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Abstract

Let f : {0, 1}n → {0, 1} and let ε = Prx,y[f(x ∧ y) ̸= f(x) ∧ f(y)] for independent uniform
x,y. Filmus, Lifshitz, Minzer and Mossel (STOC 2020) proved that f is δ-close to a constant or
to an AND of a subset of the coordinates, where δ = δ(ε) → 0 independently of n. They asked

for the optimal dependence of δ on ε; the best known bound was δ = 1/ logΩ(1)(1/ε) (FLMM,
2021). We prove that

min
g∈{0}∪{ANDS}

Pr[f ̸= g] ≤ min
{
Ef,

c0 ε

Ef

}
≤

√
c0 ε, c0 = 4 + 2

√
2 < 6.83,

and that
√
ε cannot be improved: there are functions with ε(f) ≤ ε that are (1 − o(1))

√
ε-far

from all constants and ANDs. Thus the optimal dependence is δ∗(ε) = Θ(
√
ε), which proves the

polynomial conjecture of FLMM with the optimal exponent. The order of the lower bound is
elementary: x1 · · ·xk(1−xk+1) is at distance exactly

√
ε/2, so the bound δ = O(ε) conjectured

in their 2021 note already fails for these functions. The substance is the matching upper bound.
The proof is elementary (no junta theorem, no hypercontractivity). Its main ingredient is a
spectral containment inequality : if S is drawn from the Fourier spectral distribution of f and
x is uniform on f−1(1), then Pr[S ⊆ supp(x)] ≥ 1 − ε/(Ef)2. The same method gives the
sharp bound Θ(ε1/m) for the m-ary test f(x1 ∧ · · · ∧ xm) =

∧
j f(xj), the bound

√
6ε/(1− p)

for p-biased inputs, and polynomial (Op,ρ(
√
ε)) bounds for the three-function, two-measure

version (Theorem 2.10 of FLMM). The leading constant is not 1: there are functions with
dist(f)2 > 1.351 ε(f) at arbitrarily small ε, so 1.162 < lim supε→0 δ

∗(ε)/
√
ε ≤ √

c0 < 2.614.

In the relative form the constant is sharp near the ANDs: dist(f) ≤ ( 12 + O((ε/µ2)1/2)) ε/µ
with µ = Ef , and 1

2 is attained. Finally, the coupling works for approximate polymorphisms
of an arbitrary g : {0, 1}m → {0, 1}. We prove that every δ-approximate (multi-)polymorphism
of g is Og(δ

cg )-close to an exact one, with cg > 0 depending only on m; the previous bounds
(Chase–Filmus–Minzer–Mossel–Saurabh, STOC 2022) were of tower type. This answers their
Open Question 2: the dependence is always polynomial, and its exponent depends on g. It
is linear for every balanced g that depends on at least two coordinates. For unbalanced g let
e(g) be the number of coordinates of a constant input that must be flipped to change the value
of g, maximized over the two constant inputs. Then the optimal distance of a δ-approximate
polymorphism from the skew polymorphisms is Θg(δ

1/e(g)) for every non-constant unbalanced
g (for instance e = m for ANDm, ORm, NANDm, NORm); for functions close to constants
this uses a strong data processing inequality. So the optimal exponent for polymorphisms is
known for every g; for g depending on at least two coordinates, the loss is linear if and only if
g is balanced or e(g) = 1. For multi-polymorphisms (the functions f0, . . . , fm may differ) we
also find the optimal exponent: the optimal distance is Θg(δ

1/E(g)), where E(g) is the largest
k such that fixing m − k of the variables of g can leave an AND of k literals or its negation.
So for g depending on at least two coordinates the loss is linear if and only if g is affine;
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for instance, for Maj3 it is linear for polymorphisms and quadratic for multi-polymorphisms.
Finally, using the reverse hypercontractivity of Mossel, Oleszkiewicz and Sen, the polynomial
bound extends to correlated inputs: for every g and every full-support distribution µ of the rows
(the setting of Alekseev and Filmus), the dependence is polynomial, with exponent depending
only on m and minµ. This proves the polynomial part of the Alekseev–Filmus conjecture
for every functional predicate. The method also extends to larger alphabets: for g : Σm → Σ
such that changes of single coordinates within the connected components of their collision graphs
(a ∼ b if g(uj→a) = g(uj→b) for some context u) connect all output values (for instance min, max,
every finite semilattice operation, every near-unanimity operation, multiplication modulo q, and
the rounded mean ⌊(x1 + x2)/2⌋; for q = 3, 87% of the binary operations that depend on both
coordinates), the dependence is again polynomial; these functional predicates are not covered by
the larger-alphabet theorem of Alekseev and Filmus. For the non-functional predicate {(a, b, c) ∈
Z3
3 : a+ b+ c ̸= 0}, which they name as the simplest predicate their techniques cannot handle,

we prove stability under the uniform distribution on the predicate, with the sharp dependence:
distance (1 + o(1))

√
δ. Polynomial stability extends to every full-support distribution on the

predicate, with an exponent that must depend on the distribution, which answers their question
for this predicate; for the distributions with uniform marginals and smallest atom α, the best
exponent valid for all of them lies between 9α(1−9α) and 9α, and it equals 9α for α ≤ 1

36 ; near
the affine solutions the dependence is linear for every full-support distribution. The optimal
exponent 1

2 and the sharp constant 1 also hold for {a ∈ Zm
3 : a1 + · · · + am ̸= 0}, m ≥ 4,

under the uniform distribution, and polynomial stability holds for these predicates under every
full-support distribution, with the best exponent for uniform marginals between 9α′(1 − 9α′)
and 9α′, and equal to 9α′ for α′ ≤ 1

36 , where α
′ = 3m−3α; for m ≥ 3 these predicates are, up

to relabelling the alphabet in each coordinate, exactly the largest predicates over Z3 without a
flexible coordinate.

1 Introduction

For x, y ∈ {0, 1}n write x ∧ y = (x1 ∧ y1, . . . , xn ∧ yn). For S ⊆ [n] let ANDS(x) =
∏
i∈S xi (so

AND∅ ≡ 1), and let
An = {0} ∪ {ANDS : S ⊆ [n]}.

The functions f : {0, 1}n → {0, 1} satisfying f(x ∧ y) = f(x) ∧ f(y) for all x, y are exactly the
members of An (in social choice: the oligarchies and the constants). Indeed, if f ̸≡ 0 is such a
function then f−1(1) is closed under ∧ and is an up-set (if f(x) = 1 and y ≥ x then 1 = f(x∧ y) =
f(x)f(y)), so f−1(1) = {x ≥ m} where m is the meet of all points of f−1(1), i.e. f = ANDsupp(m).
For f : {0, 1}n → {0, 1} define, with x,y independent and uniform on {0, 1}n,

ε(f) = Pr
x,y

[
f(x ∧ y) ̸= f(x)f(y)

]
, dist(f) = min

g∈An

Pr
x
[f(x) ̸= g(x)],

and
δ∗(ε) = sup

n≥1
sup

{
dist(f) : f : {0, 1}n → {0, 1}, ε(f) ≤ ε

}
.

Nehama [24] proved dist(f) = O((nε)1/3). Filmus, Lifshitz, Minzer and Mossel [11] removed
the dependence on n: δ∗(ε) → 0 as ε → 0 (their Theorem 1.1), with an exponential loss, and
they asked ([11, Open Question 1]): “What is the optimal dependence between ϵ and δ in Theo-
rem 1.1?”, conjecturing a polynomial dependence. In a 2021 note [12] they gave a simpler proof
with δ∗(ε) ≤ 1/ logΩ(1)(1/ε), based on a Fourier tail bound and the junta theorem of Kindler–
Kirshner–O’Donnell [18], and conjectured that their theorem holds with δ = O(ε). Read lit-
erally, this fails for an elementary reason. The function f = x1 · · ·xk(1 − xk+1) fails exactly
on the pairs with xi = yi = 1 for all i ≤ k and xk+1 ̸= yk+1, so ε(f) = 4−k/2. Moreover
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Pr[f = 1 | xS = 1S ] ≤ Pr[xk+1 = 0 | xS = 1S ] ≤ 1
2 for every S, so Pr[f ̸= ANDS ] =

Ef + 2−|S|(1 − 2Pr[f = 1 | xS = 1S ]) ≥ Ef , and dist(f) = Ef = 2−k−1 =
√
ε(f)/2. Hence

δ∗(ε) ≥
√
ε/8 for all ε ≤ 1

8 (by monotonicity of δ∗), and the substance of the question is the upper
bound. The polynomial conjecture is restated, for general predicates, in [2, 9].

1.1 Results

Theorem 1.1 (Main theorem). Let f : {0, 1}n → {0, 1} with µ = Ef > 0 and ε = ε(f), and let
c0 = 4 + 2

√
2 = 6.828 . . . Then

dist(f) ≤ min
{
µ,

c0 ε

µ

}
≤

√
c0 ε.

More precisely, let θ0 = 1 − 1/
√
2, C = {i ∈ [n] : Pr[f(x) = 1, xi = 0] ≤ θ0µ} and η = ε/µ2. If

η ≤ η0 := (2−
√
2)/4 = 1/c0 then

Pr[f ̸= ANDC ] ≤ h(η)
ε

µ
, h(η) = (2 + 2

√
2)

1− 2η

1− (2 +
√
2)η

,

where h increases from h(0) = 2 + 2
√
2 to h(η0) = c0.

A simpler version of the argument (Theorem 5.1 at p = 1/2) gives the constant 12 in place of
c0.

Theorem 1.2 (Lower bound). For every 0 < ε ≤ 1/4 we have δ∗(ε) ≥
√
ε. Moreover, for every

n ≥ 1 the function fn = 1{|x| = n− 1} satisfies dist(fn)
2/ε(fn) = n/(n+ 1).

Corollary 1.3.
√
ε ≤ δ∗(ε) ≤ √

c0 ε for all 0 < ε ≤ 1/4, where c0 = 4 + 2
√
2. In particular

δ∗(ε) = Θ(
√
ε): the dependence is polynomial (as conjectured in [11]) with optimal exponent 1/2.

The new part of Corollary 1.3 is the upper bound. The order
√
ε of the lower bound already

follows from x1 · · ·xk(1 − xk+1) (see above); Theorem 1.2 gives it with the constant 1 for every
ε ≤ 1

4 , and Section 7 shows that 1 is not the right constant.
For functions close to an AND, the relative form of Theorem 1.1 has a sharp constant. Theo-

rem 5.4 shows that Pr[f ̸= ANDC ] ≤ (12 + O(
√
η)) ε/µ for η = ε/µ2 → 0, and that 1

2 cannot be
improved. This proof uses small-set expansion; the proof of Theorem 1.1 does not.

The method is robust. We also prove (Section 6):

Theorem 1.4 (Extensions).

(a) (p-biased inputs.) If x,y ∼ µp are independent, p ∈ (0, 1), µ = Eµpf and ε = Pr[f(x ∧ y) ̸=
f(x)f(y)], then ming∈An Prµp [f ̸= g] ≤ min{µ, 6ε/((1− p)µ)} ≤

√
6ε/(1− p).

(b) (m-ary test.) If m ≥ 2, x1, . . . ,xm are independent and uniform and εm = Pr[f(x1 ∧ · · · ∧
xm) ̸=

∏
j f(xj)], then dist(f) ≤ min{µ, c0εm/µm−1} ≤ (c0εm)

1/m. Conversely, δ∗m(ε) :=

supn sup{dist(f) : εm(f) ≤ ε} ≥ ε1/m for 0 < ε < 2−m. Hence the optimal dependence for
the m-ary test is Θ(ε1/m); more precisely ε1/m ≤ δ∗m(ε) ≤ (c0ε)

1/m.

(c) (Three functions, two measures; quantitative FLMM Theorem 2.10.) Let p, ρ ∈ (0, 1), x ∼ µp,
y ∼ µρ independent, and F,G,H : {0, 1}n → {0, 1} with ε = Pr[F (x ∧ y) ̸= G(x)H(y)]. Put
K = 5/

√
(1− p)(1− ρ). Then either
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(i) min(EµpG,EµρH) ≤ K
√
ε (so G or H is K

√
ε-close to 0) and Prµpρ [F ̸= 0] ≤ ε+K

√
ε;

or

(ii) min(EµpG,EµρH) > K
√
ε, and there is T ⊆ [n] with Prµp [G ̸= ANDT ] ≤ 6

5

√
1−p
1−ρ

√
ε,

Prµρ [H ̸= ANDT ] ≤ 6
5

√
1−ρ
1−p

√
ε, and Prµpρ [F ̸= ANDT ] ≤ ε+ 12

5

√
ε√

(1−p)(1−ρ)
.

Arbitrary predicates. The AND test is the case g = AND2 of the approximate polymorphism
problem of Chase, Filmus, Minzer, Mossel and Saurabh [6] (see also [11, 2]). Given g : {0, 1}m →
{0, 1}, suppose that f0, . . . , fm : {0, 1}n → {0, 1} satisfy

f0
(
g(z1), . . . , g(zn)

)
= g

(
f1(Z

1), . . . , fm(Z
m)

)
for most n × m matrices Z with rows zi and columns Zj . Are they close to exact solutions?
They proved this with a tower-type dependence and asked for the optimal dependence ([6, Open
Question 2]). In Section 8 we show that it is always polynomial: a δ-approximate solution is Og(δ

cg)-
close to an exact one, with an explicit cg > 0 depending only on the number of relevant coordinates
of g (Theorem 8.1). The exponent depends on g (Corollary 8.3): the loss is linear for every balanced
g that depends on at least two coordinates (Theorem 8.2, Proposition 8.16), while for every non-
constant unbalanced g the optimal dependence is δ = Θg(ε

e(g)), where e(g) ∈ {1, . . . ,m} is the
number of coordinates of a constant input that must be flipped to change the value of g, maximized
over the two constant inputs (Theorem 8.18); for example e = m for ANDm,ORm,NANDm,NORm.
The new ingredient is again the coupling, which yields a junta of size O(log(1/ε)) with polynomial
error in place of the regularity lemma. For functions close to a constant b we prove a lower bound
on the error of the form Pr[f ̸= b]s, using a strong data processing inequality for relative entropy.
We also determine the optimal dependence for multi-polymorphisms, where f0, . . . , fm need not
be equal (Theorem 8.28): it is δ = Θg(ε

E(g)), where E(g) ≥ e(g) is the largest k such that
fixing m − k of the variables of g can leave an AND of k literals or its negation. Hence the loss
for multi-polymorphisms is linear if and only if g is affine (Corollary 8.29); for Maj3 it is linear
for polymorphisms but quadratic for multi-polymorphisms. Here some columns may be close to
constants while others are not, and we use a partial strong data processing inequality in which
only part of the input of the channel is fresh (Lemma 8.30). Finally, Theorem 8.33 extends the
polynomial bound to inputs whose rows are i.i.d. samples of an arbitrary full-support distribution
µ on {0, 1}m, the setting of Alekseev and Filmus [2]: every δ-approximate multi-polymorphism is
Og,µ(δ

c)-close to an exact one, with c = cm,minµ > 0. Independence of the columns is replaced
by reverse hypercontractivity [22], and the junta lemma by a latent decomposition of µ. This
proves the polynomial part of the conjecture of [2, Section 9] for all functional predicates. Together
with [2, Theorem 1.7], its proof also answers the second open question of [2, Section 9] for Boolean
functional predicates (Remark 8.44). Over a finite alphabet Σ (Theorem 8.45) we prove polynomial
dependence for every g : Σm → Σ such that changes of a single coordinate xj within a connected
component of its collision graph (a ∼ b if g(uj→a) = g(uj→b) for some context u) connect all
output values; this holds, for instance, when every coordinate is irrelevant under some context.
Examples are all finite semilattice operations (e.g. min and max), all near-unanimity operations
(e.g. majority on Σ3), products in finite monoids with zero (e.g. multiplication modulo q), and the
rounded mean ⌊(x1+x2)/2⌋. A new ingredient is a junta lemma in which column j is resampled only
within one edge of the collision graph at a time; an alternating-projection estimate (Lemma 8.49)
combines these partial bounds, and f0 is reached by resampling each row within its vector of
components. The flexibility condition of [2, Theorem 1.10] fails for every functional predicate, so
even the qualitative statement for these predicates is not covered by [2]. Alekseev and Filmus name
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P ̸ == {(a, b, c) ∈ Z3
3 : a+ b+ c ̸= 0} as the simplest predicate that their techniques cannot handle.

Under the uniform distribution on P̸ = we prove that δ-approximate generalized polymorphisms are
(1+o(1))

√
δ-close to exact ones, and that this is sharp, including the constant (Theorem 8.55); the

dependence is linear near the affine dictator family. (The classification of the exact ones, the case
δ = 0, also follows from a theorem of Filmus [10] and a finite check.) Here almost every restriction
to a single coordinate is an exact solution in one variable, and pairwise independence of the columns
removes the three-wise Fourier terms. For every full-support distribution µ on P ̸ = with uniform
marginals (an 11-dimensional family containing all translation-invariant distributions), the distance
is O(α−3/2δ4α) with α = minµ (Theorem 8.61): a latent decomposition µ = 9απ + (1 − 9α)ν
lets us apply Theorem 8.55 to restrictions, and reverse hypercontractivity and Harris’s inequality
glue the restrictions together. If only two marginals are uniform (a 13-dimensional family), the
distance is O(α−3/2δ32α

2/9). The exponent must depend on µ: for a family µ(α) with uniform
marginals and minµ(α) = α it is at most log 3/ log 1

2α , and for another such family, µshα , at most
9α (Propositions 8.62 and 8.82); for every full-support µ with uniform marginals it is at most
9
4(

1
3 −M), where M is the largest probability of a pair of values of two entries of a row. With a

smaller weight of π in the decomposition, every exponent below r18α/2 ≥ max(8α, 9α(1 − 9α)) is
valid, where rκ = 2(1−

√
1− κ)/(2−

√
1− κ) ∈ [89κ, κ) is the exponent of reverse hypercontractivity

in Lemma 8.35, and every exponent below 32α2 if only two marginals are uniform (Proposition 8.81).
So for uniform marginals and smallest atom α < 1

18 , the best exponent valid for all such µ lies in
[r18α/2, 9α], an interval whose ends are within a factor 9

8 ; both ends tend to the optimal exponent
1
2 of π as α → 1

18 . The factor 9
8 is exactly the loss in reverse hypercontractivity, and we remove it

for α ≤ 1
36 : when κ ≤ 1

2 , the simple operator (1 − κ)Id + κE on every probability space satisfies
the two-function reverse hypercontractive inequality with the sharp exponent κ for both functions
(the analogue of Borell’s two-point inequality), so for α ≤ 1

36 the best exponent is exactly 9α; for
1
36 < α < 1

18 it would be 9α if the same inequality holds on the uniform three-point space for
κ ∈ (12 , 1), which we conjecture (Proposition 8.83). Near the affine family the dependence is linear
for every full-support µ (Lemma 8.60). Finally, every full-support µ is covered (Theorem 8.66): the
distance is at most Cαδ

α8/13107200. A stable distribution π′ that shares two marginals with µ can
replace π in the decomposition (Lemma 8.64), and three such steps (Lemma 8.65) connect every µ to
a distribution with two uniform marginals. This answers the first question of [2, Section 9] for P̸ =.
The guarantee of their second question (asked there for Boolean predicates), that equal functions
with equal marginals get equal approximations, holds for P ̸ = as well, and for polymorphisms, i.e.
f1 = f2 = f3, the dependence is linear whenever the three marginals coincide; under π the sharp
constant is 2

3 (Corollary 8.68). The optimal exponent 1
2 and sharp constant 1 of Theorem 8.55

also hold for {a ∈ Zm3 : a1 + · · · + am ̸= 0}, m ≥ 4, under the uniform distribution, with distance
at most

√
δ + O(m2δ) (Theorem 8.70): conditioning on all but three columns reduces the case of

two functions far from constants to Theorem 8.55, and the case of nearly constant functions is
handled directly. For their polymorphisms the dependence is linear with sharp constant 2

m if 3 | m,

and a square root with sharp constant
√

2/(m(m− 1)) if 3 ∤ m, where the constants 1 and 2 are
polymorphisms (Corollary 8.75). For m ≥ 3 these predicates are, up to relabelling the alphabet in
each coordinate, the only predicates over Z3 of the largest possible size 2 · 3m−1 without a flexible
coordinate (Corollary 8.73; this follows from the classical fact that all multiary quasigroups (Latin
hypercubes) of order 3 are affine [20, 27, 19]). So all of them are covered, under every full-support
distribution µ. For m ≥ 4 (Theorem 8.78), each pair of coordinates b, c and a third coordinate a,
µ is a mixture of a remainder and the distribution under which T (y) = (ya +

∑
j∈R yj , yb, yc) and

(yj)j∈R are independent with their laws under µ, where R = [m] \ {a, b, c}; the law of T (y) is a
full-support distribution on P ̸ =, so it is stable by the result for m = 3, and the transfer argument
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of Lemma 8.64 shows that fb or fc is close to a constant. The exponent must again depend on µ.
For uniform marginals the distance is Om,α(δ

4α′
) with α′ = 3m−3α (Theorem 8.80); every exponent

below r18α′/2 is valid (Proposition 8.81), and for some such µ no exponent above 9α′ is possible
(Proposition 8.82), so again, for α′ < 1

18 , the best exponent lies in [r18α′/2, 9α′], uniformly in m,
and it equals 9α′ for α′ ≤ 1

36 (Proposition 8.83).

The idea. FLMM’s approach passes through the approximate eigenvalue equation T↓f ≈ µf ,
where T↓f(x) = Eyf(x∧y); this only uses the AND test averaged over y, it needs a junta theorem,
and the junta must then be made exact, which is where the logarithmic loss comes from. We use
the test pointwise through a simple coupling: re-randomize x on the zero set of y. This does not
change x ∧ y, so if f(y) = 1 and f changes, the test must fail for one of the two pairs. Averaging
over y turns this into a single inequality (Lemma 3.1) that controls the whole Fourier spectrum of
f at once: ∑

S⊆[n]

f̂(S)2 Pr
[
f(x) = 1, xS ̸= 1S

]
≤ ε.

Normalized, it says that the spectral sample of f is almost always contained in the support of
a random point of f−1(1). Combined with an elementary lower bound on the spectral weight of
“core” coordinates (Lemma 2.2), this forces f−1(1) to sit inside the subcube {xC = 1C} and f to
be essentially a function of xC , hence close to ANDC (Section 4). The constant c0 comes from a
slightly finer accounting in this last step (Lemma 4.3).

The constant. Slices and thresholds approach dist(f)2/ε(f) = 1 from below (Theorem 1.2),
and exhaustive computation over all 216 functions on 4 variables and over all symmetric functions
on n ≤ 16 variables never exceeds 1. Nevertheless the constant 1 is not sharp. In Section 7 we
exhibit a symmetric function on 69 variables with dist(f)2 > 1.12 ε(f), and a symmetric function on
16000 variables with dist(f)2 > 1.342 ε(f) (both by exact integer computation); a padding lemma
transfers them to arbitrarily small ε. As n → ∞ these two-band constructions have a Gaussian
limit, which we compute rigorously (central limit theorem and a ball-arithmetic evaluation of a one-
dimensional integral; Proposition 7.4): there are functions with dist(f)2 > 1.351 ε(f) at arbitrarily
small ε. So 1.1623 < lim supε→0 δ

∗(ε)/
√
ε ≤ √

c0 < 2.614.

2 Preliminaries

Throughout, p ∈ (0, 1) and µp denotes the p-biased product measure on {0, 1}n, µp(x) = p|x|(1 −
p)n−|x|; µ1/2 is the uniform measure. For x ∈ {0, 1}n let supp(x) = {i : xi = 1} and Z(x) =

[n] \ supp(x). For J ⊆ [n], xJ denotes the restriction of x to J , and xJ = 1J means xi = 1 for all
i ∈ J (always true for J = ∅).

Fourier analysis. For S ⊆ [n] let ϕS(x) =
∏
i∈S

xi−p√
p(1−p)

. The ϕS form an orthonormal basis

of L2({0, 1}n, µp); we write f̂(S) = Eµp [fϕS ] (the measure will always be clear from the context).

Parseval: Ef2 =
∑

S f̂(S)
2. For J ⊆ [n] and x ∼ µp, the conditional expectation is

E[f(x) | xJ ] =
∑
S⊆J

f̂(S)ϕS(x), hence E
[
(f − E[f | xJ ])2

]
=

∑
S ̸⊆J

f̂(S)2. (1)

(Indeed E[ϕS(x) | xJ ] = ϕS(x) if S ⊆ J and = 0 otherwise, since the factors xi−p√
p(1−p)

, i /∈ J , are

independent of xJ and have mean 0.)
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Notation for a Boolean function. For f : {0, 1}n → {0, 1} on ({0, 1}n, µp) with µ = Ef > 0

write A = f−1(1) and let PA = µp( · | A). Since f2 = f , Parseval gives
∑

S f̂(S)
2 = µ, so

wfS = f̂(S)2/µ (S ⊆ [n])

is a probability distribution on subsets of [n] (the spectral distribution of f). Note that Prµp [f =
1, xS ̸= 1S ] = µPA[xS ̸= 1S ].

Lemma 2.1 (Resampling). Let f : {0, 1}n → {0, 1}, J ⊆ [n], x ∼ µp, and let x′ agree with x on J

while x′
[n]\J is an independent fresh sample of µ

[n]\J
p . Then x′ ∼ µp and

Pr[f(x) ̸= f(x′)] = 2
∑
S ̸⊆J

f̂(S)2.

Proof. Clearly x′ ∼ µp. For S, T ⊆ [n] we have E[ϕS(x)ϕT (x′)] =
∏
i E[· · · ], where for i ∈ J

the factor is 1 if [i ∈ S] = [i ∈ T ] and 0 otherwise (orthonormality in one coordinate), and
for i /∈ J the factor is 1 if i /∈ S ∪ T and 0 otherwise (independence and mean zero). Hence
E[ϕS(x)ϕT (x′)] = 1{S = T ⊆ J} and E[f(x)f(x′)] =

∑
S⊆J f̂(S)

2. Since f is {0, 1}-valued,
Pr[f(x) ̸= f(x′)] = Ef(x) + Ef(x′)− 2E[f(x)f(x′)] = 2µ− 2

∑
S⊆J f̂(S)

2 = 2
∑

S ̸⊆J f̂(S)
2.

Lemma 2.2 (Spectral weight of a coordinate). Let f : ({0, 1}n, µp) → {0, 1}, µ = Ef , i ∈ [n] and
bi = Pr[f(x) = 1, xi = 0]. Then ∑

S∋i
f̂(S)2 ≥ (1− p)µ− bi.

Equivalently, if µ > 0: PrS∼wf [i ∈ S] ≥ (1− p)− PA[xi = 0].

Proof. Let f b(x) = f(x1, . . . , xi−1, b, xi+1, . . . , xn) for b ∈ {0, 1} and Eif = pf1 + (1− p)f0. By (1)
with J = [n] \ {i},

∑
S∋i f̂(S)

2 = E[(f − Eif)
2]. If xi = 1 then f − Eif = (1− p)(f1 − f0), and if

xi = 0 then f − Eif = −p(f1 − f0); as f1 − f0 does not depend on xi,

E[(f −Eif)
2] =

(
p(1− p)2 +(1− p)p2

)
E[(f1 − f0)2] = p(1− p)E|f1 − f0| ≥ p(1− p)

(
Ef1 −Ef0

)
,

using that f1−f0 ∈ {−1, 0, 1}. Finally Ef1 = Pr[f = 1 | xi = 1] = (µ−bi)/p and Ef0 = bi/(1−p),
so the right-hand side equals (1− p)(µ− bi)− pbi = (1− p)µ− bi.

3 The spectral containment inequality

Lemma 3.1 (Spectral containment, three functions). Let p, ρ ∈ (0, 1), let x ∼ µp and y ∼ µρ be
independent, and let F,G,H : {0, 1}n → {0, 1}. Let ε = Pr[F (x ∧ y) ̸= G(x)H(y)]. Then, with Ĝ
the µp-Fourier coefficients of G,∑

S⊆[n]

Ĝ(S)2 Pr
y∼µρ

[
H(y) = 1, yS ̸= 1S

]
≤ ε.

Proof. Let w ∼ µp be independent of (x,y) and define x′
i = xi if yi = 1 and x′

i = wi if yi = 0.
Conditionally on y, the coordinates x′

1, . . . ,x
′
n are independent Bernoulli(p) variables, so x′ ∼ µp

independently of y, and (x′,y) has the same distribution as (x,y). Moreover x∧y = x′∧y, because
the two points agree on supp(y) and both meets vanish on Z(y). Finally, conditionally on y, the
pair (x,x′) is exactly the pair of Lemma 2.1 with J = supp(y).

7



Consider the event E = {H(y) = 1, G(x) ̸= G(x′)}. On E we have G(x)H(y) = G(x) ̸=
G(x′) = G(x′)H(y), whereas F (x ∧ y) = F (x′ ∧ y); hence F (x ∧ y) ̸= G(x)H(y) or F (x′ ∧ y) ̸=
G(x′)H(y). As both pairs are distributed like (x,y), Pr[E] ≤ 2ε.

On the other hand, conditioning on y and applying Lemma 2.1 (to G with J = supp(y)),

Pr[E] = Ey

[
H(y) · 2

∑
S ̸⊆supp(y)

Ĝ(S)2
]
= 2

∑
S

Ĝ(S)2 Pr
y
[H(y) = 1, S ̸⊆ supp(y)].

Since S ̸⊆ supp(y) iff yS ̸= 1S , the lemma follows.

Corollary 3.2 (One function). Let f : {0, 1}n → {0, 1}, x,y ∼ µp independent, µ = Ef > 0,
ε = Pr[f(x ∧ y) ̸= f(x)f(y)]. Then∑

S

f̂(S)2
(
µ− Pr[f(x) = 1, xS = 1S ]

)
≤ ε, i.e. Pr

S∼wf , x∼PA

[
S ̸⊆ supp(x)

]
≤ ε

µ2
.

Proof. Apply Lemma 3.1 with ρ = p and F = G = H = f , and note Pr[f = 1,xS ̸= 1S ] =
µ− Pr[f = 1,xS = 1S ] = µPA[xS ̸= 1S ]; divide by µ2.

Corollary 3.3 (m-ary test). Let m ≥ 2, x1, . . . ,xm ∼ µp independent, µ = Ef > 0 and εm =
Pr[f(x1 ∧ · · · ∧ xm) ̸=

∏
j f(xj)]. Then PrS∼wf , x∼PA

[S ̸⊆ supp(x)] ≤ εm/µ
m.

Proof. Let z = x2 ∧ · · · ∧ xm and let x′
1 agree with x1 on supp(z) and be fresh on Z(z). Then

(x′
1,x2, . . . ,xm) has the law of (x1, . . . ,xm), and the two m-tuples have the same meet. If f(x2) =

· · · = f(xm) = 1 and f(x1) ̸= f(x′
1), the test fails on one of the two tuples. Lemma 2.1 (given

x2, . . . ,xm, with J = supp(z)) yields

2
∑
S

f̂(S)2 Pr
[
f(x2) = · · · = f(xm) = 1, S ̸⊆ supp(z)

]
≤ 2εm.

Since supp(z) ⊆ supp(x2), the probability is at least Pr[f(x2) = · · · = f(xm) = 1, S ̸⊆ supp(x2)] =
µm−2 · µPA[xS ̸= 1S ]. Dividing by µm gives the claim.

4 From spectral containment to an AND

For Boolean G on ({0, 1}n, µp) and H on ({0, 1}n, µρ), both not identically 0, define

ηG|H =
∑
S

wGS PH [yS ̸= 1S ] = Pr
S∼wG, y∼PH

[
S ̸⊆ supp(y)

]
,

where PH = µρ( · | H = 1). Lemma 3.1 says exactly that ηG|H ≤ ε/(EGEH), and by symmetry
(x ∧ y = y ∧ x) also ηH|G ≤ ε/(EGEH).

Lemma 4.1 (Final step). Let G : ({0, 1}n, µp) → {0, 1} with µG = EG > 0, let C ⊆ [n] and
0 ≤ κ < 1/2. Suppose

(a)
∑
S ̸⊆C

Ĝ(S)2 ≤ κµG and (b) Pr[G(x) = 1, xC ̸= 1C ] ≤ κµG.

Then Pr[G ̸= ANDC ] ≤ κµG
2−3κ
1−2κ . In particular Pr[G ̸= ANDC ] ≤ 3κµG if κ ≤ 1/3.
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Proof. Let q = Pr[xC = 1C ] and m1 = E[G | xC = 1C ]. By (b), qm1 = Pr[G = 1,xC = 1C ] =
µG − Pr[G = 1,xC ̸= 1C ] ≥ (1− κ)µG > 0. By (1) and (a),

κµG ≥ E
[
(G− E[G | xC ])2

]
=

∑
u∈{0,1}C

Pr[xC = u] Var(G | xC = u) ≥ q m1(1−m1),

because G is Boolean. Hence 1 −m1 ≤ κµG/(qm1) ≤ κ/(1 − κ), i.e. m1 ≥ (1 − 2κ)/(1 − κ) > 0,
and

Pr[G = 0, xC = 1C ] = q(1−m1) =
q m1(1−m1)

m1
≤ κµG(1− κ)

1− 2κ
.

Adding (b): Pr[G ̸= ANDC ] = Pr[G = 1,xC ̸= 1C ] + Pr[G = 0,xC = 1C ] ≤ κµG + κµG(1−κ)
1−2κ =

κµG
2−3κ
1−2κ . The function κ 7→ 2−3κ

1−2κ is increasing on [0, 1/2) (its derivative is (1− 2κ)−2) and equals
3 at κ = 1/3.

Proposition 4.2 (Structure). Let G : ({0, 1}n, µp) → {0, 1} and H : ({0, 1}n, µρ) → {0, 1} be not
identically zero, let 0 < θ < 1− ρ, and

C = Cθ(H) = {i ∈ [n] : PH [yi = 0] ≤ θ}.

Then

(a) PrS∼wG [S ̸⊆ C] ≤ ηG|H/θ, i.e.
∑

S ̸⊆C Ĝ(S)
2 ≤ µG ηG|H/θ;

(b) PG[xC ̸= 1C ] ≤ ηH|G/(1− ρ− θ), i.e. Prµp [G = 1, xC ̸= 1C ] ≤ µG ηH|G/(1− ρ− θ).

Consequently, if κ := max{ηG|H/θ, ηH|G/(1− ρ− θ)} < 1/2, then Prµp [G ̸= ANDC ] ≤ κµG
2−3κ
1−2κ .

Proof. (a) If S ̸⊆ C, pick i ∈ S \ C; then PH [yS ̸= 1S ] ≥ PH [yi = 0] > θ. Hence ηG|H ≥∑
S ̸⊆C w

G
S PH [yS ̸= 1S ] ≥ θ

∑
S ̸⊆C w

G
S .

(b) For a set Z ⊆ [n], PrS∼wH [S∩Z ̸= ∅] ≥ PrS∼wH [i ∈ S] for every i ∈ Z. If i ∈ C, Lemma 2.2
(applied to H on ({0, 1}n, µρ)) gives PrwH [i ∈ S] ≥ (1 − ρ) − PH [yi = 0] ≥ 1 − ρ − θ. Therefore,
writing ηH|G = Ex∼PG

PrS∼wH [S ∩ Z(x) ̸= ∅],

ηH|G ≥ Ex∼PG

[
1{Z(x) ∩ C ̸= ∅} (1− ρ− θ)

]
= (1− ρ− θ)PG[xC ̸= 1C ].

The last assertion is Lemma 4.1 applied with (a) and (b).

Lemma 4.1 does not use the definition of C. On the uniform cube, using it (every coordinate
of C is rarely 0 on G−1(1)) improves the constants.

Lemma 4.3 (Final step, refined). Let G : {0, 1}n → {0, 1} with µG = EG > 0 under the uniform
measure µ1/2, let C ⊆ [n], 0 < θ < 1 and 0 ≤ κa, κb < 1. Suppose

(a)
∑
S ̸⊆C

Ĝ(S)2 ≤ κaµG, (b) Pr[G = 1, xC ̸= 1C ] ≤ κbµG,

(c) Pr[G = 1, xi = 0] ≤ θµG for every i ∈ C.

Then
Pr[G ̸= ANDC ]

µG
≤ max

{ κa
1− κa

, 2κb − 1 +
(1− κb)

2 + θκb
1− κa

, 2κb − 1 + θ
}
.
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Proof. Let q = 2−|C| = Pr[xC = u] for every u ∈ {0, 1}C , let mu = E[G | xC = u] and m = m1C .
Put β = Pr[G = 1,xC ̸= 1C ]/µG ∈ [0, κb] and s = 1− β ∈ [1− κb, 1]; note s > 0.

(i) qm = Pr[G = 1,xC = 1C ] = µG − βµG = sµG > 0; in particular m > 0.
(ii) Let u ̸= 1C and pick i ∈ C with ui = 0. By (c) and (i), qmu = Pr[G = 1,xC = u] ≤ Pr[G =

1,xi = 0] ≤ θµG = θqm/s, so mu ≤ θm/s.
(iii) By (1) and (a), and since Var(G | xC = u) = mu(1−mu) for Boolean G,

κaµG ≥ E
[
(G− E[G | xC ])2

]
=

∑
u

q mu(1−mu).

The term u = 1C equals sµG(1 −m) by (i). For u ̸= 1C we have 1 −mu ≥ (1 − θm/s)+ by (ii),
where t+ = max(t, 0), and

∑
u̸=1C qmu = Pr[G = 1,xC ̸= 1C ] = (1− s)µG. Therefore

κa ≥ s(1−m) + (1− s)
(
1− θm

s

)
+
. (2)

(iv) By (i), q = sµG/m. Since Pr[G ̸= ANDC ] = Pr[G = 1,xC ̸= 1C ] + Pr[G = 0,xC = 1C ],

Pr[G ̸= ANDC ] = (1− s)µG + q(1−m) = µG

(
1− 2s+

s

m

)
.

Case θm ≤ s. Then (2) reads κa ≥ s−sm+(1−s)−θm(1−s)/s, i.e. ms
(
s2+θ(1−s)

)
≥ 1−κa > 0.

Hence s/m ≤ (s2 + θ(1− s))/(1− κa) and, by (iv),

Pr[G ̸= ANDC ]

µG
≤ B(s) := 1− 2s+

s2 + θ(1− s)

1− κa
.

B is a convex quadratic function of s, so on the interval [1− κb, 1] it is maximised at an endpoint;

B(1) = κa/(1− κa) and B(1− κb) = 2κb − 1 + (1−κb)2+θκb
1−κa .

Case θm > s. Then s/m < θ and, by (iv), Pr[G ̸= ANDC ]/µG < 1− 2s+ θ ≤ 2κb − 1 + θ.

5 Proofs of the main theorem and of the lower bound

Theorem 5.1 (Main theorem, p-biased form). Let p ∈ (0, 1), f : {0, 1}n → {0, 1}, x,y ∼ µp
independent, µ = Eµpf > 0, ε = Pr[f(x∧y) ̸= f(x)f(y)]. Let C = {i : Prµp [f = 1,xi = 0] ≤ 1−p

2 µ}
and κ = 2ε

(1−p)µ2 . If κ < 1/2 then Prµp [f ̸= ANDC ] ≤ κµ2−3κ
1−2κ , and in all cases

min
g∈An

Pr
µp
[f ̸= g] ≤ min

{
µ,

6ε

(1− p)µ

}
≤

√
6ε

1− p
.

Proof. Apply Proposition 4.2 with G = H = f , ρ = p and θ = (1 − p)/2; then Cθ(f) is the set
C of the statement, and by Corollary 3.2, ηf |f ≤ ε/µ2, so the κ of the proposition is at most

2ε
(1−p)µ2 . This gives the first claim (the bound is increasing in κ). For the second, if κ ≤ 1/3 then

Pr[f ̸= ANDC ] ≤ 3κµ = 6ε
(1−p)µ , while if κ > 1/3 then 6ε

(1−p)µ = 3κµ > µ = Pr[f ̸= 0]. Finally

min{µ, a/µ} ≤
√
a for all a, µ > 0.

At p = 1/2 Theorem 5.1 gives dist(f) ≤ min{µ, 12ε/µ}. The constant c0 of Theorem 1.1 needs
Lemma 4.3.
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Lemma 5.2 (Core bound). Let f : {0, 1}n → {0, 1} with µ = Ef > 0 (uniform measure), and let η
satisfy ηf |f ≤ η ≤ η0 = (2−

√
2)/4. Let θ0 = 1− 1/

√
2 and C = Cθ0(f) = {i : Pr[f = 1,xi = 0] ≤

θ0µ}. Then

Pr[f ̸= ANDC ] ≤ h(η) η µ ≤ c0 η µ, h(η) = (2 + 2
√
2)

1− 2η

1− (2 +
√
2)η

, c0 = 4 + 2
√
2.

Proof. Write a = 1/θ0 = 2 +
√
2 and b = 1/(12 − θ0) = 2 + 2

√
2, and note θ0b =

√
2, aη0 = 1

2
and bη0 = 1√

2
. Apply Proposition 4.2 with G = H = f , p = ρ = 1

2 and θ = θ0 ∈ (0, 12); it gives

hypothesis (a) of Lemma 4.3 with κa = aη and hypothesis (b) with κb = bη, because ηf |f ≤ η.

