 ≤ P3 ≤ 1
and P1P2 ≥ 0.
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9.3 Spectral form

Under πb each coordinate wj equals +1 with probability βb, where β+ = 3
8 and β− = 13

24 (in general

Eπb
wj = bĥ({j})/(1 + bµ), which here does not depend on j). Hence X, Y , Z all have the law

of a random point x of Ων = {−1, 1}k with independent coordinates and Pr[xi = 1] = βνi . For
β ∈ (0, 1) let χ(β)(t) = (t− (2β− 1))/(2

√
β(1− β)) for t ∈ {−1, 1}, which has mean 0 and variance

1 when Pr[t = 1] = β. Put χi(x) = χ(βνi )(xi) and χS =
∏

i∈S χi; these form an orthonormal basis of

L2(Ων), and we write P =
∑

S P̂ (S)χS . Then P̂ (∅) = EP =: p and
∑

S ̸=∅ P̂ (S)
2 = VarP ≤ p− p2

(as P 2 ≤ P ). Let

W+ =
∑

i: νi=+1

P̂ ({i})2, a∗ =
( 7

15

)3
+ 4

(3
5

)3
=

3259

3375
.

Lemma 9.3. 2EP1 − 4E[P1P2] + E[P2P3] ≤ 2p− 3p2 + a∗(p− p2) +
(
43
15 − a∗

)
W+.

Proof. The law of (w1, w2) on (++,+−,−+,−−) is (0, 38 ,
3
8 ,

1
4) under π+ and (13 ,

5
24 ,

5
24 ,

1
4) under

π−; the law of (w2, w3) is (
1
4 ,

1
8 ,

1
8 ,

1
2) under π+ and (14 ,

7
24 ,

7
24 ,

1
6) under π−. For t, t

′ ∈ {−1, 1} with

Pr[t = 1] = Pr[t′ = 1] = β we have E[χ(β)(t)χ(β)(t′)] = (E[tt′] − (2β − 1)2)/(1 − (2β − 1)2), so the
correlations λ12b = Eπb

[χ(βb)(w1)χ
(βb)(w2)] and λ

23
b (defined likewise with w2, w3) are

λ12+ =
−1

2 − 1
16

15
16

= −3

5
, λ12− =

1
6 − 1

144
143
144

=
23

143
, λ23+ =

1
2 − 1

16
15
16

=
7

15
, λ23− =

−1
6 − 1

144
143
144

= − 25

143
.

Let (x, x′) be a pair of random points of {−1, 1}k such that the pairs (xi, x
′
i) are independent over

i, both x and x′ have the law of Ων , and E[χi(x)χi(x
′)] = λi. For S ̸= T pick i ∈ S△T ; the factor

of E[χS(x)χT (x
′)] belonging to coordinate i is Eχi(x) = 0 or Eχi(x

′) = 0. Hence E[χS(x)χT (x
′)] =

1{S = T}
∏

i∈S λi and E[P (x)P (x′)] =
∑

S λSP̂ (S)
2 with λS =

∏
i∈S λi. Applying this to (X,Y )

and to (Y,Z), with λjlS =
∏

i∈S λ
jl
νi ,

2EP1 − 4E[P1P2] + E[P2P3] = 2p− 3p2 +
∑
S ̸=∅

aSP̂ (S)
2, aS = λ23S − 4λ12S .

If S = {i} with νi = +1 then aS = 7
15 + 12

5 = 43
15 . We claim aS ≤ a∗ for every other nonempty

S. If S = {i} with νi = −1, aS = − 25
143 − 92

143 < 0. If |S| = 2, aS is 49
225 − 36

25 = −11
9 , or

− 7
15 · 25

143 + 4 · 3
5 · 23

143 = 653
2145 , or 625−2116

20449 < 0, according as S contains two, one or no indices
i with νi = +1; all are below a∗. If |S| ≥ 3, then, as |λ23b | ≤ 7

15 and |λ12b | ≤ 3
5 for both b,

aS ≤ |λ23S |+ 4|λ12S | ≤ ( 7
15)

|S| + 4(35)
|S| ≤ a∗. Therefore, using a∗ ≥ 0,∑

S ̸=∅

aSP̂ (S)
2 ≤ 43

15W+ + a∗(VarP −W+) ≤ a∗(p− p2) +
(
43
15 − a∗

)
W+.

The only coefficient exceeding 1 is the one on the level-one weight of the ν = +1 rows, and W+

is the level-one weight of a [0, 1]-valued function of 3
8 -biased bits: for i with νi = +1, P̂ ({i}) =

E[P (x)χi(x)] = E[P̄ (x+)χi(x)], where x+ = (xi)νi=+1 and P̄ (x+) = E[P (x) | x+] ∈ [0, 1]. So
W+ = W 1(P̄ ), the level-one weight of P̄ : {−1, 1}k+ → [0, 1] on the 3

8 -biased cube. Theorem K
bounds it.
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9.4 The sharp L1-Khintchine inequality: proof of Theorem K

The case 1
2 < q ≤ 5

8 of Theorem K follows from the case 1 − q: −χi has the law of χi with q

replaced by 1− q, and |
∑

i αiχi| and 2
√
q(1− q) do not change (the level-one form then follows by

the equivalence at the end of the proof, which is valid for every q). In the rest of this subsection
3
8 ≤ q ≤ 1

2 and χ denotes a random variable with Pr[χ = u] = q and Pr[χ = −v] = 1 − q, where

u =
√

(1− q)/q and v =
√
q/(1− q); Eχ = 0 and Eχ2 = 1. Put (local notation)

τ =
√
q(1− q), θ = 1− 2q, κ =

1− q

4q
, κ′ =

q

4(1− q)
.

Then

qu = (1− q)v = τ, τv = q, τu = 1− q, u+ v = 1
τ , E|χ| = 2τ, 4κ′τ2 = q2.

The proof uses the following constants; here aB = κ/(1−κ) = 1−q
5q−1 , aA ∈ (0, 1) is a threshold with

√
2/π + aACq ≤ 2τ, Cq =

q2 + (1− q)2

2τ
=

1− 2τ2

2τ
, (11)

and pq is the positive integer multiple of 2θs3 + (θ2 + 2κ′ − 1)s2 + 2θκ′s+ κ′2 with coprime integer
coefficients. The table gives them for three values of q; for the other q ∈ [38 ,

1
2 ] see the end of the

proof.

q τ2 (θ, κ, κ′) aA aB pq(s) [s−, s+]
3
8

15
64 (14 ,

5
12 ,

3
20)

3
10

5
7 200s3 − 255s2 + 30s+ 9 [ 31100 ,

21
20 ]

2
5

6
25 (15 ,

3
8 ,

1
6)

1
3

3
5 360s3 − 564s2 + 60s+ 25 [ 720 , 1]

5
12

35
144 (16 ,

7
20 ,

5
28)

7
20

7
13 2352s3 − 4340s2 + 420s+ 225 [ 925 , 1]

For the level-one weight on a biased cube we use the basis of the previous subsection: if the
coordinates of x ∈ {−1, 1}n are independent with Pr[xi = 1] = β, then W 1(f) =

∑
i f̂({i})2 with

f̂({i}) = E[f(x)χ(β)(xi)]; for β = q, χ(q)(xi) has the law of χ.

Lemma 9.4. Let a > 0, b ≥ 0, and let M be a bounded random variable independent of χ with
EM = 0. Then

E|aχ+ bM | = 2τa+ 2ERa(bM), Ra(y) = (1− q)(y − av)+ + q(−y − au)+.

Proof. For fixed y, using |z| = z + 2(−z)+ for z = au+ y and |z| = −z + 2z+ for z = y − av,

Eχ|aχ+y| = q|au+y|+(1−q)|y−av| = qau+(1−q)av+(2q−1)y+2Ra(y) = 2τa+(2q−1)y+2Ra(y).

Put y = bM and take expectations, using EM = 0.

Lemma 9.5 (Mills ratio). Let m(w) = ew
2/2

∫∞
w e−x2/2 dx. Then w

1+w2 < m(w) < w2+2
w3+3w

for all
w > 0.

Proof. Let A(w) =
∫∞
w e−x2/2dx − w

1+w2 e
−w2/2 and B(w) = w2+2

w3+3w
e−w2/2 −

∫∞
w e−x2/2dx. Both

tend to 0 as w → ∞, and a direct computation gives A′(w) = − 2
(1+w2)2

e−w2/2 < 0 and B′(w) =

− 6
w2(w2+3)2

e−w2/2 < 0. Hence A,B > 0 on (0,∞).
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Lemma 9.6 (Stein function for |x|). Let f(w) =
√
2/πm(w)− 1 for w ≥ 0 and f(w) = −f(−w)

for w < 0. Then f is C1, f and f ′ are bounded, f ′ is 1-Lipschitz, and f ′(w)−wf(w) = |w|−
√
2/π

for all w ∈ R.

Proof. We have m′ = wm− 1 and m(0) =
√
π/2, so f(0) = 0 and the odd extension is continuous.

For w > 0, f ′(w) =
√

2/π(wm(w) − 1) and f ′′(w) =
√
2/π k(w) with k(w) = (1 + w2)m(w) − w.

The function f ′ is even, and f ′(0±) = −
√
2/π, so f ∈ C1. By Lemma 9.5, 0 < wm(w) < w2+2

w2+3
< 1,

so f ′ ∈ [−
√
2/π, 0], and m is decreasing, so f ∈ (−1, 0] on [0,∞). For w > 0, f ′(w) − wf(w) =√

2/π(wm−1)−
√

2/π wm+w = w−
√
2/π; for w < 0 the equation follows from f ′(w)−wf(w) =

f ′(−w)− (−w)f(−w), and at w = 0 it reads f ′(0) = −
√
2/π. Finally, k > 0 on (0,∞) by the lower

bound of Lemma 9.5, and k′(w) = 2wm+ (1 +w2)(wm− 1)− 1 = (w3 + 3w)m(w)− (w2 + 2) < 0
by the upper bound, so 0 < k(w) < k(0) =

√
π/2 and 0 < f ′′ < 1 on (0,∞). As f ′′ is odd, |f ′′| < 1

on R \ {0}, and since f ′ is continuous it is 1-Lipschitz.

Lemma 9.7 (zero-bias coupling). Let U be uniform on [−v, u]. (i) For every α ∈ R and every
absolutely continuous G : R → R with bounded G′, E[χG(αχ)] = αE[G′(αU)]. (ii) There is a

coupling of χ and U with E|χ− U | = q2+(1−q)2

2τ .

Proof. (i) E[χG(αχ)] = quG(αu) − (1 − q)vG(−αv) = τ
(
G(αu) − G(−αv)

)
= τ

∫ u
−v αG

′(αs) ds =
αEG′(αU), since τ(u + v) = 1. (ii) Let V be uniform on [0, 1], U = −v + V/τ , and χ = −v if

V < 1− q, χ = u otherwise. Then E|χ− U | =
∫ 1−q
0

V
τ dV +

∫ 1
1−q

1−V
τ dV = (1−q)2+q2

2τ .

Proof of Theorem K. We prove E|L| ≤ 2τ for L =
∑n

i=1 αiχi,
∑

i α
2
i = 1, by induction on n; for

n = 1, E|L| = E|χ| = 2τ . Let n ≥ 2. Relabelling and replacing α by −α (which does not change
|L|), we may assume that a := α1 = maxi |αi| > 0. Let b =

√
1− a2 and M = b−1

∑
i≥2 αiχi if

b > 0, M = 0 if b = 0. Then L = aχ1 + bM , M is independent of χ1, EM = 0, EM2 ≤ 1, and, if
b > 0, E|M | ≤ 2τ by the induction hypothesis (M is a unit combination of n− 1 copies of χ).

Case A: a ≤ aA. Let f be as in Lemma 9.6. Let I be a random index with Pr[I = i] = α2
i , and

for each i let Ui be coupled with χi as in Lemma 9.7(ii), using auxiliary randomness independent
of everything else; put L∗ = L−αIχI +αIUI . For each i, Li = L−αiχi is independent of (χi, Ui),
so Lemma 9.7(i), applied conditionally on Li with G(y) = f(Li + y), gives

E[Lf(L)] =
∑
i

αiE[χif(Li + αiχi)] =
∑
i

α2
iE[f ′(Li + αiUi)] = Ef ′(L∗).

By Lemma 9.6, with Z ∼ N(0, 1) and E|Z| =
√

2/π,

E|L| −
√

2/π = E[f ′(L)− Lf(L)] = E[f ′(L)− f ′(L∗)] ≤ E|L− L∗|

=
∑
i

α2
i |αi|E|χi − Ui| ≤ aCq,

so E|L| ≤
√
2/π + aACq ≤ 2τ by (11). For q = 3

8 ,
2
5 ,

5
12 , (11) holds with the tabulated aA: Cq

equals 17
8
√
15
< 0.5487, 13

10
√
6
< 0.5308 and 37

12
√
35
< 0.5212, so aACq is less than 0.1647, 0.1770 and

0.1825. With
√

2/π < 0.7979 the left side of (11) is less than 0.9626, 0.9749, 0.9804 respectively,

while 2τ equals
√
15
4 > 0.9682, 2

√
6

5 > 0.9797 and
√
35
6 > 0.9860.

Case B: a ≥ aB. For t > 0 and y ∈ R, (y − t)+ ≤ y2

4t , because
y2

4t − (y − t) = (y−2t)2

4t . At most

one of the two terms of Ra(y) is nonzero, and
1−q
4av = (1−q)u

4a = κτ
a ≥ κ′τ

a = qv
4a = q

4au (as q ≤ 1
2), so
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Ra(y) ≤ κτ
a y2. By Lemma 9.4,

E|L| ≤ 2τa+
2κτ

a
b2EM2 ≤ 2τ

(
a+

κ(1− a2)

a

)
= 2τ

(
1 +

(a− 1)
(
(1− κ)a− κ

)
a

)
≤ 2τ,

since a ≤ 1 and (1− κ)a ≥ (1− κ)aB = κ (note κ < 1).
Case C: aA < a < aB. Here b > 0. We claim that for all y ∈ R

Ra(y) ≤
κ′τ

a
y2 + θ y+. (12)

Let c = κ′τ/a, so that 4caτ = 4κ′τ2 = q2. For −au ≤ y ≤ av the left side vanishes. For y > av the
difference of the two sides is cy2 + (θ − 1 + q)y + (1− q)av = cy2 − qy + aτ , whose discriminant is
q2 − 4caτ = 0. For y < −au it is cy2 + qy + qau = cy2 + qy + aτ , with the same discriminant. So
both are c > 0 times squares, proving (12). Since E(bM)+ = b

2E|M | ≤ bτ (as EM = 0), Lemma 9.4
and (12) give

E|L| ≤ 2τa+ 2cb2 + 2θbτ = 2τ ψ(a), ψ(a) = a+
κ′(1− a2)

a
+ θ

√
1− a2.

It remains to show ψ(a) ≤ 1. Put s = a/b. Dividing by b, ψ(a) ≤ 1 is equivalent to s + κ′

s + θ ≤√
1 + s2, and, as both sides are positive, to (s + θ + κ′

s )
2 ≤ 1 + s2, i.e. (multiplying by s2) to

2θs3 + (θ2 + 2κ′ − 1)s2 + 2θκ′s+ κ′2 ≤ 0, i.e. (multiplying by 16(1− q)2) to

P (q, s) := 32(1− q)2(1− 2q) s3 + 8q(1− q)
(
1− 8(1− q)2

)
s2 + 8q(1− q)(1− 2q) s+ q2 ≤ 0, (13)

i.e. to pq(s) ≤ 0 for the tabulated q. The values of pq at −1, 0, s−, s+, 2 are

− 476, 9, − 2473
10000 , −

729
80 , 649 (q = 3

8),

− 959, 25, −1531
200 , −119, 769 (q = 2

5),

− 6887, 225, −1195767
15625 , −1343, 2521 (q = 5

12).

So the cubic pq has a root in each of (−1, 0), (0, s−) and (s+, 2), hence none in [s−, s+], where
it is therefore negative. Finally s = a/

√
1− a2 is increasing in a, and [s(aA), s(aB)] ⊆ [s−, s+]:

s( 3
10) =

3√
91
> 0.31 and s(57) =

5√
24
< 1.05; s(13) =

1√
8
> 0.35 and s(35) =

3
4 ; s(

7
20) =

7√
351

> 0.36

and s( 7
13) =

7√
120

< 1. Hence E|L| ≤ 2τ , completing the induction for these three values of q.

Other values of q ∈ [38 ,
1
2 ]. The argument above uses about q only that 1

3 ≤ q ≤ 1
2 (in Case B:

κ < 1, κ ≥ κ′ and aB ≤ 1), the inequality (11) in Case A, and (13) for s(aA) < s < s(aB)
in Case C, where s(a) = a/

√
1− a2; the threshold aA may depend on q. Cover [38 ,

1
2 ] by the 64

intervals [q0, q1] = [38 + j
512 ,

3
8 + j+1

512 ], 0 ≤ j ≤ 63, and fix one threshold aA for each interval. Since
τ is increasing in q on [0, 12 ] and Cq = 1

2τ − τ is decreasing in τ , (11) holds for all q ∈ [q0, q1]

as soon as 79789
105

+ aA
1−2τ20
2τ0

≤ 2τ0 for a rational τ0 ≤
√
q0(1− q0), because

√
2/π < 79789

105
(as

π > 3.14159); we take for aA the largest multiple of 10−4 with this property (for example aA = 194
625

for j = 0 and aA = 4041
104

for j = 63). As aB = 1−q
5q−1 is decreasing in q, Case C on [q0, q1] only involves

a ∈ (aA, aB(q0)), which is empty for the 16 intervals with j ≥ 48 (i.e. q0 ≥ 15
32). For each of the other

48 intervals take rationals slo ≤ s(aA) and shi ≥ s(aB(q0)). On a box [q′, q′′]×[s′, s′′] ⊆ [38 ,
1
2 ]×[0,∞),

P (q, s) ≤ 32(1− q′)2(1− 2q′)s′′3 − 8q′(1− q′)
(
8(1− q′′)2 − 1

)
s′2 + 8q′′(1− q′′)(1− 2q′)s′′ + q′′2,
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since the coefficients of s3, s and 1 in P are nonnegative, that of s2 is −8q(1− q)(8(1− q)2 − 1) ≤
−8q(1 − q) < 0, and each factor is monotone in q. Bisecting [q0, q1] × [slo, shi] until this bound is
negative on every box proves P < 0 there; 249 boxes suffice in total (maximal bisection depth 6).
All arithmetic is exact rational arithmetic (khintchine interval.py). This proves Theorem K
for 3

8 ≤ q ≤ 1
2 , and hence, by the symmetry noted at the start of this subsection, for 3

8 ≤ q ≤ 5
8 .

Equality for α = ±e1 is clear. For the equivalent form: if f : {−1, 1}n → [0, 1] andW 1(f) > 0, let
αi = f̂({i})/

√
W 1(f) and L =

∑
i αiχ

(q)(xi). Then
√
W 1(f) = E[fL] = E[(f − 1

2)L] ≤
1
2E|L| ≤ τ ,

i.e. W 1(f) ≤ τ2 = q(1 − q); for f = 1{x1 = 1}, f̂({1}) = qu = τ . Conversely, given α take
f = 1{L > 0}: then E|L| = 2E[fL] = 2

∑
i αif̂({i}) ≤ 2

√
W 1(f) ≤ 2τ .

Remark 9.8. (a) The margins are small but explicit: maxψ over [aA, aB] is below 0.9935, 0.9664

and 0.9539 for q = 3
8 ,

2
5 ,

5
12 , and in Case A, 2τ − 0.7979 − aA

q2+(1−q)2

2τ ≥ 0.0049 (the rounded
bounds displayed in the proof only show 0.0048 for q = 2

5); both statements are checked exactly.
Exact checks of the table, of the identities used for general q and of the case computations are
in khintchine q check.py, which also verifies (12) exactly (through the two discriminants);
floating-point checks of (12) and of ψ are in khintchine analytic check.py (q = 3

8). Both
scripts evaluate E|L| (exact enumeration over {u,−v}n) for random unit vectors, which are
near-dictator sanity checks, and khintchine q check.py adds a local search started away from
dictators. For q = 3

8 , an independent computer-assisted proof of Case C, by exact rational dual
certificates of the moment problem “maximise ERa(bM) given EM = 0, EM2 = 1, E|M | ≤ 2τ”
on 560 cells, is khintchine certificates.py. Its numerically optimal certificates have the shape
of (12) (no constant term, the two outer pieces tangent to Ra); (12) fixes the coefficient of |y|
at θ

2 , which gives a closed form at the price of a smaller margin. (b) For small a one must use
more about M than a few moments: for q = 3

8 the moment problem “maximise ERa(bM) subject
to EM = 0, EM2 = 1, E|M | ≤ 2τ” has value larger than τ(1 − a) at a = 0.05 and a = 0.1
(khintchine moment lp.py; discretised linear programme, floating point), which is why Case A
uses the zero-bias coupling of the whole sum. Case B is nonempty only if aB ≤ 1, i.e. q ≥ 1

3 , and

Case A only if 2
√
q(1− q) >

√
2/π. With the best possible threshold in Case A, a floating-point

scan (khintchine q check.py, grid of step 0.005 in q) indicates that Case C fails for q ≤ 0.37
(maxψ > 1), so the method does not reach much below 3

8 ; for q ≥ 0.47 Cases A and B overlap,
in line with the 16 intervals on which Case C is empty in the proof. (c) The statement fails
for every q < 1 − 1√

2
≈ 0.2929 (and, by symmetry, for q > 1√

2
), by the two-equal-coefficient

example of Stone [16, §4.2]: for α = ( 1√
2
, 1√

2
) the sum L takes the values

√
2u, u−v√

2
, −

√
2v

with probabilities q2, 2q(1 − q), (1 − q)2, so E|L| =
√
2(q + 1 − 2q + 1 − q)τ =

√
2(1 − q) · 2τ .

Numerically this is the only obstruction: maximising E|L|/(2τ) over unit vectors with n ≤ 7
(exact enumeration, local search from random starts; khintchine threshold.py) gives exactly 1,
attained at ±ei, for every q of a grid in [0.2929, 0.375], and the value

√
2(1− q) for q = 0.28, 0.29.

We conjecture that Theorem K holds exactly for 1 − 1√
2

≤ q ≤ 1√
2
; at q = 1 − 1√

2
both e1

and ( 1√
2
, 1√

2
) would be extremal. (d) Literature. The ratio R(q) = supE|L|/(EL2)1/2, over all

n and all α ̸= 0, for the same normalised q-biased bits appears in work on the L1-Poincaré
inequality on the Hamming cube. Ivanisvili, Li, van Handel and Volberg [9] showed that R(q) < 1
for q in a neighbourhood of 3

4 and used this to prove that the constant π
2 in that inequality

is not sharp; a quantitative bound R(q) ≤ 1 − 1
480 min{4q3(1 − q)3, (2q − 1)4q(1 − q)}, due to

van Handel [17], is quoted by Ivanisvili and Stone [10], who improve it and discuss the exact
value of R(q); see also Stone’s thesis [16], whose §4.2 contains the two-coefficient example of (c).
Theorem K gives the exact value R(q) = 2

√
q(1− q), attained at n = 1, for q ∈ {3

8 ,
2
5 ,

5
12}

and the mirror values 5
8 ,

3
5 ,

7
12 (by hand), and for all q ∈ [38 ,

5
8 ] with the computer-assisted
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interval verification. Case A uses a zero-bias Stein bound, as does Lei Yu [11] for the sharp
small-coefficient L1-Khintchine inequality for unbiased bits. For nonsymmetric Khinchine–Kahane
inequalities with constants that are optimal up to a universal factor see Oleszkiewicz [15],
and for zero-bias couplings Goldstein–Reinert [7]. (e) Code. The scripts cited in this re-
mark are in the repository, with their outputs: numerics/khintchine certificates.py

(output numerics/outputs/khintchine certificates.txt; the independent proof of
Case C), numerics/khintchine threshold.py (output khintchine threshold.txt; part (c)),
khintchine q check.py, khintchine analytic check.py and khintchine moment lp.py.

9.5 Proof of Proposition 9.1

Fix k, ν, F and let P , p, W+ be as above. By Theorem K with q = 3
8 (in its level-one form, applied

to P̄ ), W+ ≤ 15
64 ; also W+ ≤ VarP ≤ p− p2. By Lemmas 9.2 and 9.3, and since 43

15 − a∗ > 0,

2Γν(F ) + 1 ≤ 2p− 3p2 + a∗(p− p2) +
(
43
15 − a∗

)
min

(
p− p2, 1564

)
.

If p ≤ 3
8 or p ≥ 5

11 , use the first term of the minimum: the right-hand side is at most 2p −
3p2 + 43

15(p − p2) = 1 − (8p−3)(11p−5)
15 ≤ 1. If 3

8 ≤ p ≤ 5
11 , use

15
64 : the right-hand side is G(p) =

2p − 3p2 + a∗(p − p2) + (4315 − a∗)1564 , a concave quadratic with G(38) = 3
4 − 27

64 + 43
64 = 1 and

G′(38) =
a∗−1
4 < 0, so G(p) ≤ 1 for p ≥ 3

8 . In both cases Γν(F ) ≤ 0.

Remark 9.9. Every inequality in the proof is an equality for k = 1, ν = (+1), F (z) = z, where
Γ+ = 0. Then P = 1{z = 1}, p = 3

8 , P1P2 = 0 almost surely (as π+(++ ·) = 0), W+ = VarP = 15
64 ,

and the extremal case of Theorem K is attained. This is why neither bound on W+ suffices alone:
with W+ ≤ p − p2 the right-hand side exceeds 1 for 3

8 < p < 5
11 , and with W+ ≤ 15

64 it exceeds 1
just below p = 3

8 (maxG = 1 + 4.7 · 10−6, at p ≈ 0.3739).

9.6 A second function: g1

With inputs (w1, w2, w3, u1, u2) as before, let

g1(w, u) = +1 ⇐⇒ (u1, u2) ∈ A′
w, where (14)

A′
+++ = A′

++− = ∅, A′
+−+ = {(+,+)}, A′

+−− = {±1}2 \ {(+,+)},
A′

−++ = {(+,+), (−,−)}, A′
−+− = {(+,−), (−,+)}, A′

−−+ = {(+,−)}, A′
−−− = {(−,+)}.

Then h(w) = 1
2 |A

′
w| − 1, that is, in the order + + +,++−, . . . ,−−−,

h =
(
− 1,−1,−1

2 ,
1
2 , 0, 0,−

1
2 ,−

1
2

)
, µ = −3

8 , σ = −1, trivg1 = 11
16 .

