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Abstract

Let f: {0,1}" — {0,1} and let € = Pryy[f(x Ay) # f(x) A f(y)] for independent uniform
x,y. Filmus, Lifshitz, Minzer and Mossel (STOC 2020) proved that f is d-close to a constant or
to an AND of a subset of the coordinates, where § = §(¢) — 0 independently of n. They asked
for the optimal dependence of § on ¢; the best known bound was § = 1/log®M(1/¢) (FLMM,
2021). We prove that
Pr[f #¢] < min {Ef, %}f} < VaE,  co=4+2V2<6.83,
and that /¢ cannot be improved: there are functions with ¢(f) < e that are (1 — o(1))/e-far
from all constants and ANDs. Thus the optimal dependence is 6*(g) = ©(4/¢), which proves the
polynomial conjecture of FLMM with the optimal exponent. The order of the lower bound is
elementary: ;- - 25,(1 — x4 1) is at distance exactly 1/£/2, so the bound § = O(¢) conjectured
in their 2021 note already fails for these functions. The substance is the matching upper bound.
The proof is elementary (no junta theorem, no hypercontractivity). Its main ingredient is a
spectral containment inequality: if S is drawn from the Fourier spectral distribution of f and
x is uniform on f~1(1), then Pr[S C supp(x)] > 1 — ¢/(Ef)?. The same method gives the
sharp bound ©(g'/™) for the m-ary test f(x1 A AX,;,) = N; f(x;), the bound /6¢/(1 — p)
for p-biased inputs, and polynomial (O, ,(1/€)) bounds for the three-function, two-measure
version (Theorem 2.10 of FLMM). The leading constant is not 1: there are functions with
dist(f)? > 1.351(f) at arbitrarily small €, so 1.162 < limsup,_,,6*(e)/v2 < \/éo < 2.614.
In the relative form the constant is sharp near the ANDs: dist(f) < (3 + O((e/p?)V/?))e/n
with ¢ = Ef, and % is attained. Finally, the coupling works for approximate polymorphisms
of an arbitrary g: {0,1}™ — {0,1}. We prove that every d-approximate (multi-)polymorphism
of g is O4(6)-close to an exact one, with ¢, > 0 depending only on m; the previous bounds
(Chase-Filmus-Minzer—Mossel-Saurabh, STOC 2022) were of tower type. This answers their
Open Question 2: the dependence is always polynomial, and its exponent depends on g. It
is linear for every balanced g that depends on at least two coordinates. For unbalanced g let
e(g) be the number of coordinates of a constant input that must be flipped to change the value
of g, maximized over the two constant inputs. Then the optimal distance of a J-approximate
polymorphism from the skew polymorphisms is O, (61/¢9)) for every non-constant unbalanced
g (for instance e = m for AND,,, OR,,, NAND,,, NOR,,); for functions close to constants
this uses a strong data processing inequality. So the optimal exponent for polymorphisms is
known for every g; for g depending on at least two coordinates, the loss is linear if and only if
g is balanced or e(g) = 1. For multi-polymorphisms (the functions fy, ..., f,, may differ) we
also find the optimal exponent: the optimal distance is O, ((51/ E(9)), where E (g) is the largest
k such that fixing m — k of the variables of ¢ can leave an AND of k literals or its negation.
So for g depending on at least two coordinates the loss is linear if and only if g is affine;

min
g9€{0}U{ANDs}



for instance, for Maj, it is linear for polymorphisms and quadratic for multi-polymorphisms.
Finally, using the reverse hypercontractivity of Mossel, Oleszkiewicz and Sen, the polynomial
bound extends to correlated inputs: for every g and every full-support distribution u of the rows
(the setting of Alekseev and Filmus), the dependence is polynomial, with exponent depending
only on m and min g. This proves the polynomial part of the Alekseev—Filmus conjecture
for every functional predicate. The method also extends to larger alphabets: for g: ¥™ — X
such that changes of single coordinates within the connected components of their collision graphs
(a ~ bif g(u?=?) = g(u? ") for some context u) connect all output values (for instance min, max,
every finite semilattice operation, every near-unanimity operation, multiplication modulo ¢, and
the rounded mean [(z1 + x2)/2]; for ¢ = 3, 87% of the binary operations that depend on both
coordinates), the dependence is again polynomial; these functional predicates are not covered by
the larger-alphabet theorem of Alekseev and Filmus. For the non-functional predicate {(a, b, c) €
Z3 : a+ b+ c # 0}, which they name as the simplest predicate their techniques cannot handle,
we prove stability under the uniform distribution on the predicate, with the sharp dependence:
distance (1 + 0(1))Vv/8. Polynomial stability extends to every full-support distribution on the
predicate, with an exponent that must depend on the distribution, which answers their question
for this predicate; for the distributions with uniform marginals and smallest atom «, the best
exponent valid for all of them lies between 9a(1 — 9«) and 9a, and it equals 9« for o < %; near
the affine solutions the dependence is linear for every full-support distribution. The optimal
exponent % and the sharp constant 1 also hold for {a € Z§* : a1 + -+ + am, # 0}, m > 4,
under the uniform distribution, and polynomial stability holds for these predicates under every
full-support distribution, with the best exponent for uniform marginals between 9a/(1 — 9a)
and 9/, and equal to 9o’ for o < %7 where o/ = 3™ 3q; for m > 3 these predicates are, up
to relabelling the alphabet in each coordinate, exactly the largest predicates over Zs without a
flexible coordinate.

1 Introduction

For z,y € {0,1}" write z Ay = (x1 Ay1,...,Tn Ayn). For S C [n] let ANDg(z) = [[,cqi (so
ANDy = 1), and let
A, = {0} U{ANDg : S C [n]}.

The functions f: {0,1}" — {0,1} satisfying f(x Ay) = f(x) A f(y) for all x,y are exactly the
members of A, (in social choice: the oligarchies and the constants). Indeed, if f # 0 is such a
function then f~!(1) is closed under A and is an up-set (if f(x) =1 and y > z then 1 = f(z Ay) =
f(@)f(y)), so f~1(1) = {x > m} where m is the meet of all points of f~1(1), i.e. f = AND
For f:{0,1}™ — {0, 1} define, with x,y independent and uniform on {0, 1}",

() = Pr[fGeny) £ FS ()] dist(f) = min Prlf(x) # g(x))

gEA, X

supp(m)-

and
§*(e) = sup sup {dist(f) : f:{0,1}" = {0,1}, e(f) <e}.
n>1

Nehama [24] proved dist(f) = O((ne)'/?). Filmus, Lifshitz, Minzer and Mossel [11] removed
the dependence on n: ¢6*(e) — 0 as ¢ — 0 (their Theorem 1.1), with an exponential loss, and
they asked ([11, Open Question 1]): “What is the optimal dependence between € and & in Theo-
rem 1.1%”, conjecturing a polynomial dependence. In a 2021 note [12] they gave a simpler proof
with 6*(e) < 1/1og®¥Y)(1/e), based on a Fourier tail bound and the junta theorem of Kindler—
Kirshner-O’Donnell [18], and conjectured that their theorem holds with § = O(eg). Read lit-
erally, this fails for an elementary reason. The function f = x1---xp(1 — z541) fails exactly
on the pairs with x; = y; = 1 for all i < k and X441 # Yer1, 50 (f) = 47%/2. Moreover



Prif = 1| xg =19 < Pr[xp1 = 0 | xg = 15] < 3 for every S, so Pr[f # ANDg] =
Ef + 271511 = 2Pr[f = 1 | xg = 15]) > Ef, and dist(f) = Ef = 2751 = /e(f)/2. Hence
5*(e) > /e/8 for all ¢ < % (by monotonicity of 6*), and the substance of the question is the upper
bound. The polynomial conjecture is restated, for general predicates, in [2, 9].

1.1 Results

Theorem 1.1 (Main theorem). Let f: {0,1}" — {0,1} with p = Ef > 0 and € = e(f), and let
co=4+2v2=16.828... Then

co &

. . 0
< < .
dist(f) < mln{u, . } < Veoe
More precisely, let g =1 —1/v/2, C = {i € [n] : Pr[f(x) =1, x; = 0] < o} and n = ¢/u?. If
n<no:=(2-+2)/4=1/cy then

1—-2n

Pr[f # AND¢| < h(n) etV

b)) = (242V2)

=lo

where h increases from h(0) = 2+ 2v/2 to h(ngy) = co.

A simpler version of the argument (Theorem 5.1 at p = 1/2) gives the constant 12 in place of
Co-

Theorem 1.2 (Lower bound). For every 0 < ¢ < 1/4 we have §*(¢) > \/e. Moreover, for every
n > 1 the function f, = 1{|z| = n — 1} satisfies dist(f,)?/e(fn) =n/(n +1).

Corollary 1.3. /e < 6*(e) < Jcoe for all 0 < & < 1/4, where ¢y = 4 + 2v2. In particular
5*(e) = O(y/e): the dependence is polynomial (as conjectured in [11]) with optimal exponent 1/2.

The new part of Corollary 1.3 is the upper bound. The order /¢ of the lower bound already
follows from ;- xp(1 — xk41) (see above); Theorem 1.2 gives it with the constant 1 for every
e < %, and Section 7 shows that 1 is not the right constant.

For functions close to an AND, the relative form of Theorem 1.1 has a sharp constant. Theo-
rem 5.4 shows that Pr[f # AND¢] < (5 + O(y/1))e/p for n = £/p? — 0, and that 3 cannot be

improved. This proof uses small-set expansion; the proof of Theorem 1.1 does not.
The method is robust. We also prove (Section 6):

Theorem 1.4 (Extensions).

(a) (p-biased inputs.) If X,y ~ p, are independent, p € (0,1), p =E, f and e = Pr[f(x Ny) #
f(x)f(y)], then minge 4, Pry, [f # g] < min{p, 6c/((1 —p)p)} < /6¢/(1 —p).

(b) (m-ary test.) If m > 2, x1,...,X,, are independent and uniform and €, = Pr[f(xi A -+ A
xm) # [1; f(x5)], then dist(f) < min{p, coem/ ™1} < (coem)/™. Conversely, 6,(¢) =
sup,, sup{dist(f) : en(f) < e} > V™ for 0 < & < 2=™. Hence the optimal dependence for
the m-ary test is ©(e'/™); more precisely £'/™ < §* () < (coe)V/™.

(c¢) (Three functions, two measures; quantitative FLMM Theorem 2.10.) Letp,p € (0,1), x ~ pp,
y ~ 1, independent, and F,G,H: {0,1}" — {0,1} with e = Pr[F(x \y) # G(x)H(y)]. Put

K =5/\/(1=p)(1—p). Then either



(i) min(E,, G, E, H) < K\/¢ (so G or H is K\/e-close to 0) and Pr,, [F # 0] < e+ K\/¢;
or

(ii) min(E,, G, E, H) > K\/&, and there is T C [n] with Pr,,[G # ANDr] < £,/1=2\/,

—p){L=p

Arbitrary predicates. The AND test is the case ¢ = ANDs of the approximate polymorphism
problem of Chase, Filmus, Minzer, Mossel and Saurabh [6] (see also [11, 2]). Given ¢: {0,1}"" —
{0, 1}, suppose that fo,..., fm: {0,1}" — {0, 1} satisty

folg(z1), .., 9(2zn)) = g(fL(ZY),.... fm(Z™))

for most n x m matrices Z with rows z; and columns Z7. Are they close to exact solutions?
They proved this with a tower-type dependence and asked for the optimal dependence ([6, Open
Question 2]). In Section 8 we show that it is always polynomial: a §-approximate solution is Oy(6)-
close to an exact one, with an explicit ¢, > 0 depending only on the number of relevant coordinates
of g (Theorem 8.1). The exponent depends on g (Corollary 8.3): the loss is linear for every balanced
g that depends on at least two coordinates (Theorem 8.2, Proposition 8.16), while for every non-
constant unbalanced g the optimal dependence is § = ©,(¢°9)), where e(g) € {1,...,m} is the
number of coordinates of a constant input that must be flipped to change the value of g, maximized
over the two constant inputs (Theorem 8.18); for example e = m for AND,,,, OR,,,, NAND,,,, NOR,,,.
The new ingredient is again the coupling, which yields a junta of size O(log(1/¢)) with polynomial
error in place of the regularity lemma. For functions close to a constant b we prove a lower bound
on the error of the form Pr[f # b]®, using a strong data processing inequality for relative entropy.
We also determine the optimal dependence for multi-polymorphisms, where fy,..., f;, need not
be equal (Theorem 8.28): it is § = ©,(eFW), where F(g) > e(g) is the largest k such that
fixing m — k of the variables of g can leave an AND of k literals or its negation. Hence the loss
for multi-polymorphisms is linear if and only if ¢ is affine (Corollary 8.29); for Majs it is linear
for polymorphisms but quadratic for multi-polymorphisms. Here some columns may be close to
constants while others are not, and we use a partial strong data processing inequality in which
only part of the input of the channel is fresh (Lemma 8.30). Finally, Theorem 8.33 extends the
polynomial bound to inputs whose rows are i.i.d. samples of an arbitrary full-support distribution
won {0,1}™, the setting of Alekseev and Filmus [2]: every d-approximate multi-polymorphism is
Oy, (09)-close to an exact one, with ¢ = ¢ minu > 0. Independence of the columns is replaced
by reverse hypercontractivity [22], and the junta lemma by a latent decomposition of p. This
proves the polynomial part of the conjecture of [2, Section 9] for all functional predicates. Together
with [2, Theorem 1.7], its proof also answers the second open question of [2, Section 9] for Boolean
functional predicates (Remark 8.44). Over a finite alphabet ¥ (Theorem 8.45) we prove polynomial
dependence for every g: ¥ — ¥ such that changes of a single coordinate x; within a connected
component of its collision graph (a ~ b if g(u/=%) = g(u/7*) for some context u) connect all
output values; this holds, for instance, when every coordinate is irrelevant under some context.
Examples are all finite semilattice operations (e.g. min and max), all near-unanimity operations
(e.g. majority on ¥3), products in finite monoids with zero (e.g. multiplication modulo ¢), and the
rounded mean |(z1+x2)/2|. A new ingredient is a junta lemma in which column j is resampled only
within one edge of the collision graph at a time; an alternating-projection estimate (Lemma 8.49)
combines these partial bounds, and fy is reached by resampling each row within its vector of
components. The flexibility condition of [2, Theorem 1.10] fails for every functional predicate, so
even the qualitative statement for these predicates is not covered by [2]. Alekseev and Filmus name



P=={(a,b,c) € Z3 :a+b+c+# 0} as the simplest predicate that their techniques cannot handle.
Under the uniform distribution on P~ we prove that d-approximate generalized polymorphisms are
(1+4o0(1))v/d-close to exact ones, and that this is sharp, including the constant (Theorem 8.55); the
dependence is linear near the affine dictator family. (The classification of the exact ones, the case
d = 0, also follows from a theorem of Filmus [10] and a finite check.) Here almost every restriction
to a single coordinate is an exact solution in one variable, and pairwise independence of the columns
removes the three-wise Fourier terms. For every full-support distribution 4 on P~ with uniform
marginals (an 11-dimensional family containing all translation-invariant distributions), the distance
is O(a~3/26*) with o = miny (Theorem 8.61): a latent decomposition p = 9am + (1 — 9a)v
lets us apply Theorem 8.55 to restrictions, and reverse hypercontractivity and Harris’s inequality
glue the restrictions together. If only two marginals are uniform (a 13-dimensional family), the
distance is O(a~3/ 253202/ 9). The exponent must depend on p: for a family x(® with uniform
marginals and min u(o‘) = « it is at most log3/log %, and for another such family, usah, at most

9« (Propositions 8.62 and 8.82); for every full-support p with uniform marginals it is at most
9/1

7(3 — M), where M is the largest probability of a pair of values of two entries of a row. With a
smaller weight of 7 in the decomposition, every exponent below 7184/2 > max(8«, 9a(1 — 9av)) is
valid, where r,, = 2(1—+/1 = k)/(2—+/1 — k) € 5k, k) is the exponent of reverse hypercontractivity
in Lemma 8.35, and every exponent below 32a? if only two marginals are uniform (Proposition 8.81).
So for uniform marginals and smallest atom « < Tls’ the best exponent valid for all such p lies in
[r18a/2, 9], an interval whose ends are within a factor %; both ends tend to the optimal exponent
% of mas a — %. The factor % is exactly the loss in reverse hypercontractivity, and we remove it
for a < %: when k < %, the simple operator (1 — k)Id 4+ KEE on every probability space satisfies
the two-function reverse hypercontractive inequality with the sharp exponent x for both functions
(the analogue of Borell’s two-point inequality), so for o < % the best exponent is exactly 9a; for
% < a< Tls it would be 9« if the same inequality holds on the uniform three-point space for
% € (3, 1), which we conjecture (Proposition 8.83). Near the affine family the dependence is linear
for every full-support p (Lemma 8.60). Finally, every full-support p is covered (Theorem 8.66): the
distance is at most C,d@*/13107200 A stable distribution 7 that shares two marginals with p can
replace 7 in the decomposition (Lemma 8.64), and three such steps (Lemma 8.65) connect every p to
a distribution with two uniform marginals. This answers the first question of [2, Section 9] for P ~=.
The guarantee of their second question (asked there for Boolean predicates), that equal functions
with equal marginals get equal approximations, holds for P~ as well, and for polymorphisms, i.e.
f1 = fo = f3, the dependence is linear whenever the three marginals coincide; under 7 the sharp
constant is % (Corollary 8.68). The optimal exponent % and sharp constant 1 of Theorem 8.55
also hold for {a € Z§" : a1 + - - + a;m # 0}, m > 4, under the uniform distribution, with distance
at most V& + O(m?8) (Theorem 8.70): conditioning on all but three columns reduces the case of
two functions far from constants to Theorem 8.55, and the case of nearly constant functions is
handled directly. For their polymorphisms the dependence is linear with sharp constant % if 3| m,
and a square root with sharp constant /2/(m(m — 1)) if 3 t m, where the constants 1 and 2 are
polymorphisms (Corollary 8.75). For m > 3 these predicates are, up to relabelling the alphabet in
each coordinate, the only predicates over Zsz of the largest possible size 2 - 3™~! without a flexible
coordinate (Corollary 8.73; this follows from the classical fact that all multiary quasigroups (Latin
hypercubes) of order 3 are affine [20, 27, 19]). So all of them are covered, under every full-support
distribution p. For m > 4 (Theorem 8.78), each pair of coordinates b, ¢ and a third coordinate a,
p is a mixture of a remainder and the distribution under which T'(y) = (Ya + >_;cr ¥j Ybs Ye) and
(yj)jer are independent with their laws under p, where R = [m] \ {a,b, c}; the law of T'(y) is a
full-support distribution on P =, so it is stable by the result for m = 3, and the transfer argument



of Lemma 8.64 shows that f; or f. is close to a constant. The exponent must again depend on pu.
For uniform marginals the distance is Oy, o(6*") with o/ = 3™ 3« (Theorem 8.80); every exponent
below 718,//2 is valid (Proposition 8. 81) and for some such p no exponent above 9o’ is possible
(Proposition 8.82), so agam for o/ < 18, the best exponent lies in [rig,//2,9¢/], uniformly in m,
and it equals 90/ for o/ < 3¢ (Proposmon 8.83).

The idea. FLMM'’s approach passes through the approximate eigenvalue equation TVf ~ uf,
where T+ f(z) = Ey f(z Ay); this only uses the AND test averaged over y, it needs a junta theorem,
and the junta must then be made exact, which is where the logarithmic loss comes from. We use
the test pointwise through a simple coupling: re-randomize x on the zero set of y. This does not
change x Ay, so if f(y) =1 and f changes, the test must fail for one of the two pairs. Averaging
over y turns this into a single inequality (Lemma 3.1) that controls the whole Fourier spectrum of
f at once:

S A2 Prlf(x) =1, xs #15] < e

Normalized, it says that the spectral sample of f is almost always contained in the support of
a random point of f~!(1). Combined with an elementary lower bound on the spectral weight of
“core” coordinates (Lemma 2.2), this forces f~1(1) to sit inside the subcube {z¢ = 19} and f to
be essentially a function of x¢, hence close to AND¢ (Section 4). The constant ¢y comes from a
slightly finer accounting in this last step (Lemma 4.3).

The constant. Slices and thresholds approach dist(f)%/e(f) = 1 from below (Theorem 1.2),
and exhaustive computation over all 2'6 functions on 4 variables and over all symmetric functions
on n < 16 variables never exceeds 1. Nevertheless the constant 1 is not sharp. In Section 7 we
exhibit a symmetric function on 69 variables with dist(f)? > 1.12(f), and a symmetric function on
16000 variables with dist(f)? > 1.342(f) (both by exact integer computation); a padding lemma
transfers them to arbitrarily small e. As n — oo these two-band constructions have a Gaussian
limit, which we compute rigorously (central limit theorem and a ball-arithmetic evaluation of a one-
dimensional integral; Proposition 7.4): there are functions with dist(f)? > 1.351¢(f) at arbitrarily
small €. So 1.1623 < limsup,_,q*(¢)/v/e < /co < 2.614.

2 Preliminaries

Throughout, p € (0,1) and g, denotes the p-biased product measure on {0,1}", pp(z) = plel(1 —
p)" Il /2 is the uniform measure. For x € {0,1}" let supp(z) = {i : ; = 1} and Z(z) =
[n] \supp( ). For J C [n], s denotes the restriction of = to J, and x; = 1/ means z; = 1 for all
i € J (always true for J = 0).

Fourier analysis. For S C [n] let ¢g5(z) = [];cq xl‘(zp - The ¢g form an orthonormal basis
p(1—p

of L2({0,1}", up); we write f(S) = E.,[f¢s] (the measure will always be clear from the context).
Parseval: Ef%2 =3 f (8)%. For J C [n] and x ~ p,, the conditional expectation is

E[f(x) | x5] =Y £(S) hence  E[(f —E[f | x,])%] = ) _ f(5) (1)

SCJ SzJ

(Indeed E[¢pg(x) | xs] = ¢ps(x) if S C J and = 0 otherwise, since the factors \/%, i ¢ J, are

independent of x; and have mean 0.)



Notation for a Boolean function. For f: {0,1}" — {0,1} on ({0,1}", u,) with u =Ef >0
write A = f71(1) and let P4 = p,(- | A). Since f? = f, Parseval gives 3¢ f(5)% = p, so

wh = f(S7/u (<)
is a probability distribution on subsets of [n] (the spectral distribution of f). Note that Pr, [f =
1, x5 # 1%] = p Pa[xs # 17].
Lemma 2.1 (Resampling). Let f: {0,1}" — {0,1}, J C [n], x ~ p1p, and let X' agree with x on J

while X/[n]\.] is an independent fresh sample of u,[jn]\‘]. Then x" ~ p,, and

Pr(f(x) # f(x)] =2 f(5)*

SgJ

Proof. Clearly x' ~ p,. For S,T C [n] we have E[pg(x)pr(x')] = [[,E[---], where for i € J
the factor is 1 if [i € S| = [i € T] and 0 otherwise (orthonormality in one coordinate), and
for i ¢ J the factor is 1 if i ¢ SUT and 0 otherwise (independence and mean zero). Hence
Elps(x)or(x)] = 1{S = T C J} and E[f(x)f(x)] = ngjf(S)z. Since f is {0,1}-valued,
Pr(f(x) # f(x)] = Ef(x) + Ef(x') = 2E[f(x) f(x)] = 21 — 23 0gc; [(S)? =23 05g, f(S)?. O
Lemma 2.2 (Spectral weight of a coordinate). Let f: ({0,1}",pp) — {0,1}, p=Ef, i € [n] and
b =Pr[f(x) =1, x;, =0]. Then

Y (9P = (1—p)pu—bi

S2i
Equivalently, if p > 0: Prg,s[i € S] > (1 —p) — Palx; = 0].

Proof. Let f*(z) = f(x1,...,2i_1,b,2is1,...,2,) for b€ {0,1} and E; f = pf* + (1 —p)f°. By (1)
with J = [n] \ {¢}, ZSBi f(S’)Q =E[(f - Ezf)Q} If x; =1then f— E;f = (1 —;10)(f1 — fo), and if
x; = 0 then f — E;f = —p(f' — f9); as f! — f° does not depend on x;,

El(f - Eif)’] = (p(1—p)*+ 1= p)p*)E[(f' = f)2] =p(1 - p)Elf' = f°] > p(1—p)(Ef —Ef°),

using that f! — f0 € {~1,0,1}. Finally Ef! =Pr[f =1 |x; = 1] = (u—b;)/p and Ef° = b;/(1—p),
so the right-hand side equals (1 — p)(pu — b;) — pb; = (1 — p)u — b;. O

3 The spectral containment inequality

Lemma 3.1 (Spectral containment, three functions). Let p,p € (0,1), let x ~ p, and'y ~ p, be
independent, and let F,G,H: {0,1}" — {0,1}. Let ¢ = Pr[F(x Ay) # G(x)H(y)]. Then, with G
the p,-Fourier coefficients of G,

Y G(S) Pr [H(y)=1,ys#1%] < e

Y~
SCln] !

Proof. Let w ~ p, be independent of (x,y) and define x; = x; if y; = 1 and x; = w; if y; = 0.
Conditionally on y, the coordinates x/,...,x], are independent Bernoulli(p) variables, so x" ~ p,
independently of y, and (x’,y) has the same distribution as (x,y). Moreover x Ay = x’ Ay, because
the two points agree on supp(y) and both meets vanish on Z(y). Finally, conditionally on y, the
pair (x,x’) is exactly the pair of Lemma 2.1 with J = supp(y).



Consider the event £ = {H(y) = 1, G(x) # G(x')}. On E we have G(x)H(y) = G(x) #
G(x') = G(x')H(y), whereas F(x ANy) = F(x' Ay); hence F(x Ay) # G(x)H(y) or F(xX' Ny) #
G(x')H(y). As both pairs are distributed like (x,y), Pr[E] < 2e.

On the other hand, conditioning on y and applying Lemma 2.1 (to G with J = supp(y)),

Pr{E] =By |H(y)-2 Y. G(S)|=2) G(S) PrlH(y) =1, S £ supp(y).
S

S¢Zsupp(y)
Since S & supp(y) iff yg # 1°, the lemma follows. O

Corollary 3.2 (One function). Let f: {0,1}" — {0,1}, x,y ~ pu, independent, p = Ef > 0,
e =Pr[f(xAy) # f(x)f(y)]. Then

Z u Pr[f(x) =1, x5 = 15]) <e, i.e. Pr [S & supp(x)] <

£
g S~wf, x~Py ,U,2'
Proof. Apply Lemma 3.1 with p = p and F = G = H = f, and note Pr[f = 1,xg # 1°] =
p—Pr[f =1,xg = 1] = pPy[xs # 1°]; divide by p?. O

Corollary 3.3 (m-ary test). Let m > 2, xq,...,X;, ~ pp independent, = Ef > 0 and g, =
Pr(f(xi A+ Axp) # [, f(x5)]. Then Prg s xop,[S € supp(x)] < em/p™.

Proof. Let z = x9 A -+ A Xy, and let X} agree with x; on supp(z) and be fresh on Z(z). Then
(x},%2,...,%X) has the law of (x1,...,X,,), and the two m-tuples have the same meet. If f(x2) =

- = f(xm) = 1 and f(x1) # f(x}), the test fails on one of the two tuples. Lemma 2.1 (given
X2, ...y Xm, With J = supp(z)) yields

23" F(S) Pr[f(xa) =+ - = fxm) = 1, § € supp(2)] < 2.
S
Since supp(z) C supp(xz2), the probability is at least Pr[f(x2) = -+ = f(xm) =1, S € supp(x2)] =
w2 - nPalxs # 1°]. Dividing by u™ gives the claim. O]

4 From spectral containment to an AND

For Boolean G on ({0,1}", 1) and H on ({0,1}", i1,), both not identically 0, define

NG\H = ng Pylys #1°] = SNwGPI;NPH [S & supp(y)],
S 9

where Py = p,(- | H = 1). Lemma 3.1 says exactly that gy < ¢/(EGEH), and by symmetry
(x ANy =y Ax) also ngie < ¢/(EGEH).

Lemma 4.1 (Final step). Let G: ({0,1}",p,) — {0,1} with pg = EG > 0, let C C [n] and
0 <k < 1/2. Suppose

(@) Y G(S)P<kpe and  (b) PrG(x) =1, x¢c #1°] < rpe.
sgc

Then Pr[G # AND¢| < kuc2=3%. In particular Pr[G # AND¢] < 3kuc if & < 1/3.



Proof. Let ¢ = Pr[xc = 1°] and m1 = E[G | x¢ = 1¢]. By (b), gm1 = Pr[G = 1,x¢c = 19] =
pa — Pr[G =1,xc #1°] > (1 — k)ug > 0. By (1) and (a),

kue > E[(G—E[G | xc])?] = Z Prxc = u] Var(G | x¢ =u) > gmi(1 —mq),
uef{0,1}¢

because G is Boolean. Hence 1 —m; < kug/(gm1) < k/(1 — k), i.e. my > (1 —2k)/(1 — k) > 0,

and

Pr[G =0, xoc =19 = q(1 —my) = gmi(1=m) < lllclC R).

mq - 1-2k
Adding (b): Pr[G # AND¢] = Pr[G = 1,x¢ # 1] + Pr[G = 0,x¢ = 1°] < wpg + el _
rpuGE=35. The function k — 232 is increasing on [0,1/2) (its derivative is (1 — 2x)~2) and equals

3at k=1/3. 0

Proposition 4.2 (Structure). Let G: ({0,1}", pp) — {0,1} and H: ({0,1}", p,) — {0,1} be not
identically zero, let 0 < 6 <1 —p, and

C = Cy(H) = {i € [n]: Puly:=0] <6}
Then
(a) Prs,6[S Z C <nay /8, i-e. Ygg0 G(S) < e nain /0
(b) Pglxc # 1€ <nme/(1—p—10), ie. Pr,[G =1, x¢ #1°] < pangic/(1 — p — 0).

Consequently, if r 1= max{ng /0, /(1 —p—0)} <1/2, then Pr,,[G # AND¢] < KUGE=3E,

Proof. (a) If S ¢ C, pick i € S5\ C; then Pylys # 1] > Pyly; = 0] > 0. Hence ngy >

>.sgC w§ Pulys #1°] >0 2_sgc w§.

(b) For aset Z C [n], Prg.,,z[SNZ # (] > Prg,_,u[i € S] for every i € Z. If i € C', Lemma 2.2
(applied to H on ({0,1}", u,)) gives Pryuli € 8] > (1 — p) — Pyly; = 0] > 1 — p — 0. Therefore,
writing 1| = Ex~pg Prg,u#[S N Z(x) # 0],

MG 2 Bxre [ UZ()NC £ 0}(1 - p—6)| = (1- p—0) Palxo # 1.
The last assertion is Lemma 4.1 applied with (a) and (b). O

Lemma 4.1 does not use the definition of C. On the uniform cube, using it (every coordinate
of C is rarely 0 on G~!(1)) improves the constants.

Lemma 4.3 (Final step, refined). Let G: {0,1}" — {0,1} with ug = EG > 0 under the uniform
measure ji1 9, let C C [n], 0 <0 <1 and 0 < kg, kp < 1. Suppose

(a) > G(S)? < kapa,  (b) Pr[G =1, x¢ #1°] < kppc,
SgC

(c) Pr[G =1, x; =0] < 0Oug for everyiec C.
Then
Pr[G # AND(]
2re

1— k)2 +0
, 2/43{,—1-1-( ﬁb) + b
1— kg 1 — ka

max{ , 2/%—1—1—9}.



Proof. Let ¢ = 271¢1 = Pr[xc = u] for every u € {0,1}, let m, = E[G | x¢ = u] and m = m,c.
Put 8 = Pr[G = 1,x¢ # 19]/uc € [0, 53] and s = 1 — B € [L — Ky, 1]; note s > 0.

(i) qm = Pr[G = 1,x¢c = 1°] = pg — Bug = spg > 0; in particular m > 0.

(ii) Let u # 1¢ and pick i € C with u; = 0. By (c) and (i), gm,, = Pr[G = 1,xc = u] < Pr[G =
1,x; = 0] < Oug = 0gm/s, so m,, < fm/s.

(ii) By (1) and (a), and since Var(G | x¢ = u) = my (1 —m,,) for Boolean G,

kapa > E[(G—E[G | xc])’] =D qmu(l —my).

u

The term u = 1¢ equals sug(1 —m) by (i). For u # 1¢ we have 1 —m, > (1 — 0m/s), by (ii),
where ¢ = max(t,0), and 3, 1c gmu = Pr[G = 1,x¢ # 1¢] = (1 — s)ug. Therefore

Ko > s(l—m)+(1—s)<1—?)+. 2)

(iv) By (i), ¢ = spg/m. Since Pr[G # AND¢] = Pr[G = 1,x¢ # 1¢] + Pr[G = 0,x¢c = 1¢],
Pr[G # AND¢] = (1 — s)ug +q(1 —m) = ,ug<1 — 25+ %)

Case fm < s. Then (2) reads K, > s—sm+(1—s)—0m(1—s)/s, i.e. 2(s*+0(1—s)) > 1—kq > 0.
Hence s/m < (s> + 6(1 — 5))/(1 — k4) and, by (iv),

2 _
Pr[G # AND(] < B(s)=1-2s+ 57+ 0(1 3)'
e 1 = ka

B is a convex quadratic function of s, so on the interval [1 — kp, 1] it is maximised at an endpoint;
B(1) = ka/(1 — kiq) and B(1 — k) = 2, — 1 4 A=l *0m
Case m > s. Then s/m < 6 and, by (iv), Pr[G ;é ANDC]/MG <1—-2s+60<2k—1+6. O

5 Proofs of the main theorem and of the lower bound

Theorem 5.1 (Main theorem, p-biased form). Let p € (0,1), f: {0,1}" — {0,1}, x,y ~ pp
mdependent ,u Eupf >0, e=Pr[f(xAy) # f(x)f(y)]. Let C = {i:Pry[f=1x =0] < Tpu}

and Kk = = . If k < 1/2 then Pr,,,[f # AND¢] < mufjg’z, and in all cases

6e 6e
min Pr < min{ , 7} < .
g€AR l‘p[f#g] a (1—p)u 1-p

Proof. Apply Proposition 4.2 with G = H = f, p = p and 0 = (1 — p)/2; then Cy(f) is the set
C of the statement, and by Corollary 3.2, ngy < €/ 1?2, so the x of the proposition is at most

(172%. This gives the first claim (the bound is increasing in k). For the second, if k < 1/3 then
Pr[f # AND¢] < 3ku = m, while if kK > 1/3 then W = 3kp > p = Pr[f # 0]. Finally
min{p,a/u} < +/a for all a,u > 0. O

At p =1/2 Theorem 5.1 gives dist(f) < min{y, 12¢/u}. The constant ¢y of Theorem 1.1 needs
Lemma 4.3.
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Lemma 5.2 (Core bound). Let f: {0,1}" — {0,1} with p =Ef > 0 (uniform measure), and let n
satisfy npp <n <mno=(2—-v2)/4. Let g =1—1/v2 and C = Cy,(f) = {i : Pr[f = 1,x; = 0] <
Oop}. Then

Pr[f # AND¢| < h(n)np < conu, h(n) = (2+2f)1_(24_277\f) co=4+2V2.
Proof. Write a = 1/6y = 2+ /2 and b = 1/(1 — 6y) = 2 + 2/2, and note 6pb = V2, any = 1
and by = -. Apply Proposition 4.2 with G = H = f, p = p = % and 6 = 6y € (0, %)7 it gives
hypothesis (a) of Lemma 4.3 with k, = an and hypothesis (b) with x, = bn, because ngr < n-
Hypothesis (c) with = 6y is the definition of C. As n < 1y we have k, < % and K < %, SO
Lemma 4.3 applies and bounds Pr[f # AND¢|/u by the largest of

“&\

(1 —bn)* + bobn
1—an

n="2"T_ o1+
1—an

, T3 = 2bp — 1+ 6.

Expanding, (2bn—1)(1—an)+ (1 —bn)%240bn = (a+0b)n+ (b> —2ab)n? = (2+2+v/2)n(1—2n), since

a+60b = 2+2v/2 and b2 —2ab = b(b—2a) = —2b. Hence Ty = h(n)y. Next, To—T; = n%ﬂ‘;@? >

0 because (4 +4v/2)no = v/2. Also (1 —an)(Te —T3) = (12+8v2)n? — (3 +3v2)n + % 75> 0, as the
discriminant (3 + 3v/2)2 — 4(12 + 8v/2)/v/2 = —5 — 6/2 is negative. So Pr[f # AND¢] < h(n)nu

Finally, #/(n) has the sign of —2(1 —an)+a(1—2n) = a—2 > 0,s0 h(n) < h(n) = (2+2v2) 1{)2[ =

4+ 2/2. O

Proof of Theorem 1.1. Put n = &/u?; by Corollary 3.2, ngy < 0. It p < no, Lemma 5.2 gives
Pr[f # AND¢] < h(n)e/p < coe/p, which is the second claim. If n > ny = 1/¢o then coe/p =
conp > = Pr[f # 0]. In both cases dist(f) < min{u,coe/p}, and min{y,a/n} < v/a for all
a, > 0. O

Remark 5.3 (Relative form). For small n = /% Theorem 1.1 reads Pr[f # AND¢] < (24 2v/2 +
O(n)) e/p: the relative distance Pr[f # AND¢]/p is at most linear in the relative error €/u?. This
is sharp up to the constant factor. Let T, U C [n] be disjoint and nonempty, a = 21Tl p = 2-1UI
and f = AND7V ANDy. Then 4 = a+b— ab, and since f is monotone, (f) = u? — Pr[f(xAy) =
1] = p? — (a® + % — a®b?) = 2ab(1 — a)(1 — b). Moreover Pr[f # ANDz] = b(1 — a), while every
g € A, \ {ANDr} satisfies Prlg # AND7| > a/2 (for g = 0 this is a; for g = ANDg with S D T
it is a(1 — 2715\T) > @/2; for S C T it is 27!9/(1 — 27IT\S) > @; and for incomparable S, T it is
271814 2=IT1 _21=18UTT > max (27181 2=IT1) > ¢ because |SUT| > max(|S|, |T|)). Soif b(1—a) < a/4,
the triangle inequality gives dist(f) = b(1 — a), and

dist(f)/p _ a+b—ab 1
e/p?  2a(l—b) 3

(|U| — oo with T fixed),

while ¢/u? — 0.

The example in Remark 5.3 shows that the constant in the relative form cannot go below %
Near the ANDs, % is also an upper bound.

Theorem 5.4 (Sharp constant near the ANDs). Let f: {0,1}* — {0,1}, C C [n], ¢ = 271¢I,
dc = Pr[f # AND¢] and r = d¢/q. Then

e(f) = 2qéc (1—4r).
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Consequently, if p > 0, n = ¢/u? < no and C is the set of Theorem 1.1, then r < r(n) =
h(n)n/(1 — h(n)n), and whenever r(n) < 1—16,

i 1+7r(n) € 1 €

The constant 5 is attained: for CNT = 0, |T| > 2 and f = AND¢ - (1 — ANDy) one has
dist(f) /e = 3 exactly, while e/p* = 21T /(1 — 2711y = 0 as |T| — co. Hence

. dist(f)p 1
lm sup { SR 0<e() <uw) = 5

The first inequality needs an error term that is at least 1 at r = %: fori € S, f = ANDg and
C=5\{i} givee(f)=0and r = % The proof uses one estimate on meets, proved with small-set
expansion.

Lemma 5.5 (Meets of small sets). Let k > 0, let x,y be independent and uniform on {0,1}*,
w=xAYy, and let T C {0,1}* have Pr[x € T] = d. Then

APrxeT, we T]—Prlw e T] < 4d%2.
Proof. Given w, the coordinates of x are independent, with x; = 1if w; = 1 and Pr[x; =1 | w] = %
if w; = 0 (given x; Ay; = 0, the pair (x;,y;) is uniform on {00,01,10}). Let U(w) = Pr[x € T |
w = w]. For t € {0,1} and u € R we have t(4u — 1) < 4u?, because 4u® —4u+1 = (2u — 1)2 > 0.
Hence
4Prjx € T,w € T] — Pr[w € T| = E[17(w) (4U(w) — 1)] <4E[U(w)?].

Now E[U(w)?] = Pr[x € T, x' € T], where x,x’ are conditionally independent given w with the
1
2

conditional law above. The pairs (x;,x}) are independent, with uniform marginals ( i + % : % =3)
and Pr[x; =x} =1] =1+ 2.1 =1 so (x,x/) is a 3-correlated pair. Lemma 8.15 gives E[U(w)?] <
d2/(+1/3) — 13/2, ]

Proof of Theorem 5.4. Write A= f~1(1), Q = {x: zc =1}, D=Q\ A, B= A\Q, ép = Pr[D],
dp = Pr[B], so ¢ = dp +0p and p = q—9dp + 0 < q(1 + r). Every point lies in exactly one of
the classes D, Q\ D, B, Q°\ B. The following events are failures (f(x Ay) # f(x)f(y)), and they
are pairwise disjoint because they prescribe different pairs of classes for (x,y):

e F1:xe€D,yeQ\D,xANy ¢ D (thenxANye€Q\D,so f(xANy)=1#0= f(x)); and Ef,
the same with x,y exchanged.

e Fr: x € Byye Q\D,xANy ¢ B (then f(x)f(y) =1, and x Ay ¢ Q since x ¢ @, so
f(xAy)=0); and E), exchanged.

o F3: x,yeQ\D,x\Nye€D.
e B xeQ\B,yeQ,xAy € B (then f(x) =0 and f(x Ay) =1); and E}, exchanged.

Let ap =Prjx € D,y € Q,x ANy € D], bp =Pr[x € Q,y € Q,x ANy € D], ap = Pr[x € B,y €
Q,x ANy € Bland bp =Pr[x ¢ Q,y € Q,x ANy € B]. By inclusion—exclusion,

Pr[E1] > ¢ép — 5% —ap, Pr[E3]>bp—2ap, Pr[Ey] >qép—0pdp —ap, Pr[E4 =bp—ag,
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and the same for the exchanged events. Summing,
€ > 2¢6c — 26% — 26p0p + (bp — 4ap) + 2(bp — 2ap). (3)

Let R = [n]\ C. Conditioned on x,y € @, the restrictions xp,yr are independent and uniform,
and x Ay € Q. Applying Lemma 5.5 on {0,1}? to T = {z: (1¢,2) € D}, which has density dp/q,
gives bp — dap = —¢*(4Pr[xp € T,wp € T| — Prlwp € T]) > —4¢*(6p/q)*/?. For the B terms,
split B by the pattern u = ¢ # 1¢: By ={x € B: xz¢ =u}, T, = {2z : (u,2) € B}, of density
By in {0,1}F 50 > By =0p/q. If y € Q and x¢ = u, then (x Ay)c = u. Hence ap = ¢*>, ay
and bp = ¢* >y bu, where a, = Pr[xp € Ty,wgr € T,,] and b, = Pr[wgr € T,]. Lemma 5.5 gives
by — 2ay > 20, — 4,82/2 > —462/2, so bp — 2ap > —4¢*Y", ﬂ3/2 > —4q2(5]_rg/q)3/2 (superadditivity
of t = t3/2). Put = = dp/q, so that 6p/q = r — x and 202, + 2050p = 26pdc = 2¢*xr. Then (3)
becomes

e > ¢*(2r — L(v)), L(z) = 22r + 4232 4 8(r — )2 (0 <z <7r).

L is convex, so L(z) < max{L(0), L(r)} = max{8r%/2, 2r2 + 4r3/2}, and this is 8%/2 when r < 4.
Hence € > 2¢°r — 8¢%r%/2 = 2¢6¢ (1 — 4y/7) if r < 4; if r > 4 the right side is negative.

For the consequence, let C' be the set of Theorem 1.1. Since h is increasing (proof of Lemma 5.2)
and n < ng, h(n)n < h(ng)ny = 1, and Theorem 1.1 gives oc < h(n)nu < p. As q > pu—dp >
w—06c > 0and t— t/(u—t) is increasing on [0, u), 7 < h(n)n/(1 —h(n)n) =r(n) =0(n). Ife =0
then r < 7(0) = 0, so §c = 0. If ¢ > 0 and 7(n) < 15, then 1 —4/r > 1 —44/r(n) > 0, and the
first part with p < q(1+r) gives dop/e < (1+7r)/(2(1 —4y7)) < (1 +7r(n))/(2(1 — 44/r(n))), the
last step because this function of r is increasing on [0, {-).

For the example, let f = AND¢(1—AND7) and 7 = 27171, Then B = ) and D = Qn{zy = 17},
and f =1 exactly on G :=Q \ D = QN A. The set D is closed under meets, and it is an up-set:
if z€ D and x > z then & € D. The failures are exactly the pairs in Eqy U Ef. Indeed, if x ¢ Q or
y ¢ Q then xAy ¢ @, so f(xAy) =0= f(x)f(y). Let x,y € Q, so that xA\y € Q. If x,y € D then
xAy € D,and f(xA\y)=0= f(x)f(y). If x,y € Gthen x Ay ¢ D, since x >xAy,x ¢ D and
D is an up-set; so x Ay € G and f(xAy)=1= f(x)f(y). fx € D and y € G then f(x)f(y) =0,
while (x Ay)r = yr # 17 gives x Ay € G and f(x Ay) = 1: all these pairs fail, and they form
E; (and the exchanged pairs form E}). Hence e = 2 Pr[D] Pr[G] = 2¢?7(1 — 7), while u = ¢(1 —7)
and Pr[f # AND¢| = q7. Every g € A, \ {AND¢} has Pr[g # AND¢| > ¢/2 (Remark 5.3). So for
T < % the triangle inequality gives dist(f) = ¢7 and dist(f)u/e = % Combined with the first part,
this gives the limit. O

The same argument gives the sharp relative constant for the m-ary test of Theorem 1.4(b).

Theorem 5.6 (Sharp constant for the m-ary test). Letm > 2, e, = Pr[f(x1A- - Axm) # [, f(x;)]
for independent uniform x;, and let C, q, 0c, v be as in Theorem 5.4. With kp, =2 — 2l-m

Em > mq" oo (1 —m? 7““7"_1).
Consequently, if p > 0 and 1y = en/p™ satisfies conm < 1, then dist(f) = Pr[f # AND¢] for
some C with v < 1, == conm /(1 — conm), and

dist(f) <

T'm m-1 m m
U+ )nml) ‘an—l = <% +Om(\/777J) -

m (1 — m2rp pm—1

whenever m*rfin =1 < 1. The constant X is optimal: f = AND¢(1 — ANDy) with CNT = 0 and
r=2"1T< 1 has dist(f) pm™ e =1 =)™ /1 -1 —7)" —7™) = L as [T| = o0.
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Proof. Meet lemma. Let x be uniform and y’ be jig1-m-distributed on {0,1}*, independent, w =
x Ay’, and Pr[x € T| = d. Then

2mPr[x € T,w € T] — Pr[w € T] < m2d™.

The proof is that of Lemma 5.5, with these changes. Given w, the coordinates of x are independent,
with x; = 1 if w; = 1 and Pr[x; =1 | w; = 0] = (3 — 5)/(1 — s), where s = 27™. The pointwise
inequality becomes t(2mu — 1) < m2u?, since (mu—1)? > 0. Two conditionally independent copies
x,x’ have uniform marginals and Pr[x; = x; = 1] = s+ (3 — 5)2/(1 — s) = ﬁ. So (x,x’) is
pm-correlated with p,, = s/(1 — s) = 1/(2™ — 1), and Lemma 8.15 gives E[U(w)?] < d?/(1+rm) =
422" = g

Accounting. With the four classes D, G = Q\ D, B, N = Q°\ B as before, the following events
are failures and pairwise disjoint (different class patterns of (x1,...,X;)), where w = x3 A -+ - AXyp:

o [1(j): x;€ D, x; € Gfori#j,and w ¢ D;
o Fy(j): x5 € B,x; € Gfori#j,and w ¢ B;
o Fi:all x;, € G and w € D;

o Fy(j): xj € N,x; € Qfori#j,and w e B.