Hypothesis (c) with θ = θ0 is the definition of C. As η ≤ η0 we have κa ≤ 1
2 and κb ≤ 1√

2
, so

Lemma 4.3 applies and bounds Pr[f ̸= ANDC ]/µ by the largest of

T1 =
aη

1− aη
, T2 = 2bη − 1 +

(1− bη)2 + θ0bη

1− aη
, T3 = 2bη − 1 + θ0.

Expanding, (2bη−1)(1−aη)+(1−bη)2+θ0bη = (a+θ0b)η+(b2−2ab)η2 = (2+2
√
2)η(1−2η), since

a+θ0b = 2+2
√
2 and b2−2ab = b(b−2a) = −2b. Hence T2 = h(η)η. Next, T2−T1 = η

√
2−(4+4

√
2)η

1−aη ≥
0 because (4+ 4

√
2)η0 =

√
2. Also (1− aη)(T2−T3) = (12+8

√
2)η2− (3+ 3

√
2)η+ 1√

2
> 0, as the

discriminant (3 + 3
√
2)2 − 4(12 + 8

√
2)/

√
2 = −5− 6

√
2 is negative. So Pr[f ̸= ANDC ] ≤ h(η)ηµ.

Finally, h′(η) has the sign of −2(1−aη)+a(1−2η) = a−2 > 0, so h(η) ≤ h(η0) = (2+2
√
2)1/

√
2

1/2 =

4 + 2
√
2.

Proof of Theorem 1.1. Put η = ε/µ2; by Corollary 3.2, ηf |f ≤ η. If η ≤ η0, Lemma 5.2 gives
Pr[f ̸= ANDC ] ≤ h(η)ε/µ ≤ c0ε/µ, which is the second claim. If η > η0 = 1/c0 then c0ε/µ =
c0ηµ > µ = Pr[f ̸= 0]. In both cases dist(f) ≤ min{µ, c0ε/µ}, and min{µ, a/µ} ≤

√
a for all

a, µ > 0.

Remark 5.3 (Relative form). For small η = ε/µ2 Theorem 1.1 reads Pr[f ̸= ANDC ] ≤ (2 + 2
√
2 +

O(η)) ε/µ: the relative distance Pr[f ̸= ANDC ]/µ is at most linear in the relative error ε/µ2. This
is sharp up to the constant factor. Let T,U ⊆ [n] be disjoint and nonempty, a = 2−|T |, b = 2−|U |,
and f = ANDT ∨ANDU . Then µ = a+ b− ab, and since f is monotone, ε(f) = µ2−Pr[f(x∧y) =
1] = µ2 − (a2 + b2 − a2b2) = 2ab(1 − a)(1 − b). Moreover Pr[f ̸= ANDT ] = b(1 − a), while every
g ∈ An \ {ANDT } satisfies Pr[g ̸= ANDT ] ≥ a/2 (for g = 0 this is a; for g = ANDS with S ⊋ T
it is a(1 − 2−|S\T |) ≥ a/2; for S ⊊ T it is 2−|S|(1 − 2−|T\S|) ≥ a; and for incomparable S, T it is
2−|S|+2−|T |−21−|S∪T | ≥ max(2−|S|, 2−|T |) ≥ a because |S∪T | > max(|S|, |T |)). So if b(1−a) ≤ a/4,
the triangle inequality gives dist(f) = b(1− a), and

dist(f)/µ

ε/µ2
=
a+ b− ab

2a(1− b)
−→ 1

2
(|U | → ∞ with T fixed),

while ε/µ2 → 0.

The example in Remark 5.3 shows that the constant in the relative form cannot go below 1
2 .

Near the ANDs, 1
2 is also an upper bound.

Theorem 5.4 (Sharp constant near the ANDs). Let f : {0, 1}n → {0, 1}, C ⊆ [n], q = 2−|C|,
δC = Pr[f ̸= ANDC ] and r = δC/q. Then

ε(f) ≥ 2q δC
(
1− 4

√
r
)
.
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Consequently, if µ > 0, η = ε/µ2 < η0 and C is the set of Theorem 1.1, then r ≤ r(η) :=
h(η)η/(1− h(η)η), and whenever r(η) < 1

16 ,

dist(f) ≤ Pr[f ̸= ANDC ] ≤ 1 + r(η)

2 (1− 4
√
r(η))

· ε
µ

=
(1
2
+O(

√
η)
) ε
µ
.

The constant 1
2 is attained: for C ∩ T = ∅, |T | ≥ 2 and f = ANDC · (1 − ANDT ) one has

dist(f)µ/ε = 1
2 exactly, while ε/µ2 = 21−|T |/(1− 2−|T |) → 0 as |T | → ∞. Hence

lim
η→0

sup
{dist(f)µ

ε(f)
: 0 < ε(f) ≤ η µ2

}
=

1

2
.

The first inequality needs an error term that is at least 1 at r = 1
2 : for i ∈ S, f = ANDS and

C = S \ {i} give ε(f) = 0 and r = 1
2 . The proof uses one estimate on meets, proved with small-set

expansion.

Lemma 5.5 (Meets of small sets). Let k ≥ 0, let x,y be independent and uniform on {0, 1}k,
w = x ∧ y, and let T ⊆ {0, 1}k have Pr[x ∈ T ] = d. Then

4Pr[x ∈ T, w ∈ T ]− Pr[w ∈ T ] ≤ 4 d3/2.

Proof. Given w, the coordinates of x are independent, with xi = 1 if wi = 1 and Pr[xi = 1 | w] = 1
3

if wi = 0 (given xi ∧ yi = 0, the pair (xi,yi) is uniform on {00, 01, 10}). Let U(w) = Pr[x ∈ T |
w = w]. For t ∈ {0, 1} and u ∈ R we have t(4u− 1) ≤ 4u2, because 4u2 − 4u+ 1 = (2u− 1)2 ≥ 0.
Hence

4Pr[x ∈ T,w ∈ T ]− Pr[w ∈ T ] = E
[
1T (w) (4U(w)− 1)

]
≤ 4E[U(w)2].

Now E[U(w)2] = Pr[x ∈ T, x′ ∈ T ], where x,x′ are conditionally independent given w with the
conditional law above. The pairs (xi,x

′
i) are independent, with uniform marginals (14 + 3

4 · 1
3 = 1

2)
and Pr[xi = x′

i = 1] = 1
4 +

3
4 ·

1
9 = 1

3 , so (x,x′) is a 1
3 -correlated pair. Lemma 8.15 gives E[U(w)2] ≤

d2/(1+1/3) = d3/2.

Proof of Theorem 5.4. Write A = f−1(1), Q = {x : xC = 1C}, D = Q\A, B = A\Q, δD = Pr[D],
δB = Pr[B], so δC = δD + δB and µ = q − δD + δB ≤ q(1 + r). Every point lies in exactly one of
the classes D, Q \D, B, Qc \B. The following events are failures (f(x∧y) ̸= f(x)f(y)), and they
are pairwise disjoint because they prescribe different pairs of classes for (x,y):

� E1: x ∈ D, y ∈ Q \D, x∧ y /∈ D (then x∧ y ∈ Q \D, so f(x∧ y) = 1 ̸= 0 = f(x)); and E′
1,

the same with x,y exchanged.

� E2: x ∈ B, y ∈ Q \ D, x ∧ y /∈ B (then f(x)f(y) = 1, and x ∧ y /∈ Q since x /∈ Q, so
f(x ∧ y) = 0); and E′

2, exchanged.

� E3: x,y ∈ Q \D, x ∧ y ∈ D.

� E4: x ∈ Qc \B, y ∈ Q, x ∧ y ∈ B (then f(x) = 0 and f(x ∧ y) = 1); and E′
4, exchanged.

Let aD = Pr[x ∈ D,y ∈ Q,x ∧ y ∈ D], bD = Pr[x ∈ Q,y ∈ Q,x ∧ y ∈ D], aB = Pr[x ∈ B,y ∈
Q,x ∧ y ∈ B] and bB = Pr[x /∈ Q,y ∈ Q,x ∧ y ∈ B]. By inclusion–exclusion,

Pr[E1] ≥ qδD − δ2D − aD, Pr[E3] ≥ bD − 2aD, Pr[E2] ≥ qδB − δBδD − aB, Pr[E4] = bB − aB,
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and the same for the exchanged events. Summing,

ε ≥ 2qδC − 2δ2D − 2δBδD + (bD − 4aD) + 2(bB − 2aB). (3)

Let R = [n] \ C. Conditioned on x,y ∈ Q, the restrictions xR,yR are independent and uniform,
and x∧y ∈ Q. Applying Lemma 5.5 on {0, 1}R to T = {z : (1C , z) ∈ D}, which has density δD/q,
gives bD − 4aD = −q2

(
4Pr[xR ∈ T,wR ∈ T ] − Pr[wR ∈ T ]

)
≥ −4q2(δD/q)

3/2. For the B terms,
split B by the pattern u = xC ̸= 1C : Bu = {x ∈ B : xC = u}, Tu = {z : (u, z) ∈ B}, of density
βu in {0, 1}R, so

∑
u βu = δB/q. If y ∈ Q and xC = u, then (x ∧ y)C = u. Hence aB = q2

∑
u au

and bB = q2
∑

u bu, where au = Pr[xR ∈ Tu,wR ∈ Tu] and bu = Pr[wR ∈ Tu]. Lemma 5.5 gives

bu − 2au ≥ 2au − 4β
3/2
u ≥ −4β

3/2
u , so bB − 2aB ≥ −4q2

∑
u β

3/2
u ≥ −4q2(δB/q)

3/2 (superadditivity
of t 7→ t3/2). Put x = δD/q, so that δB/q = r − x and 2δ2D + 2δBδD = 2δDδC = 2q2xr. Then (3)
becomes

ε ≥ q2
(
2r − L(x)

)
, L(x) = 2xr + 4x3/2 + 8(r − x)3/2 (0 ≤ x ≤ r).

L is convex, so L(x) ≤ max{L(0), L(r)} = max{8r3/2, 2r2 + 4r3/2}, and this is 8r3/2 when r ≤ 4.
Hence ε ≥ 2q2r − 8q2r3/2 = 2qδC(1− 4

√
r) if r ≤ 4; if r > 4 the right side is negative.

For the consequence, let C be the set of Theorem 1.1. Since h is increasing (proof of Lemma 5.2)
and η < η0, h(η)η < h(η0)η0 = 1, and Theorem 1.1 gives δC ≤ h(η)ηµ < µ. As q ≥ µ − δB ≥
µ− δC > 0 and t 7→ t/(µ− t) is increasing on [0, µ), r ≤ h(η)η/(1− h(η)η) = r(η) = O(η). If ε = 0
then r ≤ r(0) = 0, so δC = 0. If ε > 0 and r(η) < 1

16 , then 1 − 4
√
r ≥ 1 − 4

√
r(η) > 0, and the

first part with µ ≤ q(1 + r) gives δCµ/ε ≤ (1 + r)/(2(1− 4
√
r)) ≤ (1 + r(η))/(2(1− 4

√
r(η))), the

last step because this function of r is increasing on [0, 1
16).

For the example, let f = ANDC(1−ANDT ) and τ = 2−|T |. Then B = ∅ andD = Q∩{xT = 1T },
and f = 1 exactly on G := Q \D = Q ∩ A. The set D is closed under meets, and it is an up-set:
if z ∈ D and x ≥ z then x ∈ D. The failures are exactly the pairs in E1 ∪ E′

1. Indeed, if x /∈ Q or
y /∈ Q then x∧y /∈ Q, so f(x∧y) = 0 = f(x)f(y). Let x,y ∈ Q, so that x∧y ∈ Q. If x,y ∈ D then
x ∧ y ∈ D, and f(x ∧ y) = 0 = f(x)f(y). If x,y ∈ G then x ∧ y /∈ D, since x ≥ x ∧ y, x /∈ D and
D is an up-set; so x∧y ∈ G and f(x∧y) = 1 = f(x)f(y). If x ∈ D and y ∈ G then f(x)f(y) = 0,
while (x ∧ y)T = yT ̸= 1T gives x ∧ y ∈ G and f(x ∧ y) = 1: all these pairs fail, and they form
E1 (and the exchanged pairs form E′

1). Hence ε = 2Pr[D] Pr[G] = 2q2τ(1− τ), while µ = q(1− τ)
and Pr[f ̸= ANDC ] = qτ . Every g ∈ An \ {ANDC} has Pr[g ̸= ANDC ] ≥ q/2 (Remark 5.3). So for
τ ≤ 1

4 the triangle inequality gives dist(f) = qτ and dist(f)µ/ε = 1
2 . Combined with the first part,

this gives the limit.

The same argument gives the sharp relative constant for the m-ary test of Theorem 1.4(b).

Theorem 5.6 (Sharp constant for them-ary test). Let m ≥ 2, εm = Pr[f(x1∧· · ·∧xm) ̸=
∏
j f(xj)]

for independent uniform xj, and let C, q, δC , r be as in Theorem 5.4. With κm = 2− 21−m,

εm ≥ mqm−1δC
(
1−m2 rκm−1

)
.

Consequently, if µ > 0 and ηm = εm/µ
m satisfies c0ηm < 1, then dist(f) = Pr[f ̸= ANDC ] for

some C with r ≤ rm := c0ηm/(1− c0ηm), and

dist(f) ≤ (1 + rm)
m−1

m
(
1−m2rκm−1

m

) · εm
µm−1

=
( 1

m
+Om

(√
ηm

)) εm
µm−1

whenever m2rκm−1
m < 1. The constant 1

m is optimal: f = ANDC(1 − ANDT ) with C ∩ T = ∅ and

τ = 2−|T | ≤ 1
4 has dist(f)µm−1/εm = τ(1− τ)m−1/(1− (1− τ)m − τm) → 1

m as |T | → ∞.
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Proof. Meet lemma. Let x be uniform and y′ be µ21−m-distributed on {0, 1}k, independent, w =
x ∧ y′, and Pr[x ∈ T ] = d. Then

2mPr[x ∈ T,w ∈ T ]− Pr[w ∈ T ] ≤ m2dκm .

The proof is that of Lemma 5.5, with these changes. Given w, the coordinates of x are independent,
with xi = 1 if wi = 1 and Pr[xi = 1 | wi = 0] = (12 − s)/(1 − s), where s = 2−m. The pointwise
inequality becomes t(2mu−1) ≤ m2u2, since (mu−1)2 ≥ 0. Two conditionally independent copies
x,x′ have uniform marginals and Pr[xi = x′

i = 1] = s + (12 − s)2/(1 − s) = 1
4(1−s) . So (x,x′) is

ρm-correlated with ρm = s/(1 − s) = 1/(2m − 1), and Lemma 8.15 gives E[U(w)2] ≤ d2/(1+ρm) =
d2−21−m

= dκm .
Accounting. With the four classes D, G = Q \D, B, N = Qc \B as before, the following events

are failures and pairwise disjoint (different class patterns of (x1, . . . ,xm)), where w = x1∧· · ·∧xm:

� F1(j): xj ∈ D, xi ∈ G for i ̸= j, and w /∈ D;

� F2(j): xj ∈ B, xi ∈ G for i ̸= j, and w /∈ B;

� F3: all xi ∈ G and w ∈ D;

� F4(j): xj ∈ N , xi ∈ Q for i ̸= j, and w ∈ B.

Let aD = Pr[x1 ∈ D, x2, . . . ,xm ∈ Q, w ∈ D], bD = Pr[x1, . . . ,xm ∈ Q, w ∈ D], aB = Pr[x1 ∈
B, x2, . . . ,xm ∈ Q, w ∈ B] and bB = Pr[x1 /∈ Q, x2, . . . ,xm ∈ Q, w ∈ B]. Then

Pr[F1(j)] ≥ qm−1δD − (m− 1)qm−2δ2D − aD, Pr[F3] ≥ bD −maD,

Pr[F2(j)] ≥ qm−1δB − (m− 1)qm−2δBδD − aB, Pr[F4(j)] = bB − aB,

so εm ≥ mqm−1δC−m(m−1)qm−2δDδC+(bD−2maD)+m(bB−2aB). Given x2, . . . ,xm ∈ Q, the
restriction to R = [n] \ C of x2 ∧ · · · ∧ xm is µ21−m-distributed. So the meet lemma, applied as in
the proof of Theorem 5.4, gives bD − 2maD ≥ −m2qm(δD/q)

κm . Per pattern u it gives bu − 2au ≥
(2m − 2)au − m2βκmu , hence bB − 2aB ≥ −m2qm(δB/q)

κm by superadditivity of t 7→ tκm . With
x = δD/q ∈ [0, r] this gives εm ≥ qm(mr−L(x)), where L(x) = m(m−1)xr+m2xκm +m3(r−x)κm
is convex. If r ≤ 1, then L(r) = m(m − 1)r2 +m2rκm ≤ m3rκm = L(0), because r2−κm ≤ 1 ≤ m;
so L ≤ m3rκm and εm ≥ mqm−1δC(1−m2rκm−1). If r > 1 the right side is negative.

Consequence. If εm = 0, Theorem 1.4(b) gives dist(f) = 0. Otherwise, by Theorem 1.4(b),
dist(f) ≤ c0ηmµ < µ = Pr[f ̸= 0]. So dist(f) = δC for some C, and q ≥ µ − δC ≥ µ(1 − c0ηm),
which gives r ≤ rm. Hence 1 −m2rκm−1 ≥ 1 −m2rκm−1

m > 0. Also µm−1 ≤ qm−1(1 + r)m−1, so
dist(f)µm−1/εm is at most the displayed factor at r, which is increasing in r. Finally κm − 1 =
1− 21−m ≥ 1

2 and rm ≤ 1, so rκm−1
m ≤ √

rm = O(
√
ηm).

Example. Here B = ∅, D = Q ∩ {xT = 1T }, and f = 1 exactly on G = Q \D = Q ∩ A; as in
the proof of Theorem 5.4, D is an up-set. If some xj /∈ Q, then w /∈ Q and f(w) = 0 =

∏
j f(xj).

If all xj ∈ G, then w ∈ Q, and w /∈ D because x1 ≥ w, x1 /∈ D and D is an up-set; so
f(w) = 1 =

∏
j f(xj). If all xj ∈ Q and some xj ∈ D, then

∏
j f(xj) = 0, and since wT = 1T iff

(xj)T = 1T for every j, the tuple fails iff some xj lies in G. So a tuple fails iff all xj ∈ Q and both
D and G contain some xj . Given that all xj ∈ Q, the events {xj ∈ D} are independent, each of
probability τ , so εm = qm(1− (1− τ)m− τm), while µ = q(1− τ) and dist(f) = qτ (as in the proof
of Theorem 5.4).
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The script sharp relative.py (directory numerics) checks Lemma 5.5 and the meet lemma
for m = 3 on random and structured sets, (3) and the first inequalities of Theorems 5.4 and 5.6
(m = 3) for every C on small n, both first inequalities in exact rational arithmetic for perturbations
ANDC⊕1E with r in the non-vacuous range and n ≤ 20 (with ε and ε3 computed exactly by Möbius
inversion), the consequence of Theorem 5.4, and the example.

Proof of Theorem 1.2. Slices. Let fn = 1{|x| = n− 1}. Then fn(x)fn(y) = 1 iff |x| = |y| = n− 1,
and fn(x ∧ y) = 1 iff (x, y) ∈ {(s, s), (s, 1n), (1n, s)} for some s with |s| = n − 1. The failing pairs
are therefore the n(n − 1) pairs of distinct points of the slice and the 2n pairs (s, 1n), (1n, s), so
ε(fn) = n(n+ 1)/4n. For S ⊆ [n] with u = n− |S|, Pr[fn = 1,ANDS = 1] = u/2n (the single zero
must lie outside S), so Pr[fn ̸= ANDS ] = (n + 2u − 2u)/2n ≥ n/2n = Pr[fn ̸= 0] because 2u ≥ 2u
for all integers u ≥ 0. Hence dist(fn) = n/2n and dist(fn)

2/ε(fn) = n/(n+ 1).
Monotone functions. If f is monotone then f(x∧ y) ≤ f(x)f(y), so ε(f) = E[f(x)f(y)− f(x∧

y)] ≤ µ2.
Thresholds. Fix 0 < p < 1/2 and n ≥ 1. Let t be the least integer with Pr[|x| ≥ t] ≤ p;

then 1 ≤ t ≤ n + 1 and Pr[|x| ≥ t − 1] > p. Choose a set L of points with |x| = t − 1 such that
U = {x : |x| ≥ t} ∪ L satisfies p − 2−n < µ(U) ≤ p, and let f = 1U . U is an up-set (every point
strictly above a point of level t− 1 has weight ≥ t), so ε(f) ≤ µ(U)2 ≤ p2.

We bound dist(f) from below. Pr[f ̸= 0] = µ(U) > p − 2−n and Pr[f ̸= AND∅] = 1 − µ(U) >
1/2 > p. Let S ̸= ∅, s = |S|, and qS = Pr[f = 1 | xS = 1S ]. Then

Pr[f ̸= ANDS ] = µ(U) + 2−s − 2 · 2−sqS = µ(U)− 2−s(2qS − 1).

If qS ≤ 1/2 this is ≥ µ(U). If qS > 1/2, then, as f = 1 implies |x| ≥ t−1, we get Pr[Bin(n−s, 12) ≥
t−1− s] ≥ qS > 1/2; by the symmetry of Bin(N, 12) about N/2, Pr[Bin(N,

1
2) ≥ a] ≤ 1/2 whenever

a > N/2, so t− 1− s ≤ (n− s)/2, i.e. s ≥ 2t− 2−n, and then Pr[f ̸= ANDS ] ≥ µ(U)− 2−(2t−2−n).
It remains to show 2t − n → ∞ as n → ∞. Every point mass of Bin(n, 12) is at most βn :=(
n

⌊n/2⌋
)
2−n ≤ 1/

√
n. (Let ak =

(
2k
k

)
4−k =

∏k
j=1

2j−1
2j . Since 2j−1

2j ≤ 2j
2j+1 , we get a2k ≤

∏k
j=1

2j−1
2j ·

2j
2j+1 = 1

2k+1 . Hence β2k = ak ≤ 1/
√
2k for k ≥ 1, and β2k+1 = ak · 2k+1

2k+2 ≤ ak ≤ 1/
√
2k + 1 for

k ≥ 0, using
(
2k+1
k

)
=

(
2k
k

)
2k+1
k+1 .) Let k = ⌊(12 − p)

√
n/2⌋. Since Pr[|x| ≥ ⌈n/2⌉] ≥ 1

2 (the events
|x| ≥ ⌈n/2⌉ and |x| ≤ ⌊n/2⌋ have equal probability and cover the cube),

Pr
[
|x| ≥ ⌈n/2⌉+ k

]
≥ 1

2
− k√

n
≥ 1

2
− 1/2− p

2
> p,

so t > ⌈n/2⌉+ k and 2t− 2− n ≥ 2k → ∞. Altogether

ε(f) ≤ p2 and dist(f) ≥ p− 2−n − 2−2k −−−→
n→∞

p.

Hence δ∗(p2) ≥ p for every p ∈ (0, 1/2), i.e. δ∗(ε) ≥
√
ε for 0 < ε < 1/4; for ε = 1/4 use

monotonicity of δ∗.

Proof of Corollary 1.3. Combine Theorems 1.1 and 1.2.

6 Extensions

Proof of Theorem 1.4(a). This is Theorem 5.1.
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Proof of Theorem 1.4(b). By Corollary 3.3 (with p = 1/2), ηf |f ≤ η := εm/µ
m. If η ≤ η0,

Lemma 5.2 gives Pr[f ̸= ANDC ] ≤ c0ηµ = c0εm/µ
m−1; if η > η0 = 1/c0 then c0εm/µ

m−1 =
c0ηµ > µ = Pr[f ̸= 0]. Thus dist(f) ≤ min{µ, c0εm/µm−1}. If µm ≤ c0εm the minimum is at most
µ ≤ (c0εm)

1/m; otherwise it is at most c0εm/µ
m−1 < (c0εm)/(c0εm)

(m−1)/m = (c0εm)
1/m.

For the lower bound, if f is monotone then f(x1 ∧ · · · ∧ xm) ≤
∏
j f(xj), hence εm(f) =

E
∏
j f(xj)−Ef(x1∧· · ·∧xm) ≤ µm. For 0 < p < 1/2, the up-sets U from the proof of Theorem 1.2

with density µ(U) ∈ (p− 2−n, p] have εm(1U ) ≤ pm and dist(1U ) ≥ p− 2−n− 2−2k → p as n→ ∞.
Taking p = ε1/m shows that δ∗m(ε) := supn sup{dist(f) : εm(f) ≤ ε} ≥ ε1/m for all 0 < ε < 2−m.

Proof of Theorem 1.4(c). Write µG = EµpG, µH = EµρH, and η0 = (1 − p)(1 − ρ)/25, so that
K = 1/

√
η0.

Case (i): min(µG, µH) ≤ K
√
ε. Since x ∧ y ∼ µpρ,

Pr
µpρ

[F = 1] = Pr[F (x ∧ y) = 1] ≤ Pr[F (x ∧ y) ̸= G(x)H(y)] + Pr[G(x)H(y) = 1]

≤ ε+min(µG, µH) ≤ ε+K
√
ε.

Case (ii): µG > K
√
ε and µH > K

√
ε. In particular µG, µH > 0, and µGµH ≥ K2ε = ε/η0, so

η := ε/(µGµH) ≤ η0. By Lemma 3.1 and symmetry, ηG|H ≤ η and ηH|G ≤ η.
Apply Proposition 4.2 to (G,H) with θ = (1−ρ)/2, obtaining C1 = {i : PH [yi = 0] ≤ (1−ρ)/2}

and κ1 = 2η/(1− ρ) ≤ 2η0/(1− ρ) ≤ 2/25 < 1/3:

PG[xC1 ̸= 1C1 ] ≤ κ1, Pr
µp
[G ̸= ANDC1 ] ≤ 3κ1µG.

Apply it to (H,G) (roles of p, ρ exchanged) with θ = (1 − p)/2, obtaining C2 = {i : PG[xi = 0] ≤
(1− p)/2}, κ2 = 2η/(1− p) < 1/3 and Prµρ [H ̸= ANDC2 ] ≤ 3κ2µH .

Claim: C1 = C2. If i ∈ C1 then PG[xi = 0] ≤ PG[xC1 ̸= 1C1 ] ≤ κ1 = 2η/(1−ρ) ≤ 2(1−p)/25 <
(1−p)/2, so i ∈ C2. If i /∈ C1, let r = 3κ1 = 6η/(1−ρ) ≤ 6(1−p)/25. Since Pr[ANDC1 = 1] = p|C1|

and Pr[G ̸= ANDC1 ] ≤ rµG, we have p|C1| ≥ (1− r)µG and

Pr
µp
[G = 1,xi = 0] ≥ Pr[ANDC1 = 1,xi = 0]− rµG = (1− p)p|C1|− rµG ≥

(
(1− p)(1− r)− r

)
µG,

so PG[xi = 0] ≥ (1 − p) − r(2 − p) ≥ (1 − p) − 12
25(1 − p) > (1 − p)/2, i.e. i /∈ C2. This proves the

claim; let T = C1 = C2.
Now, using µH > K

√
ε (and reading the middle term as 0 if ε = 0), Prµp [G ̸= ANDT ] ≤

3κ1µG = 6ε
(1−ρ)µH ≤ 6

√
ε

(1−ρ)K = 6
5

√
1−p
1−ρ

√
ε, and symmetrically Prµρ [H ̸= ANDT ] ≤ 6ε

(1−p)µG ≤
6
5

√
1−ρ
1−p

√
ε. Finally, since ANDT (x ∧ y) = ANDT (x)ANDT (y) and x ∧ y ∼ µpρ,

Pr
µpρ

[F ̸= ANDT ] ≤ Pr[F (x ∧ y) ̸= G(x)H(y)] + Pr[G(x) ̸= ANDT (x)] + Pr[H(y) ̸= ANDT (y)],

which is at most ε+ 6
5

√
ε
(√1−p

1−ρ +
√

1−ρ
1−p

)
= ε+ 6

5 · 2−p−ρ√
(1−p)(1−ρ)

√
ε ≤ ε+ 12

5

√
ε√

(1−p)(1−ρ)
.

Remark 6.1 (Dictatorship testing). FLMM observe that their theorem shows that the natural
dictatorship tester of Parnas, Ron and Samorodnitsky [28] (check Ef ≈ 1

2 and f(x ∧ y) = f(x) ∧
f(y)) is sound. Theorem 1.1 makes this quantitative with square-root loss: if ε(f) = ε and
|Ef − 1

2 | +
√
c0ε <

1
4 , then f is

√
c0ε-close to a dictator xi. Indeed, the closest g ∈ An satisfies

|Eg − Ef | ≤ √
c0ε, so Eg ∈ (14 ,

3
4), which forces g = AND{i} = xi.
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7 On the constant

Theorems 1.1 and 1.2 give 1 ≤ δ∗(ε)/
√
ε ≤ √

c0. The slices and thresholds of Theorem 1.2 have
dist2/ε → 1 from below. Exact enumeration of all f on n ≤ 4 variables gives max dist(f)2/ε(f) =
n/(n+ 1), attained by the slice, and the maximum over all 2n+1 symmetric functions stays below
1 for every n ≤ 16 (0.9804 at n = 16). This suggests δ∗(ε) =

√
ε, but that is false.

Lemma 7.1 (Padding). Let g : {0, 1}m → {0, 1}, k ≥ 0, and f(z, x) = AND[k](z) g(x) for (z, x) ∈
{0, 1}k × {0, 1}m. Then ε(f) = 4−kε(g) and dist(f) = 2−kdist(g).

Proof. Write a(z) = AND[k](z) and note a(z ∧ z′) = a(z)a(z′). Hence f((z, x) ∧ (z′, y)) =
a(z)a(z′)g(x ∧ y) and f(z, x)f(z′, y) = a(z)a(z′)g(x)g(y). Both vanish unless a(z) = a(z′) = 1,
an event of probability 4−k independent of (x, y); so ε(f) = 4−kε(g). If h ∈ Am is closest to g,
then a · h ∈ Ak+m (it is 0 if h = 0 and AND[k]∪S if h = ANDS), and f and a · h agree when

z ̸= 1k, so dist(f) ≤ Pr[f ̸= a · h] = 2−k Pr[g ̸= h] = 2−kdist(g). Conversely, for any h′ ∈ Ak+m the
restriction h′(1k, ·) lies in Am (a restriction of 0 is 0, and a restriction of an AND is an AND), so
Pr[f ̸= h′] ≥ 2−k Prx[g(x) ̸= h′(1k, x)] ≥ 2−kdist(g).

Proposition 7.2 (The constant 1 is not sharp). Let n = 69, Z = {0, 3} ∪ {21, 22, . . . , 33} ∪
{43, 44, . . . , 47}, and let f(x) = 1 iff the number of zeros of x lies in Z. Then

2ndist(f) = 245699879978975341077,

4nε(f) = 53799298794542310203022827841977529868934,

so dist(f)2/ε(f) = 1.12210 . . . > 1. Consequently δ∗(ε) ≥
√
1.1221 ε > 1.059

√
ε for ε = 4−kε(f)

and every k ≥ 0; in particular lim supε→0 δ
∗(ε)/

√
ε > 1.059.

Proof. Let F (w) ∈ {0, 1} be the value of f on inputs of Hamming weight w, i.e. F (w) = 1 iff
n − w ∈ Z. Grouping the pairs (x, y) by the numbers a, b, c, d of coordinates with (xi, yi) =
(1, 1), (1, 0), (0, 1), (0, 0), so that |x ∧ y| = a, |x| = a+ b and |y| = a+ c, gives

4nε(f) =
∑

a+b+c+d=n

(
n

a, b, c, d

)
1{F (a) ̸= F (a+ b)F (a+ c)}.

Since f is symmetric, Pr[f ̸= ANDS ] depends only on s = |S|; the number of x of weight w with
xS = 1S is

(
n−s
w−s

)
, so with M =

∑
w

(
n
w

)
F (w) = 2n Pr[f ̸= 0],

2ndist(f) = min
{
M, min

0≤s≤n

(
M +

n∑
w=s

(
n− s

w − s

)
(1− 2F (w))

)}
.

Evaluating both expressions in exact integer arithmetic gives the two integers displayed (the mini-
mum is attained at s = 3); the script numerics/counterexample sharp.py does this. An indepen-
dent floating-point evaluation through the closed forms 4nε =

∑
m∈Z

(
n
m

)
3m+M2−2

∑
m∈Z

(
n
m

)
Nm,

with Nm = #{(P,Q) : P ∪ Q = [m], |P |, |Q| ∈ Z} (here P,Q are the zero sets of x, y),
agrees to 10−15. The consequence follows from Lemma 7.1: AND[k] · f has ε = 4−kε(f) and

dist2 = 4−kdist(f)2 > 1.1221 · 4−kε(f).

The example has two bands of weights. One is around 0.6n and carries almost all of the mass
(µ ≈ 0.43). The other is around 0.35n, where the meets of two points of the first band typically
land. So f(x ∧ y) = f(x)f(y) = 1 happens often, while dist(f) stays close to µ. Larger n gives
larger ratios.
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Proposition 7.3 (A larger certified ratio). Let n = 16000, Z = Z1∪Z2 with Z1 = {7519, . . . , 7999}
and Z2 = {11595, . . . , 11949}, and let f(x) = 1 iff the number of zeros of x lies in Z. Then
dist(f)2/ε(f) > 1.342 (the value is 1.342205 . . ., and the member of An closest to f is ANDS with
|S| = 3). Consequently δ∗(ε) >

√
1.342 ε for ε = 4−kε(f), k ≥ 0, and lim supε→0 δ

∗(ε)/
√
ε >

1.1584.

Proof. Let f = 1{#zeros ∈ Z} for an arbitrary Z ⊆ {0, . . . , n} and M = 2nµ =
∑

m∈Z
(
n
m

)
. Since

1{a ̸= b} = a+ b− 2ab for a, b ∈ {0, 1},

ε(f) = Pr[f(x ∧ y) = 1] + µ2 − 2τ, τ = Pr[f(x ∧ y) = f(x) = f(y) = 1].

Each coordinate is a zero of x∧y with probability 3/4, so 4n Pr[f(x∧y) = 1] = H :=
∑

m∈Z
(
n
m

)
3m.

The zero set of x ∧ y is P ∪ Q, where P,Q are the zero sets of x,y. Group the pairs (P,Q) by
U = P ∪Q, |U | = m: choose P ⊆ U with |P | = i; then Q ⊇ U \P and Q∩P is any k-subset of P ,
so |Q| = m− i+ k. Hence 4nτ = G :=

∑
m∈Z

(
n
m

)
Nm with

Nm =
∑

i∈Z, i≤m

(
m

i

) i∑
k=0

(
i

k

)
1{m− i+ k ∈ Z}, and 4nε(f) = E := H +M2 − 2G.

For |S| = n−u, the points with f = 1 and xS = 1S have their zeros among the other u coordinates,
so, as in the proof of Proposition 7.2,

2ndist(f) = D := min
{
M, min

0≤u≤n

(
M + 2u − 2

∑
j∈Z, j≤u

(
u

j

))}
.

The script numerics/exact band check.py evaluatesM ,D and E in exact integer arithmetic (rows
of Pascal’s triangle and prefix sums over the two intervals of Z). For the n and Z of the statement
it returns integers with 4817, 4817 and 9633 decimal digits satisfying 1000D2 > 1342E (they are
stored in the file exact 16000 integers.txt of the folder numerics); this takes a few minutes.
The same script reproduces the two integers of Proposition 7.2, and for n ∈ {40, 69, 100, 300} it
agrees exactly with the quadruple sum used there. The consequences follow from Lemma 7.1 as
before, and

√
1.342 > 1.1584.

Proposition 7.4 (The Gaussian limit of two bands). Let u0 < u1 be real, and let X,Y, V be
independent N(0, 1) and U = X + Y + V . For n ≥ 1 let fn = 1B1∪B2, where B1 = {x ∈
{0, 1}n : |x| ≥ n/2} and B2 = {x : n

4 + u0
√
n

4 ≤ |x| ≤ n
4 + u1

√
n

4 }. Then dist(fn) → 1
2 and

ε(fn) → ε∞ := 1
4 + PU − 2P3, where

PU = Pr[u0 ≤ U ≤ u1],

P3 = Pr[X ≥ 0, Y ≥ 0, u0 ≤ U ≤ u1] =

∫ ∞

0
q(s)

(
Φ(u1 − s)− Φ(u0 − s)

)
ds,

with q(s) = e−s2/4 erf(s/2)
2
√
π

and Φ the standard normal distribution function. Consequently

lim supε→0 δ
∗(ε)/

√
ε is at least (4ε∞)−1/2. For u0 = 1.57 and u1 = 12, 1

4ε∞
= 1.351168 . . ., so

lim sup
ε→0

δ∗(ε)√
ε

> 1.1623.

18



Proof. Let x,y be independent and uniform, and Xn = (2|x| − n)/
√
n, Yn = (2|y| − n)/

√
n,

Un = (4|x∧y|−n)/
√
n. Then (Xn, Yn, Un) = n−1/2

∑n
i=1 ξi, where the vectors ξi = (2xi− 1, 2yi−

1, 4xiyi − 1) are i.i.d. with mean 0 and covariance matrix Σ with rows (1, 0, 1), (0, 1, 1), (1, 1, 3)
(e.g. E[(2xi− 1)(4xiyi− 1)] = 4E[xiyi]− 0 = 1, as (2xi− 1)xi = xi). This is the covariance matrix
of (X,Y, U), and detΣ = 1. By the multivariate central limit theorem, (Xn, Yn, Un) ⇒ (X,Y, U).
The sets {w1 ≥ 0}, {u0 ≤ w3 ≤ u1} and {w1 ≥ 0, w2 ≥ 0, u0 ≤ w3 ≤ u1} have boundaries
contained in finitely many hyperplanes, which are null for the non-degenerate law of (X,Y, U); by
the portmanteau theorem their probabilities converge.

Note that x ∈ B1 iff Xn ≥ 0, and x ∧ y ∈ B2 iff u0 ≤ Un ≤ u1. If x ∈ B2 then Xn ≤
−
√
n/2 + u1/2, and if x ∧ y ∈ B1 then Un ≥

√
n; by Chebyshev’s inequality (EX2

n = 1, EU2
n = 3)

both have probability o(1). Hence µn = Efn = Pr[Xn ≥ 0]+o(1) → 1
2 , Pr[fn(x∧y) = 1] = Pr[u0 ≤

Un ≤ u1]+o(1) → PU , and τn = Pr[fn(x) = fn(y) = fn(x∧y) = 1] = Pr[Xn ≥ 0, Yn ≥ 0, u0 ≤ Un ≤
u1]+o(1) → P3. Since 1{a ̸= bc} = a+bc−2abc for bits, ε(fn) = Pr[fn(x∧y) = 1]+µ2n−2τn → ε∞.

For the distance, dist(fn) ≤ Pr[fn ̸= 0] = µn, and Pr[fn ̸= 1] = 1− µn. Let S ̸= ∅, s = |S|, and
qS = Pr[fn = 1 | xS = 1S ]; then Pr[fn ̸= ANDS ] = µn + 2−s(1− 2qS). Given xS = 1S , |x| = s+W
with W ∼ Bin(n − s, 12). For n > s every point mass of W is at most p := (n − s)−1/2 (proof
of Theorem 1.2). By the symmetry of W about ν = n−s

2 , Pr[W ≥ ν] ≤ 1
2 + p

2 , and the interval
[ν − s

2 , ν) contains at most ⌈s/2⌉ integers, so Pr[s+W ≥ n
2 ] = Pr[W ≥ ν − s

2 ] ≤
1
2 + ( s2 +1)p. Also

Pr[s+W ≤ n
4 +

u1
√
n

4 ] → 0 for fixed s by Chebyshev’s inequality. Fix s0 ≥ 1. For s ≤ s0 and n > s0
this gives 2qS − 1 ≤ o(1) uniformly in S, so Pr[fn ̸= ANDS ] ≥ µn− 2−so(1) ≥ µn− o(1); for s > s0,
Pr[fn ̸= ANDS ] ≥ µn − 2−s0 . Hence lim infn dist(fn) ≥ 1

2 − 2−s0 for every s0, and dist(fn) → 1
2 .

The density of X + Y on the event {X ≥ 0, Y ≥ 0} is
∫ s
0 φ(x)φ(s − x) dx, which equals

1
2πe

−s2/4 ∫ s
0 e

−(x−s/2)2dx = q(s) for s ≥ 0, where φ is the standard normal density; conditioning
on X + Y gives the integral for P3. Since 1{a ̸= bc} = a + bc − 2abc and Pr[X ≥ 0, Y ≥ 0] = 1

4 ,
ε∞ = Pr

[
1{u0 ≤ U ≤ u1} ≠ 1{X ≥ 0, Y ≥ 0}

]
≥ Pr[X ≥ 0, Y ≥ 0, U < u0] > 0, because

(X,Y, U) has a positive density on R3. Hence dist(fn)
2/ε(fn) → 1

4ε∞
, so for every r < 1

4ε∞
there is

n with dist(fn)
2 > r ε(fn), and Lemma 7.1 gives δ∗(ε) >

√
rε at ε = 4−kε(fn) → 0; this proves the

general consequence.
For u0 = 1.57 = 157

100 , u1 = 12 the script numerics/gaussian certified.py evaluates PU =

Φ(u1/
√
3) − Φ(u0/

√
3) and the integral of the non-negative integrand of P3 over [0, 30] in ball

arithmetic (Arb, rigorous integration of analytic functions, 200 bits); u0 enters as a ball of ra-
dius below 10−59 containing the rational 157

100 (not as the nearest binary floating-point number).