A direct count gives ĝ1({wj}) = ĥ({j}) = −1
8 for j = 1, 2, 3 and

ĝ1({ui}) = 2 · 2−5
∑
w

∑
(u1,u2)∈A′

w

ui = 0 (i = 1, 2)

(over w = +−+, +−−, −++, −+−, −−+, −−− the inner sums are 1, −1, 0, 0, 1, −1 for i = 1
and 1, −1, 0, 0, −1, 1 for i = 2). So J = {1, 2, 3} is a single class. The function g1 depends on u1
and u2 (as g1(−,+,+, u) = u1u2) and on each wj , it is not ± a parity and µ ̸= 0, so Theorems B–D
apply. Its h belongs to the list hard288, in an orbit of size 24 (one of the five one-class orbits of
§11). The row laws are

π+ = 1+h
5 =

(
0, 0, 1

10 ,
3
10 ,

1
5 ,

1
5 ,

1
10 ,

1
10

)
, π− = 1−h

11 =
(

2
11 ,

2
11 ,

3
22 ,

1
22 ,

1
11 ,

1
11 ,

3
22 ,

3
22

)
,

33



and each coordinate wj equals +1 with probability β+ = 2
5 under π+ and β− = 6

11 under π−. With
k, ν, F , C, X,Y, Z and Γν(F ) = Eh(F (X), F (Y ), F (Z)) as in §9, and with the basis χS of L2(Ων)
now built from β± = 2

5 ,
6
11 :

Proposition 9.10. Γν(F ) ≤ 0 for all k ≥ 0, ν ∈ {−1, 1}k and F : {−1, 1}k → [−1, 1]. Consequently
sLg1 = sg1 = trivg1 = 11

16 < sUg1; the same holds for g1,m(w, u1, . . . , um−3) = g1(w, u1, u2 · · ·um−3) for
every m ≥ 5, and for every g as in Theorem B whose h lies in the orbit of hg1 under the symmetries
of Lemma 11.2.

Proof. The consequences follow from the first statement exactly as Theorem E and Corollary E′

follow from Proposition 9.1 (here σh(+,−,−) = −1
2 < 0, and the product u2 · · ·um−3 preserves h,

µ and the vanishing of the u-coefficients), together with Lemma 11.2 for the orbit; note that the
criterion of Theorem C(ii) is invariant under the same symmetries.

Let P = 1+F
2 , P1 = P (X), P2 = P (Y ), P3 = P (Z) and p = EP . As in Lemma 9.2, both sides

of
2h(y) = −1 + 2p1 + p2 − 4p1p2 − 2p1p3 + 2p1p2p3 (pj =

1+yj
2 )

are multilinear and agree at the vertices: the right-hand side takes the values −2,−2,−1, 1 at p =
(1, 1, 1), (1, 1, 0), (1, 0, 1), (1, 0, 0) and 0, 0,−1,−1 at p = (0, 1, 1), (0, 1, 0), (0, 0, 1), (0, 0, 0). Since
P1P2P3 ≤ P1P2 and X, Y have the same law,

2Γν(F ) ≤ −1 + 3p− 2E[P1P2]− 2E[P1P3].

The law of (w1, w2) on (++,+−,−+,−−) is (0, 25 ,
2
5 ,

1
5) under π+ and ( 4

11 ,
2
11 ,

2
11 ,

3
11) under π−;

the law of (w1, w3) is (
1
10 ,

3
10 ,

3
10 ,

3
10) under π+ and ( 7

22 ,
5
22 ,

5
22 ,

5
22) under π−. With the formula for

E[χ(β)(t)χ(β)(t′)] from the proof of Lemma 9.3, the correlations are

λ12+ =
−3

5 − 1
25

24
25

= −2

3
, λ12− =

3
11 − 1

121
120
121

=
4

15
, λ13+ =

−1
5 − 1

25
24
25

= −1

4
, λ13− =

1
11 − 1

121
120
121

=
1

12
,

and, as in that proof, E[P1Pl] =
∑

S λ
1l
S P̂ (S)

2 for l = 2, 3. Hence

2Γν(F ) ≤ −1 + 3p− 4p2 +
∑
S ̸=∅

aSP̂ (S)
2, aS = −2

(
λ12S + λ13S

)
.

If S = {i} then aS = 2(23 + 1
4) =

11
6 when νi = +1 and aS = −2( 4

15 + 1
12) = − 7

10 when νi = −1. If
|S| = 2, aS is −2(49+

1
16) < 0, or 2( 8

45+
1
48) =

143
360 , or −2( 16

225+
1

144) < 0, according as S contains two,

one or no indices with νi = +1. If |S| ≥ 3 then aS ≤ 2
(
(23)

|S|+(14)
|S|) ≤ a∗1 := 2

(
(23)

3+(14)
3
)
= 539

864 .
So every coefficient other than the level-one coefficient of the ν = +1 rows is at most a∗1, and with
W+ as in §9

2Γν(F ) ≤ −1 + 3p− 4p2 + a∗1(p− p2) +
(
11
6 − a∗1

)
W+.

As in §9, W+ is the level-one weight of a [0, 1]-valued function on the 2
5 -biased cube, so W+ ≤ 6

25
by Theorem K with q = 2

5 ; also W+ ≤ VarP ≤ p− p2. If p ≤ 2
5 or p ≥ 3

7 , the bound W+ ≤ p− p2

gives 2Γν(F ) ≤ −1 + 3p − 4p2 + 11
6 (p − p2) = −1

6(5p − 2)(7p − 3) ≤ 0. If 2
5 ≤ p ≤ 3

7 , the bound
W+ ≤ 6

25 gives 2Γν(F ) ≤ G1(p) := −1 + 3p− 4p2 + a∗1(p− p2) + (116 − a∗1)
6
25 , a concave quadratic

with G1(
2
5) = 0 and G′

1(
2
5) =

a∗1−1
5 < 0, so G1(p) ≤ 0 for p ≥ 2

5 .

As for g0, every inequality is tight for the dictator decoder (k = 1, ν = +1, F (z) = z: p = 2
5 ,

P1P2 = 0 almost surely because π+(+ + ·) = 0, and W+ = VarP = 6
25), which gives Γ+ = 0.

All numbers in this subsection, and the identity between the reduction bound and the spectral
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formula on random decoders, are checked in g1 check.py. Two later proofs of Proposition 9.10
avoid Theorem K: one through the two-class orbit rep7 (Remark 11.11(b)), and a shorter one that
keeps the first step above (P1P2P3 ≤ P1P2) and replaces the spectral bound by a re-coupling of the
rows (§11, paragraph “One-class designs”).

9.7 A level-one inequality for nonnegative functions: proof of Theorem L

Let 0 < q ≤ 1
2 , let {−1, 1}n carry the q-biased product measure, and use the basis χS built from

χ(q) as in §9, so that Ef = f̂(∅), Ef2 =
∑

S f̂(S)
2 and W 1(f) =

∑
|S|=1 f̂(S)

2. Put

β =
1− 2q

q
, ρ∗ = − q

1− q
, c =

(1− q)2

q
.

Let (x, y) be a random pair of points of {−1, 1}n whose coordinate pairs (xi, yi) are independent,
each with

Pr[xi = yi = 1] = 0, Pr[xi = 1, yi = −1] = Pr[xi = −1, yi = 1] = q, Pr[xi = yi = −1] = 1− 2q

(nonnegative as q ≤ 1
2). Then x and y both have the q-biased law, and E[xiyi] = 1 − 4q, so by

the formula for E[χ(β)(t)χ(β)(t′)] in the proof of Lemma 9.3, E[χ(q)(xi)χ
(q)(yi)] =

(1−4q)−(1−2q)2

1−(1−2q)2
=

− 4q2

4q(1−q) = ρ∗. As in that proof, E[f(x)f(y)] =
∑

S ρ
|S|
∗ f̂(S)2 for every f , and therefore

q Ef2 + β(Ef)2 −W 1(f) = cE[f(x)f(y)] +
∑
S

e|S|f̂(S)
2, (15)

where ek is the coefficient of f̂(S)2, |S| = k, on the left minus cρk∗:

e0 = q + β − c = 0, e1 = q − 1− cρ∗ = q − 1 + (1− q) = 0, e2 = q − cρ2∗ = q − q = 0,

ek = q − cρk∗ = q
(
1− (−1)k

( q

1− q

)k−2)
≥ 0 (k ≥ 3).

If f ≥ 0 then f(x)f(y) ≥ 0, so both terms on the right of (15) are nonnegative, which proves
Theorem L; for f : {−1, 1}n → [0, 1] use Ef2 ≤ Ef , with equality iff f is {0, 1}-valued. For q < 1

2 ,
c > 0, ek > 0 for k ≥ 3 (as q

1−q < 1), and the law of (x, y) gives positive mass to every pair whose

sets of +1 coordinates are disjoint; so both terms vanish iff f̂(S) = 0 for |S| ≥ 3 and f(x)f(y) = 0
for all such pairs. For q = 1

2 , y = −x almost surely, ek = 0 for even k and ek = 2q > 0 for odd
k ≥ 3, which gives the stated condition.

It remains to make the case q < 1
2 explicit. Write f as a multilinear polynomial in yi =

1{xi = 1}; the condition f̂(S) = 0 for |S| ≥ 3 says that it has degree at most 2, f = c0 +∑
i ciyi +

∑
i<j cijyiyj . Let eA be the point whose set of +1 coordinates is A, and assume the

second condition. With x = y = e∅ it gives c0 = f(e∅) = 0, and with x = e{i}, y = e{j} it gives
cicj = 0 for i ̸= j; also ci = f(e{i}) ≥ 0. If c1 > 0, say, then f(x) = 0 whenever x1 = −1 (take
y = e{1}), so all terms without y1 vanish and f = y1(c1 +

∑
j≥2 c1jyj), which is the first form. If

all ci = 0, then cij = f(e{i,j}) ≥ 0, and the pairs {i, j} with cij > 0 pairwise meet (take x = e{i,j},
y = e{k,l}); so they form a star, which is the first form with h linear, or lie in a triangle, which is the
second form. Conversely, both forms have degree at most 2, and f(x)f(y) ̸= 0 needs x1 = y1 = 1 in
the first form and at least two +1 coordinates among the first three in both x and y in the second,
so the sets of +1 coordinates of x and y meet. Finally, a {0, 1}-valued h of degree at most 1 is
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constant or equal to 1{xj = 1} or 1{xj = −1} for some j, and a {0, 1}-valued f of the second form
has at most one of a, b, c nonzero (its value at e{1,2,3} is a + b + c), which gives the {0, 1}-valued
equality cases.

The operator f 7→ E[f(y) | x = · ] is the one Friedgut uses for the biased Erdős–Ko–Rado
theorem [5]. The pair (x, y) is supported on pairs with disjoint sets of +1 coordinates. So if A ⊆
{−1, 1}n is intersecting (the sets of +1 coordinates of any two, not necessarily distinct, members of
A meet), then E[1A(x)1A(y)] = 0, and (15) reads qµ(A) + βµ(A)2 −W 1(1A) =

∑
|S|≥3 e|S|1̂A(S)

2.

Sharpness and small means. Let q < 1
2 . The first inequality is homogeneous of degree 2,

and an equality case f ̸≡ 0 has r = (Ef)2/Ef2 ∈ [q2, q]. For the first form, r = q(Eh)2/Eh2,
and h = d0 +

∑
j djyj ̸≡ 0 with h ≥ 0 has (Eh)2 ≤ Eh2 ≤ (maxh)Eh and Eh − qmaxh =

(1− q)d0− q
∑

j d
−
j ≥ (1−2q)

∑
j d

−
j ≥ 0, where d−j = max(−dj , 0) and d0 ≥

∑
j d

−
j because h ≥ 0;

so (Eh)2/Eh2 ∈ [q, 1]. For the second form, r = q2(a+ b+ c)2/(a2+ b2+ c2+2q(ab+ ac+ bc)), and
q2 ≤ r ≤ q as q ≤ 1. Every r ∈ [q2, q] occurs, for f = 1{x1 = 1}(α + β′1{x2 = 1}) with α, β′ ≥ 0.
The second inequality is linear in p and far from sharp for small p. For the AND of t coordinates,
f = 1{x1 = · · · = xt = 1}, we have p = qt and f̂({i}) = p

√
(1− q)/q for i ≤ t, so W 1(f) = t1−q

q p2

and
W 1(f)

qp+ βp2
=

t(1− q)qt−2

1 + (1− 2q)qt−2
.

This is 1 for t = 1, 2 and 3q
1+2q for t = 3. It is less than 1 for every t ≥ 3: with s = t − 2 the

condition reads qs(s+1− sq) < 1, and q 7→ qs(s+1− sq) has derivative s(s+1)qs−1(1− q) > 0 on
(0, 1) and value 1 at q = 1. It tends to 0 as t → ∞. The correct order for small means is p2 ln 1

p :
every f : {−1, 1}n → [0, 1] with Ef = p ∈ (0, 1) satisfies

W 1(f) ≤ p2

2q(1− q)

(
ln

1

p
+ 1 +

1

4 ln(1/p)

)
, (16)

while for p = qt the AND of t coordinates has W 1 = 1−q
q ln(1/q) p

2 ln 1
p . This is the biased version of

the level-one inequality [14], with the usual proof. Let ℓ =
∑

i f̂({i})χ{i}, so that W := W 1(f) =

Eℓ2 = E[fℓ], and assume W > 0. The summands of Y = ℓ/
√
W are independent with mean 0, and

the i-th takes values in an interval of length |f̂({i})|/(τ
√
W ), τ =

√
q(1− q), because χ(q) takes

the values
√

(1− q)/q and −
√
q/(1− q), whose difference is 1/τ . So Hoeffding’s inequality gives

Pr[Y ≥ y] ≤ e−2τ2y2 for y ≥ 0, and as 0 ≤ f ≤ 1,

√
W = E[fY ] ≤

∫ ∞

0
E
[
f 1{Y ≥ y}

]
dy ≤

∫ ∞

0
min

(
p, e−2τ2y2

)
dy

≤ py0 +
p

4τ2y0
, y0 =

√
ln(1/p)

2τ2
,

where
∫∞
y0
e−2τ2y2dy ≤

∫∞
y0

y
y0
e−2τ2y2dy = e−2τ2y20

4τ2y0
. Squaring gives (16). Where this paper uses

Theorem L, the extremal decoders have p ∈ {q, q(1− q), q2} (Proposition 9.11, Remark 10.10), and
there it is an equality. The script thmL sharpness.py checks the equality cases exactly on small
cubes (all {0, 1}-valued f with n ≤ 4, random nonnegative f of degree at most 2 with n = 4), the
formulas for ANDs, and (16) on test functions (floating point).
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9.8 A third function: g2

With inputs (w1, w2, w3, u1, u2) as before, let

g2(w, u) = +1 ⇐⇒ (u1, u2) ∈ A′′
w, where (17)

A′′
+++ = {(+,+)}, A′′

++− = A′′
+−+ = ∅, A′′

+−− = {±1}2 \ {(+,+)},
A′′

−++ = {(+,+), (−,−)}, A′′
−+− = {(+,−)}, A′′

−−+ = {(−,+)}, A′′
−−− = {(+,−), (−,+)}.

Then h(w) = 1
2 |A

′′
w| − 1, that is, in the order + + +,++−, . . . ,−−−,

h =
(
− 1

2 ,−1,−1, 12 , 0,−
1
2 ,−

1
2 , 0

)
, µ = −3

8 , σ = −1, trivg2 = 11
16 .

A direct count gives ĝ2({wj}) = ĥ({j}) = −1
8 for j = 1, 2, 3 and ĝ2({ui}) = 0 for i = 1, 2 (over

w = + + +, + − −, − + +, − + −, − − +, − − − the inner sums of ui over A
′′
w are 1, −1, 0, 1,

−1, 0 for i = 1 and 1, −1, 0, −1, 1, 0 for i = 2). So J = {1, 2, 3} is a single class. The function g2
depends on u1 and u2 (as g2(−,+,+, u) = u1u2) and on each wj , it is not ± a parity and µ ̸= 0, so
Theorems B–D apply. Its h belongs to hard288, in one of the one-class orbits of size 12. The row
laws are

π+ = 1+h
5 =

(
1
10 , 0, 0,

3
10 ,

1
5 ,

1
10 ,

1
10 ,

1
5

)
, π− = 1−h

11 =
(

3
22 ,

2
11 ,

2
11 ,

1
22 ,

1
11 ,

3
22 ,

3
22 ,

1
11

)
;

each coordinate wj equals +1 with probability β+ = 2
5 under π+ and β− = 6

11 under π−, and both
laws are invariant under exchanging w2 and w3. With k, ν, F , C, X,Y, Z, Γν(F ) and the basis χS

(built from β± = 2
5 ,

6
11) as in §9.6:

Proposition 9.11. Γν(F ) ≤ 0 for all k ≥ 0, ν ∈ {−1, 1}k and F : {−1, 1}k → [−1, 1]. Consequently
sLg2 = sg2 = trivg2 = 11

16 < sUg2; the same holds for g2,m(w, u1, . . . , um−3) = g2(w, u1, u2 · · ·um−3) for
every m ≥ 5, and for every g as in Theorem B whose h lies in the orbit of hg2 under the symmetries
of Lemma 11.2.

Proof. The consequences follow from the first statement exactly as in the proof of Proposition 9.10
(again σh(+,−,−) = −1

2 < 0).
Let P = 1+F

2 , P1 = P (X), P2 = P (Y ), P3 = P (Z) and p = EP . Both sides of

2h(y) = −p1 − p2 − p3 + 2p2p3 + 2p1(1− p2)(1− p3) (pj =
1+yj
2 )

are multilinear and agree at the vertices: the right-hand side takes the values −1,−2,−2, 1 at p =
(1, 1, 1), (1, 1, 0), (1, 0, 1), (1, 0, 0) and 0,−1,−1, 0 at p = (0, 1, 1), (0, 1, 0), (0, 0, 1), (0, 0, 0). Since
P1(1− P2)(1− P3) ≤ P1(1− P2) and X,Y, Z have a common law,

2Γν(F ) ≤ −p− 2E[P1P2] + 2E[P2P3].

The law of (w1, w2) on (++,+−,−+,−−) is ( 1
10 ,

3
10 ,

3
10 ,

3
10) under π+ and ( 7

22 ,
5
22 ,

5
22 ,

5
22) under π−;

the law of (w2, w3) is (
3
10 ,

1
10 ,

1
10 ,

1
2) under π+ and ( 5

22 ,
7
22 ,

7
22 ,

3
22) under π−. Hence

λ12+ =
−1

5 − 1
25

24
25

= −1

4
, λ12− =

1
11 − 1

121
120
121

=
1

12
, λ23+ =

3
5 − 1

25
24
25

=
7

12
, λ23− =

− 3
11 − 1

121
120
121

= −17

60
,

and, writing E[P1P2] and E[P2P3] spectrally as in the proof of Lemma 9.3 (the terms with S = ∅
cancel),

2Γν(F ) ≤ −p+ 2
∑
S ̸=∅

aSP̂ (S)
2, aS = λ23S − λ12S .
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If S = {i} then aS = 7
12 +

1
4 = 5

6 when νi = +1 and aS = −17
60 −

1
12 = −11

30 when νi = −1. If |S| = 2,
aS is 49

144 − 1
16 = 5

18 , or −
7
12 · 17

60 + 1
4 · 1

12 = −13
90 , or

289
3600 − 1

144 = 11
150 , according as S contains two,

one or no indices with νi = +1. If |S| ≥ 3 then aS ≤ ( 7
12)

|S| + (14)
|S| ≤ 185

864 <
5
18 . So aS ≤ 5

18 for
every nonempty S other than the singletons of the ν = +1 rows, and with W+ as in §9∑

S ̸=∅

aSP̂ (S)
2 ≤ 5

6W+ + 5
18

(
VarP −W+

)
= 5

9W+ + 5
18

(
EP 2 − p2

)
.

As in §9, W+ = W 1(P̄ ) for the function P̄ = E[P | x+] ≥ 0 on the 2
5 -biased cube, which has mean

p and EP̄ 2 ≤ EP 2. Theorem L with q = 2
5 (so 1−2q

q = 1
2) gives W+ ≤ 2

5EP
2 + 1

2p
2. Hence∑

S ̸=∅

aSP̂ (S)
2 ≤ 2

9EP
2 + 5

18p
2 + 5

18EP
2 − 5

18p
2 = 1

2EP
2,

and 2Γν(F ) ≤ E[P 2 − P ] ≤ 0.

Every inequality in this proof is an equality for two inequivalent decoders, both with Γ = 0:
the dictator (k = 1, ν = +1, F (z) = z; P1(1 − P2)P3 = 0 because π+(+ − +) = 0) and the AND
of two labels (k = 2, ν = (+1,+1), P = 1{z = (1, 1)}, p = 4

25 ; P1(1− P2)P3 = 0 because in every
row w1 = w3 = +1 forces w2 = +1; the only coefficient of P above level one is at S = {1, 2}, where
aS = 5

18 ; and P is an equality case of Theorem L). So the mean-independent bound W+ ≤ 6
25 of

Theorem K cannot replace Theorem L here. All numbers in this subsection and in §9.7, the identity
(15) on random f ≥ 0, and the chain Γ ≤ reduction bound = spectral formula ≤ 1

2E[P
2 − P ] on

random decoders are checked in d12 check.py.

10 A maximal-correlation criterion: proof of Theorem F

For random variables L,R on a finite probability space let ρ(L,R) be their maximal correlation,
as in §6: the supremum of E[ϕ(L)ψ(R)] over real ϕ, ψ with Eϕ(L) = Eψ(R) = 0 and Eϕ(L)2 =
Eψ(R)2 = 1, and ρ(L,R) = 0 if L or R is a.s. constant.

Lemma 10.1 (Witsenhausen [18]). (a) If L and R take at most two values each, then ρ(L,R) =
|Corr(L,R)| (and 0 if one of them is a.s. constant). (b) If the pairs (L1, R1), . . . , (Lk, Rk) are inde-
pendent, then ρ

(
(L1, . . . , Lk), (R1, . . . , Rk)

)
= maxr ρ(Lr, Rr). Consequently, for all real functions

ϕ, ψ,

|Cov(ϕ(L), ψ(R))| ≤ max
r
ρ(Lr, Rr)

√
Varϕ(L)Varψ(R), L = (Lr)r, R = (Rr)r.

Proof. (a) A centred function of a non-constant two-valued variable L is a multiple of L − EL,
and similarly for R. (b) “≥” is clear (use functions of one pair). Let ρ̄ = maxr ρ(Lr, Rr), let
T ψ = E[ψ(R) | L] and let Tr be the corresponding operator for the pair (Lr, Rr). By independence
T =

⊗
r Tr. Each Tr maps constants to the same constants and centred functions of Rr to centred

functions of Lr, and on the latter its norm is ρ(Lr, Rr) (for centred ψ, ∥Trψ∥ = supE[ϕ(Lr)ψ(Rr)]
over centred unit ϕ). Let ψ =

∑
S ψS be the Efron–Stein decomposition with respect to the

(product) law of R. Then T ψS lies in the S-component space of the law of L, these spaces are
mutually orthogonal, and ∥T ψS∥ ≤

∏
r∈S ρ(Lr, Rr)∥ψS∥ ≤ ρ̄∥ψS∥ for S ̸= ∅. So ∥T ψ∥ ≤ ρ̄∥ψ∥ for

centred ψ, and for centred ϕ we get E[ϕ(L)ψ(R)] = E[ϕ(L) T ψ(L)] ≤ ρ̄∥ϕ∥∥ψ∥. The last claim is
this inequality applied to ϕ− Eϕ and ψ − Eψ.
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Proof of Theorem F. Since sLg ≥ trivg always (Ex|γ(x)| ≥ |Exγ(x)| = |µ| for mean-zero test func-
tions), by Theorem D it suffices to show σΓν(F ) ≥ 0 for all k, ν and class-wise F . Fix them, let
Yj = Fc(j)(C·j) and yj = EYj (j ∈ J). The column C·j has independent entries, and for each row r,

Pr[Crj = 1] is the πνr -probability of wj = 1, namely 1+νr(µ+ĥ({j}))
2(1+νrµ)

. So the law of C·j depends on j

only through ĥ({j}) = ĝ({j}), that is, only through the class of j, and since the decoder is also a
function of the class, y is constant on classes. As h is multilinear without terms of degree ≥ 3,

Γν(F ) = Eh(Y ) = h(y) +
∑

{i,j}⊆J

ĥ({i, j}) Cov(Yi, Yj).

For i ̸= j the pairs (Cri, Crj), r = 1, . . . , k, are independent, and (Cri, Crj) has the law of
(wi, wj) under πνr , so its maximal correlation is |Corrπνr

(wi, wj)| ≤ ρij by Lemma 10.1(a). By

Lemma 10.1(b) and Y 2
j ≤ 1, |Cov(Yi, Yj)| ≤ ρij

√
VarYiVarYj ≤ ρij

√
(1− y2i )(1− y2j ). Hence

σΓν(F ) ≥ Φ(y) ≥ 0.

Corollary 10.2. Let g be as in Theorem B. If sgn(µ)h(w) < 0 for some vertex w ∈ {−1, 1}J that
is constant on classes, then sLg > trivg. In particular, if the level-one coefficients ĝ({j}), j ∈ J , are
pairwise distinct, then

sLg > trivg ⇐⇒ sg > trivg ⇐⇒ sUg > trivg ⇐⇒ ∃w ∈ {−1, 1}J : sgn(µ)h(w) < 0.

Proof. The first claim is Theorem C(iii) with k = 0 and y = w. If all classes are singletons, every
vertex is constant on classes; together with sLg ≤ sg ≤ sUg and Theorem C(i),(ii) this gives the
equivalences.

So in Theorems E and F the obstruction to nontriviality necessarily sits at vertices that are not
constant on classes. For |J | = 2 with two classes, Corollary 10.2 decides everything; with one class
the vertices (1,−1) and (−1, 1) are the only ones that matter, and Theorem F can apply.

10.1 An example with two relevant coordinates

Write the inputs of gF : {−1, 1}6 → {−1, 1} as (w1, w2, u1, u2, u3, u4), let Σ = u1 + u2 + u3 + u4,
and put

gF (w, u) = +1 ⇐⇒ u ∈ Aw, where

A++ = {u1 = u2, u3 = u4}, A−− = {Σ = 0},
A+− = {Σ ∈ {4, 2,−2}}, A−+ = {Σ ∈ {2,−2,−4}}.

(18)

Proposition 10.3. The function gF depends on all six coordinates and EgF = −1
8 . Its level-

one coefficients are − 1
16 for w1, w2 and 0 for u1, . . . , u4, so J = {1, 2} is a single class, and

h = (−1
2 ,

1
8 ,

1
8 ,−

1
4) in the order ++,+−,−+,−−. Moreover sLgF = sgF = trivgF = 9

16 < sUgF .