Let ap = Prjx1 € D, x2,...,Xn € Q, w € D], bp = Pr[x1,...,xn € Q, w € D], ap = Pr[x; €
B, x9,...,xpm € Q, w € B] and bp = Pr[x; ¢ Q, X2,...,Xy, € Q, w € B|. Then

Pr[Fi(j)] > ¢ *p — (m — 1)¢™ 262 — ap, Pr[F5] > bp — map,
Pr[Fo(j)] > ¢" 10p — (m = 1)¢" %6pdp —ap,  Pr[Fu(j)] = bp — ap,

S0 €m > mq™ toc —m(m—1)¢™ 20pdc + (bp —2map) +m(bg —2ap). Given X, ..., X, € Q, the
restriction to R = [n] \ C of xa A -+ A Xy, iS pg1-m-distributed. So the meet lemma, applied as in
the proof of Theorem 5.4, gives bp — 2map > —m2¢™(dp/q)"™. Per pattern u it gives b, — 2a, >
(2m — 2)a, — m?BEm, hence bg — 2ap > —m2q™(6p/q)"™ by superadditivity of ¢ + t"m. With
x = 6p/q € [0,7] this gives g, > ¢™(mr — L(x)), where L(z) = m(m —1)xr +m2z~m +m?3(r — x)km
is convex. If r < 1, then L(r) = m(m — 1)r? + m?rfm < m3rfm = L(0), because r>~"m < 1 < m;
so L <m?rfm and e, > mqg™ 10c(1 — m2r®*m=1). If r > 1 the right side is negative.

Consequence. If €, = 0, Theorem 1.4(b) gives dist(f) = 0. Otherwise, by Theorem 1.4(b),
dist(f) < commp < p = Pr[f # 0]. So dist(f) = d¢ for some C, and ¢ > p — d¢ > u(l — conm),
which gives 7 < rp,. Hence 1 — m2rfm=1 > 1 — m?2pfm=1 > 0. Also p™! < ¢™ Y1+ 7)™ so
dist(f)u™ /e, is at most the displayed factor at r, which is increasing in r. Finally s, — 1 =
1—2"m> L and rpy, < 1, s0 rim =t < i = O(Mim)-

Ezample. Here B =0, D = QN {zr =17}, and f = l exactlyon G = Q\ D = Q N 4; as in
the proof of Theorem 5.4, D is an up-set. If some x; ¢ @, then w ¢ @ and f(w) =0 = [[, f(x;).
If all x; € G, then w € @, and w ¢ D because x; > w, x; ¢ D and D is an up-set; so
f(w) =1=1]]; f(x;). If all x; € Q and some x; € D, then [[; f(x;) = 0, and since wr = 17 iff
(x;)7 = 1T for every j, the tuple fails iff some x; lies in G. So a tuple fails iff all x; € @ and both
D and G contain some x;. Given that all x; € @, the events {x; € D} are independent, each of
probability 7, so €5, = ¢™(1 — (1 — 7)™ —7™), while 4 = ¢(1 — 7) and dist(f) = ¢7 (as in the proof
of Theorem 5.4). O
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The script sharp_relative.py (directory numerics) checks Lemma 5.5 and the meet lemma
for m = 3 on random and structured sets, (3) and the first inequalities of Theorems 5.4 and 5.6
(m = 3) for every C on small n, both first inequalities in exact rational arithmetic for perturbations
AND¢c@®1g with 7 in the non-vacuous range and n < 20 (with € and €3 computed exactly by Mobius
inversion), the consequence of Theorem 5.4, and the example.

Proof of Theorem 1.2. Slices. Let f, = 1{|x| = n — 1}. Then f,(x)f.(y) = 1iff |z| = |y| =n — 1,
and fr(z Ay) =1iff (z,y) € {(s,s),(s,1™),(1",s)} for some s with |s| = n — 1. The failing pairs
are therefore the n(n — 1) pairs of distinct points of the slice and the 2n pairs (s,1"), (1", s), so
e(fn) =n(n+1)/4". For S C [n] with w =n —|S|, Pr[f, =1, ANDg = 1] = u/2" (the single zero
must lie outside 5), so Pr[f, # ANDg] = (n + 2" — 2u)/2" > n/2" = Pr[f, # 0] because 2" > 2u
for all integers u > 0. Hence dist(f,) = n/2" and dist(f,,)?/e(fn) = n/(n+1).

Monotone functions. If f is monotone then f(x Ay) < f(z)f(y), so e(f) = E[f(x)f(y) — f(xA
y)] < w2

Thresholds. Fix 0 < p < 1/2 and n > 1. Let ¢ be the least integer with Pr[|x| > ] < p;
then 1 <t <mn+1 and Pr[|x| > ¢t — 1] > p. Choose a set L of points with |z| = ¢ — 1 such that
U={z:|z| >t} UL satisfies p— 27" < u(U) < p, and let f = 1. U is an up-set (every point
strictly above a point of level ¢ — 1 has weight > t), so e(f) < u(U)? < p?.

We bound dist(f) from below. Pr[f # 0] = u(U) > p — 27" and Pr[f # ANDy] =1 — p(U) >
1/2>p. Let S #0, s =1|9|, and g5 = Pr[f = 1 | x5 = 1°]. Then

Pr[f # ANDg] = pu(U) +27% —2-27%qg = pu(U) — 27%(2¢s — 1).

If g¢ < 1/2 this is > pu(U). If g5 > 1/2, then, as f = 1 implies |x| > t—1, we get Pr[Bin(n—s, ) >

t—1—s] > gs > 1/2; by the symmetry of Bin(N, 3) about N/2, Pr[Bin(N, 1) > a] < 1/2 whenever
a>N/2,s0t—1—5<(n—s)/2, ie s> 2t—2—mn, and then Pr[f # ANDg] > u(U) — 2~ (2t=2-n),
It remains to show 2t —n — oo as n — oo. Every point mass of Bin(n, %) is at most 3, :=

- 2k 4— Eoo2i-1 2j—1 25 Eoo2j-1
(Ln72j)2 "< 1/yn. (Let ap = ()47 =TI, 25 Since “5— < oo, we get ap <TII5=, T
% = ﬁ Hence for = ap < 1/V2k for k > 1, and fogy1 = ag - % <ap <1/V2k+1 for

k > 0, using (lejl) = (Qkk)%) Let k = [(3 — p)v/n/2]. Since Pr[|x| > [n/2]] > 1 (the events

|x| > [n/2] and |x| < [n/2] have equal probability and cover the cube),
1k 1 1/2-p
> > - > - _ 27 F
Pr [|x| > [n/2] —I—k] 2377 22 5 > p,

sot>[n/2] +kand 2t —2 —n > 2k — co. Altogether

€(f> S p2 and dlSt(f) 2 p— 2_n _ 2—2k; ».

n—oo

Hence §*(p?) > p for every p € (0,1/2), i.e. §*(e) > /2 for 0 < ¢ < 1/4; for ¢ = 1/4 use
monotonicity of *. m

Proof of Corollary 1.3. Combine Theorems 1.1 and 1.2. O

6 Extensions

Proof of Theorem 1.4(a). This is Theorem 5.1. O
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Proof of Theorem 1.4(b). By Corollary 3.3 (with p = 1/2), nyy < n = en/p™. I n < no,
Lemma 5.2 gives Pr[f # AND¢| < conu = coem/p™ Y if 1 > no = 1/cy then coep /™! =
conp > = Pr[f # 0]. Thus dist(f) < min{u, coem/u™ 1}, If 4™ < coey, the minimum is at most
1 < (coem)/™; otherwise it is at most coepm /™ < (coem)/(Coem )™ DV/™ = (coem) /™.

For the lower bound, if f is monotone then f(x1 A -+ Axpy) < [[; f(x;), hence e, (f) =
ETL, f(xj) —Ef(x1 A+ AXp) < p™. For 0 < p <1/2, the up-sets U from the proof of Theorem 1.2
with density p(U) € (p—27",p] have e,,(1y) < p™ and dist(1y) > p—2""—272k 5 pasn — oo.
Taking p = €'/ shows that 6%, () := sup,, sup{dist(f) : em(f) < e} > /™ forall0 < e < 27™. O

Proof of Theorem 1.4(c). Write ug = E, G, pg = E,,H, and no = (1 — p)(1 — p)/25, so that
K =1/y.

Case (i): min(ug, pp) < Ky/e. Since X Ay ~ fip,

Pr[F = 1] = Pr[F(x Ay) = 1] < Pr[F(x Ay) # G(x)H(y)] + Pr{G(x) H(y) = 1]

Hpp

< e+ min(ug, pr) <+ Kve.

Case (ii): pg > K/ and pg > K\/c. In particular pg, pg > 0, and poug > K% = &/no, so
n:=¢/(pcpm) < no- By Lemma 3.1 and symmetry, ng g < n and ngjq < 7.

Apply Proposition 4.2 to (G, H) with 8§ = (1—p)/2, obtaining C; = {i : Pyly; =0] < (1—p)/2}
and k1 =2n/(1 —p) <2n/(1 —p) <2/25 < 1/3:

Polxcy # 101] < K1, Pr[G # AND¢, ] < 3k1pu¢-
Hp

Apply it to (H,G) (roles of p, p exchanged) with 6 = (1 — p)/2, obtaining Cy = {i : Pg[x; = 0] <
(1—-p)/2}, ke =2n/(1 —p) < 1/3 and Pr,,[H # ANDc,| < 3kapug.

Claim: Cy = Cy. If i € C} then Pg[x; = 0] < Pg[xc, # 191 < k1 =2n/(1—p) <2(1—p)/25 <
(1—p)/2,50i € Cy. Ifi ¢ Cy, let r = 3k, = 61/(1—p) < 6(1—p)/25. Since Pr[AND¢, = 1] = pl“1
and Pr[G # AND¢, ] < rug, we have pl©1l > (1 — r)ug and

Pr[G =1,%x; =0] > Pr[AND¢, = 1,%; = 0] —rpug = (1 —p)p/t —rpg > (1=p)(1=7)—r)pa,
Hp
so Palx; =0]>(1—p)—r(2—p) > (1—p)— 2(1—p) > (1—p)/2, ie i¢ Cy. This proves the
claim; let T = Cy = Cs.

Now, using pg > K./ (and reading the middle term as 0 if ¢ = 0), Pr,, [G # ANDr]

3k1pG = (176;)!”1 < (ﬁﬁK = g t—zﬁ, and symmetrically Pr, [H # AND7| <

<
6e
(1-p)uc <

g 1:—5\/5. Finally, since AND7(x Ay) = AND7(x)AND7(y) and X Ay ~ fipp,

Pr[F # AND7] < Pr[F(x Ay) # G(x)H (y)] + Pr[G(x) # ANDr(x)] + Pr[H(y) # ANDz(y)],

Hpp

Whichisatmost6+%ﬁ(\/}%ﬁ+\/}%£):a—i-g-%\ﬁﬁe—k%%. O

Remark 6.1 (Dictatorship testing). FLMM observe that their theorem shows that the natural
dictatorship tester of Parnas, Ron and Samorodnitsky [28] (check Ef ~ % and f(xAy) = f(x) A
f(y)) is sound. Theorem 1.1 makes this quantitative with square-root loss: if e(f) = ¢ and
[Ef — %\ + oo < %, then f is /coe-close to a dictator x;. Indeed, the closest g € A, satisfies
|Eg — Ef| < \/cog, so Eg € (3, %), which forces g = ANDy;y = ;.
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7 On the constant

Theorems 1.1 and 1.2 give 1 < 0*(¢)//e < y/cp. The slices and thresholds of Theorem 1.2 have
dist?/e — 1 from below. Exact enumeration of all f on n < 4 variables gives max dist(f)?/e(f) =
n/(n + 1), attained by the slice, and the maximum over all 2! symmetric functions stays below
1 for every n < 16 (0.9804 at n = 16). This suggests 6*(¢) = 1/, but that is false.

Lemma 7.1 (Padding). Let g: {0,1}™ — {0,1}, k > 0, and f(z,7) = ANDy(2) g(x) for (z,z) €
{0,1}F x {0,1}™. Then e(f) = 4 %(g) and dist(f) = 2 *dist(g).

Proof. Write a(z) = ANDp,(2) and note a(z A 2') = a(2)a(?’). Hence f((z,2) A (¢,y)) =
a(z)a(z")g(x Ay) and f(z,z)f(Z,y) = a(2)a(z')g(x)g(y). Both vanish unless a(z) = a(z’) = 1,
an event of probability 47% independent of (z,); so e(f) = 4 %<(g). If h € A,, is closest to g,
then a-h € Ay, (it is 0 if A = 0 and ANDy, g if h = ANDg), and f and a - h agree when
z # 1% so dist(f) < Pr[f # a-h] = 27% Pr[g # h] = 27*dist(g). Conversely, for any h’ € Ay, the
restriction h’(1%,) lies in A,, (a restriction of 0 is 0, and a restriction of an AND is an AND), so
Pr[f # '] > 27%Pr [g(x) # W (1%, 2)] > 27 *dist(g). O

Proposition 7.2 (The constant 1 is not sharp). Let n = 69, Z = {0,3} U {21,22,...,33} U
{43,44,...,47}, and let f(x) = 1 iff the number of zeros of x lies in Z. Then

2"dist(f) = 245699879978975341077,
4"(f) = 53799298794542310203022827841977529868934,

so dist(f)%/e(f) = 1.12210... > 1. Consequently §*(¢) > v/1.1221¢ > 1.059\/z for ¢ = 47%<(f)
and every k > 0; in partzcular lim sup,_,, 6*(g)/+/2 > 1.059.

Proof. Let F(w) € {0,1} be the value of f on inputs of Hamming weight w, i.e. F(w) = 1 iff
n —w € Z. Grouping the pairs (x,y) by the numbers a,b,c,d of coordinates with (x;,y;) =
(1,1),(1,0),(0,1),(0,0), so that |zt Ay| =a, |z| =a+ b and |y| = a + ¢, gives

re(fy= Y <a’b’7‘6’ d) 1{F(a) # F(a+b)F(a+c)}.

a+b+ct+d=n

Since f is symmetric, Pr[f # ANDg] depends only on s = |S|; the number of z of weight w with
zg=1%1is (I7%), so with M =Y (") F(w) = 2" Pr[f # 0],

2"dist(f) = min { M, min (b + Z < ) (1-2F(w))) }.

Evaluating both expressions in exact integer arithmetic gives the two integers displayed (the mini-
mum is attained at s = 3); the script numerics/counterexample _sharp.py does this. An indepen-
dent floating-point evaluation through the closed forms 4" =~ ( )3m+M 22 Y omez ( )Nm,
with Np, = #{(P,Q) : PUQ = [m], |P|,|Q| € Z} (here P,Q are the zero sets of z,y),
agrees to 10715, The consequence follows from Lemma 7.1: ANDy - f has € = 47k¢(f) and
dist? = 47 Fdist(f)? > 1.1221 - 47*<(f). O

The example has two bands of weights. One is around 0.6n and carries almost all of the mass
(1 =~ 0.43). The other is around 0.35n, where the meets of two points of the first band typically
land. So f(x Ay) = f(x)f(y) = 1 happens often, while dist(f) stays close to u. Larger n gives
larger ratios.
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Proposition 7.3 (A larger certified ratio). Let n = 16000, Z = Z,UZy with Z, = {7519, ...,7999}
and Zy = {11595,...,11949}, and let f(x) = 1 iff the number of zeros of x lies in Z. Then
dist(f)?/e(f) > 1.342 (the value is 1.342205.. .., and the member of A, closest to f is ANDg with
|S| = 3). Consequently §*(¢) > \/1.342¢ for ¢ = 47%<(f), k > 0, and limsup,_,,6*(g)/\/2 >
1.1584.

Proof. Let f = 1{#tzeros € Z} for an arbitrary Z C {0,...,n} and M =2"p =3 . ("). Since
1{a # b} =a+b— 2ab for a,b € {0,1},

e(f) =Prlf(xAy)=1]+p*—2r,  T=Pr[f(xAy) = f(x) = f(y) =1].

Each coordinate is a zero of x Ay with probability 3/4, so 4" Pr[f(xAy) = 1] = H =Y, .., ()3™.
The zero set of x Ay is P U Q, where P, are the zero sets of x,y. Group the pairs (P, Q) by
U=PUQ, |U| =m: choose P C U with |P| =1¢; then Q D U \ P and QN P is any k-subset of P,
0 |Q| =m —i+k. Hence 4"t = G =%, () Np with

Nu= Y (T)i(;>1{m—i+k62}, and  4"(f) = E = H+ M*—2G.

1€Z, i<m k=0

For |S| = n—u, the points with f = 1 and 25 = 1° have their zeros among the other u coordinates,
S0, as in the proof of Proposition 7.2,

2"dist(f) = D := min {M, Jmin (M D <u>) }

jez, j<u M

The script numerics/exact_band _check.py evaluates M, D and FE in exact integer arithmetic (rows
of Pascal’s triangle and prefix sums over the two intervals of Z). For the n and Z of the statement
it returns integers with 4817, 4817 and 9633 decimal digits satisfying 1000D? > 1342FE (they are
stored in the file exact_16000_integers.txt of the folder numerics); this takes a few minutes.
The same script reproduces the two integers of Proposition 7.2, and for n € {40,69, 100,300} it
agrees exactly with the quadruple sum used there. The consequences follow from Lemma 7.1 as
before, and +/1.342 > 1.1584. O

Proposition 7.4 (The Gaussian limit of two bands). Let ug < w1 be real, and let X,Y,V be
independent N(0,1) and U = X +Y +V. Forn > 1 let f, = 1p,uB,, where By = {z €
{0,1}" : |z| > n/2} and By = {z : 4 + “OL}/E < |z < &+ —“Q/ﬁ}. Then dist(f,) — 5 and
e(fn) = €0 = % + Py — 2P3, where

PU = PT[UO < U < ul],

P3=Pr[X >0,Y >0, ug<U <u] = / q(s)(@(ur — s) — ®(uop — s)) ds,
0

. —52/4 . . . .
with q(s) = 627\8/;}(3/2) and ® the standard normal distribution function.  Consequently

limsup,_,o 0*(£)/+/€ is at least (4eo) ™2, For ug = 1.57 and uj = 12, ﬁ = 1.351168. .., so

lim sup ()

> 1.1623.
e—0 \/g
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Proof. Let x,y be independent and uniform, and X,, = (2|x| — n)/\/n, Y, = (2ly| — n)/\/n,
Un = (4)xAy|—n)/y/n. Then (X, Yy, Uy) =n~1/2370 | &, where the vectors & = (2x; — 1, 2y; —
1, 4x;y; — 1) are i.i.d. with mean 0 and covariance matrix ¥ with rows (1,0,1), (0,1,1), (1,1,3)
(e.g. E[(2x; — 1)(4x;y; — 1)] = 4E[x;y:] — 0 = 1, as (2x; — 1)x; = x;). This is the covariance matrix
of (X,Y,U), and det ¥ = 1. By the multivariate central limit theorem, (X,,Y,,U,) = (X,Y,U).
The sets {w; > 0}, {ug < ws < w1} and {w; > 0, wy > 0, ug < ws < wuj} have boundaries
contained in finitely many hyperplanes, which are null for the non-degenerate law of (X,Y,U); by
the portmanteau theorem their probabilities converge.

Note that x € By iff X;, > 0, and x ANy € By iff ug < U, < uy. If x € By then X,, <
—/n/2 +u1/2, and if x Ay € By then U, > v/n; by Chebyshev’s inequality (EX2 = 1, EU2 = 3)
both have probability o(1). Hence p, = Ef,, = Pr[X,, > 0]+0(1) = 3, Pr[fo(xAy) = 1] = Prlug <
Un, <wuil+o(l) = Py, and 7, = Pr[fp(x) = fu(y) = fu(xAy) = 1] =Pr[X,, > 0,Y, > 0,up < U,, <
u1]+o(1) — P3. Since 1{a # bc} = a+bc—2abe for bits, e(f,) = Pr[fn(xAy) = 1]+u2 —27, — €co-

For the distance, dist(f,) < Pr[f, # 0] = pn, and Pr[f, # 1] =1 — p,. Let S # 0, s =|S5|, and
qs = Pr[f, = 1 | xg = 1°]; then Pr[f,, # ANDg] = 1, +275(1 — 2¢5). Given x5 = 1°, |x| = s+ W
with W ~ Bin(n — s, 3). For n > s every point mass of W is at most p := (n — s)~1/2 (proof
of Theorem 1.2). By the symmetry of W about v = 5%, Pr[lW > v] < % + £, and the interval
[v—$,v) contains at most [s/2] integers, so Pr[s+W > 2] = Pr[W > v — 5] < 2 + (5 +1)p. Also
Prs+W < %+ uli/ﬁ] — 0 for fixed s by Chebyshev’s inequality. Fix sqg > 1. For s < sg and n > sg
this gives 2¢gs — 1 < o(1) uniformly in S, so Pr[f,, # ANDg| > pu, —27%0(1) > p, —o(1); for s > s,
Pr(f, # ANDg] > p, — 2. Hence liminf, dist(f,) > 3 — 27 for every so, and dist(f,) — 3.

The density of X +Y on the event {X > 0,Y > 0} is [; ¢(2)¢(s — @) dz, which equals

ﬁe“g/‘l f(f e~(@=s/2% gy = q(s) for s > 0, where ¢ is the standard normal density; conditioning
on X +Y gives the integral for P;. Since 1{a # bc} = a + bc — 2abc and Pr[X > 0,Y > 0] = 1,
fo =Pr[l{ug <U<u} #1{X >0,Y >0}] >Pr[X >0, Y >0, U < ug] > 0, because
(X,Y,U) has a positive density on R3. Hence dist(f,)%/e(fn) — é, so for every r < 45100 there is
n with dist(f,)? > re(f,), and Lemma 7.1 gives 6*(g) > /7€ at ¢ = 47 %¢(f,,) — 0; this proves the
general consequence.

For ug = 1.57 = %, u; = 12 the script numerics/gaussian_certified.py evaluates Py =
®(u1/v3) — ®(up/V/3) and the integral of the non-negative integrand of P over [0,30] in ball
arithmetic (Arb, rigorous integration of analytic functions, 200 bits); ug enters as a ball of ra-

dius below 1079 containing the rational % (not as the nearest binary floating-point number).

It obtains Py € 0.1823515249974 + 10~ and f03° € 0.1236632380319 + 10~ !3; the tail is at
most [y e=**/4/(2y/m)ds = Lerfc(15) < 1079 So e € 0.185025048933 + 10712 and = €
1.35116840364 + 10~ !, and v/1.351168 > 1.1623. O

Remark 7.5 (Even larger ratios). The bands of Proposition 7.3 were found by a local search over
two-interval sets Z (floating point; numerics/band fast.py). The best ratios found grow with
n: 1.3017 (n = 500), 1.3153 (1000), 1.3260 (2000), 1.33335 (4000, exactly certified > 4/3), 1.3385
(8000, certified) and 1.3422 (16000, certified). Heuristically, as n — oo the construction becomes
Gaussian. Write [x| = § + 4X, lyl =5 + QY and [x Ay| =T+ %(X +Y +V)with X,Y,V
iid N(0,1), put f = g(X) near weight n/2 and f = h(U) near weight n/4, and note that Pr[f #
ANDg] — i+ 27191(1 — 2p) for every fixed S. This gives dist?/e — min(p, 1 — p)?/(u? —T'), where
I'=E[2¢o(U)—1)4] and p(u) = E[g(X)g(Y) | X+Y +V = u] for the optimal h = 1{¢ > 1/2}. For
g=1{X >0} this is 1/(1 — 4I") ~ 1.35117 (I" = 0.064975), and neither a numerical optimisation
over all g nor adding a few junta coordinates found anything better; the certified ratios above
approach this value at rate roughly n=%/2. For g = 1{X > 0} the limit is made rigorous by
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Proposition 7.4 (with h the indicator of [ug, u1], up & 1.57 the root of ¢ = 3, and a cutoff u1). We
do not know the true value of limsup,_,,0*(¢)/v/e € (1.1623, /co .

8 Approximate polymorphisms of an arbitrary Boolean function

The coupling of Lemma 3.1 is not specific to AND. In this section we use it to show that the
dependence between € and § is polynomial for the approximate polymorphisms of every Boolean
function, which answers Open Question 2 of Chase, Filmus, Minzer, Mossel and Saurabh [6].

Setting. Fix m > 1 and g: {0,1}" — {0,1}, and let p, = E[g] (uniform measure). Let Z
be a uniformly random n x m matrix over {0,1} with rows z1,...,z, € {0,1}"" and columns
Z',....,Z™ € {0,1}", and put ¢"(Z) = (g(21),...,9(zn)); note that g"(Z) ~ pp,. For a tuple
f = (fo, f1,..., fm) of functions {0,1}" — {0,1} let

erry(£) = Pr [fo(g™(2)) # g(f1(ZY),- .., fm(Z™))].

Following [6], f is a d-approzimate multi-polymorphism of g if erry(f) < §, and an (exact) multi-
polymorphism if erry(f) = 0. A function f is a d-approximate polymorphism if (f,...,f) is a
d-approximate multi-polymorphism, and a pair (Fy, F1) is a skew polymorphism if (Fy, Fi,..., F)
is a multi-polymorphism. Distances to fo are measured under j,, and distances to fi,. .., fi, under
the uniform measure; “h is S-close to a constant” means Pr[h # b] < 3 for some b € {0,1}, and
otherwise h is B-far from constants. For g = ANDy and fo = fi = fo = f we have erry(f) = (f),
and the skew polymorphisms of ANDy are exactly the pairs (h,h) with h € A, (put y = z in
Fo(x Ny) = Fi(x)Fi(y) to get Fo = ).

Chase et al. [6, Theorems 3.1 and 4.1] proved that for every g and € > 0 there is 6 = §(g,¢) >0
such that every d-approximate polymorphism is e-close to a skew polymorphism (their Theo-
rem 3.1), and every J-approximate multi-polymorphism is e-close to a multi-polymorphism (their
Theorem 4.1); Alekseev and Filmus [2] extended this to all predicates. Because of the regularity
lemma, 6(g, ) is of tower type in these proofs (doubly exponential with a decision-tree regularity
lemma [6, Appendix C]). Polynomial dependence was known for affine g (linearity testing [4]), for
the Arrow-type predicates by Keller [16, 17] (under restrictions on the functions in [16]; with the
optimal dependence for the uniform distribution in [17]), and for Maj,, where Chase et al. show
linear dependence [6, Appendix D] (compare Theorem 8.2). Chase et al. asked: “What is the op-
timal dependence between € and § in Theorem 3.1¢ Does it depend on g?” [6, Open Question 2.
Alekseev and Filmus conjectured that for every predicate the optimal dependence is “polynomial
or even linear” [2, Section 9, question 3.

Theorem 8.1 (Polynomial dependence for every g). Let g: {0,1}™ — {0,1} depend on exactly k
of its coordinates. Put cg =1 if g is affine over Fy (this includes constant g), and otherwise

1

— Ky, = k(k —1)2t2 £ 3k — 2.
KKy k= k(k—1)277 +

Cg:

There is a constant Cy such that for every n > 1 and every tuple £ with erry(f) = § there is a
multi-polymorphism F of g with

Prfo # Fo] < Cy 0 and Pr[fj # Fj] < Cg % (j € [m]).

Hpg

Moreover, if fi = -+ = fm then F can be chosen with Fy = --- = Fy,, and if in addition py = 1/2
and fo = f1, then also with Fy = F}.

20



For balanced g the dependence is in fact linear; this is optimal (Proposition 8.16).

Theorem 8.2 (Linear dependence for balanced g). Let g: {0,1}" — {0,1} with p; = 1/2. There
s a constant C’; such that for every n > 1, every d-approximate polymorphism f of g is C;5—close
to a polymorphism of g.

Corollary 8.3 (Answer to Open Question 2 of [6]). Every d-approzimate polymorphism f of g is
Cy6%-close to a skew polymorphism (Fy, F1) of g (that is, Pry,, [f # Fo] < Cy0% and Pr[f # F1] <
Cy6% ). Thus in [6, Theorems 3.1 and 4.1] one can take 5(g,€) = (¢/Cy)"/%, a polynomial in «.
The optimal dependence does depend on g. Let §4(¢) be the supremum of the § such that, for every
n, every 6-approximate polymorphism of g is e-close to a skew polymorphism. Then d4(e) > E/Cg
for every balanced g, and é4(c) < C’ga for all small € > 0 if moreover g depends on at least two
coordinates (for instance XOR,, with m > 2, and Majs ), whereas for everym > 2 and 0 < e < 1/2

em
—— < g) < g™, co =4+ 2V2.
@ = AND,, (€) < 0 V2
In particular, every exponent m = 1,2,3,... occurs as the optimal exponent of some g. More

generally, Theorem 8.18 below determines the optimal exponent for every non-constant unbalanced
g, and Corollary 8.19 characterizes the g with linear loss.

Proof. The first two statements are the case fo = --- = f, = f of Theorem 8.1, and the balanced
case is Theorem 8.2 and Proposition 8.16. Let g = AND,,, so that p, = 2™ and ¢"(Z) =
Z' Ao NZTOTE (Fp, Fy) is a skew polymorphism of AND,,, then taking all columns equal to
x gives Fy(r) = Fy(z). Taking Z3 = --- = Z™ = 1 then gives h(x Ay) = h(z)h(y)h(1)™2 for
h = Fy = Fy. If h(1) = 0 this gives h(x) = h(x A1) = 0 for all x (take y = 1); otherwise h € A,,.
So the skew polymorphisms are exactly the pairs (h, h) with h € A,.

Lower bound. Let f be a d-approximate polymorphism of AND,, with § = &™/(co(2m)™), i.e.
em(f) < 6 in the notation of Theorem 1.4(b). That theorem gives h € A, with Pr[f # h| <
(cod)Y/™ = €/(2m). Since h(z1 A -+ A ) = [1; h(xy),

Pr [f #h) =Pr[f(Z'N---ANZ™) # WZ" N NZ™)] < (5—|—Zm:Pr[f(Zj) # h(Z%)] < 6+§ <e.
2—m J=1

So f is e-close to the skew polymorphism (h, h).

Upper bound. Let § > ™. Since e™ < 2™ we can pick ¢’ with e™ < § < min(§,27™). By
Theorem 1.4(b), 6%,(8") > 0"/™ > e. So there is f with ,,,(f) < &' < & and Pr[f # h] > ¢ for every
h € A,, and f is not e-close to any skew polymorphism. O

8.1 Tools

For j € [m] and a context u € {0, 1}™\} et w7t € {0,1}™ be u with the bit b inserted in position
j. The context u is sensitive for j if g(u/~%) # g(u/~1) and insensitive otherwise; let B; and A;
be the sets of sensitive and insensitive contexts, and s; = |B;|/2™71, a; = |4;]/2"7 =1 — s;.
The function g depends on coordinate j iff B; # (), and then s; > 21=m  For z € {0,1}™ let
z_; € {0, 1}m\U} be its context.

Lemma 8.4 ([6, Lemma 3.2]). If g depends on all its m coordinates and is not affine, then a; > 0
for some j € [m].
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Proof. If Aj = () for all j, then flipping any single coordinate of any input flips the value of g, so
9(2) =g(0) @21 & - B zp, is affine. ]

For T C [n], g € (0,1) and h: {0,1}" — {0,1}, the rounding of h to T is the T-junta rd%.h(z) =
HE,,[h | xp = x7] > 1/2}; we write rdp = rd;/2. Note that rd%.h depends only on h, ¢ and T
The magority value of h under ju, is the constant rdjh, i.e. 1 if Pry,[h = 1] > 1/2 and 0 otherwise;
so ties are broken towards 1, here and below.

Lemma 8.5 (Rounding). Let x ~ p, and let X' agree with x on T and be fresh outside T. Then

Prlh # rdfh] < Prih(x) £ h(x)] = 23 h(S)?
ST

and Pr[h(x) # h(x')] < 2Pr, [h # J] for every T-junta J.

Proof. Given xp = u, let r = Pr{h(x) = 1 | xp = u]. Then Pr[h # rd%h | xp = u] = min(r,1—r) <
2r(1 —r) = Pr[h(x) # h(X') | xp = u]. Average over u; the equality is Lemma 2.1. For the last
claim note J(x) = J(x'), so h(x) # h(x') forces h(x) # J(x) or h(x) # J(x'), and X' ~ p,. O

Lemma 8.6 (Noise). Let ¢ € (0,1) and p € [0,1). Let (y,y’) be a random pair in {0, 1}V x {0, 1}V
whose coordinate pairs (y;,y;) are i.i.d. and exchangeable, with Prly; = 1] = ¢ and Prly; # yi] =
2¢(1 — q)(1 — p). Then for every h: {0,1} — {0,1}, with b the magority value of h under pg,

P /
pefh 4 < PR £ YL
Hq 1- p
Proof. An exchangeable pair of Bernoulli(g) bits is determined by the probability that the bits differ,
o (yi,y;) has the law of “y, = y; with probability p, and y/ is a fresh Bernoulh( ) bit otherwise”.

Hence E[¢s(y)or(y')] = P'S‘l{S T} and E[h(y)h(y")] = X5 p1*1h(S)* < h(0)” + P2 540 h(s)?,
using p > 0. With v = Eh we get Pr[h(y) # h(y’)] = 2v — 2E[h(y)h(y)] = 2(1 — p) Y59 h(S)* =
2(1 = p)v(1 —v) > (1 — p)min(v,1 — v), and min(v,1 — v) = Pr[h # b]. O

Lemma 8.7 (One resampled coordinate). Let g depend on coordinate j, let z be uniform on
{0,1}™, and let 2’ be z with coordinate j resampled. Then (g(z), g(z")) is an exchangeable pair of
Bernoulli(pg) bits with Prig(z) # g(2')] = sj/2 = 2py(1 — pg)(1 — pj) for some p; € [0,1), and

1 _ 4pg(1—pg) < gm—1
1=p; 8j - ’

Proof. Exchangeability and the marginals are clear, and g(z) # g(z') iff z_; € B; and z; # 7,
which has probability s;/2 > 0. Let r(u) = Pr[g(z) = 1| z—; = u]. Given z_j, the bItS 9(z),9(Z")
are independent, so Pr[g(z) = g(z') = 1] = E[r(z_;)?] > pg. Therefore s;/2 = 2p, — 2Pr[g(z) =
g(z') = 1] < 2py(1 — pg), i.e. pj > 0; and p; < 1 since s; > 0. Finally 4py(1 — p,) < 1 and
S5 > 91-m, O]

8.2 The junta lemma

For j € [m] let ¢; = (fx(Z*))kz; € {0,137} and R = {i € [n] : (z1)—; € A;}, the set of rows
whose context is insensitive for j. Both are functions of the columns Z*, k # j. Write 6 = erry(f).

Lemma 8.8 (Spectral containment for general g). For every j € [m], with fj the uniform-measure
Fourier coefficients,

> fi(S)?Pric; € B, SNR; #0] < 4.

SCln]
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Proof. Let W be obtained from Z by replacing the entries Z;;, i € R;, by fresh independent
uniform bits. Since R; is determined by the columns ZF, k # j, and Z7 is independent of them,
W is uniform. Its columns k # j are those of Z, so ¢;(W) = c;(Z). Moreover ¢"(W) = ¢"(Z):
a row i ¢ R; is unchanged, and a row i € R; changes only in coordinate j, while its context is

insensitive. Let E be the event that ¢; € B; and f;(Z7) # f;(W7). On E the two right-hand sides
g(c?ﬁfj(zj)) and g(cj—}fj(wj)) differ, while the left-hand sides fo(¢9"(Z)) = fo(g"(W)) agree, so
the test fails on Z or on W; hence Pr[E] < 2. On the other hand, conditionally on the columns

k # j, the pair (Z7, WY) is the pair of Lemma 2.1 (with p = 1/2) for J = [n] \ R;, so
Pr[E] = E[l{cj €eBj}-2 Y fj(sﬂ =2Y f5(5)?Prlc; € B;, SNR; #10]. 0
SNR,;£0 g

Lemma 8.9 (Junta lemma). Let j € [m]| with a; > 0 and P; := Pr[c; € Bj] > 0, and let
T;j={i€[n]:Prli e Rj|c; € Bj] <a;j/4}. Then

8§
a;Pj’

(@) 1T < i () Prlfy #rdn f) <2 Y fi(8)* <
7 SZT;

Proof. (b) If S ¢ T}, pick i € S\ Tj; then Pr[c; € Bj, SNR; # 0] > Pr[c; € B;, i € Rj] > 4 P;.
Lemma 8.8 gives ZSQTJ, £j(8)? < 43/(a;P;), and Lemma 8.5 gives the first inequality.

(a) We may assume T; # (). The rows are independent and uniform, so the events {i € R;},
i € [n], are independent, each of probability a;; hence N = |R; N Tj| is binomial with mean a;|7}],
and the Chernoff bound gives Pr[N < a;|T}|/2] < e~%!T5l/%. On the other hand E[N | ¢; € Bj] <
a;|T;|/4 by the definition of T}, so by Markov’s inequality Pr[N < a;|7}|/2 | ¢; € B;] > 1/2. Thus
P;/2 < Pr[N < a;|T}|/2] < e %IT3l/8 which is (a). O

8.3 Propagation, certificates and exactness

Lemma 8.10 (From one column to fy). Let g depend on coordinate j, let T C [n], and suppose
Pr(f; # J) < 8 for some T-junta J. Then

26 4 263
L—=pj

Prlfo #rdi fo] < < 2™+ B).
g

Proof. Let W be obtained from Z by resampling the entries Z;;, i ¢ T. Then W is uniform, its
columns k # j are those of Z, and Pr[f;(Z7) # fj(W7)] < 28 by the last part of Lemma 8.5. Hence
the right-hand sides of the test on Z and on W differ with probability at most 23, and y = ¢"(Z),
y' = ¢"(W) satisfy Pr(fo(y) # fo(y')] < 26 +28. Now yr = y’, and the pairs (y;,y}), i ¢ T,
are i.i.d., independent of yr, with the law of Lemma 8.7. Given yr = u, Lemma 8.6 (with ¢ = pg,
p = p;) applied to h = fo(u, ) shows that h differs from its majority value, which is rd}? fo(u), with
probability at most Pr{fo(y) # fo(y') | yr = u]/(1 — pj). Averaging over u and using Lemma 8.7
gives the claim. O

Lemma 8.11 (From fy to every column). Let T' C [n], suppose Pry,, [fo # Jo] < B for some
T-junta Jy, let g depend on coordinate j, and suppose that fi is ~v-far from constants for every
ke [m)\ {j}. Then Prlf; £ 1drf;] < (26 +26)y20nD.

Proof. Let W be obtained from Z by resampling all rows ¢ ¢ 7. Then W is uniform, ¢"(W)
agrees with ¢"(Z) on T, and both have law p, , so fo(g"(Z)) # fo(g"(W)) with probability at
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most 20 (as in Lemma 8.5). Hence the right-hand sides RHS(Z), RHS(W) of the test differ with
probability at most 26 4+ 23. Fix v € B; and let E be the event that fix(Z*) = fx(W*) = v, for all
k # j. The column pairs (Zk ,Wk), k € [m], are independent, and each is the pair of Lemma 2.1
with J = T. With ry(u) = Pr[fg(x) = vg | x7 = u] for uniform x, we get Pr[fx(Z*) = fr(WF) =
v) = E[r?] > (Erp)? > 42, so Pr[E] > 4*™~1. On E we have RHS(Z) = g(v"7%(%")) and
RHS(W) = g(v77/itW")): as v is sensitive, they differ iff f;(Z7) # f;(W7). Since E is independent
of (Z7, W),

20428

~S2(m=1)’

Pr[f;j(Z7) # f;(W7)] = Pr[RHS(Z) # RHS(W) | E] <
and Lemma 8.5 finishes the proof. O

Lemma 8.12 (Certificates). Let g depend on all its m coordinates, 0 < & < 1/2, &' = 272m=2¢m
and 6 < ¢'. Suppose that some fy,, ko € [m], is €'-close to a constant. Let J be the set of j € [m)]
such that f; is e-close to a constant, let a; be the majority value of f; (j € J), and let ag be the
magority value of fo under p,,. Then Pr,, [fo # ao] < &, and (Fy, ..., Fy) defined by Fy = ao,
Fi=a; (jeJ)and F; = f; (j ¢ J) is a multi-polymorphism of g. All its distances to f are at
most €.

Proof. A constant is a (-junta, so Lemma 8.10 with 7" = () and j = ko gives Pr[fy # ag] <
2m(§ + ') < 2mtle! <e. Fix z € {0,1}™ with 25 = ay. For j € J, Pr[fj = zj] > 1—¢ > 3; for
Jj ¢ J, f; is e-far from constants, so Pr[f; = x;] > €. The columns are independent and |J| > 1, so
RHS(Z) = g(x) with probability at least 2~1/lem=I/l > 2=m¢m=1_On the other hand RHS(Z) # aq
with probability at most & + Pr[fo(¢™(Z)) # ap] < 2mH2’ = 27™mc™ < 27m¢m=1, Hence there is a
Z with RHS(Z) = g(x) and RHS(Z) = ay, i.e. g(z) = ag. So xz; = ay forces g(x) = ap, which gives
Fo(g™(Z)) = ap = g(F1(ZY), ..., Fn(Z™)) for all Z. Finally Pr[f; # aj] < € for j € J, because a;
is the majority value of a function that is e-close to a constant. O

Lemma 8.13 (Exactness on a junta). Let T C [n], and let Fy,...,F, be T-juntas with 6 +
Pr,,, [fo # Fol + 3272, Prf; # Fj] < 2=mIT| Then F is a multi-polymorphism of g.

Proof. By the union bound, err,(F) < 277l Whether Fy(g"™(Z)) = g(F1(Z"), ..., Fn(Z™)) holds
depends only on the rows z;, i € T. Each of the 2™/T| possible values of these rows has probability
2-mITl g0 the identity holds for all of them, i.e. for every Z. O

Lemma 8.14 (Affine g). Let g(x) = 21 ® -+ @ xp, ® b with m > 1, and let § = erry(f) <
min(1/50,1/(m+2)). Then there is a multi-polymorphism F with all distances at most §, such that
Fy = Fy whenever fy = fo (0,0 €{0,...,m}).

Proof. Here p; =1/2 and ¢"(Z) = Z' @ --- ® Z™ @ b1, where 1 is the all-ones vector.

m = 1. If fo # fi1, take F1 = f1 and Fo(y) = f1(y ® bl) @ b; this is exact, and Pr[fy # Fo] =9
because y = Z' @bl is uniform. If fy = fi = fandb=0,then§ =0and F =f. If fy = f; = f and
b=1,let F(z) = f(z)ifzy =0and F(z) = f(zx®1)®1lif x; = 1. Then F(x®1) = F(x)®1 for all
x, s0 (F, F) is exact. The event D = {f(z) # f(z®1)® 1} has probability ¢ and is invariant under
z — z @ 1, which exchanges {z1 = 0} and {z; = 1}. Hence Pr[f # F] = 1 Pr[D | z; = 1] = §/2.

m > 2. Let &y = (=1)7¢, xg(z) = (=1)Xies % and &y(S) = E[®yxs] (uniform measure). Since
xs(g™(Z)) = (=1)YSIT], xs(Z*) and the columns are independent,

1-95=F [0 bH(I,ka}_Z b(\S|+1ﬁ

S
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Given ¢ € {0,...,m} choose two further indices ¢, ¢y (possible as m + 1 > 3). Bounding the
remaining factors by 1 and using Cauchy—Schwarz and Parseval,

1-26< msaxm Z\% )By, (9)] < maX|<I)g( ).

So there is Sy with |®4(S;)| > 1 — 26, and then ®¢(5)% <1 — (1 —26)2 < 46 for S # Sy. If Sy # S
for some ¢ # ¢, then

1
1-20 < Z\@z )0 ()] < Do (Se)| + [ De(Ser)| + ( > (S ) ( > i‘e'(S)Q)Q < 4V + 45,

S#S, S#Sy

which is false for § < 1/50. Hence all Sy equal some S. Let (—1)% be the sign of &,(S) and Fy(x) =
DicsriPas. Then Pr(f, # Fy] = (1— |®4(S)])/2 < 6 (for £ = 0 the relevant measure is Hpy = H1/2),
and Fy = Fp when fy = fp. Finally, Fo(g"(Z))@g(Fl(Zl), R ,Fm(Zm)) = b|S|@ao@a1@- - Day, Db
is a constant, so erry(F) € {0,1}. As erry(F) <64 (m+1)d < 1, F is exact. O

8.4 Proof of Theorem 8.1

Trivial range. If § = 0 then F = f is a multi-polymorphism. Dictators Fy = --- = F;, = 11
form a multi-polymorphism of every g (both sides equal g(z;)) and satisfy all the equalities in
the “moreover” part. So it suffices to prove the theorem for 0 < § < ¢4, for some j, > 0, with
Cy > 64

Reduction to k = m. Let K C [m] be the set of coordinates on which g depends, and
G: {0,1}% — {0,1} the induced function. Then pg = p,, erry(f) = errg(fo, (fj)jex), and if
(Fv, (F})jek) is a multi-polymorphism of G then extending it by arbitrary Fj, j ¢ K, gives a
multi-polymorphism of g. Take F; = f; for j ¢ K in general. If fi = ... = f,,, the functions Fj},
j € K, are equal (by the theorem for G), and we take Fj equal to them for j ¢ K too. If k =0
then g = b, ¢g"(Z) = b1 and erry(f) = 1{fo(b1) # b}, so 6 < 1 means that f is exact. So assume
that g depends on all m = k > 1 coordinates.

Affine g. Lemma 8.14 applies for 6 < min(1/50,1/(m + 2)), with distances at most .

Non-affine g. Then m > 2 (functions of one variable are affine), and by Lemma 8.4 we may fix
§* € [m] with a;« > 0; note aj» > 21=™. Let K = K, and

_ m—+2
e m2

O (m + 2) 28m6”

Given 0, define ¢’ and € by 6 = ¢’K and ¢/ = 272m2c g0 that e = 2@m+2)/mgl/(mK) < g §1/(mK)
We assume ¢ < g, which holds when § is small enough; then § < &’ < .

Case I: some fi, k € [m], is €'-close to a constant. Lemma 8.12 gives a multi-polymorphism
within distance €.

Case II: every fi, k € [m], is '-far from constants. Fix v € Bj«. By independence of the
columns, Pj« > Prlcj« = v] =[] ;- Pr[fi = vi] > g'm=1 Let T = Tj~ be the set of Lemma 8.9;
then

1T < 2™ 21n (26’*(’"*1)), B := Pr[fj # rdpf] < 225/~ (m=1),

Lemma 8.10 (with J = rdrfj-) gives 8o := Pry, [fo # rdh? fo] < 27(6 + Bj+) < 22mA35 e/~ (mm1),
Lemma 8.11 (with Jy = rd]%"fg and v = &) gives, for every j € [m],

Bj = Prlf; # vdz fj] < 26 + o) 727 < 2284 730D,
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Put D = 28m+65g/-3(m=1) — 93m+6o/m(m-12""2+1 g6 that § and all B, are at most D. Since
In2 < 1, m|T|In2 < m2™+ 24 m(m—1)2m+21n(1/e'), i.e. 27| > =m2™ 2 /m(m=1)2"*2 " Ppepefore

m
0+ Bo+ Z Bj < (m+2)D = (m+2)23m 0. g/mm=1)2mF2 o mm2™E Im(m—1)2m 2 o omIT|
=1

because ¢ < g9. By Lemma 8.13, F = (rd}}gfg,rdel, ..., rdp f) is a multi-polymorphism of g,
and its distances to f are at most D < 23m1+6/2 < o/ < ¢

In both cases all distances are at most ¢ < 851/(mK) — 8§  which proves the bound (with &4
chosen so that € < g for § < §,, and Cy = max(8,ds “)).