It obtains PU ∈ 0.1823515249974 ± 10−13 and
∫ 30
0 ∈ 0.1236632380319 ± 10−13; the tail is at

most
∫∞
30 e

−s2/4/(2
√
π) ds = 1

2erfc(15) < 10−99. So ε∞ ∈ 0.185025048933 ± 10−12 and 1
4ε∞

∈
1.35116840364± 10−11, and

√
1.351168 > 1.1623.

Remark 7.5 (Even larger ratios). The bands of Proposition 7.3 were found by a local search over
two-interval sets Z (floating point; numerics/band fast.py). The best ratios found grow with
n: 1.3017 (n = 500), 1.3153 (1000), 1.3260 (2000), 1.33335 (4000, exactly certified > 4/3), 1.3385
(8000, certified) and 1.3422 (16000, certified). Heuristically, as n → ∞ the construction becomes

Gaussian. Write |x| = n
2 +

√
n
2 X, |y| = n

2 +
√
n
2 Y and |x ∧ y| = n

4 +
√
n
4 (X + Y + V ) with X,Y, V

iid N(0, 1), put f = g(X) near weight n/2 and f = h(U) near weight n/4, and note that Pr[f ̸=
ANDS ] → µ+2−|S|(1− 2µ) for every fixed S. This gives dist2/ε→ min(µ, 1− µ)2/(µ2 −Γ), where
Γ = E[(2φ(U)−1)+] and φ(u) = E[g(X)g(Y ) | X+Y +V = u] for the optimal h = 1{φ > 1/2}. For
g = 1{X ≥ 0} this is 1/(1 − 4Γ) ≈ 1.35117 (Γ ≈ 0.064975), and neither a numerical optimisation
over all g nor adding a few junta coordinates found anything better; the certified ratios above
approach this value at rate roughly n−1/2. For g = 1{X ≥ 0} the limit is made rigorous by
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Proposition 7.4 (with h the indicator of [u0, u1], u0 ≈ 1.57 the root of φ = 1
2 , and a cutoff u1). We

do not know the true value of lim supε→0 δ
∗(ε)/

√
ε ∈ (1.1623,

√
c0 ].

8 Approximate polymorphisms of an arbitrary Boolean function

The coupling of Lemma 3.1 is not specific to AND. In this section we use it to show that the
dependence between ε and δ is polynomial for the approximate polymorphisms of every Boolean
function, which answers Open Question 2 of Chase, Filmus, Minzer, Mossel and Saurabh [6].

Setting. Fix m ≥ 1 and g : {0, 1}m → {0, 1}, and let pg = E[g] (uniform measure). Let Z
be a uniformly random n × m matrix over {0, 1} with rows z1, . . . , zn ∈ {0, 1}m and columns
Z1, . . . ,Zm ∈ {0, 1}n, and put gn(Z) = (g(z1), . . . , g(zn)); note that gn(Z) ∼ µpg . For a tuple
f = (f0, f1, . . . , fm) of functions {0, 1}n → {0, 1} let

errg(f) = Pr
[
f0(g

n(Z)) ̸= g
(
f1(Z

1), . . . , fm(Z
m)

)]
.

Following [6], f is a δ-approximate multi-polymorphism of g if errg(f) ≤ δ, and an (exact) multi-
polymorphism if errg(f) = 0. A function f is a δ-approximate polymorphism if (f, . . . , f) is a
δ-approximate multi-polymorphism, and a pair (F0, F1) is a skew polymorphism if (F0, F1, . . . , F1)
is a multi-polymorphism. Distances to f0 are measured under µpg and distances to f1, . . . , fm under
the uniform measure; “h is β-close to a constant” means Pr[h ̸= b] ≤ β for some b ∈ {0, 1}, and
otherwise h is β-far from constants. For g = AND2 and f0 = f1 = f2 = f we have errg(f) = ε(f),
and the skew polymorphisms of AND2 are exactly the pairs (h, h) with h ∈ An (put y = x in
F0(x ∧ y) = F1(x)F1(y) to get F0 = F1).

Chase et al. [6, Theorems 3.1 and 4.1] proved that for every g and ε > 0 there is δ = δ(g, ε) > 0
such that every δ-approximate polymorphism is ε-close to a skew polymorphism (their Theo-
rem 3.1), and every δ-approximate multi-polymorphism is ε-close to a multi-polymorphism (their
Theorem 4.1); Alekseev and Filmus [2] extended this to all predicates. Because of the regularity
lemma, δ(g, ε) is of tower type in these proofs (doubly exponential with a decision-tree regularity
lemma [6, Appendix C]). Polynomial dependence was known for affine g (linearity testing [4]), for
the Arrow-type predicates by Keller [16, 17] (under restrictions on the functions in [16]; with the
optimal dependence for the uniform distribution in [17]), and for Maj3, where Chase et al. show
linear dependence [6, Appendix D] (compare Theorem 8.2). Chase et al. asked: “What is the op-
timal dependence between ε and δ in Theorem 3.1? Does it depend on g?” [6, Open Question 2].
Alekseev and Filmus conjectured that for every predicate the optimal dependence is “polynomial
or even linear” [2, Section 9, question 3].

Theorem 8.1 (Polynomial dependence for every g). Let g : {0, 1}m → {0, 1} depend on exactly k
of its coordinates. Put cg = 1 if g is affine over F2 (this includes constant g), and otherwise

cg =
1

kKk
, Kk = k(k − 1)2k+2 + 3k − 2.

There is a constant Cg such that for every n ≥ 1 and every tuple f with errg(f) = δ there is a
multi-polymorphism F of g with

Pr
µpg

[f0 ̸= F0] ≤ Cg δ
cg and Pr[fj ̸= Fj ] ≤ Cg δ

cg (j ∈ [m]).

Moreover, if f1 = · · · = fm then F can be chosen with F1 = · · · = Fm, and if in addition pg = 1/2
and f0 = f1, then also with F0 = F1.
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For balanced g the dependence is in fact linear; this is optimal (Proposition 8.16).

Theorem 8.2 (Linear dependence for balanced g). Let g : {0, 1}m → {0, 1} with pg = 1/2. There
is a constant C ′

g such that for every n ≥ 1, every δ-approximate polymorphism f of g is C ′
gδ-close

to a polymorphism of g.

Corollary 8.3 (Answer to Open Question 2 of [6]). Every δ-approximate polymorphism f of g is
Cgδ

cg -close to a skew polymorphism (F0, F1) of g (that is, Prµpg [f ̸= F0] ≤ Cgδ
cg and Pr[f ̸= F1] ≤

Cgδ
cg). Thus in [6, Theorems 3.1 and 4.1] one can take δ(g, ε) = (ε/Cg)

1/cg , a polynomial in ε.
The optimal dependence does depend on g. Let δg(ε) be the supremum of the δ such that, for every
n, every δ-approximate polymorphism of g is ε-close to a skew polymorphism. Then δg(ε) ≥ ε/C ′

g

for every balanced g, and δg(ε) ≤ C ′′
g ε for all small ε > 0 if moreover g depends on at least two

coordinates (for instance XORm with m ≥ 2, and Maj3), whereas for every m ≥ 2 and 0 < ε < 1/2

εm

c0(2m)m
≤ δANDm(ε) ≤ εm, c0 = 4 + 2

√
2.

In particular, every exponent m = 1, 2, 3, . . . occurs as the optimal exponent of some g. More
generally, Theorem 8.18 below determines the optimal exponent for every non-constant unbalanced
g, and Corollary 8.19 characterizes the g with linear loss.

Proof. The first two statements are the case f0 = · · · = fm = f of Theorem 8.1, and the balanced
case is Theorem 8.2 and Proposition 8.16. Let g = ANDm, so that pg = 2−m and gn(Z) =
Z1 ∧ · · · ∧ Zm. If (F0, F1) is a skew polymorphism of ANDm, then taking all columns equal to
x gives F0(x) = F1(x). Taking Z3 = · · · = Zm = 1 then gives h(x ∧ y) = h(x)h(y)h(1)m−2 for
h = F0 = F1. If h(1) = 0 this gives h(x) = h(x ∧ 1) = 0 for all x (take y = 1); otherwise h ∈ An.
So the skew polymorphisms are exactly the pairs (h, h) with h ∈ An.

Lower bound. Let f be a δ-approximate polymorphism of ANDm with δ = εm/(c0(2m)m), i.e.
εm(f) ≤ δ in the notation of Theorem 1.4(b). That theorem gives h ∈ An with Pr[f ̸= h] ≤
(c0δ)

1/m = ε/(2m). Since h(x1 ∧ · · · ∧ xm) =
∏
j h(xj),

Pr
µ2−m

[f ̸= h] = Pr[f(Z1 ∧ · · · ∧ Zm) ̸= h(Z1 ∧ · · · ∧ Zm)] ≤ δ +
m∑
j=1

Pr[f(Zj) ̸= h(Zj)] ≤ δ +
ε

2
≤ ε.

So f is ε-close to the skew polymorphism (h, h).
Upper bound. Let δ > εm. Since εm < 2−m we can pick δ′ with εm < δ′ < min(δ, 2−m). By

Theorem 1.4(b), δ∗m(δ
′) ≥ δ′1/m > ε. So there is f with εm(f) ≤ δ′ < δ and Pr[f ̸= h] > ε for every

h ∈ An, and f is not ε-close to any skew polymorphism.

8.1 Tools

For j ∈ [m] and a context u ∈ {0, 1}[m]\{j} let uj→b ∈ {0, 1}m be u with the bit b inserted in position
j. The context u is sensitive for j if g(uj→0) ̸= g(uj→1) and insensitive otherwise; let Bj and Aj
be the sets of sensitive and insensitive contexts, and sj = |Bj |/2m−1, aj = |Aj |/2m−1 = 1 − sj .
The function g depends on coordinate j iff Bj ̸= ∅, and then sj ≥ 21−m. For z ∈ {0, 1}m let
z−j ∈ {0, 1}[m]\{j} be its context.

Lemma 8.4 ([6, Lemma 3.2]). If g depends on all its m coordinates and is not affine, then aj > 0
for some j ∈ [m].
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Proof. If Aj = ∅ for all j, then flipping any single coordinate of any input flips the value of g, so
g(z) = g(0)⊕ z1 ⊕ · · · ⊕ zm is affine.

For T ⊆ [n], q ∈ (0, 1) and h : {0, 1}n → {0, 1}, the rounding of h to T is the T -junta rdqTh(x) =

1{Eµq [h | xT = xT ] ≥ 1/2}; we write rdT = rd
1/2
T . Note that rdqTh depends only on h, q and T .

The majority value of h under µq is the constant rdq∅h, i.e. 1 if Prµq [h = 1] ≥ 1/2 and 0 otherwise;
so ties are broken towards 1, here and below.

Lemma 8.5 (Rounding). Let x ∼ µq and let x′ agree with x on T and be fresh outside T . Then

Pr
µq
[h ̸= rdqTh] ≤ Pr[h(x) ̸= h(x′)] = 2

∑
S ̸⊆T

ĥ(S)2,

and Pr[h(x) ̸= h(x′)] ≤ 2Prµq [h ̸= J ] for every T -junta J .

Proof. Given xT = u, let r = Pr[h(x) = 1 | xT = u]. Then Pr[h ̸= rdqTh | xT = u] = min(r, 1− r) ≤
2r(1 − r) = Pr[h(x) ̸= h(x′) | xT = u]. Average over u; the equality is Lemma 2.1. For the last
claim note J(x) = J(x′), so h(x) ̸= h(x′) forces h(x) ̸= J(x) or h(x′) ̸= J(x′), and x′ ∼ µq.

Lemma 8.6 (Noise). Let q ∈ (0, 1) and ρ ∈ [0, 1). Let (y,y′) be a random pair in {0, 1}N×{0, 1}N
whose coordinate pairs (yi,y

′
i) are i.i.d. and exchangeable, with Pr[yi = 1] = q and Pr[yi ̸= y′

i] =
2q(1− q)(1− ρ). Then for every h : {0, 1}N → {0, 1}, with b the majority value of h under µq,

Pr
µq
[h ̸= b] ≤ Pr[h(y) ̸= h(y′)]

1− ρ
.

Proof. An exchangeable pair of Bernoulli(q) bits is determined by the probability that the bits differ,
so (yi,y

′
i) has the law of “y′

i = yi with probability ρ, and y′
i is a fresh Bernoulli(q) bit otherwise”.

Hence E[ϕS(y)ϕT (y′)] = ρ|S|1{S = T} and E[h(y)h(y′)] =
∑

S ρ
|S|ĥ(S)2 ≤ ĥ(∅)2 + ρ

∑
S ̸=∅ ĥ(S)

2,

using ρ ≥ 0. With ν = Eh we get Pr[h(y) ̸= h(y′)] = 2ν − 2E[h(y)h(y′)] ≥ 2(1− ρ)
∑

S ̸=∅ ĥ(S)
2 =

2(1− ρ)ν(1− ν) ≥ (1− ρ)min(ν, 1− ν), and min(ν, 1− ν) = Pr[h ̸= b].

Lemma 8.7 (One resampled coordinate). Let g depend on coordinate j, let z be uniform on
{0, 1}m, and let z′ be z with coordinate j resampled. Then (g(z), g(z′)) is an exchangeable pair of
Bernoulli(pg) bits with Pr[g(z) ̸= g(z′)] = sj/2 = 2pg(1 − pg)(1 − ρj) for some ρj ∈ [0, 1), and

1
1−ρj =

4pg(1−pg)
sj

≤ 2m−1.

Proof. Exchangeability and the marginals are clear, and g(z) ̸= g(z′) iff z−j ∈ Bj and zj ̸= z′j ,
which has probability sj/2 > 0. Let r(u) = Pr[g(z) = 1 | z−j = u]. Given z−j , the bits g(z), g(z′)
are independent, so Pr[g(z) = g(z′) = 1] = E[r(z−j)2] ≥ p2g. Therefore sj/2 = 2pg − 2Pr[g(z) =
g(z′) = 1] ≤ 2pg(1 − pg), i.e. ρj ≥ 0; and ρj < 1 since sj > 0. Finally 4pg(1 − pg) ≤ 1 and
sj ≥ 21−m.

8.2 The junta lemma

For j ∈ [m] let cj = (fk(Z
k))k ̸=j ∈ {0, 1}[m]\{j} and Rj = {i ∈ [n] : (zi)−j ∈ Aj}, the set of rows

whose context is insensitive for j. Both are functions of the columns Zk, k ̸= j. Write δ = errg(f).

Lemma 8.8 (Spectral containment for general g). For every j ∈ [m], with f̂j the uniform-measure
Fourier coefficients, ∑

S⊆[n]

f̂j(S)
2 Pr

[
cj ∈ Bj , S ∩Rj ̸= ∅

]
≤ δ.
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Proof. Let W be obtained from Z by replacing the entries Zij , i ∈ Rj , by fresh independent
uniform bits. Since Rj is determined by the columns Zk, k ̸= j, and Zj is independent of them,
W is uniform. Its columns k ̸= j are those of Z, so cj(W) = cj(Z). Moreover gn(W) = gn(Z):
a row i /∈ Rj is unchanged, and a row i ∈ Rj changes only in coordinate j, while its context is
insensitive. Let E be the event that cj ∈ Bj and fj(Z

j) ̸= fj(W
j). On E the two right-hand sides

g(c
j→fj(Z

j)
j ) and g(c

j→fj(W
j)

j ) differ, while the left-hand sides f0(g
n(Z)) = f0(g

n(W)) agree, so
the test fails on Z or on W; hence Pr[E] ≤ 2δ. On the other hand, conditionally on the columns
k ̸= j, the pair (Zj ,Wj) is the pair of Lemma 2.1 (with p = 1/2) for J = [n] \Rj , so

Pr[E] = E
[
1{cj ∈ Bj} · 2

∑
S∩Rj ̸=∅

f̂j(S)
2
]
= 2

∑
S

f̂j(S)
2 Pr[cj ∈ Bj , S ∩Rj ̸= ∅].

Lemma 8.9 (Junta lemma). Let j ∈ [m] with aj > 0 and Pj := Pr[cj ∈ Bj ] > 0, and let
Tj = {i ∈ [n] : Pr[i ∈ Rj | cj ∈ Bj ] ≤ aj/4}. Then

(a) |Tj | ≤
8

aj
ln

2

Pj
, (b) Pr[fj ̸= rdTjfj ] ≤ 2

∑
S ̸⊆Tj

f̂j(S)
2 ≤ 8δ

ajPj
.

Proof. (b) If S ̸⊆ Tj , pick i ∈ S \ Tj ; then Pr[cj ∈ Bj , S ∩Rj ̸= ∅] ≥ Pr[cj ∈ Bj , i ∈ Rj ] >
aj
4 Pj .

Lemma 8.8 gives
∑

S ̸⊆Tj f̂j(S)
2 ≤ 4δ/(ajPj), and Lemma 8.5 gives the first inequality.

(a) We may assume Tj ̸= ∅. The rows are independent and uniform, so the events {i ∈ Rj},
i ∈ [n], are independent, each of probability aj ; hence N = |Rj ∩ Tj | is binomial with mean aj |Tj |,
and the Chernoff bound gives Pr[N ≤ aj |Tj |/2] ≤ e−aj |Tj |/8. On the other hand E[N | cj ∈ Bj ] ≤
aj |Tj |/4 by the definition of Tj , so by Markov’s inequality Pr[N < aj |Tj |/2 | cj ∈ Bj ] ≥ 1/2. Thus
Pj/2 ≤ Pr[N < aj |Tj |/2] ≤ e−aj |Tj |/8, which is (a).

8.3 Propagation, certificates and exactness

Lemma 8.10 (From one column to f0). Let g depend on coordinate j, let T ⊆ [n], and suppose
Pr[fj ̸= J ] ≤ β for some T -junta J . Then

Pr
µpg

[f0 ̸= rd
pg
T f0] ≤ 2δ + 2β

1− ρj
≤ 2m(δ + β).

Proof. Let W be obtained from Z by resampling the entries Zij , i /∈ T . Then W is uniform, its
columns k ̸= j are those of Z, and Pr[fj(Z

j) ̸= fj(W
j)] ≤ 2β by the last part of Lemma 8.5. Hence

the right-hand sides of the test on Z and on W differ with probability at most 2β, and y = gn(Z),
y′ = gn(W) satisfy Pr[f0(y) ̸= f0(y

′)] ≤ 2δ + 2β. Now yT = y′
T , and the pairs (yi,y

′
i), i /∈ T ,

are i.i.d., independent of yT , with the law of Lemma 8.7. Given yT = u, Lemma 8.6 (with q = pg,
ρ = ρj) applied to h = f0(u, ·) shows that h differs from its majority value, which is rd

pg
T f0(u), with

probability at most Pr[f0(y) ̸= f0(y
′) | yT = u]/(1 − ρj). Averaging over u and using Lemma 8.7

gives the claim.

Lemma 8.11 (From f0 to every column). Let T ⊆ [n], suppose Prµpg [f0 ̸= J0] ≤ β for some
T -junta J0, let g depend on coordinate j, and suppose that fk is γ-far from constants for every
k ∈ [m] \ {j}. Then Pr[fj ̸= rdT fj ] ≤ (2δ + 2β) γ−2(m−1).

Proof. Let W be obtained from Z by resampling all rows i /∈ T . Then W is uniform, gn(W)
agrees with gn(Z) on T , and both have law µpg , so f0(g

n(Z)) ̸= f0(g
n(W)) with probability at
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most 2β (as in Lemma 8.5). Hence the right-hand sides RHS(Z), RHS(W) of the test differ with
probability at most 2δ + 2β. Fix v ∈ Bj and let E be the event that fk(Z

k) = fk(W
k) = vk for all

k ̸= j. The column pairs (Zk,Wk), k ∈ [m], are independent, and each is the pair of Lemma 2.1
with J = T . With rk(u) = Pr[fk(x) = vk | xT = u] for uniform x, we get Pr[fk(Z

k) = fk(W
k) =

vk] = E[r2k] ≥ (Erk)2 ≥ γ2, so Pr[E] ≥ γ2(m−1). On E we have RHS(Z) = g(vj→fj(Z
j)) and

RHS(W) = g(vj→fj(W
j)); as v is sensitive, they differ iff fj(Z

j) ̸= fj(W
j). Since E is independent

of (Zj ,Wj),

Pr[fj(Z
j) ̸= fj(W

j)] = Pr[RHS(Z) ̸= RHS(W) | E] ≤ 2δ + 2β

γ2(m−1)
,

and Lemma 8.5 finishes the proof.

Lemma 8.12 (Certificates). Let g depend on all its m coordinates, 0 < ε ≤ 1/2, ε′ = 2−2m−2εm

and δ ≤ ε′. Suppose that some fk0, k0 ∈ [m], is ε′-close to a constant. Let J be the set of j ∈ [m]
such that fj is ε-close to a constant, let aj be the majority value of fj (j ∈ J), and let a0 be the
majority value of f0 under µpg . Then Prµpg [f0 ̸= a0] ≤ ε, and (F0, . . . , Fm) defined by F0 ≡ a0,
Fj ≡ aj (j ∈ J) and Fj = fj (j /∈ J) is a multi-polymorphism of g. All its distances to f are at
most ε.

Proof. A constant is a ∅-junta, so Lemma 8.10 with T = ∅ and j = k0 gives Pr[f0 ̸= a0] ≤
2m(δ + ε′) ≤ 2m+1ε′ ≤ ε. Fix x ∈ {0, 1}m with xJ = aJ . For j ∈ J , Pr[fj = xj ] ≥ 1 − ε ≥ 1

2 ; for
j /∈ J , fj is ε-far from constants, so Pr[fj = xj ] > ε. The columns are independent and |J | ≥ 1, so
RHS(Z) = g(x) with probability at least 2−|J |εm−|J | ≥ 2−mεm−1. On the other hand RHS(Z) ̸= a0
with probability at most δ + Pr[f0(g

n(Z)) ̸= a0] ≤ 2m+2ε′ = 2−mεm < 2−mεm−1. Hence there is a
Z with RHS(Z) = g(x) and RHS(Z) = a0, i.e. g(x) = a0. So xJ = aJ forces g(x) = a0, which gives
F0(g

n(Z)) = a0 = g(F1(Z
1), . . . , Fm(Z

m)) for all Z. Finally Pr[fj ̸= aj ] ≤ ε for j ∈ J , because aj
is the majority value of a function that is ε-close to a constant.

Lemma 8.13 (Exactness on a junta). Let T ⊆ [n], and let F0, . . . , Fm be T -juntas with δ +
Prµpg [f0 ̸= F0] +

∑m
j=1 Pr[fj ̸= Fj ] < 2−m|T |. Then F is a multi-polymorphism of g.

Proof. By the union bound, errg(F) < 2−m|T |. Whether F0(g
n(Z)) = g(F1(Z

1), . . . , Fm(Z
m)) holds

depends only on the rows zi, i ∈ T . Each of the 2m|T | possible values of these rows has probability
2−m|T |, so the identity holds for all of them, i.e. for every Z.

Lemma 8.14 (Affine g). Let g(x) = x1 ⊕ · · · ⊕ xm ⊕ b with m ≥ 1, and let δ = errg(f) <
min(1/50, 1/(m+2)). Then there is a multi-polymorphism F with all distances at most δ, such that
Fℓ = Fℓ′ whenever fℓ = fℓ′ (ℓ, ℓ

′ ∈ {0, . . . ,m}).

Proof. Here pg = 1/2 and gn(Z) = Z1 ⊕ · · · ⊕ Zm ⊕ b1, where 1 is the all-ones vector.
m = 1. If f0 ̸= f1, take F1 = f1 and F0(y) = f1(y ⊕ b1)⊕ b; this is exact, and Pr[f0 ̸= F0] = δ

because y = Z1⊕b1 is uniform. If f0 = f1 = f and b = 0, then δ = 0 and F = f . If f0 = f1 = f and
b = 1, let F (x) = f(x) if x1 = 0 and F (x) = f(x⊕1)⊕1 if x1 = 1. Then F (x⊕1) = F (x)⊕1 for all
x, so (F, F ) is exact. The event D = {f(x) ̸= f(x⊕1)⊕1} has probability δ and is invariant under
x 7→ x⊕ 1, which exchanges {x1 = 0} and {x1 = 1}. Hence Pr[f ̸= F ] = 1

2 Pr[D | x1 = 1] = δ/2.

m ≥ 2. Let Φℓ = (−1)fℓ , χS(x) = (−1)
∑

i∈S xi and Φ̂ℓ(S) = E[ΦℓχS ] (uniform measure). Since
χS(g

n(Z)) = (−1)b|S|
∏
k χS(Z

k) and the columns are independent,

1− 2δ = E
[
Φ0(g

n(Z)) (−1)b
m∏
k=1

Φk(Z
k)
]
=

∑
S

(−1)b(|S|+1)
m∏
ℓ=0

Φ̂ℓ(S).
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Given ℓ ∈ {0, . . . ,m} choose two further indices ℓ1, ℓ2 (possible as m + 1 ≥ 3). Bounding the
remaining factors by 1 and using Cauchy–Schwarz and Parseval,

1− 2δ ≤ max
S

|Φ̂ℓ(S)| ·
∑
S

|Φ̂ℓ1(S)Φ̂ℓ2(S)| ≤ max
S

|Φ̂ℓ(S)|.

So there is Sℓ with |Φ̂ℓ(Sℓ)| ≥ 1− 2δ, and then Φ̂ℓ(S)
2 ≤ 1− (1− 2δ)2 ≤ 4δ for S ̸= Sℓ. If Sℓ ̸= Sℓ′

for some ℓ ̸= ℓ′, then

1− 2δ ≤
∑
S

|Φ̂ℓ(S)Φ̂ℓ′(S)| ≤ |Φ̂ℓ′(Sℓ)|+ |Φ̂ℓ(Sℓ′)|+
( ∑
S ̸=Sℓ

Φ̂ℓ(S)
2
) 1

2
( ∑
S ̸=Sℓ′

Φ̂ℓ′(S)
2
) 1

2 ≤ 4
√
δ + 4δ,

which is false for δ < 1/50. Hence all Sℓ equal some S. Let (−1)aℓ be the sign of Φ̂ℓ(S) and Fℓ(x) =⊕
i∈S xi⊕aℓ. Then Pr[fℓ ̸= Fℓ] = (1−|Φ̂ℓ(S)|)/2 ≤ δ (for ℓ = 0 the relevant measure is µpg = µ1/2),

and Fℓ = Fℓ′ when fℓ = fℓ′ . Finally, F0(g
n(Z))⊕g(F1(Z

1), . . . , Fm(Z
m)) = b|S|⊕a0⊕a1⊕· · ·⊕am⊕b

is a constant, so errg(F) ∈ {0, 1}. As errg(F) ≤ δ + (m+ 1)δ < 1, F is exact.

8.4 Proof of Theorem 8.1

Trivial range. If δ = 0 then F = f is a multi-polymorphism. Dictators F0 = · · · = Fm = x1
form a multi-polymorphism of every g (both sides equal g(z1)) and satisfy all the equalities in
the “moreover” part. So it suffices to prove the theorem for 0 < δ < δg, for some δg > 0, with

Cg ≥ δ
−cg
g .

Reduction to k = m. Let K ⊆ [m] be the set of coordinates on which g depends, and
G : {0, 1}K → {0, 1} the induced function. Then pG = pg, errg(f) = errG(f0, (fj)j∈K), and if
(F0, (Fj)j∈K) is a multi-polymorphism of G then extending it by arbitrary Fj , j /∈ K, gives a
multi-polymorphism of g. Take Fj = fj for j /∈ K in general. If f1 = · · · = fm, the functions Fj ,
j ∈ K, are equal (by the theorem for G), and we take Fj equal to them for j /∈ K too. If k = 0
then g ≡ b, gn(Z) = b1 and errg(f) = 1{f0(b1) ̸= b}, so δ < 1 means that f is exact. So assume
that g depends on all m = k ≥ 1 coordinates.

Affine g. Lemma 8.14 applies for δ < min(1/50, 1/(m+ 2)), with distances at most δ.
Non-affine g. Then m ≥ 2 (functions of one variable are affine), and by Lemma 8.4 we may fix

j∗ ∈ [m] with aj∗ > 0; note aj∗ ≥ 21−m. Let K = Km and

ε0 =
e−m2m+2

(m+ 2) 23m+6
.

Given δ, define ε′ and ε by δ = ε′K and ε′ = 2−2m−2εm, so that ε = 2(2m+2)/mδ1/(mK) ≤ 8 δ1/(mK).
We assume ε ≤ ε0, which holds when δ is small enough; then δ ≤ ε′ ≤ ε0.

Case I: some fk, k ∈ [m], is ε′-close to a constant. Lemma 8.12 gives a multi-polymorphism
within distance ε.

Case II: every fk, k ∈ [m], is ε′-far from constants. Fix v ∈ Bj∗ . By independence of the
columns, Pj∗ ≥ Pr[cj∗ = v] =

∏
k ̸=j∗ Pr[fk = vk] ≥ ε′m−1. Let T = Tj∗ be the set of Lemma 8.9;

then
|T | ≤ 2m+2 ln

(
2ε′−(m−1)

)
, βj∗ := Pr[fj∗ ̸= rdT fj∗ ] ≤ 2m+2δ ε′−(m−1).

Lemma 8.10 (with J = rdT fj∗) gives β0 := Prµpg [f0 ̸= rd
pg
T f0] ≤ 2m(δ + βj∗) ≤ 22m+3δ ε′−(m−1).

Lemma 8.11 (with J0 = rd
pg
T f0 and γ = ε′) gives, for every j ∈ [m],

βj := Pr[fj ̸= rdT fj ] ≤ 2(δ + β0) ε
′−2(m−1) ≤ 22m+5δ ε′−3(m−1).
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Put D = 23m+6δ ε′−3(m−1) = 23m+6ε′m(m−1)2m+2+1, so that δ and all βℓ are at most D. Since
ln 2 < 1,m|T | ln 2 ≤ m2m+2+m(m−1)2m+2 ln(1/ε′), i.e. 2−m|T | ≥ e−m2m+2

ε′m(m−1)2m+2
. Therefore

δ + β0 +
m∑
j=1

βj ≤ (m+ 2)D = (m+ 2)23m+6ε′ · ε′m(m−1)2m+2
< e−m2m+2

ε′m(m−1)2m+2 ≤ 2−m|T |,

because ε′ < ε0. By Lemma 8.13, F = (rd
pg
T f0, rdT f1, . . . , rdT fm) is a multi-polymorphism of g,

and its distances to f are at most D ≤ 23m+6ε′ 2 ≤ ε′ ≤ ε.
In both cases all distances are at most ε ≤ 8δ1/(mK) = 8δcg , which proves the bound (with δg

chosen so that ε ≤ ε0 for δ < δg, and Cg = max(8, δ
−cg
g )).

The “moreover” part. In Case II, rdT fj depends only on fj , so f1 = · · · = fm gives F1 = · · · =
Fm; if moreover pg = 1/2 and f0 = f1, then rd

pg
T f0 = rdT f1. In Case I, if f1 = · · · = fm = f ,

then k0 ∈ J forces J = [m], and all aj equal the majority value a of f ; if moreover pg = 1/2 and
f0 = f , then a0 = a (both are the majority value of f under the uniform measure). The affine case
is covered by Lemma 8.14, and the reduction step preserves these equalities.

8.5 Balanced g: proof of Theorem 8.2

The polynomial loss in Theorem 8.1 comes only from functions that are close to constants: if all fk
are γ-far from constants for a fixed γ, the proof of Case II gives a junta of bounded size with linear
error. For a single function and balanced g, functions close to constants are handled by small-set
expansion. For ρ ∈ (−1, 1), a pair (x,y) of uniform points of {0, 1}n is ρ-correlated if the pairs
(xi,yi) are i.i.d. with Pr[yi = xi] = (1 + ρ)/2.

Lemma 8.15 (Small-set expansion). If (x,y) is ρ-correlated and A ⊆ {0, 1}n has |A| = η2n, then
Pr[x ∈ A, y ∈ A] ≤ η2/(1+|ρ|).

Proof. First let ρ ≥ 0 and let B ⊆ {0, 1}n be any set with |B| = η2n. With Tσ the noise operator
and ∥ · ∥q the Lq(µ1/2) norms, Pr[x ∈ A,y ∈ B] = ⟨1A,Tρ1B⟩ = ⟨T√

ρ1A,T√
ρ1B⟩. By Cauchy–

Schwarz and the hypercontractive inequality ∥T√
ρh∥2 ≤ ∥h∥1+ρ of Bonami [5] (see [25, Chapter 9]),

this is at most ∥1A∥1+ρ∥1B∥1+ρ = η2/(1+ρ). Taking B = A proves the case ρ ≥ 0. If ρ < 0, then
(x,1 ⊕ y) is |ρ|-correlated and Pr[x ∈ A,y ∈ A] = Pr[x ∈ A, 1 ⊕ y ∈ B] with B = 1 ⊕ A, so the
two-set bound applies.

Proof of Theorem 8.2. Let f0 = · · · = fm = f and δ = errg(f). Dictators are polymorphisms, so
it suffices to treat δ < δ′g for a constant δ′g ∈ (0, 1/2] chosen below, with C ′

g ≥ 1/δ′g. If g depends
only on the coordinates in K ⊊ [m] and G is the induced function, then pG = pg, errg(f, . . . , f) =
errG(f, . . . , f), and g and G have the same polymorphisms (as gn(Z) = Gn((Zj)j∈K)); and K ̸= ∅
because pg = 1/2. So we may assume that g depends on all m coordinates. If g is affine, we take
δ′g = min{1/50, 1/(m+2)} and C ′

g = 1/δ′g, and Lemma 8.14 applies (all Fℓ coincide since all fℓ do).
So let g be non-affine; then m ≥ 2, and we fix j∗ with aj∗ ≥ 21−m (Lemma 8.4).

For j ∈ [m] the pairs (g(zi), zij), i ∈ [n], are i.i.d. pairs of uniform bits. A pair of uniform bits is
determined by the probability that they agree, so (gn(Z),Zj) is ρj-correlated with ρj = 2Pr[g(z) =
zj ]− 1. As g depends on at least two coordinates, g /∈ {xj , 1⊕ xj}, so 0 < Pr[g(z) = zj ] < 1. Since
this probability is a multiple of 2−m, r := maxj |ρj | ≤ 1− 21−m. Put

γ = min
{ 1

2(m+ 1)
, (2m)−

1+r
1−r

}
.
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Case A: f is γ-close to a constant. Let b be the majority value of f , A = {x : f(x) ̸= b} and
η = Pr[f ̸= b] ≤ γ. If g(b, . . . , b) ̸= b, then the test fails whenever f(gn(Z)) = b and f(Zj) = b
for all j, which has probability at least 1 − (m + 1)η ≥ 1/2; this is excluded by δ′g ≤ 1/2. So
g(b, . . . , b) = b and the constant b is a polymorphism. The test fails whenever gn(Z) ∈ A while
Zj /∈ A for all j. Since gn(Z) is uniform, Lemma 8.15 gives

δ ≥ η −
m∑
j=1

Pr
[
gn(Z) ∈ A, Zj ∈ A

]
≥ η −mη2/(1+r) = η

(
1−mη

1−r
1+r

)
≥ η

2
,

because η ≤ γ ≤ (2m)−(1+r)/(1−r). Hence Pr[f ̸= b] ≤ 2δ.
Case B: f is γ-far from constants. Fix v ∈ Bj∗ . Then Pj∗ ≥

∏
k ̸=j∗ Pr[f = vk] ≥ γm−1,

and Lemma 8.9 gives a set T with |T | ≤ L := 2m+2 ln(2γ−(m−1)) and β := Pr[f ̸= rdT f ] ≤
2m+2γ−(m−1)δ. Let F0 = · · · = Fm = rdT f (recall pg = 1/2, so rd

pg
T = rdT ). If δ′g ≤ 2−mL/(1 +

(m+ 1)2m+2γ−(m−1)), then δ+ (m+ 1)β < 2−mL ≤ 2−m|T |, and Lemma 8.13 shows that rdT f is a
polymorphism of g at distance β ≤ 2m+2γ−(m−1)δ from f .

So for non-affine g the theorem holds with δ′g = 2−mL/(1 + (m + 1)2m+2γ−(m−1)) and C ′
g =

max{1/δ′g, 2m+2γ−(m−1)} (Case A needs C ′
g ≥ 2), where m is now the number of relevant coordi-

nates.

Applied with δ = 0, the proof shows that every polymorphism of a non-affine g with pg = 1/2
that depends on all its coordinates is either constant (Case A) or a junta on at most L coordinates
(Case B, where β = 0), with L = L(g) independent of n; and Lemma 8.14 with δ = 0 shows that
every polymorphism of x1 ⊕ · · · ⊕ xm ⊕ b, m ≥ 2, is of the form

⊕
i∈S xi ⊕ a.

Proposition 8.16 (Linear dependence is optimal). Let pg = 1/2, let g depend on at least two
coordinates, and let δg be as in Corollary 8.3. Then δg(ε) ≤ 4(m + 1)(1 + 2C ′

g) ε for 0 < ε ≤
1/(8(1 + 2C ′

g)).

Proof. For h : {0, 1}n → {0, 1} let d(h) = minF Pr[h ̸= F ] over the polymorphisms F of g on n
variables (uniform measure).

(i) If f is ε-close to a skew polymorphism (F0, F1), then d(f) ≤ (1 + 2C ′
g)ε. As pg = 1/2,

both distances are uniform, so Pr[F0 ̸= F1] ≤ 2ε. Since F0(g
n(Z)) = g(F1(Z

1), . . . , F1(Z
m)) and

gn(Z) is uniform, errg(F1, . . . , F1) ≤ Pr[F1 ̸= F0] ≤ 2ε. By Theorem 8.2, F1 is 2C ′
gε-close to a

polymorphism, and f is ε-close to F1.
(ii) errg(f, . . . , f) ≤ (m+1)d(f). If F is a polymorphism, the test can fail only if f ̸= F at one

of the m+ 1 uniformly distributed points gn(Z),Z1, . . . ,Zm.
(iii) For all large n there is h∗ on n variables with d(h∗) ≥ 1/4. As in the proof of Theorem 8.2

we may assume that g depends on all m ≥ 2 coordinates. If g is affine, all its polymorphisms have
the form

⊕
i∈S xi ⊕ a; take h∗ = x1x2. If S ̸⊆ {1, 2}, then

⊕
i∈S xi ⊕ a is a uniform bit given

(x1, x2), so it differs from h∗ with probability 1/2; otherwise it is one of the eight affine functions of
(x1, x2), each of which differs from x1x2 on one or three of the four points. If g is not affine, all its
polymorphisms are constants or juntas on at most L coordinates; for n > L take h∗ = x1⊕· · ·⊕xn,
which is a uniform bit given any L coordinates, so that d(h∗) = 1/2.

(iv) Let θ = 2(1+2C ′
g)ε ≤ 1/4, and let n be as in (iii) with 2−n ≤ θ. Change the dictator x1 into

h∗ one point at a time. Each step changes d by at most 2−n, d(x1) = 0 and d(h∗) ≥ θ, so at the first
step where d ≥ θ we obtain f with θ ≤ d(f) < θ + 2−n ≤ 2θ. By (ii), errg(f, . . . , f) ≤ 2(m+ 1)θ =
4(m+1)(1+2C ′

g)ε. By (i), f is not ε-close to any skew polymorphism, since (1+2C ′
g)ε = θ/2 < d(f).

Hence δg(ε) ≤ errg(f, . . . , f).
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8.6 The exponent for unbalanced g

For unbalanced g the loss is polynomial (Theorem 8.1) but in general not linear. The exponent is
governed by the number of coordinates of a constant input that must be flipped to change the value
of g. For b ∈ {0, 1} write bm = (b, . . . , b), and for S ⊆ [m] let bm ⊕ 1S be bm with the coordinates
in S flipped.

Definition 8.17. For non-constant g : {0, 1}m → {0, 1} and b ∈ {0, 1} let

sb(g) = min{|S| : S ⊆ [m], g(bm ⊕ 1S) ̸= g(bm)}, e(g) = max{s0(g), s1(g)}.

We say that g is completable at b if sb(g) = 1, or if there are S ⊆ [m] with |S| = sb(g) and
g(bm ⊕ 1S) ̸= g(bm), an index j ∈ S, and an insensitive context w ∈ Aj with wk = 1 − b for all
k ∈ S \ {j}.

For example, s0(ANDm) = m and s1(ANDm) = 1, and ANDm (m ≥ 2) is not completable at
0: necessarily S = [m], and the only context w with wk = 1 for all k ̸= j is sensitive for j. For
g = x1 ∧ (x2 ∨ x3) we have s0 = 2, s1 = 1, and g is completable at 0 (take S = {1, 2}, j = 2 and
w = (w1, w3) = (1, 1)). If g depends on coordinates K ⊊ [m] only and G is the induced function,
then sb(g) = sb(G), g is completable at b iff G is, and δg = δG (as in the proof of Theorem 8.2, g
and G have the same approximate and exact skew polymorphisms).

Theorem 8.18 (The exponent for unbalanced g). Let g : {0, 1}m → {0, 1} depend on all its coor-
dinates and satisfy pg ̸= 1/2 (so m ≥ 2 and g is not affine), and let δg be as in Corollary 8.3.