Proof. Data. |A++| = 4, |A+−| = |A−+| = 1 + 4 + 4 = 9 and |A−−| = 6, so h(w) = 2|Aw|/16 − 1
is as stated, µ = −1

8 and trivgF = 9
16 . The level-one coefficients of h are ĥ({1}) = ĥ({2}) =

1
4(−

1
2 + 1

8 − 1
8 + 1

4) = − 1
16 , and ĥ({1, 2}) = 1

4(−
1
2 − 1

8 − 1
8 − 1

4) = −1
4 . For the u-coordinates,

ĝF ({ui}) = 2−6
∑

w

∑
u gF (w, u)ui = 2−5

∑
w

∑
u∈Aw

ui; this vanishes because A++ and A−− are
invariant under u 7→ −u and A−+ = −A+−. The function depends on w1 (the point u = (1, 1, 1, 1)
lies in A++ but not in A−+), on w2 (the point −u lies in A++ but not in A+−) and on every ui
(flipping one ui changes Σ by ±2, so it leaves A−−). It is not ± a parity since µ ̸= 0.

sUgF > trivgF . σ = −1 and σh(+−) = −1
8 < 0, so Theorem C(ii) applies.
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sgF = trivgF . Since |J | = 2, Theorem F applies once Φ ≥ 0 on the class-constant points
y = (t, t). We have π+ = 1+h

4(1+µ) = (17 ,
9
28 ,

9
28 ,

3
14) and π− = 1−h

4(1−µ) = (13 ,
7
36 ,

7
36 ,

5
18). Under

π+, Ew1 = Ew2 = − 1
14 and Ew1w2 = −2

7 , so Corr = (−2
7 − 1

196)/(1 − 1
196) = −19

65 ; under π−,
Ewj = 1

18 and Ew1w2 = 2
9 , so Corr = (29 − 1

324)/(1 − 1
324) = 71

323 . Hence ρ12 = 19
65 . With

h(t, t) = µ+ 2ĥ({1})t+ ĥ({1, 2})t2 = −1
8 − t

8 − t2

4 ,

Φ(t, t) = 1
8 + t

8 + t2

4 − 1
4 · 19

65(1− t2) = 27
520 + t

8 + 21
65 t

2,

whose discriminant 1
64 − 4 · 21

65 · 27
520 = − 13919

270400 is negative. So Φ > 0 on R (its minimum is 13919
349440),

Theorem F gives sLgF = sgF = trivgF , and σΓν(F ) ≥ 13919
349440 for every decoder.

All numbers in this proof are checked exactly in gF check.py. Unlike Theorem E, Proposi-
tion 10.3 has slack: every decoder has σΓν(F ) ≥ 13919

349440 ≈ 0.0398. The dictator decoder gives
σΓ+ = −(µ + ∥h∥22)/(1 + µ) = 5

112 ≈ 0.0446 (here ∥h∥22 = 11
128 < |µ|, whereas the boundary case

of §11 is ∥h∥22 = |µ|), and coordinate ascent over single decoders with k ≤ 6 (j2 ascent.py) finds
nothing smaller.

Proof of Corollary F′. For m ≥ 6 let g(w, u1, . . . , um−2) = gF (w, u1, u2, u3, u4u5 · · ·um−2). The
product t = u4 · · ·um−2 is uniform and independent of (w, u1, u2, u3), so h, µ and the level-one co-
efficients of w1, w2, u1, u2, u3 are those of gF . For i ≥ 4 andm ≥ 7, ui = t·c with c =

∏
4≤l≤m−2, l ̸=i ul

uniform and independent of (w, u1, u2, u3, t), so ĝ({ui}) = E[gF (w, u1, u2, u3, t) t]Ec = 0. Flipping
ui flips t, so g depends on every coordinate, and g is not ± a parity since µ ̸= 0. The hypotheses
and the conclusion of Theorem F and of Theorem C(ii) depend only on h, so the proof of Propo-
sition 10.3 applies verbatim. For m ≤ 4 there is no such g with µ ̸= 0 by Theorem C(v). For
m = 5 and |J | ≤ 2, every g as in Theorem B with sgn(µ)h(w) < 0 for some w has sg > trivg by
Proposition 11.1.

Two relevant coordinates in one class. The candidates for h can be enumerated. If |J | =
2, the two coordinates form one class and |U | = r ≥ 1, then h = (x, z, z, y) in the order
++,+−,−+,−−, with values in {−1 + 21−rj : j = 0, . . . , 2r}, x ̸= y (since ĥ({1}) = x−y

4 ),
µ ̸= 0, |h(w)| < 1 for some w (as g depends on u), and

∑
w h(w)/2

1−r even. For the last con-
dition, h(w)/21−r = |{u : g(w, u) = 1}| − 2r−1, so

∑
w h(w)/2

1−r ≡ |g−1(1)| (mod 2), while
0 = 2mĝ({u1}) = 2

∑
g(x)=1 u1 ≡ 2|g−1(1)| (mod 4). We call such h candidates; every g as in

Theorem B with |J | = 2, one class and |U | = r has a candidate h.
Theorem F alone does not decide all candidates (see the table below). For one class of size two

the following refinement of Theorem F replaces the bound VarY ≤ 1− y2 on the most dangerous
part of the covariance by Theorem L.

Proposition 10.4 (refined criterion for one class of size two). Let g be as in Theorem B with
J = {1, 2} a single class, σ = sgn(µ), b = ĥ({1, 2}) ̸= 0 and ε = sgn(σb). For ν ∈ {−1, 1} let
λν = Corrπν (w1, w2) and qν = minc=±1 πν(w1 = c).

(i) Suppose that ελν∗ < 0 ≤ ελ−ν∗ for some ν∗ ∈ {−1, 1}. Put a = |λν∗ |, λ′ = |λ−ν∗ |, and
(a2,M

′) = (a3, aλ′) if ε = 1, (a2,M
′) = (a2, λ′2) if ε = −1. Suppose that a > max(a2,M

′),

put q = qν∗ and β = 1−2q
q , and let A be any number with max{a2, M

′−aq
1−q } ≤ A < a. With

B(p) = min
{
qp+ βp2, q(1− p) + β(1− p)2, p(1− p)

}
,

Φ+(p) = σh(2p− 1, 2p− 1)− 4|b|
[
(a−A)B(p) +Ap(1− p)

]
,

every k, ν and F satisfy σΓν(F ) ≥ Φ+
(1+EF (C·1)

2

)
.
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(ii) If ελν ≥ 0 for both ν, put M = 0 if ε = 1 and M = max(λ2+, λ
2
−) if ε = −1; in the

situation of (i) with a ≤ max(a2,M
′), put M = max(a2,M

′); if ελν < 0 for both ν, put
M = max(|λ+|, |λ−|). Then the conclusion of (i) holds with Φ+(p) = σh(2p − 1, 2p − 1) −
4|b|M p(1− p).

In both cases, if Φ+ ≥ 0 on [0, 1] then sLg = sg = trivg.

Proof. By Theorem D it suffices to bound σΓν(F ) for a single decoder F (there is one class),
and sLg = trivg once sg = trivg, as trivg ≤ sLg ≤ sg. Let X = C·1 and Z = C·2. They have
the same law, the product over the rows r of the law of w1 under πνr . Let F =

∑
S FS be the

Efron–Stein decomposition of F with respect to this law. In row r, (Xr, Zr) is a pair of two-valued
variables with equal marginals and correlation λνr , so E[χ(Zr) | Xr] = λνrχ(Xr) for the centred
function χ of one variable, and E[ϕ(Zr) | Xr] = ϕ for constants. As the rows are independent,
E[FS(Z) | X] = λSFS(X) with λS =

∏
r∈S λνr , and therefore Cov(F (X), F (Z)) =

∑
S ̸=∅ λS∥FS∥2.

With y = EF (X),

σΓν(F ) = σh(y, y) + |b|
∑
S ̸=∅

ελS∥FS∥2.

Call S with ελS < 0 dangerous; the other terms are ≥ 0 and are dropped below.
(i) Let R∗ and R′ be the sets of rows r with νr = ν∗ and νr = −ν∗, and put S∗ = S ∩ R∗,

S′ = S ∩ R′. If ε = 1 then λS = (−a)|S∗|λ′|S
′|, so a dangerous S has |S∗| odd, and |λS | = a if

S is a singleton, |λS | ≤ a3 = a2 if S = S∗ and |S| ≥ 2 (then |S| ≥ 3), and |λS | ≤ aλ′ = M ′ if
S′ ̸= ∅. If ε = −1 then λS = a|S∗|(−λ′)|S′|, so a dangerous S has |S′| even, and |λS | = a if S is a
singleton (then S = S∗), |λS | ≤ a2 = a2 if S = S∗ and |S| ≥ 2, and |λS | ≤ λ′2 =M ′ if S′ ̸= ∅ (then
|S′| ≥ 2). Let G = E[F | XR∗ ] =

∑
S′=∅ FS and let W1 =

∑
r∈R∗

∥F{r}∥2 be its level-one weight;
then VarG =

∑
∅≠S⊆R∗

∥FS∥2 and
∑

S′ ̸=∅ ∥FS∥2 = EF 2 − EG2. Hence

σΓν(F ) ≥ σh(y, y)− |b|
[
aW1 + a2(VarG−W1) +M ′(EF 2 − EG2)

]
,

and since W1 ≤ VarG and A ≥ a2, this also holds with A in place of a2. Let P = 1+F
2 , P̄ =

1+G
2 = E[P | XR∗ ], p = EP = 1+y

2 , e = EP 2 ≤ p and f = EP̄ 2 ∈ [p2, e]. Then W1 = 4W 1(P̄ ),
VarG = 4(f − p2) and EF 2 − EG2 = 4(e− f) ≤ 4(p− f), so

σΓν(F ) ≥ σh(y, y)− 4|b|
[
(a−A)W 1(P̄ ) +A(f − p2) +M ′(p− f)

]
.

The coordinates Xr, r ∈ R∗, are i.i.d. with Pr[Xr = 1] ∈ {q, 1 − q}; negating them if necessary
(which does not changeW 1) we are on the q-biased cube. P̄ takes values in [0, 1] and has mean p, so
Theorem L applied to P̄ and to 1−P̄ givesW 1(P̄ ) ≤ qf+βp2 andW 1(P̄ ) ≤ q(1−2p+f)+β(1−p)2;
also W 1(P̄ ) ≤ Var P̄ = f − p2. Let U(f) be the smallest of these three affine functions of f ; note
U(p) = B(p). As a−A > 0, the bracket is at most V (f) = (a−A)U(f)+A(f − p2)+M ′(p− f), a
concave piecewise-affine function of f with slopes (a−A)q+A−M ′ and (a−A)+A−M ′ = a−M ′.
The first is ≥ 0 because A(1 − q) ≥ M ′ − aq, the second is > 0, so V is nondecreasing and
V (f) ≤ V (p) = (a−A)B(p) +Ap(1− p). This gives σΓν(F ) ≥ Φ+(p).

(ii) Every dangerous S has |λS | ≤ M : for ε = 1 and λ± ≥ 0 there is none; for ε = −1 and
λ± ≤ 0 a dangerous S has even size ≥ 2, so |λS | ≤ max(λ2+, λ

2
−); in the situation of (i) this

is the case analysis above, with a ≤ M ; and always |λS | ≤ max(|λ+|, |λ−|). Hence σΓν(F ) ≥
σh(y, y)− |b|M VarF ≥ σh(y, y)− 4|b|M p(1− p).

Finally, if Φ+ ≥ 0 on [0, 1], no k, ν, F give σΓν(F ) < 0, so sg = trivg by Theorem D.
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For q ≤ 1
2 the first, third and second bounds in B(p) are the smallest on [0, q], [q, 1 − q] and

[1−q, 1] respectively (the first is at most p(1−p) exactly when p ≤ q), so Φ+ is a quadratic on each
of these intervals and its nonnegativity is an exact finite check. Since B(p) ≤ p(1− p), A < a ≤ ρ12
and, in (ii), M ≤ ρ12, we have Φ+(p) ≥ Φ(2p − 1, 2p − 1): Proposition 10.4 is never weaker than
Theorem F. In (i), Φ+(p)−Φ(2p− 1, 2p− 1) = 4|b|

[
(ρ12 − a)p(1− p) + (a−A)(p(1− p)−B(p))

]
,

so it gains at least where B(p) < p(1− p), that is, for p < q and p > 1− q. The smallest admissible
A gives the strongest bound. At p = q the bound of (i) is attained by a dictator decoder (k = 1,
ν = ν∗, F (z) = ±z with EF = 2q − 1), whose value is σh(2q − 1, 2q − 1)− 4|b|a q(1− q).

For p < q Proposition 10.4 loses in two places: it discards the level-two weight inside the rows
of sign ν∗, which (for ε = 1) has the favourable coefficient a2, and it bounds the sets that meet the
other rows separately, with coefficient M ′. Both losses disappear if the column pair is compared
directly with a second coupling of the same columns. This is the argument of Theorem L, applied
to P itself, with the anti-coupling used only in the rows of sign ν∗.

Lemma 10.5 (coupling bound). Let g be as in Theorem B with J = {1, 2} a single class, σ =
sgn(µ), b = ĥ({1, 2}) ̸= 0 and ε = sgn(σb). Let λν and qν be as in Proposition 10.4, rν = qν

1−qν
, let

tν ∈ [−rν , 1] for ν ∈ {−1, 1}, and let c, κ ≥ 0 satisfy

−ε λ i
1λ

j
−1 ≤ κ− c t i1t

j
−1 for all integers i, j ≥ 0 with (i, j) ̸= (0, 0). (19)

Then every k, ν and F satisfy, with p = 1+EF (C·1)
2 ,

σΓν(F ) ≥ σh(2p− 1, 2p− 1)− 4|b|
[
κ p(1− p) + cmin(p, 1− p)2

]
.

Proof. Let X = C·1, Z = C·2, P = 1+F
2 , and let P =

∑
S PS be the Efron–Stein decomposition

with respect to the law of X. As in the proof of Proposition 10.4, E[P (X)P (Z)] =
∑

S λS∥PS∥2
with λS =

∏
r∈S λνr , so

σΓν(F ) = σh(2p− 1, 2p− 1) + 4|b| ε
∑
S ̸=∅

λS∥PS∥2.

A row r in which w1 is πνr -almost surely constant lies in no S with PS ̸= 0, so we may assume
qνr > 0 for all r. In row r, the joint laws of two {−1, 1}-valued variables that both have the law of w1

under πνr form a segment: it runs from the law under which the two variables never both take the
less likely value (correlation −rνr) to the diagonal law (correlation 1), and the correlation is affine
along it. So there is a random point Z̃ such that the pairs (Xr, Z̃r) are independent over r, Z̃r has
the law of Xr, and Corr(Xr, Z̃r) = tνr . The computation for Z gives E[P (X)P (Z̃)] =

∑
S tS∥PS∥2

with tS =
∏

r∈S tνr , and E[P (X)P (Z̃)] ≥ 0 because P ≥ 0. If S ̸= ∅ has i rows of sign 1 and j rows
of sign −1, then (19) says −ελS ≤ κ− ctS . Hence

−ε
∑
S ̸=∅

λS∥PS∥2 ≤ κ
∑
S ̸=∅

∥PS∥2 − c
∑
S ̸=∅

tS∥PS∥2 ≤ κVarP + c p2 ≤ κ p(1− p) + c p2,

since
∑

S ̸=∅ tS∥PS∥2 = E[P (X)P (Z̃)]−p2 ≥ −p2 and VarP ≤ EP−p2. The same argument applied
to 1 − P , whose components for S ̸= ∅ are −PS and whose mean is 1 − p, gives the bound with
(1− p)2 in place of p2.
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Proposition 10.6 (coupling criterion). In the setting of Lemma 10.5 suppose that ε = 1 and
λν∗ < 0 ≤ λ−ν∗ for some ν∗ ∈ {−1, 1}. Put a = −λν∗, q = qν∗, r =

q
1−q and

θ = sup
ℓ≥1 odd

rℓ − aℓ

1 + rℓ
,

Φ♯(p) = σh(2p− 1, 2p− 1)− 4|b| amin
{
p(1− p), θ p(1− p) +

1− θ

r
min(p, 1− p)2

}
.

Then 0 ≤ θ ≤ q, and every k, ν and F satisfy σΓν(F ) ≥ Φ♯
(1+EF (C·1)

2

)
. If Φ♯ ≥ 0 on [0, 1], then

sLg = sg = trivg.

Proof. Two {−1, 1}-valued variables with the same law, whose less likely value has probability q,

have correlation at least −r; so a ≤ r ≤ 1. Hence 0 ≤ rℓ−aℓ

1+rℓ
≤ rℓ

1+rℓ
≤ r

1+r = q for every odd ℓ,
so 0 ≤ θ ≤ q. (If r < 1 the terms tend to 0 and the supremum is a maximum; if r = 1 > a then
θ = 1

2 = q. The case r = a = 1 does not occur: a = 1 means w1 = −w2 almost surely under πν∗ ,

so πν∗(++) = πν∗(−−) = 0 and h(++) = h(−−) = −ν∗, whereas h(++) − h(−−) = 4ĥ({1}) ̸= 0
because h(+−) = h(−+) for one class.) Let θ′ ∈ [θ, 1] and apply Lemma 10.5 with tν∗ = −r,
t−ν∗ = λ′ := λ−ν∗ ∈ [0, 1], c = a(1−θ′)

r and κ = aθ′. For S with i rows of sign ν∗ and j rows of sign
−ν∗, condition (19) (with the roles of i and j exchanged if ν∗ = −1) reads

Dij := aθ′ + λ′ j
(
(−a)i − a(1− θ′)(−1)iri−1

)
≥ 0.

For i = 0, D0j = aθ′ + λ′ j
(
1 − a(1−θ′)

r

)
≥ 0 as a ≤ r. For i ≥ 1 put Bi = ai−1 − (1 − θ′)ri−1, so

that Dij = aθ′ − (−1)i−1λ′ jaBi. For odd i, Bi ≤ ri−1 − (1− θ′)ri−1 ≤ θ′, so Dij ≥ aθ′(1− λ′ j) ≥ 0
if Bi > 0, and Dij ≥ aθ′ otherwise. For even i, Dij ≥ amin{θ′, θ′ + Bi} since 0 ≤ λ′ ≤ 1,

and θ′ + Bi ≥ 0 because θ′ ≥ θ ≥ ri−1−ai−1

1+ri−1 (i − 1 is odd). So the lemma applies and gives

σΓν(F ) ≥ σh(2p − 1, 2p − 1) − 4|b| a
[
θ′p(1 − p) + 1−θ′

r min(p, 1 − p)2
]
. The bracket is affine in θ′;

θ′ = θ and θ′ = 1 give the two terms of the minimum. The last sentence follows from Theorem D,
as in Proposition 10.4.

For p ≤ 1
2 the second term of the minimum is the smaller one exactly when p ≤ q (both terms

agree at p = q), so Φ♯ is a quadratic on each of [0, q], [q, 1− q] and [1− q, 1], and Φ♯(q) is the value
of the dictator decoder. Proposition 10.6 is never weaker than Proposition 10.4(i) when ε = 1.
On [q, 1 − q] both brackets equal a p(1 − p). On [0, q], θ′ = q is admissible and gives the bracket

a
(
qp(1 − p) + (1−q)2

q p2
)
= a(qp + βp2), which is at most (a − A)(qp + βp2) + Ap(1 − p) because

qp + βp2 ≤ p(1 − p) there, with strict inequality for 0 < p < q (and A ≥ a2 > 0); [1 − q, 1] is

symmetric. The choice θ′ = θ gains more, as θ < q whenever r < 1 (equality in rℓ

1+rℓ
≤ q needs

ℓ = 1, and then a > 0 makes the term smaller); and no separate coefficient M ′ is needed for the
rows of sign −ν∗. The bracket of Proposition 10.6 is the best bound obtainable from the inequalities
used in its proof (Remark 10.10 at the end of this section).

Proposition 10.7 (computer-assisted, exact). Every candidate has µ ̸= 0, and −h is a candidate
whenever h is. The candidates with µ < 0 fall into the following classes: TRIV (σh ≥ 0, Theo-
rem C(i)), CERT (a certificate of Theorem C(iii) with a constant decoder, a [−1, 1]-valued decoder
with k = 1, or a {−1, 1}-valued decoder with k = 2), F (Theorem F applies), F+ (Theorem F does
not apply, and Proposition 10.4 applies), F♯ (Theorem F and Proposition 10.4 do not apply, and
Proposition 10.6 applies), CERT′ (none of the above, and a certificate with a [−1, 1]-valued decoder
with k = 2 or k = 3 exists) and UNDEC (none of these). For h in F, F+ or F♯, every g with this
h has sLg = sg = trivg < sUg ; for h in CERT or CERT′, every g with this h has sg > trivg.
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TRIV CERT F F+ F♯ CERT′ UNDEC

r = 3 (m = 5) 40 86 0 0 0 0 0
r = 4 (m = 6) 288 718 14 2 0 0 0
r = 5 (m = 7) 2176 5818 186 10 0 0 0
r = 6 (m = 8) 16896 46696 1806 114 18 4 0

Proof. maxcorr J2.py, in exact rational arithmetic. For one class the two columns have the same
law, so ρ12 and λ± are rational, and Φ(t, t) and the three pieces of Φ+ and of Φ♯ are quadratics with
rational coefficients, minimised exactly on their intervals. For F+ the script tests Proposition 10.4(i)

with A = max{a2, M
′−aq
1−q }, which suffices because B(p) ≤ p(1 − p) makes Φ+ nonincreasing in A,

and the first two cases of (ii). It does not test the last case of (ii) (two dangerous signs), and this
does not affect the table: such a candidate would fail the test for F♯, whose hypotheses include
exactly one dangerous sign, and so land in CERT′ or UNDEC; but Proposition 10.4 cannot apply
to a candidate in CERT′ (by Theorem D), and UNDEC is empty for r ≤ 6. The number θ of
Proposition 10.6 is rational: θ = 0 if a = r, θ = 1

2 if r = 1 > a, and otherwise the first term is
positive and every term with exponent ℓ is below rℓ, so only the finitely many terms with rℓ above
the first term can matter. The k = 1 values form a quadratic in (F (1), F (−1)), maximised exactly
over the square; the 48 values of {−1, 1}-valued decoders with k = 2 (16 decoders for each of the
row-sign patterns (+,+), (+,−) and (−,−)) are screened in floating point and every decoder whose
screened value exceeds −10−9 is re-evaluated exactly. For CERT′ the maximum of Γν over [−1, 1]-
valued decoders with k ≤ 3 is computed exactly by the face enumeration described in the proof of
Proposition 10.9; the four candidates are (− 9

32 ,
1
8 ,

1
8 ,−

3
32) and (− 5

32 ,
1
16 ,

1
16 ,−

1
32), discussed below,

and their images under w 7→ −w, and their certificates are re-checked in m8 check.py. For h in F,
F+ or F♯, σh(w) < 0 for some w (otherwise h would be TRIV), so sUg > trivg by Theorem C(ii).
For CERT and CERT′, sg > trivg by Theorem C(iii).

Every candidate in F+ also satisfies the hypotheses of Proposition 10.6 (in particular ε = 1),
with Φ♯ ≥ 0, as the comparison above predicts (maxcorr J2.py runs both tests on every candidate
outside TRIV, CERT and F); all candidates in F♯ and CERT′ have ε = 1 and exactly one dangerous
sign.

Corollary 10.8 (computer-assisted). Let g be as in Theorem B with |J | ≤ 2 and m ≤ 8. Then
sg > trivg if and only if Theorem D(c) holds with some k ≤ 3. If m ≤ 7, then k ≤ 2 suffices; for
m = 8 it does not (Proposition 10.9).

Proof. If σh ≥ 0 on {−1, 1}J , then sg = trivg by Theorem C(i). Otherwise σh(w) < 0 for some w.
If |J | ≤ 1, or |J | = 2 and ĝ({1}) ̸= ĝ({2}), then w is constant on classes and Theorem C(iii) holds
with k = 0. Let |J | = 2 be one class. For m ≤ 4 the proof of Theorem C(v) gives a certificate with
k ≤ 1. For 5 ≤ m ≤ 8, |U | = r = m − 2 ∈ {3, 4, 5, 6} and h is a candidate; replacing g by −g if
necessary (this replaces h, σ and πν by −h, −σ and π−ν , hence λν , qν by λ−ν , q−ν and b by −b,
and leaves σh, ε, the set of values σΓν(F ) and the hypotheses of Theorem F and Propositions 10.4
and 10.6 unchanged) we may take µ < 0. By Proposition 10.7, h is in CERT, which is a certificate
with k ≤ 2, in CERT′, which is a certificate with k ≤ 3 and occurs only for m = 8, or in F, F+ or
F♯, in which case sg = trivg and, by Theorem D, there is no certificate at all.

For m = 9 the same methods leave 34 candidates open; see §11.

Examples. The two F+ candidates for m = 6 are h = (−5
8 ,

1
8 ,

1
8 ,−

1
8) and its image (−1

8 ,
1
8 ,

1
8 ,−

5
8)

under w 7→ −w. For the first, mintΦ(t, t) = − 1
1344 , attained at t = − 8

21 , so Theorem F does not
apply; coordinate ascent over single decoders with k ≤ 6 (j2 ascent.py) finds no value of Γ
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above − 1
56 , the value of the dictator decoder. In Proposition 10.4(i), σ = −1, b = −1

4 , ε = 1,
λ+ = − 5

16 and λ− = 17
80 , so ν∗ = +1, a = 5

16 , λ
′ = 17

80 , a2 = a3, M ′ = aλ′ = 17
256 , q =

3
7 , β = 1

3 , and
M ′−aq
1−q < 0. Already A =M ′ works: 256Φ+(p) = 32−172p+252p2 on [0, 37 ] (negative discriminant),

16Φ+(p) = 2−13p+21p2 on [37 ,
4
7 ] (roots

2
7 and 1

3), and 64Φ+(p) = −4−19p+63p2 on [47 , 1], which
is increasing there and equals 40

7 at p = 4
7 . The minimum of Φ+ is 167

16128 , at p =
43
126 ; at the dictator

value p = 3
7 it is 1

56 . The most delicate of the ten F+ candidates for m = 7 is h = (−3
4 ,

1
8 ,

1
8 ,−

1
8),

with its mirror image, where the freedom in A is needed. Here σ = −1, b = − 9
32 , ε = 1, λ+ = − 67

176 ,

λ− = 11
48 , q = 11

27 , β = 5
11 , M

′ = 67
768 and M ′−aq

1−q = − 469
4096 , so A = a3 = ( 67

176)
3 is admissible. The

minimum of Φ+ is 32815487183
30334366605312 ≈ 1.08 ·10−3 on [0, 1127 ],

1
216 on [1127 ,

16
27 ] (at the dictator value p =

11
27)

and 13
108 on [1627 , 1]. With A = M ′ the minimum on [0, 1127 ] would be − 2161

43079040 < 0, and Theorem F
gives minΦ ≈ −0.0137. All these numbers are checked exactly in fplus check.py.