The “moreover” part. In Case 11, rd7 f; depends only on f;, so fi =+ = f, gives F1 = --- =
Fy; if moreover p, = 1/2 and fo = fi1, then rdl%gfo =rdrfi. In Case I, if fi = --- = fi, = f,
then ko € J forces J = [m], and all a; equal the majority value a of f; if moreover p, = 1/2 and
fo = f, then ag = a (both are the majority value of f under the uniform measure). The affine case
is covered by Lemma 8.14, and the reduction step preserves these equalities. ]

8.5 Balanced g: proof of Theorem 8.2

The polynomial loss in Theorem 8.1 comes only from functions that are close to constants: if all f
are y-far from constants for a fixed «y, the proof of Case II gives a junta of bounded size with linear
error. For a single function and balanced g, functions close to constants are handled by small-set
expansion. For p € (—1,1), a pair (x,y) of uniform points of {0,1}" is p-correlated if the pairs
(xi,y;) are i.i.d. with Prly; = x;] = (1 + p)/2.

Lemma 8.15 (Small-set expansion). If (x,y) is p-correlated and A C {0,1}" has |A| = n2", then
Pr[x € A, y € A] < n?/(Hlel),

Proof. First let p > 0 and let B C {0,1}" be any set with |B| = n2". With T, the noise operator
and || - [lg the L9(u15) norms, Prix € Ay € B] = (14,Tp1p) = (T ;14,T ;1p). By Cauchy-
Schwarz and the hypercontractive inequality ||T, zhl2 < [|h]|1+, of Bonami [5] (see [25, Chapter 9]),
this is at most ||1a14,/158]14p = n¥1+P). Taking B = A proves the case p > 0. If p < 0, then
(x,1®y) is |p|-correlated and Prjx € A,y € A] =Pr[x € A, 1@y € B] with B=1® A, so the

two-set bound applies. ]
Proof of Theorem 8.2. Let fo = --- = fi, = f and § = erry(f). Dictators are polymorphisms, so
it suffices to treat § < §;, for a constant d; € (0,1/2] chosen below, with Cy > 1/d;. If g depends
only on the coordinates in K C [m] and G is the induced function, then pg = py, erry(f,..., f) =

errg(f,..., f), and g and G have the same polymorphisms (as ¢"(Z) = G"((Z?)jek)); and K # ()
because p; = 1/2. So we may assume that g depends on all m coordinates. If g is affine, we take
0, = min{1/50,1/(m+2)} and C;, = 1/4;, and Lemma 8.14 applies (all F; coincide since all f; do).
So let g be non-affine; then m > 2, and we fix j* with aj« > 217" (Lemma 8.4).

For j € [m] the pairs (9(2;), zi;), ¢ € [n], are i.i.d. pairs of uniform bits. A pair of uniform bits is
determined by the probability that they agree, so (¢"(Z), Z7) is pj-correlated with p; = 2Pr[g(z) =
z;] — 1. As g depends on at least two coordinates, g ¢ {z;,1® z;}, so 0 < Pr[g(z) = z;] < 1. Since
this probability is a multiple of 27™, r := max; |p;| < 1 — 2!=™. Put

~ = min {2(ml+1), (2m)_it: }
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Case A: f is y-close to a constant. Let b be the majority value of f, A = {z : f(x) # b} and
n = Pr[f #0b <~. If g(b,...,b) # b, then the test fails whenever f(¢g"(Z)) = b and f(Z’) = b
for all j, which has probability at least 1 — (m + 1)n > 1/2; this is excluded by d; < 1/2. So
g(b,...,b) = b and the constant b is a polymorphism. The test fails whenever ¢"(Z) € A while
Z7 ¢ A for all j. Since g"(Z) is uniform, Lemma 8.15 gives

m

j > n—ZPr[g"(Z)EA, 7)€ A] > 77—m772/(1+’"):77(1—mn%) > -,

N3

Jj=1

because < v < (2m)~(1+7/(0=")  Hence Pr[f # b] < 26.

Case B: f is y-far from constants. Fix v € Bj+. Then Pj > Hk#* Pr[f = v] > y™ 1,
and Lemma 8.9 gives a set T with |T| < L := 272In(2y= (™Y and 8 := Pr[f # rdrf] <
omH2y=(m=1§ Let Fy = --- = Fy, = rdrf (recall p, = 1/2, so rdy? = rdr). If o, < 27mb/(1+
(m +1)2m+2=(m=1) “then § 4+ (m + 1)8 < 27 < 27Tl and Lemma 8.13 shows that rdr f is a
polymorphism of ¢ at distance 8 < 27"+2y~(m=1)§ from f.

So for non-affine g the theorem holds with J;, = 27 /(1 + (m + 1)27F24=(m=1)) and Cy =
max {1/, 2m+24=(m=D} (Case A needs Cy > 2), where m is now the number of relevant coordi-
nates. O

Applied with § = 0, the proof shows that every polymorphism of a non-affine g with p, = 1/2
that depends on all its coordinates is either constant (Case A) or a junta on at most L coordinates
(Case B, where 8 = 0), with L = L(g) independent of n; and Lemma 8.14 with § = 0 shows that
every polymorphism of 21 @ - -+ @ x,,, ® b, m > 2, is of the form @, g z; ® a.

Proposition 8.16 (Linear dependence is optimal). Let p, = 1/2, let g depend on at least two
coordinates, and let §g be as in Corollary 8.3. Then d4(c) < 4(m + 1)(1 +2C7)e for 0 < e <
1/(8(1+ 20;)).

Proof. For h: {0,1}" — {0,1} let d(h) = ming Pr[h # F] over the polymorphisms F' of g on n
variables (uniform measure).

(i) If f is e-close to a skew polymorphism (Fo, Fy), then d(f) < (1 +2Cg)e. As p; = 1/2,
both distances are uniform, so Pr[Fy # Fi] < 2e. Since Fy(9™(Z)) = g(Fi(ZY),..., Fi(Z™)) and
g"(Z) is uniform, erry(Fy,...,F1) < Pr[F} # Fy] < 2e. By Theorem 8.2, Fy is 2Ce-close to a
polymorphism, and f is e-close to F}.

(ii) errg(f,..., f) < (m+1)d(f). If F is a polymorphism, the test can fail only if f # F' at one
of the m + 1 uniformly distributed points ¢"(Z),Z", ..., Z™.

(iii) For all large n there is h* on n variables with d(h*) > 1/4. As in the proof of Theorem 8.2
we may assume that g depends on all m > 2 coordinates. If g is affine, all its polymorphisms have
the form @,cgz; © a; take h* = xyxp. If S € {1,2}, then P, gx; ® a is a uniform bit given
(21, x2), so it differs from h* with probability 1/2; otherwise it is one of the eight affine functions of
(21, x2), each of which differs from 122 on one or three of the four points. If g is not affine, all its
polymorphisms are constants or juntas on at most L coordinates; for n > L take h* = x1®--- D x,,
which is a uniform bit given any L coordinates, so that d(h*) = 1/2.

(iv) Let 6 = 2(142C})e < 1/4, and let n be as in (iii) with 27" < 6. Change the dictator 1 into
h* one point at a time. Each step changes d by at most 27", d(z1) = 0 and d(h*) > 6, so at the first
step where d > 6 we obtain f with 6 < d(f) <0+ 27" < 26. By (ii), erry(f,..., f) <2(m+1)0 =
4(m+1)(1+2Cy)e. By (i), f is not e-close to any skew polymorphism, since (1+2Cy)e = /2 < d(f).
Hence 64(¢) < errg(f,..., [). O
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8.6 The exponent for unbalanced g

For unbalanced ¢ the loss is polynomial (Theorem 8.1) but in general not linear. The exponent is
governed by the number of coordinates of a constant input that must be flipped to change the value
of g. For b € {0,1} write b™ = (b,...,b), and for S C [m] let b™ & 1g be b™ with the coordinates
in S flipped.

Definition 8.17. For non-constant g: {0,1}"™ — {0,1} and b € {0,1} let

sp(g) = min{|S]: S C [m], g(b" ® 1s) # g(b™)},  e(g) = max{so(9),s1(9)}

We say that g is completable at b if s(g) = 1, or if there are S C [m] with |S| = sp(g) and
g(b™ @ 1g) # g(b™), an index j € S, and an insensitive context w € A; with wy, = 1 — b for all
ke S\{j}

For example, so(AND,,,) = m and s1(AND,,,) = 1, and AND,,, (m > 2) is not completable at
0: necessarily S = [m], and the only context w with wy = 1 for all k # j is sensitive for j. For
g = x1 A (x2 V x3) we have sgp = 2, s = 1, and g is completable at 0 (take S = {1,2}, j = 2 and
w = (wy,w3) = (1,1)). If g depends on coordinates K C [m] only and G is the induced function,
then s,(g9) = sp(G), g is completable at b iff G is, and 64 = d¢ (as in the proof of Theorem 8.2, g
and G have the same approximate and exact skew polymorphisms).

Theorem 8.18 (The exponent for unbalanced g). Let g: {0,1}™ — {0,1} depend on all its coor-
dinates and satisfy py # 1/2 (so m > 2 and g is not affine), and let 64 be as in Corollary 8.3.

(a) For b € {0,1}, s = s3(g) and 0 < € < 1/16 we have &4(¢) < (45(") + 1)e*. In particular
04(€) = Oy ().

(b) There is a constant Cy such that every d-approxzimate polymorphism of g is Cgél/e(g)—close to
a skew polymorphism of g. Hence 64(c) = @g(ee(g)),

(¢) If g € {AND,,,, OR,,, NAND,,,, NOR,,}, then e(g) = m and €™ /(co(2m)™) < 04(e) < (4™ +
1)e™ for 0 < e < 1/16.

(d) The proof of (b) gives an explicit Cy if, for each b € {0,1} with s,(g) < m, g is completable
at b or Ag > 0 for some minimal flip set S at b, where Ag is defined in Lemma 8.23. This
holds for every g with m < 4. The functions g as above that are neither completable at both
b nor of the form in (c) are: none for m =2 (out of 8); four for m =3 (out of 160), namely
1{|z| = 1}, 1{|z| = 2} and their negations; and 44 for m =4 (out of 51,976 ).

Part (d) is a finite check, done by exact enumeration with two scripts in the directory numerics
of the accompanying repository, exponent_classification.py and doeblin _check.py. Com-
pletability gives an elementary proof of the near-constant case of (b) with explicit constants
(Lemma 8.21). The general case uses a strong data processing inequality (Lemmas 8.22 and 8.23).

Corollary 8.19 (When is the loss linear?). Let g depend on at least two coordinates. Then d4(c) =
Oy (e) if and only if py, = 1/2 or so(g) = s1(g) = 1; otherwise §,() = O,4(°9)) with e(g) > 2. In
particular, for m = 2: 6,(c) = O(e?) for g € {ANDy, OR2, NANDy, NORz}, and d,(c) = ©,4(e) for
the other sixz functions that depend on both coordinates (x @y, 1z @y, z Ay, "z ANy, xV —y,
-~z Vy).
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Proof. By the remark after Definition 8.17 we may assume that g depends on all m > 2 coordinates.
If p, = 1/2, use Theorem 8.2 and Proposition 8.16. If p, # 1/2, Theorem 8.18(a),(b) gives
Sy(g) = ©,(e°9)), and e(g) = 1 iff s9 = s; = 1. For m = 2, the four functions 2 A —y,..., =z Vy
have sg = 51 = 1. O

Lemma 8.20 (Duality). For h: {0,1} — {0,1} let h*(z) = 1 ® h(1 ® x). Then py = 1 —
Pg; su(9") = s1-(9); g* is completable at b iff g is completable at 1 — b; errg=(f*,..., f*) =
erry(f,..., f); (Fo,F1) is a skew polymorphism of g iff (F§,FY) is a skew polymorphism of g*;
and Pr, [h] # h3] = Pr,,_ [h1 # ha]. Consequently 64« = 4. Moreover AND;, = OR,, and
NAND?, = NOR,,.

Proof. Write # = 1 @ x, and let Z be the entrywise complement of Z, which is again uniform.
Since ¢g*(z;) = 1 @ g(z;), we have (¢*)"(Z) = 1 ® g"(Z), hence f*((¢*)"(Z)) = 1® f(g™(Z)), while
g (fX(ZY), ..., f(Z™) = 1@ g(f(Z),..., f(Z™)). So the test for f* and g* at Z is the test for f
and g at Z; the same computation applies to pairs (Fp, F1). If x ~ p1, then X ~ p1_; this gives the
statement on distances, and pg- = 1—py. Next, ¢g* (0" ®1g)®g*(b™) = g((1-b)"®1s)Bg((1-b)™),
50 sp(g*) = s1-p(g) with the same minimal sets S; and a context w is insensitive for j with respect
to ¢* iff w is insensitive for j with respect to g, while wy = 1 —b iff wy, = 1 — (1 —b). This gives the
statement on completability. Since f + f* is a bijection that preserves the error and maps e-close
skew polymorphisms of g to e-close skew polymorphisms of g* (distances to Fj are measured under
tp, and pp . = pi1—p,, respectively), dg» = d,. The last claim is De Morgan’s law. O

Lemma 8.21 (Near-constant functions). Let g depend on all its m > 2 coordinates, py # 1/2, b €
{0,1}, s = sp(g), and suppose that g is completable at b. Let f: {0,1}" — {0,1}, 6 = erry(f,..., f)
and n = Pr[f #b] <1/(4m). Then

n< @MY and  Pr(f #g(b™)] <6+ mn.
Hpg

In particular f is (§4+m(2™116)1/%)-close to the skew polymorphism (g(b™),b) (a pair of constants).

Proof. First, Ay # 0 for every k € [m]: otherwise flipping coordinate k always flips g, so g(z) =
2, @ g(2¥70) and p, = 1/2. Choose S, j and w € A; as in Definition 8.17 (if s = 1: any S = {4}
with g(b™ @ 1y;3) # g(b™) and any w € Aj). Put U = S\ {j} and A = {z : f(z) # b}, and let
v € {0,1}"\M5} be given by vy =1 —b for k € U and v, = b otherwise. Then ©77* = ™ @ 1y and
vt = @ 1, and g(b™ @ 1y) = g(b™) # g(b™ @ 1g) by the minimality of s; so v € B;. Let
E={cj=v},ie Z* € Afor k€ U and Z* ¢ A for k € [m] \ S. As the columns are independent,
Pr[E] = n*~H (1 —n)"°.

Fix arow ¢ € [n], and let ¢ = Pr[x; =1 | x € A] and r = Pr[x; = 1 | x ¢ A] for uniform x.
Since r = (3 —nq)/(1—n), both r and 1 —r are at least 3 —n. Conditionally on F, the columns ZF,
k # j, are independent and uniform on A (for k € U) or on {0,1}"\ A (for k € [m]\ S). Hence the
entries of the context (z;)—; are conditionally independent, Bernoulli(¢) on U and Bernoulli(r) on
[m]\ S. If s > 2, the context b™\} is insensitive for j (because g™ D1ygjy) = g(b™)), and so is w.
The two contexts take the constant values b and 1 — b on U # (), so their conditional probabilities
are at least (5 — 7)™~ times ¢*~! and (1 — ¢)*~" (in some order). Therefore for s > 2,
a:=Prli c R; | E] > G _ n)m S(stl LAY > (%
If s =1 then U = (), v = b"\U} and Pr[E] = (1 — 7)™ !, the context ™M} = ¢ is then
sensitive for j, so only w is used, and a > Pr[(z;)—; = w | E] > (3 — )™ !. In both cases
a > 217m(1 — 2n)™ > 217 (1 — 2mn) > 27,

o n>m_52275 _ 227m(1 o 2n)mfs.
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Since E C {c; € B;}, Lemma 8.8 (with fo =--- = f, = f) gives

Y FS)PPrE, 'R #£0] > Y f(5)? PrlEla > n(1—n)-n* (1 —n)" 027,
S/£0 S'#0

where for S” # () we picked ¢ € S" and used Pr[E, S’ NR; # 0] > Pr[E]Pr[i € R; | E], and then
g0 F(8)?2 = Var(f) =n(1 —n). As (1 =)™ > 1—mn > %, we get n° < 42m5 < 2m+16.
Finally, if f(Z*) = b for all k& then the right-hand side of the test is g(b™); so f(g"(Z)) # g(b™)
implies that the test fails or that f(Z*) # b for some k. As g"(Z) ~ Hp,. this gives Pry, [f #
g(b™)] < 0 + mn. The constant pair (g(b™),b) is clearly a skew polymorphism. O

Without completability the argument of Lemma 8.21 fails: if {f # b} is concentrated on a
subcube, then on the context event almost all rows may be sensitive for j, and the containment
inequality gives nothing. Instead we show directly that conditioning s columns on the small set
{f # b} cannot move the law of ¢g"(Z) far, measured by relative entropy. For distributions v, 7 on
a finite set with v < 7 let D(v||7) = >, v(z)In(v(x)/m(x)). We use the chain rule, the convexity
of D(-||r), the joint convexity of D, and the data processing inequality D(vK|nK) < D(v||r) for
a channel K; see [7, Chapter 2|. The following lemma is a strong data processing inequality in the
sense of Ahlswede and Gécs [3] (see also [26]); we include a self-contained proof.

Lemma 8.22 (Contraction of relative entropy). Let X,) be finite sets with |X| > 2, let ™ be a
distribution on X with full support, and let K = (K (y | x))zexycy be a stochastic matriz. For a
distribution v on X™ let vK®" be the law of y = (y1,...,¥n) when x ~ v and, given x, the y; are
independent with laws K (- | x;). Let

(VK||7TK)
D(v| )

(a) For every n > 1 and every distribution v on X", D(vK®"||(rK)®") < 6 D(v|7n®™).

0=0(r,K)= sup{ v # m a distribution on X} < 1

(b) Let V' = {y : #K(y) > 0}. If the bipartite graph on X UY' with an edge {x,y} whenever
K(y|z)> 0 is connected, then § < 1.

(¢) 0 < 1=\ where A =3 cyminzex K(y | z).

Proof. 8 <1 is the data processing inequality.

(a) Let x ~ v and let y be as in the statement. For a random variable w write Py, for
the conditional law of x; given w, and similarly for y;; put y<; = (y1,...,¥i—1) and xo; =
(X1,...,%X;—1). Since (7K)®" is a product measure, the chain rule gives

DwK®"||(rK)®™) ZE |TK)].

y ly<i

Given x, the variable y; is drawn from K (- | x;) independently of (y<i,x—;), s0 Py, |y_, = Py, |y, I,
and by the definition of 0, D(Py,y_,|7K) < 0D(Py,y_,[I7) (both sides vanish if Py ,_. = 7).
Given x;, the vector y; is independent of x;, so Py,|y_, = E[Py,x_, | ¥<i], and the convexity of
D(||m) gives ED(Py,y_,|Im) < ED(Py,x_, 7). Summing over i and using the chain rule for the
product measure 7", 3, ED(Py,x_,[|[7) = D(v||7®").

(b) If |V'| = 1 then vK = 7K for every v, and 6 = 0; so let |)'| > 2. Let (x,y) have law
m(z)K(y | «), and let p be the maximum of E[p(x)1)(y)] over p: X — R, ¢: )Y — R with Ep =
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E¢) = 0 and E¢? = Et)? = 1 (a maximum over a compact set). If p = 1, then E(p(x)—1(y))? = 0 for
a maximizer, so ¢(x) = ¥ (y) for every edge {z,y}, and ¢ is constant by connectivity, contradicting
Ep =0, Ep? = 1. So p < 1. Norms below are in L?(r) and L?(7K).

Forv#mlet p =v/m—1and ¥(y) =E[p(x) |y =y] for y € V. Then vK(y) =, m(x)(1+
p@)K(y | ) = nK(y)(1 +¢(y), EY = Ep = 0, and [[¢]* = Elp(x)e(y)] < plelllel, so
9] < pllell. For [t| < 5 we have (1+¢)In(14¢) =t + % + R(t) with [R(t)| < > psg o @

Rh—T) =
Since Ep = E¢p = 0 and [|¢)]|oo < ||¢]|oo, if [[¢]loc < & then

D(v|m) = E(1 +¢)In(1+¢) = 5]loll* + ER(¢),  D(vKl|nK) = 5][¢|* + ER(y).

As [R(t)| < [t]?/3, [[¥lloc < [l¢lloc and [[]] < [lio], we have [ER(¢)] < [l¢lloollo]?/3 and [ER(v)|

[9llooll¥l1?/3 < llellcllol?/3. Hence, if |l¢floc < to := min{g, (1 — p*)/12}, then ||p]lc/3
(1 — p?)/36 and

IAIA

D(vK||lrK) _ p?/24 (1 —p?)/36 1+ 17p?

D(v|r) ~ 1/2—(1—p2)/36 17+ p?

The set N of distributions v with ||v/m — 1||c > to is compact and does not contain 7. On N the

ratio r(v) = D(vK||nK)/D(v|r) is continuous, because both relative entropies are continuous in

v (finite sums of terms wIn(u/c) with ¢ > 0) and D(v||7) > 0. Moreover r(v) < 1 for each v € N.

Indeed, let vy(z) = v(z)K(y | z)/vK(y) and my(x) = n(z)K(y | «)/mK(y) be the conditional laws

of x given y = y under the two joint laws v(x)K (y | =) and 7(z)K (y | ). The chain rule, applied
to these joint laws in both orders, gives

< 1.

D(v||lr) - D(vK|rK)= Y vK(y) D(yllry).
y:vK(y)>0

If this vanishes, then 1+ ¢(z) = v(z)/7(x) = vK(y) /7K (y) = 1 + ¢ (y) for every edge {z,y} with
vK(y) > 0. If vK(y) = 0, every neighbour z of y has v(z) =0, so again 1 + ¢(z) =0 =1+ ¢(y).
Thus ¢(z) = ¥ (y) on every edge, ¢ is constant by connectivity, and v = 7, a contradiction. Hence
0 < max{(1+ 17p?)/(17 + p?), maxy r} < 1.

(c) We may assume 0 < A < 1; if A = 1 then K(- | x) does not depend on z and # = 0. Let
R(y) = min, K(y | z)/X and K'(y | ) = (K(y | ) — AR(y))/(1 — X); both are stochastic. Then
vK = AR+ (1 — A)vK' and 7K = AR+ (1 — A\)7K’, so joint convexity and data processing give
D(wK|nK) < (1—-XNDWwK'|rK') < (1 —X)D(v|r). O

Lemma 8.23 (Near-constant functions, general case). Let g depend on all its m > 2 coordinates,
pg # 1/2, b € {0,1}, and suppose that s := sp(g) < m. Fiz S C [m] with |S| = s and g(b™ &
15) # g(b™). For z € {0,1}° and u € {0, 13"\ write (x,u) for the point of {0,1}™ with these
restrictions, and let Ks(y | ) = Prylg(z,u) = 9], with u uniform on {0,1}™\S. Let  be the
uniform distribution on {0,1}%, 0 = (7, Kg), A\s = >yefoy ming Ks(y | ) and 7 = (1 —6)/2.
Then 6 <1—\g and § < 1. Moreover, let f: {0,1}" — {0,1}, § = erry(f,..., f), and suppose that

n="Pr[f #b < no ::min{%, (4(7781)+4>_Ul—-?)5}_

Then n° < 26/7 and Pry, [f # g(b™)] < (1 + 2("™) /7). All this remains true if 6 is replaced by
any 0" € [0,1) in the definitions of T and ng, for instance by 6’ =1 — \g when \g > 0.

Proof. Lemma 8.22(c) gives §# < 1 — Ag. Pick k € [m]\ S. As g depends on coordinate k, there is
z € {0,1}™ with g(z) # g(2 ® 14zy), so Ks(0 | z5) > 0 and Kg(1 | 25) > 0. As every = is adjacent
to 0 or to 1, the bipartite graph of Lemma 8.22(b) is connected, and 6 < 1.
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Let p = pg, a =g(b™), A=A{x: f(z) # b}, B={y: f(y) # a}, vB = up(B), y = g"(Z) ~ pp
and S = {k € [m] : Z* € A}. The right-hand side of the test is g(b™ @ 1g). If = 0 then S = (), the
right-hand side is always a, and vp = ¢, so both claims hold; let n > 0. If |S| < s it equals a, by
the minimality of s, so the test fails whenever y € B and |S| < s. The columns are independent,
so Pr[|S| > s] < (M)n*, and

(1) § > vp—(Mn"

If S = S, the right-hand side is 1 — a, so the test fails whenever S = S and y ¢ B. Let E be the
event that Z¥ € A for all k € S, and let P be the conditional law of y given E. Since {S = S} C E
and Pr[S =S| =7n*(1 —n)""*%,

(ii) § > Pr[S=5]-Pr[E, y e Bl=n°((1—n)""° - P(B)).

To bound P(B), let x; = (Zi.)res € {0,1}°. Unconditionally (x1,...,%,) ~ 7", and E is an
event of probability n° determined by (x1,...,Xy); let v be the conditional law of (x1,...,x,) given
E, so that D(v||7®") = In(1/n®) = sln(1/n). The entries Z;;, k ¢ S, are uniform and independent
of (x1,...,%p), so given E and the x;, the bits y; = g(x;, (Zir)rgs) are independent with laws
Ks(- | x;); that is, P = vKg". Also (mnKg)®" = u,. By Lemma 8.22(a), D(P||u,) < 0sln(1/n).
By data processing for the map y ~ 1p(y), and since uln ¥ + (1 — u) ln% > uln% —In2 for
u,v € [0,1],
(iii) P(B)In S < fsln 1 +1n2
VB n

(if vg = 0 then P(B) =0, as P < p,). We now distinguish two cases.

Case 1: P(B) <1—71. Asn<7/(2m),(1—=n)""*>1—mn>1—7/2, and (ii) gives 6 > n°7/2.

Case 2: P(B) >1—7 = (1+6)/2. Then (iii) gives In(1/vg) < ksln(1/n) + 2In2 with k =
20/(1+0) < 1,i.e.vp > 0" /4. Asn < ngand 1—k = (1-0)/(1+6), we have n1=%)s < 1/(4("") +4),
ie.n™/4 > ((") + 1)n®, and (i) gives § > n®.

In both cases § > 1°7/2, as 7 < 1/2. Finally (i) gives vp < 0+ ("7)n* < (1 +2("")/7)d. The
argument used 6 only through the bound D(P|/u,) < 0sln(1/n), which holds for every 6/ > 6. O

Proof of Theorem 8.18(b). Functions of AND type. Let g € {AND,,, OR,,,NAND,,,NOR,,}, so
e(g) = m. For every ¢ € (0,1/2), the proof of (c) (for AND,,, the proof of Corollary 8.3; for
NAND,,, the NAND,,, argument in the proof of (c)) shows that every € /(co(2m)™)-approximate
polymorphism of g is e-close to a skew polymorphism; for OR,, and NOR,, this follows from
the cases AND,, and NAND,, via the bijection f — f* of Lemma 8.20, which preserves errors
and distances. Given a d-approximate polymorphism f, put & = 2m(cod)*/™. If € < 1/2 then
§d=¢"/(co(2m)™) and f is e-close to a skew polymorphism; otherwise the dictator pair (z1,x1), a
skew polymorphism of every g, is at distance at most 1 < 2¢. So (b) holds with C, = 4mc[1)/ "

Other functions. Now so(g),s1(g) < m: sp(g) = m means that ¢ is constant on {0,1}" \ {1}
and takes the other value at 1, i.e. ¢ € {AND,,,NAND,,}, and similarly s;(g) = m forces g €
{OR,,,NOR,,,}. For b € {0,1} fix a minimal flip set at b, and let n(()b) and 7 be the constants of
Lemma 8.23. Put v = min{1/(4m), 17(()0), 77(()1)} and 7, = min{7(®, 7} and let f be a J-approximate
polymorphism, § = erry(f,..., f). If Pr[f # b] <~ for some b, Lemma 8.23 (at this b) shows that
f is max{(20/7.)"/%, (1 + 2™F1 /7,)5}-close to the constant skew polymorphism (g(b™),b). Both
terms are at most (1 + 271 /7,)51/¢09) because § < 1, s < e(g) and 2/7. > 1.

Otherwise f is y-far from constants. Fix j € [m] and v € Bj. Then P; > Pr[c; = v] =
[z Prlf = vi] = ™1 and a; > 2'7™ (by the first paragraph of the proof of Lemma 8.21).
Lemma 8.9 gives T' C [n] with |T| < L := 2™ 2In(2y!™™) and B := Pr[f # rdpf] < 2m+2yl-mg,
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and Lemma 8.10 (with J = rdrf) gives Sy := Pr,, [f # rd?? f] < 2™(§ + ). Hence 6 + By +
mB < K§ with K = 1+ 2™ + (2™ + m)2m+2yl=m If § < 27™L /K, Lemma 8.13 shows that
(rdiT’g fyxdpf,...,rdpf) is a multi-polymorphism, i.e. (rd?g f,rdrf) is a skew polymorphism, and it
is Ko-close to f. If § > 27™L /K| the dictator pair (z1, 1) is a skew polymorphism at distance at
most 1 < (K2mE§)1/elo) < KomLgl/el9) So all cases are covered by Cy = max{1+2™+! /7,, K2mL},
Thus every d-approximate polymorphism is 0951/ e(9)_close to a skew polymorphism, i.e. dg(e) >
(£/Cy)?9); together with (a), dy(c) = O, ().

Ezplicit constants (part (d)). The only non-explicit quantity above is §(w, Kg). If g is com-
pletable at b, Lemma 8.21 can replace Lemma 8.23 at b (with v < 1/(4m)), giving distance at most
(1 +m2m+h)5l/e9) If \g > 0, Lemma 8.23 can be applied with 6 replaced by 1 — \g. Part (d)
follows, and the census is a finite computation. O

Proof of Theorem 8.18(a). Let p = pg, s = s(g) and a = g(b™). Since g is not affine and depends
on all m > 2 coordinates, the classification of exact skew polymorphisms [6, Theorem 2.4] shows
that every skew polymorphism (Fpy, F}) of g on n variables has

FyeF,={0,1}U{x;, 1B x;: i€ [n]}U{AND;, OR;: I C [n]}.

Let t > 1 be the integer with 2e < 2771 < 4e (it exists as 4e < 1/4), put / = 27171 < 1/4, let
n>t+1,andlet D= {x e {0,1}": 21 =0, x2 = = 2441 = 1}, s0 that /(D) =17'.

Claim: Pry, ,[1p # F] > ' and Pry, ,[1 ®1p # F] > 7' for every F' € F,. The second
statement is the first one for 1&F, and 1& F ranges over F,, together with the functions AND;(1®x)
and OR;(1®x). Writing u(F) = Pr[F = 1] we have Pr[1p # F] = '+ u(F)—2Pr[DN{F = 1}], so
it suffices to show Pr[DN{F = 1}] < p(F)/2 for all these F. This is clear if p(F') > 2. Otherwise
W(F) <21/ <1/2,50 F =0, or F = AND; or F = AND;(1 & 2) = 1{z; = 0/} with |I| > 2. If
F =AND; and 1 € I then DN{F =1} = 0; if 1 ¢ I then DN{F =1} C {z; =0, 2 = 11},
which has measure p(F)/2. If F' = 1{z; = 0’} and I meets {2,...,¢+ 1}, then DN {F = 1} = {);
otherwise D N {F = 1} has measure 5/2~ "N < 2p/2-1 < ((F) /2, as 1/ < 1/4.

Let 0 = (p+5)/2, and let M = {z : |z| > On} if p<1/2and M = {z : |z| < On} if p > 1/2.
By Hoeffding’s inequality, p11/2({0,1}"\ M) < 7, and (M) < 7, where 7, = exp(—(3 —p)’n/2).
Define

f@)=be1p@) (@elM), f@)=a (z¢M).

Error. Let G be the event that ¢"(Z) ¢ M and Z* € M for all k; as g"(Z) ~ p, and ZF ~ /25
Pr[G] > 1 — (m + 1)7,. On G the left-hand side of the test is a = g(b"") and the right-hand side is
g(b™ @ 1g) with S = {k : Z¥ € D}; they differ only if [S| > s. By independence of the columns,
Pr|S| > s] < (")n'*. Hence errg(f,..., f) < () (4e)® + (m + 1)7,.

Distance. For every skew polymorphism (Fpy, i) we have F € F,,, and by the claim Pr,, /2 [f #
il > Prb @ 1p # Fi] — pu1o({0, 1} \ M) > 0’ — 7.

Choose n so large that (m + 1)1, < e&®. Then 7, < e <1 —¢, so f is not e-close to any skew
polymorphism, while errg(f,..., f) < (45("") + 1)e®. Hence d4(¢) < (4°(") + 1)e*. Applying this
with b such that s,(g) = e(g) gives &,(¢) = O,4(e°9)). O

The construction hides a small set D near the middle layer, where the uniform measure lives,
while near the pgn-th layer, where p,, lives, f is the constant g(b™); the test notices D only when
at least sp(g) of the m columns fall into D. This is the mechanism behind the skew polymorphisms

of [6], now used quantitatively. The lower bound for the AND-type functions uses a skew version
of Theorem 1.4(b).
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Lemma 8.24 (Skew m-ary AND test). Let m > 2, Fy, f: {0,1}" — {0,1}, x1,...,X, inde-
pendent and uniform, p = Ef and & = Pr[Fo(x1 A - A xm) # [[; f(x5)]. Then dist(f) <

min{u, coe’ /™) < (coe') M.
Proof. In the proof of Corollary 3.3, the two m-tuples (x1,Xa, ..., Xpm) and (X}, X2, ..., X;,) have the
same meet, hence the same left-hand side Fy(-) whatever Fy is. So if f(x2) =--- = f(xn) = 1 and

f(x1) # f(x}), the right-hand sides differ and one of the two tests fails; this is the only property of
the test used there, and the rest of that proof only involves f. So the proof of Corollary 3.3, with the
outer function Fp in place of f, gives 1y < ¢’/u™ verbatim, and the proof of Theorem 1.4(b) (which
uses only this bound, f and Lemma 5.2) applies verbatim and gives dist(f) < min{u, coe’/u™ 1}.

O

Proof of Theorem 8.18(c). We have so(AND,,) = m, s1(AND,,) = 1, so(NAND,,) = m and
$1(NAND,,,) = 1, so e = m for these two functions, and by Lemma 8.20 also for OR,,, = AND} and
NOR,, = NAND;,. The upper bound is part (a) with s = m. By Lemma 8.20 it suffices to prove
the lower bound for AND,,, and NAND,,,; the case of AND,,, is Corollary 8.3. Let ¢ = NAND,,,, so
pg=1-2""and g"(Z) = 1B (Z'A---AZ™). Let f satisfy erry(f, ..., f) <d :=e™/(co(2m)™), and
put f(y) = 1@ f(1®y). The test reads f(1B(Z'A---AZ™)) = 18], f(Z¥), i.e. fF(Z'A---NZ™) =
[1. f(Z*). By Lemma 8.24 (with Fy = f) there is h € A, with Pr[f # h] < (cod)Y/™ = ¢/(2m).
As W(Z' A -+ ANZ™) =TT, h(ZF), we get Pry, ,, [f # h] <6+ me/(2m) <e, ie. Pry, [f # h] <e
with h(y) = 1® k(1 @ y). If h = AND; then h = ORy, and if o = 0 then h = 1. In both cases
(h,h) is a skew polymorphism of NAND,,: indeed OR;(g"(Z)) = 1 iff Zs, = 0 for some i € T
and k € [m], iff AND;(Z*) = 0 for some k, iff g(AND;(Z'),...,AND;(Z™)) = 1; and (1,0) is
a constant skew polymorphism since g(0™) = 1. So f is e-close to a skew polymorphism, and
5NANDm (8) Z Em/<60<2m)m). O

Remark 8.25. The exponent ¢, is far from optimal; for ¢ = ANDy (k = 2) it gives ¢, = 1/72,
while the truth is 1/2 (Theorems 5.1 and 1.2). The only non-elementary input is the Chernoff
bound: Jones’ regularity lemma and the “It Ain’t Over Till It’s Over” theorem used in [6, 2] are
replaced by the containment inequality of Lemma 8.8, which shows that f;« is close to a junta on
O(log(1/e)) coordinates with polynomial error. With this junta at hand, the remaining steps follow
the outline of [6, Section 4] with explicit polynomial losses. Corollary 8.3 shows that the conjecture
of [2] holds in its “polynomial” form for every functional predicate under the uniform distribution,
while its “even linear” form fails already (an observation that is known in substance, cf. [16, 17, 6];
we claim no novelty for it) for the predicate {(a,b,a A b)} with the uniform distribution on (a,b).
Indeed, if g3(x A y) = gi1(x)ga(y) for all z,y and ¢1,92 # 0, then putting y = 1 (resp. x = 1)
gives g3 = g2(1)g1 and g3 = g1(1)ge, whence g1(1) = g2(1) = 1 (otherwise g3 = 0 and g1g2 = 0)
and g1 = g2 = g3 € A,. So every exact solution (g1,92,¢3) has g1 € A, or g2 € A,. Hence, by
Theorem 1.2, for every 6 < 1/4 and n > 0 there is f such that f; = fo = f3 = f has error e(f) <§
and is at distance at least dist(f) > (1 — 7)v/d from every exact solution.

8.7 Multi-polymorphisms: the optimal exponent

Theorem 8.1 also shows that the dependence in [6, Theorem 4.1], for multi-polymorphisms, is
polynomial. We now determine its optimal exponent. A tuple f is e-close to a tuple F if Pry,, [fo #
Fy] < € and Pr[f; # F;] < e for all j € [m]. Let 5;“““1(5) be the supremum of the § such that,
for every n, every d-approximate multi-polymorphism of g is e-close to a multi-polymorphism of
g. The columns of a tuple need not be equal, so some of them can be close to constants while the
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others are not. As a result the exponent is governed by all restrictions of g, and not only by the
two constant inputs. For z € {0,1}™ and S C [m] let z@® 1g be z with the coordinates in S flipped.

Definition 8.26. Let g: {0,1}" — {0,1} be non-constant. A flip pair of g is a pair (z,.5) with
z € {0,1}™ and S C [m] such that g(z ® 1g) # g(z) and g(z @ 1g/) = g(z) for every S’ C S. Let
E(g) = max{|S]: (z,9) is a flip pair of g}.

So (z, S) is a flip pair iff the restriction of g to the subcube {z@®1g : 5" C S}is g(2) D] [eg(r®
z), an AND of | S| literals or the negation of one. Thus E(g) is the largest k such that fixing m —k
of the variables of g can leave an AND of k literals or its negation. We say that g is of AND type
if E(g) =m, that is, if g(x) = ¢ ® [ [, (zx ® ax) for some ¢ € {0,1} and a € {0,1}". For m = 2
these are the eight functions ANDy, ORs, NANDy, NORg, z A ~y, "z Ay, xV -y and —x V y.

Lemma 8.27 (Properties of E). Let g: {0,1}"™ — {0,1} be non-constant.

(a) If z € {0,1}™, P C [m], and g is not constant on {z ® 1g : 8" C P}, then g has a flip pair
(z,8) with ® # S C P.

(b) 1< E(g) <m, and E(g) = e(g).

(¢) E(g) =1 if and only if g is affine.

(d) If g depends only on the coordinates in K C [m] and G: {0,1}* — {0,1} is the induced
function, then E(g) = E(G).

For example, E(AND,,) = m and E(Majs) = 2; and E(x A ~y) = 2, while e(x A —y) = 1.

Proof. (a) Choose S C P minimal under inclusion with g(z @ 1g) # g(z). Then S # 0 and (z, S)
is a flip pair.

(b) By (a) with P = [m], E(g) > 1; clearly E(g) < m. If b € {0,1}, |S| = sp(g) and
g(b™ @ 1g) # g(b™), then (b™,S) is a flip pair by the minimality of s3(g). So E(g) > e(g).

(c) Let g(w) = Ao © Dy, AkTk, and let (2,.5) be a flip pair with [S| > 2. Then g(z ® 1) = g(2)
gives A\, = 0 for every k € S, so g(z ® 1g) = g(z), a contradiction. Hence E(g) = 1. Conversely,
let E(g) = 1, fix z and j # k, and consider the square Q = {2,2 @ 1(;1,2 ® 1,2 © 1y iy} If
the four values of g on @ had odd sum, exactly one of them would differ from the other three, and
with 2’ the point of @ opposite to that one, (2/,{j,k}) would be a flip pair. So the sum is even, i.e.
0j9(z) = g(2) ® g(2 @ 1y;,) satisfies 9;9(2) = 0;9(2® 1y1y) for all k # j; also 9;g(2) = 9;g(2 D 1y;)
by definition. Hence 0;g is a constant \;, and flipping the coordinates of x one at a time, starting
from 0, gives g(z) = g(0) ® B, Ajz;.

(d) If (2,5) is a flip pair and k € S, then g(z ® 1\ (x3) = 9(2) # g(z @ 1s), so g depends on
coordinate k. Hence S C K, and (2, S) is a flip pair of G. Conversely, if (z/,5) is a flip pair of G,
then (2,5) is a flip pair of g for every z with zx = 2/

Finally, (0™, [m]) is a flip pair of AND,,, and (000, {1,2}) is a flip pair of Maj;. Majs is not of
AND type, since it takes the value 1 four times while an AND of three literals or its negation takes
it once or seven times. The function z A =y is of AND type, and sg = s7 = 1 for it. O

Theorem 8.28 (The optimal exponent for multi-polymorphisms). Let g: {0,1}"™ — {0,1} depend
on all its m > 2 coordinates.

(a) O"Mi(e) < (26)P9) for 0 < e <27

(b) There is a constant Cy such that every 5—appr09gimate multi-polymorphism of g is Cgél/E(g)—
close to a multi-polymorphism of g. Hence 5;}’“1“(5) = 99(6E(9)).
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(c¢) If g is of AND type, (b) holds with Cy = 2m + 11; thus €™ /(2m + 11)" < (5;““1&(5) < (2e)™
for 0 <e<27™.

Corollary 8.29 (When is the loss for multi-polymorphisms linear?). Let g depend on at least two
coordinates. Then (%nulti(e) = 99(5) if and only if g is affine; otherwise 5;““1&(5) = 0,(sPW)
with E(g) > 2. For m = 2: 5;““1“(5) = 0O() forz @y and 1 ® x @y, and O(e?) for the other
eight functions that depend on both coordinates. For Maj; and for x A —y the loss is linear for
polymorphisms (Corollary 8.19) but quadratic for multi-polymorphisms.

Proof. 1f g depends only on the coordinates in K and G is the induced function, then pg = p,,
errg(f) = errq(fo, (fj)jex), and F is a multi-polymorphism of g iff (Fo, (F})jex) is one of G,
whatever Fj, j ¢ K, are (as g"(Z) = G"((Z/);ex)). Keeping F; = f; for j ¢ K shows it =
saltiand E(g) = E(G) by Lemma 8.27(d). So we may assume that g depends on all m > 2
coordinates, and the first claim follows from Theorem 8.28 and Lemma 8.27(c). The functions of
two variables that depend on both are the two affine ones and the eight of AND type. Finally Maj,
is balanced and so(z A —y) = s1(x A —y) = 1, while E = 2 for both (Lemma 8.27). O

The upper bound is the hiding construction of Theorem 8.18(a); now the constant parts can
be put into fy and into the columns outside the flip pair. For the lower bound we follow the proof
of Theorem 8.18(b), column by column. Columns far from constants are handled by the junta
lemma, and near-constant columns by a certificate. In the certificate step the far columns are
conditioned on events of constant probability, so only part of the input of the relevant channel
is fresh, and we need the following variant of Lemma 8.22. For uw € [0,1] and v € (0,1) write
d(ullv) =uln® + (1 — u) In =% for the relative entropy between Bernoulli distributions.

Lemma 8.30 (Partial strong data processing). Let XU be finite sets with |X| > 2, let mx, 7y be
distributions on them with full support, let h: X xU — {0,1}, and let K(y | z) = Pryr, [h(z,u) =
yl. Let p= (nxK)(1) and 0 = 0(7wx, K) (Lemma 8.22); assume 0 < p <1 and 0 < 1, and put

9 1+6 M
M—m, Ql—T, Cl—l+maX{2, m}

Let px and py be distributions on X™ and U™, let (x,u) ~ px ® py, and let Q be the law of
y = (h(x1,u1),...,h(xn,uy)) € {0,1}". Then

D(@Qllup) < 61 D(px|7") + C1 D(pump™).
This remains true if 0 is replaced by any 6’ € [0,1) in the definitions of 61 and CY.

If py = W%n, then Q = px K®" and Lemma 8.22(a) gives the factor #; the point of Lemma 8.30
is that a perturbation of the fresh part costs only a constant factor.

Proof. Step 1: three binary inequalities. Let r € (0,1), ¢ € [0,1] and ¢ = In ;8:2; Expanding the
definitions,

d(qllp) = d(rllp) + d(qlr) + £ (g — 7). (4)
For s € R let s = re® /(1 —r +re®). Expanding again, d(q||r) — d(q||rs) = sq — In(1 —r +re®), and
therefore

s(g—r) < d(gllr) +A(s),  Als) =In(1—r+re’) —rs. (5)
Here A(0) = A'(0) = 0 and A"(t) = (1 — ) = r(1 —7) t/(l —r47re)? < r(1 —r)el!l) because
1—r+ret >min{l,e'}. Hence A(s) < r(1—r)(ell—1—1s|) < r(l—r)s 2¢l8l. The third inequality

r(1—r) %42 < Md(r|p). (6)
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Replacing (p,r) by (1 — p,1 — r) changes the sign of ¢ and leaves both sides unchanged, so we
may assume L := £ > 0. Let o(t) = In(1 — p + pel) and p; = ©'(t) = pe! /(1 — p + pel), so that
po = p, pr, = r and ¢"(t) = p(1 — p¢). The identity before (5), with (r,q, s) replaced by (p,r, L),
gives d(r||p) = Lr — (L) = fOLtpt(l — p¢) dt (integrate by parts). Write A(v) = o,
Ape) = AM(p) +t. As a function of z = A\(v) we have v(1 —v) = /(1 + €%)2, Whose logarithmic
derivative 1 — 2v lies in (—1,1), and v(l —v) < e 7. Hence pi(1 —p;) > pp(1 — py)e =1 If
L < 1, this gives d(r||p) > r(1 —7r)e™? fo tdt = r(1—1r)L?/(2e), so r(1 —r)L%el/? < 2e3/2d(r||p) <
9d(r||p). If L > 1, then d(r|p) > p(1 — fo te7tdt = (1 —2/e)p(1 — p) > p(1 — p)/4; moreover
r(l—r) < e M )+L| <erle=L < e=L/(p ( p)), because e®) = max(p, 1 —p)/ min(p, 1 —p). So
r(1—r)L2eH? < L2e~H2/(p(1 — p)) < 16e72/(p(1 — p)) < 9d(r[lp)/(p(1 — p))*. In both cases (6)
holds.