(a) For b ∈ {0, 1}, s = sb(g) and 0 < ε ≤ 1/16 we have δg(ε) ≤
(
4s
(
m
s

)
+ 1

)
εs. In particular

δg(ε) = Og(ε
e(g)).

(b) There is a constant Cg such that every δ-approximate polymorphism of g is Cgδ
1/e(g)-close to

a skew polymorphism of g. Hence δg(ε) = Θg(ε
e(g)).

(c) If g ∈ {ANDm,ORm,NANDm,NORm}, then e(g) = m and εm/(c0(2m)m) ≤ δg(ε) ≤ (4m +
1)εm for 0 < ε ≤ 1/16.

(d) The proof of (b) gives an explicit Cg if, for each b ∈ {0, 1} with sb(g) < m, g is completable
at b or λS > 0 for some minimal flip set S at b, where λS is defined in Lemma 8.23. This
holds for every g with m ≤ 4. The functions g as above that are neither completable at both
b nor of the form in (c) are: none for m = 2 (out of 8); four for m = 3 (out of 160), namely
1{|x| = 1}, 1{|x| = 2} and their negations; and 44 for m = 4 (out of 51,976).

Part (d) is a finite check, done by exact enumeration with two scripts in the directory numerics

of the accompanying repository, exponent classification.py and doeblin check.py. Com-
pletability gives an elementary proof of the near-constant case of (b) with explicit constants
(Lemma 8.21). The general case uses a strong data processing inequality (Lemmas 8.22 and 8.23).

Corollary 8.19 (When is the loss linear?). Let g depend on at least two coordinates. Then δg(ε) =
Θg(ε) if and only if pg = 1/2 or s0(g) = s1(g) = 1; otherwise δg(ε) = Θg(ε

e(g)) with e(g) ≥ 2. In
particular, for m = 2: δg(ε) = Θ(ε2) for g ∈ {AND2,OR2,NAND2,NOR2}, and δg(ε) = Θg(ε) for
the other six functions that depend on both coordinates (x⊕ y, 1⊕ x⊕ y, x ∧ ¬y, ¬x ∧ y, x ∨ ¬y,
¬x ∨ y).
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Proof. By the remark after Definition 8.17 we may assume that g depends on allm ≥ 2 coordinates.
If pg = 1/2, use Theorem 8.2 and Proposition 8.16. If pg ̸= 1/2, Theorem 8.18(a),(b) gives
δg(ε) = Θg(ε

e(g)), and e(g) = 1 iff s0 = s1 = 1. For m = 2, the four functions x ∧ ¬y, . . . ,¬x ∨ y
have s0 = s1 = 1.

Lemma 8.20 (Duality). For h : {0, 1}N → {0, 1} let h∗(x) = 1 ⊕ h(1 ⊕ x). Then pg∗ = 1 −
pg; sb(g

∗) = s1−b(g); g
∗ is completable at b iff g is completable at 1 − b; errg∗(f

∗, . . . , f∗) =
errg(f, . . . , f); (F0, F1) is a skew polymorphism of g iff (F ∗

0 , F
∗
1 ) is a skew polymorphism of g∗;

and Prµq [h
∗
1 ̸= h∗2] = Prµ1−q [h1 ̸= h2]. Consequently δg∗ = δg. Moreover AND∗

m = ORm and
NAND∗

m = NORm.

Proof. Write x̄ = 1 ⊕ x, and let Z̄ be the entrywise complement of Z, which is again uniform.
Since g∗(zi) = 1⊕ g(z̄i), we have (g∗)n(Z) = 1⊕ gn(Z̄), hence f∗((g∗)n(Z)) = 1⊕ f(gn(Z̄)), while
g∗(f∗(Z1), . . . , f∗(Zm)) = 1⊕ g(f(Z̄1), . . . , f(Z̄m)). So the test for f∗ and g∗ at Z is the test for f
and g at Z̄; the same computation applies to pairs (F0, F1). If x ∼ µq then x̄ ∼ µ1−q; this gives the
statement on distances, and pg∗ = 1−pg. Next, g∗(bm⊕1S)⊕g∗(bm) = g((1−b)m⊕1S)⊕g((1−b)m),
so sb(g

∗) = s1−b(g) with the same minimal sets S; and a context w is insensitive for j with respect
to g∗ iff w̄ is insensitive for j with respect to g, while wk = 1− b iff w̄k = 1− (1− b). This gives the
statement on completability. Since f 7→ f∗ is a bijection that preserves the error and maps ε-close
skew polymorphisms of g to ε-close skew polymorphisms of g∗ (distances to F0 are measured under
µpg and µpg∗ = µ1−pg , respectively), δg∗ = δg. The last claim is De Morgan’s law.

Lemma 8.21 (Near-constant functions). Let g depend on all its m ≥ 2 coordinates, pg ̸= 1/2, b ∈
{0, 1}, s = sb(g), and suppose that g is completable at b. Let f : {0, 1}n → {0, 1}, δ = errg(f, . . . , f)
and η = Pr[f ̸= b] ≤ 1/(4m). Then

η ≤ (2m+1δ)1/s and Pr
µpg

[f ̸= g(bm)] ≤ δ +mη.

In particular f is (δ+m(2m+1δ)1/s)-close to the skew polymorphism (g(bm), b) (a pair of constants).

Proof. First, Ak ̸= ∅ for every k ∈ [m]: otherwise flipping coordinate k always flips g, so g(z) =
zk ⊕ g(zk→0) and pg = 1/2. Choose S, j and w ∈ Aj as in Definition 8.17 (if s = 1: any S = {j}
with g(bm ⊕ 1{j}) ̸= g(bm) and any w ∈ Aj). Put U = S \ {j} and A = {x : f(x) ̸= b}, and let

v ∈ {0, 1}[m]\{j} be given by vk = 1− b for k ∈ U and vk = b otherwise. Then vj→b = bm ⊕ 1U and
vj→1−b = bm ⊕ 1S , and g(b

m ⊕ 1U ) = g(bm) ̸= g(bm ⊕ 1S) by the minimality of s; so v ∈ Bj . Let
E = {cj = v}, i.e. Zk ∈ A for k ∈ U and Zk /∈ A for k ∈ [m] \ S. As the columns are independent,
Pr[E] = ηs−1(1− η)m−s.

Fix a row i ∈ [n], and let q = Pr[xi = 1 | x ∈ A] and r = Pr[xi = 1 | x /∈ A] for uniform x.
Since r = (12 −ηq)/(1−η), both r and 1−r are at least 1

2 −η. Conditionally on E, the columns Zk,
k ̸= j, are independent and uniform on A (for k ∈ U) or on {0, 1}n \A (for k ∈ [m] \S). Hence the
entries of the context (zi)−j are conditionally independent, Bernoulli(q) on U and Bernoulli(r) on
[m]\S. If s ≥ 2, the context b[m]\{j} is insensitive for j (because g(bm⊕1{j}) = g(bm)), and so is w.
The two contexts take the constant values b and 1− b on U ̸= ∅, so their conditional probabilities
are at least (12 − η)m−s times qs−1 and (1− q)s−1 (in some order). Therefore for s ≥ 2,

α := Pr[i ∈ Rj | E] ≥
(1
2
− η

)m−s(
qs−1 + (1− q)s−1

)
≥

(1
2
− η

)m−s
22−s = 22−m(1− 2η)m−s.

If s = 1 then U = ∅, v = b[m]\{j} and Pr[E] = (1 − η)m−1; the context b[m]\{j} = v is then
sensitive for j, so only w is used, and α ≥ Pr[(zi)−j = w | E] ≥ (12 − η)m−1. In both cases
α ≥ 21−m(1− 2η)m ≥ 21−m(1− 2mη) ≥ 2−m.
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Since E ⊆ {cj ∈ Bj}, Lemma 8.8 (with f0 = · · · = fm = f) gives

δ ≥
∑
S′ ̸=∅

f̂(S′)2 Pr[E, S′ ∩Rj ̸= ∅] ≥
∑
S′ ̸=∅

f̂(S′)2 Pr[E]α ≥ η(1− η) · ηs−1(1− η)m−s · 2−m,

where for S′ ̸= ∅ we picked i ∈ S′ and used Pr[E, S′ ∩Rj ̸= ∅] ≥ Pr[E] Pr[i ∈ Rj | E], and then∑
S′ ̸=∅ f̂(S

′)2 = Var(f) = η(1− η). As (1− η)m−s+1 ≥ 1−mη ≥ 3
4 , we get ηs ≤ 4

32
mδ ≤ 2m+1δ.

Finally, if f(Zk) = b for all k then the right-hand side of the test is g(bm); so f(gn(Z)) ̸= g(bm)
implies that the test fails or that f(Zk) ̸= b for some k. As gn(Z) ∼ µpg , this gives Prµpg [f ̸=
g(bm)] ≤ δ +mη. The constant pair (g(bm), b) is clearly a skew polymorphism.

Without completability the argument of Lemma 8.21 fails: if {f ̸= b} is concentrated on a
subcube, then on the context event almost all rows may be sensitive for j, and the containment
inequality gives nothing. Instead we show directly that conditioning s columns on the small set
{f ̸= b} cannot move the law of gn(Z) far, measured by relative entropy. For distributions ν, π on
a finite set with ν ≪ π let D(ν∥π) =

∑
x ν(x) ln(ν(x)/π(x)). We use the chain rule, the convexity

of D(·∥π), the joint convexity of D, and the data processing inequality D(νK∥πK) ≤ D(ν∥π) for
a channel K; see [7, Chapter 2]. The following lemma is a strong data processing inequality in the
sense of Ahlswede and Gács [3] (see also [26]); we include a self-contained proof.

Lemma 8.22 (Contraction of relative entropy). Let X ,Y be finite sets with |X | ≥ 2, let π be a
distribution on X with full support, and let K = (K(y | x))x∈X ,y∈Y be a stochastic matrix. For a
distribution ν on X n let νK⊗n be the law of y = (y1, . . . ,yn) when x ∼ ν and, given x, the yi are
independent with laws K(· | xi). Let

θ = θ(π,K) = sup
{D(νK∥πK)

D(ν∥π)
: ν ̸= π a distribution on X

}
≤ 1.

(a) For every n ≥ 1 and every distribution ν on X n, D(νK⊗n∥(πK)⊗n) ≤ θ D(ν∥π⊗n).

(b) Let Y ′ = {y : πK(y) > 0}. If the bipartite graph on X ⊔ Y ′ with an edge {x, y} whenever
K(y | x) > 0 is connected, then θ < 1.

(c) θ ≤ 1− λ, where λ =
∑

y∈Y minx∈X K(y | x).

Proof. θ ≤ 1 is the data processing inequality.
(a) Let x ∼ ν and let y be as in the statement. For a random variable w write Pxi|w for

the conditional law of xi given w, and similarly for yi; put y<i = (y1, . . . ,yi−1) and x<i =
(x1, . . . ,xi−1). Since (πK)⊗n is a product measure, the chain rule gives

D(νK⊗n∥(πK)⊗n) =
n∑
i=1

E
[
D(Pyi|y<i

∥πK)
]
.

Given x, the variable yi is drawn from K(· | xi) independently of (y<i,x−i), so Pyi|y<i
= Pxi|y<i

K,
and by the definition of θ, D(Pyi|y<i

∥πK) ≤ θD(Pxi|y<i
∥π) (both sides vanish if Pxi|y<i

= π).
Given x<i, the vector y<i is independent of xi, so Pxi|y<i

= E[Pxi|x<i
| y<i], and the convexity of

D(·∥π) gives ED(Pxi|y<i
∥π) ≤ ED(Pxi|x<i

∥π). Summing over i and using the chain rule for the
product measure π⊗n,

∑
i ED(Pxi|x<i

∥π) = D(ν∥π⊗n).
(b) If |Y ′| = 1 then νK = πK for every ν, and θ = 0; so let |Y ′| ≥ 2. Let (x,y) have law

π(x)K(y | x), and let ρ be the maximum of E[φ(x)ψ(y)] over φ : X → R, ψ : Y ′ → R with Eφ =
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Eψ = 0 and Eφ2 = Eψ2 = 1 (a maximum over a compact set). If ρ = 1, then E(φ(x)−ψ(y))2 = 0 for
a maximizer, so φ(x) = ψ(y) for every edge {x, y}, and φ is constant by connectivity, contradicting
Eφ = 0, Eφ2 = 1. So ρ < 1. Norms below are in L2(π) and L2(πK).

For ν ̸= π let φ = ν/π − 1 and ψ(y) = E[φ(x) | y = y] for y ∈ Y ′. Then νK(y) =
∑

x π(x)(1 +
φ(x))K(y | x) = πK(y)(1 + ψ(y)), Eψ = Eφ = 0, and ∥ψ∥2 = E[φ(x)ψ(y)] ≤ ρ∥φ∥∥ψ∥, so

∥ψ∥ ≤ ρ∥φ∥. For |t| ≤ 1
2 we have (1 + t) ln(1 + t) = t+ t2

2 +R(t) with |R(t)| ≤
∑

k≥3
|t|k

k(k−1) ≤
|t|3
3 .

Since Eφ = Eψ = 0 and ∥ψ∥∞ ≤ ∥φ∥∞, if ∥φ∥∞ ≤ 1
2 then

D(ν∥π) = E(1 + φ) ln(1 + φ) = 1
2∥φ∥

2 + ER(φ), D(νK∥πK) = 1
2∥ψ∥

2 + ER(ψ).

As |R(t)| ≤ |t|3/3, ∥ψ∥∞ ≤ ∥φ∥∞ and ∥ψ∥ ≤ ∥φ∥, we have |ER(φ)| ≤ ∥φ∥∞∥φ∥2/3 and |ER(ψ)| ≤
∥ψ∥∞∥ψ∥2/3 ≤ ∥φ∥∞∥φ∥2/3. Hence, if ∥φ∥∞ ≤ t0 := min{1

2 , (1 − ρ2)/12}, then ∥φ∥∞/3 ≤
(1− ρ2)/36 and

D(νK∥πK)

D(ν∥π)
≤ ρ2/2 + (1− ρ2)/36

1/2− (1− ρ2)/36
=

1 + 17ρ2

17 + ρ2
< 1.

The set N of distributions ν with ∥ν/π − 1∥∞ ≥ t0 is compact and does not contain π. On N the
ratio r(ν) = D(νK∥πK)/D(ν∥π) is continuous, because both relative entropies are continuous in
ν (finite sums of terms u ln(u/c) with c > 0) and D(ν∥π) > 0. Moreover r(ν) < 1 for each ν ∈ N .
Indeed, let νy(x) = ν(x)K(y | x)/νK(y) and πy(x) = π(x)K(y | x)/πK(y) be the conditional laws
of x given y = y under the two joint laws ν(x)K(y | x) and π(x)K(y | x). The chain rule, applied
to these joint laws in both orders, gives

D(ν∥π)−D(νK∥πK) =
∑

y: νK(y)>0

νK(y)D(νy∥πy).

If this vanishes, then 1 + φ(x) = ν(x)/π(x) = νK(y)/πK(y) = 1 + ψ(y) for every edge {x, y} with
νK(y) > 0. If νK(y) = 0, every neighbour x of y has ν(x) = 0, so again 1 + φ(x) = 0 = 1 + ψ(y).
Thus φ(x) = ψ(y) on every edge, φ is constant by connectivity, and ν = π, a contradiction. Hence
θ ≤ max{(1 + 17ρ2)/(17 + ρ2),maxN r} < 1.

(c) We may assume 0 < λ < 1; if λ = 1 then K(· | x) does not depend on x and θ = 0. Let
R(y) = minxK(y | x)/λ and K ′(y | x) = (K(y | x) − λR(y))/(1 − λ); both are stochastic. Then
νK = λR + (1 − λ)νK ′ and πK = λR + (1 − λ)πK ′, so joint convexity and data processing give
D(νK∥πK) ≤ (1− λ)D(νK ′∥πK ′) ≤ (1− λ)D(ν∥π).

Lemma 8.23 (Near-constant functions, general case). Let g depend on all its m ≥ 2 coordinates,
pg ̸= 1/2, b ∈ {0, 1}, and suppose that s := sb(g) < m. Fix S ⊆ [m] with |S| = s and g(bm ⊕
1S) ̸= g(bm). For x ∈ {0, 1}S and u ∈ {0, 1}[m]\S write (x, u) for the point of {0, 1}m with these
restrictions, and let KS(y | x) = Pru[g(x,u) = y], with u uniform on {0, 1}[m]\S. Let π be the
uniform distribution on {0, 1}S, θ = θ(π,KS), λS =

∑
y∈{0,1}minxKS(y | x) and τ = (1 − θ)/2.

Then θ ≤ 1−λS and θ < 1. Moreover, let f : {0, 1}n → {0, 1}, δ = errg(f, . . . , f), and suppose that

η = Pr[f ̸= b] ≤ η0 := min
{ τ

2m
,
(
4
(
m
s

)
+ 4

)− 1+θ
(1−θ)s

}
.

Then ηs ≤ 2δ/τ and Prµpg [f ̸= g(bm)] ≤ (1 + 2
(
m
s

)
/τ)δ. All this remains true if θ is replaced by

any θ′ ∈ [θ, 1) in the definitions of τ and η0, for instance by θ′ = 1− λS when λS > 0.

Proof. Lemma 8.22(c) gives θ ≤ 1− λS . Pick k ∈ [m] \ S. As g depends on coordinate k, there is
z ∈ {0, 1}m with g(z) ̸= g(z ⊕ 1{k}), so KS(0 | zS) > 0 and KS(1 | zS) > 0. As every x is adjacent
to 0 or to 1, the bipartite graph of Lemma 8.22(b) is connected, and θ < 1.
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Let p = pg, a = g(bm), A = {x : f(x) ̸= b}, B = {y : f(y) ̸= a}, νB = µp(B), y = gn(Z) ∼ µp
and S = {k ∈ [m] : Zk ∈ A}. The right-hand side of the test is g(bm⊕1S). If η = 0 then S = ∅, the
right-hand side is always a, and νB = δ, so both claims hold; let η > 0. If |S| < s it equals a, by
the minimality of s, so the test fails whenever y ∈ B and |S| < s. The columns are independent,
so Pr[|S| ≥ s] ≤

(
m
s

)
ηs, and

(i) δ ≥ νB −
(
m
s

)
ηs.

If S = S, the right-hand side is 1 − a, so the test fails whenever S = S and y /∈ B. Let E be the
event that Zk ∈ A for all k ∈ S, and let P be the conditional law of y given E. Since {S = S} ⊆ E
and Pr[S = S] = ηs(1− η)m−s,

(ii) δ ≥ Pr[S = S]− Pr[E, y ∈ B] = ηs
(
(1− η)m−s − P (B)

)
.

To bound P (B), let xi = (Zik)k∈S ∈ {0, 1}S . Unconditionally (x1, . . . ,xn) ∼ π⊗n, and E is an
event of probability ηs determined by (x1, . . . ,xn); let ν be the conditional law of (x1, . . . ,xn) given
E, so that D(ν∥π⊗n) = ln(1/ηs) = s ln(1/η). The entries Zik, k /∈ S, are uniform and independent
of (x1, . . . ,xn), so given E and the xi, the bits yi = g(xi, (Zik)k/∈S) are independent with laws
KS(· | xi); that is, P = νK⊗n

S . Also (πKS)
⊗n = µp. By Lemma 8.22(a), D(P∥µp) ≤ θs ln(1/η).

By data processing for the map y 7→ 1B(y), and since u ln u
v + (1 − u) ln 1−u

1−v ≥ u ln 1
v − ln 2 for

u, v ∈ [0, 1],

(iii) P (B) ln
1

νB
≤ θs ln

1

η
+ ln 2

(if νB = 0 then P (B) = 0, as P ≪ µp). We now distinguish two cases.
Case 1: P (B) ≤ 1−τ . As η ≤ τ/(2m), (1−η)m−s ≥ 1−mη ≥ 1−τ/2, and (ii) gives δ ≥ ηsτ/2.
Case 2: P (B) > 1 − τ = (1 + θ)/2. Then (iii) gives ln(1/νB) < κs ln(1/η) + 2 ln 2 with κ =

2θ/(1+θ) < 1, i.e. νB > ηκs/4. As η ≤ η0 and 1−κ = (1−θ)/(1+θ), we have η(1−κ)s ≤ 1/(4
(
m
s

)
+4),

i.e. ηκs/4 ≥ (
(
m
s

)
+ 1)ηs, and (i) gives δ ≥ ηs.

In both cases δ ≥ ηsτ/2, as τ ≤ 1/2. Finally (i) gives νB ≤ δ +
(
m
s

)
ηs ≤ (1 + 2

(
m
s

)
/τ)δ. The

argument used θ only through the bound D(P∥µp) ≤ θs ln(1/η), which holds for every θ′ ≥ θ.

Proof of Theorem 8.18(b). Functions of AND type. Let g ∈ {ANDm,ORm,NANDm,NORm}, so
e(g) = m. For every ε ∈ (0, 1/2), the proof of (c) (for ANDm, the proof of Corollary 8.3; for
NANDm, the NANDm argument in the proof of (c)) shows that every εm/(c0(2m)m)-approximate
polymorphism of g is ε-close to a skew polymorphism; for ORm and NORm this follows from
the cases ANDm and NANDm via the bijection f 7→ f∗ of Lemma 8.20, which preserves errors
and distances. Given a δ-approximate polymorphism f , put ε = 2m(c0δ)

1/m. If ε < 1/2 then
δ = εm/(c0(2m)m) and f is ε-close to a skew polymorphism; otherwise the dictator pair (x1, x1), a

skew polymorphism of every g, is at distance at most 1 ≤ 2ε. So (b) holds with Cg = 4mc
1/m
0 .

Other functions. Now s0(g), s1(g) < m: s0(g) = m means that g is constant on {0, 1}m \ {1}
and takes the other value at 1, i.e. g ∈ {ANDm,NANDm}, and similarly s1(g) = m forces g ∈
{ORm,NORm}. For b ∈ {0, 1} fix a minimal flip set at b, and let η

(b)
0 and τ (b) be the constants of

Lemma 8.23. Put γ = min{1/(4m), η
(0)
0 , η

(1)
0 } and τ∗ = min{τ (0), τ (1)}, and let f be a δ-approximate

polymorphism, δ = errg(f, . . . , f). If Pr[f ̸= b] ≤ γ for some b, Lemma 8.23 (at this b) shows that
f is max{(2δ/τ∗)1/sb , (1 + 2m+1/τ∗)δ}-close to the constant skew polymorphism (g(bm), b). Both
terms are at most (1 + 2m+1/τ∗)δ

1/e(g), because δ ≤ 1, sb ≤ e(g) and 2/τ∗ ≥ 1.
Otherwise f is γ-far from constants. Fix j ∈ [m] and v ∈ Bj . Then Pj ≥ Pr[cj = v] =∏

k ̸=j Pr[f = vk] ≥ γm−1, and aj ≥ 21−m (by the first paragraph of the proof of Lemma 8.21).

Lemma 8.9 gives T ⊆ [n] with |T | ≤ L := 2m+2 ln(2γ1−m) and β := Pr[f ̸= rdT f ] ≤ 2m+2γ1−mδ,
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and Lemma 8.10 (with J = rdT f) gives β0 := Prµpg [f ̸= rd
pg
T f ] ≤ 2m(δ + β). Hence δ + β0 +

mβ ≤ Kδ with K = 1 + 2m + (2m + m)2m+2γ1−m. If δ < 2−mL/K, Lemma 8.13 shows that
(rd

pg
T f, rdT f, . . . , rdT f) is a multi-polymorphism, i.e. (rd

pg
T f, rdT f) is a skew polymorphism, and it

is Kδ-close to f . If δ ≥ 2−mL/K, the dictator pair (x1, x1) is a skew polymorphism at distance at
most 1 ≤ (K2mLδ)1/e(g) ≤ K2mLδ1/e(g). So all cases are covered by Cg = max{1+2m+1/τ∗, K2mL}.
Thus every δ-approximate polymorphism is Cgδ

1/e(g)-close to a skew polymorphism, i.e. δg(ε) ≥
(ε/Cg)

e(g); together with (a), δg(ε) = Θg(ε
e(g)).

Explicit constants (part (d)). The only non-explicit quantity above is θ(π,KS). If g is com-
pletable at b, Lemma 8.21 can replace Lemma 8.23 at b (with γ ≤ 1/(4m)), giving distance at most
(1 +m2m+1)δ1/e(g). If λS > 0, Lemma 8.23 can be applied with θ replaced by 1 − λS . Part (d)
follows, and the census is a finite computation.

Proof of Theorem 8.18(a). Let p = pg, s = sb(g) and a = g(bm). Since g is not affine and depends
on all m ≥ 2 coordinates, the classification of exact skew polymorphisms [6, Theorem 2.4] shows
that every skew polymorphism (F0, F1) of g on n variables has

F1 ∈ Fn := {0, 1} ∪ {xi, 1⊕ xi : i ∈ [n]} ∪ {ANDI , ORI : I ⊆ [n]}.

Let t ≥ 1 be the integer with 2ε < 2−t−1 ≤ 4ε (it exists as 4ε ≤ 1/4), put η′ = 2−t−1 ≤ 1/4, let
n ≥ t+ 1, and let D = {x ∈ {0, 1}n : x1 = 0, x2 = · · · = xt+1 = 1}, so that µ1/2(D) = η′.

Claim: Prµ1/2 [1D ̸= F ] ≥ η′ and Prµ1/2 [1 ⊕ 1D ̸= F ] ≥ η′ for every F ∈ Fn. The second
statement is the first one for 1⊕F , and 1⊕F ranges over Fn together with the functions ANDI(1⊕x)
and ORI(1⊕x). Writing µ(F ) = Pr[F = 1] we have Pr[1D ̸= F ] = η′+µ(F )−2Pr[D∩{F = 1}], so
it suffices to show Pr[D∩{F = 1}] ≤ µ(F )/2 for all these F . This is clear if µ(F ) ≥ 2η′. Otherwise
µ(F ) < 2η′ ≤ 1/2, so F ≡ 0, or F = ANDI or F = ANDI(1 ⊕ x) = 1{xI = 0I} with |I| ≥ 2. If
F = ANDI and 1 ∈ I then D ∩ {F = 1} = ∅; if 1 /∈ I then D ∩ {F = 1} ⊆ {x1 = 0, xI = 1I},
which has measure µ(F )/2. If F = 1{xI = 0I} and I meets {2, . . . , t+ 1}, then D ∩ {F = 1} = ∅;
otherwise D ∩ {F = 1} has measure η′2−|I\{1}| ≤ 2η′2−|I| ≤ µ(F )/2, as η′ ≤ 1/4.

Let θ = (p + 1
2)/2, and let M = {x : |x| > θn} if p < 1/2 and M = {x : |x| < θn} if p > 1/2.

By Hoeffding’s inequality, µ1/2({0, 1}n \M) ≤ τn and µp(M) ≤ τn, where τn = exp(−(12 − p)2n/2).
Define

f(x) = b⊕ 1D(x) (x ∈M), f(x) = a (x /∈M).

Error. Let G be the event that gn(Z) /∈ M and Zk ∈ M for all k; as gn(Z) ∼ µp and Zk ∼ µ1/2,
Pr[G] ≥ 1− (m+ 1)τn. On G the left-hand side of the test is a = g(bm) and the right-hand side is
g(bm ⊕ 1S) with S = {k : Zk ∈ D}; they differ only if |S| ≥ s. By independence of the columns,
Pr[|S| ≥ s] ≤

(
m
s

)
η′s. Hence errg(f, . . . , f) ≤

(
m
s

)
(4ε)s + (m+ 1)τn.

Distance. For every skew polymorphism (F0, F1) we have F1 ∈ Fn, and by the claim Prµ1/2 [f ̸=
F1] ≥ Pr[b⊕ 1D ̸= F1]− µ1/2({0, 1}n \M) ≥ η′ − τn.

Choose n so large that (m + 1)τn ≤ εs. Then τn < ε < η′ − ε, so f is not ε-close to any skew
polymorphism, while errg(f, . . . , f) ≤ (4s

(
m
s

)
+ 1)εs. Hence δg(ε) ≤ (4s

(
m
s

)
+ 1)εs. Applying this

with b such that sb(g) = e(g) gives δg(ε) = Og(ε
e(g)).

The construction hides a small set D near the middle layer, where the uniform measure lives,
while near the pgn-th layer, where µpg lives, f is the constant g(bm); the test notices D only when
at least sb(g) of the m columns fall into D. This is the mechanism behind the skew polymorphisms
of [6], now used quantitatively. The lower bound for the AND-type functions uses a skew version
of Theorem 1.4(b).
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Lemma 8.24 (Skew m-ary AND test). Let m ≥ 2, F0, f : {0, 1}n → {0, 1}, x1, . . . ,xm inde-
pendent and uniform, µ = Ef and ε′ = Pr[F0(x1 ∧ · · · ∧ xm) ̸=

∏
j f(xj)]. Then dist(f) ≤

min{µ, c0ε′/µm−1} ≤ (c0ε
′)1/m.

Proof. In the proof of Corollary 3.3, the twom-tuples (x1,x2, . . . ,xm) and (x′
1,x2, . . . ,xm) have the

same meet, hence the same left-hand side F0(·) whatever F0 is. So if f(x2) = · · · = f(xm) = 1 and
f(x1) ̸= f(x′

1), the right-hand sides differ and one of the two tests fails; this is the only property of
the test used there, and the rest of that proof only involves f . So the proof of Corollary 3.3, with the
outer function F0 in place of f , gives ηf |f ≤ ε′/µm verbatim, and the proof of Theorem 1.4(b) (which
uses only this bound, f and Lemma 5.2) applies verbatim and gives dist(f) ≤ min{µ, c0ε′/µm−1}.

Proof of Theorem 8.18(c). We have s0(ANDm) = m, s1(ANDm) = 1, s0(NANDm) = m and
s1(NANDm) = 1, so e = m for these two functions, and by Lemma 8.20 also for ORm = AND∗

m and
NORm = NAND∗

m. The upper bound is part (a) with s = m. By Lemma 8.20 it suffices to prove
the lower bound for ANDm and NANDm; the case of ANDm is Corollary 8.3. Let g = NANDm, so
pg = 1−2−m and gn(Z) = 1⊕(Z1∧· · ·∧Zm). Let f satisfy errg(f, . . . , f) ≤ δ := εm/(c0(2m)m), and
put f̃(y) = 1⊕f(1⊕y). The test reads f(1⊕(Z1∧· · ·∧Zm)) = 1⊕

∏
k f(Z

k), i.e. f̃(Z1∧· · ·∧Zm) =∏
k f(Z

k). By Lemma 8.24 (with F0 = f̃) there is h ∈ An with Pr[f ̸= h] ≤ (c0δ)
1/m = ε/(2m).

As h(Z1 ∧ · · · ∧ Zm) =
∏
k h(Z

k), we get Prµ2−m [f̃ ̸= h] ≤ δ +mε/(2m) ≤ ε, i.e. Prµpg [f ̸= h̃] ≤ ε

with h̃(y) = 1 ⊕ h(1 ⊕ y). If h = ANDI then h̃ = ORI , and if h ≡ 0 then h̃ ≡ 1. In both cases
(h̃, h) is a skew polymorphism of NANDm: indeed ORI(g

n(Z)) = 1 iff Zik = 0 for some i ∈ I
and k ∈ [m], iff ANDI(Z

k) = 0 for some k, iff g(ANDI(Z
1), . . . ,ANDI(Z

m)) = 1; and (1, 0) is
a constant skew polymorphism since g(0m) = 1. So f is ε-close to a skew polymorphism, and
δNANDm(ε) ≥ εm/(c0(2m)m).

Remark 8.25. The exponent cg is far from optimal; for g = AND2 (k = 2) it gives cg = 1/72,
while the truth is 1/2 (Theorems 5.1 and 1.2). The only non-elementary input is the Chernoff
bound: Jones’ regularity lemma and the “It Ain’t Over Till It’s Over” theorem used in [6, 2] are
replaced by the containment inequality of Lemma 8.8, which shows that fj∗ is close to a junta on
O(log(1/ε)) coordinates with polynomial error. With this junta at hand, the remaining steps follow
the outline of [6, Section 4] with explicit polynomial losses. Corollary 8.3 shows that the conjecture
of [2] holds in its “polynomial” form for every functional predicate under the uniform distribution,
while its “even linear” form fails already (an observation that is known in substance, cf. [16, 17, 6];
we claim no novelty for it) for the predicate {(a, b, a ∧ b)} with the uniform distribution on (a, b).
Indeed, if g3(x ∧ y) = g1(x)g2(y) for all x, y and g1, g2 ̸≡ 0, then putting y = 1 (resp. x = 1)
gives g3 = g2(1)g1 and g3 = g1(1)g2, whence g1(1) = g2(1) = 1 (otherwise g3 ≡ 0 and g1g2 ≡ 0)
and g1 = g2 = g3 ∈ An. So every exact solution (g1, g2, g3) has g1 ∈ An or g2 ∈ An. Hence, by
Theorem 1.2, for every δ ≤ 1/4 and η > 0 there is f such that f1 = f2 = f3 = f has error ε(f) ≤ δ
and is at distance at least dist(f) ≥ (1− η)

√
δ from every exact solution.

8.7 Multi-polymorphisms: the optimal exponent

Theorem 8.1 also shows that the dependence in [6, Theorem 4.1], for multi-polymorphisms, is
polynomial. We now determine its optimal exponent. A tuple f is ε-close to a tuple F if Prµpg [f0 ̸=
F0] ≤ ε and Pr[fj ̸= Fj ] ≤ ε for all j ∈ [m]. Let δmulti

g (ε) be the supremum of the δ such that,
for every n, every δ-approximate multi-polymorphism of g is ε-close to a multi-polymorphism of
g. The columns of a tuple need not be equal, so some of them can be close to constants while the
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others are not. As a result the exponent is governed by all restrictions of g, and not only by the
two constant inputs. For z ∈ {0, 1}m and S ⊆ [m] let z⊕1S be z with the coordinates in S flipped.

Definition 8.26. Let g : {0, 1}m → {0, 1} be non-constant. A flip pair of g is a pair (z, S) with
z ∈ {0, 1}m and S ⊆ [m] such that g(z ⊕ 1S) ̸= g(z) and g(z ⊕ 1S′) = g(z) for every S′ ⊊ S. Let
E(g) = max{|S| : (z, S) is a flip pair of g}.

So (z, S) is a flip pair iff the restriction of g to the subcube {z⊕1S′ : S′ ⊆ S} is g(z)⊕
∏
k∈S(xk⊕

zk), an AND of |S| literals or the negation of one. Thus E(g) is the largest k such that fixing m−k
of the variables of g can leave an AND of k literals or its negation. We say that g is of AND type
if E(g) = m, that is, if g(x) = c⊕

∏m
k=1(xk ⊕ ak) for some c ∈ {0, 1} and a ∈ {0, 1}m. For m = 2

these are the eight functions AND2, OR2, NAND2, NOR2, x ∧ ¬y, ¬x ∧ y, x ∨ ¬y and ¬x ∨ y.

Lemma 8.27 (Properties of E). Let g : {0, 1}m → {0, 1} be non-constant.

(a) If z ∈ {0, 1}m, P ⊆ [m], and g is not constant on {z ⊕ 1S′ : S′ ⊆ P}, then g has a flip pair
(z, S) with ∅ ≠ S ⊆ P .

(b) 1 ≤ E(g) ≤ m, and E(g) ≥ e(g).

(c) E(g) = 1 if and only if g is affine.

(d) If g depends only on the coordinates in K ⊆ [m] and G : {0, 1}K → {0, 1} is the induced
function, then E(g) = E(G).

For example, E(ANDm) = m and E(Maj3) = 2; and E(x ∧ ¬y) = 2, while e(x ∧ ¬y) = 1.

Proof. (a) Choose S ⊆ P minimal under inclusion with g(z ⊕ 1S) ̸= g(z). Then S ̸= ∅ and (z, S)
is a flip pair.

(b) By (a) with P = [m], E(g) ≥ 1; clearly E(g) ≤ m. If b ∈ {0, 1}, |S| = sb(g) and
g(bm ⊕ 1S) ̸= g(bm), then (bm, S) is a flip pair by the minimality of sb(g). So E(g) ≥ e(g).

(c) Let g(x) = λ0⊕
⊕

k λkxk, and let (z, S) be a flip pair with |S| ≥ 2. Then g(z⊕1{k}) = g(z)
gives λk = 0 for every k ∈ S, so g(z ⊕ 1S) = g(z), a contradiction. Hence E(g) = 1. Conversely,
let E(g) = 1, fix z and j ̸= k, and consider the square Q = {z, z ⊕ 1{j}, z ⊕ 1{k}, z ⊕ 1{j,k}}. If
the four values of g on Q had odd sum, exactly one of them would differ from the other three, and
with z′ the point of Q opposite to that one, (z′, {j, k}) would be a flip pair. So the sum is even, i.e.
∂jg(z) := g(z)⊕g(z⊕1{j}) satisfies ∂jg(z) = ∂jg(z⊕1{k}) for all k ̸= j; also ∂jg(z) = ∂jg(z⊕1{j})
by definition. Hence ∂jg is a constant λj , and flipping the coordinates of x one at a time, starting
from 0, gives g(x) = g(0)⊕

⊕
j λjxj .

(d) If (z, S) is a flip pair and k ∈ S, then g(z ⊕ 1S\{k}) = g(z) ̸= g(z ⊕ 1S), so g depends on
coordinate k. Hence S ⊆ K, and (zK , S) is a flip pair of G. Conversely, if (z′, S) is a flip pair of G,
then (z, S) is a flip pair of g for every z with zK = z′.

Finally, (0m, [m]) is a flip pair of ANDm, and (000, {1, 2}) is a flip pair of Maj3. Maj3 is not of
AND type, since it takes the value 1 four times while an AND of three literals or its negation takes
it once or seven times. The function x ∧ ¬y is of AND type, and s0 = s1 = 1 for it.

Theorem 8.28 (The optimal exponent for multi-polymorphisms). Let g : {0, 1}m → {0, 1} depend
on all its m ≥ 2 coordinates.

(a) δmulti
g (ε) ≤ (2ε)E(g) for 0 < ε < 2−m.

(b) There is a constant Cg such that every δ-approximate multi-polymorphism of g is Cgδ
1/E(g)-

close to a multi-polymorphism of g. Hence δmulti
g (ε) = Θg(ε

E(g)).
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(c) If g is of AND type, (b) holds with Cg = 2m + 11; thus εm/(2m + 11)m ≤ δmulti
g (ε) ≤ (2ε)m

for 0 < ε < 2−m.

Corollary 8.29 (When is the loss for multi-polymorphisms linear?). Let g depend on at least two
coordinates. Then δmulti

g (ε) = Θg(ε) if and only if g is affine; otherwise δmulti
g (ε) = Θg(ε

E(g))

with E(g) ≥ 2. For m = 2: δmulti
g (ε) = Θ(ε) for x ⊕ y and 1 ⊕ x ⊕ y, and Θ(ε2) for the other

eight functions that depend on both coordinates. For Maj3 and for x ∧ ¬y the loss is linear for
polymorphisms (Corollary 8.19) but quadratic for multi-polymorphisms.

Proof. If g depends only on the coordinates in K and G is the induced function, then pG = pg,
errg(f) = errG(f0, (fj)j∈K), and F is a multi-polymorphism of g iff (F0, (Fj)j∈K) is one of G,
whatever Fj , j /∈ K, are (as gn(Z) = Gn((Zj)j∈K)). Keeping Fj = fj for j /∈ K shows δmulti

g =

δmulti
G , and E(g) = E(G) by Lemma 8.27(d). So we may assume that g depends on all m ≥ 2
coordinates, and the first claim follows from Theorem 8.28 and Lemma 8.27(c). The functions of
two variables that depend on both are the two affine ones and the eight of AND type. Finally Maj3
is balanced and s0(x ∧ ¬y) = s1(x ∧ ¬y) = 1, while E = 2 for both (Lemma 8.27).

The upper bound is the hiding construction of Theorem 8.18(a); now the constant parts can
be put into f0 and into the columns outside the flip pair. For the lower bound we follow the proof
of Theorem 8.18(b), column by column. Columns far from constants are handled by the junta
lemma, and near-constant columns by a certificate. In the certificate step the far columns are
conditioned on events of constant probability, so only part of the input of the relevant channel
is fresh, and we need the following variant of Lemma 8.22. For u ∈ [0, 1] and v ∈ (0, 1) write
d(u∥v) = u ln u

v + (1− u) ln 1−u
1−v for the relative entropy between Bernoulli distributions.

Lemma 8.30 (Partial strong data processing). Let X ,U be finite sets with |X | ≥ 2, let πX , πU be
distributions on them with full support, let h : X ×U → {0, 1}, and let K(y | x) = Pru∼πU [h(x,u) =
y]. Let p = (πXK)(1) and θ = θ(πX ,K) (Lemma 8.22); assume 0 < p < 1 and θ < 1, and put

M =
9

p2(1− p)2
, θ1 =

1 + θ

2
, C1 = 1 +max

{
2,

M

1− θ

}
.

Let ρX and ρU be distributions on X n and Un, let (x,u) ∼ ρX ⊗ ρU , and let Q be the law of
y = (h(x1,u1), . . . , h(xn,un)) ∈ {0, 1}n. Then

D(Q∥µp) ≤ θ1D(ρX∥π⊗nX ) + C1D(ρU∥π⊗nU ).