Eight variables. For r = 6, Theorem F and Proposition 10.4 leave 22 candidates, forming 11
pairs {h, h(− ·)}. For each of them ε = 1, exactly one sign is dangerous, and Φ+ is negative only
on [0, q] (only on [1 − q, 1] for the mirror images). Proposition 10.6 settles 9 of the pairs. The
tightest is h = (−23

32 ,
1
8 ,

1
8 ,−

3
32): here σ = −1, b = −17

64 , λ+ = −23
65 , λ− = 163

747 , so ν∗ = +1,
a = 23

65 , q = 9
22 ,

q
1−q = 9

13 , and θ = 3589
16625 is the term ℓ = 3 (the term ℓ = 1 is 1

5). With

σh(2p− 1, 2p− 1) = 3
32 − 7

16p+
17
16p

2, on [0, 9
22 ]

Φ♯(p) = 3
32 − 4483837

8645000 p+
6981458
9725625 p

2,

with minimum 120965046879
1931350541120000 ≈ 6.3 · 10−5 at p = 40354533

111703328 ; on [q, 1− q] the minimum is 3
1760 , the

dictator value at p = q, and on [1−q, 1] it is larger (fsharp check.py, which also lists the minima of
Φ♯ for all 18 candidates). The other two pairs are not trivial. For h = (− 5

32 ,
1
16 ,

1
16 ,−

1
32) the decoder

with k = 2, ν = (+,+) and F (++,+−,−+,−−) = (− 554
1215 ,−1, 1,−1) has Γν(F ) =

67561
411505920 > 0,

although no {−1, 1}-valued decoder with k ≤ 2 is a certificate. For h = (− 9
32 ,

1
8 ,

1
8 ,−

3
32) every

decoder with k ≤ 2 has Γ < 0, and a certificate needs k = 3:

Proposition 10.9 (computer-assisted, exact). Let v = (1, . . . , 1) ∈ {−1, 1}6, let u(1), . . . , u(31) be
the points of {−1, 1}6 with first coordinate 1 other than v, in lexicographic order with 1 before −1,
and put Qn = {±u(1), . . . ,±u(n)}. Define g3 : {−1, 1}2 × {−1, 1}6 → {−1, 1} by g3(w, u) = 1 iff
u ∈ Aw, where

A++ = {v} ∪Q11, A+− = A−+ = Q18, A−− = {−v} ∪Q14.

Then g3 depends on all 8 coordinates, Eg3 = − 1
32 , ĝ3({1}) = ĝ3({2}) = − 3

64 , ĝ3({j}) = 0 for j ≥ 3,
and h = (− 9

32 ,
1
8 ,

1
8 ,−

3
32). Every decoder with k ≤ 2 has Γν(F ) ≤ − 181991

5205698560 < 0, with equality
for k = 2, ν = (+,+), F = (25175290 ,−1, 1,−1) and its label swap, while the decoder with k = 3,
ν = (+,+,+) and

F (z) =


− 41937

121670 , z = (+,+,+),

1, z3 = +1, (z1, z2) ̸= (+,+),

−1, z3 = −1

has Γν(F ) = 4317675409
14846652293120 > 0. Hence trivg3 = 33

64 < sg3 ≤ sUg3, and Theorem D(c) holds for g3
with k = 3 but not with k ≤ 2.

Proof. m8 check.py, in exact rational arithmetic: it builds g3, checks the Fourier coefficients and
the dependence on every coordinate, computes h and the laws π± from g3, and evaluates Γ for
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the decoder above. For k ≤ 2, Γν(F ) is a quadratic in the 2k values of F . If its maximum over

[−1, 1]2
k
is attained at a point x in the relative interior of a face, then x is a critical point of the

restriction to that face; if the Hessian of the restriction is singular, the quadratic is constant on a
line through x inside the face, so the maximum is also attained on a smaller face. So the maximum
is the largest value at the critical points of the faces with nonsingular restricted Hessian, which are
rational and are found by enumerating the 32

k
faces (j2 k2 exact.py); for each ν with k ≤ 2 the

maximum is negative. As σ = −1, Γ > 0 is a certificate, so sg3 > trivg3 by Theorem C(iii); for one
class, class-wise decoders are single decoders.

The two certificates have the same shape. With c = +1, the less likely value of w1 under π+,
P = 1+F

2 equals the dictator 1[zk = c] except on the event that all labels equal c, where it is smaller.
This moves p below q, towards the minimum of σh(2p− 1, 2p− 1), which lies at p = 7

20 for g3 and
at p = 3

10 for h = (− 5
32 ,

1
16 ,

1
16 ,−

1
32), while the dictator itself is not a certificate. Proposition 10.6

is exact for the dictator (at p = q), and both certificates have p < q.

Remark 10.10 (the bracket of Proposition 10.6 is optimal for the inequalities used). Suppose

r < 1, let ℓ be an odd index with θ = rℓ−aℓ

1+rℓ
, and let 0 < p ≤ q. Let R∗ be the set of rows of sign ν∗,

consider decoders with PS = 0 for every S ̸⊆ R∗, and let Wi =
∑

S⊆R∗,|S|=i ∥PS∥2. For them the

proof of Proposition 10.6 uses only Wi ≥ 0,
∑

iWi ≤ p(1− p) and
∑

i(−r)iWi ≥ −p2 (the variant
with (1− p)2 is weaker, as p ≤ 1

2), and bounds
∑

i(−1)i+1aiWi = −
∑

S ̸=∅ λS∥PS∥2 by the bracket

a
(
θp(1− p) + 1−θ

r p2
)
. This is the maximum under these constraints:

W1 =
p2 + rℓ+1p(1− p)

r(1 + rℓ)
, Wℓ+1 =

r p(1− p)− p2

r(1 + rℓ)
, Wi = 0 otherwise

satisfies them (Wℓ+1 ≥ 0 because p
1−p ≤ r), with equality in the last two, and aW1 − aℓ+1Wℓ+1 =

a
1+rℓ

(
(rℓ − aℓ)p(1− p) + 1+aℓ

r p2
)
, which is the bracket since 1−θ

r = 1+aℓ

r(1+rℓ)
. For ℓ = 1 these are, at

p = q2 and at p = q(1−q), the level weights (W1,W2) = (2q3(1−q), q2(1−q)2) of P = 1[z1 = z2 = c]
and (W1,W2) = (q(1− q)(1− 2q+2q2), q2(1− q)2) of P = 1[z1 = c̄, z2 = c], with both rows of sign
ν∗, c the less likely value and c̄ = −c (two of the equality cases of Theorem L). So if θ is attained
at ℓ = 1, then the bound σΓν(F ) ≥ Φ♯(p) of Proposition 10.6 holds with equality for these two
decoders, at p = q2 and p = q(1− q), and for the dictator decoder, at p = q.

Theorem F and the boundary functions. Among the 288 functions of §11 only the 48 in the
orbits of the representatives called rep3 and rep8 below have ĥ({1, 2, 3}) = 0 (class flips.py).
For both representatives there is a class-constant y with Φ(y) < −0.058 (exact, thmF boundary.py).
The minimum of Φ over class-constant points is invariant under the symmetries of Lemma 11.2
(h 7→ −h exchanges π+ and π−, and h 7→ h(− ·) replaces Φ(y) by Φ(−y)). So Theorem F settles none
of the 288 (the orbits rep3 and rep8 are settled in §11 by a re-coupling argument, Proposition 11.5).
This is expected: the dictator decoder has Γ = 0 for all of them, so a bound σΓ ≥ Φ ≥ 0 would
force Φ to vanish at the interior class-constant point y = Eπ+w, together with its derivatives along
class-constant directions.

11 What remains open; numerics

Five variables. By Theorems C and D, a g with sgn(µ)h(w) < 0 for some w has sg > trivg
iff some labelled decoder certificate exists, and by (iv) every g without a known certificate has
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∥h∥2 ≤ |µ|. Theorem E shows that for m = 5 the answer is not always “yes”; the following
proposition and Conjecture 11.14 describe what is left.

Proposition 11.1 (computer-assisted). Let m = 5 and let g be as in Theorem B. Then sg >
trivg ⇐⇒ ∃w : sgn(µ)h(w) < 0, except possibly when |J | = 3 and h is one of the 288 functions
listed in numerics/outputs/hard288.txt (a list closed under h 7→ −h); all of these satisfy ∥h∥22 =
|µ|.

Proof. By Theorem C(i),(iii), g is decided once a TRIV certificate or a labelled certificate exists.
If |J | = 0 then h ≡ µ, so sgn(µ)h ≥ 0 and (i) applies. If |J | = 5 then ∥h∥2 = 1 > |µ| and (iv)
applies. If |J | = 1, every w ∈ {−1, 1}J is class-constant, so the criterion itself is an L0 certificate.
For |J | = 4 there is one u-coordinate, and the claim is the case |U | = 1 of the remark after
Theorem C. As a cross-check: h takes values in {−1, 0, 1}, and it is realisable with ĝ({u}) = 0 and
g depending on u iff the number of zeros of h is even and positive. All 316 such h with µ ̸= 0
and nonzero level one were enumerated exactly (q6 d4r1.py): 5,242,688 admissible h, of which
8192 are TRIV, 4,824,356 have an L0 and 410,140 a LAB1 certificate, and none is undecided. For
|J | = 2 and |J | = 3, q6 hsearch.py enumerates all h with values in {−1 + 2a/2r} that satisfy
necessary conditions for realisability. It uses floating point, but every quantity it computes is a
dyadic rational with denominator dividing 22r+|J | ≤ 28 and modulus at most 2, so every operation
is exact and its tolerance 10−12 only separates 0 from numbers of modulus at least 2−8. For |J | = 2
every such h has a TRIV/L0/LAB1 certificate. For |J | = 3 exactly 348 do not; 60 of these have a
k = 2 certificate (q6 exact k2.py, exact integers), leaving the 288 listed functions.

The boundary case. An exhaustive search over h : {−1, 1}3 → {−1,−1
2 , 0,

1
2 , 1} (the possible h

with m = 5, |J | = 3) finds 348 such h not decided by TRIV/L0/LAB1. Each of them is realised
by some g on 5 variables with J = {1, 2, 3} depending on all coordinates, and each has ∥h∥22 = |µ|
exactly (exact check, q6 realise check.py). Exactly 60 of them are decided by k = 2 decoders
with values in {−1, 1}; allowing the value 0 as well decides no further h (an empirical outcome of
the same computation, not a general fact). For the remaining 288, every class-wise decoder with
k ≤ 2 and values in {−1, 0, 1} gives σΓν(F ) ≥ 0 (exhaustive, exact integers, q6 exact k2.py); since
Γν is not multilinear in the values F (z), this does not cover all [−1, 1]-valued decoders with k ≤ 2
(for the 240 functions outside the orbits settled by Theorem E and Propositions 9.10, 9.11 this is
done, for k ≤ 3, in Proposition 11.4 below). Numerical local optimisation over continuous decoders
with k = 3 and k = 4 from random starts also finds no certificate (the best value found is 0).

Lemma 11.2 (symmetries of the criterion). Whether condition (d) of Theorem D holds for h
is unchanged if the coordinates of J are permuted, if h is replaced by −h, or if h is replaced by
h̃(w) = h(−w).

Proof. Permutations act on the columns of C. Replacing h by −h changes the signs of µ and σ and
exchanges π+ and π−, so σΓν(F ) computed for −h equals σΓ−ν(F ) computed for h. For h̃, σ is
unchanged and π̃b(w) = πb(−w), so a matrix C̃ with rows ∼ π̃νi has the law of −C, and h̃

(
F (C̃·j)

)
j

has the law of h
(
− F (−C·j)

)
j
= h

(
F̃ (C·j)

)
j
with F̃ (z) = −F (−z) (the multilinear extension of h̃

is y 7→ h(−y)).

Under the group generated by these operations the 288 functions form 14 orbits, ten with 24
elements and four with 12 (hard288 orbits.py); in five orbits (the four of size 12, including that
of g0, and one of size 24) all level-one coefficients of h are equal (one class), and the other nine
have two classes. Table 1 lists representatives; the two-class orbits are numbered as in the scripts
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(orbit coord ascent.py, class flips.py), where the numbers 4 and 11–14 are the one-class
orbits.

orbit 2h on + ++,++−, . . . ,−−− size classes ĥ({1, 2, 3}) status
A12 (−2,−2,−2, 1, 0,−1,−1,−1) 12 one 1

8 trivial (g0, Thm. E; Prop. 11.6)
A24 (−2,−2,−1, 1, 0, 0,−1,−1) 24 one 1

8 trivial (g1, Props. 9.10, 11.10)
D12 (−1,−2,−2, 1, 0,−1,−1, 0) 12 one 1

8 trivial (g2, Prop. 9.11)
B12 (−2,−1,−1, 1, 0, 0, 0,−1) 12 one 1

8 trivial (Prop. 11.15)
C12 (−1,−2,−2, 1,−1, 0, 0,−1) 12 one 3

8 trivial (Prop. 11.12)
rep1 (−2,−2,−1, 0,−1, 1, 0,−1) 24 {1}, {2, 3} 1

4 trivial (Prop. 11.8); equiv. to rep9
rep2 (−2,−2,−1, 0, 1,−2,−1,−1) 24 {1, 2}, {3} − 1

8 trivial (Prop. 11.6); implies A12
rep3 (−2,−2,−1, 1, 0,−1,−1, 0) 24 {1, 3}, {2} 0 trivial (Prop. 11.5)
rep5 (−2,−1,−1, 0, 1,−2, 0,−1) 24 {1, 2}, {3} − 1

8 open; implies D12
rep6 (−2,−1, 0,−1, 1,−2,−1, 0) 24 {1, 2}, {3} − 3

8 trivial (Prop. 11.12); implies C12
rep7 (−1,−2,−1, 0, 1,−2,−1, 0) 24 {1, 2}, {3} − 1

8 trivial (Prop. 11.10); implies A24
rep8 (−1,−2,−1, 0, 1,−2, 0,−1) 24 {1, 2}, {3} 0 trivial (Prop. 11.5)
rep9 (−1,−2, 0,−1, 1,−2,−1, 0) 24 {1, 2}, {3} − 1

4 trivial (Prop. 11.8); equiv. to rep1
rep10 (−1,−2, 0, 0, 1,−1,−1, 0) 24 {1, 2}, {3} − 1

8 open; implies B12

Table 1: The 14 orbits of boundary functions for m = 5. “Trivial” means sg = trivg < sUg for every
g with h in the orbit; “implies” and “equivalent” refer to Lemma 11.3 (“rep10 implies B12”: if
rep10 is trivial then so is B12).

A further operation acts on the class-wise criterion (c) of Theorem D. For a class K of h let
hK(w) = h(wK), where wK is w with the coordinates in K negated.

Lemma 11.3 (class flips). (a) If −ĥ({j}) (j ∈ K) differs from every ĥ({j′}) with j′ /∈ K, then hK

has the same classes as h, and condition (c) of Theorem D holds for hK iff it holds for h. (b) In
general, if condition (c) holds for hK then it holds for h; that is, h trivial implies hK trivial.

Proof. The Fourier coefficients of hK are (−1)|S∩K|ĥ(S), so µ and σ are unchanged and the level-
one coefficients in K change sign. Moreover πKb (w) = πb(w

K), so a label matrix CK for hK has the
law of C with the columns in K negated, and the multilinear extension of hK is y 7→ h(yK). Let
F be class-wise for hK and write F (j) for the decoder of the hK-class of j. Define decoders for h
by Gc = F (j) for a class c ̸= K of h and any j ∈ c (well defined, since the classes of h other than
K are contained in classes of hK), and GK(z) = −F (j)(−z) for j ∈ K. Then hK

(
F (j)(CK

·j )
)
j
has

the law of h
(
(−F (j)(−C·j))j∈K , (F

(j)(C·j))j /∈K
)
= h

(
Gc(j)(C·j)

)
j
, so every value of Γν for hK is a

value of Γν for h. This proves (b). Under the hypothesis of (a) the classes coincide and F 7→ G is
a bijection, which gives (a).

By class flips.py, flipping either class of rep1 (rep3) gives a function in the orbit of rep9
(rep8) with the classes kept, and flipping either class of rep2, rep5, rep6, rep7 and rep10 merges
the two classes and gives a function in the orbit of A12, D12, C12, A24 and B12, respectively. This
gives the last column of Table 1. So, up to the equivalences rep1 ⇐⇒ rep9 and rep3 ⇐⇒ rep8, the
240 functions outside the orbits of hg0 , hg1 , hg2 form nine problems: B12, C12, and the two-class
orbits rep1, rep2, rep3, rep5, rep6, rep7, rep10, where a solution of rep10 (rep6) would also settle
B12 (C12). Propositions 11.5, 11.6, 11.8, 11.10 and 11.12 below solve rep3, rep2, rep1, rep7 and
rep6 (and with it C12), and Proposition 11.15 solves B12, which leaves two: rep5 and rep10. In
the merging case the one-class problem for hK is the two-class problem for h restricted to decoders
with GK(z) = −Gc(−z), where c is the other class; so each of rep2, rep5, rep6, rep7 and rep10 is
at least as hard as the one-class orbit it implies.
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Proposition 11.4 (computer-assisted). Let h be one of the 240 boundary functions outside the
orbits of hg0 , hg1 , hg2 (the orbits B12, C12 and the nine two-class orbits of Table 1). Then σΓν(F ) ≥
0 for every k ≤ 3, every ν ∈ {−1, 1}k and every class-wise decoder F with values in [−1, 1]. So
none of these h has a certificate as in Theorem D(c) (or (d)) with at most three label bits.

Proof. The three operations of Lemma 11.2 map classes to classes, and its proof applies verbatim
to class-wise decoders (apply F 7→ F̃ to the decoder of each class); none of them changes k. So
it suffices to treat one function in each orbit. For B12 and C12 we use Lemma 11.3: by its proof,
for a class K of rep10 (rep6) every value of Γν for hK , which lies in the orbit of B12 (C12), is a
value of Γν for rep10 (rep6) with the same k and ν. It therefore suffices to treat the nine two-class
representatives of Table 1. All of them have µ < 0, so we must show Γν(F ) ≤ 0.

Let {i, j} be the pair class and s the singleton class, with decoders Fp and Fs. Since h is
multilinear and only column s uses Fs, Γν is affine in each value Fs(z); for fixed Fp its maximum

over Fs is therefore attained at a vertex of [−1, 1]{−1,1}k . For Fs fixed at a vertex, Γν is a quadratic
polynomial in the 2k values of Fp, as only the columns i and j use Fp. The maximum of a quadratic
polynomial over a cube is attained at a vertex or at a critical point of its restriction to the relative
interior of a face on which its Hessian block is nonsingular: if the maximum over a face is attained
at a relative interior point and the block is singular, the polynomial is affine, hence constant, along
a kernel direction through that point, so the maximum is also attained on the relative boundary of
the face. All these critical points are rational. A permutation τ of the label rows, applied also to
the label bits of both decoders, maps Γν(F ) to Γν◦τ of the permuted decoder, so ν and ν ◦ τ give
the same set of values and we may take ν = (1, . . . , 1,−1, . . . ,−1). For each k ≤ 3, each such ν and
each vertex Fs, the script orbit k2 exact.py (k ≤ 2, Python fractions) and orbit k3 exact.py

(k = 3, python-flint; for each set of free coordinates the Hessian block is inverted once) enumerate
all faces of the cube of values of Fp and solve the linear systems in exact rational arithmetic. In
every case the maximum of Γν is at most 0: it is −1

3 for rep2 with ν = (−1, . . . ,−1) and 0 in all
other cases (outputs orbit k2 exact.txt, orbit k3 exact.txt; the two scripts agree vertex by
vertex for k ≤ 2).

The value 0 is attained for every k ≥ 1, so Proposition 11.4 is sharp: for the dictator decoder

(k = 1, ν1 = −σ, F (z) = z for every class) Γν = Eπ−σh =
µ−σ∥h∥22
1−σµ = 0, since ∥h∥22 = |µ| (decoders

that ignore further label rows extend this to every k ≥ 1). It upgrades the check over decoders
with values in {−1, 0, 1} above to all [−1, 1]-valued decoders, and from k ≤ 2 to k ≤ 3; for k ≥ 4
the exhaustive enumeration is out of reach (216 vertices Fs and 316 faces each).

By Theorem E, Propositions 9.10 and 9.11 and Lemma 11.2, every g as in Theorem B whose
h lies in the orbit of hg0 (12 functions), of hg1 (24 functions) or of hg2 (12 functions) has sg =
trivg < sUg . For g0 itself the dictator decoder (k = 1, ν = +1, F (z) = z) gives exactly Γ+ = 0,
and it is a strict local maximum along the admissible directions (F (z) = z(1 − ϵz), ϵ± ≥ 0;
q6 g0 variation.py); coordinate ascent (exact one-dimensional steps, floating point) for every
k ≤ 6 finds the maximum 0 whenever ν has a + entry (g0 coord ascent.py). Theorem E and
Propositions 9.10 and 9.11 turn such numerical evidence into proofs for three orbits. Two two-class
orbits yield to a different argument: their h has no cubic term, and raising it to 0 off the support
of π+ gives an upper bound h′ that also lacks one of the three pair terms; so E[h′(Y )] depends on
the rows only through two of their three pair marginals, and the rows may be re-coupled without
changing these.

Proposition 11.5. Let g be as in Theorem B with h in the orbit of rep3 or of rep8 (Table 1; 48
functions). Then sLg = sg = trivg < sUg .
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Proof. For these h, |µ| = 3
8 and σh takes the value −1

2 , where σ = sgnµ, so sUg > trivg by
Theorem C(ii). By Lemma 11.2, whose proof applies verbatim to class-wise decoders, and by
Lemma 11.3(a) (the level-one coefficients of rep3 are −1

8 ,−
1
4 ,−

1
8 , so flipping the class {2} keeps the

classes, and the flipped function is rep8 after a permutation of the coordinates: hrep8(w1, w2, w3) =
hrep3(w2,−w3, w1)), it suffices to show that condition (c) of Theorem D fails for the representative
h of rep3, that is, Γν(F ) ≤ 0 for all k, ν and class-wise F . Then sg = trivg by Theorem D, and
trivg ≤ sLg ≤ sg.

In the order +++,++−, . . . ,−−−, π+ = 1
10(0, 0, 1, 3, 2, 1, 1, 2) and π− = 1

22(4, 4, 3, 1, 2, 3, 3, 2).
Write X,V, Z for the columns 1, 2, 3 of C, F for the decoder of the class {1, 3} and F ′ for that of
{2}, and Y = (F (X), F ′(V ), F (Z)), so that Γν(F ) = E[h(Y )]. Let h′ be h raised to 0 at +++ and
+ +−, the two vertices outside the support of π+. Then h′ − h is multilinear and nonnegative at
the vertices, hence on [−1, 1]3, so Γν(F ) ≤ E[h′(Y )], and

2h′(y) = −1
4 + 1

4(y1 − y3)− 1
4y1y3 +

1
2y2y3.

The columns X and Z have the same law, since πb(w1 = 1) = πb(w3 = 1) for both b, so EF (X) =
EF (Z) and

8E[h′(Y )] = −1− E[F (X)F (Z)] + 2E[F ′(V )F (Z)]. (20)

The right side depends on the law of C only through the laws of (X,Z) and (V,Z), that is, through
the marginals of the row laws πνi on the coordinates {1, 3} and {2, 3}. Put

π̃b(w) = πb(w) + cbw1w2, c+ = 1
10 , c− = − 1

22 ;

explicitly π̃+ = 1
10(1, 1, 0, 2, 1, 0, 2, 3) and π̃− = 1

22(3, 3, 4, 2, 3, 4, 2, 1), which are probability distri-
butions. Summing w1w2 over w2 for fixed (w1, w3), or over w1 for fixed (w2, w3), gives 0, so π̃b
has the same marginals as πb on {1, 3} and on {2, 3}. Moreover Eπ̃b

[w1w2] = Eπb
[w1w2] + 8cb =

Eπb
[w2w3] (the values are −2

5 + 4
5 = 2

5 for b = +1 and 2
11 − 4

11 = − 2
11 for b = −1), and w1

and w3 have the same law, so under π̃b the pair (w2, w1) has the same law as (w2, w3). Let
C̃ have independent rows, row i ∼ π̃νi , and columns X̃, Ṽ , Z̃. As the rows are independent,
(X̃, Z̃) and (Ṽ , Z̃) have the laws of (X,Z) and (V,Z) (the law of a pair of ±1-valued variables
is determined by their means and the mean of their product), so the right side of (20) is un-
changed when (X,V, Z) is replaced by (X̃, Ṽ , Z̃); moreover (Ṽ , X̃) has the same law as (Ṽ , Z̃), so
E[F ′(Ṽ )F (Z̃)] = 1

2E[F
′(Ṽ )(F (X̃) + F (Z̃))]. Hence

8E[h′(Y )] = −E
[
ϕ
(
F (X̃), F (Z̃), F ′(Ṽ )

)]
,

ϕ(a, b, t) = 1 + ab− t(a+ b) = 1+t
2 (1− a)(1− b) + 1−t

2 (1 + a)(1 + b),

and ϕ ≥ 0 on [−1, 1]3. So Γν(F ) ≤ E[h′(Y )] ≤ 0.

In terms of P = 1+F
2 and P ′ = 1+F ′

2 the proof gives Γν(F ) ≤ −1
2E

[
P ′(Ṽ )(1−P (X̃))(1−P (Z̃))+

(1−P ′(Ṽ ))P (X̃)P (Z̃)
]
. This certificate is not of the level-weight type of Theorem E: it writes the

(quadratic) integrand as a sum of two nonnegative cubic terms in the decoder values, evaluated
under the joint law of three columns of C̃, whose within-row coupling π̃b differs from πb. For the
dictator decoder on a row with νr = +1 (with P ′(z) = 1{zr = 1}) both terms vanish, because
π̃+(+−+) = π̃+(−+−) = 0. With three columns the same device settles no other two-class orbit:
for each of the other seven two-class orbits, no cubic-free h′ ≥ h that agrees with h on the support
of π+ becomes pointwise nonpositive after symmetrising the pair class by a re-coupling that keeps
the pair marginals entering h′. For each choice of the set of pair coefficients of h′ that vanish, the
conditions on h′ form a linear system in at most three unknowns, and the re-coupled row laws
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form an explicit interval family; both are decided exactly (coupling search.py). For rep5 and
rep7 suitable h′ exist, but the required re-coupled row law of sign +1 does not (for the one-class
orbits B12, C12 no admissible h′ works, see the paragraph after Conjecture 11.14; for the one-class
orbit A24 the device works, see the paragraph “One-class designs” after Proposition 11.12). The
script rep3 coupling.py checks every number in the proof in exact arithmetic, and tests the chain
Γν(F ) ≤ E[h′(Y )] = −1

8E[ϕ] ≤ 0 exactly on 1360 random decoders with k ≤ 3.
With more columns the device does settle a further orbit. Instead of re-coupling the three

columns of C, one builds a matrix with four columns, three of which carry the decoder of the pair
class and one that of the singleton class, and whose pairs of columns realise the pair laws that enter
h′.