Step 2: one coordinate. Let o be a distribution on X x U with X-marginal ox, and let ¢ =
o(h =1). We show

d(qllp) < 01D(ox|lmx)+ C1D(ollox @ mv). (7)

Let r = (0xK)(1), the probability that h = 1 under ox ® my. By the definition of 0, d(r||p) <
0D(ox||mx). By data processing for the map h, d(q||r) < D(o|lox ® my), which is finite because
oL ox®my. Ifr € {0,1}, finiteness forces ¢ = r, and (7) follows from d(q||p) = d(r||p). Otherwise
let ' =Cy —1=max{2,M/(1—-6)}. By (5) with s =£¢/C’, then C" > 2 and (6),

r(l— ’I“)€26|€‘/2

M

g~ ) < Cd(gllr) + C'AW/CT) < Cd(qllr) + o

With (4) and M/(2C") < (1 — 6)/2 this gives d(q|[p) < (1 + 52)0D(ox|7x) + C1D(o|lox ® mv),
and (1+ 5290 <0+ 52 =0,

Step 3: tensorization. For random variables a, w write Py, for the conditional law of a given
w, and put y<; = (y1,...,yi—1), and similarly x-;, uc;. By the chain rule for the product
measure f,, D(Qllpp) = >, Ed(Q(yi = 1 | y<i)llp). Apply (7) to 0 = Pk, u,)y.,» and use
D(ollox @ my) = Eznoy D(o(- | )||l7v):

Ed(Q(yz =1 | y<i)Hp) < GIED(PXi|y<1; ”7TX) + ClED(Pui|xi,y<i||7TU)'

The vector y; is a function of (x<;, u<;), and the blocks x and u are independent, so Pyixciug =
Pyiixe; and Pyjx_; ue; = Pujju.,- By the tower property, Py, = E[Pyx_, | y<il and Py s,y =
E[Py;ju.; | Xi,¥<i]. By the convexity of D(-[|r), the two expectations on the right are at most
ED(Px,x_,|l7x) and ED(Py,}y_,|l7r). Summing over ¢ and using the chain rule for 73" and mp)"
proves the lemma. The proof used 6 only through d(r||p) < 0D(ox||7x) and § < 1,s0 any 6 € [0, 1)
can replace it. The constant M in (6) is far from optimal; the applications below only need some

finite M that depends on p alone. ]

Lemma 8.31 (Approximate multi-polymorphisms of AND,,). Let m > 2, let hg,. .., hy, be func-
tions from {0,1}" to {0,1}, let W', ..., W™ be independent and uniform on {0,1}"*, and let
§ = Pr[hg(WL A - A Wm) # Hzlzl hk(Wk)] Then there are functions Hy, ..., Hy, with Hyo(w" A

o Aw™) =[], He(w*) for all w!,...,w™ € {0,1}", such that Pry, ,.[ho # Ho] (2m 4 11)8Y/™
and Prlhy # Hi] < (2m + 11)51/m for every k € [m].

Proof. Let pj, = Ehy, and t = 106%™, and recall that WL A -+ A W™ ~ f1g-m.
If pg, <t for some ko € [m], let Hy =0, Hy, = 0 and Hy, = hy for k # ko. This tuple is exact,
Prihy, # Hyy] = piky < t, and Py, [ho # 0] < 6 + Pr[[];, he(WF) = 1] <5+ ¢.
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Otherwise ju, > ¢ for all k. Fix k # 1 in [m]. For w = (w’) ¢4y let vy = Njggin w’ (so vy, =1
if m = 2) and £, = Pr[ho(W¥ AW Awy,) # hp(WF)hy (WH]. Tf [Ligen hj(w’) = 1, then ¢, is the
conditional failure probability of the test given W7 = w7 for j ¢ {k,l}. As Pr[[] et (W) =
1 =TLiewn i 2 t™=2, there is such a w with g, < 6/t™ 2, and /d/tm=2 = 10~ (m=2)/251/m
Apply Theorem 1.4(c) with p = p = 1 (so K = 10) to F = ho(- Avy), G = hy, and H = hy.
Case (i) would give min(uy, ) < 10,/, < t, which is excluded. So case (ii) gives Tj; C [n] with
Pr[h; # ANDp,] < r and Pr[h; # ANDg,] < r, where r = £/5/tm=2 < gél/m; in particular
t > br.

All the sets T}; coincide. Indeed, suppose that hj is r-close to AND7 and to ANDp with
T # T, say |T| < |T'|. Then T" € T, and Pr[ANDy # ANDg/] > 2T — o= ITUT"| > o= [TI-1 >
(ue —1)/2 > (t —7)/2 > 2r, since 27Tl = EAND7 > p — r. This contradicts Pr[ANDy #
AND7v] < 2r. So Ty = Ty whenever k, 11" are distinct, and as Ty = Tj, all Ty equal one set 7.
Let Hy = --- = H,,, = ANDq; this tuple is exact, Pr[hy # AND7] < r, and Pry, .. [ho # AND7p] <
§ + >, Pr[hi(WF) £ ANDp(WHK)] < § + mr.

In both cases all distances are at most § +max{t,mr} < (14+10+ 6%”)(51/’” < (2m+11)6Y/™. O

Proof of Theorem 8.28(a). Let s = E(g), let (z,5) be a flip pair with |S| = s, and let ¢ = g(2)
and p = py. Let n = 27t~ be the power of two in (g,2¢]; as 2 < 217" < %, we have ¢t > 1. Let
n>t+1land D={r€{0,1}": 21 =0, x3="--- =441 = 1}, so that p;,»(D) =7 < 1. Define

fo=c, fe=2 (k¢S), fe=2z®1p (keb).

The right-hand side of the test is g(z @ 1g) with S = {k € S : Z*¥ € D}. As (z,5) is a flip pair, it
differs from c iff S = S, so erry(f) = n°® < (2¢)°.

Let F be a multi-polymorphism of g; we show that some distance between f and F is at least
min{n,27"} > e. If g is affine, then s = 1, p = % and g = 21D - -Bx,,, Db. The proof of Lemma 8.14
for m > 2, applied to F (so § = 0), gives |®,(S;)| = 1 with a common set Sy = I; hence there are
I C [n] and ag, ..., am with Fy = @, 2; © ag for all £. If I # () then Pry, ,[Fo # c] = 3 if I =10,
then for k € S the function F} is constant and Pr[fy # F] > min{n,1 —n} = n. If g is not affine,
then by the classification of exact multi-polymorphisms [6, Theorem 2.5] (essentially due to Dokow
and Holzman [8]), F is of one of the following types.

o Certificate: Fy = ¢, and there are J' C [m] and ¥ € {0,1}/" with F; = b; for j € J' and
g(z) = ¢ whenever x; = b'. If ¢ # ¢, then Pry, [fo # Fo] = 1. If b; # 2; for some j € J',
then Pr[f; # F;] > 1—n. Otherwise g = con {x : &y = 2 }; this set does not contain 2@ 1g,
where g # ¢, so there is j € J'N S, and Pr(f; # F;] = Pr[z; ® 1p # zj] = 1.

e Dictator: Fy = x; ® ag for some i € [n] and ag € {0,1}. Then Pr, [fo # Fo] € {p,1—p}, and
min{p,1 —p} >27™.

e OR and AND type: for some I C [n], every F; with j € [m] is OR; or AND;. For j € S
the function f; is 1p or 1@ 1p, and the claim in the proof of Theorem 8.18(a) gives Pr[f; #
Fil 2.

So f is not e-close to any multi-polymorphism, and 5;““1“(5) < n® < (2)°. O

Proof of Theorem 8.28(b),(c). Let f have erry(f) = d, and put E = E(g) and p = py. The dictator
tuple (z1,...,21) is a multi-polymorphism of every ¢ at distance at most 1 from f. So if the claim

holds for § < d,4, for some d, > 0, then it holds for all  once Cy > 6;1/E.
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Affine g. Here E = 1 by Lemma 8.27(c), and Lemma 8.14 gives distance at most ¢ when
d <min{1/50,1/(m + 2)}.

g of AND type. Let g(z) = c¢® [[(xr ® ax), so E = m and p € {27™,1 — 27}, Put
Wk = ZF @ a1, hp(w) = fu(w @ apl) @ ay for k € [m], and ho(v) = fo(v @ ¢1) @ c¢. Then
Wi ..., W™ are independent and uniform, g(f1(Z%), ..., fm(Z™)) = c® ], he(W¥), and g"(Z) =
1@ (WA AW™) 5o fo(g™(Z)) = c®ho(WLA---AW™). Thus the test for f at Z is the test of
Lemma 8.31 for h at W. Let H be the tuple given by Lemma 8.31, and let Fj(x) = Hi(z®arl)Day
and Fy(y) = Ho(y ® ¢1) @ c¢. The same computation shows that F is a multi-polymorphism of g.
Moreover Pr(fy # Fi] = Prlhy # Hy], and Pry,[fo # Fo] = Pry, ,, [ho # Ho] because y — y @ cl
maps [t to pio—m. This proves (c), for every 6.

The remaining functions. From now on g is neither affine nor of AND type. (For m = 2 there
are no such functions.)

Constants. For ) # S C [m] let Kg(y | ) = Prulg(z,u) = y] for z € {0,1}°, with u
uniform on {0, 1}["\5 as in Lemma 8.23, and let wg be the uniform distribution on {0,1}%. Then
O(rs, Kg) < 1: pick k ¢ S; as g depends on coordinate k, some x has Kg(0 | z) > 0 and
Kg(1]x) > 0, and since every z is adjacent to 0 or to 1, the bipartite graph of Lemma 8.22(b) is
connected. Let 0, < 1 be the maximum of §(7wg, Kg) over these S; define M, 61, C; as in Lemma 8.30
with 6 = 6, and p = py; and put k =261 /(1 +61) <1 and 71 = (1 — 61)/2. For 0 <~ < 1 let

a(y) = (/2" mo(y) = (27 Ba(y)?) 0T,

L) =220y ), K(9) = (m+2) 22050,

Let v = % and ;41 = min{v;/4, mo(y;)} for i =1,...,m + 1. Let C° and ¢, be the constants of

Theorem 8.1 for g, and let §; > 0 be such that 00(5;" < 3Ym+1/8 and K (Ym41)0g < 9—mL(Ym+1),
Assume 6 < ;.

Near-constant and far columns. For k € [m] let by, be a majority value of f; and n, = Pr[fy #
bx] = miny, Pr[fi, # b]. The m+1 intervals (y;+1,7:], ¢ € [m+1], are disjoint, so one of them contains
none of 1y, ...,Mm,. Fix such an ¢ and put v = ; and 7 = v;41, so that v > v,41, 7 < 7/4 and
v < mo(y). Let J ={k:m <4} and N ={k :n >~}. Then [m] = JU N, and f; is 7-far from
constants for k € N.

Case A: J = (. Fix j* with aj» > 0 (Lemma 8.4), so a;« > 2'"™, and fix v € Bj+. Then
Pje > [Ty Prlfe = vi] > 7™~1, and Lemma 8.9 gives T’ C [n] with |T'| < L(v) and 8, := Pr[f;» #
rdy fj+] < 2™+ 241m§. Lemma 8.10 gives By := Pry, [fo # rd%. fo] < 2™(8 + B,) < 223417 m5, and
Lemma 8.11 gives 3; := Pr[f; # rdrfj] < 2(8 4 Bo)y 2(m=1 < 22m+5y=3(m=1)§ for every j € [m].
Hence 6+ By + >, 8j < K(7)0 < K(vm+1)d < 2-mL(m+1) < 9=mIT| and by Lemma 8.13 the tuple
(xd% fo,rdr f1, ..., rdr fm) is a multi-polymorphism, at distance at most K (vp41)d < K (Yma1)0YE
from f.

Case B: J #0. Let Cy ={z € {0,1}™: z = by for k € J}.

Case B2: g is not constant on Cy. Then N # (), since otherwise C is a single point. Theo-
rem 8.1 gives a multi-polymorphism F at distance at most p := C°0% < 37y,,+1/8 < 3v/8 from f.
With n(h) = min, Pr[h # b] we have |n, — n(Fg)| < p for every k. As in the proof of (a), F is of
one of three types, and each leads to a contradiction.

e Certificate (¢, J',b'): for j € J', n; < Pr(f; # b;] < p<~,s0j€J; and b;. = bj, since
otherwise Pr[f; # b;] > 1—p > % Hence Cj; C {z : zy = b'}, where g = ¢/, contradicting
the assumption of Case B2.

e Dictator: n(Fy) = 3 for all k € [m], so n, > 3 — p > 1 >/ for all k, contradicting J # (.
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e OR or AND type with index set I: if I = (), all F} are constant and 7, < p < ~ for all k,
contradicting N # 0. If T # (), then n(Fy,) = 2=1! for all k € [m]. Taking j € J and k € N
gives y —p<mp—p<2Ml< nj+p<~vy+psoy—9 <2< %% contradicting 7' < /4.
(In fact this type does not occur here: by [6, Theorem 2.5] it requires g to be an OR or an
AND of m literals, i.e. of AND type.)

So Case B2 does not occur.

Case B1: g = c on Cy for somec € {0,1}. For S C Jlet C5 = {z: a2, = by ®1{k € S} for k €
J} (so 6’9 = Cy), and call S a flip set if g is not identically ¢ on Cf. Let M be the family of
inclusion-minimal flip sets. As g is not constant, M # (), and ) ¢ M. We use three facts.

(F1) If S € M, then |S| < E and S # [m]. Pick x € C5 with g(z) # c and put z =2 ® 15 € O,
so g(z) = c¢. For S’ C S we have z & 1g € C’j?/, and S’ is not a flip set, so g(z ® 1g) = c.
Hence (z,95) is a flip pair, and |S| < E. If S = [m], then E = m and g would be of AND
type.

(F2) If J' C J meets every member of M, then ¥ = (Fy,. .., Fy,) with Fy = ¢, Fy = by for k € J'
and Fy, = fi for k ¢ J' is a multi-polymorphism. Let x € {0,1}"™ with x; = by for k € J’,
and let S = {k € J 1z, # by}, s0 x € CF and SNJ' = 0. If g(z) # ¢, then S is a flip set and
contains a member of M, which meets J ’s this is impossible. So g(x) = ¢, and both sides of
the test for F always equal c.

(F3) For k € J let Ay = {x: fr(x) # b}, s0 pi1/2(Ax) = 1k, and for S C J let mg = [[.cg M- The
right-hand side of the test for f is g(z) with @ = (fx(Z*))r € C5, where S = {k € J : ZF €
Ag}. If it differs from ¢, then S is a flip set and contains some S € M. By the independence
of the columns, Pr[RHS # ¢] < Y g\ g < 277, where 7 = maxge pm 7.

Let B ={y : fo(y) # ¢} and vp = p,(B). The test fails whenever ¢g"(Z) € B and RHS = ¢, and

9" (Z) ~ pyp; so by (F3),
6 > vg—2"x". (8)

Claim: 6 > cum*, where ¢, = Ta(Ym+1). Let S € M with 77’5 = 7*; we may assume 7 > 0.
By (F1), 0 # S € [m]. Fix 2* € C5 with g(z*) # c¢. Let & be the event that Z* € Ay for all
k € S, and & the event that Z* ¢ Ay for all k € J \ S and fi(Z¥) = 2 for all k € N. They are
independent, Pr[€;] = 7*, and Pr[&)] > (3/4)\4INl > a(v) > a(ym41), because mj, <4 < 1 for
k€ Jand Pr[fy, = b >y for k€ N and b € {0,1}. On & N & we have (fi(Z*))x = z*, so the
right-hand side is g(z*) # ¢, and the test fails if ¢"(Z) ¢ B. Let P be the conditional law of ¢"(Z)
given & N &;. Then

6 = ma(y) (1 - P(B)). (9)
To bound P(B), write the rows as z; = (x;, ;) with x; € {0,1}* and u; € {0, 1}["\5. The event
&1 depends only on x = (x1,...,%,) and & only on u = (uy,...,u,), so given & N & the blocks

x and u are independent, with laws px = Pyje, and py = Pye,, and D(px||7§") = In(1/7*) and
D(pulimi s) = In(1/Prl€a]) < In(1/a(y)). Lemma 8.30, with h = g, X = {0,1}", U = {0, 1}mI\S
K = Kg and 0, in place of §(7g, Kg), gives

1
a(y)’

v) > ulnl —In2, we get P(B)ln% <
=0). If P(B) <1— 1, then (9) gives

1
D(P|pp) < 61 ln -+ C1In——

By data processing for the map y — 15(y), and since d(u|
Hlln +Ciln ()+ln2(1fVB—0thenB—[Z)andP( )
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0> na(y)r* > e f P(B) >1—m7 = (1+61)/2, then

1
+ln2> </11n - t2C1In——+2In2,
a(y) a(v)

ie. vg > (1*)%a(y)??1 /4. As 7 < mingesme < 7' < mo(7y), we have (7)17% < 27" 3a ()21, so
vp > 2mHa* > (2™ + 1)7*, and (8) gives § > * > c,m*. This proves the claim.

The certificate. Let t = maxge mingeg Mg, attained at S; € M, and J' = {k € J : np < t}.
Every S € M contains some k with 7 < ¢, so J' meets every member of M, and by (F2) the tuple
F defined there is a multi-polymorphism. Its distances to f are n, < ¢ for k € J', 0 for k ¢ J’,
and vg for fo. Now ¢/l < mg, <1 < /e and 81| < E by (F1),s0t < (6/c)VE < 10VE (if
d/cs > 1 this holds because t < 1). By (8) and the claim, vg < § 4+ 2™7* < (142" /¢,)d. So F is
(2™ +1)/c,) 6Y/F-close to f.

Conclusion. In all cases f is C’gél/ E_close to a multi-polymorphism, with

1
In — 1— 1
nVB<f-@n +1+91(C1n

Cy :max{5;1/E, K(Ymt1), (2" +1)/ci}

for the remaining functions, Cy = max{50,m + 2} for affine g, and Cy = 2m + 11 for g of AND
type. Hence every (¢/C,)P-approximate multi-polymorphism is e-close to a multi-polymorphism,
ie. 0plt(e) > (¢/Cy)¥, and together with (a), 65! (e) = ©,4(e¥). As in Theorem 8.18, the only
non-explicit quantity in Cy (for the remaining functions) is 6, which comes from the compactness
argument of Lemma 8.22(b). If Ag = > min, Ks(y | z) > 0 for every ) # S C [m], then
O(rs, Kg) < 1— Ag by Lemma 8.22(c), and by the last sentence of the proof of Lemma 8.30 one
may take 6, = maxg(1 — Ag), which makes C, explicit. O

Remark 8.32. For a single function the near-constant case is controlled by the two constant
inputs, and balanced g have linear loss. For tuples, near-constant columns can be combined
with columns far from constants, the relevant inputs are all points of all restrictions, and E(g)
can exceed both e(g) and the polymorphism exponent. By exact enumeration (with the script
multi_exponent _census.py in the directory numerics), among the functions that depend on all
their m coordinates the values of E are distributed as follows: for m = 3 (218 functions), E = 1:
2, E =2: 200, E = 3: 16; for m = 4 (64,594 functions), £ = 1: 2, E = 2: 43,104, F = 3: 21,456,
E = 4: 32. The exponent E(g) exceeds the optimal exponent for polymorphisms (1 if p, = 1/2,
e(g) otherwise) for 184 of the 218 functions with m = 3 and for 62,492 of the 64,594 functions with
m = 4. The same script checks Lemma 8.27(b),(c), the characterization of the functions of AND
type, and the description of E by restrictions, for all g with m < 4.

8.8 Correlated inputs: every full-support distribution

Setting. Let pu be a distribution on {0,1}™ with full support, and put o = min, u(z) > 0. In
this subsection the rows z1, ..., z, of Z are independent samples of ;. Then the column Z7 has law
tp;, where p; = Pr,[z; = 1], and ¢g"(Z) has law p,,, where now p, = Pr,[g(z) = 1]; but different
columns are correlated. Let

erry (f) = Pr [fo(9"(Z)) # g(f1(Z")..... fm(Z™))].

Distances to fo are measured under pp, and distances to f; under pu,;; “B-close to a constant”
and “majority value” refer to the same measures. Since every matrix has positive probability,
erry(F) = 0 if and only if F is a multi-polymorphism of g; this notion does not depend on .

Uniform p gives the setting of Theorems 8.1 and 8.28.
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This is the setting of Alekseev and Filmus [2] for functional predicates. The map z — (z,g(z))
identifies the full-support distributions on {0,1}™ with the full-support distributions on P, =
{(z,9()) : z € {0,1}™} C {0,1}™ and (fi,..., fm, fo) is a (u,d)-approximate generalized
polymorphism of P, in their sense iff errfy(f) < . In their main theorem [2, Theorem 1.6] (every
predicate, every full-support distribution) closeness is measured with respect to the marginals of
1, as here, and the dependence of § on ¢ is of tower type. They conjecture that “the optimal
dependence is polynomial or even linear” [2, Section 9], and they prove linear dependence for the
predicates P, = {a € {0,1}" : a1 ® -+ @ ay = b}, m > 3 [2, Theorem 1.7]. Theorem 1.4(c) (the
FLMM setting p,, X 1) and Theorems 8.1-8.28 only concern product distributions. We prove the
polynomial part of the conjecture for every functional predicate.

For £ € (0,1] let I'1(k) = 1 and Ty(k) = 2(1 + Ty_1(x)) for k > 2; by induction (using
1< (2/K)F2), Th(k) < k(2/k)*1. For m > 2 and 0 < a < 1/4 put

ol 16 1
, by = —1In—.
8T m () ((la + 3)T—1(a) + 1) a o

cm,a =

Since I'y(«) and ¢, decrease in a on (0,1/4] and I'y () increases in k, ¢, o s increasing in o and
decreasing in m.

Theorem 8.33 (Polynomial dependence under correlated inputs). Let g: {0,1}™ — {0,1}, and
let p be a distribution on {0,1}™ with full support and o = min, p(z). There is C = C(g, u) such
that for every n > 1 and every tuple £ with errl(f) = & there is a multi-polymorphism F of g with

Hp g

Prifo # Fol <Co°  and  Pr[f; # F}) <Co° (j € [m)),

where ¢ = 1 if g is affine over Fy (including constant g), and ¢ = ¢y, o otherwise. Moreover, if g
is not affine, F can be chosen with Fy = Fp whenever f; = fp and py = pp (£,0 € {0,...,m},
Do ‘= pg)~

For affine g with m > 2 the theorem is [2, Theorem 1.7]; the new part is the polynomial
bound for every non-affine g. Thus, for functional predicates, § can be taken polynomial in € in [2,
Theorem 1.6]. The exponent ¢, o is far from optimal; for uniform p, Theorems 8.1, 8.18 and 8.28
give much better (and in part optimal) exponents.

Corollary 8.34 (AND testing with correlated inputs). Let u be a distribution on {0,1}? with full
support and equal marginals p = p(1,0) 4+ p(1,1) = pu(0,1) + p(1,1), let @« = min p, and let (x,y) €
({0,1}™)2 have independent coordinate pairs (X;,y;) ~ u. If e = Pr[f(xAy) # f(x)f(y)], then there
is h € Ay, with Pry, [f # h] < Ce® and Pry,, , [f # h] < Ce°, where ¢ = ¢4 = at/(32(4y + 4))
and C' = C(u).

Proof. Apply Theorem 8.33 to g = ANDs and fy = f1 = fo = f. Since p1 = ps, we get F} = Fb =:
h, and Fy(xz Ay) = h(x)h(y) for all z,y. Taking y = z gives Fy = h, so h(z Ay) = h(z)h(y), i.e.
h € A,. Finally p, = u(1,1), and co 0 = a3/(8- 2(£s +4)). O

Reverse hypercontractivity. The proofs of Lemmas 8.8-8.12 use the independence of the
columns. Under a correlated p we replace it by the reverse hypercontractive inequality of Mos-
sel, Oleszkiewicz and Sen [22], which bounds from below, polynomially, the probability that
two correlated events occur together. Reverse hypercontractivity was used before in exactly
this role, for coordinates that are correlated within each row, by Mossel [23] and in [22, Sec-
tion 1, Application 2] to prove quantitative Arrow theorems under general full-support product
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distributions. There the dependence of § on ¢ is explicit but not polynomial: [22, (10.1)] gives
§d=exp(— Ca~T20 *g=2-1/(207) log®(1/¢)), where a is the smallest atom of the law of the vector
of pairwise comparisons within a triple of alternatives (for three alternatives, the least probability
of a ranking). Moreover, the Arrow predicate is not functional. For x € (0, 1) let

21 —-+v1—k) 8k
oo 2UVIZR) iy
2—+vV1—-k 9
since, with t = /1 —+x € (0,1) and & = (1 — t)(1 + t), we have ro/k = 2/((2 - t)(1 + 1)) =
2/(2+t(1 —t)) and 0 < t(1 —¢t) < 1. For a nonnegative random variable V and r € (0,1) write
IVilr = BV,

Lemma 8.35 (Reverse hypercontractivity). Let (x;,y:), ¢ € [n], be independent pairs of random
variables with finitely many values, and let k € (0,1) be such that Pr[x; = a,y; = b] > kPr[x; =
a)Prly; = b] for all i, a, b. Put x = (X1,...,X,) andy = (y1,...,¥n). Then for all nonnegative
functions @, W,

E@x)¥(y)] = ) |r. [[¥y)]r.-

In particular Pr[x € A, y € B] > (Pr[x € A]Prly € B]))Y/™ > (Pr[x € A]Pr[y € B))*/* for all sets
A, B.

For identically distributed pairs, this set version is [22, Lemma 8.3] (stated there with
min(Pr[x € A],Pr[y € B]) in place of the geometric mean); the general form follows from their
Corollary 8.2 by the induction below.

Proof. Let n = 1. If x; and y; are independent, then E[®(x1)¥(y1)] = E[®(x1)]| E[¥(y1)] >
|2 (x1)|r [[¥(¥1)]r,, since ||V, <EV for r € (0,1) by Jensen’s inequality. Otherwise we use [22,
Corollary 8.2] with n = 1 and p = ¢ = r, (numbering of arXiv:1108.1210). Embed the ranges
of x; and y; in one finite set 2, let u and v be the laws of x; and y, and let K(a,-) be the
conditional law of y1 given x; = a if p(a) > 0, and v otherwise. Then v = pK, and the quantity
Qg = Ming 4y m)>0 K(a,b)/v(b) of [22, (8.1)] satisfies » < ax < 1: the first inequality is our
hypothesis, and ax = 1 would give K (a,b) > v(b) for all a,b, hence K(a,-) = v for every a (both
sum to 1), i.e. independence. So o}, = —log(1 — ak) is finite, the decomposition K = T3, S in the
proof of [22, Proposition 8.1] is defined (MOS13 do not treat ax = 1, where aj, = c0), and the

condition o}, > log % of

equals —log(1—#) < a, as 5" = (1—+) /2 The conclusion Ey,[®- K] > [|®]| yre () [ ]| Lo ()
is our claim for n = 1.

For n > 2 we induct on n; write r = r;. The vectors x' = (x1,...,X,—1) andy’' = (y1,--.,¥n-1)
are jointly independent of (x,,yn). For fixed values a,b of x,,,y, the induction hypothesis gives
E[®(x/,a)¥(y',b)] > ¢(a)y(b), where ¢(a) = ||®(x,a)|, and (b) = || (y’,b)|l,- Hence, by the
case n = 1,

E[@x)¥(y)] = Elp(xn)¢(yn)] = llo&n)llr [[yn)llr = [I2&)[r [€¥)I-,

where the last step uses E[¢(x,,)"] = E[®(x)"], which holds because x” and x,, are independent, and
similarly for t. For indicators ||14(x)|, = Pr[x € A]Y/", and 1/r, < 2/k. O

[22, Corollary 8.2] holds, because for p = ¢ = 7, its right-hand side

Lemma 8.36 (Several columns). Let v be a distribution on {0,1}*, k > 1, with v(z) > & for all

z, where k € (0,1), and let Y be an n X k matriz whose rows are independent samples of v. If

Aq,... A € {0,1}" and Pr[Y* € Ay > n for every £ € [k], then Pr[Y' € Ay for all ¢ € [K]] >
I (x)

n .
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Proof. Induction on k; the case k = 1 is trivial. For k > 2 let x; be the first entry of row ¢ of Y and y;
the vector of its other k — 1 entries. Then Pr[x; = a,y; = b] = v(a,b) > k > Kk Pr[x; = a] Prly; = b].
With B the event that Y¢ € A, for 2 < ¢ < k, Lemma 8.35 shows that the probability in question
is at least (7 Pr[B])**. The rows of (Y2,...,Y*) are independent samples of the marginal of v
on the last k — 1 coordinates, whose values are at least 2x > &, so Pr[B] > n'#-1(%) by induction.
Hence the probability is at least n%(HF’@*l(’“‘)) = plrk), O
Lemma 8.37 (One resampled coordinate, correlated). Let g depend on coordinate j, let z ~ p,
and let 2’ be obtained from z by replacing z; with a fresh sample of the conditional law of z; given

z_j. Then z' ~ p, and (g(z),g(2')) is an exchangeablf pair ?f Bernoulli(pg) bits with Pr[g(z) #

9(2")] = 2py(1 — pg)(1 — pj) for some p;j € [0,1) with =5 < Taz-

Proof. For a context u let pu_j(u) = p(uw ™% + p(w/7!) and q(u) = p(w/~1)/u_;(u). Given
z_j = u, the bits z;,z; are independent Bernoulli(g(u)) bits. So (z,2’) is exchangeable, z’ ~ p,
and given z_; the bits g(z), g(z’) are independent and identically distributed. As in Lemma 8.7,
Prlg(z) = g(z') = 1] = E[r(z_;)?] > p} with r(u) = Prlg(z) = 1| z_; = u], so p; > 0 (note
0 < pg < 1, as g is not constant and x has full support). Since B; # () and p—; <1,

2 uj—)O uj—>1
Pelg(s) £ 902N = 3 () 20(w)(1 — () = 3 ZIHWTT) s 2,
uEB; uEB; p—j(w)
J J
, 1 2pg(1—py) 1/2
Hence p; < 1 and E— Prfg’fz#gﬁ"z,)] < 357 O

As before, ¢j = (fx(Z*))rrzj, and Aj, B; are the sets of insensitive and sensitive contexts for j
(they depend only on g). Write § = erry (f) and RHS(Z) = g(f1(Z'),..., fm(Z™)).

Lemma 8.38 (Junta lemma, correlated). Let j € [m] with Aj # 0, suppose P; := Pr[c; € B;| > 0,
and let f; be the Fourier coefficients of f; with respect to ju,,. Then there is T C [n] with

. o § a/d
(a) |T| SEIH%, (b) Pr(f; #rd fj] SQij(Sﬁgg(Q]g.
« J Hp; Sar aP;

Proof. A latent decomposition. Fix u* € Aj, and let v; be the law of the random vector with
context u* and an independent Bernoulli(p;) bit in position j. Put o = «/2. Since ov; < /2
pointwise, vy = (4 — ov1)/(1 — o) is a probability distribution with vy(z) > u(z) — a/2 > a/2 for
every z, and its j-th marginal is Bernoulli(p;), like those of p and vy. Let (i,...,¢, € {0,1} be
independent with Pr[(; = 1] = o, and given ¢ = ({1,...,(,) let the rows z; be independent with
laws v¢,. The rows are then independent samples of oy + (1 — o)y = p, so Z has the right law.
Let R = {i:¢(; = 1}. Given (, the entries of Z7 are independent Bernoulli(p;) bits.

Containment. Let W be obtained from Z by replacing the entries Z;;, i« € R, by fresh in-
dependent Bernoulli(p;) bits. Given ( the rows of W are independent with laws v¢,, so W has
the law of Z. The columns k # j are unchanged, so c;(W) = c;(Z), and g"(W) = ¢"(Z) be-
cause the rows in R have the insensitive context u*. As in the proof of Lemma 8.8, the event
E ={cj € B, fj(Z?) # fj(W7)} forces the test to fail on Z or on W, so Pr[E] < 24.

Reverse hypercontractivity. Condition on (. The pairs (x;,y;) with x; = (Z;j, W;;) and y; =
(zi)—j, © € [n], are conditionally independent. For i € R, y; = u* is constant, so x; and y; are
independent. For i ¢ R, x; = (Z;j,Zij) and Pr[x; = (a,a), y; = u | {] = vo(v/7%) > a/2.
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So Lemma 8.35 applies conditionally on ¢, with x = «/2 and r = 7,5, to the indicators of

{;(Z7) # f;(W7)} and {c; € By}:
Pr(E (] > (Prlfi(Z7) # £;(WI) | (- w(O))",  w(¢) =Prlc; € By | ¢.

Given ¢, (Z7, W) is the pair of Lemma 2.1 with p = p; and J = [n] \ R, so the first factor equals
2W(R), where W(R) = > snr49 fj(S )2. Taking expectations and using Jensen’s inequality for the

convex function ¢ — /7 on [0, 00),
25 > E[(2W(R)w(<))1/q > (ERW(R)w(O)"", so

ij Ew(O)1{SNR #£0}] < (QS)T.

Note that Ejw(()] = P;.

The junta. Let m; = E[w(¢)1{i € R}] and T' = {i € [n] : m; < o P;/4}.

(b) If S ¢ T, pick i € S\ T; then E[w(Q)1{S NR # 0}] > m; > o P;/4. Hence Y gg7 f5(5)* <
2(26)" /(o Pj) = 4(26)"/(aP;), and Lemma 8.5 gives the first inequality of (b). If 26 < 1, then
(26)" < (26)*/* because r > a/4. If 26 > 1, the right-hand side of (b) exceeds 8/a > 2, and (b)
holds trivially.

(a) We may assume T' # (). The (; are independent, so N = |[R N T| is binomial with mean
o|T|, and the Chernoff bound gives Pr[N < o|T|/2] < e~?T1/8. On the other hand E[w(¢)N] =
Y icr i < o|T|Pj/4, so by Markov’s inequality E[w(¢)1{N > o|T|/2}] < P;/2, i.e. E[w(¢)1{N <
o|T|/2}] > P;/2. Since w < 1, we get P;/2 < Pr[N < o|T|/2] < e~ ITI/8 je. |T| < gln,%. O

Lemma 8.39 (From one column to fy, correlated). Let g depend on coordinate j, let T C [n], and
suppose Prupj [fj # J] < B for some T-junta J. Then

26 + 2 J+

Prlfo#rdpf) < 20 < SR

Proof. Let W be obtained from Z by replacing, independently for each i ¢ T', the entry Z;; by a
fresh sample of the conditional law of z; given that the context is (z;)—;. By Lemma 8.37 the rows
of W are independent samples of ;. The columns k # j are unchanged, and W/ ~ Hp; agrees with
Z) on T, so J(W?) = J(Z’) and Pr(f;(Z7) # f;(W7)] < 2. Hence y = ¢g"(Z) and y' = g"(W)
satisfy Pr{fo(y) # fo(y’)] < 28 + 253. Moreover yr = y/, and the pairs (y;,y;), ¢ ¢ T, are i.i.d.,
independent of yr, with the law of Lemma 8.37. The end of the proof of Lemma 8.10 (Lemma 8.6
with ¢ = py and p = pj, for each value of yr) now applies verbatim. ]

Lemma 8.40 (From fj to every column, correlated). Let T' C [n], suppose Pry,, [fo # Jo] < B
for some T-junta Jy, let g depend on coordinate j, and suppose that fy is ~v-far from constants for
every k € [m]\ {j}. Then

Pr(f; #rd? fj] < (20 428)% /2472 mo1(@),
N;Dj

Proof. Let W be obtained from Z by replacing every row z;, ¢ ¢ T, by a fresh independent sample
of u, and let w; be the rows of W. As in the proof of Lemma 8.11, W has the law of Z and
Pr[RHS(Z) # RHS(W)] < 26 + 28. Fix v € By, let A be the event that fix(ZF) = vy, for all k # j,
and let E be the event that fy(ZF) = fi.(WF) = vy for all k # j.
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Pr[E] > ~?I'm-1(®) Condition on the entries Z;;, with i € T and k # j. Given them, the families
(Zir)igr k- and (Wik)igr r2; are independent and identically distributed, while Wy, = Zy, for
i € T. So the conditional probability of E is the square of that of A, and Pr[E] > Pr[A]? by
the Cauchy-Schwarz inequality. The columns ZF, k # j, have independent rows whose law is the
marginal of ; on the coordinates k # j, with values at least 2ac > a, and Pr[f3(Z*) = vi] > v for
k # j. So Lemma 8.36 gives Pr[A] > A'm-1(),

Reverse hypercontractivity. Let x; = (Zi;, Wy;) and y; = ((zi)—j;, (W;)—;); these pairs are
independent over i. For i € T we have w; = z; and Pr[x; = (a,a), y; = (u,u)] = p(w/ %) > a.
For i ¢ T, Pr[x; = (a,d'), yi = (u,u)] = p(u/ ") pu(u’~%) > o?. So Lemma 8.35 applies with
k= a2, and with D = {f;(27) # f;(W/)} it gives Pr[D N E] > (Pr[D] Pr[E])2/*”. On E the two
right-hand sides are g(vj_”ci(zj)) and g(vi7fi (Wj)), which differ iff D occurs, because v is sensitive.
Hence Pr[D N E] < 20 + 24, and

(26 + 23)*/2

2
< a®/2 72Fm_1(a).
PriE| < (204+2B)" /7y

Pr[D] <

Since W/ agrees with Z7 on T and is a fresh sample of pip; off T', Lemma 8.5 finishes the proof. [J

Lemma 8.41 (Certificates, correlated). Let g depend on all its m coordinates, let 0 < ¢ < 1/2,
e = a2et (@) /4 and § < &', and suppose that some Jros ko € [m], is €'-close to a constant. Define
J, the majority values a; (j € J) and ag, and the tuple F as in Lemma 8.12 (with the measures of
this subsection). Then F is a multi-polymorphism of g, and all its distances to £ are at most .

Proof. A constant is a (-junta, so Lemma 8.39 with 7' = 0 and j = ko gives Pr,, [fo # ao] <

(64 €)/(20%) < €'Ja? = '@ /4 < e Fix x € {0,1}" with z; = ay. For every k € [m] we
have Pr[fy(Z*) = x4] > & for k € J because x), = ay, is the majority value, and for k ¢ J
because fi is e-far from constants. By Lemma 8.36 (with v = p and k = «), RHS(Z) = g(z)
with probability at least e'(®). On the other hand, RHS(Z) # ag with probability at most
6 + Pry, [fo # ao] < &'+ elm(@) /4 < 'm(@) /2 Hence g(x) = ap, and the proof ends as that of
Lemma 8.12. O

Lemma 8.42 (Exactness on a junta, correlated). Let T' C [n] and let Fy, ..., F,, be T-juntas with
6+ Pry, [fo # Fol + 2051 Pry, [f; # Fj] < olTl. Then F is a multi-polymorphism of g.

Proof. By the union bound errh (F) < ol”l. Whether Fy(¢"(Z)) = RHSg(Z) holds depends only
on the rows z;, ¢ € T, and each value of these rows has probability at least /Tl So the identity
holds for every value of these rows, i.e. for every Z. O

Proof of Theorem 8.33. Reductions. If § = 0 take F = f. The all-dictator tuple Fy =--- = F,, =
(x + x1) is a multi-polymorphism of every g, since both sides of the test equal g(z); it satisfies
the “moreover” part, and its distances to f are at most 1 < §;°6¢ whenever § > dp. So it suffices
to treat 0 < § < ¢ for some dy = do(g, 1) > 0, provided C > §;°. Let D C [m] be the set of
coordinates on which g depends, G the induced function, and pp the marginal of p on {0, 1}D; it
has full support, min pip > «, pg = py, and erry (f) = errl” (fo, (fj)jep). A multi-polymorphism of
G, extended by arbitrary F; for j ¢ D, is a multi-polymorphism of g. For j ¢ D we take F; = F,
if f; = fo and p; = py for some ¢ € DU {0}, and F; = f; otherwise; this keeps the distances and
the “moreover” part. If G is not affine then |D| > 2, and ¢/p|minup = Cm,e by the monotonicity
of ¢m,a. So we may assume that g depends on all its coordinates. If m = 0, then ¢ = b and
err (f) = 1{fo(b1) # b}, so § < 1 means that f is exact.
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Affine g. If m =1 and g(x) = x @ b, take F1 = f; and Fy(y) = fi(y @ bl) @ b; this is exact,
and Pry,, [fo # Fo] = 0 because Z' @ bl ~ fp,- If m > 2and g(x) = 21 @ - ® xp, © b, then
P, = P11, the law of (z, g(z)) for z ~ p is a full-support distribution on P, whose marginals
are those of u and Bernoulli(pgy), and (fi, ..., fm, fo) is a -approximate generalized polymorphism
of Pyy1p. Since m +1 > 3, [2, Theorem 1.7] gives a generalized polymorphism of P, 11, ie. a
multi-polymorphism of g, within distance O,(0).

Non-affine g. Then m > 2 and o < 27™ < 1/4; fix j* with A;« # 0 (Lemma 8.4). Write
I=Tp-i(a), IV =Thp(®), ¢ = cm.a, and

8((la +3)L +1) 1 2~ ta g3
K= ==, €=s—p0
as cT’ 20(m + 2)

Given 4, define & and ¢ by § = &' and ¢ = a2 /4, so that ¢ = (4/a2)"/T"§°. Choose 8y such
that § < dp implies € < 1/2 and &’ < gg. Then § <&’ <e.

Case I: some fi, k € [m], is €'-close to a constant. Lemma 8.41 gives a multi-polymorphism
within distance ¢; here the majority values a; (j € J) and ag are rdgj fj and rdgg fo, with ties broken
towards 1.

Case II: every fi, k € [m], is €'-far from constants. Fix v € Bj«. Lemma 8.36 (applied to
the columns k # j*, whose rows are independent samples of the marginal of p off j*, with values
> a) gives P« > Pr[cj» = v] > &'V, Let T be the set of Lemma 8.38 for j = j*. Then, using
(20)/* < 26274,

16 1 P 8(26)** 16 ,nx/a-t
IT| < E(an—i—Fln;), Bju = ”Eﬁ[fj* Ard fpe] < =g < 2R

Lemma 8.39 (with J = rd?j*fj*), together with § < &' *K/4-T gives ;) = Pry,, [fo # rd%“’fo] <
(6 + Bj+)/(2a%) < %E’O‘K/‘l*F. So 20 4+ 265y < %e’O‘K/‘“F, and Lemma 8.40 (with Jo = rd}? fo and
v = ¢') gives, for every j € [m],

2()>a2/2 pe2 (oK _py_or

, 20 ok
Be=Prlfy i f] < (T5) T =
J

20
< = — gltel+l —. D,

s o

Also § < D and By < D, since K > aK/4—T > (,I'+1. As |T|In L < ¢,(In2+ 'n ), we have
olTl > 9=tag/tal and since &’ < e,

m
20(m + 2) _
5 < _ AmT2) o reaT lagllal < T
—|—/80—|—Zﬁ] < (m+2)D 3 e .¢e < 27 feg < «
7j=1
By Lemma 8.42, F = (vd¥! fo,rd} f1,...,vd}" fn,) is a multi-polymorphism of g, and its distances
to f are at most D < ¢’ < e.
In both cases all distances are at most ¢ < (4/a?)4
max(4/a?, 65 °).
The “moreover” part. In Case II, rd%* f; depends only on f;, py and T. In Case I, J and the a;
are determined by the pairs (f;,p;); and if fo = f; and p, = p; for some j € [m], then f; is e-close
to ap under p,;, so j € J, and a; = rdgj fi= rdggfo = ay. O

C

, which proves the theorem with C' =

Remark 8.43 (Dependence on pu). For product p, Lemma 8.36 is trivial, and the reverse hyper-
contractive steps can be replaced by independence, as in Lemmas 8.9 and 8.11. In our proof the
exponent depends on « through the reverse hypercontractive steps and through the threshold o7
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in Lemma 8.42. Some dependence on p is necessary, and the exponent must tend to 0 as min ¢ — 0,
already for AND testing:

Claim. Let u be a full-support distribution on {0,1}? with equal marginals p, put a = u(1,1)
and 02 = p(1 — p), and let p = (a — p?)/0? € (—1,1) be the correlation of the two coordinates.
If Corollary 8.34, or Theorem 8.33 for ¢ = ANDs, holds for p with an exponent ¢, then ¢ <
min{3, H'p}

For example, 1(0,0) = u(l,1) = a < % and p(0,1) = u(1,0) = 5 —a give minp = o, p = l
p = 4a — 1, and hence ¢ < 2q; this case was pointed out by a referee For uniform p the clalm
gives ¢ < %, which is attained (Theorem 1.1, and Theorem 8.28 with F(AND3y) = 2). Our exponent
2.0 = t/(32(€a+4)) is of order a®/log(1/a). For p > 0 we do not know whether 1 is attained. In
that case 1 = v 91,1y + (1 =) piy ® ppy with p’ = p(1—p) and v = pp/(1 —p+pp), so (X,y) can be
generated as (uV 1g,v V 1g), where E contains each coordinate independently with probability ~
and u, v ~ p,y are independent. Since x Ay = (uA V)V 1g, the p-test is the independent p’-biased
test applied to the upper restriction v +— f(u V 1g), so by Theorem 5.1 each upper restriction is
close to an AND or to 0. We do not know how to glue these approximations with exponent %

Proof of the claim: ¢ < (1+ p)/2. Fix t > 0. For n > 1 let k = [pn + t/n], f(zx) = 1{|z| > k}
and fo = f1 = fo = f, and let &, = Pr[f(x Ay) # f(x)f(y)], which is also errZNDQ(f, f, f). If the
test fails, then |[x Ay| > k or |x|,|y| > k. Now |x A y| is binomial with parameters n and a < p
(as p(1,0) > 0), so Pr[[x Ay| > k] < e 2P~ by Hoeffding’s inequality. If |x|,|y| > k, then
> Xi > 2k — 2pn > 2t\/n for the i.i.d. centred variables X; = x; + y; — 2p, which satisfy | X;| <2
and EX? = 20%(1 + p). By Bernstein’s inequality this has probability at most

(2ty/n)?/2 )_ (_ t* )
2021+ pn+ 2-2tyn) P\ 21+ p) +2t/(3vn))

exp(—

Hence limsup,, . &, < e */(@*1+p),
Next, every multi-polymorphism of ANDs either has Fy = 0 and (F} = 0 or F, = 0), or has
Fo = F1 = F5 € A, \ {0} (this classification is also stated in [2, Section 9]). Indeed, Fy(z) =
Fi(z)F2(1) and Fo(y) = F1(1)Fa(y) for all z,y. If F1(1)F5(1) = 0, then Fy =0, so Fi(x)Fa(y) =0
for all z,y. Otherwise Fy = F} = Fj is not identically zero and satisfies Fy(x A y) = Fo(z)Fo(y)-
Let P, = Pry [f = 1] and d;, = min{P,, 1 — P,, (1 —p)Pr[Bin(n —1,p) > k|}. If F; = 0 for
somej € {1,2}, then Pr, [f; # Fj] = P,. If F, = ANDy = 1, then Pr,, [fy # F] = 1 — P,. If
= ANDg with i € S, then Pr,, [f1 # F1] > Pry,[f =1, 2; = 0] = (1 — p) Pr[Bin(n — 1,p) > EJ.
So some j € {1,2} has Pr,, [f; # F}] > dy, and likewise Pr, [f # h] > d for every h € A,,. By the
central limit theorem, P, and Pr[Bin(n — 1,p) > k| tend to ®(t/o) < 1, where @ is the standard
normal tail, so lim,, d, = (1 — p)®(t/0).
If the exponent ¢ works with a constant C, then d, < C¢¢ for all n, and letting n — oo gives

_ _ 2
(1 —p)®(t/o) < Ce=<*/(@*(1+0) for every t > 0. Since B(s) > —2, - & 2 for s > 0, taking

1452 V2r
logarithms, dividing by % and letting t — oo gives m < ﬁ, ie.c<(1+p)/2.

Proof of the claim: ¢ < 5. Let 0< ¢ < &, k= [pn] and T = {z : 2| > k}, and let A C T be a
random set containing each zeT 1ndependently with probability ¢. Put b = p(1,0) =p—a >0
and 0 = max(p,1 —p) < 1. If |z Ay| < k, then f = 14 vanishes at x A y, so the test fails only if
Ix Ay| >k or x,y € A. Since Pr[z,y € A] = ¢* for x # y and Pr[x = y] = (1 — 2b)", Hoeffding’s
inequality (as in the first part) gives

Eac(la) < e 2 4 2y q(1—2b)".
Let 8, = (1—p) Pr[Bin(n—1,p) > k]. Then Ep Pr, [z € A, x; =0] = ¢Pr, [z €T, z; = 0] = ¢8,
for every i € [n], and 8, — (1 — p)/2 by the central limit theorem. Each of the n 4+ 1 random
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variables p,(A) and Pry [z € A, z; = 0] (i € [n]) has the form ) _,w,1{z € A} with fixed
weights 0 < wy, < pp(x) < 07, so > w2 < 6", and by Hoeffding’s inequality it deviates from
its mean by at least g3, /2 with probability at most 2exp(—¢?5260~"/2). By Markov’s inequality,
£(1a) > 3Eac(1a) with probability at most 3. Hence, for all large n, some A, C T satisfies
e(1a,) < 3(e72" 4 ¢ + q(1 — 2b)™), Pr, [z € Ay, x; = 0] > ¢B,/2 for all 4, and pu,(A,) <
q+qBn/2 < 2q.