This remains true if θ is replaced by any θ′ ∈ [θ, 1) in the definitions of θ1 and C1.

If ρU = π⊗nU , then Q = ρXK
⊗n and Lemma 8.22(a) gives the factor θ; the point of Lemma 8.30

is that a perturbation of the fresh part costs only a constant factor.

Proof. Step 1: three binary inequalities. Let r ∈ (0, 1), q ∈ [0, 1] and ℓ = ln r(1−p)
p(1−r) . Expanding the

definitions,
d(q∥p) = d(r∥p) + d(q∥r) + ℓ (q − r). (4)

For s ∈ R let rs = res/(1− r+ res). Expanding again, d(q∥r)− d(q∥rs) = sq− ln(1− r+ res), and
therefore

s(q − r) ≤ d(q∥r) + Λ(s), Λ(s) = ln(1− r + res)− rs. (5)

Here Λ(0) = Λ′(0) = 0 and Λ′′(t) = rt(1 − rt) = r(1 − r)et/(1 − r + ret)2 ≤ r(1 − r)e|t|, because
1− r+ ret ≥ min{1, et}. Hence Λ(s) ≤ r(1− r)(e|s|−1−|s|) ≤ 1

2r(1− r)s
2e|s|. The third inequality

is
r(1− r) ℓ2e|ℓ|/2 ≤ M d(r∥p). (6)
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Replacing (p, r) by (1 − p, 1 − r) changes the sign of ℓ and leaves both sides unchanged, so we
may assume L := ℓ ≥ 0. Let φ(t) = ln(1 − p + pet) and pt = φ′(t) = pet/(1 − p + pet), so that
p0 = p, pL = r and φ′′(t) = pt(1 − pt). The identity before (5), with (r, q, s) replaced by (p, r, L),

gives d(r∥p) = Lr − φ(L) =
∫ L
0 t pt(1 − pt) dt (integrate by parts). Write λ(v) = ln v

1−v , so that

λ(pt) = λ(p) + t. As a function of x = λ(v) we have v(1 − v) = ex/(1 + ex)2, whose logarithmic
derivative 1 − 2v lies in (−1, 1), and v(1 − v) ≤ e−|x|. Hence pt(1 − pt) ≥ pt′(1 − pt′)e

−|t−t′|. If

L ≤ 1, this gives d(r∥p) ≥ r(1− r)e−1
∫ L
0 t dt = r(1− r)L2/(2e), so r(1− r)L2eL/2 ≤ 2e3/2d(r∥p) ≤

9 d(r∥p). If L > 1, then d(r∥p) ≥ p(1 − p)
∫ 1
0 te

−tdt = (1 − 2/e)p(1 − p) ≥ p(1 − p)/4; moreover

r(1−r) ≤ e−|λ(p)+L| ≤ e|λ(p)|e−L ≤ e−L/(p(1−p)), because e|λ(p)| = max(p, 1−p)/min(p, 1−p). So
r(1− r)L2eL/2 ≤ L2e−L/2/(p(1− p)) ≤ 16e−2/(p(1− p)) ≤ 9 d(r∥p)/(p(1− p))2. In both cases (6)
holds.

Step 2: one coordinate. Let σ be a distribution on X × U with X -marginal σX , and let q =
σ(h = 1). We show

d(q∥p) ≤ θ1D(σX∥πX) + C1D(σ∥σX ⊗ πU ). (7)

Let r = (σXK)(1), the probability that h = 1 under σX ⊗ πU . By the definition of θ, d(r∥p) ≤
θD(σX∥πX). By data processing for the map h, d(q∥r) ≤ D(σ∥σX ⊗ πU ), which is finite because
σ ≪ σX⊗πU . If r ∈ {0, 1}, finiteness forces q = r, and (7) follows from d(q∥p) = d(r∥p). Otherwise
let C ′ = C1 − 1 = max{2,M/(1− θ)}. By (5) with s = ℓ/C ′, then C ′ ≥ 2 and (6),

ℓ(q − r) ≤ C ′d(q∥r) + C ′Λ(ℓ/C ′) ≤ C ′d(q∥r) + r(1− r)ℓ2e|ℓ|/2

2C ′ ≤ C ′d(q∥r) + M

2C ′ d(r∥p).

With (4) and M/(2C ′) ≤ (1− θ)/2 this gives d(q∥p) ≤ (1 + 1−θ
2 )θD(σX∥πX) + C1D(σ∥σX ⊗ πU ),

and (1 + 1−θ
2 )θ ≤ θ + 1−θ

2 = θ1.
Step 3: tensorization. For random variables a,w write Pa|w for the conditional law of a given

w, and put y<i = (y1, . . . ,yi−1), and similarly x<i, u<i. By the chain rule for the product
measure µp, D(Q∥µp) =

∑
i E d(Q(yi = 1 | y<i)∥p). Apply (7) to σ = P(xi,ui)|y<i

, and use
D(σ∥σX ⊗ πU ) = Ex∼σXD(σ(· | x)∥πU ):

E d(Q(yi = 1 | y<i)∥p) ≤ θ1ED(Pxi|y<i
∥πX) + C1ED(Pui|xi,y<i

∥πU ).

The vector y<i is a function of (x<i,u<i), and the blocks x and u are independent, so Pxi|x<i,u<i
=

Pxi|x<i
and Pui|x≤i,u<i

= Pui|u<i
. By the tower property, Pxi|y<i

= E[Pxi|x<i
| y<i] and Pui|xi,y<i

=
E[Pui|u<i

| xi,y<i]. By the convexity of D(·∥π), the two expectations on the right are at most

ED(Pxi|x<i
∥πX) and ED(Pui|u<i

∥πU ). Summing over i and using the chain rule for π⊗nX and π⊗nU
proves the lemma. The proof used θ only through d(r∥p) ≤ θD(σX∥πX) and θ ≤ 1, so any θ′ ∈ [θ, 1)
can replace it. The constant M in (6) is far from optimal; the applications below only need some
finite M that depends on p alone.

Lemma 8.31 (Approximate multi-polymorphisms of ANDm). Let m ≥ 2, let h0, . . . , hm be func-
tions from {0, 1}n to {0, 1}, let W1, . . . ,Wm be independent and uniform on {0, 1}n, and let
δ = Pr[h0(W

1 ∧ · · · ∧Wm) ̸=
∏m
k=1 hk(W

k)]. Then there are functions H0, . . . ,Hm with H0(w
1 ∧

· · · ∧ wm) =
∏
kHk(w

k) for all w1, . . . , wm ∈ {0, 1}n, such that Prµ2−m [h0 ̸= H0] ≤ (2m+ 11)δ1/m

and Pr[hk ̸= Hk] ≤ (2m+ 11)δ1/m for every k ∈ [m].

Proof. Let µk = Ehk and t = 10 δ1/m, and recall that W1 ∧ · · · ∧Wm ∼ µ2−m .
If µk0 ≤ t for some k0 ∈ [m], let H0 ≡ 0, Hk0 ≡ 0 and Hk = hk for k ̸= k0. This tuple is exact,

Pr[hk0 ̸= Hk0 ] = µk0 ≤ t, and Prµ2−m [h0 ̸= 0] ≤ δ + Pr[
∏
k hk(W

k) = 1] ≤ δ + t.
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Otherwise µk > t for all k. Fix k ̸= l in [m]. For w = (wj)j /∈{k,l} let vw =
∧
j /∈{k,l}w

j (so vw = 1

if m = 2) and εw = Pr[h0(W
k ∧Wl ∧ vw) ̸= hk(W

k)hl(W
l)]. If

∏
j /∈{k,l} hj(w

j) = 1, then εw is the

conditional failure probability of the test given Wj = wj for j /∈ {k, l}. As Pr[
∏
j /∈{k,l} hj(W

j) =

1] =
∏
j /∈{k,l} µj ≥ tm−2, there is such a w with εw ≤ δ/tm−2, and

√
δ/tm−2 = 10−(m−2)/2δ1/m.

Apply Theorem 1.4(c) with p = ρ = 1
2 (so K = 10) to F = h0(· ∧ vw), G = hk and H = hl.

Case (i) would give min(µk, µl) ≤ 10
√
εw ≤ t, which is excluded. So case (ii) gives Tkl ⊆ [n] with

Pr[hk ̸= ANDTkl ] ≤ r and Pr[hl ̸= ANDTkl ] ≤ r, where r = 6
5

√
δ/tm−2 ≤ 6

5δ
1/m; in particular

t ≥ 5r.
All the sets Tkl coincide. Indeed, suppose that hk is r-close to ANDT and to ANDT ′ with

T ̸= T ′, say |T | ≤ |T ′|. Then T ′ ̸⊆ T , and Pr[ANDT ̸= ANDT ′ ] ≥ 2−|T | − 2−|T∪T ′| ≥ 2−|T |−1 ≥
(µk − r)/2 > (t − r)/2 ≥ 2r, since 2−|T | = EANDT ≥ µk − r. This contradicts Pr[ANDT ̸=
ANDT ′ ] ≤ 2r. So Tkl = Tkl′ whenever k, l, l

′ are distinct, and as Tkl = Tlk, all Tkl equal one set T .
Let H0 = · · · = Hm = ANDT ; this tuple is exact, Pr[hk ̸= ANDT ] ≤ r, and Prµ2−m [h0 ̸= ANDT ] ≤
δ +

∑
k Pr[hk(W

k) ̸= ANDT (W
k)] ≤ δ +mr.

In both cases all distances are at most δ+max{t,mr} ≤ (1+10+ 6m
5 )δ1/m ≤ (2m+11)δ1/m.

Proof of Theorem 8.28(a). Let s = E(g), let (z, S) be a flip pair with |S| = s, and let c = g(z)
and p = pg. Let η = 2−t−1 be the power of two in (ε, 2ε]; as 2ε < 21−m ≤ 1

2 , we have t ≥ 1. Let
n ≥ t+ 1 and D = {x ∈ {0, 1}n : x1 = 0, x2 = · · · = xt+1 = 1}, so that µ1/2(D) = η ≤ 1

4 . Define

f0 ≡ c, fk ≡ zk (k /∈ S), fk = zk ⊕ 1D (k ∈ S).

The right-hand side of the test is g(z ⊕ 1S) with S = {k ∈ S : Zk ∈ D}. As (z, S) is a flip pair, it
differs from c iff S = S, so errg(f) = ηs ≤ (2ε)s.

Let F be a multi-polymorphism of g; we show that some distance between f and F is at least
min{η, 2−m} > ε. If g is affine, then s = 1, p = 1

2 and g = x1⊕· · ·⊕xm⊕b. The proof of Lemma 8.14

for m ≥ 2, applied to F (so δ = 0), gives |Φ̂ℓ(Sℓ)| = 1 with a common set Sℓ = I; hence there are
I ⊆ [n] and a0, . . . , am with Fℓ =

⊕
i∈I xi ⊕ aℓ for all ℓ. If I ̸= ∅ then Prµ1/2 [F0 ̸= c] = 1

2 ; if I = ∅,
then for k ∈ S the function Fk is constant and Pr[fk ̸= Fk] ≥ min{η, 1− η} = η. If g is not affine,
then by the classification of exact multi-polymorphisms [6, Theorem 2.5] (essentially due to Dokow
and Holzman [8]), F is of one of the following types.

� Certificate: F0 ≡ c′, and there are J ′ ⊆ [m] and b′ ∈ {0, 1}J ′
with Fj ≡ b′j for j ∈ J ′ and

g(x) = c′ whenever xJ ′ = b′. If c′ ̸= c, then Prµp [f0 ̸= F0] = 1. If b′j ̸= zj for some j ∈ J ′,
then Pr[fj ̸= Fj ] ≥ 1−η. Otherwise g ≡ c on {x : xJ ′ = zJ ′}; this set does not contain z⊕1S ,
where g ̸= c, so there is j ∈ J ′ ∩ S, and Pr[fj ̸= Fj ] = Pr[zj ⊕ 1D ̸= zj ] = η.

� Dictator: F0 = xi⊕ a0 for some i ∈ [n] and a0 ∈ {0, 1}. Then Prµp [f0 ̸= F0] ∈ {p, 1− p}, and
min{p, 1− p} ≥ 2−m.

� OR and AND type: for some I ⊆ [n], every Fj with j ∈ [m] is ORI or ANDI . For j ∈ S
the function fj is 1D or 1⊕ 1D, and the claim in the proof of Theorem 8.18(a) gives Pr[fj ̸=
Fj ] ≥ η.

So f is not ε-close to any multi-polymorphism, and δmulti
g (ε) ≤ ηs ≤ (2ε)s.

Proof of Theorem 8.28(b),(c). Let f have errg(f) = δ, and put E = E(g) and p = pg. The dictator
tuple (x1, . . . , x1) is a multi-polymorphism of every g at distance at most 1 from f . So if the claim

holds for δ < δg, for some δg > 0, then it holds for all δ once Cg ≥ δ
−1/E
g .
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Affine g. Here E = 1 by Lemma 8.27(c), and Lemma 8.14 gives distance at most δ when
δ < min{1/50, 1/(m+ 2)}.

g of AND type. Let g(x) = c ⊕
∏
k(xk ⊕ ak), so E = m and p ∈ {2−m, 1 − 2−m}. Put

Wk = Zk ⊕ ak1, hk(w) = fk(w ⊕ ak1) ⊕ ak for k ∈ [m], and h0(v) = f0(v ⊕ c1) ⊕ c. Then
W1, . . . ,Wm are independent and uniform, g(f1(Z

1), . . . , fm(Z
m)) = c⊕

∏
k hk(W

k), and gn(Z) =
c1⊕ (W1∧· · ·∧Wm), so f0(g

n(Z)) = c⊕h0(W1∧· · ·∧Wm). Thus the test for f at Z is the test of
Lemma 8.31 for h at W. Let H be the tuple given by Lemma 8.31, and let Fk(x) = Hk(x⊕ak1)⊕ak
and F0(y) = H0(y ⊕ c1) ⊕ c. The same computation shows that F is a multi-polymorphism of g.
Moreover Pr[fk ̸= Fk] = Pr[hk ̸= Hk], and Prµp [f0 ̸= F0] = Prµ2−m [h0 ̸= H0] because y 7→ y ⊕ c1
maps µp to µ2−m . This proves (c), for every δ.

The remaining functions. From now on g is neither affine nor of AND type. (For m = 2 there
are no such functions.)

Constants. For ∅ ≠ S ⊊ [m] let KS(y | x) = Pru[g(x,u) = y] for x ∈ {0, 1}S , with u
uniform on {0, 1}[m]\S , as in Lemma 8.23, and let πS be the uniform distribution on {0, 1}S . Then
θ(πS ,KS) < 1: pick k /∈ S; as g depends on coordinate k, some x has KS(0 | x) > 0 and
KS(1 | x) > 0, and since every x is adjacent to 0 or to 1, the bipartite graph of Lemma 8.22(b) is
connected. Let θ∗ < 1 be the maximum of θ(πS ,KS) over these S; defineM, θ1, C1 as in Lemma 8.30
with θ = θ∗ and p = pg; and put κ = 2θ1/(1 + θ1) < 1 and τ1 = (1− θ1)/2. For 0 < γ ≤ 1

4 let

α(γ) = (γ/2)m, π0(γ) =
(
2−m−3α(γ)2C1

)1/(1−κ)
,

L(γ) = 2m+2 ln(2γ1−m), K(γ) = (m+ 2) 22m+5γ−3(m−1).

Let γ1 = 1
4 and γi+1 = min{γi/4, π0(γi)} for i = 1, . . . ,m + 1. Let C◦ and cg be the constants of

Theorem 8.1 for g, and let δg > 0 be such that C◦δ
cg
g ≤ 3γm+1/8 and K(γm+1)δg < 2−mL(γm+1).

Assume δ < δg.
Near-constant and far columns. For k ∈ [m] let bk be a majority value of fk and ηk = Pr[fk ̸=

bk] = minb Pr[fk ̸= b]. Them+1 intervals (γi+1, γi], i ∈ [m+1], are disjoint, so one of them contains
none of η1, . . . , ηm. Fix such an i and put γ = γi and γ

′ = γi+1, so that γ ≥ γm+1, γ
′ ≤ γ/4 and

γ′ ≤ π0(γ). Let J = {k : ηk ≤ γ′} and N = {k : ηk > γ}. Then [m] = J ⊔N , and fk is γ-far from
constants for k ∈ N .

Case A: J = ∅. Fix j∗ with aj∗ > 0 (Lemma 8.4), so aj∗ ≥ 21−m, and fix v ∈ Bj∗ . Then
Pj∗ ≥

∏
k ̸=j∗ Pr[fk = vk] ≥ γm−1, and Lemma 8.9 gives T ⊆ [n] with |T | ≤ L(γ) and β∗ := Pr[fj∗ ̸=

rdT fj∗ ] ≤ 2m+2γ1−mδ. Lemma 8.10 gives β0 := Prµp [f0 ̸= rdpT f0] ≤ 2m(δ+β∗) ≤ 22m+3γ1−mδ, and

Lemma 8.11 gives βj := Pr[fj ̸= rdT fj ] ≤ 2(δ + β0)γ
−2(m−1) ≤ 22m+5γ−3(m−1)δ for every j ∈ [m].

Hence δ+ β0 +
∑

j βj ≤ K(γ)δ ≤ K(γm+1)δ < 2−mL(γm+1) ≤ 2−m|T |, and by Lemma 8.13 the tuple

(rdpT f0, rdT f1, . . . , rdT fm) is a multi-polymorphism, at distance at most K(γm+1)δ ≤ K(γm+1)δ
1/E

from f .
Case B: J ̸= ∅. Let CJ = {x ∈ {0, 1}m : xk = bk for k ∈ J}.
Case B2: g is not constant on CJ . Then N ̸= ∅, since otherwise CJ is a single point. Theo-

rem 8.1 gives a multi-polymorphism F at distance at most ρ := C◦δcg ≤ 3γm+1/8 ≤ 3γ/8 from f .
With η(h) = minb Pr[h ̸= b] we have |ηk − η(Fk)| ≤ ρ for every k. As in the proof of (a), F is of
one of three types, and each leads to a contradiction.

� Certificate (c′, J ′, b′): for j ∈ J ′, ηj ≤ Pr[fj ̸= b′j ] ≤ ρ < γ, so j ∈ J ; and b′j = bj , since

otherwise Pr[fj ̸= bj ] ≥ 1 − ρ > 1
2 . Hence CJ ⊆ {x : xJ ′ = b′}, where g ≡ c′, contradicting

the assumption of Case B2.

� Dictator: η(Fk) =
1
2 for all k ∈ [m], so ηk ≥ 1

2 − ρ > 1
4 ≥ γ′ for all k, contradicting J ̸= ∅.
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� OR or AND type with index set I: if I = ∅, all Fk are constant and ηk ≤ ρ < γ for all k,
contradicting N ̸= ∅. If I ̸= ∅, then η(Fk) = 2−|I| for all k ∈ [m]. Taking j ∈ J and k ∈ N
gives γ − ρ < ηk − ρ ≤ 2−|I| ≤ ηj + ρ ≤ γ′ + ρ, so γ − γ′ < 2ρ ≤ 3

4γ, contradicting γ
′ ≤ γ/4.

(In fact this type does not occur here: by [6, Theorem 2.5] it requires g to be an OR or an
AND of m literals, i.e. of AND type.)

So Case B2 does not occur.
Case B1: g ≡ c on CJ for some c ∈ {0, 1}. For S ⊆ J let CSJ = {x : xk = bk⊕1{k ∈ S} for k ∈

J} (so C∅
J = CJ), and call S a flip set if g is not identically c on CSJ . Let M be the family of

inclusion-minimal flip sets. As g is not constant, M ≠ ∅, and ∅ /∈ M. We use three facts.

(F1) If S ∈ M, then |S| ≤ E and S ̸= [m]. Pick x ∈ CSJ with g(x) ̸= c and put z = x⊕ 1S ∈ CJ ,
so g(z) = c. For S′ ⊊ S we have z ⊕ 1S′ ∈ CS

′
J , and S′ is not a flip set, so g(z ⊕ 1S′) = c.

Hence (z, S) is a flip pair, and |S| ≤ E. If S = [m], then E = m and g would be of AND
type.

(F2) If J ′ ⊆ J meets every member of M, then F = (F0, . . . , Fm) with F0 ≡ c, Fk ≡ bk for k ∈ J ′

and Fk = fk for k /∈ J ′ is a multi-polymorphism. Let x ∈ {0, 1}m with xk = bk for k ∈ J ′,
and let S = {k ∈ J : xk ̸= bk}, so x ∈ CSJ and S ∩ J ′ = ∅. If g(x) ̸= c, then S is a flip set and
contains a member of M, which meets J ′; this is impossible. So g(x) = c, and both sides of
the test for F always equal c.

(F3) For k ∈ J let Ak = {x : fk(x) ̸= bk}, so µ1/2(Ak) = ηk, and for S ⊆ J let π′S =
∏
k∈S ηk. The

right-hand side of the test for f is g(x) with x = (fk(Z
k))k ∈ CS

J , where S = {k ∈ J : Zk ∈
Ak}. If it differs from c, then S is a flip set and contains some S ∈ M. By the independence
of the columns, Pr[RHS ̸= c] ≤

∑
S∈M π′S ≤ 2mπ∗, where π∗ = maxS∈M π′S .

Let B = {y : f0(y) ̸= c} and νB = µp(B). The test fails whenever gn(Z) ∈ B and RHS = c, and
gn(Z) ∼ µp; so by (F3),

δ ≥ νB − 2mπ∗. (8)

Claim: δ ≥ c∗π
∗, where c∗ = τ1α(γm+1). Let S ∈ M with π′S = π∗; we may assume π∗ > 0.

By (F1), ∅ ̸= S ⊊ [m]. Fix x∗ ∈ CSJ with g(x∗) ̸= c. Let E1 be the event that Zk ∈ Ak for all
k ∈ S, and E2 the event that Zk /∈ Ak for all k ∈ J \ S and fk(Z

k) = x∗k for all k ∈ N . They are
independent, Pr[E1] = π∗, and Pr[E2] ≥ (3/4)|J\S|γ|N | ≥ α(γ) ≥ α(γm+1), because ηk ≤ γ′ ≤ 1

4 for
k ∈ J and Pr[fk = b] > γ for k ∈ N and b ∈ {0, 1}. On E1 ∩ E2 we have (fk(Z

k))k = x∗, so the
right-hand side is g(x∗) ̸= c, and the test fails if gn(Z) /∈ B. Let P be the conditional law of gn(Z)
given E1 ∩ E2. Then

δ ≥ π∗α(γ) (1− P (B)). (9)

To bound P (B), write the rows as zi = (xi,ui) with xi ∈ {0, 1}S and ui ∈ {0, 1}[m]\S . The event
E1 depends only on x = (x1, . . . ,xn) and E2 only on u = (u1, . . . ,un), so given E1 ∩ E2 the blocks
x and u are independent, with laws ρX = Px|E1 and ρU = Pu|E2 , and D(ρX∥π⊗nS ) = ln(1/π∗) and

D(ρU∥π⊗n[m]\S) = ln(1/Pr[E2]) ≤ ln(1/α(γ)). Lemma 8.30, with h = g, X = {0, 1}S , U = {0, 1}[m]\S ,

K = KS and θ∗ in place of θ(πS ,KS), gives

D(P∥µp) ≤ θ1 ln
1

π∗
+ C1 ln

1

α(γ)
.

By data processing for the map y 7→ 1B(y), and since d(u∥v) ≥ u ln 1
v − ln 2, we get P (B) ln 1

νB
≤

θ1 ln
1
π∗ + C1 ln

1
α(γ) + ln 2 (if νB = 0 then B = ∅ and P (B) = 0). If P (B) ≤ 1− τ1, then (9) gives
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δ ≥ τ1α(γ)π
∗ ≥ c∗π

∗. If P (B) > 1− τ1 = (1 + θ1)/2, then

ln
1

νB
< κ ln

1

π∗
+

2

1 + θ1

(
C1 ln

1

α(γ)
+ ln 2

)
≤ κ ln

1

π∗
+ 2C1 ln

1

α(γ)
+ 2 ln 2,

i.e. νB > (π∗)κα(γ)2C1/4. As π∗ ≤ mink∈S ηk ≤ γ′ ≤ π0(γ), we have (π∗)1−κ ≤ 2−m−3α(γ)2C1 , so
νB > 2m+1π∗ ≥ (2m + 1)π∗, and (8) gives δ ≥ π∗ ≥ c∗π

∗. This proves the claim.
The certificate. Let t = maxS∈Mmink∈S ηk, attained at S1 ∈ M, and J ′ = {k ∈ J : ηk ≤ t}.

Every S ∈ M contains some k with ηk ≤ t, so J ′ meets every member of M, and by (F2) the tuple
F defined there is a multi-polymorphism. Its distances to f are ηk ≤ t for k ∈ J ′, 0 for k /∈ J ′,
and νB for f0. Now t|S1| ≤ π′S1

≤ π∗ ≤ δ/c∗ and |S1| ≤ E by (F1), so t ≤ (δ/c∗)
1/E ≤ c−1

∗ δ1/E (if
δ/c∗ ≥ 1 this holds because t ≤ 1). By (8) and the claim, νB ≤ δ + 2mπ∗ ≤ (1 + 2m/c∗)δ. So F is
((2m + 1)/c∗) δ

1/E-close to f .
Conclusion. In all cases f is Cgδ

1/E-close to a multi-polymorphism, with

Cg = max
{
δ−1/E
g , K(γm+1), (2

m + 1)/c∗
}

for the remaining functions, Cg = max{50,m + 2} for affine g, and Cg = 2m + 11 for g of AND
type. Hence every (ε/Cg)

E-approximate multi-polymorphism is ε-close to a multi-polymorphism,
i.e. δmulti

g (ε) ≥ (ε/Cg)
E , and together with (a), δmulti

g (ε) = Θg(ε
E). As in Theorem 8.18, the only

non-explicit quantity in Cg (for the remaining functions) is θ∗, which comes from the compactness
argument of Lemma 8.22(b). If λS =

∑
yminxKS(y | x) > 0 for every ∅ ̸= S ⊊ [m], then

θ(πS ,KS) ≤ 1 − λS by Lemma 8.22(c), and by the last sentence of the proof of Lemma 8.30 one
may take θ∗ = maxS(1− λS), which makes Cg explicit.

Remark 8.32. For a single function the near-constant case is controlled by the two constant
inputs, and balanced g have linear loss. For tuples, near-constant columns can be combined
with columns far from constants, the relevant inputs are all points of all restrictions, and E(g)
can exceed both e(g) and the polymorphism exponent. By exact enumeration (with the script
multi exponent census.py in the directory numerics), among the functions that depend on all
their m coordinates the values of E are distributed as follows: for m = 3 (218 functions), E = 1:
2, E = 2: 200, E = 3: 16; for m = 4 (64,594 functions), E = 1: 2, E = 2: 43,104, E = 3: 21,456,
E = 4: 32. The exponent E(g) exceeds the optimal exponent for polymorphisms (1 if pg = 1/2,
e(g) otherwise) for 184 of the 218 functions with m = 3 and for 62,492 of the 64,594 functions with
m = 4. The same script checks Lemma 8.27(b),(c), the characterization of the functions of AND
type, and the description of E by restrictions, for all g with m ≤ 4.

8.8 Correlated inputs: every full-support distribution

Setting. Let µ be a distribution on {0, 1}m with full support, and put α = minz µ(z) > 0. In
this subsection the rows z1, . . . , zn of Z are independent samples of µ. Then the column Zj has law
µpj , where pj = Prµ[zj = 1], and gn(Z) has law µpg , where now pg = Prµ[g(z) = 1]; but different
columns are correlated. Let

errµg (f) = Pr
[
f0(g

n(Z)) ̸= g
(
f1(Z

1), . . . , fm(Z
m)

)]
.

Distances to f0 are measured under µpg and distances to fj under µpj ; “β-close to a constant”
and “majority value” refer to the same measures. Since every matrix has positive probability,
errµg (F) = 0 if and only if F is a multi-polymorphism of g; this notion does not depend on µ.
Uniform µ gives the setting of Theorems 8.1 and 8.28.
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This is the setting of Alekseev and Filmus [2] for functional predicates. The map z 7→ (z, g(z))
identifies the full-support distributions on {0, 1}m with the full-support distributions on Pg =
{(z, g(z)) : z ∈ {0, 1}m} ⊆ {0, 1}m+1, and (f1, . . . , fm, f0) is a (µ, δ)-approximate generalized
polymorphism of Pg in their sense iff errµg (f) ≤ δ. In their main theorem [2, Theorem 1.6] (every
predicate, every full-support distribution) closeness is measured with respect to the marginals of
µ, as here, and the dependence of δ on ε is of tower type. They conjecture that “the optimal
dependence is polynomial or even linear” [2, Section 9], and they prove linear dependence for the
predicates Pm,b = {a ∈ {0, 1}m : a1 ⊕ · · · ⊕ am = b}, m ≥ 3 [2, Theorem 1.7]. Theorem 1.4(c) (the
FLMM setting µp × µρ) and Theorems 8.1–8.28 only concern product distributions. We prove the
polynomial part of the conjecture for every functional predicate.

For κ ∈ (0, 1] let Γ1(κ) = 1 and Γk(κ) = 2
κ

(
1 + Γk−1(κ)

)
for k ≥ 2; by induction (using

1 ≤ (2/κ)k−2), Γk(κ) ≤ k(2/κ)k−1. For m ≥ 2 and 0 < α ≤ 1/4 put

cm,α =
α3

8Γm(α)
(
(ℓα + 3)Γm−1(α) + 1

) , ℓα =
16

α
ln

1

α
.

Since Γk(α) and ℓα decrease in α on (0, 1/4] and Γk(α) increases in k, cm,α is increasing in α and
decreasing in m.

Theorem 8.33 (Polynomial dependence under correlated inputs). Let g : {0, 1}m → {0, 1}, and
let µ be a distribution on {0, 1}m with full support and α = minz µ(z). There is C = C(g, µ) such
that for every n ≥ 1 and every tuple f with errµg (f) = δ there is a multi-polymorphism F of g with

Pr
µpg

[f0 ̸= F0] ≤ Cδc and Pr
µpj

[fj ̸= Fj ] ≤ Cδc (j ∈ [m]),

where c = 1 if g is affine over F2 (including constant g), and c = cm,α otherwise. Moreover, if g
is not affine, F can be chosen with Fℓ = Fℓ′ whenever fℓ = fℓ′ and pℓ = pℓ′ (ℓ, ℓ′ ∈ {0, . . . ,m},
p0 := pg).

For affine g with m ≥ 2 the theorem is [2, Theorem 1.7]; the new part is the polynomial
bound for every non-affine g. Thus, for functional predicates, δ can be taken polynomial in ε in [2,
Theorem 1.6]. The exponent cm,α is far from optimal; for uniform µ, Theorems 8.1, 8.18 and 8.28
give much better (and in part optimal) exponents.

Corollary 8.34 (AND testing with correlated inputs). Let µ be a distribution on {0, 1}2 with full
support and equal marginals p = µ(1, 0)+µ(1, 1) = µ(0, 1)+µ(1, 1), let α = minµ, and let (x,y) ∈
({0, 1}n)2 have independent coordinate pairs (xi,yi) ∼ µ. If ε = Pr[f(x∧y) ̸= f(x)f(y)], then there
is h ∈ An with Prµp [f ̸= h] ≤ Cεc and Prµµ(1,1) [f ̸= h] ≤ Cεc, where c = c2,α = α4/(32(ℓα + 4))
and C = C(µ).

Proof. Apply Theorem 8.33 to g = AND2 and f0 = f1 = f2 = f . Since p1 = p2, we get F1 = F2 =:
h, and F0(x ∧ y) = h(x)h(y) for all x, y. Taking y = x gives F0 = h, so h(x ∧ y) = h(x)h(y), i.e.
h ∈ An. Finally pg = µ(1, 1), and c2,α = α3/(8 · 4

α(ℓα + 4)).

Reverse hypercontractivity. The proofs of Lemmas 8.8–8.12 use the independence of the
columns. Under a correlated µ we replace it by the reverse hypercontractive inequality of Mos-
sel, Oleszkiewicz and Sen [22], which bounds from below, polynomially, the probability that
two correlated events occur together. Reverse hypercontractivity was used before in exactly
this role, for coordinates that are correlated within each row, by Mossel [23] and in [22, Sec-
tion 1, Application 2] to prove quantitative Arrow theorems under general full-support product
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distributions. There the dependence of δ on ε is explicit but not polynomial: [22, (10.1)] gives
δ = exp

(
− Cα−72α

−2
ε−2−1/(2α2) log2(1/ε)

)
, where α is the smallest atom of the law of the vector

of pairwise comparisons within a triple of alternatives (for three alternatives, the least probability
of a ranking). Moreover, the Arrow predicate is not functional. For κ ∈ (0, 1) let

rκ =
2(1−

√
1− κ)

2−
√
1− κ

∈
[8κ
9
, κ

)
,

since, with t =
√
1− κ ∈ (0, 1) and κ = (1 − t)(1 + t), we have rκ/κ = 2/

(
(2 − t)(1 + t)

)
=

2/
(
2 + t(1 − t)

)
and 0 < t(1 − t) ≤ 1

4 . For a nonnegative random variable V and r ∈ (0, 1) write

∥V ∥r = (EV r)1/r.

Lemma 8.35 (Reverse hypercontractivity). Let (xi,yi), i ∈ [n], be independent pairs of random
variables with finitely many values, and let κ ∈ (0, 1) be such that Pr[xi = a,yi = b] ≥ κPr[xi =
a] Pr[yi = b] for all i, a, b. Put x = (x1, . . . ,xn) and y = (y1, . . . ,yn). Then for all nonnegative
functions Φ,Ψ,

E[Φ(x)Ψ(y)] ≥ ∥Φ(x)∥rκ ∥Ψ(y)∥rκ .

In particular Pr[x ∈ A, y ∈ B] ≥ (Pr[x ∈ A] Pr[y ∈ B])1/rκ ≥ (Pr[x ∈ A] Pr[y ∈ B])2/κ for all sets
A,B.

For identically distributed pairs, this set version is [22, Lemma 8.3] (stated there with
min(Pr[x ∈ A],Pr[y ∈ B]) in place of the geometric mean); the general form follows from their
Corollary 8.2 by the induction below.

Proof. Let n = 1. If x1 and y1 are independent, then E[Φ(x1)Ψ(y1)] = E[Φ(x1)]E[Ψ(y1)] ≥
∥Φ(x1)∥rκ∥Ψ(y1)∥rκ , since ∥V ∥r ≤ EV for r ∈ (0, 1) by Jensen’s inequality. Otherwise we use [22,
Corollary 8.2] with n = 1 and p = q = rκ (numbering of arXiv:1108.1210). Embed the ranges
of x1 and y1 in one finite set Ω, let µ and ν be the laws of x1 and y1, and let K(a, ·) be the
conditional law of y1 given x1 = a if µ(a) > 0, and ν otherwise. Then ν = µK, and the quantity
αK = mina,b:ν(b)>0K(a, b)/ν(b) of [22, (8.1)] satisfies κ ≤ αK < 1: the first inequality is our
hypothesis, and αK = 1 would give K(a, b) ≥ ν(b) for all a, b, hence K(a, ·) = ν for every a (both
sum to 1), i.e. independence. So α⋆K = − log(1−αK) is finite, the decomposition K = Tα⋆

K
S in the

proof of [22, Proposition 8.1] is defined (MOS13 do not treat αK = 1, where α⋆K = ∞), and the

condition α⋆K ≥ log (2−p)(2−q)
4(1−p)(1−q) of [22, Corollary 8.2] holds, because for p = q = rκ its right-hand side

equals − log(1−κ) ≤ α⋆K , as 2−rκ
2(1−rκ) = (1−κ)−1/2. The conclusion Eµ[Φ·KΨ] ≥ ∥Φ∥Lrκ (µ)∥Ψ∥Lrκ (ν)

is our claim for n = 1.
For n ≥ 2 we induct on n; write r = rκ. The vectors x

′ = (x1, . . . ,xn−1) and y′ = (y1, . . . ,yn−1)
are jointly independent of (xn,yn). For fixed values a, b of xn,yn the induction hypothesis gives
E[Φ(x′, a)Ψ(y′, b)] ≥ ϕ(a)ψ(b), where ϕ(a) = ∥Φ(x′, a)∥r and ψ(b) = ∥Ψ(y′, b)∥r. Hence, by the
case n = 1,

E[Φ(x)Ψ(y)] ≥ E[ϕ(xn)ψ(yn)] ≥ ∥ϕ(xn)∥r ∥ψ(yn)∥r = ∥Φ(x)∥r ∥Ψ(y)∥r,

where the last step uses E[ϕ(xn)r] = E[Φ(x)r], which holds because x′ and xn are independent, and
similarly for ψ. For indicators ∥1A(x)∥r = Pr[x ∈ A]1/r, and 1/rκ ≤ 2/κ.

Lemma 8.36 (Several columns). Let ν be a distribution on {0, 1}k, k ≥ 1, with ν(z) ≥ κ for all
z, where κ ∈ (0, 1), and let Y be an n × k matrix whose rows are independent samples of ν. If
A1, . . . , Ak ⊆ {0, 1}n and Pr[Yℓ ∈ Aℓ] ≥ η for every ℓ ∈ [k], then Pr[Yℓ ∈ Aℓ for all ℓ ∈ [k]] ≥
ηΓk(κ).

43



Proof. Induction on k; the case k = 1 is trivial. For k ≥ 2 let xi be the first entry of row i ofY and yi
the vector of its other k−1 entries. Then Pr[xi = a,yi = b] = ν(a, b) ≥ κ ≥ κPr[xi = a] Pr[yi = b].
With B the event that Yℓ ∈ Aℓ for 2 ≤ ℓ ≤ k, Lemma 8.35 shows that the probability in question
is at least (ηPr[B])2/κ. The rows of (Y2, . . . ,Yk) are independent samples of the marginal of ν
on the last k − 1 coordinates, whose values are at least 2κ ≥ κ, so Pr[B] ≥ ηΓk−1(κ) by induction.

Hence the probability is at least η
2
κ
(1+Γk−1(κ)) = ηΓk(κ).

Lemma 8.37 (One resampled coordinate, correlated). Let g depend on coordinate j, let z ∼ µ,
and let z′ be obtained from z by replacing zj with a fresh sample of the conditional law of zj given
z−j. Then z′ ∼ µ, and (g(z), g(z′)) is an exchangeable pair of Bernoulli(pg) bits with Pr[g(z) ̸=
g(z′)] = 2pg(1− pg)(1− ρj) for some ρj ∈ [0, 1) with 1

1−ρj ≤ 1
4α2 .

Proof. For a context u let µ−j(u) = µ(uj→0) + µ(uj→1) and q(u) = µ(uj→1)/µ−j(u). Given
z−j = u, the bits zj , z

′
j are independent Bernoulli(q(u)) bits. So (z, z′) is exchangeable, z′ ∼ µ,

and given z−j the bits g(z), g(z′) are independent and identically distributed. As in Lemma 8.7,
Pr[g(z) = g(z′) = 1] = E[r(z−j)2] ≥ p2g with r(u) = Pr[g(z) = 1 | z−j = u], so ρj ≥ 0 (note
0 < pg < 1, as g is not constant and µ has full support). Since Bj ̸= ∅ and µ−j ≤ 1,

Pr[g(z) ̸= g(z′)] =
∑
u∈Bj

µ−j(u) 2q(u)(1− q(u)) =
∑
u∈Bj

2µ(uj→0)µ(uj→1)

µ−j(u)
≥ 2α2 > 0.

Hence ρj < 1 and 1
1−ρj =

2pg(1−pg)
Pr[g(z)̸=g(z′)] ≤

1/2
2α2 .

As before, cj = (fk(Z
k))k ̸=j , and Aj , Bj are the sets of insensitive and sensitive contexts for j

(they depend only on g). Write δ = errµg (f) and RHS(Z) = g(f1(Z
1), . . . , fm(Z

m)).

Lemma 8.38 (Junta lemma, correlated). Let j ∈ [m] with Aj ̸= ∅, suppose Pj := Pr[cj ∈ Bj ] > 0,

and let f̂j be the Fourier coefficients of fj with respect to µpj . Then there is T ⊆ [n] with

(a) |T | ≤ 16

α
ln

2

Pj
, (b) Pr

µpj
[fj ̸= rd

pj
T fj ] ≤ 2

∑
S ̸⊆T

f̂j(S)
2 ≤ 8 (2δ)α/4

αPj
.

Proof. A latent decomposition. Fix u∗ ∈ Aj , and let ν1 be the law of the random vector with
context u∗ and an independent Bernoulli(pj) bit in position j. Put σ = α/2. Since σν1 ≤ α/2
pointwise, ν0 = (µ− σν1)/(1− σ) is a probability distribution with ν0(z) ≥ µ(z)− α/2 ≥ α/2 for
every z, and its j-th marginal is Bernoulli(pj), like those of µ and ν1. Let ζ1, . . . , ζn ∈ {0, 1} be
independent with Pr[ζi = 1] = σ, and given ζ = (ζ1, . . . , ζn) let the rows zi be independent with
laws νζi . The rows are then independent samples of σν1 + (1 − σ)ν0 = µ, so Z has the right law.
Let R = {i : ζi = 1}. Given ζ, the entries of Zj are independent Bernoulli(pj) bits.