Proposition 11.6. Let g be as in Theorem B with h in the orbit of rep2 (Table 1; 24 functions).
Then sLg = sg = trivg < sUg .

Proof. For these h, |µ| = 1
2 and σh takes the value −1

2 , where σ = sgnµ, so sUg > trivg by
Theorem C(ii). By Lemma 11.2 (whose proof applies verbatim to class-wise decoders) it suffices to
show that Γν(F ) ≤ 0 for the representative h of rep2, for all k, ν and class-wise F ; then sg = trivg
by Theorem D, and trivg ≤ sLg ≤ sg.

In the order + + +,++−, . . . ,−−− of the vertices,

2h = (−2,−2,−1, 0, 1,−2,−1,−1), π+ = 1
8(0, 0, 1, 2, 3, 0, 1, 1), π− = 1

24(4, 4, 3, 2, 1, 4, 3, 3).

The level-one coefficients are −1
8 ,−

1
8 ,

1
8 , so the classes are {1, 2} and {3}. Write X1, X2, X3 for the

columns of C, F for the decoder of {1, 2}, F ′ for that of {3}, and Y = (F (X1), F (X2), F
′(X3)).

Let h′ be h raised by 1
2 at + + + and + + − and by 1 at − + −, the three vertices outside the

support of π+ (so h′ takes the values −1
2 ,−

1
2 , 0 there). Then h′ − h is multilinear and nonnegative

at the vertices, hence on [−1, 1]3, so Γν(F ) ≤ E[h′(Y )], and

8h′(y) = −2− (y1 − y2)− 2y1y2 − (y1 − y2) y3.

Since πb(w1 = 1) = πb(w2 = 1) for both b, the columns X1 and X2 have the same law, so
EF (X1) = EF (X2) and

8E[h′(Y )] = −2− 2E[F (X1)F (X2)]− E[F (X1)F
′(X3)] + E[F (X2)F

′(X3)]. (21)

The right side depends on the law of C only through the laws of the three pairs of columns.
Under π+ the pairs (w1, w2), (w1, w3), (w2, w3) take the values ++,+−,−+,−− with probabilities
(0, 38 ,

3
8 ,

1
4), (

1
8 ,

1
4 ,

1
2 ,

1
8) and (38 , 0,

1
4 ,

3
8). Let ρ+ be the law on {−1, 1}4 with

ρ+(−−++) = ρ+(−+−+) = ρ+(+−−−) = 1
4 , ρ+(−−+−) = ρ+(+ +−+) = 1

8 ,

and let ρ− = 1
12(1 − 4ρ+), which is 0 at the three points of ρ+-mass 1

4 ,
1
24 at the two points of

mass 1
8 and 1

12 at the other eleven points of {−1, 1}4; both are probability distributions. Counting
atoms, under ρ+ the pairs (u1, u3) and (u2, u3) have the law of (w1, w2) under π+, the pair (u1, u4)
that of (w1, w3) and the pair (u2, u4) that of (w2, w3). The same holds for ρ− and π−: since
(1 + µ)π+ + (1 − µ)π− = 1

4 on {−1, 1}3 and (1 + µ)ρ+ + (1 − µ)ρ− = 1
8 on {−1, 1}4, every pair

marginal L± of π±, and of ρ±, satisfies (1+µ)L+(x, y) + (1−µ)L−(x, y) =
1
2 , so L− is determined

by L+. Let U have independent rows, row i ∼ ρνi , and columns A,B,D,E. Then (A,D) and
(B,D) have the law of (X1, X2), (A,E) has the law of (X1, X3) and (B,E) that of (X2, X3). By
(21),

8E[h′(Y )] = −2− E
[
F (D)

(
F (A) + F (B)

)]
− E

[
F ′(E)

(
F (A)− F (B)

)]
= −E

[
ψ
(
F (A), F (B), F (D), F ′(E)

)]
,
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where

ψ(a, b, d, e) = 2 + d(a+ b) + e(a− b)

= 1
2

[
(1 + a)(1 + b)(1 + d) + (1− a)(1− b)(1− d)

]
+ 1

2

[
(1 + a)(1− b)(1 + e) + (1− a)(1 + b)(1− e)

]
≥ 0

on [−1, 1]4. So Γν(F ) ≤ E[h′(Y )] ≤ 0.

Remark 11.7. (a) In terms of P = 1+F
2 and P ′ = 1+F ′

2 the proof gives

Γν(F ) ≤ −1
2E

[
P (A)P (B)P (D) + (1− P (A))(1− P (B))(1− P (D))

+ P (A)(1− P (B))P ′(E) + (1− P (A))P (B)(1− P ′(E))
]
.

For the dictator decoder on a row with νr = +1 all four terms vanish, because no atom of ρ+ has
u1 = u2 = u3 or (u1, u2, u4) = ±(+,−,+). Pair laws alone cannot do this with three columns: the
three-column version of the device fails for rep2 (coupling search.py).

(b) Flipping the class {3} of rep2 merges the classes and gives a function in the orbit of hg0 : for
the representative, h(w1, w2,−w3) = hg0(w2, w1, w3) at all eight vertices. So by Lemma 11.3(b) and
Lemma 11.2, Proposition 11.6 implies Proposition 9.1 and hence Theorem E. This second proof of
Theorem E uses neither Theorem K nor any computation; Proposition 11.10 below does the same
for g1.

(c) The script rep2 coupling.py checks every number in the proof in exact arithmetic (includ-
ing the flip to the orbit of hg0), and tests the chain Γν(F ) ≤ E[h′(Y )] = −1

8E[ψ] ≤ 0 exactly on
1360 random decoders with k ≤ 3.

If h′ keeps a cubic term, the law of C enters through the full row laws. The device still applies
if three of the new columns carry an exact copy of the rows, and the other pairs of columns realise
pair laws as before. This settles two more orbits.

Proposition 11.8. Let g be as in Theorem B with h in the orbit of rep1 or of rep9 (Table 1; 48
functions). Then sLg = sg = trivg < sUg .

Proof. For these h, |µ| = 3
8 and σh takes the value −1

2 , where σ = sgnµ, so sUg > trivg by
Theorem C(ii). By Lemma 11.2 (whose proof applies verbatim to class-wise decoders) and by
Lemma 11.3(a) (the level-one coefficients of rep1 are −1

4 ,−
1
8 ,−

1
8 , so flipping the class {1} keeps the

classes, and the flipped function is rep9 after a permutation of the coordinates: hrep9(w1, w2, w3) =
hrep1(−w3, w2, w1)), it suffices to show that Γν(F ) ≤ 0 for the representative h of rep1, for all k, ν
and class-wise F ; then sg = trivg by Theorem D, and trivg ≤ sLg ≤ sg.

In the order + + +,++−, . . . ,−−− of the vertices,

2h = (−2,−2,−1, 0,−1, 1, 0,−1), π+ = 1
10(0, 0, 1, 2, 1, 3, 2, 1), π− = 1

22(4, 4, 3, 2, 3, 1, 2, 3).

The level-one coefficients are −1
4 ,−

1
8 ,−

1
8 , so the classes are {1} and {2, 3}. Write V,X,Z for the

columns 1, 2, 3 of C, F ′ for the decoder of {1}, F for that of {2, 3}, and Y = (F ′(V ), F (X), F (Z)).
Let h′ be h raised by 1 at ++−, one of the two vertices outside the support of π+, and equal to h
elsewhere. Then Γν(F ) ≤ E[h′(Y )] as before, and

8h′(y) = −2− y1 − 2y3 − y1y2 − y1y3 − 2y2y3 + y1y2y3.
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Since πb(w2 = 1) = πb(w3 = 1) for both b, EF (X) = EF (Z) and

8E[h′(Y )] = − 2− EF ′(V )− 2EF (X)− E[F ′(V )F (X)]

− E[F ′(V )F (Z)]− 2E[F (X)F (Z)] + E[F ′(V )F (X)F (Z)].
(22)

Under π+ the pairs (w2, w3) and (w3, w1) take the values ++,+−,−+,−− with probabilities
( 1
10 ,

3
10 ,

3
10 ,

3
10) and ( 1

10 ,
3
10 ,

1
5 ,

2
5). Let ρ+ be the law on {−1, 1}4, with coordinates (x, z, z′, v), given

by

ρ+(+−−−) = 1
5 , ρ+(+ +−−) = ρ+(+−+−) = ρ+(−++−) = ρ+(−+−+) = 1

10 ,

ρ+(−+−−) = ρ+(−−++) = ρ+(−−+−) = ρ+(−−−+) = 1
10 ,

and let ρ− = 1
11(1 − 5ρ+), which is 0 at + − −−, 1

22 at the eight points of ρ+-mass 1
10 and 1

11
at the other seven points of {−1, 1}4. Counting atoms, under ρ+ the triple (x, z, v) has the law
of (w2, w3, w1) under π+, the pairs (x, z′) and (z, z′) have the law of (w2, w3), and (z′, v) has that
of (w3, w1). The same holds for ρ− and π−: since (1 + µ)π+ + (1 − µ)π− = 1

4 on {−1, 1}3 and
(1+µ)ρ+ + (1−µ)ρ− = 1

8 on {−1, 1}4, every marginal L± of π± or of ρ± on t ∈ {2, 3} coordinates
satisfies (1 + µ)L+ + (1 − µ)L− = 21−t, so L− is determined by L+. Let U have independent
rows, row i ∼ ρνi , and columns X̂, Ẑ, Ẑ ′, V̂ . Then (X̂, Ẑ, V̂ ) has the law of (X,Z, V ), (X̂, Ẑ ′)
and (Ẑ, Ẑ ′) have the law of (X,Z), and (Ẑ ′, V̂ ) has the law of (Z, V ). So EF ′(V ) = EF ′(V̂ ),
EF (X) = EF (X̂) = EF (Ẑ ′), 2E[F (X)F (Z)] = E[F (X̂)F (Ẑ ′)] + E[F (Ẑ)F (Ẑ ′)], E[F ′(V )F (X)] =
E[F ′(V̂ )F (X̂)], E[F ′(V )F (Z)] = E[F ′(V̂ )F (Ẑ ′)] and E[F ′(V )F (X)F (Z)] = E[F ′(V̂ )F (X̂)F (Ẑ)],
and (22) becomes E[h′(Y )] = E

[
R
(
F (X̂), F (Ẑ), F (Ẑ ′), F ′(V̂ )

)]
with

8R(x, z, z′, v) = −2− x− z′ − v − xv − xz′ − zz′ − z′v + xzv.

Finally

− 8R = (1 + x)(1 + z′)(1 + v) + 1
4

[
(1 + x)(1 + z)(1 + z′)(1− v) + (1 + x)(1− z)(1− z′)(1 + v)

+ (1− x)(1 + z)(1 + z′)(1 + v) + (1− x)(1− z)(1− z′)(1− v)
]
,

which is nonnegative on [−1, 1]4. So Γν(F ) ≤ E[h′(Y )] ≤ 0.

Remark 11.9. (a) In terms of P = 1+F
2 and P ′ = 1+F ′

2 , and writing PX = P (X̂) and so on, the
proof gives

Γν(F ) ≤ −E[PXPZ′P ′
V ]− 1

2E
[
PXPZPZ′(1− P ′

V ) + PX(1− PZ)(1− PZ′)P ′
V

+ (1− PX)PZPZ′P ′
V + (1− PX)(1− PZ)(1− PZ′)(1− P ′

V )
]
.

The polynomial R vanishes at every atom of ρ+, as it must, since the dictator decoder on a
row with νr = +1 has Γν = 0. (b) The script rep1 coupling.py checks every number in the
proof in exact arithmetic (including the two class flips to the orbit of rep9), and tests the chain
Γν(F ) ≤ E[h′(Y )] = E[R] ≤ 0 exactly on 1360 random decoders with k ≤ 3.

With two columns for the singleton class as well, the same idea settles rep7, and here no
majorant h′ is needed.

Proposition 11.10. Let g be as in Theorem B with h in the orbit of rep7 (Table 1; 24 functions).
Then sLg = sg = trivg < sUg .
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Proof. For these h, |µ| = 3
8 and σh takes the value −1

2 , where σ = sgnµ, so sUg > trivg by
Theorem C(ii). By Lemma 11.2 (whose proof applies verbatim to class-wise decoders) it suffices to
show that Γν(F ) ≤ 0 for the representative h of rep7, for all k, ν and class-wise F ; then sg = trivg
by Theorem D, and trivg ≤ sLg ≤ sg.

In the order + + +,++−, . . . ,−−− of the vertices,

2h = (−1,−2,−1, 0, 1,−2,−1, 0), π+ = 1
10(1, 0, 1, 2, 3, 0, 1, 2), π− = 1

22(3, 4, 3, 2, 1, 4, 3, 2),

8h(y) = −3− y1 − y2 + y3 − y1y2 − y1y3 + 3y2y3 − y1y2y3,

so the classes are {1, 2} and {3}. Write X1, X2, X3 for the columns of C, F for the decoder of {1, 2}
and F ′ for that of {3}. Since X1 and X2 have the same law,

8 Γν(F ) = − 3− 2EF (X1) + EF ′(X3)− E[F (X1)F (X2)]− E[F (X1)F
′(X3)]

+ 3E[F (X2)F
′(X3)]− E[F (X1)F (X2)F

′(X3)].
(23)

Under π+ the pairs (w1, w2), (w1, w3), (w2, w3) take the values ++,+−,−+,−− with probabilities
( 1
10 ,

3
10 ,

3
10 ,

3
10), (

1
5 ,

1
5 ,

2
5 ,

1
5) and (25 , 0,

1
5 ,

2
5), and under π− with probabilities 1

22(7, 5, 5, 5),
1
22(6, 6, 4, 6)

and 1
22(4, 8, 6, 4). Let ρ+ and ρ− be the laws on {−1, 1}5, with coordinates (a, b, c, d, e), given by

ρ+ = 1
5

(
δ++−++ + δ−−+−− + δ−−−+−

)
+ 1

10

(
δ+−+−+ + δ+−−−+ + δ−++++ + δ−+−++

)
,

ρ− = 2
11

(
δ+++−− + δ++−+−

)
+ 3

22

(
δ−++−+ + δ−−−−+

)
+ 1

11

(
δ+−+++ + δ−−++− + δ−−−+−

)
+ 1

22

(
δ++−−+ + δ+−+−+

)
,

where δu is the unit mass at u. Counting atoms, under ρb the triple (a, c, e) has the law of
(w2, w1, w3) under πb, the pair (b, c) has the law of (w1, w2), the pair (a, d) that of (w1, w3), and
the pairs (b, d) and (b, e) that of (w2, w3). Let U have independent rows, row i ∼ ρνi , and columns
A1, A2, A3, B1, B2. Then (A1, A3, B2) has the law of (X2, X1, X3), (A2, A3) that of (X1, X2),
(A1, B1) that of (X1, X3), and (A2, B1) and (A2, B2) that of (X2, X3); also (A1, B2), a pair in-
side the triple, has the law of (X2, X3), and A1, A2 have the law of X1. Matching the terms of (23)
accordingly,

Γν(F ) = E
[
R
(
F (A1), F (A2), F (A3), F

′(B1), F
′(B2)

)]
,

8R(a, b, c, d, e) = −3− a− b+ e− bc− ad+ ae+ bd+ be− ace.

As R is multilinear, it suffices to show R ≤ 0 at the vertices. For fixed (a, b, c) the minimum of
−8R = 3+a+b+bc+d(a−b)+e(ac−1−a−b) over d, e ∈ {−1, 1} is 3+a+b+bc−|a−b|−|ac−1−a−b|,
which equals 2 + 2c if a = b = 1 and 0 at the six other vertices (a, b, c). So R ≤ 0 on [−1, 1]5 and
Γν(F ) ≤ 0.

Remark 11.11. (a) The identity Γν(F ) = E[R] is exact: every coefficient of h is carried by the
columns of U , and the cubic one by the copy (A1, A3, B2) of the rows. The polynomial R vanishes
at every atom of ρ+ (dictator decoder). (b) Flipping the class {3} of rep7 merges the classes and
gives a function in the orbit of hg1 : for the representative, h(w1, w2,−w3) = hg1(w2, w3, w1). So by
Lemmas 11.3(b) and 11.2, Proposition 11.10 implies the inequality Γν ≤ 0 for g1 in Proposition 9.10,
which gives a second proof of that proposition without Theorem K. (c) The laws ρ± are vertices of
the linear programmes defined by the marginal conditions (their supports, of sizes 7 and 9, index
linearly independent columns of the constraint matrix). For b = +1 every admissible law has an
atom of mass at least 1

5 , so (1 + µ)ρ+ ≤ 21−N = 2−4 fails, and the complementary construction
ρ− = (21−N − (1 + µ)ρ+)/(1− µ) used for rep2 and rep1 (with N = 4) is not available. The script
rep7 coupling.py checks every number in the proof in exact arithmetic (including the flip to the
orbit of hg1), and tests Γν(F ) = E[R] ≤ 0 exactly on 1360 random decoders with k ≤ 3.
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With six columns that carry four copies of the rows, all sharing the singleton column, the device
settles rep6, and with it the one-class orbit C12.

Proposition 11.12. Let g be as in Theorem B with h in the orbit of rep6 or of C12 (Table 1; 36
functions). Then sLg = sg = trivg < sUg .

Proof. For these h, |µ| = 3
8 and σh takes the value −1

2 , where σ = sgnµ, so sUg > trivg by Theo-
rem C(ii). For the representative h of rep6 (below), flipping the class {3} gives h(w1, w2,−w3) =
hC(w2, w1, w3) at all eight vertices, where hC is the representative of C12 in Table 1. By Lem-
mas 11.2 (whose proof applies verbatim to class-wise decoders) and 11.3(b) it therefore suffices to
show that Γν(F ) ≤ 0 for the representative h of rep6, for all k, ν and class-wise F ; then sg = trivg
by Theorem D, and trivg ≤ sLg ≤ sg.

In the order + + +,++−, . . . ,−−− of the vertices,

2h = (−2,−1, 0,−1, 1,−2,−1, 0), π+ = 1
10(0, 1, 2, 1, 3, 0, 1, 2), π− = 1

22(4, 3, 2, 3, 1, 4, 3, 2),

8h(y) = −3− y1 − y2 + y3 − y1y2 − y1y3 + y2y3 − 3y1y2y3,

so the classes are {1, 2} and {3}. Write X1, X2, X3 for the columns of C, F for the decoder of
{1, 2}, F ′ for that of {3}, and Y = (F (X1), F (X2), F

′(X3)). Let h
′ be h raised by 1

2 at + ++ and
−+−, the two vertices outside the support of π+. Then 8(h′ − h)(y) = (1 + y2)(1 + y1y3) ≥ 0 on
[−1, 1]3, so Γν(F ) ≤ E[h′(Y )], and

8h′(y) = −2− y1 + y3 − y1y2 + y2y3 − 2y1y2y3,

so

8E[h′(Y )] = − 2− EF (X1) + EF ′(X3)− E[F (X1)F (X2)]

+ E[F (X2)F
′(X3)]− 2E[F (X1)F (X2)F

′(X3)].
(24)

Let ρ+ and ρ− be the laws on {−1, 1}6, with coordinates (a1, . . . , a5, e), given by

ρ+ = 1
10

(
δ++++−− + δ++−−−+ + δ+−+−−+ + δ+−−−+− + δ−+−+++

+ δ−+−+−+ + δ−−+−++ + δ−−+−−− + δ−−−+++ + δ−−−−−−
)
,

ρ− = 2
11δ++++++ + 3

22

(
δ++++−− + δ+−+−+− + δ−−−−−+

)
+ 1

11

(
δ+−+−−+ + δ−+−++− + δ−+−+−− + δ−−−−+−

)
+ 1

22δ−+−+++,

where δu is the unit mass at u; so ρ+ is uniform on ten points. Counting atoms, under ρb the triples
(a1, a4, e), (a1, a5, e) and (a3, a4, e) have the law of (w1, w2, w3) under πb, the triple (a2, a3, e) has
the law of (w2, w1, w3), and the pairs (a2, a5) and (a3, a5) have the law of (w1, w2). Let U have
independent rows, row i ∼ ρνi , and columns A1, . . . , A5, B. Then (A1, A4, B), (A1, A5, B) and
(A3, A4, B) have the law of (X1, X2, X3), (A2, A3, B) has that of (X2, X1, X3), and (A2, A5) and
(A3, A5) have that of (X1, X2). Hence, as X1 and X2 have the same law, every At has the law of
X1, the pairs (A2, B) and (A5, B) have the law of (X2, X3), and E[F (At)F (Au)] = E[F (X1)F (X2)]
for the six pairs {t, u} = {1, 4}, {1, 5}, {3, 4}, {2, 3}, {2, 5}, {3, 5}. Writing 2EF (X1) = EF (A2) +
EF (A5), 2E[F (X2)F

′(X3)] = E[F (A2)F
′(B)] + E[F (A5)F

′(B)],

− 2E[F (X1)F (X2)]

= E
[
F (A1)F (A4)+F (A1)F (A5)−F (A2)F (A3)+F (A3)F (A4)−2F (A2)F (A5)−2F (A3)F (A5)

]
,
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and 4E[F (X1)F (X2)F
′(X3)] as the sum of the four terms E[F (At)F (Au)F

′(B)] over the four triples,
(24) becomes E[h′(Y )] = E

[
R
(
F (A1), . . . , F (A5), F

′(B)
)]

with

16R(a, e) = −4− a2 − a5 + 2e+ a1a4 + a1a5 − a2a3 + a3a4 − 2a2a5 − 2a3a5

+ (a2 + a5)e− (a1a4 + a1a5 + a2a3 + a3a4)e.

As R is multilinear, it suffices to show R ≤ 0 at the vertices. At e = 1, 16R = −2−2(a2a3+a2a5+
a3a5) = 1− (a2 + a3 + a5)

2 ≤ 0, since a2 + a3 + a5 is odd. At e = −1,

16R = −2
[
2 + (1 + a2)(1 + a5) + a3(a5 − a4)− a1(a4 + a5)

]
≤ 0,

since one of a5 − a4 and a4 + a5 vanishes and the other has modulus 2. So R ≤ 0 on [−1, 1]6 and
Γν(F ) ≤ E[h′(Y )] ≤ 0.

Remark 11.13. (a) Here h′ keeps a cubic term, which is carried by the four copies of the rows;
they share the column B, and the same pair laws are realised by several pairs of columns. The
polynomial R vanishes at every atom of ρ+ (dictator decoder). Since (1 + µ)ρ+ = 1

16 > 2−5 at the
atoms of ρ+, the complementary construction of ρ− used for rep2 and rep1 does not apply to this
ρ+. A floating-point search finds no design of the type described below with at most five columns
for rep6. (b) For C12 the method of Theorem E cannot work: every majorant without cubic
term that agrees with h on the support of π+ gives a functional that is positive for some decoder
(see the discussion after Conjecture 11.14). Proposition 11.12 reaches C12 through the two-class
problem rep6, which is at least as hard, with a majorant that keeps its cubic term. (c) The script
rep6 coupling.py checks every number in the proof in exact arithmetic (including the coefficient
matching and the flip to the orbit of C12), and tests the chain Γν(F ) ≤ E[h′(Y )] = E[R] ≤ 0
exactly on 1360 random decoders with k ≤ 3.

Coupling designs. The certificates of Propositions 11.5–11.12 are instances of one linear scheme.
Choose N columns, each assigned to the pair class or to the singleton class; assign to some pairs
of columns one of the three pair laws of πb (compatible with the classes), and to some triples (two
pair-class columns and one singleton column whose pairs carry the three different pair laws) the
full row law. A certificate consists of laws ρ± on {−1, 1}N with the assigned marginals, a majorant
h′ ≥ h equal to h on the support of π+, and a multilinear R ≤ 0 on {−1, 1}N whose monomials
are supported on the assigned pairs and triples and whose coefficients, summed over the columns,
pairs and triples carrying the same law, equal those of h′. Then Γν(F ) ≤ E[h′(Y )] = E[R] ≤ 0
as in the proofs above. For a fixed assignment the existence of ρ± and of (h′, R) are two linear
feasibility problems. A floating-point search (coupling designs.py) over all designs with at least
two columns of the pair class and at least one of the singleton class, enumerated up to permutations
of the columns within a class, gives the following. With N ≤ 5 (1279 designs) it finds certificates
for rep2, rep3 and rep8 with pair laws only (N = 3 for rep3 and rep8, N = 4 for rep2), with
copies of the rows also for rep1 and rep9 (N = 4) and for rep7 (N = 5), and none for rep5, rep6
and rep10. With N = 6 (19,875 designs, copies of the rows allowed; run for rep5, rep6 and rep10
only) it finds 20 certificates for rep6, among them the design of Proposition 11.12, and none for
rep5 and rep10. For rep10 no majorant without cubic term exists at all (its cubic coefficient is
−1

8 , and the only vertex outside the support of π+ has w1w2w3 = −1), so pair laws alone cannot
work there. For a fixed number N of columns and a fixed assignment of the columns to the
classes, the search over all assignments of laws to pairs and triples is a single mixed-integer linear
feasibility problem: binary variables select the pair laws and the copies, the marginal conditions
on ρ± are imposed for the selected pairs and triples, and the coefficient of R on a pair or triple
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of columns is bounded in modulus by |µ| if the pair or triple is selected and vanishes otherwise.
The bound |µ| is no restriction: R ≤ 0 on {−1, 1}N gives |R̂(S)| ≤ E|R| = −R̂(∅) = −ĥ′(∅) ≤ −µ
for every S (expectations over the uniform measure on {−1, 1}N ), as h′ ≥ h. A floating-point
solution of these problems (milp designs.py, HiGHS) reproduces the certificates above (rep3 and
rep8 with N = 3; rep1, rep2 and rep9 with N = 4; rep7 with N = 5; rep6 with N = 6; output
milp designs small.txt) and finds none for rep5 and rep10 with N = 6 or N = 7, for every
assignment of the columns to the classes with at least two columns of the pair class and one of the
singleton class (for rep10 only designs with a copy of the rows). These restrictions lose nothing. For
rep10 every admissible h′ has cubic coefficient −1+t

8 ̸= 0, so every certificate carries a copy, on two
columns of the pair class and one of the singleton class. For rep5, with h′ = h+ t11+++ + t21−+−,
8ĥ′({1, 3}) = t1 + t2 − 3 and 8ĥ′({1, 2, 3}) = t1 + t2 − 1 do not both vanish, so both classes need a
column. With a single column a of the pair class there is neither a pair of pair-class columns nor a
copy, so ĥ′({1, 2}) = ĥ′({1, 2, 3}) = 0, which forces t1 = 1, t2 = 0; then R = −1

4+
∑

j βjbj+a
∑

j γjbj

over the singleton-class columns bj , with
∑

j βj = ĥ′({3}) = 1
4 and

∑
j |γj | ≥

1
2 , since the coefficients

of the pairs (a, bj) sum to ĥ′({1, 3}) = −1
4 on the law of (w1, w3) and to ĥ′({2, 3}) = 1

4 on the law
of (w2, w3), which is different. But R ≤ 0 at a = ±1 requires

∑
j |βj ± γj | ≤ 1

4 , hence
∑

j |γj | ≤
1
4 .