The first part, applied to f = 14, in place of the threshold function, shows that every multi-
polymorphism F of ANDy has Pr, [f; # F;] > min{p,(A,), 1—py(Ay), ming Pry [v € Ap,z; = 0]}
for some j € {1,2}, and that Pr,, [14, # h] is at least the same minimum for every h € A,. This
minimum is at least ¢3,/2, because p,(A,) > Pry [v € Ap,z1 = 0] and 1 — p,(A,) > 1—2¢ > 3.
If the exponent ¢ works with a constant C, then ¢f8,/2 < Ce(14,)¢, and letting n — oo gives
q(1 —p)/4 < C(3¢%)¢ for every q € (0, %] Letting ¢ — 0 gives ¢ < % O

The script alpha dependence.py (directory numerics) computes ¢, and d,, exactly for several

u, t and n < 3600 and checks the bound on &, used above. The script correlated_check.py
checks Lemmas 8.35, 8.36, 8.37, the main inequalities in the proof of Lemma 8.38 (the identity
for Pr[f;(Z7) # f;(W7) | ¢], the conditional reverse hypercontractive bound, Pr[E] < 24, and (a),
(b)), and the two inequalities in the proof of Lemma 8.40, by exact enumeration on small random
instances (n < 4 for m =2, n < 3 for m = 3).
Remark 8.44 (Equal functions, equal approximations). Alekseev and Filmus ask [2, Section 9,
second question] whether their theorem can also guarantee F; = Fp whenever f; = fy and the
corresponding marginals of p coincide. For every functional predicate P,, g: {0,1}"" — {0,1},
and every full-support p, Theorem 8.33 gives this with polynomial dependence. For non-affine g
it is the “moreover” part. For affine ¢ it can be arranged as follows (we may assume g depends
on all coordinates, as in the reductions above, and § < dg, since otherwise the all-dictator tuple
Fy =--- = F,, = (z — z1), which is a multi-polymorphism of every g, is within distance 1 < §,¢).
If m = 0 there is nothing to prove. If m = 1 and g(z) = z, the tuple Fy = F} = f1 is exact and
within distance 6. If m = 1 and g(z) = = @ 1, the constraint only matters when p; = p; = 1/2
and fo = fi1 =: f; then choose a set H containing exactly one point of each pair {y,y @ 1}, and
put F(y) = f(y) fory € H and F(y®1) = f(y)® 1 for y € H. Then Fy = F} = F is exact, and
Pr[F # f] < Pr[f(z® 1) # f(z) ® 1] = ¢ for uniform z. If m > 2 and g(z) =21 D -+ Oz, Db,
every multi-polymorphism has the form Fj, = xs @ by (0 < k < m) for a common S C [n], where
xs(z) = @;cq i (the classical solution of the Pexider equation over F4; we include the short proof).
Indeed, setting all arguments except x, 2 to 0 and then also zj = 0 shows Fi(z) = Fo(z®bl)Dcy
for every k € [m]; and then h(z) = Fy(x @ bl) @ Fy(bl) satisfies h(xz @ a’) = h(z) @ h(z'), so h = xs
for some S. Two such functions are equal or complementary. If f, = fp and p, = py, the tuple
of [2, Theorem 1.7] satisfies Pr,,, [Fy # Fr] <2C0 <1 once dy < 1/(2C), so Fy = Fy.

8.9 Larger alphabets: functional predicates

Setting. Let ¥ be a finite set with ¢ = [X] > 2, let m > 2, let g: ¥™ — X, and let p be a
distribution on X™ with full support and o = min, u(2); note o < ¢~ < 1/4. As in Section 8.8,
the rows zi,...,2, of the matrix Z € Y™™ are independent samples of j, Z/ € X" is the j-th
column, and Y = g"(Z), i.e. Y; = g(2z;). Let p; be the law of z; for z ~ 11 (j € [m]), let X9 = g(X™),
and let po be the law of g(z), a full-support distribution on ¥g. For fy,..., fim: X" — X let

errt (f) = Pr [fo(Y) # RHS(Z)],  RHS(Z) = g(f1(Z"),..., fm(Z™)).
Distances to f; are measured under ,u;&n, and distances to fy under /%@" (only the values of fy

on X matter). A multi-polymorphism is a tuple F with Fy(¢"(2)) = g(F1(Z'),..., Fn(Z™)) for
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all Z € X" as u has full support, this holds iff erry(F) = 0. For ¢ = 2 this is the setting of
Section 8.8. Exactly as there, (f1,..., fm, fo) is a (i, d)-approximate generalized polymorphism of
the predicate Py = {(2,9(2))} € ™" in the sense of [2] iff err) (f) < 4.

Alekseev and Filmus conjecture that their main theorem extends to all finite alphabets, and
prove it under the condition that every coordinate of the predicate is flexible, i.e. some w € P stays
in P when that coordinate is changed arbitrarily [2, Theorem 1.10]; extending this to all predicates
is their first open question [2, Section 9]. The last coordinate of P, is never flexible, since changing
g(z) leaves P;. So Theorem 1.10 of [2] covers no functional predicate (and it is stated without
an explicit dependence of § on ). We prove a polynomial bound for every functional predicate
satisfying the following condition.

For j € [m], a context u € It and a € ¥ let w77 € ¥ be u with @ inserted in position 7,
and let z_; be the context of z € ¥™. Let IV;, the collision graph of coordinate j, be the graph on
% in which a # b are adjacent iff g(u/=?) = g(u/~?) for some context u. Let P; be the partition
of ¥ into the connected components of N, write [a]; € P; for the component of a, and a ~; b if
[a]; = [b];. Let G, be the graph on Xy in which y # y are adjacent iff g(u/~%) = y and g(uw =) =4/
for some context u and some a ~; b, and let G be the graph on ¥y whose edge set is the union of
those of G1,...,Gp. Our hypothesis is

(H) the graph G is connected.

It depends only on g. Call j collision-connected if N; is connected; this holds, for instance, if some
context u* makes a — g(u*77?) constant on X, and for ¢ = 2 the two conditions coincide. For such
J, G joins any two outputs obtained by changing z; in a common context. So (H) holds if some
collision-connected j has G connected. It also holds if every coordinate is collision-connected,
because then two inputs z,z’ are joined by a path that changes one coordinate at a time, and
consecutive outputs on it are equal or adjacent in G. If N; has no edges, neither has G;. For
€ (0,1] let Tx(k) and £y = 21In L be as in Section 8.8, and put

e} e}

-1
qu(q2), L=m(g-1)N, T =Tp (),
2 la
M= =5 (LLT+20+1),  Coma = g3ramiT:

Theorem 8.45 (Larger alphabets). In the setting above, suppose that (H) holds. Then there

is C = C(g,p) such that for every n > 1 and every tuple f with errf(f) = & there is a multi-

polymorphism F of g with Pr%@n [fo # Fo] < C¢ and Pr on [fj # Fj] < Co6¢ for all j € [m], where
J

C = Cqm,o-

Remark 8.46 (Examples). (a) Semilattices. Let (3, V) be a finite semilattice (an associative, com-
mutative, idempotent operation) and g(x) = 1 V -+ V z,,; for instance min or max on a chain.
The join T of all elements is absorbing, so a context containing T makes g constant in x;, and
every j is collision-connected. Moreover ¥y = 3, and for y € ¥ the context with all entries y gives
g(u™Y) =y and g(w/7T) = T; so every y # T is adjacent to T in G;, G, is connected, and (H)
holds. (b) Monoids with zero. Let (X,-) be a finite monoid with identity 1 and a zero element 0
(0z =20 =0), and g(z) = 1 - - - Tp,; for instance multiplication modulo ¢, or multiplication of k x k
matrices over a finite field. A context containing 0 makes g constant in z;, so j is collision-connected,
and the context with all entries 1 gives g(u/~%) = a, so ¥o = X, G, is complete, and (H) holds. (c)
Near-unanimity operations. If m > 3 and g(b,a,...,a) = g(a,b,a,...,a) =---=g(a,...,a,b) =a
for all a,b (for instance the majority operation on ¥ that returns x; when all three entries dif-
fer), then the context with all entries a makes every coordinate insensitive, so every coordinate is
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collision-connected, and (H) holds. (d) The Boolean case. For ¢ = 2, (H) holds iff ¢ is constant
or not affine. Indeed, if g is not affine, apply Lemma 8.4 to the restriction of g to the coordinates
on which it depends: this gives a collision-connected coordinate j* on which g depends, so G+
has the edge {0,1}. If g is affine and not constant, then for each j either g does not depend on
z;, and G; has no edge, or g(uw/ %) # g(u/~!) for every context u, so N; and G; have no edge;
hence G has no edge, and |¥g| = 2. So for ¢ = 2 Theorem 8.45 reproves the first part of Theo-
rem 8.33 for non-affine g, with a smaller exponent. (e) Rounded mean. Let ¥ = {0,...,q — 1},
g > 3, and g(z1,2z2) = [(z1 + z2)/2]. With the other entry equal to y, the map a — [(a + y)/2]
is non-decreasing with steps 0 or 1 and takes at least two values, so no context makes g constant
in z;. But |(a+y)/2] = [(a+ 1+ y)/2] whenever a + y is even, so the contexts y € {0,1} put
the path 0,1,...,¢ — 1 into N;, and both coordinates are collision-connected. With y = 0 and
y =q— 1, g runs through 0, ..., Lq;—lj and L%J, ...,q—11in steps of 0 or 1, so G; contains the
path 0,1,...,¢ — 1, and (H) holds. (f) Not covered. If g(u,-) is injective for every context u and
coordinate (for instance a group or quasigroup operation), then every N; and every G; has no
edges, and (H) fails. This includes the larger-alphabet analogues of the affine functions, for which
the Boolean case is [2, Theorem 1.7]. Of the 19632 functions g: {0, 1,2}? — {0,1,2} that depend
on both coordinates, 17118 satisfy (H) (script alphabet_census.py). Of the other 2514, the 12
Latin squares have no collisions at all; the others include affine functions of “quotient bits” such
as g(z,y) = 1{z # 0} & 1{y # 0}, for which P; = Py = {{0},{1,2}} and every G; is edgeless.
Requiring instead that the collision-connected coordinates alone connect the outputs leaves 16470
functions, and requiring a context that makes g constant in x; for these coordinates leaves 8694.
For ¢ =2 (and m < 3) (H) fails only for the affine functions, in accordance with (d).

Tools. Let € be a finite set, 7 a full-support distribution on €2, and @ a stochastic matrix on {2
that is reversible with respect to 7 (i.e. m(y)Q(y,y’) = 7(¥')Q(Y',y)), positive semidefinite as an
operator on L?(r), and irreducible. Then @ is self-adjoint on L?(7) with eigenvalues in [0, 1], and by
the Perron—Frobenius theorem the eigenvalue 1 is simple, with the constants as eigenfunctions. Let
A(@) € [0,1) be the largest eigenvalue on the orthogonal complement of the constants (A(Q) = 0 if
|Q =1). For T C [n] and h: Q" — A, A a finite set with a fixed order, let the plurality rounding
plyh be the T-junta whose value at y is the most likely value of h(yp, w) for w ~ 7@([\T) | ties
being broken by the order of A. For ¢ = 2, ply = rd’} (with ties broken towards 1). Every
¢ € L*(w®") has an orthogonal Efron-Stein decomposition ¢ = SCn) »=9, where ¢=° depends
only on the coordinates in S, and averaging over the coordinates in R maps ¢ to Y g~r_p »=5.

Lemma 8.47 (Rounding and noise, finite alphabets). Let Q,7,Q, A be as above, T C [n], and
h: Q" = A; write he = 1{h = c¢}. Let'y ~ 7®".

(a) If y' agrees with'y onT andy!, i ¢ T, are conditionally independent given 'y with Prly; =
b |yl = Q(yi,b), then Pr[h(y) # plph(y)] < Pr[h(y) # h(y")]/(1 = A(Q)).

(b) If R C [n] andy” is obtained from'y by replacing the coordinates in R with fresh independent
samples of m, then Pr[h(y) # h(y")] = > .ca Dsnrzo |h=%|2. In particular, Prh(y) #

plrh(y)] < 3. Yser 17115
(c) For every ¢ € A, Prplph(y) = ¢] < |A|Pr[h(y) = ¢].

(d) Let G be a o-algebra generated by a function of y, and let plgh take, on each atom of G, the
most likely value of h given that atom (ties broken by the order of A; every atom has positive
probability, as © has full support). Then Prh(y) # plgh(y)] < >, lhe — E[hc | G]|13.
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Proof. (a) Condition on yp = t, let s = n — |T|, ¢(w) = h(t,w), ¢p. = 1{¢ = ¢} and m, = Eg.,
where w ~ 7®. If 49 = 1,7)1,... is an orthonormal eigenbasis of Q in L?(m) with eigenvalues
1 =X >XQ) = A1 > X >--- >0, then the products 1, ® -+ ® 1), form an orthonormal
eigenbasis of Q®° in L?(7®%) with eigenvalues [, A, € [0,1], and these are at most A(Q) unless all
a¢ = 0. Hence, given yr = t,

Pr(p(y_1) = 6(y_7) = ] = (6 Q% 0c) < mZ + N(Q) (me —m?).

Summing over ¢ and using Y., m. = 1 gives Pr[p(y_r1) # ¢y 1)) = (1 — MQ))(1 — >, m2) >
(1 = XQ))(1 — max.m.), and 1 — max.m. is the conditional probability that h(y) # plyh(y).
Average over t.

(b) E[he(y”) | y] is the average of h. over the coordinates in R, so Prlh(y) = h(y") = ¢] =
Elhe(y)he(y")] = SonaoIE=S13. Since 3, el = 3, Prlh(y) = o] = 1, we get Prlh(y) #
M) = 3 (Ihel3= gm0 IA13) = o0 Ssreso IIH=2 13- The last claim is (a) with Q(y.b) -
7(b), ie. AM(Q) =0and y =y” for R=[n]\ T.

(¢) If plph(t) = ¢ then Pr[h(y) = ¢ | yr = t| > 1/|A|. Hence Pr[plph(y) = ¢ <
IAE[1{plrh(y) = ¢} Prlh(y) = c| yl] < |AIE[Prlh(y) = ¢ | yr]] = [A|Pr{h(y) = .

(d) With m. = Pr[h(y) = c | G], the conditional probability of h # plgh is 1 — max,m. <
137, m;. Taking expectations, Pr[h # plgh] < 3=, (Ihell3 — |E[he | G1II3) = 3=, [lhe — Elhe | G113,
using 3, [ellg = 1. &

For z € ¥™ let k(z) = ([z1]1,- -, [2m]m) be its component vector. For z ~ p let z’ be a fresh
sample of the conditional law of z given k(z) (i.e. given k(z) = k, z and z’ are independent with
the law of z conditioned on k(z) = k), and let Q(y,y') = Pr[g(Z') = v | g(z) = y| for y,y’ € .

Lemma 8.48 (The output kernel). z’ ~ pu, the pair (z,z') is exchangeable, and Q is a stochastic
matriz on Yo that is reversible with respect to pg and positive semidefinite on L?(uo). If (H) holds,
then @ is irreducible and A\, := \(Q) < 1.

Proof. Given k(z) = k, the vectors z,z’ are independent and identically distributed, so (z,2’) is
exchangeable and z’ ~ u. Hence uo(y)Q(y,y’) = Prlg(z) =y, g(z') = ¢/] is symmetric in y,y'.
For h: X9 — R let r(k) = E[h(g(z)) | k(z) = k]; by the conditional independence, (h,Qh),, =
E[h(g(z))h(g(z'))] = E[r(k(z))?] > 0. Finally, as p has full support, Pr[g(z) = y,g(z') = v'] > 0
iff g(z) = y and g(#') = ¢/ for some z,2’ € ¥ with k(z) = k(2/). If y # ¢/ are adjacent in Gj,
witnessed by u and a &; b, then z = u/ 7% and 2’ = 1/ are such a pair. So every edge of G is an
edge of the transition graph of @, and @ is irreducible under (H). O

Edge projections. Let 7 be a full-support distribution on . For a set e = {a,b} C ¥ with a # b
let pe be the stochastic matrix with p.(z,-) = 0, for x ¢ e and pe(x,y) = 7(y)/m(e) for z,y € e
(and pe(z,y) = 0 for x € e, y ¢ €). As an operator on L2(7), (pe¢)(w) = >y pe(z,y)d(y) is the
conditional expectation onto the functions that are constant on e, i.e. the orthogonal projection
onto this subspace; p, is reversible with respect to 7, mp. = 7, and p.1 = 1. For R C [n] let Pf be
the operator on L?(7®") that applies p. in every coordinate in R (the tensor product of p. on the
coordinates in R and the identity on the others). For a partition P of ¥ let E* be the conditional
expectation onto the functions that are constant on every block of P (the orthogonal projection
onto them in L?(7)), and for T C [n] let EX. apply E” in every coordinate in [n]\ T’; under y ~ 7"
it is the conditional expectation given yp and the blocks of the y;, i ¢ T. For the partition into
one block, E;E}(]S =Y g ¢~ is the average over the coordinates in [n] \ 7.
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Lemma 8.49 (Alternating projections). Let P be a partition of 3, let e1,...,ep be the edges of a
forest on ¥ whose components are the blocks of P (so F = q—|P|), Il = pe,Pey - - Pep (I =1 if
F=0), and c = ||II - E,PHL2(7r)_>L2(ﬂ.). Then ¢ < 1, and for every T C [n], with S = [n]\ T, and
every ¢ € L?(7®m),

F
lo—ERole < T [lo— P59,
k=1

Proof. Let K be the range of E¥. Each p,, fixes K (an edge lies inside a block) and, being self-
adjoint, maps K into itself; hence so does II, IIEF = EPII = E?, and II — E¥ vanishes on K
and agrees with IT on K+. So ¢ = |[II|g.| (¢ = 0 if K+ = {0}). If ¢ = 1, there is ¢ € K+ with
|¢ll2 = 1 = ||TIg||2 (the unit sphere of K~ is compact). As the p,, are orthogonal projections,
|per®ll2 = ||¢]l2 forces pe.¢ = ¢, and inductively p., ¢ = ¢ for every k; so ¢ is constant on every
edge of the forest, hence on every block, i.e. ¢ € K N K+ = {0}, a contradiction. Thus ¢ < 1.

Let A = PS. Pei Decompose L?(7) = K @ K= in each coordinate i € S: L?(7®") is the
orthogonal sum of the subspaces Hy7, U C S, spanned by the products of ¢; € K+ fori € U, ¢; € K
for i € S\ U, and arbitrary ¢; € L?(r) for i € T. Each Hy is invariant under A and EZ;; on Hy, A
acts as the tensor product of IT| ;-1 on the coordinates in U and the identity elsewhere, whose norm is
Ul and EF acts as the identity if U = () and as 0 otherwise. Hence ||A—EZ|| < maxg.Licg dVl <,
and AE? = E? Therefore

F
¢—ET¢=(p—A¢)+ (A—E7)(¢—Efg), o¢—Ap=> P5---PJ (¢-Pl¢),
k=1

and since the PJ are contractions, [|¢ — E7¢ll2 < >, l¢ — P2 ¢ll2 + ¢ |l¢ — ERg|2. O

Lemma 8.35 holds for random variables with finitely many values, and the proof of Lemma 8.36
applies verbatim to a distribution v on ¥¥ with v(z) > & for all z € ¥ and to sets Ay C X" (the
marginal of v on k — 1 coordinates has values at least gk > k). We use both in this generality.
Frequent values and classes. From now on fix f, write § = err}(f), ¢; = (fx(Z*))rz, and
7i(a) = Pr[fp(ZF) = a] for k € [m] and a € . Fix 0 < < n < 1 with ¢f < 1 and the gap property

forallk € [m] and a € ¥: mr(a) >n or mp(a) < 6. (10)

Let Vi = {a : m(a) > n} (the frequent values of fi); since >, mp(a) = 1 > ¢f, Vi, # 0, and
Pr(fx(ZF) ¢ Vi] < gf. For j € [m] let V; = [ 1)z Vi be the set of frequent contexts, and for a,b € V;
write a ~; b if g(v/7%) = g(v/ =) for all v € V;. This is an equivalence relation on Vj; let C; be the
set of its classes, and k;: ¥ — C; U {L} map a € Vj to its class and a ¢ V; to L. For C € C; and
v € V; the value g(v/ %) := g(v/7%), a € O, is well defined.

(F1) If C € Cy, for k € [m], then g is constant on C} X --- X C,,. Indeed, for z, 2" in this product,
change the coordinates of x into those of 2’ one at a time; at each step the current context
lies in V; and the changed coordinate stays in its class, so the value of g does not change.

(F2) For distinct C,C" € C; there is v € V; with g(v/7C) # g(v77¢"); and |C}] < ¢.

(F3) For every j and v € V}, Prlc; = v] > n'', by Lemma 8.36 applied to the columns Z*, k # j,
whose rows are independent samples of the marginal of u on »mN\i} (values > «), with

Pr[fi(ZF) = vi] = m(vg) > .
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By (F2), choose for every j and every unordered pair {C,C"} of distinct classes in C; a context
veer € Vj with g(vég/c) # g(vég/cl), and let N be the set of chosen contexts; |[A;| < N. For
v €V let Hy(z) = g(vI7%@) and h,. = 1{H, = ¢} for ¢ € Ty (functions on %"; here j is
determined by v).

For every j € [m] fix a spanning forest of N;, i.e. a spanning tree of each component, with edges
€j1,---,€5F;, where F; = ¢ — |Pj| < q— 1, and, for each edge e = e;;, = {a, b}, a context u, with

g(ud™") = g(ud™?). Let ¢; < 1 be the constant of Lemma 8.49 for m = p1;, P = P; and this forest

(¢; =0if Fj = 0), ¢, = max;¢;, and write Eéﬂ = E?j on L2(,u§9"). These depend only on g and p.

Lemma 8.50 (Junta lemma, larger alphabets). Assume (10) and 6 < 1/2, and let j € [m]. Then
there is T; C [n] with |T};| < w lnn% such that for every T O Tj and every v € N

CEh 2 < Sl 10
C€ZEOHhU:C ETh”»CH2 < Oz(l—Cj)QUF ’

the norms being those of Lz(uj-@”).

Proof. We use the edge projections for m = ;. If F; = 0, then E{F is the identity and 7; = ) works;
so let F; > 1.

One edge. Fix v € N and an edge e = e, = {a, b} with context u., and let P, = Pr[c; = v| >
n' (by (F3)). We show that there is 1., C [n] with

16 2 n 8(20)*/*
= glnfv and ;Hhuvc_Pe[ ]\Thvvcug S TP

|Te,v
Q7

for every T' D T, ,. (11)

This follows the proof of Lemma 8.38, with these changes. Latent decomposition: vy is the law of
the vector with context u. and an independent pj-distributed entry in position j, o = /2, and
vy = (p—ov1)/(1—0) > a/2 pointwise; both g, v1 have j-th marginal p1j; (and R = {i : (; = 1} are
as there, and given ( the entries of Z7 are independent samples of ;. Containment: W is obtained
from Z by replacing, independently for each i € R, the entry Z;; with a sample of p.(Z;j,-). As
HjPe = fij, given ¢ the rows of W are independent with laws v¢,, so W has the law of Z. A row
i € R has context u., and its j-th entry either stays or moves within e; since g(ue] 7Y = g(ud _>b),
g"(W) = g"(Z). Also ¢;(W) =c¢j(Z). On E, = {c; = v, H,(Z’) # H,(W’)} we have RHS(Z) =
H,(Z7) # H,(W7) = RHS(W) while fy(9"(Z)) = fo(g"(W)), so the test fails on Z or on W, and
Pr[E,] < 2§. Reverse hypercontractivity: condition on ¢, and let x; = (Z;;, W;;) and y; = (2;)—;.
For i € R, y; = u. is constant; for i ¢ R, Pr[x; = (z,2),y; = u | (] = vo(v/7%) > a/2 and
Prx; = (z,2)] = 0 for x # 2’. So Lemma 8.35 with x = /2, r = 149, applied to the indicators
of {H,(Z7) # H,(W7)} and {c; = v}, gives Pr[E, | (] > (Pr[H,(Z7) # H,(W7) | (] wy (€)M with
wy(¢) = Prlc; = v | ¢]. The first factor: given ¢, Z? ~ ,u?" and E[h, (W7) | Z7, (] = (PRh, ) (Z7),
so, as PR is an orthogonal projection and Y, ||hy.c[|3 = 1,

Pr[Hv(Zj) # H,(W7) | (J=1- Z<hv,07Peth,C> = Z 1ho,e = Peth,cng =: Weo(R).

c

To evaluate W, let 9 = 1,%1,...,14—2 be an orthonormal basis of the range of p. (the func-
tions constant on e, a space of dimension ¢ — 1) and 1,—1 a unit vector orthogonal to it, so

pethr =ty for t < g —1 and peyg—1 = 0. Expand hye = Daco. g1}n hoe(a) Yo, @ - @ a,
and let D(a) = {i : a; = ¢ — 1}. Then PF keeps the terms with D(a) N R = § and kills the
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others, so We(R) = 32,2 4. p(a)nr0 lAzU,c(a)Q. Jensen and the junta: exactly as in Lemma 8.38,
> e Ya hoe(@)? Elwy (Q)H{D(a) NR # 0}] = EWe,(R)wy(Q)] < (26)". Let w; = Efw,(¢)1{i € R}]
and T, = {i:w; <oP,/4}. T DT, ,and D(a) Z T, then D(a) Z T, , and E[w,({)1{D(a)NR #
0} > 0Py /4; hence 3, [lhe — Py l3 = 500 5 paygr o) < 220, and (20)7 < (20)°/
gives the second part of (11). The bound on |T¢ ,| is proved word for word as part (a) of Lemma 8.38
(it uses only E[w,(¢)] = Py, 0 < w, < 1 and the independence of the ;).

All edges. For v € Njlet T, = U, T¢, 05 50 |Ty| < %_Dln 77%’ and let Tj = U,en;, Tvs S0

IT;| < M ln . Let T D Tj and S = [n] \ T. By Lemma 8.49 (with 7 = p; and P = P;), the
Cauchnychwarz 1nequahty, and (11) for each edge (note T2 Tt , »),

8F?(26)>/*
ZHhvc Efhu.cl3 < QkleC:Hhvc whoells < 2

and F; <qg—1, P, > n' finish the proof. O

Lemma 8.51 (From the columns to fy, larger alphabets). Assume (10) and (H), let T' C [n], and
suppose that Y. ||hy.c — Elhy |3 < 7 for every j € [m] and every v € Nj. Then

Pr(fo # plpfo] < 2202

1o — Ax

Proof. Let W be obtained from Z by replacing, independently for each i ¢ T', the row z; with a
fresh sample of the conditional law of z ~ u given k(z) = k(z;) (the pair of Lemma 8.48). The
rows of W are independent samples of ;, so W has the law of Z and W7 ~ M;&". For every j,
W/ agrees with Z/ on T, and [W;]; = [Z;j]; for every i. For v € N; let ¢, = plg, Hy, where
G, is the o-algebra on X" generated by = — (21, ([2i]j)i¢r); then ¢,(W7) = ¢,(Z7). Under u;@”,
Elhye | Gj] = By e, so Lemma 8.47(d) gives Pr[H,(Z7) # ¢,(Z7)] = Pr[H,(W7) # ¢,(W7)] < v
Suppose that for every j: f;(Z7), f;(W7) € V;, and H,(Z?) = ¢,(Z7) and H,(W?) = ¢,(W/) for
all v € N;. Then H,(Z7) = H,(WY) for all v € N}, so f;(Z7) and f;(W7) lie in the same class: two
distinct classes C,C" would give H,(Z7) = g(vi7C) # g(v=%") = H,(W7) for v = vcer. So the
inputs (fx(Z*)) and (f(W*¥))y of g lie in the same product of classes, and RHS(Z) = RHS(W) b

(F1). Hence Pr[RHS(Z) # RHS(W)] < m(2¢f + 2N~), and therefore y = ¢"(Z) and y’ = g"(W)
satisfy Pr[fo(y) # fo(y')] < 20 + 2mgf + 2mN~. Finally y ~ pud™ and y% = yr; the pairs
(vi,¥}), @ ¢ T, are independent of each other and of yr, each with the law Prly; = y,y! = ¢/] =
Prig(z) = y, g(z') = ¥'] = no(y)Q(y,vy’). Hence, given y, the y., i ¢ T, are independent with
Prly. = b | y] = Q(yi,b). Lemma 8.47(a) with Q = Xy, @ = po, the kernel @ of Lemma 8.48
(irreducible by (H)) and h = fo|sy finishes the proof. O

Lemma 8.52 (From fj to every column, larger alphabets). Assume (10), let T' C [n], and suppose
Pl‘u?n [fo # Jo] < B for some T-junta Jo. Then for every j € [m] there is a T-junta Rj: ¥" — C;
with ,

Prkjo f; # Rj] < ¢*(20+26)" 07" + (¢ + 3)q6.

j
Proof. Let W be obtained from Z by replacing every row z;, i ¢ T, with a fresh independent
sample of pu. As in the proof of Lemma 8.40, W has the law of Z, Jy(¢"(Z)) = Jo(9"(W)), and
Pr[RHS(Z) # RHS(W)] < 20 + 28. Let H = k;j o fj, with values in A = C; U{L}, |[A] < ¢+ 1.
Fix an ordered pair (C,C") of distinct classes, let v = voer be a context given by (F2), and let
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D = {H(Z’) = C, HW/) = C'} and E = {cj(Z) = ¢j(W) = v}. On DN E, RHS(Z) =
g(I 7€) #£ g(1v17¢") = RHS(W), so Pr[D N E] < 26 + 23. Exactly as in the proof of Lemma 8.40,
Pr[E] > Pr[c; = v]? > n* (Cauchy-Schwarz and (F3)), and Lemma 8.35 with k = o2 gives
Pr[D N E] > (Pr[D]Pr[E])***. Hence Pr[D] < (26 + 28)**/27~2'. Summing over the at most
q(q — 1) ordered pairs and adding Pr[H(Z’) = 1] + Pr[H(W7) = 1] < 249,

Pr[H(Z7) # HW?)] < qlq—1)(26 + 28)*" /272" 4 240.

W/ agrees with Z7/ on T and is a fresh sample of u; off T, so by Lemma 8.47(b) (with m = p;) the
same bound holds for Pr[H # plpH|. Let R; = plpH where plpH # L, and let R; be the class of
the least element of V; (for a fixed order of ¥) where plpH = 1. By Lemma 8.47(c), Pr[plpH =
1] <(¢+1)Pr[H = 1] < (¢+ 1)qf, and Pr[H # R;] < Pr[H # plyH| + Pr[plp H = 1. O

Lemma 8.53 (Exactness on a junta, larger alphabets). Let T' C [n], and let F be a tuple such that
Fo(g™(2)) and g(Fi(ZY),..., FEm(Z™)) depend only on the rows of Z indexed by T. If errly(F) <
Tl then F is a multi-polymorphism of g.

Proof. As in Lemma 8.42: whether the identity holds depends only on the rows in T', and every
value of these rows has probability at least al”!. O

Proof of Theorem 8.45. Write A = A\, < 1 (Lemma 8.48 and (H)), £ = {,, K = 8/a, ¢ = cgm,a =
/(KM and

_ 2+ 2mq + 32m(q — 1)2N/(a(1 — cx)?)

C2 1\ ;
Qfo
ca=1+co+m(?(2+2e)+q(g+3)), eo= o
Reductions. If § = 0, take F = f. The all-dictator tuple Fy = --- = F,,, = (z — x1) is a multi-
polymorphism of every g, since both sides equal g(z1). So it suffices to treat 0 < § < ¢ := 5(1)/ ‘
provided C' > 6,°. Put e = 0 < g9 and ¢; = eM ™ fori=1,...,qgm+2; then § = 6ffm+2. Note

g0 <27 <a<q 2 because £In2 > lné.

The gap. The gm numbers 7m;(a) cannot meet all of the gm + 1 disjoint intervals [g;41,&;),
i € [gm + 1]. Fix i such that none of them lies in [g;41,¢;), and let n = ¢; < & and 0 = ;.1 = nM.
Then (10) holds, ¢gf < 1, and § < 6% < 6. Since M > LT+ 1 and Ma?/2 — 2I' = LT + 1,

0 < nL£F+1 and 6012/27772F _ nLéFJrl_ (12)

Step 1: the columns. For each j € [m], Lemma 8.50 gives T; with |T}| < WUHQ—{—FID %)
Let T = J; Tj; then |T| < £85(In2+ Tlnl). As 26 < 1 and § < 6%/, (26)*/* < 26°/4 < 262,
and 0/nt = ™M~ < 1; so, since T D T}, Lemma 8.50 gives > ||hyc — Ejfhv,c 2 <y :=16(q—
1)20/(a(1 — ¢4)?) for all j and v € Nj.

Step 2: fo. By Lemma 8.51, (g := Pr#ggn [fo # plrfo] < (20 + 2mgf + 2mN~v) /(1 — X) = c26.

Step 3: all columns. By Lemma 8.52 with Jy = plyfo and 8 = By, and by (12), there are
T-juntas Ry: X" — Ci with

B 1= Prliy o fi 7 Ri] < ¢*((2+262)8)" 202" + (q + 3)g0
< ((2+2c2) +qlg+3)n"" ™ (k€ [m)).
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Step 4: the exact tuple. For each non-empty set C' C ¥ fix rep(C) € C. Let Fi(z) = fi(z) if
kk(fe(x)) = Ri(x), and Fj(x) = rep(Rg(z)) otherwise (k € [m]); let Fy = ply fo on Xf and Fy = fy
elsewhere. Then Pr[fy # Fi| < Bk, Pr[fo # Fo] = Po, and Fy(z) € Ri(z) for all z. By (F1),
g(F1(ZY),...,Fn(Z™)) depends only on the classes Ry (Z*), hence only on the rows of Z in T’; and
Fy(g™(Z)) depends only on ¢"(Z)r. By the union bound, § < 6 and (12),

m
et (F) <6+ fo+ 3 B < can T < a7 HgltT < gl
k=1

where we used 7 < & < g and [T|lnl < L{(In2 + Fln%). By Lemma 8.53, F is a multi-

polymorphism, and all its distances to f are at most cn™ ! < n < ¢ = §° (as c4n < 1 and
LT > 1). So the theorem holds with C' = §;°“. O

Remark 8.54. The proof never needs the Case I/Case II split of the earlier proofs: the gap prop-
erty (10) replaces “far from constants” by “frequent”, and the negligible values are absorbed into
the error. The edges of the collision graphs enter only through Lemma 8.50: each edge of IV; gives
a containment step in which the entries of column j move only within that edge, and Lemma 8.49
combines the resulting partial bounds into closeness of H,, to a function of x7 and the components
of the other entries. Their components also enter Lemmas 8.48 and 8.51, through the component
vector k(z). The connectivity in (H) is used only in Lemma 8.51, through A, < 1 (Lemma 8.48):
resampling every row off T" within its component vector keeps the classes of all columns, and moves
the outputs along the edges of G. For ¢ = 2 and non-constant g, (H) says that some j with A; # ()
is a coordinate on which ¢ depends. If g is invariant under exchanging two input coordinates
k.l € [m], p = pe and fr, = fo, then Vi, = Vj, the relations ~j and ~; coincide (the exchange
maps Vi onto Vy), so Ry = Ry and Fj, = Fy: the analogue of Remark 8.44 holds for such pairs of
input coordinates. The exponent ¢y, o is very small; we made no attempt to optimize it. We do
not know whether (H) can be dropped; the first test case is a g for which every g(u, -) is a bijection,
such as addition in Z;, ¢ > 3, where every N; is edgeless; and the affine functions of quotient
bits of Remark 8.46(f) suggest combining the present method with [2, Theorem 1.7]. The script
alphabet_check.py (directory numerics) checks Lemmas 8.47 and 8.48, Lemma 8.49 (¢; < 1, the
norm of A — ET and the inequality, for ¢ € {3,4}, trees and forests), the main inequalities in
the proof of Lemma 8.50 (for every forest edge: containment, the conditional identity, the reverse
hypercontractive bound, the Jensen step and (11); then the combined bound), and the inequalities
of Lemmas 8.51 and 8.52, by exact enumeration on small instances (¢ < 4; for the junta and prop-
agation lemmas g = 3, m = 2, n < 3, g the rounded mean of Remark 8.46(e), min or multiplication
mod 3).

8.10 A non-functional predicate over Z;
Alekseev and Filmus name
Py ={(a,b,c) €Z3: a+b+c#0}

as the simplest predicate that their techniques cannot handle [2, Section 9, first question]. No
coordinate of P,= is flexible: for (a,b,c) € P,= the value ' = —b — ¢ gives (d/,b,c) ¢ P,=,
and similarly for the other coordinates. A triple is in P~ iff exactly two of its entries are equal,
and |P,= | = 18. Here we treat P,= under the uniform distribution = on P,=. The rows of
(x,y,2) € (Z})3 are independent samples of 7, and x,y, z are the columns. For fi, fa, f3: Z§ — Z3
let

err(f) = Pr [fl(X) + fo(y) + f3(z) = 0}’
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so f is a (m,¢)-approximate generalized polymorphism of P,= in the sense of [2] iff err(f) < 6.
The marginals of 7 are uniform; distances are measured under the uniform measure on Z%, and
dist(f,g) = max; Pr[f; # g;]. A triple g is an (exact) generalized polymorphism iff err(g) = 0,
ie. (91(x),92(y), 93(2)) € P/= whenever every row of (x,y,2) is in P~=. The following triples are
generalized polymorphisms:

(A) for some j, the other two functions are constants u,v, and g; never takes the value —u — v;
(B) gj(w) = kw;+d; (j =1,2,3) for some i € [n], k € {1,2} and di, da, d3 with di +da+ds = 0.
For (B), g1(%) + g2(y) + g3(2) = k(@i + yi + z:) # 0.

Theorem 8.55 (The predicate a + b+ c # 0). (a) Every generalized polymorphism of P = is of
type (A) or (B).

(b) There is an absolute constant C' such that for every n and every f with err(f) = 0 there
is a generalized polymorphism g of type (A) or (B) with dist(f,g) < CV§. One can take
C = 4-107; moreover dist(f,g) < 3v6 if § < 1071%, and dist(f,g) < (1 + 56 6/8)V/6 if
6 < 10716,

(¢) The exponent 3 and the constant 1 in (b) are optimal: if E C Z} has Pr[E] = n < %,

fi=0, fo =1 and f3 = 1+ 1g, then err(f) = n? and dist(f,g) > n for every generalized

polymorphism g.

(d) Near (B) the dependence is linear: if § < 8-107° and dist(f,g) < 5 for some g of type (B),
then >, Pr(fj # g;] < 36 for some g’ of type (B).

So, under the uniform distribution, the question of [2] has a positive answer for P,=, with
polynomial dependence, the optimal exponent and the sharp constant: the supremum of the possible
distances at error at most & (over all n) is (14 0(1))v/d as & — 0, since 7 in (c) can be any number
in (0, %} N37"Z. The constant 1 is only asymptotic: for fixed small n the ratio dist/v/d can be larger
(for n = 1 it reaches %, as computed by an independent referee). As for ANDy (Theorem 1.2),
the dependence is not linear. For n = 1, (a) says that the 198 generalized polymorphisms are the
180 triples of type (A) and the 18 of type (B). Part (a) can also be obtained from a theorem of
Filmus [10, Theorem 1.3]: for a predicate with full projections, if every generalized polymorphism
with n = 2 is of dictator type (the g; are functions of one common coordinate) or of box type
(91(Z%) x g2(Z%) x g3(Z%) C P), then so is every generalized polymorphism, for every n. For P=
the box-type triples are exactly those of type (A), since by the Cauchy—Davenport theorem two
images with at least two elements each have sumset Zs; the dictator-type triples are of type (A)
or (B) by Lemma 8.57 below; and an exhaustive search for n = 2 (numerics/neq3_n2_check.py:
13824 generalized polymorphisms, 13788 of type (A) and 36 of type (B)) verifies the hypothesis.
In our proof, (a) is the case 6 = 0 of (b), whose approximating triple is always of type (A) or (B).

Let w = €*™/3. For H: Z§ — C and « € Z3 let xa(w) = wlw), ﬁ(a) = E[HX,] (uniform w),
ol = [{i : o # 0}] and Infy(H) = Yo |H(0)2. Then H = ¥, H(a)xa, X, [H(0)? = E|H?,
and Infy(H) is the expectation, over the coordinates other than k, of the variance of H in the
coordinate k. For a Zg-valued function h put dc(h) = 1 — max, Pr[h = v], the distance of h to the
constants. If p, = Pr[h = v], then 1 — [Ew"|> = 3(pop1 + pop2 + p1p2) > 3max, p, de(h) > de(h).

Lemma 8.56. (a) Each pair of columns is uniformly distributed on (Z%)?.

(b) For all Hy, Hy, Hy: Z — C, E[H (x)Hy(y)Hs(z)] = 3, Hy(a) Ha(a) Hs(a) (= 1)l
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(c) With Fj = wli, err(f) = 1 + 2 Re E[F} (x) Fa(y) F3(z)].

Proof. (a) Each (a,b) € Z3 has exactly two completions ¢ with (a,b,c) € P~=, and similarly for the
other pairs. (b) For (a,b,c) € Z3,

1
E(u,v,w)ww [wau—l-bv—i-cw] — E ( Z _ Z )wau—l-bv—i—cw
(uv,w)ezs  utvtw=0

27 - H{a=b=c=0}—-9-1{a=b=c}
18 ’

whichis 1 ifa =b=¢ =0, —% if a=0=c+# 0, and 0 otherwise. As the rows are independent,
Elxa(x)Xx5(¥)X(2)] = 1{a = 8 = 7}(—3)!*; now expand each H; in characters. (c) For s € Zs,
1{s =0} = 1(1 + w* + w*), and w* = w". O

Lemma 8.57 (n =1). For n =1, every generalized polymorphism of P = is of type (A) or (B).

Proof. Let (g1,92,93) be one. Note (a,b,b) € P,= iff a # b, and for b # ¢, (a,b,c) € P/= iff
a € {b,c}, as —b — c is the third element of Zs.

Suppose first that some g;, say g1, is a bijection. For each b, the two values gi(a), a # b,
differ from —ga(b) — ¢3(b), so gi1(b) = —g2(b) — g3(b). For b # ¢, the rows (b,b,c) and (c,b,c)
give g1(b) + g2(b) + g3(c) # 0 and gi(c) + g2(b) + g3(c) # 0, i.e. g3(c) # g3(b) and g2(b) # ga(c).
So all three are bijections of Zs, hence affine: g;j(a) = rkja + d; with x; € {1,2}. The identity
91(b) 4+ g2(b) + g3(b) = 0 for all b gives k1 + ko + k3 = 0 and d; + da + d3 = 0, and the first forces
K1 = kg = k3. This is type (B).

Otherwise no g; is a bijection. Suppose that two of them, say g1, g2, are not constant. Then
g1 takes one value only at one point ag, and one other value at the two other points; similarly go
takes one of its values only at one point bg. Fix ¢ and t = —g3(c); then g1(a) + g2(b) # t whenever
a+b # —c. By the Cauchy-Davenport theorem the two-element images satisfy g1(Z3)+g2(Z3) = Zs,

S0 81+ 89 = t for some s1, 55 in the images, and every (a,b) € g7 *(s1) x g, ' (s2) satisfies a+b = —c.
If gl_l(sl) had two elements a # o/, then a +b = a’ + b for any b € 92_1(52), which is impossible;
so g7 ' (s1) = {ao}, similarly g5 *(s2) = {bo}, and ¢ = —ag — bp. As ¢ was arbitrary, this is a

contradiction. Hence at least two of the functions are constants, v and v say, and since every value
of the remaining coordinate occurs in a row of P =, the third function never takes the value —u —v.

This is type (A). O
Proof of Theorem 8.55. Every permutation of the three coordinates preserves P,~= and m, so we
may relabel fi, fo, f3. For k € [n] write w = (wg, w") with v’ € Zgﬂ\{k}, and for a function h on Z%

let h*" = h(-,w'): Zs — Zs. Let x',y’, 2’ be the columns without row k; they are the columns of
n — 1 independent samples of 7, independent of row k, and Lemma 8.56(a) applies to them. The
restriction of f at k is the triple Ry = (f¥, f2y/7 fZ') of functions of one variable. Let § = err(f) and
d; = de(f;)-

Step 1: restrictions. If Ry is not a generalized polymorphism, then given x’,y’, z’ at least one of
the 18 equally likely values of row k is a failure. Hence Pr[Ry is not a generalized polymorphism] <
186 for every k.

Step 2: a dichotomy for each coordinate. Let (k) = Pr[f}"’/ is a bijection] for uniform w’. By
Lemma 8.57, in a generalized polymorphism of one variable either all three functions are bijections
(type (B)) or none is (in (A), two are constant and the third misses a value). Hence, for j # [, the
independence of two columns gives 3;(k)(1 — Bi(k)) < 185. Let § < 1/72. If B;(k) > & for some j,
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then 1 — (k) < 360 for [ # j, and then also 1 — (k) < 366. Otherwise §;(k) < 369 for all j. Call
k a B-coordinate in the first case.