Containment. Let W be obtained from Z by replacing the entries Zij , i ∈ R, by fresh in-
dependent Bernoulli(pj) bits. Given ζ the rows of W are independent with laws νζi , so W has
the law of Z. The columns k ̸= j are unchanged, so cj(W) = cj(Z), and gn(W) = gn(Z) be-
cause the rows in R have the insensitive context u∗. As in the proof of Lemma 8.8, the event
E = {cj ∈ Bj , fj(Z

j) ̸= fj(W
j)} forces the test to fail on Z or on W, so Pr[E] ≤ 2δ.

Reverse hypercontractivity. Condition on ζ. The pairs (xi,yi) with xi = (Zij ,Wij) and yi =
(zi)−j , i ∈ [n], are conditionally independent. For i ∈ R, yi = u∗ is constant, so xi and yi are
independent. For i /∈ R, xi = (Zij ,Zij) and Pr[xi = (a, a), yi = u | ζ] = ν0(u

j→a) ≥ α/2.
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So Lemma 8.35 applies conditionally on ζ, with κ = α/2 and r = rα/2, to the indicators of
{fj(Zj) ̸= fj(W

j)} and {cj ∈ Bj}:

Pr[E | ζ] ≥
(
Pr[fj(Z

j) ̸= fj(W
j) | ζ] · ω(ζ)

)1/r
, ω(ζ) = Pr[cj ∈ Bj | ζ].

Given ζ, (Zj ,Wj) is the pair of Lemma 2.1 with p = pj and J = [n] \R, so the first factor equals

2W (R), where W (R) =
∑

S∩R ̸=∅ f̂j(S)
2. Taking expectations and using Jensen’s inequality for the

convex function t 7→ t1/r on [0,∞),

2δ ≥ E
[
(2W (R)ω(ζ))1/r

]
≥

(
E[2W (R)ω(ζ)]

)1/r
, so∑

S

f̂j(S)
2 E

[
ω(ζ)1{S ∩R ̸= ∅}

]
≤ (2δ)r

2
.

Note that E[ω(ζ)] = Pj .
The junta. Let πi = E[ω(ζ)1{i ∈ R}] and T = {i ∈ [n] : πi ≤ σPj/4}.
(b) If S ̸⊆ T , pick i ∈ S \ T ; then E[ω(ζ)1{S ∩R ̸= ∅}] ≥ πi > σPj/4. Hence

∑
S ̸⊆T f̂j(S)

2 ≤
2(2δ)r/(σPj) = 4(2δ)r/(αPj), and Lemma 8.5 gives the first inequality of (b). If 2δ ≤ 1, then
(2δ)r ≤ (2δ)α/4 because r ≥ α/4. If 2δ > 1, the right-hand side of (b) exceeds 8/α > 2, and (b)
holds trivially.

(a) We may assume T ̸= ∅. The ζi are independent, so N = |R ∩ T | is binomial with mean
σ|T |, and the Chernoff bound gives Pr[N ≤ σ|T |/2] ≤ e−σ|T |/8. On the other hand E[ω(ζ)N] =∑

i∈T πi ≤ σ|T |Pj/4, so by Markov’s inequality E[ω(ζ)1{N ≥ σ|T |/2}] ≤ Pj/2, i.e. E[ω(ζ)1{N <

σ|T |/2}] ≥ Pj/2. Since ω ≤ 1, we get Pj/2 ≤ Pr[N < σ|T |/2] ≤ e−σ|T |/8, i.e. |T | ≤ 8
σ ln

2
Pj
.

Lemma 8.39 (From one column to f0, correlated). Let g depend on coordinate j, let T ⊆ [n], and
suppose Prµpj [fj ̸= J ] ≤ β for some T -junta J . Then

Pr
µpg

[f0 ̸= rd
pg
T f0] ≤ 2δ + 2β

1− ρj
≤ δ + β

2α2
.

Proof. Let W be obtained from Z by replacing, independently for each i /∈ T , the entry Zij by a
fresh sample of the conditional law of zj given that the context is (zi)−j . By Lemma 8.37 the rows
of W are independent samples of µ. The columns k ̸= j are unchanged, and Wj ∼ µpj agrees with
Zj on T , so J(Wj) = J(Zj) and Pr[fj(Z

j) ̸= fj(W
j)] ≤ 2β. Hence y = gn(Z) and y′ = gn(W)

satisfy Pr[f0(y) ̸= f0(y
′)] ≤ 2δ + 2β. Moreover yT = y′

T , and the pairs (yi,y
′
i), i /∈ T , are i.i.d.,

independent of yT , with the law of Lemma 8.37. The end of the proof of Lemma 8.10 (Lemma 8.6
with q = pg and ρ = ρj , for each value of yT ) now applies verbatim.

Lemma 8.40 (From f0 to every column, correlated). Let T ⊆ [n], suppose Prµpg [f0 ̸= J0] ≤ β
for some T -junta J0, let g depend on coordinate j, and suppose that fk is γ-far from constants for
every k ∈ [m] \ {j}. Then

Pr
µpj

[fj ̸= rd
pj
T fj ] ≤ (2δ + 2β)α

2/2 γ−2Γm−1(α).

Proof. Let W be obtained from Z by replacing every row zi, i /∈ T , by a fresh independent sample
of µ, and let wi be the rows of W. As in the proof of Lemma 8.11, W has the law of Z and
Pr[RHS(Z) ̸= RHS(W)] ≤ 2δ + 2β. Fix v ∈ Bj , let A be the event that fk(Z

k) = vk for all k ̸= j,
and let E be the event that fk(Z

k) = fk(W
k) = vk for all k ̸= j.
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Pr[E] ≥ γ2Γm−1(α). Condition on the entries Zik with i ∈ T and k ̸= j. Given them, the families
(Zik)i/∈T,k ̸=j and (Wik)i/∈T,k ̸=j are independent and identically distributed, while Wik = Zik for
i ∈ T . So the conditional probability of E is the square of that of A, and Pr[E] ≥ Pr[A]2 by
the Cauchy–Schwarz inequality. The columns Zk, k ̸= j, have independent rows whose law is the
marginal of µ on the coordinates k ̸= j, with values at least 2α ≥ α, and Pr[fk(Z

k) = vk] > γ for
k ̸= j. So Lemma 8.36 gives Pr[A] ≥ γΓm−1(α).

Reverse hypercontractivity. Let xi = (Zij ,Wij) and yi = ((zi)−j , (wi)−j); these pairs are
independent over i. For i ∈ T we have wi = zi and Pr[xi = (a, a), yi = (u, u)] = µ(uj→a) ≥ α.
For i /∈ T , Pr[xi = (a, a′), yi = (u, u′)] = µ(uj→a)µ(u′j→a′) ≥ α2. So Lemma 8.35 applies with
κ = α2, and with D = {fj(Zj) ̸= fj(W

j)} it gives Pr[D ∩ E] ≥ (Pr[D] Pr[E])2/α
2
. On E the two

right-hand sides are g(vj→fj(Z
j)) and g(vj→fj(W

j)), which differ iff D occurs, because v is sensitive.
Hence Pr[D ∩ E] ≤ 2δ + 2β, and

Pr[D] ≤ (2δ + 2β)α
2/2

Pr[E]
≤ (2δ + 2β)α

2/2 γ−2Γm−1(α).

Since Wj agrees with Zj on T and is a fresh sample of µpj off T , Lemma 8.5 finishes the proof.

Lemma 8.41 (Certificates, correlated). Let g depend on all its m coordinates, let 0 < ε ≤ 1/2,
ε′ = α2εΓm(α)/4 and δ ≤ ε′, and suppose that some fk0, k0 ∈ [m], is ε′-close to a constant. Define
J , the majority values aj (j ∈ J) and a0, and the tuple F as in Lemma 8.12 (with the measures of
this subsection). Then F is a multi-polymorphism of g, and all its distances to f are at most ε.

Proof. A constant is a ∅-junta, so Lemma 8.39 with T = ∅ and j = k0 gives Prµpg [f0 ̸= a0] ≤
(δ + ε′)/(2α2) ≤ ε′/α2 = εΓm(α)/4 ≤ ε. Fix x ∈ {0, 1}m with xJ = aJ . For every k ∈ [m] we
have Pr[fk(Z

k) = xk] ≥ ε: for k ∈ J because xk = ak is the majority value, and for k /∈ J
because fk is ε-far from constants. By Lemma 8.36 (with ν = µ and κ = α), RHS(Z) = g(x)
with probability at least εΓm(α). On the other hand, RHS(Z) ̸= a0 with probability at most
δ + Prµpg [f0 ̸= a0] ≤ ε′ + εΓm(α)/4 ≤ εΓm(α)/2. Hence g(x) = a0, and the proof ends as that of
Lemma 8.12.

Lemma 8.42 (Exactness on a junta, correlated). Let T ⊆ [n] and let F0, . . . , Fm be T -juntas with
δ + Prµpg [f0 ̸= F0] +

∑m
j=1 Prµpj [fj ̸= Fj ] < α|T |. Then F is a multi-polymorphism of g.

Proof. By the union bound errµg (F) < α|T |. Whether F0(g
n(Z)) = RHSF(Z) holds depends only

on the rows zi, i ∈ T , and each value of these rows has probability at least α|T |. So the identity
holds for every value of these rows, i.e. for every Z.

Proof of Theorem 8.33. Reductions. If δ = 0 take F = f . The all-dictator tuple F0 = · · · = Fm =
(x 7→ x1) is a multi-polymorphism of every g, since both sides of the test equal g(z1); it satisfies
the “moreover” part, and its distances to f are at most 1 ≤ δ−c0 δc whenever δ ≥ δ0. So it suffices
to treat 0 < δ < δ0 for some δ0 = δ0(g, µ) > 0, provided C ≥ δ−c0 . Let D ⊆ [m] be the set of
coordinates on which g depends, G the induced function, and µD the marginal of µ on {0, 1}D; it
has full support, minµD ≥ α, pG = pg, and errµg (f) = errµDG (f0, (fj)j∈D). A multi-polymorphism of
G, extended by arbitrary Fj for j /∈ D, is a multi-polymorphism of g. For j /∈ D we take Fj = Fℓ
if fj = fℓ and pj = pℓ for some ℓ ∈ D ∪ {0}, and Fj = fj otherwise; this keeps the distances and
the “moreover” part. If G is not affine then |D| ≥ 2, and c|D|,minµD ≥ cm,α by the monotonicity
of cm,α. So we may assume that g depends on all its coordinates. If m = 0, then g ≡ b and
errµg (f) = 1{f0(b1) ̸= b}, so δ < 1 means that f is exact.
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Affine g. If m = 1 and g(x) = x ⊕ b, take F1 = f1 and F0(y) = f1(y ⊕ b1) ⊕ b; this is exact,
and Prµpg [f0 ̸= F0] = δ because Z1 ⊕ b1 ∼ µpg . If m ≥ 2 and g(x) = x1 ⊕ · · · ⊕ xm ⊕ b, then
Pg = Pm+1,b, the law of (z, g(z)) for z ∼ µ is a full-support distribution on Pm+1,b whose marginals
are those of µ and Bernoulli(pg), and (f1, . . . , fm, f0) is a δ-approximate generalized polymorphism
of Pm+1,b. Since m + 1 ≥ 3, [2, Theorem 1.7] gives a generalized polymorphism of Pm+1,b, i.e. a
multi-polymorphism of g, within distance Oµ(δ).

Non-affine g. Then m ≥ 2 and α ≤ 2−m ≤ 1/4; fix j∗ with Aj∗ ̸= ∅ (Lemma 8.4). Write
Γ = Γm−1(α), Γ

′ = Γm(α), c = cm,α, and

K =
8
(
(ℓα + 3)Γ + 1

)
α3

=
1

cΓ′ , ε0 =
2−ℓαα3

20(m+ 2)
.

Given δ, define ε′ and ε by δ = ε′K and ε′ = α2εΓ
′
/4, so that ε = (4/α2)1/Γ

′
δc. Choose δ0 such

that δ < δ0 implies ε ≤ 1/2 and ε′ < ε0. Then δ ≤ ε′ ≤ ε.
Case I: some fk, k ∈ [m], is ε′-close to a constant. Lemma 8.41 gives a multi-polymorphism

within distance ε; here the majority values aj (j ∈ J) and a0 are rd
pj
∅ fj and rd

pg
∅ f0, with ties broken

towards 1.
Case II: every fk, k ∈ [m], is ε′-far from constants. Fix v ∈ Bj∗ . Lemma 8.36 (applied to

the columns k ̸= j∗, whose rows are independent samples of the marginal of µ off j∗, with values
≥ α) gives Pj∗ ≥ Pr[cj∗ = v] ≥ ε′Γ. Let T be the set of Lemma 8.38 for j = j∗. Then, using
(2δ)α/4 ≤ 2δα/4,

|T | ≤ 16

α

(
ln 2 + Γ ln

1

ε′

)
, βj∗ := Pr

µpj∗
[fj∗ ̸= rd

pj∗
T fj∗ ] ≤

8(2δ)α/4

α ε′Γ
≤ 16

α
ε′αK/4−Γ.

Lemma 8.39 (with J = rd
pj∗
T fj∗), together with δ ≤ ε′αK/4−Γ, gives β0 := Prµpg [f0 ̸= rd

pg
T f0] ≤

(δ + βj∗)/(2α
2) ≤ 9

α3 ε
′αK/4−Γ. So 2δ + 2β0 ≤ 20

α3 ε
′αK/4−Γ, and Lemma 8.40 (with J0 = rd

pg
T f0 and

γ = ε′) gives, for every j ∈ [m],

βj := Pr
µpj

[fj ̸= rd
pj
T fj ] ≤

(20
α3

)α2/2
ε′

α2

2
(αK

4
−Γ)−2Γ ≤ 20

α3
ε′

α3K
8

−3Γ =
20

α3
ε′ ℓαΓ+1 =: D.

Also δ ≤ D and β0 ≤ D, since K ≥ αK/4− Γ ≥ ℓαΓ + 1. As |T | ln 1
α ≤ ℓα(ln 2 + Γ ln 1

ε′ ), we have

α|T | ≥ 2−ℓαε′ ℓαΓ, and since ε′ < ε0,

δ + β0 +
m∑
j=1

βj ≤ (m+ 2)D =
20(m+ 2)

α3
ε′ · ε′ ℓαΓ < 2−ℓαε′ ℓαΓ ≤ α|T |.

By Lemma 8.42, F = (rd
pg
T f0, rd

p1
T f1, . . . , rd

pm
T fm) is a multi-polymorphism of g, and its distances

to f are at most D < ε′ ≤ ε.
In both cases all distances are at most ε ≤ (4/α2) δc, which proves the theorem with C =

max(4/α2, δ−c0 ).
The “moreover” part. In Case II, rdpℓT fℓ depends only on fℓ, pℓ and T . In Case I, J and the aj

are determined by the pairs (fj , pj); and if f0 = fj and pg = pj for some j ∈ [m], then fj is ε-close
to a0 under µpj , so j ∈ J , and aj = rd

pj
∅ fj = rd

pg
∅ f0 = a0.

Remark 8.43 (Dependence on µ). For product µ, Lemma 8.36 is trivial, and the reverse hyper-
contractive steps can be replaced by independence, as in Lemmas 8.9 and 8.11. In our proof the
exponent depends on α through the reverse hypercontractive steps and through the threshold α|T |
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in Lemma 8.42. Some dependence on µ is necessary, and the exponent must tend to 0 as minµ→ 0,
already for AND testing:

Claim. Let µ be a full-support distribution on {0, 1}2 with equal marginals p, put a = µ(1, 1)
and σ2 = p(1 − p), and let ρ = (a − p2)/σ2 ∈ (−1, 1) be the correlation of the two coordinates.
If Corollary 8.34, or Theorem 8.33 for g = AND2, holds for µ with an exponent c, then c ≤
min{1

2 ,
1+ρ
2 }.

For example, µ(0, 0) = µ(1, 1) = α ≤ 1
4 and µ(0, 1) = µ(1, 0) = 1

2 − α give minµ = α, p = 1
2 ,

ρ = 4α − 1, and hence c ≤ 2α; this case was pointed out by a referee. For uniform µ the claim
gives c ≤ 1

2 , which is attained (Theorem 1.1, and Theorem 8.28 with E(AND2) = 2). Our exponent
c2,α = α4/(32(ℓα+4)) is of order α5/ log(1/α). For ρ > 0 we do not know whether 1

2 is attained. In
that case µ = γ δ(1,1)+(1− γ)µp′ ⊗µp′ with p′ = p(1− ρ) and γ = ρp/(1− p+ ρp), so (x,y) can be
generated as (u ∨ 1E,v ∨ 1E), where E contains each coordinate independently with probability γ
and u,v ∼ µp′ are independent. Since x∧y = (u∧v)∨1E, the µ-test is the independent p′-biased
test applied to the upper restriction u 7→ f(u ∨ 1E), so by Theorem 5.1 each upper restriction is
close to an AND or to 0. We do not know how to glue these approximations with exponent 1

2 .
Proof of the claim: c ≤ (1 + ρ)/2. Fix t > 0. For n ≥ 1 let k = ⌈pn+ t

√
n⌉, f(x) = 1{|x| ≥ k}

and f0 = f1 = f2 = f , and let εn = Pr[f(x ∧ y) ̸= f(x)f(y)], which is also errµAND2
(f, f, f). If the

test fails, then |x ∧ y| ≥ k or |x|, |y| ≥ k. Now |x ∧ y| is binomial with parameters n and a < p
(as µ(1, 0) > 0), so Pr[|x ∧ y| ≥ k] ≤ e−2n(p−a)2 by Hoeffding’s inequality. If |x|, |y| ≥ k, then∑

iXi ≥ 2k − 2pn ≥ 2t
√
n for the i.i.d. centred variables Xi = xi + yi − 2p, which satisfy |Xi| ≤ 2

and EX2
i = 2σ2(1 + ρ). By Bernstein’s inequality this has probability at most

exp
(
− (2t

√
n)2/2

2σ2(1 + ρ)n+ 2
3 · 2t

√
n

)
= exp

(
− t2

σ2(1 + ρ) + 2t/(3
√
n)

)
.

Hence lim supn→∞ εn ≤ e−t
2/(σ2(1+ρ)).

Next, every multi-polymorphism of AND2 either has F0 ≡ 0 and (F1 ≡ 0 or F2 ≡ 0), or has
F0 = F1 = F2 ∈ An \ {0} (this classification is also stated in [2, Section 9]). Indeed, F0(x) =
F1(x)F2(1) and F0(y) = F1(1)F2(y) for all x, y. If F1(1)F2(1) = 0, then F0 ≡ 0, so F1(x)F2(y) = 0
for all x, y. Otherwise F0 = F1 = F2 is not identically zero and satisfies F0(x ∧ y) = F0(x)F0(y).
Let Pn = Prµp [f = 1] and dn = min{Pn, 1 − Pn, (1 − p) Pr[Bin(n − 1, p) ≥ k]}. If Fj ≡ 0 for
some j ∈ {1, 2}, then Prµp [fj ̸= Fj ] = Pn. If F1 = AND∅ ≡ 1, then Prµp [f1 ̸= F1] = 1 − Pn. If
F1 = ANDS with i ∈ S, then Prµp [f1 ̸= F1] ≥ Prµp [f = 1, xi = 0] = (1− p) Pr[Bin(n− 1, p) ≥ k].
So some j ∈ {1, 2} has Prµp [fj ̸= Fj ] ≥ dn, and likewise Prµp [f ̸= h] ≥ dn for every h ∈ An. By the
central limit theorem, Pn and Pr[Bin(n − 1, p) ≥ k] tend to Φ̄(t/σ) < 1

2 , where Φ̄ is the standard
normal tail, so limn dn = (1− p)Φ̄(t/σ).

If the exponent c works with a constant C, then dn ≤ Cεcn for all n, and letting n → ∞ gives

(1 − p)Φ̄(t/σ) ≤ Ce−ct
2/(σ2(1+ρ)) for every t > 0. Since Φ̄(s) ≥ s

1+s2
· e−s2/2

√
2π

for s > 0, taking

logarithms, dividing by t2 and letting t→ ∞ gives c
σ2(1+ρ)

≤ 1
2σ2 , i.e. c ≤ (1 + ρ)/2.

Proof of the claim: c ≤ 1
2 . Let 0 < q ≤ 1

8 , k = ⌈pn⌉ and T = {x : |x| ≥ k}, and let A ⊆ T be a
random set containing each x ∈ T independently with probability q. Put b = µ(1, 0) = p − a > 0
and θ = max(p, 1 − p) < 1. If |x ∧ y| < k, then f = 1A vanishes at x ∧ y, so the test fails only if
|x ∧ y| ≥ k or x,y ∈ A. Since Pr[x, y ∈ A] = q2 for x ̸= y and Pr[x = y] = (1− 2b)n, Hoeffding’s
inequality (as in the first part) gives

EA ε(1A) ≤ e−2nb2 + q2 + q(1− 2b)n.

Let βn = (1−p) Pr[Bin(n−1, p) ≥ k]. Then EA Prµp [x ∈ A, xi = 0] = qPrµp [x ∈ T, xi = 0] = qβn
for every i ∈ [n], and βn → (1 − p)/2 by the central limit theorem. Each of the n + 1 random
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variables µp(A) and Prµp [x ∈ A, xi = 0] (i ∈ [n]) has the form
∑

x∈T wx1{x ∈ A} with fixed
weights 0 ≤ wx ≤ µp(x) ≤ θn, so

∑
xw

2
x ≤ θn, and by Hoeffding’s inequality it deviates from

its mean by at least qβn/2 with probability at most 2 exp(−q2β2nθ−n/2). By Markov’s inequality,
ε(1A) > 3EAε(1A) with probability at most 1

3 . Hence, for all large n, some An ⊆ T satisfies

ε(1An) ≤ 3(e−2nb2 + q2 + q(1 − 2b)n), Prµp [x ∈ An, xi = 0] ≥ qβn/2 for all i, and µp(An) ≤
q + qβn/2 ≤ 2q.

The first part, applied to f = 1An in place of the threshold function, shows that every multi-
polymorphism F of AND2 has Prµp [fj ̸= Fj ] ≥ min{µp(An), 1−µp(An), mini Prµp [x ∈ An, xi = 0]}
for some j ∈ {1, 2}, and that Prµp [1An ̸= h] is at least the same minimum for every h ∈ An. This
minimum is at least qβn/2, because µp(An) ≥ Prµp [x ∈ An, x1 = 0] and 1− µp(An) ≥ 1− 2q ≥ 3

4 .
If the exponent c works with a constant C, then qβn/2 ≤ C ε(1An)

c, and letting n → ∞ gives
q(1− p)/4 ≤ C(3q2)c for every q ∈ (0, 18 ]. Letting q → 0 gives c ≤ 1

2 . □
The script alpha dependence.py (directory numerics) computes εn and dn exactly for several

µ, t and n ≤ 3600 and checks the bound on εn used above. The script correlated check.py

checks Lemmas 8.35, 8.36, 8.37, the main inequalities in the proof of Lemma 8.38 (the identity
for Pr[fj(Z

j) ̸= fj(W
j) | ζ], the conditional reverse hypercontractive bound, Pr[E] ≤ 2δ, and (a),

(b)), and the two inequalities in the proof of Lemma 8.40, by exact enumeration on small random
instances (n ≤ 4 for m = 2, n ≤ 3 for m = 3).

Remark 8.44 (Equal functions, equal approximations). Alekseev and Filmus ask [2, Section 9,
second question] whether their theorem can also guarantee Fℓ = Fℓ′ whenever fℓ = fℓ′ and the
corresponding marginals of µ coincide. For every functional predicate Pg, g : {0, 1}m → {0, 1},
and every full-support µ, Theorem 8.33 gives this with polynomial dependence. For non-affine g
it is the “moreover” part. For affine g it can be arranged as follows (we may assume g depends
on all coordinates, as in the reductions above, and δ < δ0, since otherwise the all-dictator tuple
F0 = · · · = Fm = (x 7→ x1), which is a multi-polymorphism of every g, is within distance 1 ≤ δ−c0 δc).
If m = 0 there is nothing to prove. If m = 1 and g(x) = x, the tuple F0 = F1 = f1 is exact and
within distance δ. If m = 1 and g(x) = x ⊕ 1, the constraint only matters when p1 = pg = 1/2
and f0 = f1 =: f ; then choose a set H containing exactly one point of each pair {y, y ⊕ 1}, and
put F (y) = f(y) for y ∈ H and F (y ⊕ 1) = f(y) ⊕ 1 for y ∈ H. Then F0 = F1 = F is exact, and
Pr[F ̸= f ] ≤ Pr[f(z ⊕ 1) ̸= f(z) ⊕ 1] = δ for uniform z. If m ≥ 2 and g(x) = x1 ⊕ · · · ⊕ xm ⊕ b,
every multi-polymorphism has the form Fk = χS ⊕ bk (0 ≤ k ≤ m) for a common S ⊆ [n], where
χS(x) =

⊕
i∈S xi (the classical solution of the Pexider equation over Fn2 ; we include the short proof).

Indeed, setting all arguments except xk, xk′ to 0 and then also xk′ = 0 shows Fk(x) = F0(x⊕b1)⊕ck
for every k ∈ [m]; and then h(x) = F0(x⊕ b1)⊕F0(b1) satisfies h(x⊕x′) = h(x)⊕h(x′), so h = χS
for some S. Two such functions are equal or complementary. If fℓ = fℓ′ and pℓ = pℓ′ , the tuple
of [2, Theorem 1.7] satisfies Prµpℓ [Fℓ ̸= Fℓ′ ] ≤ 2Cδ < 1 once δ0 < 1/(2C), so Fℓ = Fℓ′ .

8.9 Larger alphabets: functional predicates

Setting. Let Σ be a finite set with q = |Σ| ≥ 2, let m ≥ 2, let g : Σm → Σ, and let µ be a
distribution on Σm with full support and α = minz µ(z); note α ≤ q−m ≤ 1/4. As in Section 8.8,
the rows z1, . . . , zn of the matrix Z ∈ Σn×m are independent samples of µ, Zj ∈ Σn is the j-th
column, andY = gn(Z), i.e.Yi = g(zi). Let µj be the law of zj for z ∼ µ (j ∈ [m]), let Σ0 = g(Σm),
and let µ0 be the law of g(z), a full-support distribution on Σ0. For f0, . . . , fm : Σn → Σ let

errµg (f) = Pr
[
f0(Y) ̸= RHS(Z)

]
, RHS(Z) = g

(
f1(Z

1), . . . , fm(Z
m)

)
.

Distances to fj are measured under µ⊗nj , and distances to f0 under µ⊗n0 (only the values of f0
on Σn0 matter). A multi-polymorphism is a tuple F with F0(g

n(Z)) = g(F1(Z
1), . . . , Fm(Z

m)) for
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all Z ∈ Σn×m; as µ has full support, this holds iff errµg (F) = 0. For q = 2 this is the setting of
Section 8.8. Exactly as there, (f1, . . . , fm, f0) is a (µ, δ)-approximate generalized polymorphism of
the predicate Pg = {(z, g(z))} ⊆ Σm+1 in the sense of [2] iff errµg (f) ≤ δ.

Alekseev and Filmus conjecture that their main theorem extends to all finite alphabets, and
prove it under the condition that every coordinate of the predicate is flexible, i.e. some w ∈ P stays
in P when that coordinate is changed arbitrarily [2, Theorem 1.10]; extending this to all predicates
is their first open question [2, Section 9]. The last coordinate of Pg is never flexible, since changing
g(z) leaves Pg. So Theorem 1.10 of [2] covers no functional predicate (and it is stated without
an explicit dependence of δ on ε). We prove a polynomial bound for every functional predicate
satisfying the following condition.

For j ∈ [m], a context u ∈ Σ[m]\{j} and a ∈ Σ let uj→a ∈ Σm be u with a inserted in position j,
and let z−j be the context of z ∈ Σm. Let Nj , the collision graph of coordinate j, be the graph on
Σ in which a ̸= b are adjacent iff g(uj→a) = g(uj→b) for some context u. Let Pj be the partition
of Σ into the connected components of Nj , write [a]j ∈ Pj for the component of a, and a ≈j b if
[a]j = [b]j . Let Gj be the graph on Σ0 in which y ̸= y′ are adjacent iff g(uj→a) = y and g(uj→b) = y′

for some context u and some a ≈j b, and let G be the graph on Σ0 whose edge set is the union of
those of G1, . . . , Gm. Our hypothesis is

(H) the graph G is connected.

It depends only on g. Call j collision-connected if Nj is connected; this holds, for instance, if some
context u∗ makes a 7→ g(u∗ j→a) constant on Σ, and for q = 2 the two conditions coincide. For such
j, Gj joins any two outputs obtained by changing xj in a common context. So (H) holds if some
collision-connected j has Gj connected. It also holds if every coordinate is collision-connected,
because then two inputs z, z′ are joined by a path that changes one coordinate at a time, and
consecutive outputs on it are equal or adjacent in G. If Nj has no edges, neither has Gj . For
κ ∈ (0, 1] let Γk(κ) and ℓα = 16

α ln 1
α be as in Section 8.8, and put

N =
q(q − 1)

2
, L = m(q − 1)N, Γ = Γm−1(α),

M =
2

α2

(
LℓαΓ + 2Γ + 1

)
, cq,m,α =

α

8M qm+1
.

Theorem 8.45 (Larger alphabets). In the setting above, suppose that (H) holds. Then there
is C = C(g, µ) such that for every n ≥ 1 and every tuple f with errµg (f) = δ there is a multi-
polymorphism F of g with Prµ⊗n

0
[f0 ̸= F0] ≤ Cδc and Prµ⊗n

j
[fj ̸= Fj ] ≤ Cδc for all j ∈ [m], where

c = cq,m,α.

Remark 8.46 (Examples). (a) Semilattices. Let (Σ,∨) be a finite semilattice (an associative, com-
mutative, idempotent operation) and g(x) = x1 ∨ · · · ∨ xm; for instance min or max on a chain.
The join ⊤ of all elements is absorbing, so a context containing ⊤ makes g constant in xj , and
every j is collision-connected. Moreover Σ0 = Σ, and for y ∈ Σ the context with all entries y gives
g(uj→y) = y and g(uj→⊤) = ⊤; so every y ̸= ⊤ is adjacent to ⊤ in Gj , Gj is connected, and (H)
holds. (b) Monoids with zero. Let (Σ, ·) be a finite monoid with identity 1 and a zero element 0
(0x = x0 = 0), and g(x) = x1 · · ·xm; for instance multiplication modulo q, or multiplication of k×k
matrices over a finite field. A context containing 0 makes g constant in xj , so j is collision-connected,
and the context with all entries 1 gives g(uj→a) = a, so Σ0 = Σ, Gj is complete, and (H) holds. (c)
Near-unanimity operations. If m ≥ 3 and g(b, a, . . . , a) = g(a, b, a, . . . , a) = · · · = g(a, . . . , a, b) = a
for all a, b (for instance the majority operation on Σ3 that returns x1 when all three entries dif-
fer), then the context with all entries a makes every coordinate insensitive, so every coordinate is
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collision-connected, and (H) holds. (d) The Boolean case. For q = 2, (H) holds iff g is constant
or not affine. Indeed, if g is not affine, apply Lemma 8.4 to the restriction of g to the coordinates
on which it depends: this gives a collision-connected coordinate j∗ on which g depends, so Gj∗

has the edge {0, 1}. If g is affine and not constant, then for each j either g does not depend on
xj , and Gj has no edge, or g(uj→0) ̸= g(uj→1) for every context u, so Nj and Gj have no edge;
hence G has no edge, and |Σ0| = 2. So for q = 2 Theorem 8.45 reproves the first part of Theo-
rem 8.33 for non-affine g, with a smaller exponent. (e) Rounded mean. Let Σ = {0, . . . , q − 1},
q ≥ 3, and g(x1, x2) = ⌊(x1 + x2)/2⌋. With the other entry equal to y, the map a 7→ ⌊(a + y)/2⌋
is non-decreasing with steps 0 or 1 and takes at least two values, so no context makes g constant
in xj . But ⌊(a + y)/2⌋ = ⌊(a + 1 + y)/2⌋ whenever a + y is even, so the contexts y ∈ {0, 1} put
the path 0, 1, . . . , q − 1 into Nj , and both coordinates are collision-connected. With y = 0 and
y = q − 1, g runs through 0, . . . , ⌊ q−1

2 ⌋ and ⌊ q−1
2 ⌋, . . . , q − 1 in steps of 0 or 1, so Gj contains the

path 0, 1, . . . , q − 1, and (H) holds. (f) Not covered. If g(u, ·) is injective for every context u and
coordinate (for instance a group or quasigroup operation), then every Nj and every Gj has no
edges, and (H) fails. This includes the larger-alphabet analogues of the affine functions, for which
the Boolean case is [2, Theorem 1.7]. Of the 19632 functions g : {0, 1, 2}2 → {0, 1, 2} that depend
on both coordinates, 17118 satisfy (H) (script alphabet census.py). Of the other 2514, the 12
Latin squares have no collisions at all; the others include affine functions of “quotient bits” such
as g(x, y) = 1{x ̸= 0} ⊕ 1{y ̸= 0}, for which P1 = P2 = {{0}, {1, 2}} and every Gj is edgeless.
Requiring instead that the collision-connected coordinates alone connect the outputs leaves 16470
functions, and requiring a context that makes g constant in xj for these coordinates leaves 8694.
For q = 2 (and m ≤ 3) (H) fails only for the affine functions, in accordance with (d).

Tools. Let Ω be a finite set, π a full-support distribution on Ω, and Q a stochastic matrix on Ω
that is reversible with respect to π (i.e. π(y)Q(y, y′) = π(y′)Q(y′, y)), positive semidefinite as an
operator on L2(π), and irreducible. Then Q is self-adjoint on L2(π) with eigenvalues in [0, 1], and by
the Perron–Frobenius theorem the eigenvalue 1 is simple, with the constants as eigenfunctions. Let
λ(Q) ∈ [0, 1) be the largest eigenvalue on the orthogonal complement of the constants (λ(Q) = 0 if
|Ω| = 1). For T ⊆ [n] and h : Ωn → Λ, Λ a finite set with a fixed order, let the plurality rounding
plTh be the T -junta whose value at y is the most likely value of h(yT ,w) for w ∼ π⊗([n]\T ), ties
being broken by the order of Λ. For q = 2, plT = rdpT (with ties broken towards 1). Every
ϕ ∈ L2(π⊗n) has an orthogonal Efron–Stein decomposition ϕ =

∑
S⊆[n] ϕ

=S , where ϕ=S depends

only on the coordinates in S, and averaging over the coordinates in R maps ϕ to
∑

S∩R=∅ ϕ
=S .

Lemma 8.47 (Rounding and noise, finite alphabets). Let Ω, π,Q,Λ be as above, T ⊆ [n], and
h : Ωn → Λ; write hc = 1{h = c}. Let y ∼ π⊗n.

(a) If y′ agrees with y on T and y′
i, i /∈ T , are conditionally independent given y with Pr[y′

i =
b | y] = Q(yi, b), then Pr[h(y) ̸= plTh(y)] ≤ Pr[h(y) ̸= h(y′)]/(1− λ(Q)).

(b) If R ⊆ [n] and y′′ is obtained from y by replacing the coordinates in R with fresh independent
samples of π, then Pr[h(y) ̸= h(y′′)] =

∑
c∈Λ

∑
S∩R ̸=∅ ∥h=Sc ∥22. In particular, Pr[h(y) ̸=

plTh(y)] ≤
∑

c

∑
S ̸⊆T ∥h=Sc ∥22.

(c) For every c ∈ Λ, Pr[plTh(y) = c] ≤ |Λ|Pr[h(y) = c].

(d) Let G be a σ-algebra generated by a function of y, and let plGh take, on each atom of G, the
most likely value of h given that atom (ties broken by the order of Λ; every atom has positive
probability, as π has full support). Then Pr[h(y) ̸= plGh(y)] ≤

∑
c ∥hc − E[hc | G]∥22.
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Proof. (a) Condition on yT = t, let s = n − |T |, ϕ(w) = h(t, w), ϕc = 1{ϕ = c} and mc = Eϕc,
where w ∼ π⊗s. If ψ0 = 1, ψ1, . . . is an orthonormal eigenbasis of Q in L2(π) with eigenvalues
1 = λ0 > λ(Q) = λ1 ≥ λ2 ≥ · · · ≥ 0, then the products ψa1 ⊗ · · · ⊗ ψas form an orthonormal
eigenbasis of Q⊗s in L2(π⊗s) with eigenvalues

∏
t λat ∈ [0, 1], and these are at most λ(Q) unless all

at = 0. Hence, given yT = t,

Pr[ϕ(y−T ) = ϕ(y′
−T ) = c] = ⟨ϕc, Q⊗sϕc⟩ ≤ m2

c + λ(Q) (mc −m2
c).

Summing over c and using
∑

cmc = 1 gives Pr[ϕ(y−T ) ̸= ϕ(y′
−T )] ≥ (1 − λ(Q))(1 −

∑
cm

2
c) ≥

(1 − λ(Q))(1 − maxcmc), and 1 − maxcmc is the conditional probability that h(y) ̸= plTh(y).
Average over t.

(b) E[hc(y′′) | y] is the average of hc over the coordinates in R, so Pr[h(y) = h(y′′) = c] =
E[hc(y)hc(y′′)] =

∑
S∩R=∅ ∥h=Sc ∥22. Since

∑
c ∥hc∥22 =

∑
c Pr[h(y) = c] = 1, we get Pr[h(y) ̸=

h(y′′)] =
∑

c

(
∥hc∥22−

∑
S∩R=∅ ∥h=Sc ∥22

)
=

∑
c

∑
S∩R ̸=∅ ∥h=Sc ∥22. The last claim is (a) with Q(y, b) =

π(b), i.e. λ(Q) = 0 and y′ = y′′ for R = [n] \ T .
(c) If plTh(t) = c then Pr[h(y) = c | yT = t] ≥ 1/|Λ|. Hence Pr[plTh(y) = c] ≤

|Λ|E
[
1{plTh(y) = c}Pr[h(y) = c | yT ]

]
≤ |Λ|E

[
Pr[h(y) = c | yT ]

]
= |Λ|Pr[h(y) = c].

(d) With mc = Pr[h(y) = c | G], the conditional probability of h ̸= plGh is 1 − maxcmc ≤
1−

∑
cm

2
c . Taking expectations, Pr[h ̸= plGh] ≤

∑
c

(
∥hc∥22−∥E[hc | G]∥22

)
=

∑
c ∥hc−E[hc | G]∥22,

using
∑

c ∥hc∥22 = 1.

For z ∈ Σm let k(z) = ([z1]1, . . . , [zm]m) be its component vector. For z ∼ µ let z′ be a fresh
sample of the conditional law of z given k(z) (i.e. given k(z) = k, z and z′ are independent with
the law of z conditioned on k(z) = k), and let Q(y, y′) = Pr[g(z′) = y′ | g(z) = y] for y, y′ ∈ Σ0.

Lemma 8.48 (The output kernel). z′ ∼ µ, the pair (z, z′) is exchangeable, and Q is a stochastic
matrix on Σ0 that is reversible with respect to µ0 and positive semidefinite on L2(µ0). If (H) holds,
then Q is irreducible and λ∗ := λ(Q) < 1.

Proof. Given k(z) = k, the vectors z, z′ are independent and identically distributed, so (z, z′) is
exchangeable and z′ ∼ µ. Hence µ0(y)Q(y, y′) = Pr[g(z) = y, g(z′) = y′] is symmetric in y, y′.
For h : Σ0 → R let r(k) = E[h(g(z)) | k(z) = k]; by the conditional independence, ⟨h,Qh⟩µ0 =
E[h(g(z))h(g(z′))] = E[r(k(z))2] ≥ 0. Finally, as µ has full support, Pr[g(z) = y, g(z′) = y′] > 0
iff g(z) = y and g(z′) = y′ for some z, z′ ∈ Σm with k(z) = k(z′). If y ̸= y′ are adjacent in Gj ,
witnessed by u and a ≈j b, then z = uj→a and z′ = uj→b are such a pair. So every edge of G is an
edge of the transition graph of Q, and Q is irreducible under (H).

Edge projections. Let π be a full-support distribution on Σ. For a set e = {a, b} ⊆ Σ with a ̸= b
let pe be the stochastic matrix with pe(x, ·) = δx for x /∈ e and pe(x, y) = π(y)/π(e) for x, y ∈ e
(and pe(x, y) = 0 for x ∈ e, y /∈ e). As an operator on L2(π), (peϕ)(x) =

∑
y pe(x, y)ϕ(y) is the

conditional expectation onto the functions that are constant on e, i.e. the orthogonal projection
onto this subspace; pe is reversible with respect to π, πpe = π, and pe1 = 1. For R ⊆ [n] let PRe be
the operator on L2(π⊗n) that applies pe in every coordinate in R (the tensor product of pe on the
coordinates in R and the identity on the others). For a partition P of Σ let EP be the conditional
expectation onto the functions that are constant on every block of P (the orthogonal projection
onto them in L2(π)), and for T ⊆ [n] let EP

T apply EP in every coordinate in [n]\T ; under y ∼ π⊗n

it is the conditional expectation given yT and the blocks of the yi, i /∈ T . For the partition into

one block, E
{Σ}
T ϕ =

∑
S⊆T ϕ

=S is the average over the coordinates in [n] \ T .
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Lemma 8.49 (Alternating projections). Let P be a partition of Σ, let e1, . . . , eF be the edges of a
forest on Σ whose components are the blocks of P (so F = q − |P|), Π = pe1pe2 · · · peF (Π = I if
F = 0), and c = ∥Π − EP∥L2(π)→L2(π). Then c < 1, and for every T ⊆ [n], with S = [n] \ T , and
every ϕ ∈ L2(π⊗n),

∥ϕ− EP
T ϕ∥2 ≤ 1

1− c

F∑
k=1

∥∥ϕ− PSekϕ
∥∥
2
.