One-class designs. For a one-class h every column of a design carries the decoder F and has
the law of X1, so any pair of columns may carry any pair law of πb, and any triple a copy of the
rows, with its columns in any order. This gives short proofs for two of the settled orbits.

(i) A24, the orbit of hg1 : a third proof of the inequality Γν ≤ 0 of Proposition 9.10, using neither
Theorem K (as the proof of Proposition 9.10 does) nor the class flip from rep7 (Remark 11.11(b)).
The representative is hg1 itself (its π± are those of Proposition 9.10); in the order + + +,+ +
−, . . . ,−−− of the vertices,

2h = (−2,−2,−1, 1, 0, 0,−1,−1), π+ = 1
10(0, 0, 1, 3, 2, 2, 1, 1), π− = 1

22(4, 4, 3, 1, 2, 2, 3, 3),

µ = −3
8 , and the three level-one coefficients equal −1

8 (one class). Let h′ be h raised by 1 at ++−,
a vertex outside the support of π+. Then h

′−h = 1++−, whose multilinear extension 1
8(1+y1)(1+

y2)(1 − y3) is nonnegative on [−1, 1]3, so Γν(F ) ≤ E[h′(Y )] with Y = (F (X1), F (X2), F (X3));
4h′(y) = −1− y3 − y1y2 − y1y3, and, as the columns have a common law,

4E[h′(Y )] = −1− EF (X1)− E[F (X1)F (X2)]− E[F (X1)F (X3)].

Put

π̃b(w) = πb(w) + cb(1− w1)w2w3, c+ = − 1
20 , c− = 1

44 ;

π̃+ = 1
10(0, 0, 1, 3, 1, 3, 2, 0), π̃− = 1

22(4, 4, 3, 1, 3, 1, 2, 4),

which are probability distributions. Summing (1− w1)w2w3 over w3 for fixed (w1, w2), or over w2

for fixed (w1, w3), gives 0, so π̃b has the same marginals as πb on {1, 2} and on {1, 3}; and under π̃b
the pair (w2, w3) has the law of (w1, w3) under πb (the values ++,+−,−+,−− have probabilities
1
10(1, 3, 3, 3) for b = +1 and 1

22(7, 5, 5, 5) for b = −1). Let C̃ have independent rows, row i ∼ π̃νi , and

columns X̃1, X̃2, X̃3. Then (X̃1, X̃2) has the law of (X1, X2), and (X̃1, X̃3) and (X̃2, X̃3) have that
of (X1, X3). Writing x1, x2, x3 for F (X̃1), F (X̃2), F (X̃3) and splitting EF (X1) and E[F (X1)F (X3)]
evenly over two columns, respectively two pairs,

4E[h′(Y )] = E
[
− 1− 1

2(x1 + x2)− x1x2 − 1
2(x1 + x2)x3

]
= −1

4 E
[
(1 + x1)(1 + x2)(3 + x3) + (1− x1)(1− x2)(1− x3)

]
≤ 0.
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In terms of P = 1+F
2 , Γν(F ) ≤ −1

2E
[
P (X̃1)P (X̃2)

(
1 + P (X̃3)

)
+

(
1 − P (X̃1)

)(
1 − P (X̃2)

)(
1 −

P (X̃3)
)]
; both terms vanish for the dictator decoder on a row with νr = +1, since π̃+(+ + ·) =

π̃+(−−−) = 0. This is the device of Proposition 11.5 for a one-class h: h′ has neither a cubic nor
a y2y3 term, and the re-coupling changes only the law of (w2, w3) and the third moment, neither
of which enters.

(ii) C12: a direct proof, without the class flip from rep6 of Proposition 11.12, and with h′ = h.
For the representative,

2h = (−1,−2,−2, 1,−1, 0, 0,−1), π+ = 1
10(1, 0, 0, 3, 1, 2, 2, 1), π− = 1

22(3, 4, 4, 1, 3, 2, 2, 3),

µ = −3
8 , one class, and 8h(y) = −3−(y1+y2+y3)−y1y2−y1y3+y2y3+3y1y2y3. As h is symmetric

in w2, w3, the pairs (X1, X2) and (X1, X3) have a common law, and

8Γν(F ) = −3− 3EF (X1)− 2E[F (X1)F (X2)] + E[F (X2)F (X3)] + 3E[F (X1)F (X2)F (X3)].

Let ρ+ be the law on {−1, 1}4 with ρ+(+−−+) = ρ+(−+−−) = ρ+(−−+−) = 1
5 and ρ+(+++−) =

ρ+(−+++) = ρ+(+−−−) = ρ+(−−−+) = 1
10 , and let ρ− = 1

11(1− 5ρ+), which is 0 at the three
atoms of mass 1

5 ,
1
22 at the four of mass 1

10 and 1
11 at the other nine points. Counting atoms, under

ρ+ the triples (u1, u2, u3) and (u4, u2, u3) have the law of (w1, w2, w3) under π+, and (u1, u4) has
the law of (w2, w3); the same holds for ρ− and π− by the complement argument of Proposition 11.8,
as (1 + µ)ρ+ + (1− µ)ρ− = 1

8 . Let U have independent rows, row i ∼ ρνi , and columns U1, . . . , U4,
and write aj = F (Uj). Then (U1, U2, U3) and (U4, U2, U3) have the law of (X1, X2, X3); so every
Uj has the law of X1, the four pairs (Ut, Uu) with t ∈ {1, 4}, u ∈ {2, 3} have the law of (X1, X2),
and (U2, U3) and (U1, U4) have that of (X2, X3). Splitting the terms of 8Γν(F ) over these columns,
pairs and triples (the term E[F (X2)F (X3)] as 2E[a2a3]− E[a1a4]),

Γν(F ) = E[R(a1, a2, a3, a4)],
16R = −6− 3s− st− 2q + 4p+ 3sp, s = a1 + a4, t = a2 + a3, q = a1a4, p = a2a3.

At the vertices, 16R = −14−2t+10p, which is −8,−24, 0 for t = 2, 0,−2, if s = 2; 16R = −4+4p ∈
{0,−8} if s = 0; and 16R = −2 + 2t− 2p, which is 0, 0,−8 for t = 2, 0,−2, if s = −2. So R ≤ 0 on
[−1, 1]4, and Γν(F ) ≤ 0. As h has one class, conditions (c) and (d) of Theorem D coincide, so with
Lemma 11.2 this re-proves Proposition 11.12 for the orbit C12. The polynomial R vanishes at the
seven atoms of ρ+ (dictator decoder).

The script oneclass certs.py checks both certificates in exact arithmetic and tests the chains
Γν ≤ E[h′(Y )] = E[R] ≤ 0 exactly on random decoders with k ≤ 3. A search over one-class
designs (oneclass designs.py, floating point: pairs of columns carrying any pair law, triples
carrying copies, all designs up to permutations of the columns) finds these two and a four-column
design with pair laws only for A12 (the orbit of hg0 ; not re-proved here), and none for B12 or D12
with N ≤ 5; the mixed-integer formulation gives the same results (milp designs small.txt). The
mixed-integer formulation finds none for B12 with N = 6, and none for D12 with N = 6 that carries
a copy of the rows. For B12 every design must carry a copy, since the only admissible h′ is h raised at
+++, whose cubic coefficient is at least 1

8 . Adding spectral inequalities gives no certificate for B12
withN ≤ 5 either. For a pair law L of πb let EL refer to two columns x, y with independent rows, row
i distributed as L under πνi , and let λL(b) be the correlation of L under πb. As all columns have the
law of X1, EL[F (x)F (y)] =

∑
S λ

S
LF̂ (S)

2 in the ν-biased basis, with λSL =
∏

i∈S λL(νi); so if κ0 ≥ 0
and

∑
L cLλ

S
L ≤ κ0 for all S ̸= ∅, then, as EF 2 ≤ 1,

∑
L cLEL[F (x)F (y)] ≤ (

∑
L cL−κ0)(EF )2+κ0,

and (EF )2 = E[F (V )F (V ′)] for two columns with independent law. (milp designs.py imposes
the conditions on S only for |S| ≤ 40, which enlarges the feasible set, and bounds |cL| ≤ 4, κ0 ≤ 1,
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which loses nothing here: κ0 ≤ −ĥ′(∅) ≤ 1
4 and |cL| ≤ |ĥ′L| + 10|µ| ≤ 3 for B12 with N ≤ 5.) A

design whose polynomial satisfies R ≤ ε instead of R ≤ 0 proves Γν(F ) ≤ ε for all k, ν and F ,
since Γν(F ) ≤ E[h′(Y )] = E[R] ≤ maxR. For B12 the least such ε over designs with N columns
is, in floating point (eps designs.py), 1

4 ,
1
12 ,

1
20 ,

1
44 for N = 3, 4, 5, 6 (the optimal designs found

have h′ = h), and 0 for N = 7: minimising ε over designs with seven columns produced the
certificate of Proposition 11.15. (Here R ≤ ε gives |R̂(S)| ≤ E[ε − R] = ε − ĥ′(∅) ≤ ε + |µ| for
S ̸= ∅; as ε ≤ 1

4 is attained with N = 3, and a design extends to more columns by independent
columns with the law of w1, the computations for N = 4, 5, 6 bound the coefficients by 1

4 + |µ| = 1
2 ,

which loses nothing. For N = 7 the value 0 is exact without this: it is attained, and every design
has maxR ≥ E[R] ≥ Γ+ = 0 for the dictator decoder.) Finally, Lemma 11.3 acts on designs:
hB12(w) = hrep10(w2, w1,−w3) and hD12(w) = hrep5(w2, w1,−w3), and negating the singleton-class
columns of a design for rep10 (rep5), together with the corresponding arguments of h′ and R, and
relabelling the coordinates by this permutation, gives a one-class design for B12 (D12) with the
same number of columns: the marginal conditions transform as in the proof of Lemma 11.3, R ≤ 0
is kept, and the two-class matching of the coefficients implies the one-class one. So a design for
rep10 with N columns exists only if one exists for B12; in particular the computation for B12 with
N = 6 independently excludes rep10 with N = 6.

Conjecture 11.14. For every h in hard288.txt, condition (d) of Theorem D fails, i.e. sg = trivg
for every g as in Theorem B with this h. Equivalently (Proposition 11.1): for m = 5, sg > trivg iff
sgn(µ)h(w) < 0 for some w and h /∈ hard288.

The conjecture is proved for 240 functions: the orbits of hg0 , hg1 and hg2 (Theorem E, Proposi-
tions 9.10, 9.11; the first two again by Propositions 11.6 and 11.10, the second also by a three-column
one-class design), the orbits rep3 and rep8 (Proposition 11.5), rep2 (Proposition 11.6), rep1 and
rep9 (Proposition 11.8), rep7 (Proposition 11.10), rep6 and C12 (Proposition 11.12; C12 also by a
four-column one-class design), and B12 (Proposition 11.15 below, a seven-column one-class design).
It is open for the other 48: the two-class orbits rep5 and rep10 of size 24 (a proof for rep5 would
give a second proof of Proposition 9.11, since rep5 implies D12). Neither has a certificate with
k ≤ 3 (Proposition 11.4), nor one with k ≤ 5 whose pair-class decoder is {−1, 1}-valued (exact
computation, end of the paragraph “A reduction for rep10”; a decoder with fewer labels is one
with k = 5 that ignores the extra labels), and a floating-point search finds no coupling design with
at most seven columns for either (paragraph “Coupling designs”). The proofs of Theorem E and
Propositions 9.10, 9.11 use three features. First, a single class, so that X,Y, Z have a common
law and the pair expectations diagonalise in one basis. Second, a cubic term that can be removed
by a pointwise bound with equality for the dictator decoder: P1P2P3 ≤ P1P2 for g0, g1 (because
π+(+ + ·) = 0) and P1(1 − P2)(1 − P3) ≤ P1(1 − P2) for g2 (because π+(+ − +) = 0). In vertex
terms, h is replaced by a multilinear h′ ≥ h without cubic term that agrees with h on the support of
π+. Third, in the resulting quadratic form only the coefficient of the level-one weight of the ν = +1
rows is too large, and Theorem K (for g0, g1) or Theorem L (for g2) controls that weight. For the
one-class orbits B12 and C12 the second feature fails. For B12, 2h = (−2,−1,−1, 1, 0, 0, 0,−1), π+
vanishes only at + + +, and raising h there increases the cubic coefficient (which is positive), so
no such h′ exists. For C12, 2h = (−1,−2,−2, 1,−1, 0, 0,−1), all such h′ give the same functional
(by the symmetry w2 ↔ w3). That functional is positive for the k = 1 decoder with P (1) = 1,
P (−1) = 1

6 , where it equals 1
72 , although Γ+ = − 29

144 there (d12 check.py); C12 is settled instead
through rep6 (Proposition 11.12), and directly by a one-class design with h′ = h that keeps the
cubic term (paragraph “One-class designs”). For B12 a floating-point search finds no design with
at most six columns (same paragraph), but there is one with seven columns, again with h′ = h; it
was found by minimising ε (same paragraph).
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Proposition 11.15. Let g be as in Theorem B with h in the orbit B12 (Table 1; 12 functions).
Then sLg = sg = trivg < sUg .

Proof. For these h, |µ| = 1
4 and σh takes the value −1

2 , where σ = sgnµ, so sUg > trivg by
Theorem C(ii). By Lemma 11.2 it suffices to show that Γν(F ) ≤ 0 for the representative h of B12
in Table 1, for all k, ν and F : {−1, 1}k → [−1, 1] (there is one class, hence one decoder; as µ = −1

4
for this h, this is the failure of condition (d) of Theorem D); then sg = trivg by Theorem D, and
trivg ≤ sLg ≤ sg.

In the order + + +,++−, . . . ,−−− of the vertices,

2h = (−2,−1,−1, 1, 0, 0, 0,−1), π+ = 1
12(0, 1, 1, 3, 2, 2, 2, 1), π− = 1

20(4, 3, 3, 1, 2, 2, 2, 3),

h(y) = −1
4 − 1

8(y1 + y2 + y3)− 1
4(y1y2 + y1y3) +

1
8y1y2y3.

Both π± are invariant under exchanging w2 and w3, and π+(wj = 1) = 5
12 and π−(wj = 1) = 11

20
for j = 1, 2, 3. So X1, X2, X3 have a common law, so do (X1, X2) and (X1, X3), and

8Γν(F ) = −2− 3EF (X1)− 4E[F (X1)F (X2)] + E[F (X1)F (X2)F (X3)]. (25)

The law of (w1, w2) is
1
12(1, 4, 4, 3) under π+ and 1

20(7, 4, 4, 5) under π−, on ++,+−,−+,−−. Write
the points of {−1, 1}7 as sign strings u0u1 · · ·u6, and let ρ+ (twelve points) and ρ− (eighteen points)
give the following masses to the points listed and 0 elsewhere:

ρ+ : 1
12 ++−−−+− +−+−−−+ +−−+−+− +−−−+−+ +−−−−++ −++−+−−

−++−−−− −+−+++− −+−−+−+ −−++−+− −−++−−− −−−++−+

ρ− : 1
40 +++++−− ++++−+− +−++−−− +−−−+−+ +−−−−−+ −−++−−−

−−−−+−−
2
40 +++++++ +++−+++ +++−+−− +−+−−+−
3
40 ++−++++ ++−++−+ +−++−−+ −−+++++
4
40 −++−+++ −+−+−−−
5
40 −−−−−+−

A direct count shows, for b = ±1: (a) every coordinate uj has the law of w1 under πb; (b) each of
the four triples (u0, u1, u2), (u0, u3, u2), (u6, u1, u2), (u6, u3, u2) has the law πb of (w1, w2, w3); (c)
each of the six pairs (u1, u3), (u0, u4), (u2, u4), (u4, u5), (u2, u5), (u5, u6) has the law of (w1, w2)
under πb.

Let U have independent rows, row i ∼ ρνi , and columns U0, . . . , U6, and write aj = F (Uj). By
(b) each of the four triples of columns listed there has the law of (X1, X2, X3); so by (a)–(c) every Uj

has the law of X1, and the four pairs (Ut, Uu) with t ∈ {0, 6}, u ∈ {1, 3} and the six pairs of columns
listed in (c) have the law of (X1, X2). Splitting the terms of (25) over these columns, pairs and
triples (the term 3EF (X1) equally over the six columns other than U2; the term 4E[F (X1)F (X2)]
with weight 1

4 on each of the four pairs (Ut, Uu) and 1
2 on each of the six pairs of (c); the cubic

term with weight 1
4 on each of the four triples),

Γν(F ) = E[R(a0, . . . , a6)],
32R = −8− 2(a0 + a1 + a3 + a4 + a5 + a6)− (1− a2)(a0 + a6)(a1 + a3)

− 2(a1a3 + a0a4 + a2a4 + a4a5 + a2a5 + a5a6),

where (1− a2)(a0 + a6)(a1 + a3) collects the four pair terms of weight 1
4 and the four cubic terms.

As R is multilinear, it suffices to show R ≤ 0 on {−1, 1}7. Let s = a0 + a6 and t = a1 + a3, so that
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a1a3 =
t2

2 − 1, and let α = 1+ a0 + a2, γ = 1+ a2 + a6. The terms of 32R that contain a4 or a5 are
−2(αa4+a4a5+γa5), and the largest value of this over a4, a5 ∈ {−1, 1} is 2max(|α+γ|−1, |α−γ|+1)
(its values at (a4, a5) = ±(1, 1) are ∓2(α + γ) − 2, those at ±(1,−1) are ∓2(α − γ) + 2). With
α+ γ = 2 + 2a2 + s and α− γ = a0 − a6 this gives

32R ≤ −6− 2s− 2t− t2 − (1− a2)st+ 2max
(
|2 + 2a2 + s| − 1, |a0 − a6|+ 1

)
.

If a2 = 1, the maximum is 3 + s (note |a0 − a6| = 2 − |s|), so 32R ≤ −t(t + 2). If a2 = −1 and
s = 0, the maximum is 3 and again 32R ≤ −t(t + 2). If a2 = −1 and s = ±2, the maximum is 1
and 32R ≤ −4− 2s− 2t− 2st− t2, which is −(t+2)(t+4) for s = 2 and t(2− t) for s = −2. Since
t ∈ {−2, 0, 2}, each of these bounds is at most 0. So R ≤ 0 on [−1, 1]7 and Γν(F ) ≤ 0.

The script b12 cert.py checks (a)–(c), the matching of the coefficients of R and h by law,
the formula for R, the elimination of a4, a5 and R ≤ 0 in exact arithmetic, and tests Γν(F ) =
E[R] ≤ 0 exactly on random decoders with k ≤ 3 (all ν). R vanishes on the support of ρ+, as
it must, since Γν = 0 for the dictator decoder. As in the proof of Proposition 11.12, the copies
of the rows share a column (here U2), and their cubic terms combine with pair terms; here into
−(1− a2)(a0 + a6)(a1 + a3).

Exact forms for rep5 and rep10. For a two-class h with pair class {1, 2} and singleton class
{3}, write h(y) = c(y1, y2) + l(y1, y2) y3. For decoders Fp of the pair class and Fs of the singleton
class, with aj = Fp(Xj), Γν(F ) = E[c(a1, a2)] +

∑
z Fs(z)E[l(a1, a2)1{X3 = z}] is affine in Fs, with

one separate term for each value Fs(z) (only the column X3 carries Fs). So its maximum over Fs

is attained at Fs(z) = sgnE[l(a1, a2) | X3 = z] and equals E[c(a1, a2)] + E |E[l(a1, a2) | X3]|. For
the representatives of rep5 and rep10 in Table 1,

hrep5(y) = −3
8 − 1

8(y1 + y2) +
1
8y3 −

1
8y1y2 −

3
8y1y3 +

1
8y2y3 −

1
8y1y2y3,

hrep10(y) = −1
4 − 1

8(y1 + y2) +
1
8y3 −

1
4y1y2 +

1
4y2y3 −

1
8y1y2y3.

Let P =
1+Fp

2 , Pj = P (Xj) and p = EP1; then also EP2 = p, as X1 and X2 have the same law.
Then 4l = 1 − 2P1 + 2P2 − 2P1P2 and 4c = −1 − 2P1P2 for rep5, and 4l = P1 + 3P2 − 2P1P2 − 1
and 4c = P1 + P2 − 4P1P2 − 1 for rep10. Writing |x| = 2(−x)+ + x for rep5 and |x| = 2x+ − x for
rep10 gives

4max
Fs

Γν(F ) = 2
(
E
[
(E[2P1 − 1− 2(1− P1)P2 | X3])+

]
− 2E[P1P2]

)
(rep5),

4max
Fs

Γν(F ) = 2
(
E
[
(E[P1 + 3P2 − 2P1P2 − 1 | X3])+

]
− p− E[P1P2]

)
(rep10).

So, by Lemma 11.2 (whose proof applies verbatim to class-wise decoders) and Theorem D, the 24
functions of rep5 are trivial iff (the part trivg < sUg of “trivial” holds for both orbits by Theo-

rem C(ii), as σh(−,+,+) = −1
2)

E
[(
E[2P1 − 1− 2(1− P1)P2 | X3]

)
+

]
≤ 2E[P1P2] for all k, ν and P : {−1, 1}k → [0, 1], (26)

and the 24 functions of rep10 are trivial iff

E
[(
E[P1+3P2−2P1P2−1 | X3]

)
+

]
≤ EP1+E[P1P2] for all k, ν and P : {−1, 1}k → [0, 1]. (27)

Given the results above, Conjecture 11.14 is equivalent to (26) and (27). Both inequalities involve
the joint law of the three columns, not only pair laws. Both are equalities for P ≡ 0 and for the
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dictator P (z) = 1{zr = 1} with νr = +1 (both sides are 1
5 for rep5 and 1

2 for rep10), (26) also for
the AND of two labels with νr = νs = +1 (both sides 1

50), and (27) also for the negated dictator
(see below). The script rep510 exact.py checks the two identities exactly against a brute-force
maximum of Γν over all {−1, 1}-valued Fs (random P , k ≤ 3, every ν up to the order of the
labels). Numerically both inequalities hold for k ≤ 8: alternating maximisation of Γν (exact one-
dimensional steps in the values of Fp on [−1, 1], best response in Fs; constant, dictator, AND,
1{zr = 1, zs = −1} and random starts, and the best decoders for k − 1 labels lifted by an ignored
row) finds the maximum 0, up to 5 ·10−14, for every k ≤ 8 and every ν (rep510 ascent.py, floating
point). As a positive control, the same search with the row laws of rep5 and the objective h+1+++,
whose analogue of (28) fails (see below), finds the value 0.012 at k = 3.

For k = 4 both inequalities hold for every {0, 1}-valued P and every ν, and among these P the
equality cases are exactly P ≡ 0, the dictators and the ANDs of two labels for (26), and P ≡ 0, the
dictators and the negated dictators P (z) = 1{zr = −1} for (27), where νr = νs = +1 throughout
(exact integer arithmetic over all 216 such P for each ν, rep510 k4 boolean.py). So Γν ≤ 0 for
every class-wise decoder with k = 4 whose pair-class decoder is {−1, 1}-valued (Proposition 11.4
covers all [−1, 1]-valued decoders, but only k ≤ 3; for k = 5 see the end of the paragraph “A
reduction for rep10”). For the negated dictator both sides of (27) are 5

6 , and the best response
is Fs ≡ 1. On the slice Fs ≡ 1 the functional of rep10 is even in Fp: hrep10(−y1,−y2, 1) =
hrep10(y2, y1, 1) = −1

8 + 1
8(y1 − y2) − 3

8y1y2, and (X1, X2) is exchangeable (the law of (w1, w2)
is 1

12(1, 4, 4, 3) under π+ and 1
20(7, 4, 4, 5) under π−), so Γν(−Fp, 1) = Γν(Fp, 1) for every Fp; in

particular Γν = 0 at (−Fp, 1) for the dictator Fp. Hence a coupling design that proves Γν ≤ 0 for
rep10 must have R = 0 also at the points obtained from the support of ρ+ by negating the columns
of the pair class and setting those of the singleton class to 1 (apply it to this decoder pair with
k = 1, ν = (+1)).

A reduction for rep5. Let 2h = (−2,−1,−1, 0, 1,−2, 0,−1) be the representative of rep5 in
Table 1. Its pair class is {1, 2}, its singleton class is {3}, µ = −3

8 , and π+ vanishes exactly at +++
and − + −. The function h′ = h + 1−+− agrees with h on the support of π+, satisfies h

′ ≥ h on
[−1, 1]3 (the multilinear extension of 1−+− is 1

8(1−y1)(1+y2)(1−y3) ≥ 0), and has no cubic term:
4h′(y) = −1− y1(1 + y2 + y3). For decoders Fp of the pair class and Fs of the singleton class, and
Y = (Fp(X1), Fp(X2), Fs(X3)),

4Γν(F ) ≤ 4E[h′(Y )] = −1− EFp(X1)− E[Fp(X1)Fp(X2)]− E[Fp(X1)Fs(X3)].