Step 8: a B-coordinate gives type (B). Let 0 < 1/2394, let k be a B-coordinate and Bij; =
{w: f}“l is a bijection}. The bijections of Z3 are the maps a — ra + d, k € {1,2}; write f;-”/(a) =
kj(w"a+d;(w') for w’ € Bij;, and put x;(w') = 1, d;j(w') = 0 for v’ ¢ Bij;. Let G be the event that
x' € Bij;, y’ € Bijy, 2 € Bij; and Ry, is a generalized polymorphism; Pr[G¢] < 3-360 + 185 = 1264.
On G, Lemma 8.57 gives k1(x’) = ka(y’) = k3(2z') and di(x') + da(y’) + d3(2’) = 0. Let p;(k) =
Pr[w’ € Bij;, x;(w') = k]. For j # [, by independence of the j-th and I-th columns, ) _p;(x)pi(x)
is the probability that both columns lie in the corresponding sets Bij with equal values of x;, xy,
which is at least Pr[G] > 1 — 1260; and ), p;j(r)pi(x) < max, p;(k). So each p; has an atom of
mass at least 1 — 1269, and these atoms are a common & (otherwise ) p;p; < 2525 < 1 — 1269).
Next let Dj = w% on ZyM, s = [Dj(0)] and 02 = 1 — 52 = Yo |Dj(a)|?. With & = 1266,
Pr(dy(x') + do(y’) + d3(2') # 0] < &, and Rew® =1 — 31{s 75 0}, so Lemma 8.56(b), |D3] < 1 and
the Cauchy—Schwarz inequality give

1- %f < ReE[D1(x")Da(y")D3(2')] < s15283 + %0102 < s182 + %0102 <1- %0102,

using s152 + 0102 < 1. Hence o109 < 3§ and sy1s253 > 1 — 3¢, s0 s; > 1 — 3§ and dc(d;) < 032» <
6§ = 7560 for each j (the pair 1,2 was arbitrary). Let d? be the most likely value of d;. Since
Pr> . d;(-) =0, d;(-) = d? Vil > 1 —19¢ > 0, d + d3 + dJ = 0. Therefore g = (kwy + d?)j is of
type (B), and

Prlf; # g5 < Pr[w’ ¢ Bij; or (W) # k] + Prld;(w') # d%] < 1266 + 7565 = 8826.  (13)

Step 4: without B-coordinates, the error is close to that of independent inputs. Suppose no
coordinate is a B-coordinate, so (k) < 360 for all j, k. Let v;(k) = Pr[fj‘-”/ is not constant]. If
Ry is a generalized polymorphism of type (A), at most one of its functions is non-constant, and
if it is of type (B), its first function is a bijection. Hence, for j # [, the event that the j-th and
the [-th functions of Ry are both non-constant has probability at most 186 + f1(k) < 546, and by
independence of the two columns v;(k)v(k) < 540. So for each k at most one j has v;(k) > v/546.
Let F; = w/i and p = (540)"/4. Since the variance of a function of modulus one is at most 1,
|F (ax )|2 < Infy(F}) < v;(k) for every k with oy, # 0. Choosing such a k for each o # 0, at least two
of |Fy(a)], | Fy(a )\ |[F3(a)| are at most p, so [F1F2F3(@)] < p30; o |[Fj(a )A ()] Let x",y",2" be
independent and uniform, and &inq = Pr(f1(x”)+ fo(y") + f3(z") = 0] = £+ 2Re(F1(0)13’2(0)13’3(0)).
By Lemma 8.56(b),(c) and the Cauchy—Schwarz inequality,

2

|6 — 5md|< 1Z\F1F2F3 \<pZZ|F a)| < p.

a#0 <l «

Step 5: two nearly constant functions. If j # [, then f; takes two distinct values with probability
at least d;/2 each (its most likely value has probability 1 —§; > % > 0;/2), and similarly f;; by the
Cauchy-Davenport theorem the sums of these values cover Zs, so dinq > min; Pr(f;(x”) + fi(y”) =
t] > §;0;/4. Applied to the two largest of d1, d2, d3, this shows that the two smallest are at most
No 1= 2v/0inqd < 24/0 + p. Relabel so that d7,d2 < 1.

Step 6: near type (A). Suppose d1,02 < 1g, and let 7 be a number with 27y < 7 < %. We show
that dist(f,g) < max (26/7, §/(1 — 67) + \/6/(1 — 67)) for some g of type (A), or § > %T. Let
a,b be the most likely values of fi, fo, E1 = {fi # a}, Ea = {fa # b}, mj(t) = Pr[f; = a; + 1]
(a1 = a, ag = b), and r, = Pr[fs = v|, r* = r_,_p. The events {x ¢ F1,y ¢ Eo, f3(z) = —a — b},
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{x€ E1,y ¢ Es, f3(z) = —b—fi(x)} and {x ¢ E1,y € Es, f3(z) = —a— f2(y)} are disjoint failures,
and by Lemma 8.56(a) their probabilities are at least r*(1 — 01 —02), >, . ™1 (t)7—a—p—t — 0162 and
2120 T2(t)r—a—p—t — 6102 (for instance, Pr[x € By, f3(z) = —b— fi(x)] = >, .0 m(t)r—a—b—t a5 X, 2
are independent, and Pr[x € Ey,y € Es] = 6102). So, using 20102 < 19(d1 + 02),

60> (1—=2n0)r* + > (m1(t) + ma(t))r—a—bt — no(61 + 62). (14)
10

Case (@) T_q_p41,7—q-b42 = 7. Then, as no < F < &, (14) gives § > %r* + 5(01 + d2). Let
g1 = a, go = b, and g3 = f3 except that g3 = —a — b+ 1 where f3 = —a — b; g is of type (A) and
dist(f, g) < max(d1,d2,7*) < 2/7. Case (f): otherwise. If r* > 7, then the first of the three events
gives § > r*(1 — 61 — d2) > %7‘. If r* < 7, then f3 takes some value ¢ # —a — b with probability
more than 1 — 27 > %, S0 03 < 27. Then all three functions are nearly constant, with most likely
values a1 = a, ap = b, a3 =cand 0o =a+b+c #0. Let Dj = {f; = aj — o} (“dangerous”
values), A; = {f; = a; + o} (“safe” values), M; = {f; = a;}, 7j = Pr[D;] and 77 = Pr[4;], so
oj =m; +7; < h:=27 < 1. The six events {D1(x), Ma(y), M3(z)}, {A1(x), A2(y), M3(z)} and
their images under permutations of the indices are disjoint failures (the sums are ¢ — ¢ and 30).
By Lemma 8.56(a), the first has probability at least 7f(1 — d2 — d3) > 7f(1 — 2h), and the second
at least mim5 — X — mi73, where X = Pr[A;(x), A2(y), A3(2)]. Let u < v < w be the numbers 773
in increasing order. By Lemma 8.56(b) with H; = 14, |14()| < Pr[A] and the Cauchy-Schwarz
inequality (taking for Hj the indicator of the smallest set), X < wvw + %um Summing the six

bounds and using uv + uw > 2u~/vw,

5> (1—2h)ZW}-‘—hZﬂ;—i—uv—l—uw+vw—3X > (1—3h)<Z7T;f—|—vw) > (1—67’)(2@74—@2).
J J J J

Let jp be an index with 7r]°-0 = w, let g; = a; for j # jo, and let g;, = fj, except that g;, = aj,
on Dj,. Then gj, never takes the value aj, —o = —3_. . a;, so g is of type (A), and dist(f,g) <
> v <d/(1—67)+/d/(1—67).

Conclusion. Let § < 8y := 10715, Then p < 4.9-10"% and g < 20 +p < 1—16. If there
is a B-coordinate, (13) gives dist(f,g) < 8820 < 3+/5. Otherwise Steps 46 with 7 = 1 give
dist(f, g) < max(160, 46+2\/5) < 3v/6 for some g of type (A),asd < é. If 6 > dg, the triple (0,0, 1),
which is of type (A), is within distance 1 < 60_1/2\/5. This proves (b) with C' = (50_1/2 < 4-107,
with g of type (A) or (B) in every case. If § = 0, then dist(f, g) < 3v/d = 0, so f = g is of type (A)
or (B); this proves (a).

For the last bound in (b), let § < 10716 and 7 = 4/ + p. Then p = (546)/* < 2.72- 1074,
so T < %; also 7 > 2n9 and 7 > 4v/6. In Step 6, %7‘ > J, so the last alternative is impossible, and
26/7 < 3V/6. Let © = 67 = 24y/3 + p; then © < 0.4, 50 (1 —2)"Y/2 <1+z and (1 —2)~* <2, and
the bound of Case (3) is at most (1+z)vd+26. As § < p, z < 24/2p < 55.95"/8. Since 8825 and
20 are at most 0.16/81/3, in all cases dist(f, g) < (1 + 56 6/8)1/4.

(c) A failure needs 0+1g(y)+1+1g(z) =0 (mod 3),i.e.y € E and z € F; by Lemma 8.56(a),
err(f) = n?. If g is of type (B), then g takes the value 0 with probability % and fo =0 off E, so
Prfs # g2] > % —n >mn. If gis of type (A), two of its functions are constants, one of them is go
or g3, and fo and f3 differ from every constant with probability at least min(n, 1 —n) = n.

(d) If g is of type (B) with coordinate i and dist(f, g) < 15, then fj‘»"’/ = g;-"’/ (a bijection) unless

fj # g; at one of the three points (a,w’), so §;(i) > 1 — 1—30 and ¢ is a B-coordinate. Step 3 gives
g’ of type (B) with &} := Pr[f; # g}] < 8824. Let E} = {f; # g;} and e(x) = fi(z) — ¢i(x). On

{x € E},y ¢ E},z ¢ E4} the sum fi(x)+ fa(y) + f3(2z) equals e(x) + k(x; +y; +2z;). Given x, the
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sum x; +y; +z; is uniform on {1, 2} (given x;, the pair (y;, z;) is uniform on six pairs, three for each
value of the sum), so this is a failure with conditional probability 3. Removing {y € E4}U{z € E}}
costs at most 07 (65 + %), by Lemma 8.56(a). Treating the other two functions in the same way
(the three events are disjoint),

1 1 1
5> 2;5;—225;532 (2—2.8825)%:5; > 3%:5;

g<li
(using >, ; 070, < max; 8% - >, 0;) for 6 < 8- 1072, O

Remark 8.58. (a) The square root comes only from Case (f3), three nearly constant functions
whose deviations are “safe”: such deviations fail only in pairs, and by pairwise independence
(Lemma 8.56(a)) pairs occur with probability m7m;. The example of Theorem 8.55(c) has 77 = 0,
u = 0and v =w = 7, so the bound § > (1 — 3h)(3>_; 7} + vw) of Case () is tight up to the
factor 1 — 3h. (The triple fi = fo = 1g, fs =1+ 1p, with £ = {w : w; = --- = wy, = 0} and
n = 37% has error 3n? and distance n; there u = v = w = n.) Near (B), and near (A) when
the free function takes both allowed values with probability at least 7 (Case («), for fixed 7), the
loss is linear. In (d) the constant 3 can be replaced by ;2= for the g’ of (d), S = >.;0; <36,
and the first inequality of the last display of the proof, which holds for every triple of type (B)
in place of g/, gives § > 5 — 230,050, > 5 — 5% > (1 —30)S (the whole display gives —2cs).
The constant 2 is optimal: changing one function of a triple g of type (B), say the first, on a
set E of measure n < % gives error exactly Z (off E the sum is k(x; +y; +2;) # 0, and on E
a failure has conditional probability %, by the argument in the proof of (d) with E} = Ef = (),
while 3. Pr[f; # g;] > n for every g’ of type (B): equality holds for g’ = g, and any other g’ has
some g; # g;, which differs from g; with probability at least 2 so Pr[f; # 9;] > % —n >mn. For
n < 1.6-10* this triple satisfies the hypotheses of (d). (b) The proof uses the uniform distribution
through the pairwise independence of the columns and the diagonal form of Lemma 8.56(b). For
other distributions, functions of two different columns can be correlated even if no coordinate is
significant for both (two “majority-like” functions, say), so in Step 4 J need not be close to Jipg.
Lemma 8.60 below extends Steps 1-3 and part (d) to every full-support distribution, with linear
loss, and Theorem 8.61 extends (b), with a worse exponent, to every full-support distribution with
two uniform marginals; there Steps 4-6 are replaced by Theorem 8.55 itself, applied to restrictions.
Theorem 8.66 then covers every full-support distribution. (c¢) Step 4 is the point where the lack of
flexibility is overcome. By Step 1 and Lemma 8.57, almost every restriction at a coordinate is a
generalized polymorphism of one variable. Without B-coordinates these are of type (A), so at most
one of the three functions is sensitive to that coordinate, and the three-wise Fourier terms are small:
|0 — dind| < p in Step 4. The script neq3_check.py (directory numerics) checks Lemma 8.57 by
brute force, Lemma 8.56(b), and the inequalities of Steps 6 and (d) and the bound on X, by exact
enumeration on random perturbations of generalized polymorphisms with n < 4. It also checks
Theorem 8.55(b) (largest observed ratio dist/v/d equal to 1), the example of Theorem 8.55(c) and
the triple in (a) of this remark.

Other distributions. Alekseev and Filmus ask about every full-support distribution. Let g

be a distribution on P,= with full support, a = minyep. pu(p) (so @ < %), and p1, o, u3 its

marginals. Now the rows of (x,y,z) are independent samples of p, err,(f) = Pr[fi(x) + fo(y) +

f3(z) = 0], distances to f; are measured under ,u,?” (the law of the j-th column), and dist(f, g) =

max; Pr en [fj # gj]. Since p has full support, err,(g) = 0 iff g is a generalized polymorphism,
J

so the exact solutions are those of Theorem 8.55(a). With A%’ as in the proof of Theorem 8.55,
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let 5;(k) = Pr[f]W/ is a bijection] for w’ ~ ,u?([n]\{k}). For a random variable d with finitely many
values let de(d) = 1 — max, Pr[d = v]. From here on « always denotes min x4 (and is no longer a
Fourier index), and auxiliary symbols introduced inside a proof, such as o, p, &, 7, m and D;, are
local to that proof.

Lemma 8.59 (A conditional copy). Let (u,v) be a pair of random variables with finitely many
values, let P be the law of u, and let K(a,d') = > Prlv =v | u = a]Prju =d | v = v] for
a,a’ in the range of u. Suppose that K(a,a’) > OP(a’) for all a,a’, where 6 € (0,1]. Let (u;,v;),
i € [N], be independent copies of (u,v), put U = (uy,...,uyn) and V = (v1,...,vy), and let U”
be conditionally independent of U given V, with the same conditional law. Then for every function
d on the range of U,
Pr[d(U) # d(U")] > 6dc(d(U)).

The hypothesis holds with 0 = k if Prju = a,v = b] > kPr[u = a] Pr[v = b] for all a,b.

Proof. The pairs (u;,u}) are independent, each with law P(a)K(a,a’). On L?(P) the kernel K
is self-adjoint and positive semidefinite, since (¢, K¢)p = E[E[¢(u) | v]E[¢(u) | v]]; its second
eigenvalue is the square of the maximal correlation of (u, v) [29]. Let II(a,a’) = P(a’). If @ = 1, then
K =TI, as both are Markov kernels and K > II. If # < 1, then K’ = (K — 611)/(1 — 6) is a Markov
kernel that is self-adjoint on L?(P), hence a contraction, and (¢, K¢)p = (1 — 0)(¢, K'¢)p <
(1 — 0)||¢||% whenever Ep¢ = 0. In both cases the eigenvalues of K other than the eigenvalue
1 of the constants lie in [0,1 — 6]. The operator of (U, U”) is K®V, whose eigenvalues on the
tensor products of eigenfunctions are the products of eigenvalues of K; hence E[p(U)p(U")] <
(E¢)? + (1 — 0)(E¢? — (E¢)?) for every real ¢. With ¢ = 1{d = v} and p, = Pr[d(U) = ],
summing over v gives Pr[d(U) =d(U")] <1—-0+60> p? <1—0+ 0 max,p,. For the last claim,
Prlu=d | v =0] > kP(d’) for every b, so K(a,a") > kP(d). O

Lemma 8.60 (Near the affine family, every full-support distribution). Let p be a distribution on
P = with full support, « = min y, and err,(f) =6 < a*/16.

(a) If Bj(k) > % for some j and k, then there is g of type (B) with coordinate k such that
Pru?n[fl # q1] <35/a* forl=1,2,3.

(b) In particular, this holds if Pr on [fi # 951 < « for some j and some g of type (B) with
J

coordinate k.

Proof. Write w = (wg,w’), let X', y’, 2’ be the columns without row k, denote by ¢; the I-th of them,

and let Ry = ( f{‘/, Vit /, ff/) The rows other than k are independent samples of pu, independent of
row k. We use three facts.

(i) If Ry, is not a generalized polymorphism, then some p € P =, as row k, gives a failure, and
wu(p) > a; so Pr[Ry is not a generalized polymorphism] < d/a.

(ii) Let I # I'. Every (a,b) € Z3 has two completions in P/=, so the law jy; of the I-th and
I'-th entries of a row satisfies pyy(a,b) > 2a > 2a p(a)py(b), and Lemma 8.59 applies to these
two entries with § = 2a. Consequently, if Pr[b(c;) # V'(c},)] < e for some functions b,b’, then
de(b(c))) < e/a: if ¢ is conditionally independent of c; given cj,, with the same conditional law,
then (¢, c;,) has the law of (cj, ¢,), so Pr[b(c)) # b(c])] < 2e.

(iii) For the I-th entry u of a row and the pair v of the other two entries, K (a,a’) > 3a?u;(a’)
in Lemma 8.59: for all a, a’ there are at least three values v of v such that @ and a’ both complete
v to an element of P = (if a # &/, those whose two entries sum to —a”, where {a,d’,a"} = Z3), and
each contributes Prlv=v|u=a|Prlu=d |v=1v]>a-a.
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(a) Let Bij, = {w’ : f' is a bijection} and b; = 1gij,- By Lemma 8.57, if Ry is a generalized
polymorphism, then by (x") = ba(y’) = b3(2z’). So by (i) and (ii), de(b;(c))) = min(F;(k),1—5i(k)) <
§/a* < § forevery I. As 3j(k) > 3, this gives 1—3;(k) < §/a?, and then S;(k) > Bj(k)—Prlbj(c’) #
bi(c))] >1-6/a®>—6/a > 5, s0 1—Bi(k) < §/a? for every l. Define ; and d; as in Step 3 of the proof
of Theorem 8.55, and let G be the event that x" € Bij;, y’ € Bijy, 2’ € Bij; and Ry, is a generalized
polymorphism. Then ¢ := Pr[G¢] < 36/a® + 6/a < 46/a? < a?/4, and on G, Lemma 8.57 gives
k1(x') = ko(y') = r3(2z’) and dy(x) + da(y’) + d3(z’) = 0. By (ii), de(mi(c))) < &/a < § for each
l; the most likely values of the x; coincide, since otherwise Pr[x;(c)) = kp(c))] < 2§/a <1 — ¢ for
some [ # I'. Call the common value . Next let x” be conditionally independent of x” given (y’, z’),
with the same conditional law. Then (x”,y’,z") has the law of (x',y’,2’), and on the intersection
of G with the corresponding event for (x”,y’,z') we have di(x) = —da(y’) — d3(Z') = d1(x"). So
Prd(x') # di(x")] < 2¢, and by (iii) and Lemma 8.59, dc(d; (x')) < 2¢/(3a?) < %; similarly for dp
and dj. Let d) be the most likely value of d;(c}). As Pr[}", di(c)) =0, di(c)) = d? VI] > 1-£—3 >0,
dY +d3 + d} = 0. Therefore g;(w) = rkwy, + d? defines a triple of type (B), and f;(w) = g;(w) unless
w’ & Bijj, ki(w') # K or di(w') # dY, so

5 45 8 35

P <2420, 00 20

uf@a[fl 7l < PR IR

(b) Each a € Zs is the j-th entry of six elements of P/=, so pj(a) > 6 and Pry.[f;j(a,w’) #
gj(a, w")] < Pr[f; # gj]/(6a) < %. As g}”l is a bijection for every w’, fJ‘-’V/ is a bijection except with
probability at most %, so Bj(k) > 5. O

So for every full-support p the dependence is linear near the affine family, as in Theorem 8.55(d).
Away from it we can treat the distributions with uniform marginals, i.e. y; = pg = ps uniform on
Zs. These form the full-support part of an 11-dimensional affine subspace of the 17-dimensional
simplex of distributions on P~=; it contains 7 and every full-support distribution invariant under
(a,b,c) — (a+t,b+t,c+t). With a worse exponent it suffices that two of the marginals are uniform,
a 13-dimensional family; Theorem 8.66 below covers every full-support distribution, with a much
worse exponent. Distances are measured under %" as above, i.e. under the uniform measure for

J
each uniform marginal.

Theorem 8.61 (Distributions with uniform marginals). Let p be a distribution on P~= with full
support, let « = min p, and let r = r9o and r' = roq be as in Lemma 8.35, so r > 8« and v’ > 1@604.
Let f be a triple of functions on Z% with err,(f) = 0.

(a) If pi, po, ps are uniform, there is a generalized polymorphism g with

dist(f,g) < 3-107a3/24"/2 < 3.107 o 3/2 5%,

(b) If two of the marginals, say p1 and ps2, are uniform, there is a generalized polymorphism g
with
dlSt(fv g) < 3- 107 a_3/2 57"7‘//4 < 3. 107 04_3/2 532042/9'

Proof. The second inequalities hold as r > 8a, r’ > %Oz and 0 < 1. In both cases pu1 and uo are
uniform, and §"/2 < §"'/4. Note r < 9a < %, soa %" <o b If Bi(k) > % for some j and k, then
Lemma 8.60(a) gives g with dist(f,g) < 36/a* = 36"/261""/2a~* < 3072 6"/? < 3a~16"/? when
§ < a*/16 (as then 6'~"/2 < a*~?7), and when § > a*/16 every generalized polymorphism is within
1 < (160/a*)/? = 47a=2167/2 < 2a716"/2. So we may assume that 3;(k) < & for all j and k.
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The decomposition. Let 0 = 9o < L and v = (u—om)/(1 —0). Asm = 15 on P/=, v >
(a —5)/(1 =) > § there; v is a distribution whose j-th marginal v; is uniform whenever p; is,
since the marginals of m are uniform; and, as every pair has two completions, the law v;; of two
entries of a v-row satisfies vj;(a,b) > «, so v;(a,b) > 9av;(a)y(b) when v; and v, are uniform.
Choose a random set L C [n] containing each ¢ independently with probability o, and then let
the rows in L be independent samples of m and the rows outside L independent samples of v. As
w=om+ (1 —o)v, the rows are independent samples of p. For a fixed L, let p = (p1, p2, p3) be the
columns of the rows outside L, so p; € Z°, and let £&¢ = (f1(-, p1), f2(-, p2), f3(-, p3)), a triple of
functions on Zé. Given L and p, the rows in L are independent samples of 7, so f%* is an instance
of Theorem 8.55 with |L| coordinates (for L = () its functions are constants). Let §(L, p) be its
error and 67, = E, §(L, p); then Ey,01, = 0. If 415 is uniform, then p; is uniform on Zéc; below, dc of
a function on Z% refers to the uniform measure.

Step 1: restricted dictators are rare. For fixed L and j let Pj(p;) = i if f;(-, p;) is 1—10—close to a
function kw; +d with ¢ € L, k € {1,2}, d € Z3, and Pj(p;) = L if there is no such ¢; i is unique,
because two distinct functions of this form differ with probability at least % If Pi(p1), P2(p2), P3(p3)
are not all equal, then fX* is not %—close to a generalized polymorphism: one of type (B) with
coordinate ¢ would give Pj(p;) = ¢ for all j, and in one of type (A) two functions are constants
and the third takes at most two values, while kw; + d differs from every constant with probability

% and from every function with at most two values with probability at least %, which would give

Pj(p;) = L for all j. By Theorem 8.55(b), then 6(L, p) > 107'° (as 3v/10~1% < {). By Markov’s
inequality, Pr,[Pi(p1) # P2(p2)] < 10567, and by Lemma 8.59 for the first two entries of a v-row,

with 6 = 9«, and the argument of fact (ii) in the proof of Lemma 8.60,
2106
de(Pr(p1)) < np = TL-

Suppose 17, < % and the most likely value of Pj(p1) is some i € L. Whenever Pi(p1) = i, the
function fi(-, p1) agrees with some xw; + d outside a set of measure at most -, so for w” uniform

, 10°
on Zg\{z} the map a — fi(a,w”,p1) is a bijection except with probability at most 1%. Since
(w”,p1) is uniform on Zgn]\{l}, this gives B1(i) > 5(1 —nz) > 2, contrary to our assumption.

Hence Pr,[Pi(p1) # L] <np if n, < 3, and trivially Pr,[Pi(p1) # L] < T in all cases.

Step 2: products of distances to constants. If Pi(p1) = L and §(L,p) < 1075, then Theo-
rem 8.55(b) gives a generalized polymorphism g’ within g := 31/0(L, p) < % of £l+¢. Tt is not of
type (B), as its coordinate would be P;(p1); so it is of type (A): for some labelling {j1, j2,73} = [3],
9;‘1 = u, g}Q = v and 93'3 never takes the value —u — v (for L = () all three functions of £ are
constants). Write hy = fi(-, pt), p1 = Pr[hj, # u] < eg and py = Pr[hj, # v] < €o; as de(hj,) < p
and dc(hj,) < p2, we have dc(hj,) dc(hj,) < €3 = 96(L, p). For the pairs containing js we use that,
given L and p, the rows in L are independent samples of 7, so that any two of the columns restricted
to L are independent and uniform (Lemma 8.56(a)). For a # w let ¢, = Pr[hj, = —a —v]. The
events that hj,, hj,, hj, take the values a,v, —a — v on the respective columns, a # u, are disjoint
failures, and the probability of each is at least Pr[hj, = a, hj, = —a —v] — Prlhj, = a, hj, # v] =
Pr[h;, = a] (¢ga — p2). Summing over a, 6(L, p) > p1 (ming4y, ¢o — p2). When a runs over Zsz \ {u},
—a — v runs over the two values other than —u — v, and Pr[hj, = —u — v] < Prlhj, # g;,] < €05 s0
de(hj,) <1 —maxezy go = Pr[hj, = —u — v] + ming, ¢q < €0 + ming2, qq. Hence

de(hyj,) de(hy,) < pl({g}g Ga +20) < 6(L, p) + p1(p2 + €0) < 6(L, p) + 255 = 196(L, p),

and in the same way (exchanging the roles of ji,u and ja,v) dc(hj,)dc(hy,) < 196(L,p). So
mji(L, p) = de(f;(-, p;)) de(fi(-, p1)) < 198(L, p) for every pair j # [ in this case, and my < 1
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always. By Step 1 and Markov’s inequality,

2.101°

E, mji(L, p) <1961 + Tnr, + 1016, < K161, K =
(6%

Step 3: reverse hypercontractivity and Harris’s inequality. Let D;j(L) = E, dc(f;(+,pj)). Let
Jj # I be such that p1; and gy are uniform (any pair in (a), the pair {1, 2} in (b)). Apply Lemma 8.35
to the independent pairs (p; i, p1i), @ ¢ L, whose law v;; satisfies the hypothesis with £ = 9a, and to
®(p;) = de(f;(-, pj)) and ¥(p;) = de(fi(-, p1)). These take values in [0,1], @¥ = mj;, and || P, >
(E®)Y/" (as ®" > ®); hence (D;(L)D;(L ))1/7" < E[®V] < K16r, i.e. D; (L)DZ(L) < K767 . Moreover
D; is nondecreasing in L: if L C L', s is uniform on Zg L and p € 75, then max, Pr(f;(-,p) =
v] = max, Es Pr[f;(,s,p) = v] < E max, Pr(f;(-,s /) = 0], so dc(f]( ,p’)) > Eede(fi(+,s,0')),
and (s, p') is uniform on Z%° when p’ is uniform (here we use that p; is uniform); the same holds
for D;. By Harris’s inequality [15] for the product measure of L and by Jensen’s inequality,

ErD;(L) - EL Dy(L) < E,[D;(L)Dy(L)] < K] Erdf, < K{d".

Step 4: noise. Let u; be uniform. If pg > p1,po are the probabilities of the values of h, then

— [Ew"[? = 3(pop1 +pop2 +p1p2) < 3(po+p2)(p1+p2) < 3dc(h). Let F = wfi. With the notation
of Lemma 8.56, E,, [1 — |E,F(w, p;)[*] = D ry: i for some i€L |F'()]? (the inner expectation over w
uniform on Z%), so

g

BLD, (L) 2 5 3 (1- (1= o) AP >

(1 - [BosP) > 2 de(fy) = Barde( ;).
v#0

Step 5: one nearly constant function gives a second (any full-support p). Suppose dc(f;) < &
for some j, let v be the most likely value of f; and {l,m} = [3]\ {j}, and let ¢; = x, c2 =y,
c3 = z. For s € Z3 the events {fj(c;) = u, fi(c;) = s, fm(cm) = —u — s} are disjoint failures,
so > Pr[fi(c;) = s, fm(cm) = —u —s] < 6+ ¢. The pairs (¢, Cm,i) are independent with law
Wim > 200 > 200 iy, SO Lemma 8.35 with k = 2« gives psqs < v := (0 + 6’)’“I for every s, where
ps = Prfi(c;) = s] and qs = Pr{fm(cm) = —u — 5] We claim min(dc(fl) de(fm)) < 24/7. This is
trivial if /v > 3, as dc < £, Otherwise choose s* with g > 3, so ps+ < 37, and suppose de(f;) >
2,/7,ie ps < 1—2\fforalls Then each s # s* has p; > 1 —pe — (1 -2/7) > 2,/ =37 > /7,
hence s < 7v/ps < /7, and de(fin) <1 —gs < 2,/7.

Conclusion. In case (a), Steps 3 and 4 give dc(f;)de(f;) < K76"/(9a?2) for all j # 1, so two
indices j # [ have dc(f;),dc(f;) < € := KI/25”/2/(304); put ¢’ = e. In case (b), Steps 3 and 4
give this for {j,1} = {1,2}, so one j € {1,2} has dc(f;) < e, and Step 5 with ¢/ = ¢ gives a
second index; so two indices have dc < ¢” := max (5,2(6 + 6)T,/2). Let j # [ be these indices,
u,v the most likely values of f;, f;, and m the third index. The event that f;, fi, f, take the
values u, v, —u — v on the respective columns is a failure, so Pr[f,, = —u —v] < d + 2¢”. Let
g; = u, gy = v, and g,, = f, except that g,, = 1 —u — v where f,, = —u —v. Then g is of type
(A) and dist(f,g) < 6+ 2¢”. Finally £ < L K[/%67/2 = ¥2107503/26"/2 < 1.491 - 107a~%/26"/2,
and § < 6"/2 < 1873/2073/257/2 < 0.014a%/26"/2, as a < . This proves (a). In case (b),

18
§+e<1.6-107a 32572 s0, as 1’ < 1 and a~3/4 < 1873/443/2, 2((5+E)T//2 < 2-4000 a=3/487 /4 <
103a=3/2§7'/4; hence £” < 1.491 - 107a~3/26"""/4 and § + 2¢” < 3-107a=3/2§77"/4, O

Proposition 8.62 (The exponent must depend on ). (a) For 0<a<qg let 1@ give mass o

to each of the siz elements (a,b,b) of P~= and mass 2 to each of the other twelve. Then
1/18)

1@ has full support, min p® = a and uniform marginals, and pl =x. For every k > 1
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there is a triple £ of functions on Z§ with erru(a)(f) = (2a)* and dist(f,g) > 37% for every
generalized polymorphism g. Hence if constants C,c > 0 are such that every f (for every n)
is within Cerr ) (£)¢ of a generalized polymorphism, then ¢ <log3/log i

(b) For 0 < o < 4= let S give mass =322 to each of the siz elements (a, b b+ 1) of P/~= and
mass a to each of the other twelve. Then T3 N has full support, mln,u = « and uniform
marginals. If constants C,c > 0 are such that every £ (for every n) is within Cerruf,lh(f)c of

a generalized polymorphism, then ¢ < 2 e a < 3a.

Proof. (a) As a < 118, 1-6a > L g > . Bach v € Z3 is the first entry of two elements (v,b,b) and
of four elements with distinct last two entries, and it is the second (or third) entry of two elements
(a,v,v) and of four elements with distinct last two entries; so every marginal gives v probability
200+4-1502 =1 Let E={0} CZ§, /i =0, fo=1p and f3 =1+ 1. As in Theorem 8.55(c), a
failure means y € £ and z € E, so e11,,() (f) = (1'9(1,0,0) + p@ (2,0, 0))k = (2a)*. The proof of
Theorem 8.55(c) uses only that the second and third columns are uniform, so dist(f,g) > Pr[E] =
3% for every generalized polymorphism g. If 37% < C'(2a)°* for all k, then 37! < (2a)°.

(b) The six elements of P/= whose third entry is the second plus 1 are the (a,b,b + 1) with
a € {b,b+1}, and % > aasa< %. Adding t to all three entries maps P~ onto itself and
preserves this condition so it preserves ,ua ; hence every marginal is invariant under translations,
i.e. uniform. Under " the third entry of a row is the second plus 1 except with probability 12¢,
and the triple below exploits this. Let n = 3s, 7 = 2e?a (so 7 < 3) and ¢ = [tn]; for w € Z% let
Ny(w) be the number of i with w; =v. Let Y = {w : No(w) > s+ £}, Z = {w: Ny(w) < s —{},
fi=0, fo =1y and f3 =1+ 1z. As in Theorem 8.55(c), a failure means y € Y and z € Z. Let
D be the number of rows with y; = 0 and z; # 1. Every other row with y; = 0 has z; = 1, so
Ni(z) > No(y) — D, and a failure forces D > 2¢. A row has y; = 0 and z; # 1 with probability
4o (it is (1,0,0), (2,0,0), (0,0,2) or (2,0,2)), so, by the union bound over sets of 2¢ rows and as
20 > 271n,

n o0 deamn\ 2¢ 2eq\ 2¢
w(F) < > 2] < =< = -
err o (£) < Pr[D > 2(] < (2 e) (10)* < ( = ) = () =

T

Under the uniform measure, No and N; have the binomial distribution Bin(n, ;’) with mean s and
variance 2, so by Chebyshev’s inequality Pr[Y], Pr[Z] < 92;; < 2 once n > 77°. Then dist(f,g) >

min(Pr[Y], Pr[Z]) for every generalized polymorphism g, by the argument of Theorem 8.55(c): g
is of type (A) or (B) by Theorem 8.55(a); if it is of type (B), then Pr[fi # ¢1] = 2 > 2 >
min(Pr[Y], Pr[Z]); if it is of type (A), then go or g3 is a constant, and fo and f3 differ from
every constant with probability at least min(Pr[Y], 1 —Pr[Y]) = Pr[Y] and Pr[Z], respectively. Let
H(q) = —qIng—(1—¢)In(1—q), with 0In0 = 0, and let d(¢|[p) = ¢In L+ (1—q) i:g be the relative
entropy between Bernoulli distributions. For 0 < j < n, j is a most likely value of Bin(n, %), which
takes n+ 1 values, so (?) > n%rle”H(j/"), and hence Pr[Bin(n,p) = j| > %e_”d(j/"”p) By Jensen’s

inequality d(qllp) < In (1 + I(,%l_f]);) < ;%1_22), which is §(q — 1)? for p = . Ifalso n > (3 — 7)7%,

thenOSs—Eands—l—Egn,andj:.sjzﬂhas|] %\ £<T—|—* SO

7%n(7+1/n)2 6*%”(T+1/n)2

¢ . DPiZ]>PrNi=s—{]>

Pr[Y] > Pr[No =s+ /] >

n+1 n+1

Hence e~ 3n(r+1/n)? /(n+1) < Ce 2™ for all large n divisible by 3. Taking logarithms, dividing
by n and letting n — oo gives 2¢T < %7’2, ie. c< %7’ = 36204 and 962 < 33.26. O
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Remark 8.63. (a) So the question of [2] has a positive answer for P,=, with polynomial depen-
dence, under every full-support distribution with two uniform marginals (and, by Theorem 8.66
below, under every full-support distribution). The exponent cannot be independent of u: by
Proposition 8.62(a), for u(® with o < Tls the best exponent lies between r1g,/2 > 8a (Propo-
sition 8.81) and log3/log %; both bounds tend to 0 as « — 0 and to % as a — %, and for 7
it is 3 (Theorem 8.55). By Proposition 8.62(b), the exponent of Theorem 8.61(a) has the right
order of magnitude, and by Propositions 8.81 and 8.82 below, the supremum of the exponents
¢ such that every full-support g with uniform marginals and minpy = o < % admits a bound

dist < O, erry, lies in [r180/2,90], an interval whose ends are within a factor £ (Theorem 8.61(a)
1 1

2c 18
the family u(a) does not lower the upper end. The witness for pS" is the standard sharpness ex-
ample for reverse hypercontractivity (compare [21, §3.4]): the third entry of a row is nearly a
function of the second (z; = y; + 1 except with probability 12«), and the tail sets Y and Z give
Prly €Y,z € Z] < e 2™ < (Pr[Y] Pr[Z])(lfo(l))/(ge%‘) as n — 0o, by the displays in the proof. So
the order-« loss in the exponent of Theorem 8.61(a), which comes from reverse hypercontractivity
(Step 3), cannot be avoided. As p! has uniform marginals, the exponents of Theorem 8.61(b) and
of Theorem 8.66 below can be improved at most to 9a (Proposition 8.82). (b) The decomposition
supplies, inside p, independent rows of 7, on which the pairwise independence of Lemma 8.56(a) is
available; Theorem 8.55 handles the restrictions, the pairwise independence turns its square-root
bound into the linear bound on products of Step 2, and reverse hypercontractivity (Step 3) transfers
the conclusion across the correlated v-rows at a polynomial cost. Uniform marginals are used where
the free and the fixed entries of a column must have the same law: in Step 1, so that a restriction
can look like a dictator only at a coordinate i with (51 (i) > %, and in Step 3, for the monotonicity of
D; and D;. They are also used, but only for the constants, in the bound v;; > 9a v;v;, which gives
# = 9a in Step 1 and x = 9« in Step 3; for general marginals one only has v;; > o > a vy, Step
4 holds for every marginal p;, with § replaced by %": if the entries of the j-th column in the rows
of L are replaced by fresh uniform values, then each entry and its replacement have the joint law
ocu®u+(1—o)diag(v;) (u uniform), a symmetric coupling of p; with itself whose Markov operator
T satisfies (¢, T),, = 0(Eug)® + (1 — 0)E,,;¢* > 0 and (¢, (I — T)¢),, = o Var,¢ > %’Varuqu
(as Var,¢ > %(maxqﬁ — min ¢)? and Var,, ¢ < i(max¢ — min ¢)?); applying the resulting spec-
tral gap of T®" to the indicators of the values of f; and using dc < 1 — >, p? < 2dc gives
EyD;(L) > 2@Udc( fj)- Step 5 holds for every full-support p. So for a general full-support y it would
suffice to show that, when 3;(k) < % for all j and k, some f; is within poly(d) of a constant; Steps
1-4 give this when two marginals are uniform. With fewer uniform marginals, the pointer argument
of Step 1 and the monotonicity in Step 3 both fail for the decomposition with 7; indeed D; need
not be monotone when y; is not uniform. The remedy is to decompose p with a distribution 7’ that
shares two marginals with p and is already known to be stable (Lemma 8.64 below). (c¢) The script
neq3_general mu check.py (directory numerics) checks, for random g (general and with uniform
marginals), the decomposition, the bounds K (a,a’) > 6P(a’) used with Lemma 8.59 (6 = 2a, 3a?
and 9«), the inequality of Lemma 8.59 by exact enumeration, the monotonicity of D; and the bound
of Step 4, and Lemma, 8.35 with k = 9« and k = 2¢; it checks both parts of Theorem 8.61 for n = 2
against all 13824 generalized polymorphisms (a weak test: there the bounds exceed the distances by
many orders of magnitude), the inequalities of Step 5 exactly for n < 2, the coupling operator T" and
the bound Er,D;(L) > 22dc(f;) of (b) for non-uniform 4; (exactly for n < 3), an instance where D;
is not monotone, and Proposition 8.62(a) for k& < 3 (the error) and k < 2 (the distance, against all
generalized polymorphisms). The script neq_product_check.py checks the inequality behind Step

2, in the form Pr(f; # u;]dc(fs) < err(f) + Pr[f; # uj](Zl;éj,s Pr(fi # w] +Prlfs = =3, w])

gives the exponent 79,/2 > 4a with the constant 3 - 107a~%/2); as 9a < log3/log -t for a <
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for all constants u; (I # s) and all j # s, exactly: under 7 for all triples with n = 1 (where it
is attained with equality) and for random triples with n = 2, and under 74 (the form used in
the proof of Theorem 8.80) for random tuples with n = 1,2. The script neq3_shift_check.py
checks Proposition 8.62(b): the properties of uS" (exactly); No(y) — N1(z) < D for all row tuples
with n < 4; the bounds on the error, exactly, for n < 36, three values of o and every ¢ < s; the
distance bound for n = 3,6,9 and every ¢ < s against all generalized polymorphisms, i.e. against
the closed-form families (A) and (B), which are complete by Theorem 8.55(a) (with equality in all
six cases); the binomial bounds for three values of o and five values of n for each, up to 18324; and
the constants.

Every full-support distribution. The decomposition in the proof of Theorem 8.61 can be made
with any distribution 7" in place of 7, provided that 7’ is already known to be stable and shares two
marginals with p: then the free and the fixed entries of those two columns have the same law, which
is what Steps 1 and 3 use. For a distribution 9 on P~ with full support write erry, for the error
when the rows are independent samples of ¢, and call ¢ (C, ¢)-stable if for every n and every triple
f of functions on Z% there is a generalized polymorphism g with max; Prw?n [ft # gi] < Cerry(£)©,
where 1, is the ¢t-th marginal of ¢ (for n = 0 the functions are constants, and the condition holds
whenever C' > 1). Thus Theorem 8.55(b) says that 7 is (4-107, 1)-stable, and Theorem 8.61(b) says
that v is (3 - 107a%/2, %)-stable if two of its marginals are uniform. As erry, <1, a (C, c)-stable
distribution is (C4, ¢1)-stable whenever C; > C and ¢; < c.

Lemma 8.64 (Transfer). Let u and ©’ be distributions on P = with full support such that, for some
j # 1, the j-th marginals of p and 7 coincide and so do their I-th marginals. Let 0 < a < minp
and 0 < @’ <minn’, and suppose that ' is (C', )-stable, where C' > 1 and 0 < ¢ < 1. Letr =r,
and r’ = ryq (Lemma 8.35; note 2a < §), 0 = min(2d/, %), 6; = 0/CHY and K = C' + % Then
w is (C,c)-stable with
1 1
C = max (5+ jKr/2, —S)
a a

drr’

1
Proof. Permuting the coordinates preserves P,=, so we may assume {j,[} = {1,2}. Let a =
min g > a, and let f be a triple with err,(f) = ; note ¢ < 1. If § > a'/16, every generalized
polymorphism is within 1 < 16d/a* < 16a=%6¢. If § < a*/16 and Bi(k) > % for some ¢t and k,
Lemma 8.60(a) gives g with dist(f,g) < 36/a* < 16a16°. So we may assume that B;(k) < 1 for
all ¢ and k.

The decomposition. Let 0 = § and v = (u —on’) /(1 — o). As on’ < § < &, v is a distribution
on P/= with v > § > ¢. For t € {1,2} its t-th marginal is vy = (u — om;)/(1 — 0) = pe. As
every pair has two completions, the law v9 of the first two entries of a v-row satisfies v13(u,v) >
a > avi(u)ra(v). Choose L, p and f/? as in the proof of Theorem 8.61, with 7’ in place of 7:
each i is in L independently with probability o, the rows in L are independent samples of 7/ and
those outside are independent samples of v, so that the rows are independent samples of u. Given
L and p, f& is a triple of functions on Z% with error 6(L, p) := err (£5°); let 61, = E,6(L, p), so
ErdL = 0. For ¢t € {1,2} the entries of the ¢-th column have law p; both inside and outside L (as
T = v = ), 50 pr ~ pPL; below, de of a function on Z% obtained from f; refers to uPt = 7/®L.

Step 1: restricted dictators are rare. For t € {1,2} let P(p:) = @ if fi(-, pt) is O-close to a
function kw; + d with i € L, k € {1,2} and d € Z3, and P;(p;) = L otherwise. Each value has
probability at least 6a’ under =, as it is the t-th entry of six elements of P~=. Hence two distinct
functions of this form differ with probability at least 124’ > 26 (for the same i they differ at at
least two values of w;; for i # i’ each value of w; agrees with at most one value of w;, so they

agree with probability at most max, m;(v) < 1 — 12d’), so ¢ is unique; and rKw; + d differs with

CcC =
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probability at least 6a’ > 26 from every function with at most two values. If Pi(p1) # Pa(p2),
then no generalized polymorphism is #-close to f/*? under the marginals of 7’: one of type (B)
with coordinate ¢ would give P;(p1) = P2(p2) = i, and in one of type (A) the first two functions
take at most two values each, which would give P(p1) = Py(p2) = L. As «’ is (C', d)-stable,
C'§(L,p)¢ > 6, ie. 6(L,p) > 6. By Markov’s inequality, Pr,[Pi(p1) # Pa(p2)] < 01/d1, and by
Lemma 8.59 for the first two entries of a v-row, with a in place of the parameter 6 of that lemma
(as v12 > awvivs), and the argument of fact (ii) in the proof of Lemma 8.60,

207,

de( P, < =,
c(Pi(p1)) <L v

Suppose 0y, < % and the most likely value of Pj(p1) is some i € L. Whenever Pi(p1) = i, the

function fi(-, p1) differs from some sw; + d only on a set S with u®%(S) < 6. For w" € Zg\{i},
if u— f1(u,w”, p1) is not a bijection, then the line {(u,w”) : u € Zs} meets S, at a point whose

conditional probability given the line is at least min 1 > 6a; so for w” ~ u?(L\{i}) this map is
a bijection except with probability at most 6/(6a) < 5. Since (W, p1) ~ ,u?([n}\{z}), this gives

B1(i) > B (1 —nL) > 3, contrary to our assumption. Hence Pr,[Pi(p1) # L] < np if nr < %, and
Pr,[Pi(p1) # L] < Tnr in all cases.

Step 2: two nearly constant restricted functions. If Py(p1) = L and 6(L, p) < 41, the stability of
7’ gives a generalized polymorphism within C'§(L, ,o)c/ < @ of f&r. Tt is not of type (B), as its coordi-
nate would be Py(p1); so it is of type (A), and two of the three functions of f%*, one of them fi (-, p1)
or fo(-, pa), are C"6(L, p)°-close to constants. Hence m(L, p) := min (de(f1(-, p1)), de(fa (-, p2))) <
C'é(L, p)cl in this case, and m < 1 always. By Step 1, Markov’s inequality, Jensen’s inequality and
o1, < 8%,

! 5 /
E, m(L,p) < C'8§ +Tni + (TL < K65.
1

Step 3: reverse hypercontractivity and Harris’s inequality. Let Dy(L) = E, dc(fi(-,ps)) for
t € {1,2}. Lemma 8.35 for the independent pairs (p1,, p2.), ¢ ¢ L, with law v12 and k = a, gives
Di(L)Dy(L) < K"65", exactly as in Step 3 of the proof of Theorem 8.61, now with ® = de(f1(-, p1))
and ¥ = dc(fa(+, p2)), which take values in [0,1], so that ®¥ < min(®, V) = m(L, p). There the
monotonicity of D; in L used only that the free and the fixed entries of the j-th column have the
same law; here both have law u;, so D1 and D» are nondecreasing in L. By Harris’s inequality and
Jensen’s inequality, Er,D; (L) - Ex,Dy(L) < K6

Step 4: noise. Let t € {1,2}, let U be the ¢-th column, and let U” be obtained from U
by replacing its entries in the rows of L by fresh independent samples of ;. The pairs (U;, UY)
are independent with law o py ® py + (1 — o) diag(pe), whose Markov operator (1 — o)l + oE,,,
has the eigenvalue 1 on constants and 1 — ¢ on their orthogonal complement. As in the proof of
Lemma 8.59, Pr[f;(U) = f:(U")] < 1— 0+ omax, Pr[fy = v] =1 —odc(f;). Given L = L and
pt, the probability that f;:(U) # f;(U”) is 1 — >, p2 < 2de(fi(-, pt)), where p, = Pr[fi(-, pt) = v].
Hence Ex, Dy(L) > Zdc(f;) = $de(f).

Conclusion. By Steps 3 and 4, some t € {1,2} has dc(f;) < € := Ep0¢"/?, where Ey = %KTﬂ.
Step 5 of the proof of Theorem 8.61 holds with « replaced by a (Lemma 8.35 applies with x = 2a,
as fim > 2 > 2a pfhm), so a second index has de < 2(6 + 5)7"//2, and, as in the conclusion of
that proof, some g of type (A) has dist(f,g) < § + 2¢”, where ¢’ = max (,2(6 + €)T//2). Since
c < 0/77" < 1, we have § < §¢ & < Epo¢ and 2(6 + €)T//2 < 2(1+ E())T//Zéclwl/4 < 2(1 + Ep)dc. So
dist(f,g) < (b + 4FEy)dé¢ < Co°. O

To apply Lemma 8.64 we connect p to a distribution with two uniform marginals by distributions
that share two marginals at each step.
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Lemma 8.65 (A chain of marginals). Let pu be a distribution on P,~= with full support and o =
min p. There are distributions my,m2, 73 on P/~ with minm; > &, minmy > % and minm3 > &
such that 71 has the second and third marginals of u, o has the first and third marginals of w1, 73

has the second and third marginals of wa, and the first two marginals of w3 are uniform.