Proof. Let K be the range of EP . Each pek fixes K (an edge lies inside a block) and, being self-
adjoint, maps K⊥ into itself; hence so does Π, ΠEP = EPΠ = EP , and Π − EP vanishes on K
and agrees with Π on K⊥. So c = ∥Π|K⊥∥ (c = 0 if K⊥ = {0}). If c = 1, there is ϕ ∈ K⊥ with
∥ϕ∥2 = 1 = ∥Πϕ∥2 (the unit sphere of K⊥ is compact). As the pek are orthogonal projections,
∥peF ϕ∥2 = ∥ϕ∥2 forces peF ϕ = ϕ, and inductively pekϕ = ϕ for every k; so ϕ is constant on every
edge of the forest, hence on every block, i.e. ϕ ∈ K ∩K⊥ = {0}, a contradiction. Thus c < 1.

Let A = PSe1 · · ·P
S
eF
. Decompose L2(π) = K ⊕ K⊥ in each coordinate i ∈ S: L2(π⊗n) is the

orthogonal sum of the subspaces HU , U ⊆ S, spanned by the products of ϕi ∈ K⊥ for i ∈ U , ϕi ∈ K
for i ∈ S \U , and arbitrary ϕi ∈ L2(π) for i ∈ T . Each HU is invariant under A and EP

T ; on HU , A
acts as the tensor product of Π|K⊥ on the coordinates in U and the identity elsewhere, whose norm is
c|U |, and EP

T acts as the identity if U = ∅ and as 0 otherwise. Hence ∥A−EP
T ∥ ≤ max∅≠U⊆S c

|U | ≤ c,
and AEP

T = EP
T . Therefore

ϕ− EP
T ϕ = (ϕ−Aϕ) + (A− EP

T )(ϕ− EP
T ϕ), ϕ−Aϕ =

F∑
k=1

PSe1 · · ·P
S
ek−1

(
ϕ− PSekϕ

)
,

and since the PSe are contractions, ∥ϕ− EP
T ϕ∥2 ≤

∑
k ∥ϕ− PSekϕ∥2 + c ∥ϕ− EP

T ϕ∥2.

Lemma 8.35 holds for random variables with finitely many values, and the proof of Lemma 8.36
applies verbatim to a distribution ν on Σk with ν(z) ≥ κ for all z ∈ Σk and to sets Aℓ ⊆ Σn (the
marginal of ν on k − 1 coordinates has values at least qκ ≥ κ). We use both in this generality.

Frequent values and classes. From now on fix f , write δ = errµg (f), cj = (fk(Z
k))k ̸=j , and

πk(a) = Pr[fk(Z
k) = a] for k ∈ [m] and a ∈ Σ. Fix 0 < θ < η ≤ 1 with qθ ≤ 1 and the gap property

for all k ∈ [m] and a ∈ Σ : πk(a) ≥ η or πk(a) < θ. (10)

Let Vk = {a : πk(a) ≥ η} (the frequent values of fk); since
∑

a πk(a) = 1 ≥ qθ, Vk ̸= ∅, and
Pr[fk(Z

k) /∈ Vk] < qθ. For j ∈ [m] let Vj =
∏
k ̸=j Vk be the set of frequent contexts, and for a, b ∈ Vj

write a ∼j b if g(v
j→a) = g(vj→b) for all v ∈ Vj . This is an equivalence relation on Vj ; let Cj be the

set of its classes, and κj : Σ → Cj ∪ {⊥} map a ∈ Vj to its class and a /∈ Vj to ⊥. For C ∈ Cj and
v ∈ Vj the value g(vj→C) := g(vj→a), a ∈ C, is well defined.

(F1) If Ck ∈ Ck for k ∈ [m], then g is constant on C1 × · · · ×Cm. Indeed, for x, x
′ in this product,

change the coordinates of x into those of x′ one at a time; at each step the current context
lies in Vj and the changed coordinate stays in its class, so the value of g does not change.

(F2) For distinct C,C ′ ∈ Cj there is v ∈ Vj with g(vj→C) ̸= g(vj→C′
); and |Cj | ≤ q.

(F3) For every j and v ∈ Vj , Pr[cj = v] ≥ ηΓ, by Lemma 8.36 applied to the columns Zk, k ̸= j,
whose rows are independent samples of the marginal of µ on Σ[m]\{j} (values ≥ α), with
Pr[fk(Z

k) = vk] = πk(vk) ≥ η.
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By (F2), choose for every j and every unordered pair {C,C ′} of distinct classes in Cj a context

vCC′ ∈ Vj with g(v j→C
CC′ ) ̸= g(v j→C′

CC′ ), and let Nj be the set of chosen contexts; |Nj | ≤ N . For
v ∈ Vj let Hv(x) = g(vj→fj(x)) and hv,c = 1{Hv = c} for c ∈ Σ0 (functions on Σn; here j is
determined by v).

For every j ∈ [m] fix a spanning forest of Nj , i.e. a spanning tree of each component, with edges
ej,1, . . . , ej,Fj , where Fj = q − |Pj | ≤ q − 1, and, for each edge e = ej,k = {a, b}, a context ue with

g(u j→a
e ) = g(u j→b

e ). Let cj < 1 be the constant of Lemma 8.49 for π = µj , P = Pj and this forest

(cj = 0 if Fj = 0), c∗ = maxj cj , and write EjT = E
Pj

T on L2(µ⊗nj ). These depend only on g and µ.

Lemma 8.50 (Junta lemma, larger alphabets). Assume (10) and δ ≤ 1/2, and let j ∈ [m]. Then

there is Tj ⊆ [n] with |Tj | ≤ 16(q−1)N
α ln 2

ηΓ
such that for every T ⊇ Tj and every v ∈ Nj

∑
c∈Σ0

∥∥hv,c − EjThv,c
∥∥2
2

≤ 8(q − 1)2(2δ)α/4

α(1− cj)2 ηΓ
,

the norms being those of L2(µ⊗nj ).

Proof. We use the edge projections for π = µj . If Fj = 0, then EjT is the identity and Tj = ∅ works;
so let Fj ≥ 1.

One edge. Fix v ∈ Nj and an edge e = ej,k = {a, b} with context ue, and let Pv = Pr[cj = v] ≥
ηΓ (by (F3)). We show that there is Te,v ⊆ [n] with

|Te,v| ≤
16

α
ln

2

Pv
and

∑
c

∥∥hv,c − P [n]\T
e hv,c

∥∥2
2
≤ 8(2δ)α/4

αPv
for every T ⊇ Te,v. (11)

This follows the proof of Lemma 8.38, with these changes. Latent decomposition: ν1 is the law of
the vector with context ue and an independent µj-distributed entry in position j, σ = α/2, and
ν0 = (µ−σν1)/(1−σ) ≥ α/2 pointwise; both ν0, ν1 have j-th marginal µj ; ζ andR = {i : ζi = 1} are
as there, and given ζ the entries of Zj are independent samples of µj . Containment: W is obtained
from Z by replacing, independently for each i ∈ R, the entry Zij with a sample of pe(Zij , ·). As
µjpe = µj , given ζ the rows of W are independent with laws νζi , so W has the law of Z. A row

i ∈ R has context ue, and its j-th entry either stays or moves within e; since g(u j→a
e ) = g(u j→b

e ),
gn(W) = gn(Z). Also cj(W) = cj(Z). On Ev = {cj = v, Hv(Z

j) ̸= Hv(W
j)} we have RHS(Z) =

Hv(Z
j) ̸= Hv(W

j) = RHS(W) while f0(g
n(Z)) = f0(g

n(W)), so the test fails on Z or on W, and
Pr[Ev] ≤ 2δ. Reverse hypercontractivity: condition on ζ, and let xi = (Zij ,Wij) and yi = (zi)−j .
For i ∈ R, yi = ue is constant; for i /∈ R, Pr[xi = (x, x),yi = u | ζ] = ν0(u

j→x) ≥ α/2 and
Pr[xi = (x, x′)] = 0 for x ̸= x′. So Lemma 8.35 with κ = α/2, r = rα/2, applied to the indicators

of {Hv(Z
j) ̸= Hv(W

j)} and {cj = v}, gives Pr[Ev | ζ] ≥ (Pr[Hv(Z
j) ̸= Hv(W

j) | ζ]ωv(ζ))1/r with
ωv(ζ) = Pr[cj = v | ζ]. The first factor: given ζ, Zj ∼ µ⊗nj and E[hv,c(Wj) | Zj , ζ] = (PR

e hv,c)(Z
j),

so, as PR
e is an orthogonal projection and

∑
c ∥hv,c∥22 = 1,

Pr[Hv(Z
j) ̸= Hv(W

j) | ζ] = 1−
∑
c

⟨hv,c, PR
e hv,c⟩ =

∑
c

∥hv,c − PR
e hv,c∥22 =:We,v(R).

To evaluate We,v, let ψ0 = 1, ψ1, . . . , ψq−2 be an orthonormal basis of the range of pe (the func-
tions constant on e, a space of dimension q − 1) and ψq−1 a unit vector orthogonal to it, so

peψt = ψt for t < q − 1 and peψq−1 = 0. Expand hv,c =
∑

a∈{0,...,q−1}n ĥv,c(a)ψa1 ⊗ · · · ⊗ ψan
and let D(a) = {i : ai = q − 1}. Then PRe keeps the terms with D(a) ∩ R = ∅ and kills the
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others, so We,v(R) =
∑

c

∑
a:D(a)∩R ̸=∅ ĥv,c(a)

2. Jensen and the junta: exactly as in Lemma 8.38,∑
c

∑
a ĥv,c(a)

2 E[ωv(ζ)1{D(a) ∩R ̸= ∅}] = E[We,v(R)ωv(ζ)] ≤ (2δ)r. Let ϖi = E[ωv(ζ)1{i ∈ R}]
and Te,v = {i : ϖi ≤ σPv/4}. If T ⊇ Te,v andD(a) ̸⊆ T , thenD(a) ̸⊆ Te,v and E[ωv(ζ)1{D(a)∩R ̸=
∅}] > σPv/4; hence

∑
c ∥hv,c − P

[n]\T
e hv,c∥22 =

∑
c

∑
D(a)̸⊆T ĥv,c(a)

2 ≤ 4(2δ)r

σPv
, and (2δ)r ≤ (2δ)α/4

gives the second part of (11). The bound on |Te,v| is proved word for word as part (a) of Lemma 8.38
(it uses only E[ωv(ζ)] = Pv, 0 ≤ ωv ≤ 1 and the independence of the ζi).

All edges. For v ∈ Nj let Tv =
⋃
k Tej,k,v, so |Tv| ≤ 16(q−1)

α ln 2
ηΓ
, and let Tj =

⋃
v∈Nj

Tv, so

|Tj | ≤ 16(q−1)N
α ln 2

ηΓ
. Let T ⊇ Tj and S = [n] \ T . By Lemma 8.49 (with π = µj and P = Pj), the

Cauchy–Schwarz inequality, and (11) for each edge (note T ⊇ Tej,k,v),

∑
c

∥hv,c − EjThv,c∥
2
2 ≤

Fj
(1− cj)2

Fj∑
k=1

∑
c

∥∥hv,c − PSej,khv,c
∥∥2
2
≤

8F 2
j (2δ)

α/4

α(1− cj)2Pv
,

and Fj ≤ q − 1, Pv ≥ ηΓ finish the proof.

Lemma 8.51 (From the columns to f0, larger alphabets). Assume (10) and (H), let T ⊆ [n], and
suppose that

∑
c ∥hv,c − EjThv,c∥22 ≤ γ for every j ∈ [m] and every v ∈ Nj. Then

Pr
µ⊗n
0

[f0 ̸= plT f0] ≤ 2δ + 2mqθ + 2mNγ

1− λ∗
.

Proof. Let W be obtained from Z by replacing, independently for each i /∈ T , the row zi with a
fresh sample of the conditional law of z ∼ µ given k(z) = k(zi) (the pair of Lemma 8.48). The
rows of W are independent samples of µ, so W has the law of Z and Wj ∼ µ⊗nj . For every j,

Wj agrees with Zj on T , and [Wij ]j = [Zij ]j for every i. For v ∈ Nj let ϕv = plGj
Hv, where

Gj is the σ-algebra on Σn generated by x 7→ (xT , ([xi]j)i/∈T ); then ϕv(W
j) = ϕv(Z

j). Under µ⊗nj ,

E[hv,c | Gj ] = EjThv,c, so Lemma 8.47(d) gives Pr[Hv(Z
j) ̸= ϕv(Z

j)] = Pr[Hv(W
j) ̸= ϕv(W

j)] ≤ γ.
Suppose that for every j: fj(Z

j), fj(W
j) ∈ Vj , and Hv(Z

j) = ϕv(Z
j) and Hv(W

j) = ϕv(W
j) for

all v ∈ Nj . Then Hv(Z
j) = Hv(W

j) for all v ∈ Nj , so fj(Z
j) and fj(W

j) lie in the same class: two
distinct classes C,C ′ would give Hv(Z

j) = g(vj→C) ̸= g(vj→C′
) = Hv(W

j) for v = vCC′ . So the
inputs (fk(Z

k))k and (fk(W
k))k of g lie in the same product of classes, and RHS(Z) = RHS(W) by

(F1). Hence Pr[RHS(Z) ̸= RHS(W)] ≤ m(2qθ + 2Nγ), and therefore y = gn(Z) and y′ = gn(W)
satisfy Pr[f0(y) ̸= f0(y

′)] ≤ 2δ + 2mqθ + 2mNγ. Finally y ∼ µ⊗n0 and y′
T = yT ; the pairs

(yi,y
′
i), i /∈ T , are independent of each other and of yT , each with the law Pr[yi = y,y′

i = y′] =
Pr[g(z) = y, g(z′) = y′] = µ0(y)Q(y, y′). Hence, given y, the y′

i, i /∈ T , are independent with
Pr[y′

i = b | y] = Q(yi, b). Lemma 8.47(a) with Ω = Σ0, π = µ0, the kernel Q of Lemma 8.48
(irreducible by (H)) and h = f0|Σn

0
finishes the proof.

Lemma 8.52 (From f0 to every column, larger alphabets). Assume (10), let T ⊆ [n], and suppose
Prµ⊗n

0
[f0 ̸= J0] ≤ β for some T -junta J0. Then for every j ∈ [m] there is a T -junta Rj : Σ

n → Cj
with

Pr
µ⊗n
j

[κj ◦ fj ̸= Rj ] ≤ q2(2δ + 2β)α
2/2η−2Γ + (q + 3)qθ.

Proof. Let W be obtained from Z by replacing every row zi, i /∈ T , with a fresh independent
sample of µ. As in the proof of Lemma 8.40, W has the law of Z, J0(g

n(Z)) = J0(g
n(W)), and

Pr[RHS(Z) ̸= RHS(W)] ≤ 2δ + 2β. Let H = κj ◦ fj , with values in Λ = Cj ∪ {⊥}, |Λ| ≤ q + 1.
Fix an ordered pair (C,C ′) of distinct classes, let v = vCC′ be a context given by (F2), and let
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D = {H(Zj) = C, H(Wj) = C ′} and E = {cj(Z) = cj(W) = v}. On D ∩ E, RHS(Z) =
g(vj→C) ̸= g(vj→C′

) = RHS(W), so Pr[D ∩E] ≤ 2δ + 2β. Exactly as in the proof of Lemma 8.40,
Pr[E] ≥ Pr[cj = v]2 ≥ η2Γ (Cauchy–Schwarz and (F3)), and Lemma 8.35 with κ = α2 gives

Pr[D ∩ E] ≥ (Pr[D] Pr[E])2/α
2
. Hence Pr[D] ≤ (2δ + 2β)α

2/2η−2Γ. Summing over the at most
q(q − 1) ordered pairs and adding Pr[H(Zj) = ⊥] + Pr[H(Wj) = ⊥] < 2qθ,

Pr[H(Zj) ̸= H(Wj)] ≤ q(q − 1)(2δ + 2β)α
2/2η−2Γ + 2qθ.

Wj agrees with Zj on T and is a fresh sample of µj off T , so by Lemma 8.47(b) (with π = µj) the
same bound holds for Pr[H ̸= plTH]. Let Rj = plTH where plTH ̸= ⊥, and let Rj be the class of
the least element of Vj (for a fixed order of Σ) where plTH = ⊥. By Lemma 8.47(c), Pr[plTH =
⊥] ≤ (q + 1)Pr[H = ⊥] < (q + 1)qθ, and Pr[H ̸= Rj ] ≤ Pr[H ̸= plTH] + Pr[plTH = ⊥].

Lemma 8.53 (Exactness on a junta, larger alphabets). Let T ⊆ [n], and let F be a tuple such that
F0(g

n(Z)) and g(F1(Z
1), . . . , Fm(Z

m)) depend only on the rows of Z indexed by T . If errµg (F) <
α|T |, then F is a multi-polymorphism of g.

Proof. As in Lemma 8.42: whether the identity holds depends only on the rows in T , and every
value of these rows has probability at least α|T |.

Proof of Theorem 8.45. Write λ = λ∗ < 1 (Lemma 8.48 and (H)), ℓ = ℓα, K = 8/α, c = cq,m,α =
1/(KM qm+1), and

c2 =
2 + 2mq + 32m(q − 1)2N/(α(1− c∗)

2)

1− λ
,

c4 = 1 + c2 +m
(
q2(2 + 2c2) + q(q + 3)

)
, ε0 =

2−Lℓ

c4
.

Reductions. If δ = 0, take F = f . The all-dictator tuple F0 = · · · = Fm = (x 7→ x1) is a multi-

polymorphism of every g, since both sides equal g(z1). So it suffices to treat 0 < δ < δ0 := ε
1/c
0 ,

provided C ≥ δ−c0 . Put ε = δc < ε0 and εi = εM
i−1

for i = 1, . . . , qm + 2; then δ = εKqm+2. Note

ε0 ≤ 2−ℓ ≤ α ≤ q−2, because ℓ ln 2 ≥ ln 1
α .

The gap. The qm numbers πk(a) cannot meet all of the qm + 1 disjoint intervals [εi+1, εi),
i ∈ [qm+ 1]. Fix i such that none of them lies in [εi+1, εi), and let η = εi ≤ ε and θ = εi+1 = ηM .
Then (10) holds, qθ ≤ 1, and δ ≤ θK ≤ θ. Since M ≥ LℓΓ + 1 and Mα2/2− 2Γ = LℓΓ + 1,

θ ≤ ηLℓΓ+1 and θα
2/2η−2Γ = ηLℓΓ+1. (12)

Step 1: the columns. For each j ∈ [m], Lemma 8.50 gives Tj with |Tj | ≤ 16(q−1)N
α (ln 2+Γ ln 1

η ).

Let T =
⋃
j Tj ; then |T | ≤ 16L

α (ln 2 + Γ ln 1
η ). As 2δ ≤ 1 and δ ≤ θ8/α, (2δ)α/4 ≤ 2δα/4 ≤ 2θ2,

and θ/ηΓ = ηM−Γ ≤ 1; so, since T ⊇ Tj , Lemma 8.50 gives
∑

c ∥hv,c − EjThv,c∥22 ≤ γ := 16(q −
1)2θ/(α(1− c∗)

2) for all j and v ∈ Nj .
Step 2: f0. By Lemma 8.51, β0 := Prµ⊗n

0
[f0 ̸= plT f0] ≤

(
2θ + 2mqθ + 2mNγ

)
/(1− λ) = c2θ.

Step 3: all columns. By Lemma 8.52 with J0 = plT f0 and β = β0, and by (12), there are
T -juntas Rk : Σ

n → Ck with

βk := Pr[κk ◦ fk ̸= Rk] ≤ q2
(
(2 + 2c2)θ

)α2/2
η−2Γ + (q + 3)qθ

≤
(
q2(2 + 2c2) + q(q + 3)

)
ηLℓΓ+1 (k ∈ [m]).
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Step 4: the exact tuple. For each non-empty set C ⊆ Σ fix rep(C) ∈ C. Let Fk(x) = fk(x) if
κk(fk(x)) = Rk(x), and Fk(x) = rep(Rk(x)) otherwise (k ∈ [m]); let F0 = plT f0 on Σn0 and F0 = f0
elsewhere. Then Pr[fk ̸= Fk] ≤ βk, Pr[f0 ̸= F0] = β0, and Fk(x) ∈ Rk(x) for all x. By (F1),
g(F1(Z

1), . . . , Fm(Z
m)) depends only on the classes Rk(Z

k), hence only on the rows of Z in T ; and
F0(g

n(Z)) depends only on gn(Z)T . By the union bound, δ ≤ θ and (12),

errµg (F) ≤ δ + β0 +
m∑
k=1

βk ≤ c4 η
LℓΓ+1 < 2−LℓηLℓΓ ≤ α|T |,

where we used η ≤ ε < ε0 and |T | ln 1
α ≤ Lℓ(ln 2 + Γ ln 1

η ). By Lemma 8.53, F is a multi-

polymorphism, and all its distances to f are at most c4η
LℓΓ+1 ≤ η ≤ ε = δc (as c4η < 1 and

LℓΓ ≥ 1). So the theorem holds with C = δ−c0 .

Remark 8.54. The proof never needs the Case I/Case II split of the earlier proofs: the gap prop-
erty (10) replaces “far from constants” by “frequent”, and the negligible values are absorbed into
the error. The edges of the collision graphs enter only through Lemma 8.50: each edge of Nj gives
a containment step in which the entries of column j move only within that edge, and Lemma 8.49
combines the resulting partial bounds into closeness of Hv to a function of xT and the components
of the other entries. Their components also enter Lemmas 8.48 and 8.51, through the component
vector k(z). The connectivity in (H) is used only in Lemma 8.51, through λ∗ < 1 (Lemma 8.48):
resampling every row off T within its component vector keeps the classes of all columns, and moves
the outputs along the edges of G. For q = 2 and non-constant g, (H) says that some j with Aj ̸= ∅
is a coordinate on which g depends. If g is invariant under exchanging two input coordinates
k, ℓ ∈ [m], µk = µℓ and fk = fℓ, then Vk = Vℓ, the relations ∼k and ∼ℓ coincide (the exchange
maps Vk onto Vℓ), so Rk = Rℓ and Fk = Fℓ: the analogue of Remark 8.44 holds for such pairs of
input coordinates. The exponent cq,m,α is very small; we made no attempt to optimize it. We do
not know whether (H) can be dropped; the first test case is a g for which every g(u, ·) is a bijection,
such as addition in Zq, q ≥ 3, where every Nj is edgeless; and the affine functions of quotient
bits of Remark 8.46(f) suggest combining the present method with [2, Theorem 1.7]. The script
alphabet check.py (directory numerics) checks Lemmas 8.47 and 8.48, Lemma 8.49 (cj < 1, the
norm of A − EP

T , and the inequality, for q ∈ {3, 4}, trees and forests), the main inequalities in
the proof of Lemma 8.50 (for every forest edge: containment, the conditional identity, the reverse
hypercontractive bound, the Jensen step and (11); then the combined bound), and the inequalities
of Lemmas 8.51 and 8.52, by exact enumeration on small instances (q ≤ 4; for the junta and prop-
agation lemmas q = 3, m = 2, n ≤ 3, g the rounded mean of Remark 8.46(e), min or multiplication
mod 3).

8.10 A non-functional predicate over Z3

Alekseev and Filmus name

P ̸= = {(a, b, c) ∈ Z3
3 : a+ b+ c ̸= 0}

as the simplest predicate that their techniques cannot handle [2, Section 9, first question]. No
coordinate of P ̸ = is flexible: for (a, b, c) ∈ P ̸ = the value a′ = −b − c gives (a′, b, c) /∈ P ̸ =,
and similarly for the other coordinates. A triple is in P̸ = iff exactly two of its entries are equal,
and |P ̸ = | = 18. Here we treat P ̸ = under the uniform distribution π on P̸ =. The rows of
(x,y, z) ∈ (Zn3 )3 are independent samples of π, and x,y, z are the columns. For f1, f2, f3 : Zn3 → Z3

let
err(f) = Pr

[
f1(x) + f2(y) + f3(z) = 0

]
,
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so f is a (π, δ)-approximate generalized polymorphism of P ̸ = in the sense of [2] iff err(f) ≤ δ.
The marginals of π are uniform; distances are measured under the uniform measure on Zn3 , and
dist(f ,g) = maxj Pr[fj ̸= gj ]. A triple g is an (exact) generalized polymorphism iff err(g) = 0,
i.e. (g1(x), g2(y), g3(z)) ∈ P ̸ = whenever every row of (x, y, z) is in P ̸ =. The following triples are
generalized polymorphisms:

(A) for some j, the other two functions are constants u, v, and gj never takes the value −u− v;

(B) gj(w) = κwi+dj (j = 1, 2, 3) for some i ∈ [n], κ ∈ {1, 2} and d1, d2, d3 with d1+d2+d3 = 0.

For (B), g1(x) + g2(y) + g3(z) = κ(xi + yi + zi) ̸= 0.

Theorem 8.55 (The predicate a+ b+ c ̸= 0). (a) Every generalized polymorphism of P̸ = is of
type (A) or (B).

(b) There is an absolute constant C such that for every n and every f with err(f) = δ there
is a generalized polymorphism g of type (A) or (B) with dist(f ,g) ≤ C

√
δ. One can take

C = 4 · 107; moreover dist(f ,g) ≤ 3
√
δ if δ ≤ 10−15, and dist(f ,g) ≤ (1 + 56 δ1/8)

√
δ if

δ ≤ 10−16.

(c) The exponent 1
2 and the constant 1 in (b) are optimal: if E ⊆ Zn3 has Pr[E] = η ≤ 1

3 ,
f1 ≡ 0, f2 = 1E and f3 = 1 + 1E, then err(f) = η2 and dist(f ,g) ≥ η for every generalized
polymorphism g.

(d) Near (B) the dependence is linear: if δ ≤ 8 · 10−5 and dist(f ,g) ≤ 1
10 for some g of type (B),

then
∑

j Pr[fj ̸= g′j ] ≤ 3δ for some g′ of type (B).

So, under the uniform distribution, the question of [2] has a positive answer for P ̸ =, with
polynomial dependence, the optimal exponent and the sharp constant: the supremum of the possible
distances at error at most δ (over all n) is (1+ o(1))

√
δ as δ → 0, since η in (c) can be any number

in (0, 13 ]∩3−nZ. The constant 1 is only asymptotic: for fixed small n the ratio dist/
√
δ can be larger

(for n = 1 it reaches 2√
3
, as computed by an independent referee). As for AND2 (Theorem 1.2),

the dependence is not linear. For n = 1, (a) says that the 198 generalized polymorphisms are the
180 triples of type (A) and the 18 of type (B). Part (a) can also be obtained from a theorem of
Filmus [10, Theorem 1.3]: for a predicate with full projections, if every generalized polymorphism
with n = 2 is of dictator type (the gj are functions of one common coordinate) or of box type
(g1(Zn3 )× g2(Zn3 )× g3(Zn3 ) ⊆ P ), then so is every generalized polymorphism, for every n. For P ̸ =
the box-type triples are exactly those of type (A), since by the Cauchy–Davenport theorem two
images with at least two elements each have sumset Z3; the dictator-type triples are of type (A)
or (B) by Lemma 8.57 below; and an exhaustive search for n = 2 (numerics/neq3 n2 check.py:
13824 generalized polymorphisms, 13788 of type (A) and 36 of type (B)) verifies the hypothesis.
In our proof, (a) is the case δ = 0 of (b), whose approximating triple is always of type (A) or (B).

Let ω = e2πi/3. For H : Zn3 → C and α ∈ Zn3 let χα(w) = ω⟨α,w⟩, Ĥ(α) = E[Hχα] (uniform w),
|α| = |{i : αi ̸= 0}| and Infk(H) =

∑
α:αk ̸=0 |Ĥ(α)|2. Then H =

∑
α Ĥ(α)χα,

∑
α |Ĥ(α)|2 = E|H|2,

and Infk(H) is the expectation, over the coordinates other than k, of the variance of H in the
coordinate k. For a Z3-valued function h put dc(h) = 1−maxv Pr[h = v], the distance of h to the
constants. If pv = Pr[h = v], then 1− |Eωh|2 = 3(p0p1 + p0p2 + p1p2) ≥ 3maxv pv dc(h) ≥ dc(h).

Lemma 8.56. (a) Each pair of columns is uniformly distributed on (Zn3 )2.

(b) For all H1, H2, H3 : Zn3 → C, E[H1(x)H2(y)H3(z)] =
∑

α Ĥ1(α)Ĥ2(α)Ĥ3(α)(−1
2)

|α|.
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(c) With Fj = ωfj , err(f) = 1
3 + 2

3 ReE[F1(x)F2(y)F3(z)].

Proof. (a) Each (a, b) ∈ Z2
3 has exactly two completions c with (a, b, c) ∈ P̸ =, and similarly for the

other pairs. (b) For (a, b, c) ∈ Z3
3,

E(u,v,w)∼π
[
ωau+bv+cw

]
=

1

18

( ∑
(u,v,w)∈Z3

3

−
∑

u+v+w=0

)
ωau+bv+cw

=
27 · 1{a = b = c = 0} − 9 · 1{a = b = c}

18
,

which is 1 if a = b = c = 0, −1
2 if a = b = c ̸= 0, and 0 otherwise. As the rows are independent,

E[χα(x)χβ(y)χγ(z)] = 1{α = β = γ}(−1
2)

|α|; now expand each Hj in characters. (c) For s ∈ Z3,
1{s = 0} = 1

3(1 + ωs + ω2s), and ω2s = ωs.

Lemma 8.57 (n = 1). For n = 1, every generalized polymorphism of P̸ = is of type (A) or (B).

Proof. Let (g1, g2, g3) be one. Note (a, b, b) ∈ P̸ = iff a ̸= b, and for b ̸= c, (a, b, c) ∈ P ̸ = iff
a ∈ {b, c}, as −b− c is the third element of Z3.

Suppose first that some gj , say g1, is a bijection. For each b, the two values g1(a), a ̸= b,
differ from −g2(b) − g3(b), so g1(b) = −g2(b) − g3(b). For b ̸= c, the rows (b, b, c) and (c, b, c)
give g1(b) + g2(b) + g3(c) ̸= 0 and g1(c) + g2(b) + g3(c) ̸= 0, i.e. g3(c) ̸= g3(b) and g2(b) ̸= g2(c).
So all three are bijections of Z3, hence affine: gj(a) = κja + dj with κj ∈ {1, 2}. The identity
g1(b) + g2(b) + g3(b) = 0 for all b gives κ1 + κ2 + κ3 = 0 and d1 + d2 + d3 = 0, and the first forces
κ1 = κ2 = κ3. This is type (B).

Otherwise no gj is a bijection. Suppose that two of them, say g1, g2, are not constant. Then
g1 takes one value only at one point a0, and one other value at the two other points; similarly g2
takes one of its values only at one point b0. Fix c and t = −g3(c); then g1(a) + g2(b) ̸= t whenever
a+b ̸= −c. By the Cauchy–Davenport theorem the two-element images satisfy g1(Z3)+g2(Z3) = Z3,
so s1+s2 = t for some s1, s2 in the images, and every (a, b) ∈ g−1

1 (s1)×g−1
2 (s2) satisfies a+b = −c.

If g−1
1 (s1) had two elements a ̸= a′, then a + b = a′ + b for any b ∈ g−1

2 (s2), which is impossible;
so g−1

1 (s1) = {a0}, similarly g−1
2 (s2) = {b0}, and c = −a0 − b0. As c was arbitrary, this is a

contradiction. Hence at least two of the functions are constants, u and v say, and since every value
of the remaining coordinate occurs in a row of P ̸ =, the third function never takes the value −u−v.
This is type (A).

Proof of Theorem 8.55. Every permutation of the three coordinates preserves P ̸ = and π, so we

may relabel f1, f2, f3. For k ∈ [n] write w = (wk, w
′) with w′ ∈ Z[n]\{k}

3 , and for a function h on Zn3
let hw

′
= h(·, w′) : Z3 → Z3. Let x′,y′, z′ be the columns without row k; they are the columns of

n − 1 independent samples of π, independent of row k, and Lemma 8.56(a) applies to them. The

restriction of f at k is the triple Rk = (fx
′

1 , f
y′

2 , f
z′
3 ) of functions of one variable. Let δ = err(f) and

δj = dc(fj).
Step 1: restrictions. If Rk is not a generalized polymorphism, then given x′,y′, z′ at least one of

the 18 equally likely values of row k is a failure. Hence Pr[Rk is not a generalized polymorphism] ≤
18δ for every k.

Step 2: a dichotomy for each coordinate. Let βj(k) = Pr[fw
′

j is a bijection] for uniform w′. By
Lemma 8.57, in a generalized polymorphism of one variable either all three functions are bijections
(type (B)) or none is (in (A), two are constant and the third misses a value). Hence, for j ̸= l, the
independence of two columns gives βj(k)(1− βl(k)) ≤ 18δ. Let δ < 1/72. If βj(k) ≥ 1

2 for some j,
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then 1−βl(k) ≤ 36δ for l ̸= j, and then also 1−βj(k) ≤ 36δ. Otherwise βj(k) ≤ 36δ for all j. Call
k a B-coordinate in the first case.

Step 3: a B-coordinate gives type (B). Let δ < 1/2394, let k be a B-coordinate and Bijj =

{w′ : fw
′

j is a bijection}. The bijections of Z3 are the maps a 7→ κa+ d, κ ∈ {1, 2}; write fw′
j (a) =

κj(w
′)a+dj(w

′) for w′ ∈ Bijj , and put κj(w
′) = 1, dj(w

′) = 0 for w′ /∈ Bijj . Let G be the event that
x′ ∈ Bij1, y

′ ∈ Bij2, z
′ ∈ Bij3 and Rk is a generalized polymorphism; Pr[Gc] ≤ 3 · 36δ+18δ = 126δ.

On G, Lemma 8.57 gives κ1(x
′) = κ2(y

′) = κ3(z
′) and d1(x

′) + d2(y
′) + d3(z

′) = 0. Let pj(κ) =
Pr[w′ ∈ Bijj , κj(w

′) = κ]. For j ̸= l, by independence of the j-th and l-th columns,
∑

κ pj(κ)pl(κ)
is the probability that both columns lie in the corresponding sets Bij with equal values of κj , κl,
which is at least Pr[G] ≥ 1 − 126δ; and

∑
κ pj(κ)pl(κ) ≤ maxκ pl(κ). So each pl has an atom of

mass at least 1 − 126δ, and these atoms are a common κ (otherwise
∑

κ pjpl ≤ 252δ < 1 − 126δ).

Next let Dj = ωdj on Z[n]\{k}
3 , sj = |D̂j(0)| and σ2j = 1 − s2j =

∑
α ̸=0 |D̂j(α)|2. With ξ = 126δ,

Pr[d1(x
′) + d2(y

′) + d3(z
′) ̸= 0] ≤ ξ, and Reωs = 1− 3

21{s ̸= 0}, so Lemma 8.56(b), |D̂3| ≤ 1 and
the Cauchy–Schwarz inequality give

1− 3
2ξ ≤ ReE[D1(x

′)D2(y
′)D3(z

′)] ≤ s1s2s3 +
1
2σ1σ2 ≤ s1s2 +

1
2σ1σ2 ≤ 1− 1

2σ1σ2,

using s1s2 + σ1σ2 ≤ 1. Hence σ1σ2 ≤ 3ξ and s1s2s3 ≥ 1 − 3ξ, so sj ≥ 1 − 3ξ and dc(dj) ≤ σ2j ≤
6ξ = 756δ for each j (the pair 1, 2 was arbitrary). Let d0j be the most likely value of dj . Since

Pr[
∑

j dj(·) = 0, dj(·) = d0j ∀j] ≥ 1 − 19ξ > 0, d01 + d02 + d03 = 0. Therefore g = (κwk + d0j )j is of
type (B), and

Pr[fj ̸= gj ] ≤ Pr[w′ /∈ Bijj or κj(w
′) ̸= κ] + Pr[dj(w

′) ̸= d0j ] ≤ 126δ + 756δ = 882δ. (13)

Step 4: without B-coordinates, the error is close to that of independent inputs. Suppose no
coordinate is a B-coordinate, so βj(k) ≤ 36δ for all j, k. Let νj(k) = Pr[fw

′
j is not constant]. If

Rk is a generalized polymorphism of type (A), at most one of its functions is non-constant, and
if it is of type (B), its first function is a bijection. Hence, for j ̸= l, the event that the j-th and
the l-th functions of Rk are both non-constant has probability at most 18δ + β1(k) ≤ 54δ, and by
independence of the two columns νj(k)νl(k) ≤ 54δ. So for each k at most one j has νj(k) >

√
54δ.

Let Fj = ωfj and ρ = (54δ)1/4. Since the variance of a function of modulus one is at most 1,
|F̂j(α)|2 ≤ Infk(Fj) ≤ νj(k) for every k with αk ̸= 0. Choosing such a k for each α ̸= 0, at least two
of |F̂1(α)|, |F̂2(α)|, |F̂3(α)| are at most ρ, so |F̂1F̂2F̂3(α)| ≤ ρ

∑
j<l |F̂j(α)F̂l(α)|. Let x′′,y′′, z′′ be

independent and uniform, and δind = Pr[f1(x
′′)+f2(y

′′)+f3(z
′′) = 0] = 1

3+
2
3Re

(
F̂1(0)F̂2(0)F̂3(0)

)
.

By Lemma 8.56(b),(c) and the Cauchy–Schwarz inequality,

|δ − δind| ≤
2

3
· 1
2

∑
α ̸=0

|F̂1F̂2F̂3(α)| ≤
ρ

3

∑
j<l

∑
α

|F̂j(α)F̂l(α)| ≤ ρ.

Step 5: two nearly constant functions. If j ̸= l, then fj takes two distinct values with probability
at least δj/2 each (its most likely value has probability 1− δj ≥ 1

3 ≥ δj/2), and similarly fl; by the
Cauchy–Davenport theorem the sums of these values cover Z3, so δind ≥ mint Pr[fj(x

′′) + fl(y
′′) =

t] ≥ δjδl/4. Applied to the two largest of δ1, δ2, δ3, this shows that the two smallest are at most
η0 := 2

√
δind ≤ 2

√
δ + ρ. Relabel so that δ1, δ2 ≤ η0.

Step 6: near type (A). Suppose δ1, δ2 ≤ η0, and let τ be a number with 2η0 ≤ τ ≤ 1
8 . We show

that dist(f ,g) ≤ max
(
2δ/τ, δ/(1 − 6τ) +

√
δ/(1− 6τ)

)
for some g of type (A), or δ ≥ 7

8τ . Let
a, b be the most likely values of f1, f2, E1 = {f1 ̸= a}, E2 = {f2 ̸= b}, πj(t) = Pr[fj = aj + t]
(a1 = a, a2 = b), and rv = Pr[f3 = v], r∗ = r−a−b. The events {x /∈ E1,y /∈ E2, f3(z) = −a − b},
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{x ∈ E1,y /∈ E2, f3(z) = −b−f1(x)} and {x /∈ E1,y ∈ E2, f3(z) = −a−f2(y)} are disjoint failures,
and by Lemma 8.56(a) their probabilities are at least r∗(1− δ1− δ2),

∑
t̸=0 π1(t)r−a−b−t− δ1δ2 and∑

t̸=0 π2(t)r−a−b−t− δ1δ2 (for instance, Pr[x ∈ E1, f3(z) = −b− f1(x)] =
∑

t̸=0 π1(t)r−a−b−t as x, z
are independent, and Pr[x ∈ E1,y ∈ E2] = δ1δ2). So, using 2δ1δ2 ≤ η0(δ1 + δ2),

δ ≥ (1− 2η0)r
∗ +

∑
t̸=0

(
π1(t) + π2(t)

)
r−a−b−t − η0(δ1 + δ2). (14)

Case (α): r−a−b+1, r−a−b+2 ≥ τ . Then, as η0 ≤ τ
2 ≤ 1

16 , (14) gives δ ≥ 7
8r

∗ + τ
2 (δ1 + δ2). Let

g1 = a, g2 = b, and g3 = f3 except that g3 = −a − b + 1 where f3 = −a − b; g is of type (A) and
dist(f ,g) ≤ max(δ1, δ2, r

∗) ≤ 2δ/τ . Case (β): otherwise. If r∗ ≥ τ , then the first of the three events
gives δ ≥ r∗(1 − δ1 − δ2) ≥ 7

8τ . If r∗ < τ , then f3 takes some value c ̸= −a − b with probability
more than 1 − 2τ ≥ 3

4 , so δ3 < 2τ . Then all three functions are nearly constant, with most likely
values a1 = a, a2 = b, a3 = c and σ = a + b + c ̸= 0. Let Dj = {fj = aj − σ} (“dangerous”
values), Aj = {fj = aj + σ} (“safe” values), Mj = {fj = aj}, π∗j = Pr[Dj ] and π◦j = Pr[Aj ], so

δj = π∗j + π◦j ≤ h := 2τ ≤ 1
4 . The six events {D1(x),M2(y),M3(z)}, {A1(x), A2(y),M3(z)} and

their images under permutations of the indices are disjoint failures (the sums are σ − σ and 3σ).
By Lemma 8.56(a), the first has probability at least π∗1(1− δ2 − δ3) ≥ π∗1(1− 2h), and the second
at least π◦1π

◦
2 −X − π◦1π

∗
3, where X = Pr[A1(x), A2(y), A3(z)]. Let u ≤ v ≤ w be the numbers π◦j

in increasing order. By Lemma 8.56(b) with Hj = 1Aj , |1̂A(α)| ≤ Pr[A] and the Cauchy–Schwarz
inequality (taking for H3 the indicator of the smallest set), X ≤ uvw + 1

2u
√
vw. Summing the six

bounds and using uv + uw ≥ 2u
√
vw,

δ ≥ (1−2h)
∑
j

π∗j −h
∑
j

π∗j +uv+uw+vw−3X ≥ (1−3h)
(∑

j

π∗j +vw
)
≥ (1−6τ)

(∑
j

π∗j +v
2
)
.