The right-hand side is affine in Fs and largest for Fs(z) = − sgnE[Fp(X1) | X3 = z], where, in terms

of P =
1+Fp

2 , it equals 2E[(2E[P (X1) | X3]− 1)+]− 4E[P (X1)P (X2)]. So, by Lemma 11.2 (whose
proof applies verbatim to class-wise decoders), Theorem D and Theorem C(ii) (σh(−,+,+) = −1

2),
sLg = sg = trivg < sUg for the 24 functions of rep5 if

E
[(
2E[P (X1) | X3]− 1

)
+

]
≤ 2E

[
P (X1)P (X2)

]
for all k, ν and P : {−1, 1}k → [0, 1], (28)

an inequality of the shape of (30). It strengthens (26) by dropping the term −2(1 − P1)P2 inside
the conditional expectation, which removes the dependence on the joint law of the three columns.
Only two pair laws enter: on ++,+−,−+,−−, the law of (w1, w2) is 1

10(1, 3, 3, 3) under π+ and
1
22(7, 5, 5, 5) under π−, and that of (w1,−w3) is 1

10(3, 1, 1, 5) and 1
22(5, 7, 7, 3). These are also the

laws of (w1, w2) and (w2, w3) in the proof of Proposition 9.11. For P,B : {−1, 1}k → [0, 1] let
Ψ(P,B) = 2E[P (X1)P (X2)]− 2E[P (X1)B(−X3)] + E[B(−X3)]. As Ψ is affine in B, its minimum
over B is attained at B(v) = 1{2E[P (X1) | X3 = −v] > 1} and equals the right side of (28)
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minus the left side; so (28) says Ψ ≥ 0. For B = P , Ψ(P, P ) ≥ 0 is the inequality −p− 2E[P1P2] +
2E[P2P3] ≤ 0 established in the proof of Proposition 9.11 (in that proof’s notation: E[P (X1)P (X2)],
E[P (X1)P (−X3)] and EP (−X3) are its E[P1P2], E[P2P3] and p; here EP (−X3) = EP (X1), as −w3

and w1 have the same law under π±, with probabilities 2
5 and 6

11 of +1), so (28) is a two-function
form of it (in accordance with “rep5 implies D12”). That proof uses B = P : the cross term is then
a diagonal quadratic form in the Fourier coefficients of P .

Inequality (28) is an equality for P ≡ 0, for the dictator P (z) = 1{zr = 1}, for the AND of two
labels P (z) = 1{zr = zs = 1} and for P (z) = 1{zr = 1, zs = −1}, with νr = νs = +1 (both sides
are 0, 1

5 ,
1
50 and 3

50). Among the {0, 1}-valued P that depend on all of k ≤ 3 labels there are no other
equality cases, and (28) holds for all of them (exact enumeration over all ν, rep5 reduction.py).
It also holds for every [0, 1]-valued P with k ≤ 3, and for every {0, 1}-valued P with k = 4 or k = 5,
with no equality cases among the latter other than these four kinds (exact; see the paragraph “A
reduction for rep10”). The dictator and the AND are the two decoders at which every inequality in
the proof of Proposition 9.11 is an equality. The third one also has Ψ(P, P ) = 0: every inequality
in that proof after the first is an equality for it (it is an equality case of Theorem L, and its only
coefficient above level one is at {r, s}). But for rep5 at it and its best response Γν = − 1

100 : the vertex
−+−, where h′−h = 1, then has probability 1

100 . Correspondingly Γν = 0 for rep5 at the dictator
pair and at the pair with Fp(z) = 1 iff zr = zs = 1 and Fs(z) = −1 iff zr = zs = −1 (νr = νs = +1).
Hence a coupling design that proves Γν ≤ 0 for rep5 must have R = 0 not only on the support of
ρ+ but also at every vertex obtained from two points of that support by taking the coordinatewise
minimum on the columns of the pair class and the maximum on those of the singleton class (apply
the design to this decoder pair with k = 2, ν = (+1,+1): then 0 = Γν ≤ E[h′(Y )] = E[R] ≤ 0).
The same holds for D12, with the minimum on every column. Numerically, (28) holds: alternating
maximisation of its left side minus its right side (best response in B, exact coordinate steps in P ,
in each of which the objective is concave; dictator, constant, AND and OR, and random starts)
gives the maximum 0, up to 2 · 10−16, for every k ≤ 8 and every ν (rep5 relax.py). The choice of
h′ matters: the cubic-free h′ ≥ h that agree with h on the support of π+ are h+ t11+++ + t21−+−
with t1+ t2 = 1, and the analogue of (28) also holds numerically for t1 =

1
4 and t1 =

1
2 (k ≤ 4), but

fails for t1 = 1 (k = 3, ν = (+1,+1,+1), where the exact maximum of E[(h + 1+++)(Y )] over all
[−1, 1]-valued class-wise decoders is 3

250 , attained by {−1, 1}-valued ones; majorant k3 exact.py).
On the side of coupling designs, the least ε of the paragraph “One-class designs” over designs with
N columns (for two classes, with at least two columns of the pair class and one of the singleton
class; floating point, solver status optimal, coefficients bounded by 1

2 + |µ|, which loses nothing as
the three-column design with ρb = πb and R = h′ already gives ε = maxh′ = 1

2) is
1
4 ,

1
6 ,

1
10 ,

1
14 ,

1
20 for

rep5 and 1
4 ,

1
6 ,

1
12 ,

1
18 ,

1
24 for rep10, for N = 3, . . . , 7, against 1

4 ,
1
12 ,

1
20 ,

1
44 , 0 for B12. For D12, which

is trivial by Proposition 9.11, it is 1
4 ,

1
12 ,

1
18 ,

1
30 for N = 3, . . . , 6 (eps designs.py). So the absence

of short designs for rep5 and rep10 says little about Conjecture 11.14. On the other hand, since
a design with maxR ≤ ε proves Γν ≤ ε for all k, ν and F , the conjecture for rep5 (rep10) would
follow if the infimum of ε over designs with N columns tended to 0 as N → ∞, even if no single
design gives 0. The values above decrease with N ; for rep10 they are 1

6(N−3) for 4 ≤ N ≤ 7, and

the interrupted searches with N = 8 found designs with ε ≤ 1
33 (floating-point incumbents; a run of

40 minutes for the pattern with six pair-class columns, restricted to ε ≤ 1
24 with the corresponding

cap 1
24 + |µ| on the coefficients, also stopped at 1

33). Two-factor identities of the kind behind the
proof for D12 do not suffice either. The SDP search described below after (30) is infeasible for rep5
as well (output cert sdp rep5.txt). The level-weight relaxation of Ψ is tight at the three nonzero
equality cases, but its minimum is negative, about −0.015 (rep5 scalar.py, floating point). It
bounds the level-one parts on the rows with νi = +1 by Theorem L (for P , B and P + cB, c > 0)
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and Cauchy–Schwarz, and every other level by the arithmetic–geometric mean inequality. As for
rep3, the minimum is at small means (p ≈ 0.1, EB ≈ 0.025), where Theorem L is far from sharp.

A reduction for rep10. The device of the preceding paragraph applies to rep10, with a single
free vertex. A majorant can only work if it agrees with h on the support of π+, since the dictator
decoders with νr = +1 have Y ∼ π+ and Γν = 0. For h = hrep10 the law π+ vanishes only at
+ + −, where h = −1. So a multilinear h′ ≥ h on [−1, 1]3 that agrees with h on the support of
π+ is h + t1++− with t ≥ 0 (a multilinear function is nonnegative on [−1, 1]3 iff it is nonnegative
at the vertices), and E[h′(Y )] ≤ 0 for all decoders forces t ≤ 1, as the constant decoders Fp ≡ 1,
Fs ≡ −1 give E[h′(Y )] = t− 1. The largest one, h′′ = h+ 1++−, has no linear terms,

8h′′(y) = −1− y1y2 − y1y3 + y2y3 − 2y1y2y3,

and satisfies h′′(−y1,−y2, y3) = h′′(y2, y1, y3), which extends the identity on the slice y3 = 1 used
above (on that slice h′′ = h). In the notation of the paragraph “Exact forms for rep5 and rep10”,
4c′′ = P1 + P2 − 2P1P2 − 1 and 4l′′ = P1 + 3P2 − 4P1P2 − 1, and the same computation gives
4maxFs E[h′′(Y )] = 2

(
E[(E[4l′′ | X3])+]−E[P1(1−P2)]

)
. So, as Γν(F ) ≤ E[h′′(Y )], the 24 functions

of rep10 are trivial if

E
[(
E[P1+3P2−4P1P2−1 | X3]

)
+

]
≤ E

[
P1(1−P2)

]
for all k, ν and P : {−1, 1}k → [0, 1], (29)

which implies (27). The set of decoder pairs is invariant under (Fp, Fs) 7→ (−Fp,−Fs), which fixes
the quadratic part of h′′ and negates its cubic term. So (29) is equivalent to

2
∣∣E[a1a2b3]∣∣ ≤ 1 + E[a1a2] + E[a1b3]− E[a2b3] (aj = Fp(Xj), b3 = Fs(X3))

for all k, ν and [−1, 1]-valued Fp, Fs: a bound on one cubic correlation of the three columns by pair
correlations. With Q = 1−P and B = 1+Fs

2 , the identity −8h′′ = 4(1++++1−+−+1−−+−1−++)
gives a third form,

4E[Q1P2B3] ≤ E[Q1P2] + E[Q1B3] + E[P2B3] (Q1 = Q(X1), B3 = B(X3))

for all P,B : {−1, 1}k → [0, 1]. If the coordinates of Y are rounded independently to ±1 with
conditional means Yj , it says that the vertex − + + is at most as likely as its three neighbours
+ + +, − − + and − + −. With 3 in place of 4 this holds for any three events, and for the
dictator (Y ∼ π+) both probabilities are 1

4 . For k = 4, (29) holds for every {0, 1}-valued P and
every ν, and among these P the equality cases are exactly P ≡ 0, P ≡ 1, and the dictators and
negated dictators on labels with νr = +1 (exact integer arithmetic over all 216 such P for each
ν, rep10 majorant.py; the script also checks exactly the statements above about π+ and h′′, and
the one-function form against a brute-force maximum over Fs for random P with k ≤ 3). The
constant P ≡ 1 is an equality case of (29) only: for h itself, maxFs Γν = h(+++) = −1

2 there. For
k ≤ 3, (29) holds for every [0, 1]-valued P and every ν: the part of the proof of Proposition 11.4
after the reduction to the representatives uses only that the integrand is a multilinear function of
(Fp(X1), Fp(X2), Fs(X3)), so that E[h′′(Y )] is affine in the values of Fs and quadratic in those of
Fp; hence its face enumeration applies verbatim to E[h′′(Y )] (with the row laws π± of h), and the
exact maximum of E[h′′(Y )] over all [−1, 1]-valued class-wise decoders with k ≤ 3 is 0 for every
ν (majorant k3 exact.py, exact rational arithmetic). The same computation for the majorant
h+ 1−+− of rep5 gives the maximum 0, which is (28) for every [0, 1]-valued P with k ≤ 3, and for
h+1+++ the positive maximum 3

250 quoted in the previous paragraph. The script also checks (28)
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for all 216 {0, 1}-valued P with k = 4 and every ν, in integer arithmetic; its equality cases there are
P ≡ 0, the dictators, the ANDs of two labels and 1{zr = 1, zs = −1}, all on labels with ν = +1.
Beyond {0, 1}-valued P at k = 4: all four inequalities (26), (27), (28) and (29) hold for every P
with values in {0, 12 , 1} (all 316 of them, for each ν), and none of these P that takes the value 1

2 is an
equality case (rep510 k4 half.py, exact integer arithmetic). For k = 5 the four inequalities hold
for every {0, 1}-valued P (all 232 of them, for each ν), and the equality cases are exactly the families
found for k = 4, on labels with ν = +1. These are P ≡ 0, the dictators and the ANDs of two labels
for (26); these and 1{zr = 1, zs = −1} for (28); P ≡ 0, the dictators and the negated dictators for
(27); and these and P ≡ 1 for (29) (rep510 boolean.py, exact integer arithmetic). In particular
Γν ≤ 0 for rep5 and rep10 for every class-wise decoder with k = 5 whose pair-class decoder is
{−1, 1}-valued. In all these computations it suffices to take ν = (+1)r(−1)k−r, 0 ≤ r ≤ k, and the
scripts do so: a permutation of the labels permutes the independent rows of X together with their
laws πν1 , . . . , πνk , acts on P (and on the decoders Fp, Fs) by the same permutation of coordinates
(which preserves the value sets {0, 1}, {0, 12 , 1}, [0, 1] and [−1, 1]), leaves Γν and both sides of each of
the four inequalities unchanged, and maps each family of equality cases above to the corresponding
family on the permuted labels. Numerically (29) holds for every k ≤ 8 and every ν: the alternating
maximisation of the paragraph “Exact forms for rep5 and rep10”, with the objective h′′ in place of
h, finds the maximum 0, up to 7 · 10−15 (rep510 ascent.py, floating point; 200 random starts for
each ν with k ≤ 5). For rep5, by contrast, the majorant h+ 1+++, which raises h at +++ by the
largest amount that the constant decoders allow, already fails (previous paragraph).

Numerical evidence for Conjecture 11.14. Coordinate ascent (exact one-dimensional steps,
floating point) over single [−1, 1]-valued decoders F on {−1, 1}k reaches k = 6 for the eleven
orbits B12, C12 and the nine two-class orbits of Table 1 (all except rep5 and rep10 have since
been settled, by Propositions 11.5–11.12 and 11.15) and k = 5 for the settled orbits A12 and A24
(D12 was not run); each step maximises the cubic t 7→ Γν(F ) in one value F (z) = t exactly, from
dictator-type and random starts, for every ν up to permutation (script orbit coord ascent.py).
Class-wise ascent with one decoder per class reaches k = 5 for all nine two-class orbits (script
classwise ascent.py). No run finds a value of σΓν below −2 · 10−15: the largest value of Γ found
is 0 up to rounding. For the two-class orbits, Γν is linear in the decoder of the singleton class, so
the best response to the other decoder is a sign pattern, and the problem becomes an L1 inequality
of the type of Theorem K for the pair class. For instance, for rep3 (pair class {1, 3} with decoder
P = 1+F

2 , singleton class {2}) one finds 2Γν = E[P2(2P3 − 2P1 − 1)]− E[P1P3], where Pj = P (C·j)
for j = 1, 3 and P2 = P ′(C·2) for the decoder P ′ of the singleton class (using EP1 = EP3). Taking
P ′ optimal, triviality of rep3 is the inequality

E
[(
E[ 2P (C·3)− 2P (C·1)− 1 | C·2 ]

)
+

]
≤ E

[
P (C·1)P (C·3)

]
for all k, ν, P,

with equality for the dictator (both sides are 1
10). Since P ≥ 0, removing the term −2P (C·1) can

only increase the left side, which gives the stronger inequality

E
[(
2E[P (C·3) | C·2]− 1

)
+

]
≤ E

[
P (C·1)P (C·3)

]
for all k, ν and P : {−1, 1}k → [0, 1]. (30)

In vertex terms this replaces h by the function h′ of the proof of Proposition 11.5, and (30) is
the statement E[h′(Y )] ≤ 0 of that proof for the best response P ′; so (30) holds. Only the pair
laws of (C·2, C·3) and of (C·1, C·3) enter, and (30) is an equality for P ≡ 0, for P ≡ 1 and for
P (z) = 1{zr = 1} and P (z) = 1{zr = −1} when νr = +1 (both sides are then 1

10 , respectively
3
10). Before the proof was found, alternating maximisation of the left side minus the right side
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(best response in the decoder of C·2, exact coordinate steps in P , from dictator, constant and
random starts; rep3 star.py) gave the maximum 0 for every k ≤ 7 and every ν, and the level-
weight method of Theorem E and Propositions 9.10 and 9.11 was found not to suffice: an SDP
search (cert sdp.py) for an identity that writes −2Γ′

ν , for some cubic-free h′ ≥ h equal to h on the
support of π+, as a nonnegative combination of terms E[A(x)B(y)] with A,B ∈ {P, 1−P, P ′, 1−P ′}
and (x, y) a product coupling (five per-row correlations for each row sign, spread over the admissible
range), plus a quadratic polynomial in (EP,EP ′) written as a sum of squares plus a nonnegative
combination of the products of the constraints 0 ≤ EP,EP ′ ≤ 1, plus positive semidefinite 2 × 2
forms in (P̂ (S), P̂ ′(S)), |S| ≤ 8, reports that no such identity exists (floating point). The certificate
of Proposition 11.5 lies outside this search space: after re-coupling the rows it writes the (quadratic)
integrand as a sum of nonnegative products of three factors from {P, 1− P, P ′, 1− P ′}, evaluated
at three columns of C̃, whereas the terms above have two factors.

The dictator is a strict local maximum. For each representative the dictator decoder (Fc(z) =
z1 for every class, ν1 = +1) has Γν = 0, and at it ∂Γν/∂Fc(z) = Dc(z1)

∏
i≥2 πνi(wj = zi) for any

j ∈ c: the partial derivatives of h at the dictator depend on row 1 only, the rows are independent,
and πb(wj = s) depends on j only through its class. Here Dc(s) =

∑
w π+(w)

∑
j∈c, wj=s ∂jh(w) is

the derivative for k = 1. For all representatives except rep10, Dc(1) > 0 > Dc(−1) for every class
and all marginals πb(wj = s) are positive (orbit kkt.py, exact). So every admissible direction
(lowering Fc(z) where it is 1, raising it where it is −1) decreases Γν at first order: the dictator is
a strict local maximum of Γν for every k and every ν with ν1 = +1, and a certificate would have
to be far from it. For rep10 the derivative of the singleton class {3} at s = −1 vanishes. As Γν is
affine in the decoder of a singleton class, Γν = 0 on the whole face where F{3}(z), z1 = −1, varies
in [−1, 1] (for every k). On this face the first-order conditions remain strict in all other directions,
for every k. The derivative in F{3}(z), z1 = 1, does not depend on the point of the face and equals

D{3}(1)
∏

i≥2 πνi(w3 = zi) > 0, with D{3}(1) =
1
8 . For the pair class,

∂Γν

∂F{1,2}(z)
= A(z1)

∏
i≥2

mνi(zi) +
∑
j=1,2

αj(z1)
∑

z′∈{−1,1}k−1

F{3}(−1, z′)
∏
i≥2

πνi(wj = zi, w3 = z′i),

where mb(s) = πb(w1 = s) = πb(w2 = s), A(s) is the derivative for k = 1 at the face point
F{3}(−1) = 0, and αj(s) =

∑
w:wj=s, w3=−1 π+(w) ∂j∂3h(w). Since |F{3}| ≤ 1 and summing the

pair laws over z′i gives the marginals, s ∂Γν/∂F{1,2}(z) ≥
(
sA(s) − |α1(s)| − |α2(s)|

)∏
i≥2mνi(zi)

for s = z1, and the bracket equals 13
96 − 1

48 − 1
32 = 1

12 for s = 1 and 5
32 − 1

96 − 1
12 = 1

16 for s = −1
(orbit kkt.py, exact). As the face is compact and Γν is a polynomial, it follows that Γν ≤ 0 on a
neighbourhood of the face, with equality only on the face, for every k and every ν with ν1 = +1.
So for all 14 orbits a certificate would have to be far from the dictator decoder.

Two relevant coordinates, nine variables. For r = 7 (m = 9) the computation of Propo-
sition 10.7 (maxcorr J2.py 7) gives TRIV 133120, CERT 374206, F 15870, F+ 828, F♯ 208 and
CERT′ 20 (8 with a certificate with k = 2 and 12 with k = 3), and leaves 34 candidates undecided,
forming 17 pairs {h, h(− ·)}. For each of them (m9 open.py, exact) ε = 1 and exactly one sign is
dangerous, Φ♯ is negative exactly on a subinterval of (q2, q) (of (1−q, 1−q2) for the mirror images),
its minimum lies between −2.6 · 10−3 and −4.7 · 10−5, and the maximum of Γν over [−1, 1]-valued
decoders with k ≤ 3 is negative. This extends to four labels:

66



Proposition 11.16 (computer-assisted). Let h be one of the 34 candidates left open for m = 9.
Then Γν(F ) < 0 for every k ≤ 4, every ν ∈ {−1, 1}k and every decoder F : {−1, 1}k → [−1, 1]. So
none of them has a certificate as in Theorem D(c) with at most four label bits.

Proof. All candidates have µ < 0, so we must show Γν(F ) < 0. A decoder with k < 4 labels is a
decoder with four labels that ignores the last ones, with the same value of Γ for any extension of
ν (the additional rows of C are independent of the others), so it suffices to take k = 4. The map
F 7→ F̃ , F̃ (z) = −F (−z), in the proof of Lemma 11.2 keeps k and ν, so it suffices to treat one
candidate of each pair {h, h(− ·)}, and permuting the rows of C (and the label bits) lets us take
ν = (1, . . . , 1,−1, . . . ,−1). Fix h and such a ν, and multiply Γν by the common denominator of
its coefficients: it becomes a quadratic polynomial in the 16 values of F with integer coefficients,
the sum of whose absolute values (with the entries of the symmetric matrix of the quadratic part
counted twice) is below 252. As in the proof of Proposition 10.9, its maximum over [−1, 1]16 is
attained at a vertex or at the critical point of its restriction to the relative interior of a face on
which the Hessian block H is nonsingular. For a face with free set T and fixed values a ∈ {−1, 1}T c

the restriction is β(a)+⟨b(a), s⟩+ 1
2⟨s,Hs⟩, s ∈ [−1, 1]T , where β(a) and the vector b(a) are integers

that are computed exactly in double precision (every partial sum is a signed sum of some of the
integer coefficients, so its modulus is below 252 whatever the order of summation); at the critical
point S = −H−1b(a) the value is β(a) + 1

2⟨b(a), S⟩. For each T the script m9 k4 rig.py computes
an approximate inverse R of H in floating point and a rigorous upper bound α for ∥I −RH∥∞, in
which the rounding errors of the products are bounded by γt|R||H| entrywise, γt = tu

1−tu , u = 2−53,

t = |T |. (The script uses 2γt and multiplies α, ∥R∥∞ and the enclosure below by 1 + 10−10;
the value bound carries an extra 10−12

(
|β(a)| + |⟨b(a), Ŝ⟩| + ⟨|b(a)|, e⟩ + ⟨|b(a)|, |Ŝ|⟩ + 1

)
, where

Ŝ is the computed point and e its error bound. These margins absorb the rounding errors made
in evaluating the bounds themselves, which are of relative size below 10−14.) If α < 1

2 , then H
is nonsingular and ∥H−1 − R∥∞ ≤ α

1−α∥R∥∞ ≤ 2α∥R∥∞, so every coordinate of S differs from
that of the computed −Rb(a) by at most 2α∥R∥∞∥b(a)∥∞ + γt(|R||b(a)|)i. Critical points whose
enclosure meets no point of [−1, 1]T are discarded; for the others an upper bound for the value is
computed, again with all rounding errors bounded. Blocks with α ≥ 1

2 , and critical points whose
upper bound is not negative, are treated in exact rational arithmetic (python-flint): a block with
detH = 0 is skipped, and otherwise the critical point and its value are computed exactly. Vertices
are evaluated exactly. In the run every block has α < 1

2 , every upper bound is negative, and the
largest of them, over all faces, vertices, ν and pairs, is −7.17 · 10−5 (output m9 k4 rig.txt). The
floating-point computations assume IEEE double precision with rounding to nearest and classical
matrix products, for which the bounds γt hold for every order of summation, with or without fused
multiply-add. Underflow does no harm: in every matrix and vector product one factor has integer
entries (H or b(a)), so a product that falls in the subnormal range is computed exactly, as is every
sum, and the remaining quantities (α, ∥R∥∞, the margins) stay far above that range.

The bound −7.17 · 10−5 is attained up to the margins: for h = (−23
32 ,

5
64 ,

5
64 ,−

1
32) and ν = (1, 1)

the decoder F (z) = 1 if (z1, z2) = (−1, 1) and F (z) = −1 otherwise has Γν(F ) = − 1
13952 =

−7.16743 . . . · 10−5, which is also the exact maximum over decoders with k ≤ 3 (m9 open.py). Two
checks of the implementation: a plain floating-point scan of all faces (m9 k4 scan.py) gives the same
maxima to seven digits for every pair, and at each of 797,893 randomly chosen faces the exact critical
point lies in its enclosure, with error at most 29% of the bound, and its exact value lies below the
computed upper bound (m9 k4 rig check.py). Coordinate ascent over decoders with k = 5, 6, with
exact polishing of the best points (j2 cert polish.py), finds no certificate either. Nor does a global
search over the decoders of the shape of the m = 8 certificates, F (z) = G(zk, n) with n the number
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of i < k with zi = c and all rows of the dangerous sign: Γν is a quadratic in the 2k values of G, and
enumerating all faces of [−1, 1]2k gives a negative maximum for every k ≤ 8 (m9 struct search.py,
floating point; the same search recovers the certificates of (− 5

32 ,
1
16 ,

1
16 ,−

1
32) and g3). Decoders with

small influences do not help either. For the threshold decoders P = 1[#{r : Xr = c} ≤ τ ] on k
rows of the dangerous sign, the central limit theorem gives σΓν → G∞(p) = σh(2p − 1, 2p − 1) +
4|b|

(
Pr[G1 ≤ t, G2 ≤ t] − p2

)
as k → ∞ and EP → p, where G1, G2 are standard Gaussians with

correlation −a and Φ(t) = p; for all 17 pairs minpG∞ > 2.8 · 10−3 (m9 gauss limit.py, floating
point). By the invariance principle for correlated spaces [12], the same limit bounds E[P (X)P (Z)]
from below, up to o(1), for every decoder on rows of the dangerous sign whose label coordinates all
have influence o(1) (the pair (Xr, Zr) has maximal correlation a). So, granting these floating-point
minima, for each pair there is τ > 0 such that every certificate using only rows of the dangerous
sign has a label coordinate of influence at least τ , as the two certificates for m = 8 do. The same
argument allows a few influential rows. Let A be a set of k0 label rows, of any signs, and let every
other label coordinate have small influence. Condition on the labels u, v ∈ {−1, 1}A seen in the two
columns, let pu be the conditional mean of P given XA = u and Φ(tu) = pu; conditioning multiplies
influences by at most 1/minu Pr[XA = u], so the conditional decoders still have small influences.
The lower bound of the invariance principle [12, Theorem 1.14 and Proposition 1.15], which allows
different correlated spaces in different coordinates (here all with maximal correlation at most a),
gives E[P (X)P (Z) | XA = u, ZA = v] ≥ Pr[G1 ≤ tu, G2 ≤ tv] − o(1), where Corr(G1, G2) = −a.
Hence σΓν ≥ V (p)− o(1) with

V (p) = σh(2p̄−1, 2p̄−1)+4|b|
(∑

u,v

w(u, v) Pr[G1 ≤ tu, G2 ≤ tv]− p̄2
)
, p̄ =

∑
u

Pr[XA = u] pu,

where w is the joint law of (XA, ZA). Threshold decoders P = 1[SX ≤ tXA
], with SX a normalised

count over many further rows of the dangerous sign, attain V (p) in the limit. Also, V (p) is at most
the value of the decoder on the rows A alone with values pu, since Pr[G1 ≤ s,G2 ≤ t] ≤ Φ(s)Φ(t)

for negative correlation. We minimised V over [0, 1]2
k0 for all 17 pairs, all k0 ≤ 5 and all sign

patterns of A, using L-BFGS-B with an analytic gradient. The starting points were 150 random
points, the minimisers found for k0 − 1 (embedded by adding an ignored row) and the best 0/1
points (all of them for k0 ≤ 4). Every minimum found is positive, the smallest being 7.17 · 10−5

(m9 mixed limit.py, floating point; the minimisation is not certified to be global). For k0 ≤ 4
the minima equal the bounds of Proposition 11.16 for every pair except h = (− 5

16 ,
9
64 ,

9
64 ,−

1
8),

where a single row plus a Gaussian part gives 7.84 · 10−4 instead of 8.11 · 10−4. Moving to k0 = 5
improves no pair. So, granting these minima, a certificate needs more than five label rows that
do not have small influence. By Remark 10.10, the bound of Proposition 10.6 is optimal for the
two inequalities used in its proof. Numerically, a linear program over the level weights that also
uses the bounds −min(p, 1 − p)2 ≤ E[P (X)P (Z̃)] − p2 ≤ p − p2 for product couplings whose
correlations in the two kinds of rows range over a 31× 13 grid is never weaker than Φ♯ on the grid
p ∈ 0.005Z, is stronger away from the minimiser (by at most 10−3), and has the same minimum over
that grid, for all 17 pairs (coupling lp m9.py). For four pairs, adding the three-copy inequalities
E[P (X)P (Y )] + p ≥ E[P (X)P (W )] + E[P (Y )P (W )] (from E[P (X)P (Y )(1 − P (W ))] ≥ 0 and
E[(1− P (X))(1− P (Y ))P (W )] ≥ 0; correlation triples on a finite grid) does not change the value
at the minimiser of Φ♯ (coupling lp3.py, output coupling lp3 m9.txt). For two of the pairs θ
is attained at ℓ = 1; for them Φ♯ is negative only strictly inside (q2, q(1 − q)), and the bound of
Proposition 10.6 is attained by actual decoders at both ends of this interval (Remark 10.10), where
Φ♯ is positive. Deciding these candidates needs either a certificate with k ≥ 5 or an argument that
goes beyond the level-weight relaxations tried here; m = 9 is the first case with |J | ≤ 2 where our
methods leave candidates open.
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Decidability. By (M1), E[h(F (C·j))j∈J ] = E[h(B)], where B ∈ {−1, 1}J is obtained by rounding

the values F (C·j) independently (Bj = 1 with probability
1+F (C·j)

2 ). So criterion (d) of Theorem D
asks whether the label source, whose columns C·j are seen by |J | separate parties, lets the parties
produce, each applying the same randomised map to its own column, a joint law λ of B with
σ
∑

w λ(w)h(w) < 0: a non-interactive simulation problem with identical strategies. Rows of both
signs can be combined into one source, a pair of rows of opposite signs per coordinate, since a
decoder may ignore rows. For two parties with arbitrary deterministic strategies, De, Mossel and
Neeman [3] (after Ghazi, Kamath and Sudan [6] for targets on {0, 1}2) showed that every joint
law that can be simulated from some number of copies of a finite source is approximated within
any ε > 0 by one that can be simulated from n0(ε) copies, with n0 computable. If this extends
to identical randomised strategies (and, for |J | ≥ 3, to |J | parties), then whether sg > trivg is
decidable whenever inf σ E[h(F (C·j))j ] over all k, ν, F is not 0: compute the infimum to a precision
below its modulus. The remaining case, infimum exactly 0, includes all 288 boundary functions for
m = 5, for which the dictator decoder gives the value 0; for the 34 open candidates for m = 9 the
decoders with k ≤ 4 stay at least 7 · 10−5 away from 0. We have not checked these extensions, and
the bounds n0(ε) are far too large for computation.