Proof. The completions of a pair (u,v) of entries in two columns to an element of P= are the two
values different from —u — v. Let 1 be a distribution on Z?,), regarded as the law of the entries in
two columns [, m, and let j be the third column. For e € Zg let T, = ¢ ({(u,v) : u+ v = —e}) and
se = 1 — T, the mass of the pairs that e completes; so > 7T, =1 and ) _ s, = 2.

Claim. If d is a distribution on Z3, 0 < ¢ < 1 and §s. < d(e) < (1 — §)s. for all e, then there
is a distribution ¢’ on P = whose law in the columns I, m is ¥, whose j-th marginal is d, and such
that ¢'(p) > 59(pi, pm) for all p € P=.

Indeed, let d = (d — $5)/(1 —¢€); then ), dle) =1 and 0 < d(e) < s, = 1 —T.. Put
7 = max (0,d(1) — T»,Tp — d(2)) and

rol1 =T, o2 = To—T, Io1 = J(l)—T, Tog = TQ—J(1)+T, Tr10 = 1—62(2)—T2—7’, T2 = J(?)—TO—I-T.

Then Za# Teq = T, for every e and Z#a Teq = J(a) for every a, and all x., are nonnegative: each
of the nine inequalities between one of the three lower bounds and one of the three upper bounds for
7 implicit here reduces tod > 0, T >0, 3", d(a) = 3., T. = 1 or d(a) < 1—T,. (This is the supply—
demand theorem for three suppliers, supplier e being excluded from consumer e.) For p € P~ with
pj = a and (p;,pm) = (u,v), so that e := —u — v # a, let ¢¥/(p) = P (u,v)(§5 + (1 — €)2ea/Te), and
¢'(p) = 0 if ¢(u,v) = 0. The two completions of (u,v) get total weight ¥ (u,v)(e+ (1 —¢)T./T.) =
¥(u,v), and the j-th marginal of ¢’ is §sq + (1 —€) >_.,, Tea = d(a). This proves the claim.

Each value has probability at least 6« in each marginal of u, and every pair law of u is at least
2a. Let mg be the third marginal of p.

71. Apply the claim to ¢» = pg3 (columns 2,3, and j = 1), with ¢ = % and d = m/, where
m}(a) = min(3,s,)/Z and Z = Y, min(2,s,). As Z is a concave function of (so, s1,s2) on the
polytope {> .sec = 2, 0 < s, < 1}, whose vertices are the permutations of (1,1,0), we have
Z > %; also Z < 2. Hence % < % < %min(%,sa) < mf(a) < %min(%,sa), so the claim applies,
> iuzg > g, and m/(a) < % for all a.

m. Let 71,13 be the law of the first and third entries of a mi-row, and v =
a distribution on Z% with marginals m} and mg and with v > %Wng > % -2

m’l @ ms + %71'1713,
v({(a,c) : a+c=—=b}) < Zmax,mj(a) + § < 5. So with ¢ = 7 (columns 1,3,

5

6

g = §. For each b,
1,3, and j = 2) we
4

have s, > %, and the claim applies with € = % and d uniform, as %sb < % <z % < %sb. So
T > %7 > ;‘—0, its first and third marginals are m) and mg, and its second marginal is uniform.

m3. Let Qp be the uniform distribution on the six elements (1,1,0), (2,2,0), (0,1,0), (0,2,0),
(1,0,0), (2,0,0) of P/=; its first two marginals are uniform. For ¢ € Z3 let (). be the image of
Qo under (a,b,0) — (a — ¢, b,c), which preserves the sum of the entries; so Q. is a distribution
on P,= with uniform first two marginals and third entry c. As m3 > 6a and 9a < %, mg =
(m3 —3a)/(1 — 9a) is a distribution on Z3, and

m3 = (1 — 9a) Zm;;(c) Qc+9am

has uniform first two marginals, third marginal (m3 — 3a) + 3a = m3, and 73 > 9a/18 = §. [
Theorem 8.66 (Every full-support distribution). Let pu be a distribution on P = with full support
and o = min p. Then p is (Cy, cq)-stable, where

ad

1
- _ 1.2-10" 091 —).
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That is, for every n and every triple £ of functions on Z§ with err,(f) = & there is a generalized
polymorphism g with dist(f,g) < Cnd%, distances being measured under ,u?”

Proof. Let m,m2,m3 be as in Lemma 8.65, + = 1/a > 18 and £ = Inz. As min73 > § and
the first two marginals of w3 are uniform, Theorem 8.61(b) shows that w3 is (C3, c3)-stable with
C3=3-107(22)%? and c3 = 6%042 < %(min 73)2. We apply Eemma 8.64 three times, using r, > 5
and ro, > a, so that the exponent is multiplied by at least % at each step:

(i) to ' = w3 and the distribution 7y (common second and third marginals), with a = 55 and

2
! a. 3 3 — 3o,
a' = §: my is (Cy, c2)-stable with co = 255
(ii) to 7' = 7 and 7 (common first and third marginals), with a = § and o’ = g5 71 is

(C1, ¢1)-stable with ¢; = 0?32;

(iii) to 7’ = m and g (common second and third marginals), with ¢ = o and o’ = §: pu is

2
: _ o __ 9 8 _
(C, ¢)-stable with ¢ = A = 0393 = Ca-

For the constants: in Lemma 8.64, 61 < 6/C’ < 1/C’, so K < (14 1)/6;; and r, < 2a, as
1—+/1—a <a. Hence

17 16 1 InC'+1In(1/6

lnCﬁmax(ln——i—aan, ln—), ln—zLﬂ(/).

a at 01 c
The lower-order terms are absorbed as follows; two of these inequalities have little room at x = 18,
and all of them are checked on a grid of = € [18,10'°] by numerics/neq all constants_check.py.
In each case the difference of the two sides is increasing in x > 18 (the side that is linear or
polynomial in x has the larger derivative), so it suffices to check x = 18.

/

(i) a = 3096 0 =gz ¢ =c3 = 64% and InC3 = In(3 - 107 - 23/2) 4+ 1.5¢ < 18.26 + 1.5¢, so
In L < %4(18.26+1n60+2.50)2 < (159+17.780)2 and aIn K < 2080 4 (5.3.40.5027¢)z.
Hence

In(1 + 450x)

lng+aan§6.24+€+
a 30x

+ (5.3 + 0.59270)z < (5.65 + 0.650),

as 6.24 + ¢ + 2IH0T) < (035 1 0.05730)z (at @ = 18: 9.148 < 9.281; the left side has
derivative at most 15, the right side at least 0.57). Also In % =In16+41n(30x) < 16.38+4¢ <
(5.65 + 0.650)z. So In Cy < (5.65 + 0.65¢)z.

i _ 1 1 v_ — 1
(ii) a=5;, 0 =155, ¢ = c2 = zyg5p.7> 50

1
In = < 51200((5.65 +0.65¢)x +In 15+ ()a! < (2.97-10° +3.62 - 10*0)2”
1

as 51200-5.65 = 289280, 51200-0.65 = 33280 and 51200(In 15+¢) < (7720+2920¢)x (at = = 18:
286639 < 290878; derivatives at most 2845 and at least 19079). Then In %—i—aan < In(34z)+
In(1807) 4 (1.485-10941.81-1040)2* < (1.49-10741.81-10%0)2%, as 3.534 £+ 20D < 50054,
and In % =In16 + 41n(27) is smaller. So InC; < (1.49 - 10° + 1.81 - 10*¢)x*

PN _l _L / _ 1
(ili) a = 3, 0 = 55, ¢ = c1 = [gzg40050+ SO

1
In— < 1638400((1.49 - 10° + 1.81 - 10%)z* + In2 + £)2® < (2.442 - 10M + 2.966 - 10'°¢)2"°
1
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as 1638400-1.49-10° < 2.4413-10', 1638400-1.81-10% < 2.9656 - 101° and 1638400(In2+¢) <
(7-107+4-105¢)z%. Then In X +aIn K < In(172)+ 2H52) | (94421011 42.966-10100)2° <
(2.45-10'+2.97-10'%¢)2?, and In 1$ = In 16+4¢ is smaller. Finally (2.45-10''4-2.97-101°0)2° <
1.2- 10429 iff 2.45 - 101 < 9.03 - 10'9¢, which holds as £ > In 18 > 2.89.

O

Remark 8.67. (a) Theorem 8.66 answers the first question of [2, Section 9] for P,=: under every
full-support distribution, approximate generalized polymorphisms are close to exact ones, with poly-
nomial dependence. By Proposition 8.62 the exponent must depend on u, and by Proposition 8.82
no exponent larger than 9a holds for every full-support g with min u = . The exponent ¢, and
the constant C,, are far from optimal; for distributions with uniform marginals, Theorem 8.61(a)
gives the exponent 79,/2 > 4o with a moderate constant, which is of the optimal order « for this
class, and Proposition 8.81 gives every exponent below r1g,/2 > 8«, within a factor % of the upper
bound 9« for this class (and every exponent below 32a? when only two marginals are uniform).
(b) Some intermediate distributions are needed, as Lemma 8.64 requires two common marginals
at each step. For instance, a distribution on P~ with uniform first marginal and the second and
third marginals of p need not exist: if y is close to the point mass at (0,0, 1), its second and third
marginals are close to the point masses at 0 and 1, while a row (a,0,1) € P,= has a € {0,1}.
Lemma 8.65 first replaces the first marginal by m} < %, which leaves room to make the second
marginal uniform, and only then makes the first marginal uniform. (c¢) Theorem 8.61(b) is close to
Lemma 8.64 with 7/ = 7, which is stable by Theorem 8.55(b). The differences are the constants,

the parameters and Step 2: there o = 9a (as 7 < Tls) and reverse hypercontractivity is applied

with x = 9, which uses the uniform marginals, while Lemma 8.64 has o = § and x = a; and Step
2 there bounds the product of the two distances to constants, using the pairwise independence of
the columns under 7, while Lemma 8.64 bounds only their minimum. So its exponent r,r9,/8 (for
a = «) is smaller than r9,72,/4 by a factor of about 18. (d) The script neq3_transfer_check.py
(directory numerics) checks Lemma 8.65 in exact rational arithmetic for 1989 distributions, among
them distributions near each point mass, near two- and three-point distributions, and with one or
two nearly degenerate marginals: the transportation solution, all marginals, and the bounds on
min 71, min g, min s (the smallest observed ratios to a are %, % and 1). For the three steps of
the proof of Theorem 8.66 it checks the decomposition of Lemma 8.64, the common marginals, the
hypotheses of Lemma 8.35 with kK = a and K = 2a, and Lemma 8.35 itself by enumeration. It
checks the monotonicity of D; and the bound of Step 4 when the free and the fixed entries have
the same non-uniform law, and the facts about xw; + d and the bijection bound used in Step 1,
exactly for n < 3; and it checks the arithmetic of Theorem 8.66 for a € [10712 %]

The second question of [2, Section 9] asks, for Boolean predicates, for the additional guarantee
that g; = g, whenever f; = f; and pu; = py. For P/~ this guarantee follows from Theorem 8.66
by the routine argument that [2, Section 9] give for the predicate {(a,b,a Ab)} (replace a function
close to a constant by that constant), and for polymorphisms with p; = pe = pg the dependence
becomes linear; under 7 the sharp constant is %

Corollary 8.68 (Equal functions and polymorphisms). Let p be a distribution on P= with full
support, o = min pu, Co and co as in Theorem 8.66, and err,(f) = 0.

(a) If pj =y and f; = fi for some j # 1, then there is a generalized polymorphism g with g; = g
and dist(f,g) < 2C,0% . If moreover n > 1, 1 = po = pus and f1 = fo = f3, then g can be
taken with g1 = g2 = g3. So g; = g1 can be achieved simultaneously for all pairs with p; = [y
and f; = fi (these pairs are the pairs of an equivalence class).
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(b) A function h : Z§ — Zs3 is a polymorphism of P =, i.e. (h, h,h) is a generalized polymorphism,
iff h = kw; +d for some i € [n|, k € {1,2} and d € Z3z. In substance this is due to Greenwell
and Lovdsz [14] (see also [1]): the triple (x,y,y) is a row of P = in every coordinate iff x; # y;
for all i, and then h(x) + 2h(y) # 0 iff h(x) # h(y); so h is a proper 3-colouring of the n-th
direct power of K3, hence h = p(w;) for a permutation p of Zs, and every permutation of Zs

s affine.

(¢c) Let n > 1. If py = po = pz =: v and f1 = fo = f3 =: h, then Pryen[h # rw; +d] < K0
for some i, k and d where K,, = (Co/a)Y%. For p=m and § < 10~ the bound holds with
K6 replaced by 5= 125

(d) For = m the constant 2 in (c) is sharp: if n > 2

s =Pr[E] <} and h = wy + 1, then erx(h, h, h)_: 35

all i, k and d, with equality for wy.

E C Z7% is determined by wa, ..., wny,
(1-— ) while Pr[h # kw; + d] > s for

Proof. Throughout, Pr, stands for Pr,e.. We use three facts. First, by Theorem 8.55(a) every
generalized polymorphism is of type (A) or (B). Second, if f; = f; = h, p; = p =: v and
Pr,[h # gj],Pru[h # g] < n < %, then Pr,lg; # g < 2 < 1; in particular, g;, ¢, are not
two distinct constants, and if g; = kwy + d; and g = kwy + d;, then d; = d;, since two such
functions with d; # d; differ everywhere. Third, if fi = fo = f3 =: h, p1 = p2 = p3 =: v and
dist(f,g) <n < % for a generalized polymorphism g, then g is of type (B) and g1 = g2 = ¢3. Indeed,
if g were of type (A) with constants u,v at positions a, b and a function g. avoiding —u — v, then
u = v by the second fact, so g. # —2u = u everywhere, and 1 —n < Pr,[h = u| < Pr,[h # g.] < n,
which is false. So g is of type (B), and g; = g2 = g3 by the second fact.

(a) Let g be given by Theorem 8.66 and n = dist(f, g) < C,d°; write h = f; = fi, v = puj = ,
and let m be the third index. If n > %, the type-(A) triple with g;. = g; =0 and g;, = 1 satisfies
dist(f,g') <1 < 2n. Let n < % If g is of type (B), then g; = g; by the second fact. Let g be
of type (A), with constants u, v at positions a,b and a function avoiding —u — v at position c. If
{7, 1} = {a, b}, then u = v by the second fact, so g; = g;. Otherwise one of j,[ is ¢ and the other,
say a, carries the constant u; by the second fact g. takes the value u, so u # —u — v, i.e. v # u (as
—2u = u). Then g’ with g/, = ¢, = u and g, = g, = v is of type (A) (its entry at position b, the
constant v, avoids —2u = u), ¢} = g;, and dist(f,g') < 5, because Pr,[h # u] < 7 is the distance
at both positions @ and ¢. Now let n > 1, 1 = po = ug and f1 = fo = f3. If n > %, the triple
(w1, wy,wy), of type (B), is within distance 1 < 2n; if n < %, then g1 = g2 = g3 by the third fact.
Finally, the pairs {j, 1} with p; = p; and f; = f; are the pairs of an equivalence relation on {1, 2, 3},
so there are none, exactly one, or all three of them.

(b) Every kw; +d is a polymorphism, since (kx; +d) + (ky; +d) + (kz; +d) = k(x; +yi +2;) # 0.
Conversely, let (h,h,h) be a generalized polymorphism. It is not of type (A): then h would be a
constant u and the third entry h = u would avoid —2u = u. So it is of type (B), h = kw; + d; for
j = 1,2,3, and d1 = dg = d3.

(¢) Let g = (a/Cy)V/ = K, '. As Cq > 1 and ¢, < i,
then K,0 > 1 and there is nothing to prove. Let d < dg, so C 0% < «, and let g be given by
Theorem 8.66: dist(f,g) < a < % By the third fact g is of type (B), with some coordinate k. By
Lemma 8.60(b) (note § < a*/16) there is g’ of type (B), g] = kwy, +d;, with Pr, [h # gl] <36/at <

for I =1,2,3. By the second fact dy = do = d3 =: d, and Pr,[h # kwy +d] < 36/a* < K6, as

=05 > 16/at.

For p=mand 6 < 1071%, Theorem 8.55(b) gives g with dist(f,g) < 3v§ < L, which is of
type (B) by the third fact (with = 3v/9), and Theorem 8.55(d) (note § < 8 - 107°) gives g’ of

So < o® < at/16. If 6 > &,
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type (B) with > . Pr[h # gj] < 30. By the second fact the g; are equal, say to p = rw; + d, and
s := Pr[h # p|] < §. The first inequality of the display in the proof of Theorem 8.55(d) uses only
that g’ is of type (B) (not the bound 6;- < 8829); for the triple (p,p,p), which is of type (B) as
3d =0, it reads § > %s —6s2. As s < §, this gives § > s(% —60), i.e. s < %.

(d) Let S = 21 +y1 + 21 and N = 1g(z) + 1g(y) + 1g(z). Then S is uniform on {1,2}
(each nonzero value is the sum of 9 elements of P~=) and independent of N, which depends only
on rows 2,...,n, and h(z) + h(y) + h(z) = S+ N. Let p, = Pr[N = t]. Any two columns are
independent and uniform (Lemma 8.56(a)), so EN = 3s and E(g) = 3s?, i.e. p1 + 2pa + 3p3 = 3s
and ps + 3p3 = 3s%; hence p1 + po = 3s — 352, As S # 0, a failure needs N € {1,2}, and given such
N it has conditional probability 5. So err = §(p1 +p2) = 3s(1 — s). Finally Pr[h # wi] = s, and
every other kw; + d agrees with wy with probability at most %, so it differs from h with probability
at least%—szs. O

So for polymorphisms under 7 the supremum of the possible distances at error at most d (over
all n) is (2 + 0(0))d as 6 — 0. By (c) it is at most 3_27?25. By (d) it is at least s, the smaller root
of 25(1 — s) = 4, because s in (d) can be any multiple of 31" in (0, 3] and these are dense; and

S5 = 3(127—685) > 25. The script neq3_poly_check.py (directory numerics) checks (b) for n < 2 by

exhaustive search (6 and 12 polymorphisms); the error formula and the distance claim of (d) for
2 < n <4 by exact enumeration, for £ = {ws = --- = w,, = 0} and for random sets E determined
by wa, ..., wy,; and the inequality 6 > %s — 652 of (c), for every p = kw; + d, all h with n = 1 and
random h with n = 2, 3.

More summands. For m > 3 let Pﬁm) =={acZf:a1+ - +anyF#0}, so P}S) == P~ and

let m,, be the uniform distribution on P — As for m = 3, no coordinate is flexible (changing
aj to — Zl# a; leaves the predicate), so [2, Theorem 1.10] does not apply. Let cy,...,c,, be the
columns of n independent samples of my,, err(f) = Pr[3_; fj(c;) = 0] for £ = (f1,..., fmm), and
dist(f,g) = max; Pr[f; # g;] under the uniform measure; generalized polymorphisms are the g
with err(g) = 0. A tuple g is of type (A,,) if for some b the functions g;, j # b, are constants u;
and g never takes the value — Z#b uj, and of type (By,) if g; = kw; +d; for all j, with k € {1,2},
a common ¢ € [n] and ), d; = 0. Both are generalized polymorphisms; for (By,) the sum is « times
the sum of row i.

Lemma 8.69. Let m > 4.

(a) Any m —1 of the columns are independent and uniform on Z%. Given c; (for any j), the row
sums S; =Y, €14, 1 € [n], are independent and uniform on {1,2}.

(b) Let a,b,c € [m] be distinct, R = [m]\{a,b,c} ands =3, pc;. Then the columns c;, j € R,
are independent of (cq + S, Cp, Cc), which has the law of the three columns of n independent
samples of 7.

Proof. The rows are independent, so it suffices to consider one row (yi,...,Ym) ~ Tm. (a) Any
m — 1 entries can be completed to an element of P — i exactly two ways, so they are uniform.
Given y; = t, the other entries are uniform on the tuples whose sum is not —¢; the sum of a uniform
tuple in Z%"~! is uniform, so given y; = ¢ the row sum is uniform on {1,2}. (b) The map that adds
> jerYj to the entry y, and leaves the other entries unchanged is a bijection of Z5', and it maps
P}m) = onto {¢' : y,, + yj + vy, # 0}, which is P= in the coordinates a,b,c times Z&. So it maps
Ty to the product of m and the uniform distribution on Z?If. O
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Theorem 8.70 (m summands). Let m >4 and &, = min{5- 10716 (6+/2(m — 1))7*}.
(a) Every generalized polymorphism of Pﬁm) = is of type (Am) or (Bp).

(b) For every n and every f with err(f) = § there is a generalized polymorphism g of type (An,) or
(By) with dist(£,g) < om'/*V/3, and with dist(f, g) < V6+(2+12(m—1)2)8 < (14+2m Y45
if 6 <.

(¢c) The constant 1 in (b) is optimal: if E C Z% has Pr[E] = n < %,
fm-1 = 1g and fn, = 1+ 1g, then err(f) = 7? and dist(f,g) >
polymorphism g.

fi==fma2=0,
n for every generalized

(d) Near (Bn) the dependence is linear: if § < 6, and dist(f,g) < & for some g of type (By,),
then 3, Pr(f; # g;] < 30 for some g’ of type (Bm).

Proof. Let 6§ = err(f) < 8, 0 = 3v/0 and &; = dc(f;). As 6 <5-10716 and 6v/2(m —1)6"/* < 1, we
have § < 7 and (m —1)§ = 3(m — 1)6t/4.51/4 < 151/4 < L Recall that a function kw; + d differs
from every constant with probability % and from every other function x'w; + d’ with probability
at least %; so a function that is 6-close to some kw; + d is 0-close to no other such function, and its
distance to the constants exceeds 6.

Step 1: triples. Let a,b,c € [m] be distinct and R, s as in Lemma 8.69(b). For w = (wj);er
put s(w) =3 ;cpw;, K(w) =3k fij(w)) and F¥(z) = fo(z — s(w)) + K(w). Then }; fi(c;) =
F¥(cq +s) + fo(cp) + fe(ce) for w = (c;)jer, so by Lemma 8.69(b), § = Ed(w), where §(w) is
the error of the triple (F“, fy, fc) for P/= under m. Choose w with d(w) < §. As § < 10715
Theorem 8.55(b) gives a generalized polymorphism (ga, gs, 9c) of P,= of type (A) or (B) with
Pr[F" # ga],Pr[fy # o), Prlfe # gc] < 3\/0(w) < 0. Note that dc(FY) = g, since x — s(w) is
uniform when x is. Hence, for every pair b # c: either f, and f. are f-close to kw; + dp and kKw; +d.
for some k, i, dy, d. (type (B)), or d, < 6 or 6. < 6 (type (A): two of ga, gs, g are constants, and
one of them is g, or g.).

Step 2: if 0p,0. > 0 for some b # ¢, then f is close to type (B,,). By Step 1, f, and f. are
f-close to kw; + dp and kw; + d.. Let j ¢ {b,c}. If §; < 6, apply Step 1 to (a,b,c) = (j,b,c): then
F™ is #-close to a constant and fp, f. are not, so the triple (g;, g, gc) is neither of type (A) (two
constants) nor of type (B) (F" would be #-close to some £'wy +d'), a contradiction. So §; > 6, and
Step 1 for the pair {b, j} shows that f;, and f; are 6-close to k'w; +d' and x'w; + d;; by uniqueness
(',4',d") = (k,i,dp). Hence every f; is f-close to g; := rkw; + d;. Here >_. g;(c;) = £S; + 3, d;,
where the row sum S; = >, ¢;; is uniform on {1, 2} (Lemma 8.69(a)); if 3 _, d; # 0, then err(g) = :
and & > % — m#, which is false. So g is of type (B,,). Let 5} = Prf; # g;] <0, E; ={f; # 95}
and ej = f; — g;. On the event that ¢; € E’ and ¢; ¢ Ej for all | # j, the sum >, fi(c;) equals
ej(cj)+xS;. Given cj, S; is uniform on {1, 2}, so Pr[c; € EY, ej(c;)+rS; = 0] = %(5}-, and removing
the events {c; € Ej}, | # j, costs at most d; >, §; by pairwise independence. These m events are

disjoint, so
1 1 1
625D =D Y 0= (5 m=-1)8) Y0 =334 (15)
J J I#j J J

Step 3: otherwise f is close to type (A, ). Suppose that §; > 6 for at most one j; relabel so
that 0; < 6 for j < m. Let 7 be a number with 2(m —1)0 < 7 < ﬁ. Let u; be the most likely
value of f; (j <m), U =3, uj, A =36 < (m—1)0 < 3, p;(t) = Pr[f; = u; +1],
ry = Pr[fm = v] and r* = r_y. The event that f;j(c;) = u; for all j < m and fp(cp) = —U,
and for each j < m the event that fj(c;) = u; +t # u;, fi(c;) = w for I < m, | # j, and
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fm(cm) = =U — t, are disjoint failures. By pairwise independence their probabilities are at least
r*(1—A)and 3, pj(t)r—v—t — §;A, so

0> (1—=A)yr*+ Z ij(t)r_U_t — A%, (16)

j<m t#0
Case (a): r_yy1,7—v4+2 > 7. Then the double sum is at least 7A, and as A < § < 16, (16)
gives § > %—27‘* + 5A. Let g; = u; for j < m, and g, = fi except that g, = —U + 1 where

fm = —U; g is of type (A;,) and dist(f, g) < max(A,r*) < 2§/7. Case (8): otherwise. If r* > 7,
then § > (1 — A)r* > 157’ If r* < 7, then f,, takes some value u,, # —U with probability more
than 1 — 27, so d,, < 27‘ and all §; are at most 27 (as 6 < 7). Let 0 =3, uj = U + upm # 0,
and for each j € [m] let D; = {fj =uj — o}, Aj = {fj = uj + o}, Mj = {f; = u}, p} =
Pr[D;] and p; = Pr[4;], so §; = pj + pj. The events {Dj(c;), M(c;) VI # j} (j € [m]) and
{A; (cj) Al(cl) My (ck) Yk ¢ {j,1}} (j < 1) are disjoint failures (the sums are o — ¢ and 30).
As any three columns are independent (Lemma 8.69(a), m > 4), their probabilities are at least
pj(1— 2(m —1)7) and pjo.pf(l — 2(m — 2)7). Hence, if ¢ is the second largest of p3,...,py,,

5> (1-2(m (ZpJJerjpl) (1—2(m (ij-i-q)

j<l

Let jo be an index at which pj  is largest, g; = u; for j # Jjo, and gj, = fj, except that g, = u;, on
Dj,. Then gj, never takes the value uj, —o = =3, ., u;, so g is of type (A,), and dist(f, g) <
2P ta<d+ V& with 6 =6/(1 —2(m — 1)7).

Conclusion. If § = 0, then 6 = 0; take 7 = ﬁ. Step 2 gives f = g by (15); in Step 3, 6 > 167’ is
impossible and the other bounds are 0. So f is of type (A;,) or (By,), which proves (a). If 0 < 0 < 0y,
take 7 = 2(m—1)0 = 6(m—1)v/9; this is allowed, as 6(m—1)5/* < % soT < 51/4/\f 2< ﬁ <

L. Step 2 gives dist(f,g) < 35. In Step 3, 167 > 1616 > 6, so the alternative § > T is impossible;
Case (@) gives 26/7 = V/§/(3(m — 1)); and in Case (8), with x = 2(m — 1)7 = 12( —1)2V/6 < :
(as V0 < 5 < (72(m—1)?)"1), we have (1 —z)~' <2 and (1—z)"/2 < 1+, so the bound is at
most 20 + (1 + )V = V6 + (24 12(m — 1)?)8. As 36 and v/5/(3(m — 1)) are smaller, this proves

the second bound in (b). Moreover (2 + 12(m — 1)?)6%/* < %ﬂ <V2(m—1)+ 1 < 2m,

so this bound is at most (1 + 2mdéY/*)V/§; and (2 + 12(m — 1)?)V/d < 2+12 m1)12) < 1, so it is at
most 26 < 57}1/2\/3. If § > 6, the tuple (0,...,0,1), which is of type (Am), is within distance
1< 6,"/%\/5. This proves (b).

(c) A failure needs 1g(cp_1) + 1+ 1g(cyn) = 0 (mod 3), ie. ¢p_1,¢m € E, so err(f) = n?
by Lemma 8.69(a). If g is of type (B,,), then Pr[f; # ¢1] = % > n. If g is of type (Ay,), then
Jm—1 O g, is a constant, and 1g and 1 + 1g differ from every constant with probability at least
min(n, 1 —n) =n.

(d) Each f; is E close to some kKw; + dj, so §; > % — % > 0 for all j. So Step 2 applies and

15

gives g’ of type (B,,) with > . Pr[f; # ¢;] < 36 by (15). O

Remark 8.71. (a) With Theorem 8.55, the predicates P(m) =, m > 3, all have the optimal exponent
5 and the sharp constant 1 under the uniform dlstrlbutlon For m > 4 the bound in (b) is

\f 5 4+ O(m?$), while Theorem 8.55(b) gives (1 + O(6/8))v/§ for m = 3. The difference comes
from Step 1, which obtains the distance § = O(v/§) directly from Theorem 8.55(b) and so allows
the threshold 7 = 2(m — 1)6 in Step 3; the independence of any three columns only removes the
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three-wise term X of Case () of the proof of Theorem 8.55. In (d) the constant 3 can be replaced
by 1%65, as for m = 3: for the g’ of (d), S =3, Pr[f; # g;] < 39, and the first inequality in (15),
which holds for every tuple of type (B,,) in place of g, gives § > % - 52> (% —30)S (the second
2 The constant 2 is optimal: changing one function

ot 1v5)"
of a tuple g of type (B,,) on a set E of measure n < % gives error exactly 4 (off E the sum
> [i(cj) is S; # 0, and given the changed column, the row sum S; is uniform on {1,2}), while
> Prlf; # g;] > n for every g’ of type (By,), as for m = 3; for n < 24, this tuple satisfies the
hypotheses of (d). (b) Part (a) can also be reduced to the case n = 2 by [10, Theorem 1.3], as
for m = 3; we do not need this, since (a) follows from (b). (c) Other full-support distributions u

inequality, with 0 = 3v/8, gives

on P™ =, m > 4, are not covered by the reduction above: given the columns in R, the rows of
(ca + 8, ¢p, Cc) are independent but not identically distributed, so Theorem 8.66 does not apply to
them directly. They are treated by a decomposition of p in Theorem 8.78 below, which uses the
following extension of Lemma 8.60(a), with err,, dist, 8;(k) and dc defined as for m = 3 (before
Lemma 8.59). First, Lemma 8.60 holds for P}m) =, with type (B,,) in place of (B), I € [m], the
hypothesis § < a*/(4(m+1)) and the bound 25/a*; so near (B,,) the dependence is linear for every
such . In its proof, (i) is unchanged; in (ii) every (a, b) has 2-3™~3 > 2 completions; in (iii), with v
the other m — 1 entries, at least 3™~ 2 values v are completed by both a and o’ (if a # a/, those with
Y v = —a"), so Lemma 8.59 applies with § = 3™ 2a?; in (a), Theorem 8.70(a) for n = 1 replaces
Lemma 8.57 (no function of a tuple of type (A,,) is a bijection, every function of a tuple of type
(Bm) is), £ <md/a?+5/a < (m+1)5/a? < a?/4, the copy is taken given the other m — 1 columns,
de(dy(c))) < 2¢/(3™2a 2) < gzm=z. so that Pr[}", di(c]) =0, di(c)) =df VI] > 1 — ¢ — 558= > 0,
and the final bound is 2 + (m+1)5 + 3(:7?2(1})4 < 22, as a < 2.3,}1,1; in (b), j(a) >2-3"2a > 6a.
Second, as for m = 3 (Proposmon 8.62), the exponent of a polynomial bound for these distributions,

(o)

let wm’ give mass a to each

such as that of Theorem 8.78, must depend on p. For 0 < a < 5 3m T

of the 2 - 3™ 2 elements of P}m) = with a,,—1 = a,, and mass % > « to each of the other
4 - 3m=2 ¢lements; for m = 3 this is u(® of Proposition 8.62, and ugn) = T, for a = 23% It

is invariant under the translations a +— a + t with Zj t; =0 and t,,—1 = t;, and for each j and
s € Z3 one of them shifts the j-th entry by s (for j < m — 2 take ti=tm1=tm=sforj>m-—1
take t] = t;,—1 = t;, = s, and the other entries 0); so its marginals are uniform, and min ﬂﬁﬁ‘: ) = a.
For k > 1 and F = {0} C Z’?f, the tuple of Theorem 8.70(c) fails exactly when ¢,,—1 = ¢, = 0,
and a row has y,_1 = Ym = 0 with probability 2 - 3™ 3q, so its error is (2 - Sm*?’a)k; the proof of
Theorem 8.70(c) uses only (a), which concerns only the support, and the uniformity of the columns,
so its distance from every generalized polymorphism is at least 37%. Hence if every tuple (for every
n) is within Cerr® e of a generalized polymorphism, then ¢ < log3/log W, which tends to

0as a— 0. (d) The script neqm_check.py (directory numerics) checks Lemma 8.69 exactly for
m = 4,5,6; part (a) for n = 1, m = 4 by exhaustive search (756 generalized polymorphisms: 702 of
type (A4) and 54 of type (B4)), and for the same n and m the two bounds of (b) for all 27* tuples,
with exact errors and distances; the example of (c¢) for m = 4, n < 3 and m = 5, n < 2; the two
bounds of (b) by exact enumeration on random perturbations of generalized polymorphisms for
m=4,n=2,3 and m =5, n = 2 (the largest ratio dist/\/g in this sample is 1, but this is specific
to the sample: for n = 1, m = 4 the largest ratio over all tuples is %/\/5/18 ~ 1.265, at 6 = 1%);
and the bound of (d) on the 19 such perturbations with m = 4, n = 3 that satisfy its hypothesis
(for n = 2 the hypothesis forces f to be of type (B,,)). These tests have § far above d,,, so they test

the inequalities outside the range in which they are claimed. It also checks the distribution M,(ff ) of
(c) exactly: its marginals and minimum for m = 3,4,5, and the error and the distance bound of
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its example for (m, k) = (4,1), (4,2),(5,1).

The largest predicates without flexible coordinates. If no coordinate of P C Z%" is flexible,
then no axis-parallel line {w+te; : t € Z3} is contained in P (any point of such a line would witness
that coordinate j is flexible). The 3™~! lines in direction m partition Z%*, so |P| < 2-3™~! with
equality for P}m) =. We show that Pﬁm) = is the only predicate attaining this, up to relabelling
the alphabet in each coordinate. For bijections o1, ..., o, of Zs write o(a) = (o1(a1),...,om(am)),
and for f = (f1,..., fm), fj: 25 — Z3s, let (o0 -f); =050 fjo aj_l, where O'j_l acts on each of the n
coordinates; for a distribution p on Zf5* let o,p be the law of o(y) for y ~ pu. We use the following

classical fact; we include the short proof for completeness.

Lemma 8.72 ([20, §4], [27, §1], [19, p. 224]). Let k > 1 and let L: Z§ — Z3 be a bijection in
each argument when the other arguments are fized. Then L(a) = €1a1 + - -+ + €xay + ¢ for some
€1y...,6x € {1,2} and c € Zs.

Proof. For k = 1: the six permutations of Zsz are the six maps t — et + ¢, € € {1,2}. For k = 2:
by the case k = 1, L(a,b) = e,b+ ¢q. If &4 # &4 for some a # a, then L(a,b) — L(d’,b) =
(eq — €47)b + €4 — co vanishes for exactly one b, as e, — g4 # 0; this contradicts the injectivity of
a — L(a,b). So e, = ¢ for all a, hence a — ¢, = L(a,b) — eb is a bijection, and ¢, = €’a + ¢ by
the case k = 1. For k > 3, by induction, L(t, az,...,ar) = 3 ;59€5(t)a; + c(t) for each t € Z3. Fix
j > 2 and the arguments a;, [ ¢ {1,j}. Then (t,a;) — L satisfies the hypothesis with £ = 2, and
its row t has slope €;(t) in a;; by the case k = 2 all rows have the same slope, so €;(t) = ¢;. Now
t L(t,az,...,a;) = c(t) + 3 ;59 €ja; is a bijection, so ¢(t) = €1t + ¢ by the case k = 1. O

Corollary 8.73 (Maximum predicates without flexible coordinates). Let m > 3 and let P C Z%
have no flexible coordinate and |P| = 2-3™"Y. Then P = {a : e1ay + - -+ + emam # c} for some

ej€{1,2} and c € Z3, so P = U(P;m) =) for some bijections o; of Zz. For every such o and every

distribution p on P}m) =, the map f — o - f is a bijection from tuples for (P}m) =, 1) to tuples

for (P,o.u) that preserves the error and the distances under the column marginals, and it maps
generalized polymorphisms onto generalized polymorphisms. Consequently Theorems 8.55 (m = 3)
and 8.70 (m > 4) hold verbatim for P under the uniform distribution on P, and Theorems 8.66
(m =3) and 8.78 (m > 4, below) for every full-support distribution on P, with the types (A), (B),
(A ), (Bm) and the example tuples of part (c) replaced by their images under o.

Proof. Every axis-parallel line contains at most two points of P. The lines in direction j partition
75" into 3™~ lines, so |P| = 2 -3™~! forces every line, in every direction, to contain exactly two
points of P; that is, @ = Z5' \ P meets every axis-parallel line in exactly one point. So for each
a' € 7" there is exactly one L(a') with (a/, L(d")) € Q. If ', a” differ only in coordinate j < m and
L(a’) = L(a"), then (a’, L(a’)) and (a”, L(a")) are two points of @ on one line in direction j, which
is impossible; so L is injective, hence bijective, in each argument. By Lemma 8.72 ([20, 27, 19])
with k=m—1, L(a') =>_._,, €jaj +co,s0 a € Piff > ._  eja; + 2am + co # 0. With 7;(t) = gt
for j < m and 7,,(t) = 2t + ¢o we get P = T_I(Pﬁm) =); take 0 = 771,

Let the rows of an n x m matrix be independent samples of p, with columns c;. Applying o
to every row gives independent samples of 0,4, whose columns are ¢, = o;(c;) (coordinatewise),

J
and (o - f);(c;) = 0j(fj(c;)). So the row of values of o - f is o applied to the row of values of

j<m j<m

f, and it lies in P iff the latter lies in P}m) =. This gives equality of the errors, and, applied
to all matrices with rows in Pﬁm) =, the correspondence of generalized polymorphisms. Also

Pr[(o - f);(c}) # (0 - g);(c})] = Pr[fj(c;) # gj(c;)], and o~ (o-f) =f. Finally o, is a bijection
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from the distributions on P™ = onto the distributions on P, with inverse (¢~ !),; it maps the
uniform distribution to the uniform distribution (whose marginals are uniform), and full-support
distributions to full-support distributions with the same smallest atom. So for a tuple f for P the
three theorems, applied to o~! - f, give the statements for f, and the image under o of an example
tuple of part (c) has the same error and the same distance to the generalized polymorphisms. [

Remark 8.74. (a) So the predicate that [2, Section 9] single out is, up to relabelling the alphabet in
each coordinate, the unique largest predicate in Zg without a flexible coordinate, and Theorems 8.55,
8.66, 8.70 and 8.78 cover all largest predicates without flexible coordinates over Zs, for every m > 3
and every full-support distribution, with the optimal exponent % under the uniform distribution.
The images of the types do not depend on o: for P = {}_;;a; # c}, the image of (Ay,) (or (A))
consists of the tuples in which all functions but one, g;, are constants u; and g, never takes the
unique value ¢ with eyt + ., €ju; = ¢, and the image of (By,) (or (B)) consists of the tuples
gj = kw; + d;j with a common x € {1,2} and i € [n] and }_;e;d; = (1 — k)c. (b) Lemma 8.72
is classical: the k-ary quasigroups of order 3 are exactly the 3 - 2¥ maps Zj gjaj + ¢ (conversely,
each such map is a quasigroup, and distinct (e, ¢) give distinct maps) [20, §4], [27, §1], [19, p. 224].
A set Q C Z7 that meets every axis-parallel line exactly once is a Latin hypercube (a ternary
MDS code of length m with minimum distance 2), so the first assertion of Corollary 8.73 follows
directly from classical facts; what is new is only its connection with the flexibility condition of [2,
Theorem 1.10] and the transfer of Theorems 8.55, 8.66, 8.70 and 8.78. (c) The first assertion
of Corollary 8.73 and its proof also hold for m = 2, with the case k = 1 of Lemma 8.72: the
largest predicates in Z3 without a flexible coordinate are the sets {az # p(a1)} for permutations
p of Zs, i.e. the relabellings of {a; # as}. The polymorphisms (f; = f2) of {a1 # a2} are the
proper 3-colourings of the n-th direct power of the triangle K3, and Greenwell and Lovasz [14]
showed that each of them has the form x — p(z;). For m = 2 approximate versions are known
as well: see Alon, Dinur, Friedgut and Sudakov [1] and Ghandehari and Hatami [13] (stability
of large independent sets in powers of complete graphs) and Filmus [9]. They are not treated
here, and neither are predicates without flexible coordinates that have fewer than 2 - 3™~! points
(for example proper subsets of P~ with full projections). (d) The script maxnonflex_check.py
(directory numerics) enumerates all k-ary quasigroups of order 3 for & < 4 (3 - 2 of them, all
affine with unit coefficients); finds all 18-point predicates in Z3 without a flexible coordinate by a
search over all (297) nine-point complements, which does not use the counting argument (12, all of
the form > eja; # c); checks the correspondence for the relabelling P’ = {a1 + a2 + 2a3 # 1} of
P /= (198 generalized polymorphisms on each side for n = 1; equal errors for 200 random triples
with n = 2); and checks that for n = 1 the generalized polymorphisms of P’ are exactly the tuples
of the two forms described in (a).

Equal functions and polymorphisms for m summands. We return to P}m) =, m > 4,
under 7,,, with the notation of Theorem 8.70. A polymorphism is a function h: Z% — Zs3 such that
(h,...,h) is a generalized polymorphism.

Corollary 8.75 (Equal functions and polymorphisms, m summands). Let m >4 and n > 1, and
let 0., be as in Theorem 8.70.

(a) For every £ with err(f) = & there is a generalized polymorphism g of type (An) or (Bn) such
that g; = g, whenever f; = f, with dist(f,g) < (57;1/2\/3, and with dist(f, g) < V6 + (2 +
12(m — 1)2)3 if § < 0.
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(b) The polymorphisms are the functions kw; + d with md = 0 and the constants u with mu # 0:
if 3| m, the 6n functions kw; + d; if 31 m, the 2n functions kw; and the constants 1 and 2.

(¢) Let h: 2§ — Z3 and 6 = err(h,...,h) < 6,,. Some polymorphism p satisfies Pr[h # p| <
77”(12 55 zf3 | m, and Pr[h # p] < (1 + 2m\/6)+\/26/(m(m — 1)) if 3t m.

(d) Both constants are optimal. Let E C Z% have Pr[E] = s < %, and let N be the number
of j with c; € E. If 3 | m and E is determined by wy,...,wy, then h = wy + 1g has
err(h,...,h) = $Pr[N # 0 (mod 3)] < Zs. If3+m and u € {1,2}, then h = u + mulg
has err(h,...,h) = Pr[N = 2 (mod 3)] < ('))s*. In both cases Pr[h # p| > s for every

polymorphism p, with equality for p = w1 and p = u, respectively.

Proof. (a) If 6 > 0py, let g1 = -+ = g = w1, a tuple of type (B,,) for every m (all d; = 0); its
distance from f is at most 1 < 5;11/ 2V5. Let § < dm, let g be given by Theorem 8.70(b), and let
n = dist(f,g) < Vo4 (24 12(m —1)?)8; then n < 2/ < %, as shown in the proof of Theorem 8.70.
Call j and [ equivalent if f; = f;; for equivalent j,I we have Prlg; # ¢;] < 2n < 1. If g is of type
(By), this forces g; = g;, since kw; + d;j and kw; + d; differ everywhere if d; # d;. Let g be of type
(A,,), with constants u; (j # b) and g, avoiding v = — Z#b uj. Equivalent j,[ # b carry equal
constants, since distinct constants differ everywhere. If b is equivalent to no other index, g already
has the required property. If b is equivalent to some [ # b, then g, takes the value u; somewhere,
as Prlgy # w] < 1, so u; # v. Replacing g, by the constant u; gives a tuple of type (A,,) (its entry
at position b avoids v) in which equivalent indices carry equal functions, and its distance from f is
still at most 7, since Pr[f, # w] = Pr[f; # w] <.

(b) Since };(kcj; +d) = £5; +md and the row sum S; takes both values 1 and 2, the function
krw; + d is a polymorphism iff md = 0; a constant u is one iff mu # 0. Conversely, if (h,...,h) is
a generalized polymorphism, it is of type (A,,) or (B,,) by Theorem 8.70(a). In the first case h is
constant, since m — 1 > 1 of the entries are constants; in the second, h = sw; + d; for every j, so
di=---=d,,.

(c¢) By (a) and its proof, applied to (h,...,h), there is a polymorphism p with Pr[h # p] <
2/0 < %. Suppose first that p = kw; + d. Then (p,...,p) is of type (B,,), and Theorem 8.70(d)
gives g’ of type (By,) with }°; Pr[h # gj] < 36. Any two g are 30-close, so they are all equal, to p’
say, and p’ is a polymorphism. Let s = Pr[h # p/] < %. The first inequality in (15) holds for every
tuple of type (B,,) in place of g (its derivation uses nothing else), so for (h,...,h) and (p/,...,p')
it reads § > Zs —m(m — 1)s* > Zs(1 — 66), as 2(m — 1)s < 65. Hence s < #fﬁé). This proves
(c) if 3 | m, where every polymorphism is of this form, and also if 3 { m and p is not constant,
since ﬁf&;) < /26/(m(m — 1)) (this is equivalent to 2(m — 1)d < m(1 — 65)2, which holds as
§ <5-10716). Now let 31 m and p = u € {1,2}. Let ( = Pr[h # u] < 2V§, ¢ = Pr[h = u +1],
t* = —mu and t** = mu, so that {t*,t**} = {1,2}. The events that h(c;) = u + t* for one j
and h(c;) = u for all I # j (the sum is mu + t* = 0), and that h(c;) = h(c;) = u + t** for one
pair j < [ and h(ck) = u for all other & (the sum is 3mu = 0), are disjoint failures. Any three

columns are independent (Lemma 8.69(a)), so their probabilities are at least g (1 — ( —1)¢) and
g2 (1 — (m —2)¢). With z = (m —1)¢ < 2(m — 1)V0 < st (as V6 < (72(m — 1)?)71) this
gives

m
52(1—w)<mqt*+<2)qt2**>,
5 2 2 i 2 _  [2m-1)b i
SOC:%*JF%**S mi= TV meemna=s < m T U2y sy As =y L \ mm=1) =

V26, [ iy, we get ¢ < (1+2(m—1)V3+v/26)/20/(m(m —1))7(1+2m\f) 25/( (m —1)).
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(d) Let 3 | m and h = wi + 1p. Then } ;h(c;) = S1 + N, where S; depends only on
the first row and is uniform on {1,2}, and N depends only on the other rows. So a failure has
conditional probability % given N # 0 and 0 otherwise, and err = %Pr[N Z 0] < %IEN = s,
as each column is uniform. Also Pr[h # wi| = s, and every other kw; + d agrees with w; with
probability at most %, hence differs from h with probability at least % —s > s. Let 3t m,
u € {1,2} and h = u+mulp. Then >, h(c;) = mu(l+ N), which vanishes iff N =2 (mod 3),
so err = Pr[N = 2] < Pr[N > 2] < ]E(];[ ) = () s?, by pairwise independence of the columns. Also
Pr[h # u] = s; the other nonzero constant differs from h off E, so with probability at least 1—s > s;
and Kw; agrees with h with probability at most Pr[kw; = u] + Pr[E] = % + s, hence differs from h
with probability at least % — 5> s. O

So for polymorphisms of P}m) = under 7, the supremum of the possible distances at error
at most § (over all n) is (£ + O(5))d as 6 — 0 if 3 | m, as for m = 3 (Corollary 8.68), and
(1 + O(mV5))\/26/(m(m — 1)) if 3  m: the upper bounds are (c), and by (d) the distance s
occurs at error at most 7's, respectively (’;‘) 52, for every multiple s of 3!=" in (0, %] When 31 m
the constants 1 and 2 are polymorphisms, and near them the dependence is a square root, while
near the functions kw; it is linear, by the proof of (¢). Part (a) is the analogue for P™ = of the
guarantee in the second question of [2, Section 9] (asked there for Boolean predicates), for all pairs
at once. For 3 | m, part (b) is known in substance: if ¢; = x and ¢ = --- = ¢, = y, the rows
lie in Pﬁm) = iff x; # y; for all i (as m —1 = —1 (mod 3)), and then a polymorphism h satisfies
h(z) # h(y); so h is a proper 3-colouring of the n-th direct power of K3, hence of the form p(x;)
by the theorem of Greenwell and Lovasz [14] (Remark 8.74(c)), and every permutation p of Zsg is
affine. The same argument gives Corollary 8.68(b).

Remark 8.76. The script neqm_poly_check.py (directory numerics) checks (b) for m = 4,5,6,7
and n = 1,2 by exhaustive search over all h (2n + 2 polymorphisms for m = 4,5,7 and 6n for
m = 6); the error formulas, the error bounds and the distance claim of (d) for m = 4,5,6,7,9 and
n = 2,3,4, computing the law of N modulo 3 separately from the error; the two inequalities used
in the proof of (c) for random h near polymorphisms (m = 4,...,7, n = 2,3; for m = 6,7 and
n = 2 the first one is vacuous, and for m = 6 there is no second one); and the step behind (a),
which does not depend on 4: for random tuples with prescribed equalities (m = 4, n = 2,3 and
m = 5, n = 2), whenever some tuple of type (Ay,) or (By,) is within distance less than J, some
such tuple with g; = g; whenever f; = f; is within the same distance.

Every full-support distribution for m summands. Let m > 4, let i be a distribution on
P}m) = with full support, @« = minpu (so a < 23% < 5%1), and let p; be its marginals. As for
m = 3, the rows of the matrix with columns ci,...,c,, are independent samples of p, err,(f) is
the probability of a failure, dist(f,g) = max; Pr on [fi # gj], Bj(k) and dc refer to u; as before
Lemma 8.60, and, as p has full support, the tuples V\]Iith error 0 are the generalized polymorphisms of
Theorem 8.70(a). For distinct a,b,c € [m] let R = [m]\{a,b,c} and T(y) = (ya +>_cp Yj» Ybs Yo)-
As in Lemma 8.69(b), y — (T'(y), (yj)jcr) is a bijection of P}m) = onto P= xZ; let pr and pp
be the laws of T'(y) and of (y;)jer for y ~ p. So pr is a distribution on P,~= whose second and
third marginals are p, and p, and min ur > 3™ 3a > 3a, as ur(p) is the sum of the masses of
3m=3 elements of P}m) =. By Theorem 8.66 the stability of ur is already known; this replaces the
chain of Lemma 8.65, and since the decomposition can be made for every pair {b, c}, Step 5 of the
proof of Theorem 8.61 is not needed.
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Lemma 8.77. Let m > 4, p and o be as above, and let f be an m-tuple of functions on Z% with
err,(f) =6 < at/(4(m +1)).

(a) If Bi(k) > % for some t € [m] and k € [n], there is a tuple g of type (By,) with coordinate k
such that Pruigm [fi # q1] <26/a* for every 1 € [m).

(b) Let C" = Csq and ¢ = ¢34 be the constants of Theorem 8.66 for 3a, let r = ro (Lemma 8.35),
6 = (a/CNWYY, K = '+ 15 and Ey = ART2. If Bi(k) < 3 for all t and k, then

ady

min (de(fy), de(fe)) < Eo6™/2 for all b # c.

Proof. (a) is the extension of Lemma 8.60(a) to P}m) = proved in Remark 8.71(c).

(b) Fix b # ¢, choose a € [m]\{b,c}, and let R, T, pr and pg be as above. As 3o < min pp < &,

C, is decreasing and ¢, is increasing in z € (0, Tls]’ Theorem 8.66 shows that pp is (C’, ¢)-stable;
also C’ >1and ¢ < 1.

The decomposition. Identify a row y with (T'(y), (y;)jer), let 0 = § and v = (p —opr ®
pr)/(1—0). Asopur @ pr < § < %, v is a distribution on P}m) = with v > % > §. Its b-th

and c-th marginals are v, = (up — oup)/(1 — 0) = wp and v, = pe, and, as every pair of values
of yy,ye has 2 - 373 completions in P}m) =, the law v, of these two entries of a v-row satisfies
Upe(u,v) > 3™ 3a > avy(u)ve(v). Choose a random set L C [n] containing each i independently
with probability o; let the rows in L be independent samples of ur ® ugr and the rows outside L
independent samples of v, so that the rows are independent samples of u. For a fixed L let p consist
of the rows outside L and of the entries y; ; with ¢ € L and j € R; given L and p, the remaining
randomness is (T(y;))ier, a family of independent samples of pp. Put s; = > jerYij fori € L, and
let x € Z% have the entries y; o + s, i € L, i.e. the first entries of the T'(y;). The columns cj,j €R,
are determined by p, and ¢, is determined by x and p; so >~ f;(c;) = F'(x)+ fo(cp,L, pp)+ fe(ce L, pe)
for a function F on Z% depending on p, where p; denotes the entries of the t-th column outside L
and c; 1, those in L. Hence f&° = (F, f,(-, pp), f(+, pc)) is a triple of functions on Z% whose error
under ur, §(L, p), is the conditional probability of a failure; let 67, = E,0(L, p), so Erdr, = 6. For
t € {b,c} the entries of the t-th column have law p; both inside and outside L, so p; ~ u?Lc

Steps 1—-4. We now run Steps 1-4 of the proof of Lemma 8.64 for the pair (b,c) in place
of (1,2) (after permuting the coordinates of P,=, so that the second and third entries of T'(y)
come first), with 7’ = pur, a = a and o’ = 3a, so that § = min(2d’,5) = § and 6, K, 7
are as in the statement. These steps use only: the stability of n’, applied to the triples f*;
that, given L and p, the rows T'(y;), i € L, are independent samples of pr, the pairs (ppi, pe,i),
i ¢ L, are independent samples of v, and the b-th and the c-th column are independent of L;
the two types of generalized polymorphisms of P,= (Theorem 8.55(a)); that the free and the
fixed entries of the b-th and the c-th column have the laws up and p.; that minu; > 6a for
t € {b,c} (indeed p;(v) > 2 3™ 2a); that every value has probability at least 6a’ under the
corresponding marginal of 7’ (it is the entry of six elements of P,=); the bound v, > avyve,
for Lemma 8.59 with parameter a and Lemma 8.35 with £ = a; and By(k), B.(k) < % for all k.
With Dy(L) = E,,dc(fi(-, pr)), they give Ex,Dy(L) - EpD(L) < K"6¢" and Eg,Dy(L) > Gdc(ft) for
t € {b,c}. Hence dc(fp)de(fe) < (é)QKT(SC/T, which gives the claim. O

Theorem 8.78 (m summands, every full-support distribution). Let m > 4 and let p be a distri-

bution on P = with full support and a = min . For every n and every m-tuple f of functions
on Zy with err,(f) = 0 there is a generalized polymorphism g, of type (Ap) or (Bp,), with

1
dist(f,g) < exp (1.22 1004161y f) §o° /8000
(6%
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distances being measured under /,L;@"

Proof. Let ¢, r, Ey be as in Lemma 8.77(b), ¢ = ¢'r/2 and C = max (1+ (m—1)Ep, 4(m+1)a™?);
note ¢ < 1,50 6 < &% If § > a*/(4(m + 1)), every generalized polymorphism is within 1 <
4(m+1)a~16 < Co°. If § < a*/(4(m + 1)) and By(k) > L for some ¢ and k, Lemma 8.77(a) gives
g of type (B,,) with dist(f,g) < 2§/a* < C6°. Otherwise, by Lemma 8.77(b), at most one index j
has dc(fj) > € := Ep0°. Let jo be this index if there is one, and jo = m otherwise; for j # jo let
u;j be the most likely value of f;, so Pr[fj(c;) # u;] < ¢, and let U = Zj;éjo uj. The event that
fi(c;j) = uj for all j # jo and f;(cj,) = —U is a failure, so Pr(fj,(cj,) = —U] <6 + (m — 1)e. Let
gj = uy for j # jo, and gj, = fj, except that g;, =1 — U where fj, = —U. Then g is of type (An)
and dist(f,g) <0+ (m — 1)e < Co°.

_ _ a ;388 6561
For the constants, let z = 1/a > 54 and { =Inz. Asr, > 5 and ¢’ = 13107200 € = m& >

&0 50 8¢ < §27/8000 Next, InC’ = 1.2- 10" (3a) % In = < 6.097 - 10529/ and 1/¢ < 1997.8%,
S0) ln% = (InC" 4+ In(22))/c’ < 1.2181- 1019170, As 6; < 5%, K < (1+152)/61, and as o < 20,
In Ey < In(4z) + a(In(162) + In3-) < In(4z) + aln(16z) + 1.2181 - 10'%2'%¢. Finally Ey > 1 and
m <14logz % <z give nC < max (Inm + In Ey, In(4(m + 1)) + 4¢) < 1.22- 10102162 O

Corollary 8.79 (Equal functions and polymorphisms, every full-support distribution). Let m > 4,
let u be a distribution on P}m) = with full support and o = min p, let Cy = exp(1.22-101%a~161n é)
and c. = a” /8000 be the constant and the exponent of Theorem 8.78, and let n > 1.

(a) For every f with err,(f) = 0 there is a generalized polymorphism g of type (Ap) or (Bp,) with
dist(f,g) < 2C,0% such that g; = g whenever f;j = fi and p; = .

(b) Let 3 | m, py = -+ = pm =: v, and 6 = erry(h,...,h) for a function h: Z5 — Zs3. Then
Pryen|h # kw;+d] < K. for some i, k and d, where K, = (2C, /o) ; the functions kw;+d
are the polymorphisms, by Corollary 8.75(b), which concerns only the support.

Proof. (a) Let g be given by Theorem 8.78 and n = dist(f,g) < C.0%. If n > %, the tuple
g1 = -+ = gm = wi, which is of type (B,,) for every m (all d; = 0), is within 1 < 2C,6%. Let n < %
and call j and [ equivalent if f; = f; and u; = 4. For equivalent j, [ we have Pr o lg; #g1) <2n <1,
and the proof of Corollary 8.75(a) applies verbatim (it uses only this inequality, the forms of the
types (A),) and (B,,), and Pr%m [fo # w] = Prul®n [fi # w] for equivalent b,l): it gives a tuple of
type (A;,) or (B,,) within 7 in which equivalent indices carry equal functions.

(b) As Cy > 1, ¢ < % and m < é, K. > (2/a)® > 4(m + 1)a™?; so K.6 > 1 if 20,6 > a or
§ > a*/(4(m+1)), and then every xw; +d will do. Otherwise (a), applied to f = (h, ..., h), gives a
generalized polymorphism (g,...,g) with Pr,[h # g] < 2C.0% < a. As 3 | m, g is not constant, so
g = kw; + d, and Lemma 8.60(b) for P(m) = (Remark 8. 71( )) gives 1 (i) > 3. By Lemma 8.77(a)
some g’ of type (B,,) satisfies Pr,[h # gl] <20/at < T TT) +1) for every [; then Pr,[g} # 9] <1, s0

all g] are equal to some k'w; + d’, and Pr,[h # &'w; + d'] < 2§/a* < K,6. O

So the first (qualitative) question of [2, Section 9] has a positive answer, with polynomial depen-
dence, for every P — under every full-support distribution, and by Corollary 8.73 for every largest
predicate over Zs without a flexible coordinate (m > 3; Theorem 8.66 for m = 3). Their question
about polynomial dependence concerns the Boolean setting of [2, Theorem 1.6]; and the stronger
linear form fails here, since the exponent % is sharp under the uniform distribution (Theorem 8.55
for m = 3). For permutations, Filmus [9, Theorem 3.9] gives an £1/4 bound for Perm,, under the
uniform distribution. By Remark 8.71(c) the exponent must depend on p. Corollary 8.79(a) is
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the guarantee of their second question (asked there for Boolean predicates) for Pﬁm) =, as Corol-
lary 8.68(a) is for m = 3. As for m = 3, the exponent and the constant are far from optimal;
under 7,,, Theorem 8.70 gives the exponent % The script neqm mu_check. py (directory numerics)
checks, for random g with m = 4,5 (generic, nearly degenerate, and with very unequal masses),
every pair {b, c} and every a, the facts about T, up, pr and v used in the proof of Lemma 8.77(b);
for m = 4 and n = 2 the identity Ey,0, = 6, with (L, p) computed as the error of £ under pr, by
exact enumeration; the counts, the kernel bound and the final inequality used in Remark 8.71(c);
and the constants of Theorem 8.78 on a grid of values a € [10712, i], for every admissible m.

Uniform marginals for m summands. For m = 3, Theorem 8.61(a) and Proposition 8.62(b)
show that the best exponent for full-support distributions with uniform marginals and smallest
atom « is of order a. The same holds for every m, with « replaced by o/ = 3™ 3«, which ranges

over (0, 4] for every m (¢/ = £ only for my). For o/ > J, where Proposition 8.62(b) and

Theorem 8.80(b) do not apply, tlfsle trivial bound ¢ < 1 < 4525’ gives the upper bound of order
o/: under every p with full support and uniform marginals, the tuple of Theorem 8.55(c), resp.
Theorem 8.70(c), with Pr[E] = n has error at most n (a failure needs the last column, which is
uniform, to lie in F) and distance at least n (the proof of the distance bound uses only part (a),
which concerns only the support, and the uniformity of the columns). Proposition 8.82 below gives

the upper bound 9a/ for every o/ < 1—18, sharp up to a factor 2.

8

Theorem 8.80 (m summands, uniform marginals). Let m > 4, let u be a distribution on Pﬁm) =

with full support and uniform marginals, o = minp and o = 3™ 3, let r = roy (Lemma 8.35),
sor > 8d, and let b,, be as in Theorem 8.70.

(a) For every f with err,(f) = 0 there is a generalized polymorphism g of type (Ap,) or (Bp,) with
dist(f,g) < C67/2 < C6*, where C = max ((4(m + 1))Y4a™, %a’_?’/z&#/z).

— -3 1
(b) Let o« > 0 be such that o/ = 3" "o < £,

3m=2 elements of P}m) = with ay, # am-1 + 1 and mass 17;;’%220‘ to each of the other
2-3m72 elements. Then /L,Sf;’a has full support, minimum o and uniform marginals, and if
constants C,c > 0 are such that every £ (for every n) is within C’(—:'rrwza(f)C of a generalized

polymorphism, then ¢ < %620/.

and let ,uf};’a giwe mass o to each of the 4 -

Proof. (a) We follow the proof of Theorem 8.61(a). Note 7 < 9a/ < 1,50 6 < 6"/? and a=?" < oL
If § > a*/(4(m + 1)), every generalized polymorphism is within 1 < (4(m + 1)§/a*)"/? < (4(m +
)Y4a=167/2, 1 6 < o*/(4(m+1)) and By (k) > 1 for some t and k, Lemma 8.77(a) gives g of type
(B,,) within 26/a* = 267/261-7/207* < 2a7276"/2 < (4(m + 1))/ *a~167/2, as 6'77/2 < a*~?" and
(4(m + 1))/* > 2. So we may assume that (k) < 3 for all ¢ and k.

The decomposition. Let 0 =90/ = 3" la < 1 and v = (u— omp)/(1 — 0). As m,, = 23% on

P}m) =, 0Ty, = 5,80V > 5 on P}m) =; the marginals of v are uniform; and, as every pair of entries

has 2 - 3™3 completions, the law vj, of two entries of a v-row satisfies vj;(a,b) > 3m3q =a =
90/ vj(a)v(b). As in the proof of Theorem 8.61, choose L C [n] containing each ¢ independently
with probability o, let the rows in L be independent samples of 7, and the others independent
samples of v, and for fixed L let p = (p1,...,pm) be the columns of the rows outside L and
£L0 = (f;(-, pj)) je[m, an instance of Theorem 8.70 with |L| coordinates (for L = () its functions are
constants, which form a tuple of type (A,,) if 6(L, p) < 1), with error §(L, p); 0, = E,6(L, p) and
ELdL = 6; each p; is uniform on Z%°. By Theorem 8.70(b), as omint < 1, if 6(L,p) < &y, then
some g’ of type (A,) or (By,) on Z§ is within 24/6(L, p) < 5 of £L-7.
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Step 1. Define Pj(p;) € LU{L} asin Step 1 of the proof of Theorem 8.61. If Py(p1), ..., Pn(pm)
are not all equal, then §(L, p) > d,,: a tuple g’ of type (B,,) with coordinate i within % would
give Pj(p;) =i for all j, and one of type (A,,), in which m — 1 functions are constants and the last
takes at most two values, would give P;(p;) = L for all j. By Markov’s inequality Pr,[Pi(p1) #
Py(p2)] < 01 /0m, and, as there, Lemma 8.59 for the first two entries of a v-row with § = 9’ (the
kernel satisfies K (a,a’) = 93", via(a,b)ria(d’,b) > 90/ - 1) gives de(Pi(p1)) < nr := 261/(9¢/6m).
If n;, < % and the most likely value of Pj(p;) were some i € L, then £;(i) > 1—70(1 —nL) > %, as
there; so Pr,[Pi(p1) # L] < Tnr, in all cases.

Step 2. If Pi(p1) = L and §(L, p) < O, then g’ is of type (A;,): for some index s, g; = uy for
t # s, and g; never takes the value —U, where U = 3, u. Write hy = fi(-, pt), €0 = 24/0(L, p)
and py = Prlhy # w] < g for t # s; then de(hy)de(hy) < ppy < 40(L, p) for t,t # s. Given
L and p, the rows in L are independent samples of 7,,, and every pair of entries has 2 - 3m~3
completions in pim) =, so any two of the columns restricted to L are independent and uniform.
Fix t # s and, for a # uy, let g, = Pr[hs = uy — a — U]. As in Step 2 of the proof of Theorem 8.61,
the disjoint failures where hy = a, hy = uyp for all t' ¢ {s,t} and hy = us — a — U, a # uy, give
(L, p) > pt(minaiut Ga — Zt,é{&t} pr); the values uy — a — U, a # uy, are the two values other
than —U, so dc(hs) < Prihs = —U] 4+ mingy, go < €0 +mingzy, gq; hence de(hy) de(hs) < 8(L, p) +
pe((m — 2)eo + 0) < (4m —3) (L, p). So mju(L, p) := de(f;(-, pj)) de(fi(-, pr)) < (4m — 3) 8(L, p)
for every pair j # [ in this case, m;; < 1 always, and we get, as there,

or, 2
E mjl(L ,0) (4m 3)(5L+777L+7 <K15L, Kl =
Om oo,
since 4m — 3 + 55— + 5 = (4m_3)a;%”rjl4/9+a/ < 74— (as (4m — 3)a/0m + o/ < §).

Steps 3 and 4. For every pair j # [ (all marginals are uniform), Step 3 of the proof of The-
orem 8.61, with Lemma 8.35 for k = 9/, gives Er,D;(L) - E,D;(L) < K7¢", and Step 4 gives
ErLD;(L) > §de(f;) = 3o’ de(f;)-

Conclusion. So de(f;)de(f;) < K76"/(9a/2) for all j # [, and at most one index jo has dc(fj,) >
€ = KI/25T/2/(30/); if there is none, let jo = m. As in the proof of Theorem 8.78, with wu; the
most likely value of f; (j # jo) and U = ., u;, we get Pr[fj, = —U] < 6+ (m —1)e and a tuple

g of type (A,,) with dist(f,g) <d+(m—1)e. As Ky >1landr<1,e< @a’*gﬂérﬁl/zér/z; with
X =o' 7326,1% > 18%/2.4.107 > 3-10%, 5 + (m — 1)e < (1 + %2 (m — 1)X)§"/2 < 2X47/2,
(b) An element (ai,...,am—2,b,b+1) is in Pﬁm) =iffb#> <, _oa; +1, so there are 2- 3m—2

elements with a,, = a,,—1 + 1, and 12433# >aasa< 23# I
Zj t; = 0 and t,,—1 = t,, preserve P( m) _ and the condition a,, = a,,—1 + 1, hence ,uma, and
they shift each entry by every element of Z3 (Remark 8.71(c)); so the marginals are uniform. Let
n, T = 2e%d < %, ¢, Y, Z be as in the proof of Proposition 8.62(b), and f; = -+ = f,—2 = 0,
fm-1 =1y, fm = 1+ 1. A failure means ¢,,,_1 € Y and ¢, € Z. A row has y,,—1 = 0 and
Yym # 1 with probability 4 - 3™ 3a = 4a’: for each y,, € {0,2}, the first m — 2 entries are any
of the 2 - 3™ 3 tuples whose sum is not —v,,, and all these elements have mass . The proof of
Proposition 8.62(b) now applies verbatim, with ¢,,—1, ¢y, in place of y,z and 4o’ in place of 4a;
for the distance, a tuple of type (B,,) has Pr[f1 # g1] = %, and in a tuple of type (A;,) Gm—1 OF gm
is a constant. Hence ¢ < %7’ = %ezo/. O

(m) _

So for every m > 3, the supremum of the exponents ¢ such that every full-support g on P b

The translations a — a + t with

with uniform marginals and min ¢ = o admits a bound dist < C, err}; is of order o = 3m_3a itis at

least 9/ /2 > 40/ by Theorems 8.61(a) and 8.80(a), with explicit constants, and at most Je?a’ when
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o < ﬁ. Propositions 8.81 and 8.82 below sharpen this, for o/ < %, to the interval [r1g,//2,9/],
whose ends are within a factor %, uniformly in m. As uf}%a has full support, the exponent of
Theorem 8.78 can be improved at most to 9 - 3™ 3. The script neqm unif check.py (directory
numerics) checks, for m = 4,5, the decomposition and the bounds v > §, v;; > o/ = 9a/v;1 and
K(a,a’) > 9a/vj(a’) for random distributions with uniform marginals; the distribution 45 , exactly
for m = 4,5,6, including that the four classes of rows given by 1[y,,—1 = 0] and 1[y,,, = 1] have
the same probabilities as for ,U,Z}} and m = 3; for m = 4, by brute force for n = 3, the inequality
No(c3) — Ni(cq) < D, the law of (Ny(c3), Ni(cq),D) and the error; the error bound exactly for
n < 24; the distance bound against all generalized polymorphisms for n = 3,6, 9; and the numerical

inequalities used for the constants.

A larger parameter for reverse hypercontractivity. In the proofs of Theorems 8.61 and 8.80
the weight of 7, in the decomposition is o = 9o/ (for m = 3, 73 = 7 and &/ = «). A smaller weight
leaves the v-rows closer to u, whose pair laws satisfy pj;(a,b) > 2 - 3™ 3a = 18a/u;(a)w(b) when
p; and gy are uniform, so that reverse hypercontractivity can be applied with a parameter close to
18¢/, at the cost of the constant. Similarly, Step 5 can use K = 9a/(1 — 9«) in place of 2« when
one of py, thy is uniform.

Proposition 8.81 (A larger parameter). Let m > 3, let u be a distribution on P}m) = with full
support, o = min p and o/ = 3™ 3, and suppose i # T, i.e. o < %. For0<s< % let

18a/(1 —
Ks = 161_(18()[?) and r=rg, (Lemma 8.35),

and let £ be a tuple of functions on Z% with err,(f) = 9.

(a) If all marginals of p are uniform, there is a generalized polymorphism g with dist(f,g) <
Cs6"/2, where Cy = max ((4(m + 1))Y2a72, s71M,,), with M3 = 1.5-107a~%/2 and M,, =
%a’_3/25,;1/2 form >4 (6, as in Theorem 8.70).

(b) If m =3 and py and ps are uniform, there is a generalized polymorphism g with dist(f, g)
Cs6™" 1%, where 7" = e > 8o with K" = 9o/ (1 — 9av).

IN

Proof. We follow the proofs of Theorem 8.61 (m = 3) and Theorem 8.80(a) (m > 4), with o =
18a/s < 9o/ < % in place of 9a/. We have ks > 180/(1 — s) > 9¢/, and ks < 1 as 18/ < 1;

so 8ks < 1 < Ky < 1 by Lemma 835, and 7 > 8a’. Also £ < 1 as @ < £ in case (b), so

8a < %Ii” < 7" < 1. We may assume 6 > 0: if § = 0 then, as pu has full support, f is itself a
generalized polymorphism. (The strict inequalities between multiples of powers of § below, and
those in the conclusion of the proof of Theorem 8.61, are meant for § > 0; for § = 0 the same proofs
give dist = 0.)

The opening. If 6 > a*/(4(m + 1)), every generalized polymorphism is within 1 < (4(m +
D6 /a2 < (4(m + 1)V2a72572. If § < o*/(4(m + 1)) and Bi(k) > 3 for some t and k,
then Lemma 8.60(a) (m = 3, where 4(m + 1) = 16) or Lemma 8.77(a) (m > 4) gives g within
35/044 = 367/251-r/2q4 < 3727672 < 3(1_257"/2, as 0177/2 < a4=2" Both bounds are at most
Cy07%2 < Cy6™" 1. So we may assume that S¢(k) < % for all ¢ and k.

The decomposition. Let v = (i — omy)/(1 — o). As oy =0 /(2-3™71) = as on P}m) =, we
have v > a(1—s)/(1 — o) > § there; the marginal v; is uniform whenever y; is; and, as every pair
of entries has 2-3™~3 completions, v;;(a,b) > 2a/(1—35)/(1—0) = ks/9. So vji(a,b) > ksvj(a)v(b)
when v; and v, are uniform, and vj;(a,b) > o always. Let L, the rows, p, fLr §(L, p) and 07, be
as in those proofs, now with each 7 in L independently with probability o.
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Steps 1 and 2 hold verbatim, with the same n; and Kj: besides the m,,-rows in L and the
uniformity of 14 and vg, they use only vi2(a,b) > o/, which gives # = 9o’ in Lemma 8.59. So
E, mj(L, p) < K16y, for all j # [, with K1 = 2-10% /o for m = 3 and K1 = 2/(d/5,,) for m > 4.
Step 3 holds for every pair j # | with p; and g uniform, with Lemma 8.35 applied for k = x, to the
pairs (pji, pri): ELD;j(L) - ELDy(L) < K{d". Step 4 gives Ep,D;(L) > %dc(f;) = 6a’sdc(f;) when
w; is uniform. Hence de(f;)dc(f1) < K76"/(36a/?s%) for these pairs. Let € = KI/25T/2/(60/3).

Conclusion for m = 3. As K1 > 1l andr < 1, ¢ < % 10725 1a=3/267/2 < 7.4536 -
1085 1a=3/257/2; and § < §7/2 < 1873/2a73/267/2 < 0.007 s La3/26"/2, as a < Tls and s < % In
case (a), two indices have dc < e, and the construction at the end of the proof of Theorem 8.61 gives
g of type (A) with dist(f, g) < §+2¢ < 1.5-107s 1a~3/26"/2. In case (b), Steps 3 and 4 for the pair
{1, 2} give one j € {1, 2} with dc(f;) < e. InStep 5 with e’ = ¢, write {l,!'} = [3]\{j} withl € {1,2}
and I’ = 3 for the two indices called I, m there, and v € Z3 for the index called s there. Then y; is
uniform, and every entry of the law py of the pairs (c;;, ¢y ;) is at least 2a, as every pair of entries
has two completions in P=. So for a,b € Z3 and da’ # a, pyy(a’,b) = % — D bt (@', 0) < % — 4o
hence 1y (b) < p(a,b) + 2 — 8, and as  +— 3z/(z + 2 — 8a) is increasing on z > 0 and

e (a, b) > 2a, we get pyr(a,b) > 6°éaul(a)ul/(b) = k" (a)py(b). Lemma 8.35 with k = k" gives

2
3
Doy < (6+€)T” for every v € Zs, and the rest of Step 5 gives a second index with dc < 2(5—}—5)7“”/2.
With ¥ = 7.46 - 1055 'a™3/2 > 1 we have § + ¢ < Y§"/2, so 2(0 + 5)7’”/2 < oyl/2gm/A <
5463 s~1/2q=3/457" /4 < 626 sila*3/25”’"/4, as a3/ < 1873/4a3/2 and s < 1. As §/2 < 5”"/4,
two indices have dc < &’ := max(,2(d + )" /?) < 7.4536 - 1065~ 1a3/26""/4 and the same
construction gives dist(f,g) < 6 +2¢” < 1.5-107s La=3/277"/4,

Conclusion for m > 4. At most one index jo has dc(fj,) > ¢, and the construction at the
end of the proof of Theorem 8.80(a) gives g of type (A,,) with dist(f,g) < d + (m — 1)e. With
X = o/~325,,1% > 3.10°, as there, € < %s‘lXéT/z, sod+(m—1)e < (1+§(m—1)s‘1X)5"/2 <

%silX(ST/Q, since 7 — %(m —-1) > % > 5*11)(' O

As s — 0, ks — 18a/, and 7 is continuous and increasing in k. So for every p # 7, with
uniform marginals every exponent ¢ < r1g,//2 is valid. Here rig4//2 > max (80/, 9/(1 — 90/)) by

Lemma 8.35: witht = 1 — Kk, rs/k =2/(2+t(1—1)) > 1—@ >1-5,as1—t < k. In the same
way, Proposition 8.81(b) shows that, for m = 3 and two uniform marginals, every exponent below
T18aT9a/(1—9a)/4 = 32a? is valid. (The bound s > 1ﬁgamw used there for Step 5 also improves
the exponent rr’/4 of Theorem 8.61(b), for a < %8, t0 790790 /(1—9a)/4 = 16a%.) For a single
W # T, with full support and uniform marginals, the supremum ¢*(1) of the exponents ¢ of bounds
dist < C'erry, (for every n) therefore satisfies ¢*(u) > 7184//2, and also ¢*(u) < 3: choose (a, b) with
Hm—1,m(a,b) < %, and for k>1landn=~Fklet fj=0for j <m-—2, f_1 =1gand f,,, =1+ 1p,
where E = {(a,...,a)} and E' = {(b,...,b)}. A failure means c¢,,—1 € E and ¢,,, € E’, so the error
is fm—1,m(a, b)¥ < 97F while the distance from every generalized polymorphism is at least 37%: a
tuple of type (B,,) has Pr[f; # ¢g1] = %, and in a tuple of type (A,;) gm—1 or g is a constant,
while 1z and 1 + 1p differ from every constant with probability at least 37* (for m = 3 read (B)
and (A)). So ¢*(u) — 3 = ¢*(mm) as p — m,, among the distributions with uniform marginals:
the best exponent is continuous at m,. Proposition 8.82 below gives the upper bound 9/ for the
class, within the factor 18/ /118, < % of r1847/2. The script neq-large kappa_check.py (directory
numerics) checks, for random distributions with uniform marginals (m = 3,4) and several s, the
decomposition and the bounds v > a(1 —s)/(1 — o) > §, vj; > Kevjy and vy > o in exact
arithmetic; Lemma 8.35 for k = k¢ on random nonnegative functions; the bound p,, > 6 b, of
case (b) for random p with two uniform marginals; the error and the distance of the example for
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c*(p) < %, by exact enumeration (m = 3, k < 3 and m = 4, k < 2; the distance against all tuples
of types (A,,) and (B,,), and for £k = 1 against all generalized polymorphisms, found by exhaustive
search); and the numerical inequalities used for the constants and the limits.

Proposition 8.82 (The sharp constant for uniform marginals). Let m > 3, let p be a full-support

distribution on P}m) = with uniform marginals, and let M = maxpj(a,b), the mazimum over

Jj #lin [m] and a,b € Z3, where i ; is the law of the j-th and l-th entries of a p-row. If constants
C,c >0 are such that every £ (for every n) is within Cerr,(f)° of a generalized polymorphism
then ¢ < (f — M). In particular, for every a > 0 with o/ = 3" 3a < 1187 the distribution psh a
defined as in Theorem 8.80(b) (,uga = 1M of Proposition 8.62(b)), has full support, minimum o

and uniform marginals, and admits no such bound with ¢ > 9.

Proof. Choose j # | and ag, by € Z3 with pj;(ag,by) = M, and put p = %—M; as p has full support,
wji(ag,b) > 0 for b # by, so p > 0. For w € Z% let N,(w) be the number of 7 with w; = v. Fix 7
with 0 < 7 < min(p, ), let A ={w: Noy(w) > (3 +7)n} and B = {w : Ny,(w) < (3 — 7)n}, and
let fj=14, fi=1+1pand f, =0 for k & {j,1}.
The error. A failure means 14(c;)+1+1p(c;) =0, ie.c;j € Aand ¢; € B. Let X; = 1[(c;); =
ag] — 1[(c;); = bo]; then >, X; = Ngy(cj) — Np,(c;) > 27n on a failure. The X; are independent,
with Pr[Xz = 1] = pj(ap) — M = p and Pr[X; = —1] = py(bp) — M = p. With § = 7/p € (0,1),
EefXi = 1 + 2p(cosh® — 1) < exp(pf?coshf), as coshf — 1 = >, 02F/(2k)! < %cosh@. By
Markov’s inequality,

7_2

err,(f) < Pr [ZXZ > 27'n] < 6_20T”(E69X1)” < e M A= ?(2 _ cosh %) > 0.
i

The distance. The columns c; and ¢; are uniform on Z%, so Ng(c;) and Ny, (c;) have the
distribution Bin(n, 1); in particular Pr[A], Pr[B] < i for all large n, by the law of large numbers.
Write d(q) = d(q||%) as in the proof of Proposition 8.62(b), where Pr[Bin(n f) =k > e e~ nd(k/n)
is shown for 0 < k < n. As d(3) = d'(3) = 0 and d"(q) = ﬁ

d(g) < (¢—%)?/(2min; t(1 — t)), the minimum over the ¢ between 3 and ¢. Let n > 7, 7, =7+ 1,

Taylor’s theorem gives

ka = f( + 7)n] and kg = L(f — 7)n|. Then ]7 - f] <7, for k € {ka,kp}, k“‘ € [3, 3], where
t(1—t)>2 and 58 > 1 — 7, >0, where t(1 —¢) > (2 = 7,)(2 +7,) on [ — 7, 3], and this is at
most %. Hence
eann eann
Pr[A] > Pr [Ny, (c;) = ka] > T Pr[B] > Pr [Ny, (c;) = k] > P

2
Tn

2(% — Tn)(% + )

As p has full support, the generalized polymorphisms are the tuples of types (A,,) and (B,,)
(Theorem 8.70(a); types (A) and (B) of Theorem 8.55(a) for m = 3). A tuple g of type (B,)
has Pr(fy, # gi) = % for k ¢ {j,1}; in a tuple of type (Ay,) all functions but one are constants,
so gj or g; is a constant, and 14 and 1 + 1p differ from every constant with probability at least
min(Pr[A],1 — Pr[A]) and min(Pr[B],1 — Pr[B]), respectively. So for all large n, dist(f,g) >
min(Pr[A], Pr[B]) > e "%n /(n + 1) for every generalized polymorphism g.

Conclusion. If dist < Cerrt, for these tuples, then e~ /(n +1) < Ce=M for all large n;
taking logarithms, dividing by n and letting n — oo gives cA < lim,, K, i.e.

c< 4 .
T2 -1E+7)(2- cosh 7)

K, =
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Letting 7 — 0 gives ¢ < 2.52 = %P-

3 3
sh . 1-4.3"2q : / 1 : :
For pg, o its larger mass Ham—z o Is at least « iff & < 15> and the translations used in

the proofs of Proposition 8.62(b) and Theorem 8.80(b) show that its marginals are uniform; these

arguments use only o < Tls' Every pair of entries has 2 - 3™~3 completions in Pﬁm) =, and the
completions of (Ym—1,ym) = (b,b+ 1) all have the larger mass, s0 fpm—1,m(b,b+1) = 2-3m73.
172%?3:_;20‘ = 17%320‘,. Hence M > %20‘/ and ¢ < %(% — %M) =9¢/. ]

For every full-support p with uniform marginals and min u = «a, pji(a,b) = %—Zb,#b wir(a,b') <
% — 40/, as each pji(a,b’) is a sum of 2 - 3™~3 masses at least a. So in this class the bound of
Proposition 8.82 is at least 9o/, with equality for uf,};a. Together with Proposition 8.81: for every

m>3and 0 < o < 1—18, the supremum of the exponents ¢ such that every full-support p on P}m) =

with uniform marginals and min 4 = o admits a bound dist < C), errj; lies in

[”;a', 90/} C [90/(1 - 90), 9a/].
With ¢ = /1 — 18¢/, the ratio of the two ends is 18/ /r1gs = 1 + t(lgt) < %, with equality only
for o/ = 2—14, and it tends to 1 as @’ — 0 and as o/ — %. This replaces the upper bound %620/
of Proposition 8.62(b) and Theorem 8.80(b), proved there for o/ < %, by 9/ for every o'; as
90/ < log3/log ﬁ for 0 < o < % (the function z +— 9z In i is increasing on (0, i) and equals
In3 at %), neither the family 1(®) of Proposition 8.62(a) nor its analogue ,ug,‘f ) of Remark 8.71(c),
whose bound is log 3/ log ﬁ, improves it. In particular the constant 9 is sharp: the supremum
is 9¢/(1 — O(¢')) as o/ — 0. For a single u # m,, with full support and uniform marginals,
rsar /2 < c*(p) < 23— M), and (3 —M) < ias M >1. As ,uf,};,a has full support and uniform
marginals, the exponents of Theorems 8.61(b), 8.66 and 8.78 can be improved at most to 9¢/.
The two ends of the interval are the two sides of reverse hypercontractivity for the law of
(Ym—1,Ym) under uﬁj’a. The smallest ratio fiy,—1,m(a, b)/(ftm—1(a)pum (b)) is 9-2a = 18¢/, attained
for b # a + 1, so for o < 1—18 Lemma 8.35 applies with x = 18a/ and gives Pr[c,,—1 € A, ¢,y €
B] > (Pr[A] Pr[B])"/ s for all sets A, B. For the sets of the proof (with j = m — 1, [ = m,
ap = b, bp = b+ 1 and p = 4¢/), the bounds there give Pr[c,,_1 € A,c,, € B] < e <
((n + 1)2Pr[4] Pr[B])A/(2K"), and A/(2lim, K,,) — &= as 7 — 0. As Pr[A], Pr[B] < e~27'n by
Hoeffding’s inequality, the exponent 1/r, of Lemma 8.35 cannot be replaced by any v < 1/k for
these pair laws, and ‘Ehe factor k/r, < % is the only gap left in the interval. Proposition 8.83

removes it for o' < gz, The script neq_sharp_shift_check.py (directory numerics) checks, in

exact arithmetic, the masses, support, minimum and marginals of u,sq};,a for m = 3,4,5 and several

o < 1—18, that M = %26“/ (attained by the last two entries), the probabilities Pr[X; = +1] = 4o/

and the smallest ratio 18¢/; for random p with uniform marginals (m = 3,4), the bounds % <M<
—nd(k/n)

3 —4a/ and Pr[X; = +1] = £ — M; the inequalities for cosh, the bound Pr[Bin(n, ) = k] > ¢ )
for n < 200 and the Taylor bound for d on a grid; for m = 3, u* (four values of a, two of 7) and
n = 30,60,...,150, the error, summed in floating point over the four classes of rows given by
1[yo = 0] and 1[y3 = 1], against e~*", and Pr[A], Pr[B], exactly, against e ™" /(n + 1); for
n < 4 the exact class formula for the error against enumeration of all row tuples; for m = 3 and
3 <n <7, the distance from all tuples of types (A) and (B), by exact enumeration; and the limits
and inequalities for 713/, log3/log 5= and A/(2K) on grids.
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Proposition 8.83 (The sharp exponent for o/ < 3—16) For 0 < k < 1 and a probability space §)
consider the inequality

(Sk) (L= r)Elpy] + sE[LE[Y] > [lollx ¢l

for all measurable @, : Q — [0,00) with finite means.
(a) (Sk) holds on every probability space for every r € (0, 3].

(b) Let m > 3 and 0 < o < {5. Every exponent ¢ < max (min(9¢/, 1), risar/2) is valid in
Proposition 8.81(a). In particular, for 0 < o’ < % the supremum of the exponents valid for
the whole class (which lies in [r18q4/2,90'] by the paragraph after Proposition 8.82) equals

9¢q/.

(¢) If (Sk) holds on Z3 with the uniform measure for every € (%,1), then this supremum equals
90/ for every 0 < o/ < k.

Proof. (a) Let 8 = k/(1 — k), so 0 < 8 < 1. If E¢p = 0 both sides of (S,) vanish; as both
sides are homogeneous in 1, we may assume E¢) = 1. Let V = (1 — )y + k; then V > k and
EV =1, so 1/V and V—? are bounded and V# < 1 + V is integrable. The left side of (Sy) is
E[¢V]. By Hoélder’s inequality with the exponents 1/k and 1/(1 — k), E[¢"] = E[(¢V )"V 7] <
(E[pV])S(E[V—P])I=*, that is, E[eV] > |l¢ll«E[V?])~Y# (the reverse Holder inequality). So it
suffices to show E[¢*] (E[V])1=* < 1, which is (E[V#))"/# > ||4||.. Holder’s inequality with
the same exponents gives

E[] = B[(x/V) VF] < (B[p/V])" (BVA) "

Let H =E[1/V] and h = H — 1; then h > 0 by Jensen’s inequality, and as ¢ = (V — k)/(1 — k),
E[¢/V] = (1 - kH)/(1 — k) = 1 — Sh, which is nonnegative. Let V' be an independent copy of V
and Z = logV —logV’. As Z and —Z have the same law, E[VA|E[V~#] = E[e??] = E[cosh 37]
and H = E[V'|E[1/V] = E[e~%] = E[cosh Z]. Comparing power series term by term, cosh 3z — 1 =
S isq 822K /(2k)! < B%(coshz — 1) for real z, as B < 1; hence E[VPIE[V=F] < 1+ 5%h. By
Bernoulli’s inequality (concavity of 2 — ), (1 — h)? <1 — 32h. Therefore

(E V=) ) " < (@ - BnPEVAEV ) < (1 - )1+ 8% < 1.

(b) The proof of Proposition 8.81 uses the exponent r = r,, only through Step 3, where
Lemma 8.35 is applied to i.i.d. pairs with a law v;; that has uniform marginals and satisfies v;; >
ks/9; the other steps hold for every r € (0,1], and the conclusion has the exponent r/2 (the
inequality » < ks noted at the start of that proof is not used, and r > 8a’ also holds for the
values of r below, as 8o/ < %; Step 3 itself uses, besides the two-function inequality, only r < 1).
We show that Step 3 also holds with » = k for every k < kg such that (Sx) holds on Zs3 with
the uniform measure; by (a), this applies to £ = min(k,, 3). For such k we have vj; > /9,
so 3(vj1 — k/9)/(1 — k) is a doubly stochastic 3 x 3 matrix, and by the Birkhoff-von Neumann
theorem vj; = ) A", a convex combination over the permutations 7 of Zs3, where v™ is the
law of (x,7(y)) for the simple coupling (x,y) with parameter x: x is uniform, and y = x with
probability 1 — k and y is an independent uniform element otherwise. By (S,) applied to ¢ and
por, Eyr[o(x)Y(y)] > |l@llkllt|ls. This extends to products v™ & - - - @™ by the usual induction:
for fixed last pair (zx,yn) apply the inequality for N —1 pairs, and then the inequality for one pair
to xny — ||®(-,zn)||x and yn — [|U(-, yn)||x, Whose k-norms are ||®|, and ||V];. As I/ﬁN is the
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mixture of these products with weights [ [; Ar,, and the right side does not depend on (71,...,7n),
Step 3 holds with 7 = k. So the proof of Proposition 8.81(a) gives the exponent min(k,, 3)/2 for
every admissible s, besides r, /2. As k; — 18d/ for s — 0, every ¢ < max(min(9¢/, i),r18a1/2)
is valid. For o/ < 16 this maximum is 9¢/, as r1go < 18¢’, and Proposition 8.82 shows that no
exponent above 9¢/ is valid for ufﬁla.

36
(¢) The same argument with x = ks gives the exponents k,/2, which tend to 9¢’. O

Remark 8.84. The left side of (Sx) is E[¢(x)y(y)] for the simple coupling, in which y = x with
probability 1 — x and y is an independent copy of x otherwise, and the proof of (a) shows that (Sy)
is equivalent to the one-function inequality [|(1—x)1 + KE|| . /1—x) > [[¢0]| for all ¢ > 0 (for the
converse take o = ((1 — k)¢ + kEqp)~1/(1=5) which gives equality in the reverse Holder inequality).
On finite spaces, Lemma 8.35 gives (S) only with the smaller exponent r, in place of k. No
exponent larger than & is possible: for ¢ = 1+¢eu and ¢ = 1 — eu with v bounded and Eu = 0, the
left side is 1 — (1 — k)e*Eu?, while ||¢[|,[|l¢l, = 1 — (1 — p)e*Eu? + O(e3); so (S,) is tight to second
order at constants. On the uniform two-point space the analogous inequality with the exponent s
is Borell’s sharp reverse hypercontractive inequality (with p = ¢ = k and correlation 1 — k). In the
one-function form, (S,) is ||7;f|lq > ||f|l, for the simple semigroup T; = e *Id + (1 — e~ *)E with
p=#r,q=—r/(1—-k)and e! =1 — K, that is, t = %log i_;g, Borell’s time; here ¢ is the Holder
conjugate of p, which is why the one-function and two-function forms are equivalent. For simple
semigroups on arbitrary probability spaces [22] proves ||T:f|l; > || f|l, for ¢t > log %g, and their
sharper bound for simple operators ([22, Theorem 1.12] in the arXiv version, composed through
Il - o) gives, for these pairs, ¢t > 2log ﬁ, the time behind the exponent r, of Lemma 8.35; this
still exceeds Borell’s time —log(1l — ) for k > 0, as (2 — k)? > 4(1 — k). Part (a) shows that
Borell’s time suffices for these pairs (p,q) when x < % By the paragraph after Proposition 8.82,
the exponent « in (S,) could not be increased for the purpose of (b).

We conjecture that (S,) holds on Zs with the uniform measure (and, possibly, on every probabil-
ity space) for every k € (%, 1). For k > % we have 8 > 1, and the bound cosh 3z —1 < ?(cosh z—1)
used in (a) fails for small z # 0. The script neq_rhc_sharp_check.py (directory numerics) found
no violation of (S;) on Zs in a numerical search (random starts and local optimization, for s be-
tween 1073 and 0.99), while the same search finds violations when the exponent « is replaced by
1.02x. It found no violation of the one-function form on spaces with two, three or four points and
arbitrary weights either, and it checks the Birkhoff decomposition above for random laws v and
the steps of the proof of (a) on random finite spaces. For k € (%, 1) this is numerical evidence only;
only part (c) uses (S,) for such .
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