Exact value of sE2. Theorem B reduces it to the labelled problem; we only have 0.6251187 <
sE2 ≤ sUE2 < 0.626951 and sUE2 > 0.6253166 (Theorem A(b)–(d); all computer-assisted). Whether
sE2 = sUE2 is open. The natural label constructions do not close the gap between 3

8J and J : for
families with two roles, Qz = sgn or Qz = − sgn according to a function f(z), each γν is a mixture
of γq(±x) and γ(sgn,sgn,sgn)(±x) (the latter is at most −0.052), and an exhaustive search over all

f : {−1, 1}k → {0, 1} with k ≤ 4 finds the largest value 5
8 + 3

8J (up to 6 · 10−9), attained by
f(z) = z1 (Proposition 4.2). The output patterns ν for which the number of columns with role
sgn is not determined contribute at most 7.3 · 10−5 for any f with k ≤ 4, and every f that gains
there loses more elsewhere (e2 label roles.py, floating point). Remark 4.10 locates the losses of
Theorem A(d): a sharper pointwise bound would have to use the joint structure of the three test
functions, and a majorant that is not a sum of functions of single coordinates could avoid paying
for points where Ξ < 0 (the ridge majorants tried in Remark 4.10 give no improvement).

One-dimensionality (second part of Q5). For E2 the value sL is attained by every q in every
dimension (Theorem 3.2); the constructions above for sU and slab are one-dimensional, but we
do not know whether the suprema are attained in dimension one. Some numerical evidence: for
halfspaces qj = sgn⟨vj , ·⟩ with unit normals vj ∈ Rn, val(q1, q2, q3) depends only on the Gram matrix
of the vj , and given G0 = x the variables Uj = ⟨vj ,Gj⟩ are normal with means ρ⟨vj , x⟩ and covariance
matrix I − ρ2(⟨vi, vj⟩)ij . Every perturbation of the collinear configuration (sgn, sgn,− sgn) lowers
the moduli |⟨vi, vj⟩| by some δij ≥ 0. Computing val with exact bivariate orthant probabilities
(Owen’s T function) and adaptive quadrature, the change is D12δ12 + D13δ13 + D23δ23 to first
order, with D12 ≈ −4.4 · 10−4 and D13 = D23 ≈ −2.1 · 10−4 (finite differences at ε = 0.1, 0.05
with Richardson extrapolation); for instance, rotating v3 by 0.1 lowers val from 0.6253166 by
2.1 · 10−6 (e2 halfspace angles.py, output e2 halfspace angles.txt). So among halfspaces
the one-dimensional configuration is a strict local maximum (numerically). Among one-dimensional
mean-zero step functions qj (bins of width 0.1 on [−6, 6]), projected gradient ascent on a smoothed
objective started at (sgn, sgn,− sgn) finds no improvement, perturbed starts reach at most Eγ+ =
2.43 · 10−4 and random starts stay at 0 (a fixed number of steps, without a convergence test;
e2 sU opt1d.py, floating point).
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A Verification scripts

All scripts are in the directory numerics/ (Python 3 with numpy, scipy, sympy and mpmath;
e2 lower rig.py, e2 upper rig.py, orbit k3 exact.py, m9 k4 rig.py and m9 k4 rig check.py

also need python-flint); their outputs are in numerics/outputs/.

� e2 rigorous.py: exact certificate for Theorem 3.2 (Sturm count on the rational cubic 1
2 − B̄)

and the integral I.

� e2 lower rig.py: the computer-assisted part of Proposition 4.3 (formula (2) checked
against Gauss–Hermite quadrature; rigorous enclosure of

∫ 12
x1
γqφdx with Arb; output

e2 lower rig.txt).

� e2 upper rig.py: the computer-assisted part of Theorem 4.5 (Remark 4.9): the constant
K3 (exact), construction of ψ by a linear programme, verification of the majorant prop-
erty on all cells with interval arithmetic, convexity and Eψ(U) in Arb ball arithmetic
(python3 e2 upper rig.py 400; outputs e2 upper rig 400.txt, e2 upper psi 400.txt,
e2 upper z 400.txt).

� e2 upper sanity.py: floating-point tests of Lemma 4.6 on halfspaces and unions of inter-
vals, and the losses along (sgn, sgn,− sgn) quoted in Remark 4.10; e2 upper ridge.py: the
linear programme with ridge majorants of Remark 4.10 (floating point). e2 upper maj.py,
e2 upper herm.py, e2 upper cells.py: floating-point precursors (other pointwise bounds;
the closed form of Lemma 4.7 compared with a brute-force maximisation over the elliptope;
the cell linear programme).

� q6 exact.py: exact classification for m ≤ 4 (Theorem C(v)).

� q6 d4r1.py: exact enumeration for m = 5, |J | = 4 (Proposition 11.1).

� q6 hsearch.py: enumeration of candidate h for given (|J |, |U |) with TRIV/L0/LAB1 tests
(floating point on dyadic data, hence exact; see the proof of Proposition 11.1; outputs
q6 hsearch d2 r3.txt, q6 hsearch d3 r2.txt).

� q6 realise check.py, q6 exact k2.py, q6 hard288.py: exact checks on the 348 candidates
(realisability, ∥h∥2 = |µ|, k ≤ 2 certificates) and the list of the 288 boundary functions.

� g0 check.py: every number in the proof of Proposition 9.1 (exact). q6 g0.py,
q6 g0 variation.py: data of g0 (exact) and Boolean decoders with k ≤ 2; first variation
at the dictator decoder.

� hard288 orbits.py: orbits of the 288 boundary functions under the symmetries of
Lemma 11.2, with a check that the list is closed under them.

� khintchine q check.py: exact checks of the constants of the proof of Theorem K for q =
3
8 ,

2
5 ,

5
12 (the table of §9.4, the identities for general q, the case computations and the sign

pattern of pq); a floating-point scan over q (grid of step 0.005); E|L| for random unit vectors
and a local search away from dictators.

� khintchine interval.py: the proof of Theorem K for all q ∈ [38 ,
1
2 ] (exact rational arith-

metic): the thresholds aA satisfying (11) on 64 intervals of q, and the bisection proving (13)
on the Case C ranges (249 boxes); it also checks that P (q, ·) is a positive multiple of the
tabulated pq.
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� e2 label roles.py: exhaustive search over two-role label families for E2 (Qz = ± sgn), k ≤ 4
(floating point, Owen’s T and grid quadrature; §11).

� khintchine threshold.py: the counterexample ( 1√
2
, 1√

2
) for q < 1− 1√

2
(enumeration) and

a floating-point search for the largest E|L|/(2τ) over unit vectors with n ≤ 7 on a grid of
q ∈ [0.28, 0.375] (Remark 9.8(c)).

� g1 check.py: exact data of g1 and every number in the proof of Proposition 9.10; brute-force
comparison of Γν(F ), the reduction bound and the spectral formula for decoders with k ≤ 4.

� d12 check.py: the eigenvalue identities behind Theorem L for general q (sympy), the identity
(15) on random f ≥ 0 and its equality cases; exact data of g2 and every number in the proof of
Proposition 9.11; brute-force comparison of Γν(F ), the reduction bound, the spectral formula
and 1

2E[P
2 − P ] for decoders with k ≤ 4 (exact for k ≤ 2); the claims of §11 about the

one-class orbits B12 and C12.

� level1 profile test.py: floating-point test of W 1(f) ≤ qp+ 1−2q
q p2 through the tail func-

tional of unit linear forms (q = 2
5 , n ≤ 5), run before Theorem L was found.

� thmL sharpness.py: the equality cases of Theorem L, exactly, for all {0, 1}-valued f with
n ≤ 4 and for random nonnegative f of degree at most 2 with n = 4 (q ∈ {1

5 ,
3
10 ,

1
3 ,

2
5}),

including (Ef)2/Ef2 ∈ [q2, q]; the formulas for ANDs of t coordinates (exact); (16) on test
functions (floating point).

� oneclass analysis.py, orbit coord ascent.py: exact data (π±, β±, correlations, k = 1
values) of the five one-class orbits; coordinate ascent (exact one-dimensional steps, floating
point) over single decoders F : {−1, 1}k → [−1, 1] for representatives of all orbits except D12.

� khintchine analytic check.py: floating-point sanity checks of the analytic proof of Theo-
rem K for q = 3

8 (majorant (12), the functions of Cases A–C, the cubic pq(s), and E|L| for
random unit vectors by exact enumeration).

� khintchine certificates.py: independent computer-assisted proof of Case C of Theo-
rem K (exact rational dual certificates on 560 cells; square roots enclosed by rational bounds).

� khintchine L1 test.py, khintchine moment lp.py: numerical exploration of Theorem K
(gradient ascent over unit vectors with exact enumeration, n ≤ 10; the moment-problem
relaxation of the inductive step).

� g0 pairwise test.py, g0 coord ascent.py, level1 bellman.py: numerical tests for g0 (the
pairwise inequality of Lemma 9.2; coordinate ascent for labelled certificates with k ≤ 6; a
Bellman-function approach to the level-one bound, which is too weak).

� e2 check.py, polymorph.py, e2 sU opt1d.py: numerical values for E2 (tensor Gauss–
Hermite quadrature for γ(x), adaptive quadrature in x; one-dimensional optimisation for
sUE2 over step functions, with the x-integral on a 361-point grid; the discretised value of
(sgn, sgn,− sgn) is 0.6253169, against the exact 0.6253166, and the optimiser does not im-
prove on it).

� e2 halfspace angles.py: val for E2 and triples of halfspaces with arbitrary normals (exact
bivariate orthant probabilities via Owen’s T , Gauss–Legendre in the first coordinate, adaptive
quadrature in x; floating point).
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� q6 deeplabels.py, q6 contlabels.py, g0 finite x.py: numerical searches (floating point)
for labelled certificates at x = ∞ and at finite x.

� gF check.py: exact data of gF (Fourier coefficients, dependence on all coordinates, h, π±,
the correlations, ρ12 and Φ) for Proposition 10.3.

� maxcorr J2.py: the exact classification of Proposition 10.7, including the tests of
Propositions 10.4(i) and 10.6 and the exact search for certificates with k ≤ 3
(python3 maxcorr J2.py r [workers], r = 3, 4, 5, 6, and r = 7 for §11; outputs in
numerics/outputs/maxcorr J2 r*.txt).

� m9 open.py: the exact data of the 34 candidates left open for m = 9 (§11): θ, the negative
minimum of Φ♯ and its location, the maximum of Γν for k ≤ 3, and the AND decoder for
ℓ = 1.

� j2 cert polish.py: coordinate ascent over decoders with exact polishing (floating point
search; the 17 pairs form = 9 with k = 4, 5, 6). coupling lp3.py: the linear programme with
two- and three-copy constraints (floating point); coupling lp m9.py: its two-copy version
for all 17 pairs on a grid of p, compared with Φ♯. formula envelope.py, split bound.py:
other explorations for m = 9 (read-once formula decoders; recursive splitting bounds), which
decided nothing.

� fplus check.py: the worked examples of Proposition 10.4 (exact).

� fsharp check.py: the minima of Φ♯ for the 18 candidates in F♯ and the worked example of
Proposition 10.6 (exact).

� j2 k2 exact.py: the exact maximum of Γν over [−1, 1]-valued decoders with given k and ν
(face enumeration, as in the proof of Proposition 10.9).

� m8 check.py: the function g3 and the second nontrivial pair for m = 8; all numbers in
Proposition 10.9 and in the paragraph before it (exact).

� fsharp sanity.py, sharp test.py, tcoupling test.py, fpp test.py, coupling lp J2.py,
coupling lp dual.py: floating-point tests of Lemma 10.5 and Proposition 10.6 on random
decoders, of other choices of the couplings, and of the linear programme over finite grids of
couplings (which gave no improvement on these candidates).

� j2 cert search.py: ascent over single decoders with exact re-evaluation, which found the
certificates for m = 8.

� j2 ascent.py: coordinate ascent over single decoders for |J | = 2 (gF , the m = 6 candidate
not decided by Theorem F, and the 11 pairs for m = 8 left by Proposition 10.4).

� class flips.py: level-one and cubic coefficients of the 14 orbit representatives and the class
flips of Lemma 11.3 (Table 1).

� thmF boundary.py: exact certificates that the hypothesis of Theorem F fails for rep3 and
rep8.

� classwise ascent.py: coordinate ascent over class-wise decoders for the nine two-class or-
bits.
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� rep3 star.py, cert sdp.py: alternating maximisation for (30), k ≤ 7; the script reports the
maximum of 2E[H(C·2)G(C·3)]−E[G(C·1)G(C·3)] over G = 2P−1 andH : {−1, 1}k → [−1, 1],
which is 1 plus four times the maximum of the left side minus the right side of (30) (out-
put rep3 star.txt); the SDP certificate search for rep3 described after (30) (CLARA-
BEL through cvxpy; output cert sdp rep3.txt), and the same search for rep5 (output
cert sdp rep5.txt).

� rep3 coupling.py: exact check of every number in the proof of Proposition 11.5 (h′, π̃± and
their pair marginals, ϕ) and exact random tests of Γν(F ) ≤ E[h′(Y )] = −1

8E[ϕ] ≤ 0 for k ≤ 3
(output rep3 coupling.txt). coupling search.py: exact decision, for the nine two-class
orbits, of whether the re-coupling argument of Proposition 11.5 applies (Fourier–Motzkin
elimination; output coupling search.txt).

� rep2 coupling.py: exact check of every number in the proof of Proposition 11.6 (h′, ρ±
and their pair marginals, ψ, the flip to the orbit of hg0) and exact random tests of Γν(F ) ≤
E[h′(Y )] = −1

8E[ψ] ≤ 0 for k ≤ 3 (output rep2 coupling.txt).

� rep1 coupling.py, rep7 coupling.py: the same for Propositions 11.8 and 11.10 (h′ and R,
ρ± and their pair and triple marginals, R ≤ 0, the class flips to the orbits of rep9 and of hg1 ,
and exact random tests for k ≤ 3; outputs rep1 coupling.txt, rep7 coupling.txt).

� rep6 coupling.py: the same for Proposition 11.12 (h′, ρ± and their pair and triple marginals,
the matching of the coefficients of R and h′, R ≤ 0, the flip to the orbit of C12, and exact
random tests for k ≤ 3; output rep6 coupling.txt).

� coupling designs.py: the search over coupling designs described before Conjecture 11.14
(floating-point linear programming, designs up to permutations of the columns within a
class; outputs coupling designs pairs.txt, coupling designs cubic.txt for N ≤ 5 and
coupling designs cubic6.txt for N = 6).

� milp designs.py: the mixed-integer formulation of the design search for a fixed num-
ber of columns and a fixed assignment of the columns to the classes, for one-class and
two-class h, with the optional spectral inequalities for one class (floating point, HiGHS
through scipy.optimize.milp; outputs milp designs run1.txt, milp designs run2.txt,
milp designs small.txt). oneclass designs.py: the enumeration of one-class designs
(floating-point linear programming). eps designs.py: the least ε with R ≤ ε over designs
with N columns (same formulation; outputs eps designs B12.txt, eps designs D12.txt,
eps designs 2class.txt, and the interrupted search eps designs rep10 N8 partial.txt,
whose runs all reached the time limit).

� rep5 reduction.py: exact checks for the paragraph “A reduction for rep5” (h′ and 4h′(y) =
−1− y1(1 + y2 + y3), the two pair laws and their coincidence with those of Proposition 9.11,
Γν = 0 at the two decoder pairs, the equality cases of (28) and Γν = − 1

100 at the third,
the enumeration of the {0, 1}-valued P with k ≤ 3, and exact random tests for k ≤ 3 of
Γν ≤ E[h′(Y )], of the formula for E[h′(Y )], of the best response in Fs, of Ψ(P, P ) against the
expression of Proposition 9.11 and of the minimum of Ψ overB; output rep5 reduction.txt).
rep5 relax.py: the alternating maximisation for (28) and its analogues for the other cubic-
free majorants (floating point; output rep5 relax.txt). rep5 scalar.py: the level-weight
relaxation of Ψ and its minimum on a grid (floating point; output rep5 scalar.txt).
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� rep510 exact.py: exact checks for the paragraph “Exact forms for rep5 and rep10”
(the Fourier expansions of the two representatives, the identities for 4maxFs Γν against a
brute-force maximum over all {−1, 1}-valued Fs for 56 random P per orbit with k ≤ 3
and every number of positive labels, and the equality cases; output rep510 exact.txt).
rep510 ascent.py: the alternating maximisation of Γν for rep5 and rep10 with k ≤ 8 (float-
ing point; outputs rep510 ascent rep5.txt, rep510 ascent rep10.txt, the positive control
rep510 ascent control.txt, and rep510 ascent many k5.txt with 200 random starts per
sign pattern for k ≤ 5). rep510 k4 boolean.py: both one-function inequalities for all 216

{0, 1}-valued P with k = 4 and every ν, in exact integer arithmetic (row laws scaled to in-
tegers), with the list of equality cases and random cross-checks against rep510 exact.py;
output rep510 k4 boolean.txt. rep10 majorant.py: exact checks for the paragraph “A
reduction for rep10” (the zeros of π+, the bound t ≤ 1, the expansion of h′′ and its ver-
tex form, the third form for 56 random [0, 1]-valued pairs (P,B) with k ≤ 3, the iden-
tity for 4maxFs E[h′′(Y )] against a brute-force maximum over Fs for 56 random P with
k ≤ 3, and (29) for all {0, 1}-valued P with k = 4 and every ν in integer arithmetic,
with the equality cases; output rep10 majorant.txt). The alternating maximisation for
h′′ is rep510 ascent.py with the objective passed in the variable OBJ (floating point; out-
puts rep10 majorant ascent.txt for k ≤ 8 and rep10 majorant ascent many k5.txt).
majorant k3 exact.py: the face enumeration of Proposition 11.4 with the integrand h′′

(rep10), h + 1−+− or h + 1+++ (rep5) and the row laws of h, for k ≤ 3 (python-flint; for
k ≤ 2 every maximum over Fp is checked against the Fraction-based enumeration cube max of
j2 k2 exact.py, and for every vertex Fs the quadratic form in Fp is checked against a direct
evaluation of E[h′(Y )] at a random rational Fp), and (28) for all {0, 1}-valued P with k = 4
in integer arithmetic, with the equality cases and random cross-checks against a Fraction
computation (output majorant k3 exact.txt). rep510 k4 half.py: the four one-function
inequalities for all 316 {0, 12 , 1}-valued P with k = 4 and every ν = (+1)r(−1)4−r (which
suffices by permuting the labels), in integer arithmetic (values of 2P ), with the number of
equality cases and of those that take the value 1

2 (none), and 10 random cross-checks per orbit
and ν against Fraction computations (those of rep510 exact.py and rep10 majorant.py,
and a direct one for (28)) (output rep510 k4 half.txt). rep510 boolean.py with the C
kernel rep510 boolean.c: the four one-function inequalities for all 232 {0, 1}-valued P with
k = 5, and again all 216 with k = 4, for every ν = (+1)r(−1)k−r (which suffices by permuting
the labels). It enumerates P in Gray-code order, in 8 ranges per ν, updating all accumulators
exactly in integer arithmetic (every value has modulus at most 9D, and 9D < 231 is asserted),
and at the end of each range recomputes them from scratch and compares. The k = 4 results
are compared with a direct evaluation, and sample points of every range (at pseudo-random
Gray indices) with Fraction computations from rep510 exact.py. The script asserts that
the equality cases are exactly the families listed in the paragraph “A reduction for rep10”
(output rep510 boolean.txt).

� oneclass certs.py: exact check of the one-class certificates for A24 and C12 (paragraph
“One-class designs”: h′, the laws and all their assigned marginals, the matching of the coef-
ficients of R and h′ by law, R ≤ 0, and exact random tests of the chains for k ≤ 3; output
oneclass certs.txt).

� b12 cert.py: exact check of the seven-column certificate of Proposition 11.15 (properties
(a)–(c) of ρ±, the matching of the coefficients of R and h by law, the formula for R, the
elimination of a4, a5, R ≤ 0 at the 128 vertices, and exact random tests of Γν(F ) = E[R] ≤ 0
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for k ≤ 3; output b12 cert.txt).

� m9 struct search.py: global search (face enumeration, floating point) over decoders F (z) =
G(zk, n) for the 34 open m = 9 candidates, k ≤ 8, validated on the two m = 8 certificates
(output m9 struct search.txt).

� m9 k4 rig.py: the computation of Proposition 11.16 (python3 m9 k4 rig.py 4 8, four min-
utes with eight processes; output m9 k4 rig.txt); run with k = 3 it reproduces the exact
maxima of m9 open.py, and on the two nontrivial m = 8 pairs it reports the exact values
of the certificates of Proposition 10.9 ( 4317675409

14846652293120 , run with k = 3) and of the paragraph
before it ( 67561

411505920 , run with k = 2). m9 k4 rig check.py: comparison of its enclosures with
exact rational solutions at random faces (output m9 k4 rig check.txt). m9 k4 scan.py: the
same face enumeration in plain floating point (output m9 k4 scan.txt).

� m9 gauss limit.py: the Gaussian limit G∞ of threshold decoders for the 17 open m = 9
pairs (floating point; output m9 gauss limit.txt).

� m9 mixed limit.py: minimisation of the mixed limit V (k0 ≤ 5 rows read exactly
plus a Gaussian part) for the 17 open m = 9 pairs (floating point, multistart; output
m9 mixed limit.txt).

� orbit kkt.py: the first-order conditions at the dictator decoder for the 14 orbit represen-
tatives, and on the flat face of rep10 the constants A(s), αj(s) and the brackets 1

12 ,
1
16 that

make them strict for every k (exact rational arithmetic; output orbit kkt.txt).

� orbit k2 exact.py, orbit k3 exact.py: the computation of Proposition 11.4, the exact
maximum of Γν over all [−1, 1]-valued class-wise decoders for the nine two-class orbit represen-
tatives, k ≤ 2 (Python fractions) and k = 3 (python-flint); the second script is checked against
the first, vertex by vertex, for k ≤ 2 (outputs orbit k2 exact.txt, orbit k3 exact.txt).

None of the scripts is needed for the proofs of Theorems B, D, E, F and L, of Theo-
rem K for q ∈ {3

8 ,
2
5 ,

5
12} (every number is displayed in §9.4), and of Propositions 9.10,

9.11, 10.3, 11.5, 11.6, 11.8, 11.10, 11.12 and 11.15, which are analytic; the scripts listed
for them are cross-checks. The computer-assisted results are: Theorem A(a) (exact Sturm
counts, e2 rigorous.py); Theorem A(b),(c) (Proposition 4.3, Arb enclosure, e2 lower rig.py);
Theorem A(d) (e2 upper rig.py); Theorem C(v) (q6 exact.py, exact); Theorem K for
general q ∈ [38 ,

5
8 ] (khintchine interval.py, exact rational arithmetic); Propositions 10.7

and 10.9 and Corollary 10.8 (maxcorr J2.py, j2 k2 exact.py, m8 check.py, exact); Proposi-
tion 11.1 (q6 hsearch.py, q6 exact k2.py, q6 realise check.py, exact; q6 d4r1.py is a cross-
check); Proposition 11.4 (orbit k2 exact.py, orbit k3 exact.py, exact); and Proposition 11.16
(m9 k4 rig.py, floating point with rigorous error bounds and an exact fallback).
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