Let j0 be an index with π◦j0 = w, let gj = aj for j ̸= j0, and let gj0 = fj0 except that gj0 = aj0
on Dj0 . Then gj0 never takes the value aj0 − σ = −

∑
j ̸=j0 aj , so g is of type (A), and dist(f ,g) ≤∑

j π
∗
j + v ≤ δ/(1− 6τ) +

√
δ/(1− 6τ).

Conclusion. Let δ ≤ δ0 := 10−15. Then ρ ≤ 4.9 · 10−4 and η0 ≤ 2
√
δ + ρ < 1

16 . If there

is a B-coordinate, (13) gives dist(f ,g) ≤ 882δ ≤ 3
√
δ. Otherwise Steps 4–6 with τ = 1

8 give

dist(f ,g) ≤ max(16δ, 4δ+2
√
δ) ≤ 3

√
δ for some g of type (A), as δ < 7

64 . If δ > δ0, the triple (0, 0, 1),

which is of type (A), is within distance 1 ≤ δ
−1/2
0

√
δ. This proves (b) with C = δ

−1/2
0 < 4 · 107,

with g of type (A) or (B) in every case. If δ = 0, then dist(f ,g) ≤ 3
√
δ = 0, so f = g is of type (A)

or (B); this proves (a).
For the last bound in (b), let δ ≤ 10−16 and τ = 4

√
δ + ρ. Then ρ = (54δ)1/4 ≤ 2.72 · 10−4,

so τ ≤ 1
8 ; also τ ≥ 2η0 and τ ≥ 4

√
δ. In Step 6, 7

8τ > δ, so the last alternative is impossible, and

2δ/τ ≤ 1
2

√
δ. Let x = 6τ = 24

√
δ + ρ; then x ≤ 0.4, so (1− x)−1/2 ≤ 1 + x and (1− x)−1 ≤ 2, and

the bound of Case (β) is at most (1+x)
√
δ+2δ. As δ ≤ ρ, x ≤ 24

√
2ρ ≤ 55.9 δ1/8. Since 882δ and

2δ are at most 0.1 δ1/8
√
δ, in all cases dist(f ,g) ≤ (1 + 56 δ1/8)

√
δ.

(c) A failure needs 0+1E(y)+1+1E(z) ≡ 0 (mod 3), i.e. y ∈ E and z ∈ E; by Lemma 8.56(a),
err(f) = η2. If g is of type (B), then g2 takes the value 0 with probability 1

3 and f2 = 0 off E, so
Pr[f2 ̸= g2] ≥ 2

3 − η ≥ η. If g is of type (A), two of its functions are constants, one of them is g2
or g3, and f2 and f3 differ from every constant with probability at least min(η, 1− η) = η.

(d) If g is of type (B) with coordinate i and dist(f ,g) ≤ 1
10 , then f

w′
j = gw

′
j (a bijection) unless

fj ̸= gj at one of the three points (a,w′), so βj(i) ≥ 1 − 3
10 and i is a B-coordinate. Step 3 gives

g′ of type (B) with δ′j := Pr[fj ̸= g′j ] ≤ 882δ. Let E′
j = {fj ̸= g′j} and e(x) = f1(x) − g′1(x). On

{x ∈ E′
1,y /∈ E′

2, z /∈ E′
3} the sum f1(x) + f2(y) + f3(z) equals e(x) + κ(xi+ yi+ zi). Given x, the
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sum xi+yi+zi is uniform on {1, 2} (given xi, the pair (yi, zi) is uniform on six pairs, three for each
value of the sum), so this is a failure with conditional probability 1

2 . Removing {y ∈ E′
2}∪{z ∈ E′

3}
costs at most δ′1(δ

′
2 + δ′3), by Lemma 8.56(a). Treating the other two functions in the same way

(the three events are disjoint),

δ ≥ 1

2

∑
j

δ′j − 2
∑
j<l

δ′jδ
′
l ≥

(1
2
− 2 · 882δ

)∑
j

δ′j ≥
1

3

∑
j

δ′j

(using
∑

j<l δ
′
jδ

′
l ≤ maxj δ

′
j ·

∑
j δ

′
j) for δ ≤ 8 · 10−5.

Remark 8.58. (a) The square root comes only from Case (β), three nearly constant functions
whose deviations are “safe”: such deviations fail only in pairs, and by pairwise independence
(Lemma 8.56(a)) pairs occur with probability π◦jπ

◦
l . The example of Theorem 8.55(c) has π∗j = 0,

u = 0 and v = w = η, so the bound δ ≥ (1 − 3h)(
∑

j π
∗
j + vw) of Case (β) is tight up to the

factor 1 − 3h. (The triple f1 = f2 = 1E , f3 = 1 + 1E , with E = {w : w1 = · · · = wk = 0} and
η = 3−k, has error 3η2 and distance η; there u = v = w = η.) Near (B), and near (A) when
the free function takes both allowed values with probability at least τ (Case (α), for fixed τ), the
loss is linear. In (d) the constant 3 can be replaced by 2

1−6δ : for the g′ of (d), S =
∑

j δ
′
j ≤ 3δ,

and the first inequality of the last display of the proof, which holds for every triple of type (B)
in place of g′, gives δ ≥ S

2 − 2
∑

j<l δ
′
jδ

′
l ≥

S
2 − S2 ≥ (12 − 3δ)S (the whole display gives 2

1−3528δ ).
The constant 2 is optimal: changing one function of a triple g of type (B), say the first, on a
set E of measure η ≤ 1

3 gives error exactly η
2 (off E the sum is κ(xi + yi + zi) ̸= 0, and on E

a failure has conditional probability 1
2 , by the argument in the proof of (d) with E′

2 = E′
3 = ∅),

while
∑

j Pr[fj ̸= g′j ] ≥ η for every g′ of type (B): equality holds for g′ = g, and any other g′ has

some g′j ̸= gj , which differs from gj with probability at least 2
3 , so Pr[fj ̸= g′j ] ≥ 2

3 − η ≥ η. For

η ≤ 1.6 ·10−4 this triple satisfies the hypotheses of (d). (b) The proof uses the uniform distribution
through the pairwise independence of the columns and the diagonal form of Lemma 8.56(b). For
other distributions, functions of two different columns can be correlated even if no coordinate is
significant for both (two “majority-like” functions, say), so in Step 4 δ need not be close to δind.
Lemma 8.60 below extends Steps 1–3 and part (d) to every full-support distribution, with linear
loss, and Theorem 8.61 extends (b), with a worse exponent, to every full-support distribution with
two uniform marginals; there Steps 4–6 are replaced by Theorem 8.55 itself, applied to restrictions.
Theorem 8.66 then covers every full-support distribution. (c) Step 4 is the point where the lack of
flexibility is overcome. By Step 1 and Lemma 8.57, almost every restriction at a coordinate is a
generalized polymorphism of one variable. Without B-coordinates these are of type (A), so at most
one of the three functions is sensitive to that coordinate, and the three-wise Fourier terms are small:
|δ − δind| ≤ ρ in Step 4. The script neq3 check.py (directory numerics) checks Lemma 8.57 by
brute force, Lemma 8.56(b), and the inequalities of Steps 6 and (d) and the bound on X, by exact
enumeration on random perturbations of generalized polymorphisms with n ≤ 4. It also checks
Theorem 8.55(b) (largest observed ratio dist/

√
δ equal to 1), the example of Theorem 8.55(c) and

the triple in (a) of this remark.

Other distributions. Alekseev and Filmus ask about every full-support distribution. Let µ
be a distribution on P ̸ = with full support, α = minp∈P ̸= µ(p) (so α ≤ 1

18), and µ1, µ2, µ3 its
marginals. Now the rows of (x,y, z) are independent samples of µ, errµ(f) = Pr[f1(x) + f2(y) +
f3(z) = 0], distances to fj are measured under µ⊗nj (the law of the j-th column), and dist(f ,g) =
maxj Prµ⊗n

j
[fj ̸= gj ]. Since µ has full support, errµ(g) = 0 iff g is a generalized polymorphism,

so the exact solutions are those of Theorem 8.55(a). With hw
′
as in the proof of Theorem 8.55,
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let βj(k) = Pr[fw
′

j is a bijection] for w′ ∼ µ
⊗([n]\{k})
j . For a random variable d with finitely many

values let dc(d) = 1 −maxv Pr[d = v]. From here on α always denotes minµ (and is no longer a
Fourier index), and auxiliary symbols introduced inside a proof, such as σ, ρ, κ, γ, m and Dj , are
local to that proof.

Lemma 8.59 (A conditional copy). Let (u,v) be a pair of random variables with finitely many
values, let P be the law of u, and let K(a, a′) =

∑
v Pr[v = v | u = a] Pr[u = a′ | v = v] for

a, a′ in the range of u. Suppose that K(a, a′) ≥ θP (a′) for all a, a′, where θ ∈ (0, 1]. Let (ui,vi),
i ∈ [N ], be independent copies of (u,v), put U = (u1, . . . ,uN ) and V = (v1, . . . ,vN ), and let U′′

be conditionally independent of U given V, with the same conditional law. Then for every function
d on the range of U,

Pr[d(U) ̸= d(U′′)] ≥ θ dc(d(U)).

The hypothesis holds with θ = κ if Pr[u = a,v = b] ≥ κPr[u = a] Pr[v = b] for all a, b.

Proof. The pairs (ui,u
′′
i ) are independent, each with law P (a)K(a, a′). On L2(P ) the kernel K

is self-adjoint and positive semidefinite, since ⟨ϕ,Kψ⟩P = E
[
E[ϕ(u) | v]E[ψ(u) | v]

]
; its second

eigenvalue is the square of the maximal correlation of (u,v) [29]. Let Π(a, a′) = P (a′). If θ = 1, then
K = Π, as both are Markov kernels and K ≥ Π. If θ < 1, then K ′ = (K − θΠ)/(1− θ) is a Markov
kernel that is self-adjoint on L2(P ), hence a contraction, and ⟨ϕ,Kϕ⟩P = (1 − θ)⟨ϕ,K ′ϕ⟩P ≤
(1 − θ)∥ϕ∥2P whenever EPϕ = 0. In both cases the eigenvalues of K other than the eigenvalue
1 of the constants lie in [0, 1 − θ]. The operator of (U,U′′) is K⊗N , whose eigenvalues on the
tensor products of eigenfunctions are the products of eigenvalues of K; hence E[ϕ(U)ϕ(U′′)] ≤
(Eϕ)2 + (1 − θ)

(
Eϕ2 − (Eϕ)2

)
for every real ϕ. With ϕ = 1{d = v} and pv = Pr[d(U) = v],

summing over v gives Pr[d(U) = d(U′′)] ≤ 1− θ+ θ
∑

v p
2
v ≤ 1− θ+ θmaxv pv. For the last claim,

Pr[u = a′ | v = b] ≥ κP (a′) for every b, so K(a, a′) ≥ κP (a′).

Lemma 8.60 (Near the affine family, every full-support distribution). Let µ be a distribution on
P ̸ = with full support, α = minµ, and errµ(f) = δ ≤ α4/16.

(a) If βj(k) ≥ 1
2 for some j and k, then there is g of type (B) with coordinate k such that

Prµ⊗n
l

[fl ̸= gl] ≤ 3δ/α4 for l = 1, 2, 3.

(b) In particular, this holds if Prµ⊗n
j

[fj ̸= gj ] ≤ α for some j and some g of type (B) with

coordinate k.

Proof. Write w = (wk, w
′), let x′,y′, z′ be the columns without row k, denote by c′l the l-th of them,

and let Rk = (fx
′

1 , f
y′

2 , f
z′
3 ). The rows other than k are independent samples of µ, independent of

row k. We use three facts.
(i) If Rk is not a generalized polymorphism, then some p ∈ P ̸ =, as row k, gives a failure, and

µ(p) ≥ α; so Pr[Rk is not a generalized polymorphism] ≤ δ/α.
(ii) Let l ̸= l′. Every (a, b) ∈ Z2

3 has two completions in P̸ =, so the law µll′ of the l-th and
l′-th entries of a row satisfies µll′(a, b) ≥ 2α ≥ 2αµl(a)µl′(b), and Lemma 8.59 applies to these
two entries with θ = 2α. Consequently, if Pr[b(c′l) ̸= b′(c′l′)] ≤ ε for some functions b, b′, then
dc(b(c′l)) ≤ ε/α: if c′′l is conditionally independent of c′l given c′l′ , with the same conditional law,
then (c′′l , c

′
l′) has the law of (c′l, c

′
l′), so Pr[b(c′l) ̸= b(c′′l )] ≤ 2ε.

(iii) For the l-th entry u of a row and the pair v of the other two entries, K(a, a′) ≥ 3α2µl(a
′)

in Lemma 8.59: for all a, a′ there are at least three values v of v such that a and a′ both complete
v to an element of P ̸ = (if a ̸= a′, those whose two entries sum to −a′′, where {a, a′, a′′} = Z3), and
each contributes Pr[v = v | u = a] Pr[u = a′ | v = v] ≥ α · α.
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(a) Let Bijl = {w′ : fw
′

l is a bijection} and bl = 1Bijl . By Lemma 8.57, if Rk is a generalized
polymorphism, then b1(x

′) = b2(y
′) = b3(z

′). So by (i) and (ii), dc(bl(c
′
l)) = min(βl(k), 1−βl(k)) ≤

δ/α2 < 1
2 for every l. As βj(k) ≥ 1

2 , this gives 1−βj(k) ≤ δ/α2, and then βl(k) ≥ βj(k)−Pr[bj(c
′
j) ̸=

bl(c
′
l)] ≥ 1−δ/α2−δ/α > 1

2 , so 1−βl(k) ≤ δ/α2 for every l. Define κl and dl as in Step 3 of the proof
of Theorem 8.55, and let G be the event that x′ ∈ Bij1, y

′ ∈ Bij2, z
′ ∈ Bij3 and Rk is a generalized

polymorphism. Then ξ := Pr[Gc] ≤ 3δ/α2 + δ/α ≤ 4δ/α2 ≤ α2/4, and on G, Lemma 8.57 gives
κ1(x

′) = κ2(y
′) = κ3(z

′) and d1(x
′) + d2(y

′) + d3(z
′) = 0. By (ii), dc(κl(c

′
l)) ≤ ξ/α ≤ α

4 for each
l; the most likely values of the κl coincide, since otherwise Pr[κl(c

′
l) = κl′(c

′
l′)] ≤ 2ξ/α < 1− ξ for

some l ̸= l′. Call the common value κ. Next let x′′ be conditionally independent of x′ given (y′, z′),
with the same conditional law. Then (x′′,y′, z′) has the law of (x′,y′, z′), and on the intersection
of G with the corresponding event for (x′′,y′, z′) we have d1(x

′) = −d2(y′) − d3(z
′) = d1(x

′′). So
Pr[d1(x

′) ̸= d1(x
′′)] ≤ 2ξ, and by (iii) and Lemma 8.59, dc(d1(x

′)) ≤ 2ξ/(3α2) ≤ 1
6 ; similarly for d2

and d3. Let d
0
l be the most likely value of dl(c

′
l). As Pr[

∑
l dl(c

′
l) = 0, dl(c

′
l) = d0l ∀l] ≥ 1−ξ− 1

2 > 0,
d01 + d02 + d03 = 0. Therefore gl(w) = κwk + d0l defines a triple of type (B), and fl(w) = gl(w) unless
w′ /∈ Bijl, κl(w

′) ̸= κ or dl(w
′) ̸= d0l , so

Pr
µ⊗n
l

[fl ̸= gl] ≤
δ

α2
+

4δ

α3
+

8δ

3α4
≤ 3δ

α4
.

(b) Each a ∈ Z3 is the j-th entry of six elements of P ̸ =, so µj(a) ≥ 6α and Prw′ [fj(a,w
′) ̸=

gj(a,w
′)] ≤ Pr[fj ̸= gj ]/(6α) ≤ 1

6 . As g
w′
j is a bijection for every w′, fw

′
j is a bijection except with

probability at most 3
6 , so βj(k) ≥

1
2 .

So for every full-support µ the dependence is linear near the affine family, as in Theorem 8.55(d).
Away from it we can treat the distributions with uniform marginals, i.e. µ1 = µ2 = µ3 uniform on
Z3. These form the full-support part of an 11-dimensional affine subspace of the 17-dimensional
simplex of distributions on P ̸ =; it contains π and every full-support distribution invariant under
(a, b, c) 7→ (a+t, b+t, c+t). With a worse exponent it suffices that two of the marginals are uniform,
a 13-dimensional family; Theorem 8.66 below covers every full-support distribution, with a much
worse exponent. Distances are measured under µ⊗nj as above, i.e. under the uniform measure for
each uniform marginal.

Theorem 8.61 (Distributions with uniform marginals). Let µ be a distribution on P ̸ = with full
support, let α = minµ, and let r = r9α and r′ = r2α be as in Lemma 8.35, so r ≥ 8α and r′ ≥ 16

9 α.
Let f be a triple of functions on Zn3 with errµ(f) = δ.

(a) If µ1, µ2, µ3 are uniform, there is a generalized polymorphism g with

dist(f ,g) ≤ 3 · 107 α−3/2 δr/2 ≤ 3 · 107 α−3/2 δ4α.

(b) If two of the marginals, say µ1 and µ2, are uniform, there is a generalized polymorphism g
with

dist(f ,g) ≤ 3 · 107 α−3/2 δrr
′/4 ≤ 3 · 107 α−3/2 δ32α

2/9.

Proof. The second inequalities hold as r ≥ 8α, r′ ≥ 16
9 α and δ ≤ 1. In both cases µ1 and µ2 are

uniform, and δr/2 ≤ δrr
′/4. Note r < 9α ≤ 1

2 , so α
−2r ≤ α−1. If βj(k) ≥ 1

2 for some j and k, then

Lemma 8.60(a) gives g with dist(f ,g) ≤ 3δ/α4 = 3δr/2δ1−r/2α−4 ≤ 3α−2rδr/2 ≤ 3α−1δr/2 when
δ ≤ α4/16 (as then δ1−r/2 ≤ α4−2r), and when δ > α4/16 every generalized polymorphism is within
1 < (16δ/α4)r/2 = 4rα−2rδr/2 ≤ 2α−1δr/2. So we may assume that βj(k) <

1
2 for all j and k.
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The decomposition. Let σ = 9α ≤ 1
2 and ν = (µ − σπ)/(1 − σ). As π ≡ 1

18 on P̸ =, ν ≥
(α − α

2 )/(1 − σ) ≥ α
2 there; ν is a distribution whose j-th marginal νj is uniform whenever µj is,

since the marginals of π are uniform; and, as every pair has two completions, the law νjl of two
entries of a ν-row satisfies νjl(a, b) ≥ α, so νjl(a, b) ≥ 9ανj(a)νl(b) when νj and νl are uniform.
Choose a random set L ⊆ [n] containing each i independently with probability σ, and then let
the rows in L be independent samples of π and the rows outside L independent samples of ν. As
µ = σπ+(1− σ)ν, the rows are independent samples of µ. For a fixed L, let ρ = (ρ1, ρ2, ρ3) be the
columns of the rows outside L, so ρj ∈ ZLc

3 , and let fL,ρ = (f1(·, ρ1), f2(·, ρ2), f3(·, ρ3)), a triple of
functions on ZL3 . Given L and ρ, the rows in L are independent samples of π, so fL,ρ is an instance
of Theorem 8.55 with |L| coordinates (for L = ∅ its functions are constants). Let δ(L, ρ) be its
error and δL = Eρ δ(L, ρ); then ELδL = δ. If µj is uniform, then ρj is uniform on ZLc

3 ; below, dc of
a function on ZL3 refers to the uniform measure.

Step 1: restricted dictators are rare. For fixed L and j let Pj(ρj) = i if fj(·, ρj) is 1
10 -close to a

function κwi + d with i ∈ L, κ ∈ {1, 2}, d ∈ Z3, and Pj(ρj) = ⊥ if there is no such i; i is unique,
because two distinct functions of this form differ with probability at least 2

3 . If P1(ρ1), P2(ρ2), P3(ρ3)
are not all equal, then fL,ρ is not 1

10 -close to a generalized polymorphism: one of type (B) with
coordinate i would give Pj(ρj) = i for all j, and in one of type (A) two functions are constants
and the third takes at most two values, while κwi + d differs from every constant with probability
2
3 and from every function with at most two values with probability at least 1

3 , which would give

Pj(ρj) = ⊥ for all j. By Theorem 8.55(b), then δ(L, ρ) > 10−15 (as 3
√
10−15 < 1

10). By Markov’s
inequality, Prρ[P1(ρ1) ̸= P2(ρ2)] ≤ 1015δL, and by Lemma 8.59 for the first two entries of a ν-row,
with θ = 9α, and the argument of fact (ii) in the proof of Lemma 8.60,

dc(P1(ρ1)) ≤ ηL :=
2 · 1015 δL

9α
.

Suppose ηL ≤ 1
7 and the most likely value of P1(ρ1) is some i ∈ L. Whenever P1(ρ1) = i, the

function f1(·, ρ1) agrees with some κwi + d outside a set of measure at most 1
10 , so for w′′ uniform

on ZL\{i}3 the map a 7→ f1(a,w
′′, ρ1) is a bijection except with probability at most 3

10 . Since

(w′′, ρ1) is uniform on Z[n]\{i}
3 , this gives β1(i) ≥ 7

10(1 − ηL) ≥ 3
5 , contrary to our assumption.

Hence Prρ[P1(ρ1) ̸= ⊥] ≤ ηL if ηL ≤ 1
7 , and trivially Prρ[P1(ρ1) ̸= ⊥] ≤ 7ηL in all cases.

Step 2: products of distances to constants. If P1(ρ1) = ⊥ and δ(L, ρ) ≤ 10−15, then Theo-
rem 8.55(b) gives a generalized polymorphism g′ within ε0 := 3

√
δ(L, ρ) < 1

10 of fL,ρ. It is not of
type (B), as its coordinate would be P1(ρ1); so it is of type (A): for some labelling {j1, j2, j3} = [3],
g′j1 ≡ u, g′j2 ≡ v and g′j3 never takes the value −u − v (for L = ∅ all three functions of fL,ρ are
constants). Write ht = ft(·, ρt), p1 = Pr[hj1 ̸= u] ≤ ε0 and p2 = Pr[hj2 ̸= v] ≤ ε0; as dc(hj1) ≤ p1
and dc(hj2) ≤ p2, we have dc(hj1) dc(hj2) ≤ ε20 = 9 δ(L, ρ). For the pairs containing j3 we use that,
given L and ρ, the rows in L are independent samples of π, so that any two of the columns restricted
to L are independent and uniform (Lemma 8.56(a)). For a ̸= u let qa = Pr[hj3 = −a − v]. The
events that hj1 , hj2 , hj3 take the values a, v,−a − v on the respective columns, a ̸= u, are disjoint
failures, and the probability of each is at least Pr[hj1 = a, hj3 = −a− v]− Pr[hj1 = a, hj2 ̸= v] =
Pr[hj1 = a] (qa − p2). Summing over a, δ(L, ρ) ≥ p1 (mina̸=u qa − p2). When a runs over Z3 \ {u},
−a− v runs over the two values other than −u− v, and Pr[hj3 = −u− v] ≤ Pr[hj3 ̸= g′j3 ] ≤ ε0; so
dc(hj3) ≤ 1−maxa̸=u qa = Pr[hj3 = −u− v] + mina̸=u qa ≤ ε0 +mina̸=u qa. Hence

dc(hj1) dc(hj3) ≤ p1
(
min
a̸=u

qa + ε0
)
≤ δ(L, ρ) + p1(p2 + ε0) ≤ δ(L, ρ) + 2ε20 = 19 δ(L, ρ),

and in the same way (exchanging the roles of j1, u and j2, v) dc(hj2) dc(hj3) ≤ 19 δ(L, ρ). So
mjl(L, ρ) := dc(fj(·, ρj)) dc(fl(·, ρl)) ≤ 19 δ(L, ρ) for every pair j ̸= l in this case, and mjl ≤ 1
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always. By Step 1 and Markov’s inequality,

Eρmjl(L, ρ) ≤ 19 δL + 7ηL + 1015δL ≤ K1δL, K1 :=
2 · 1015

α
.

Step 3: reverse hypercontractivity and Harris’s inequality. Let Dj(L) = Eρjdc(fj(·, ρj)). Let
j ̸= l be such that µj and µl are uniform (any pair in (a), the pair {1, 2} in (b)). Apply Lemma 8.35
to the independent pairs (ρj,i, ρl,i), i /∈ L, whose law νjl satisfies the hypothesis with κ = 9α, and to
Φ(ρj) = dc(fj(·, ρj)) and Ψ(ρl) = dc(fl(·, ρl)). These take values in [0, 1], ΦΨ = mjl, and ∥Φ∥r ≥
(EΦ)1/r (as Φr ≥ Φ); hence (Dj(L)Dl(L))

1/r ≤ E[ΦΨ] ≤ K1δL, i.e. Dj(L)Dl(L) ≤ Kr
1δ
r
L. Moreover

Dj is nondecreasing in L: if L ⊆ L′, s is uniform on ZL
′\L

3 and ρ′ ∈ ZL′c
3 , then maxv Pr[fj(·, ρ′) =

v] = maxv Es Pr[fj(·, s, ρ′) = v] ≤ Esmaxv Pr[fj(·, s, ρ′) = v], so dc(fj(·, ρ′)) ≥ Esdc(fj(·, s, ρ′)),
and (s, ρ′) is uniform on ZLc

3 when ρ′ is uniform (here we use that µj is uniform); the same holds
for Dl. By Harris’s inequality [15] for the product measure of L and by Jensen’s inequality,

ELDj(L) · ELDl(L) ≤ EL

[
Dj(L)Dl(L)

]
≤ Kr

1 ELδ
r
L ≤ Kr

1δ
r.

Step 4: noise. Let µj be uniform. If p0 ≥ p1, p2 are the probabilities of the values of h, then
1−|Eωh|2 = 3(p0p1+p0p2+p1p2) ≤ 3(p0+p2)(p1+p2) ≤ 3 dc(h). Let F = ωfj . With the notation
of Lemma 8.56, Eρj

[
1− |EwF (w, ρj)|2

]
=

∑
γ: γi ̸=0 for some i∈L |F̂ (γ)|2 (the inner expectation over w

uniform on ZL3 ), so

ELDj(L) ≥
1

3

∑
γ ̸=0

(
1− (1− σ)|γ|

)
|F̂ (γ)|2 ≥ σ

3

(
1− |Eωfj |2

)
≥ σ

3
dc(fj) = 3α dc(fj).

Step 5: one nearly constant function gives a second (any full-support µ). Suppose dc(fj) ≤ ε′

for some j, let u be the most likely value of fj and {l,m} = [3] \ {j}, and let c1 = x, c2 = y,
c3 = z. For s ∈ Z3 the events {fj(cj) = u, fl(cl) = s, fm(cm) = −u − s} are disjoint failures,
so

∑
s Pr[fl(cl) = s, fm(cm) = −u − s] ≤ δ + ε′. The pairs (cl,i, cm,i) are independent with law

µlm ≥ 2α ≥ 2αµlµm, so Lemma 8.35 with κ = 2α gives psqs ≤ γ := (δ + ε′)r
′
for every s, where

ps = Pr[fl(cl) = s] and qs = Pr[fm(cm) = −u − s]. We claim min(dc(fl), dc(fm)) ≤ 2
√
γ. This is

trivial if
√
γ > 1

3 , as dc ≤
2
3 . Otherwise choose s∗ with qs∗ ≥ 1

3 , so ps∗ ≤ 3γ, and suppose dc(fl) >
2
√
γ, i.e. ps < 1− 2

√
γ for all s. Then each s ̸= s∗ has ps > 1− ps∗ − (1− 2

√
γ) ≥ 2

√
γ− 3γ ≥ √

γ,
hence qs ≤ γ/ps ≤

√
γ, and dc(fm) ≤ 1− qs∗ ≤ 2

√
γ.

Conclusion. In case (a), Steps 3 and 4 give dc(fj) dc(fl) ≤ Kr
1δ
r/(9α2) for all j ̸= l, so two

indices j ̸= l have dc(fj),dc(fl) ≤ ε := K
r/2
1 δr/2/(3α); put ε′′ = ε. In case (b), Steps 3 and 4

give this for {j, l} = {1, 2}, so one j ∈ {1, 2} has dc(fj) ≤ ε, and Step 5 with ε′ = ε gives a
second index; so two indices have dc ≤ ε′′ := max

(
ε, 2(δ + ε)r

′/2
)
. Let j ̸= l be these indices,

u, v the most likely values of fj , fl, and m the third index. The event that fj , fl, fm take the
values u, v, −u − v on the respective columns is a failure, so Pr[fm = −u − v] ≤ δ + 2ε′′. Let
gj ≡ u, gl ≡ v, and gm = fm except that gm = 1 − u − v where fm = −u − v. Then g is of type

(A) and dist(f ,g) ≤ δ + 2ε′′. Finally ε ≤ 1
3αK

1/2
1 δr/2 =

√
2
3 107.5α−3/2δr/2 < 1.491 · 107α−3/2δr/2,

and δ ≤ δr/2 ≤ 18−3/2α−3/2δr/2 < 0.014α−3/2δr/2, as α ≤ 1
18 . This proves (a). In case (b),

δ+ε ≤ 1.6 ·107α−3/2δr/2, so, as r′ ≤ 1 and α−3/4 ≤ 18−3/4α−3/2, 2(δ+ε)r
′/2 ≤ 2 ·4000α−3/4δrr

′/4 <
103α−3/2δrr

′/4; hence ε′′ < 1.491 · 107α−3/2δrr
′/4 and δ + 2ε′′ < 3 · 107α−3/2δrr

′/4.

Proposition 8.62 (The exponent must depend on µ). (a) For 0 < α ≤ 1
18 let µ(α) give mass α

to each of the six elements (a, b, b) of P ̸ = and mass 1−6α
12 to each of the other twelve. Then

µ(α) has full support, minµ(α) = α and uniform marginals, and µ(1/18) = π. For every k ≥ 1
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there is a triple f of functions on Zk3 with errµ(α)(f) = (2α)k and dist(f ,g) ≥ 3−k for every
generalized polymorphism g. Hence if constants C, c > 0 are such that every f (for every n)
is within C errµ(α)(f)c of a generalized polymorphism, then c ≤ log 3/ log 1

2α .

(b) For 0 < α ≤ 1
45 let µshα give mass 1−12α

6 to each of the six elements (a, b, b + 1) of P ̸ = and
mass α to each of the other twelve. Then µshα has full support, minµshα = α and uniform
marginals. If constants C, c > 0 are such that every f (for every n) is within C errµshα (f)c of

a generalized polymorphism, then c ≤ 9
2e

2α < 34α.

Proof. (a) As α ≤ 1
18 ,

1−6α
12 ≥ 1

18 ≥ α. Each v ∈ Z3 is the first entry of two elements (v, b, b) and
of four elements with distinct last two entries, and it is the second (or third) entry of two elements
(a, v, v) and of four elements with distinct last two entries; so every marginal gives v probability
2α+ 4 · 1−6α

12 = 1
3 . Let E = {0} ⊆ Zk3, f1 ≡ 0, f2 = 1E and f3 = 1 + 1E . As in Theorem 8.55(c), a

failure means y ∈ E and z ∈ E, so errµ(α)(f) =
(
µ(α)(1, 0, 0) + µ(α)(2, 0, 0)

)k
= (2α)k. The proof of

Theorem 8.55(c) uses only that the second and third columns are uniform, so dist(f ,g) ≥ Pr[E] =
3−k for every generalized polymorphism g. If 3−k ≤ C(2α)ck for all k, then 3−1 ≤ (2α)c.

(b) The six elements of P ̸ = whose third entry is the second plus 1 are the (a, b, b + 1) with
a ∈ {b, b + 1}, and 1−12α

6 ≥ α as α ≤ 1
18 . Adding t to all three entries maps P ̸ = onto itself and

preserves this condition, so it preserves µshα ; hence every marginal is invariant under translations,
i.e. uniform. Under µshα the third entry of a row is the second plus 1 except with probability 12α,
and the triple below exploits this. Let n = 3s, τ = 2e2α (so τ < 1

3) and ℓ = ⌈τn⌉; for w ∈ Zn3 let
Nv(w) be the number of i with wi = v. Let Y = {w : N0(w) ≥ s + ℓ}, Z = {w : N1(w) ≤ s − ℓ},
f1 ≡ 0, f2 = 1Y and f3 = 1 + 1Z . As in Theorem 8.55(c), a failure means y ∈ Y and z ∈ Z. Let
D be the number of rows with yi = 0 and zi ̸= 1. Every other row with yi = 0 has zi = 1, so
N1(z) ≥ N0(y) − D, and a failure forces D ≥ 2ℓ. A row has yi = 0 and zi ̸= 1 with probability
4α (it is (1, 0, 0), (2, 0, 0), (0, 0, 2) or (2, 0, 2)), so, by the union bound over sets of 2ℓ rows and as
2ℓ ≥ 2τn,

errµshα (f) ≤ Pr[D ≥ 2ℓ] ≤
(
n

2ℓ

)
(4α)2ℓ ≤

(4eαn
2ℓ

)2ℓ
≤

(2eα
τ

)2ℓ
= e−2ℓ ≤ e−2τn.

Under the uniform measure, N0 and N1 have the binomial distribution Bin(n, 13), with mean s and
variance 2n

9 , so by Chebyshev’s inequality Pr[Y ],Pr[Z] ≤ 2n
9ℓ2

≤ 2
9 once n ≥ τ−2. Then dist(f ,g) ≥

min(Pr[Y ],Pr[Z]) for every generalized polymorphism g, by the argument of Theorem 8.55(c): g
is of type (A) or (B) by Theorem 8.55(a); if it is of type (B), then Pr[f1 ̸= g1] = 2

3 > 2
9 ≥

min(Pr[Y ],Pr[Z]); if it is of type (A), then g2 or g3 is a constant, and f2 and f3 differ from
every constant with probability at least min(Pr[Y ], 1−Pr[Y ]) = Pr[Y ] and Pr[Z], respectively. Let
H(q) = −q ln q−(1−q) ln(1−q), with 0 ln 0 = 0, and let d(q∥p) = q ln q

p+(1−q) ln 1−q
1−p be the relative

entropy between Bernoulli distributions. For 0 ≤ j ≤ n, j is a most likely value of Bin(n, jn), which

takes n+1 values, so
(
n
j

)
≥ 1

n+1e
nH(j/n), and hence Pr[Bin(n, p) = j] ≥ 1

n+1e
−nd(j/n∥p). By Jensen’s

inequality d(q∥p) ≤ ln
(
1 + (q−p)2

p(1−p)
)
≤ (q−p)2

p(1−p) , which is 9
2(q −

1
3)

2 for p = 1
3 . If also n ≥ (13 − τ)−1,

then 0 ≤ s− ℓ and s+ ℓ ≤ n, and j = s± ℓ has | jn − 1
3 | =

ℓ
n ≤ τ + 1

n ; so

Pr[Y ] ≥ Pr[N0 = s+ ℓ] ≥ e−
9
2
n(τ+1/n)2

n+ 1
, Pr[Z] ≥ Pr[N1 = s− ℓ] ≥ e−

9
2
n(τ+1/n)2

n+ 1
.

Hence e−
9
2
n(τ+1/n)2/(n + 1) ≤ Ce−2cτn for all large n divisible by 3. Taking logarithms, dividing

by n and letting n→ ∞ gives 2cτ ≤ 9
2τ

2, i.e. c ≤ 9
4τ = 9

2e
2α, and 9

2e
2 < 33.26.
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Remark 8.63. (a) So the question of [2] has a positive answer for P ̸ =, with polynomial depen-
dence, under every full-support distribution with two uniform marginals (and, by Theorem 8.66
below, under every full-support distribution). The exponent cannot be independent of µ: by
Proposition 8.62(a), for µ(α) with α < 1

18 the best exponent lies between r18α/2 ≥ 8α (Propo-
sition 8.81) and log 3/ log 1

2α ; both bounds tend to 0 as α → 0 and to 1
2 as α → 1

18 , and for π
it is 1

2 (Theorem 8.55). By Proposition 8.62(b), the exponent of Theorem 8.61(a) has the right
order of magnitude, and by Propositions 8.81 and 8.82 below, the supremum of the exponents
c such that every full-support µ with uniform marginals and minµ = α < 1

18 admits a bound
dist ≤ Cµ err

c
µ lies in [r18α/2, 9α], an interval whose ends are within a factor 9

8 (Theorem 8.61(a)

gives the exponent r9α/2 ≥ 4α with the constant 3 · 107α−3/2); as 9α ≤ log 3/ log 1
2α for α ≤ 1

18 ,

the family µ(α) does not lower the upper end. The witness for µshα is the standard sharpness ex-
ample for reverse hypercontractivity (compare [21, §3.4]): the third entry of a row is nearly a
function of the second (zi = yi + 1 except with probability 12α), and the tail sets Y and Z give
Pr[y ∈ Y, z ∈ Z] ≤ e−2τn ≤ (Pr[Y ] Pr[Z])(1−o(1))/(9e

2α) as n → ∞, by the displays in the proof. So
the order-α loss in the exponent of Theorem 8.61(a), which comes from reverse hypercontractivity
(Step 3), cannot be avoided. As µshα has uniform marginals, the exponents of Theorem 8.61(b) and
of Theorem 8.66 below can be improved at most to 9α (Proposition 8.82). (b) The decomposition
supplies, inside µ, independent rows of π, on which the pairwise independence of Lemma 8.56(a) is
available; Theorem 8.55 handles the restrictions, the pairwise independence turns its square-root
bound into the linear bound on products of Step 2, and reverse hypercontractivity (Step 3) transfers
the conclusion across the correlated ν-rows at a polynomial cost. Uniform marginals are used where
the free and the fixed entries of a column must have the same law: in Step 1, so that a restriction
can look like a dictator only at a coordinate i with β1(i) ≥ 1

2 , and in Step 3, for the monotonicity of
Dj and Dl. They are also used, but only for the constants, in the bound νjl ≥ 9ανjνl, which gives
θ = 9α in Step 1 and κ = 9α in Step 3; for general marginals one only has νjl ≥ α ≥ ανjνl. Step
4 holds for every marginal µj , with

σ
3 replaced by 2σ

9 : if the entries of the j-th column in the rows
of L are replaced by fresh uniform values, then each entry and its replacement have the joint law
σ u⊗u+(1−σ) diag(νj) (u uniform), a symmetric coupling of µj with itself whose Markov operator
T satisfies ⟨ϕ, Tϕ⟩µj = σ(Euϕ)2 + (1 − σ)Eνjϕ2 ≥ 0 and ⟨ϕ, (I − T )ϕ⟩µj = σVaruϕ ≥ 4σ

9 Varµjϕ
(as Varuϕ ≥ 1

9(maxϕ − minϕ)2 and Varµjϕ ≤ 1
4(maxϕ − minϕ)2); applying the resulting spec-

tral gap of T⊗n to the indicators of the values of fj and using dc ≤ 1 −
∑

v p
2
v ≤ 2 dc gives

ELDj(L) ≥ 2σ
9 dc(fj). Step 5 holds for every full-support µ. So for a general full-support µ it would

suffice to show that, when βj(k) <
1
2 for all j and k, some fj is within poly(δ) of a constant; Steps

1–4 give this when two marginals are uniform. With fewer uniform marginals, the pointer argument
of Step 1 and the monotonicity in Step 3 both fail for the decomposition with π; indeed Dj need
not be monotone when µj is not uniform. The remedy is to decompose µ with a distribution π′ that
shares two marginals with µ and is already known to be stable (Lemma 8.64 below). (c) The script
neq3 general mu check.py (directory numerics) checks, for random µ (general and with uniform
marginals), the decomposition, the bounds K(a, a′) ≥ θP (a′) used with Lemma 8.59 (θ = 2α, 3α2

and 9α), the inequality of Lemma 8.59 by exact enumeration, the monotonicity of Dj and the bound
of Step 4, and Lemma 8.35 with κ = 9α and κ = 2α; it checks both parts of Theorem 8.61 for n = 2
against all 13824 generalized polymorphisms (a weak test: there the bounds exceed the distances by
many orders of magnitude), the inequalities of Step 5 exactly for n ≤ 2, the coupling operator T and
the bound ELDj(L) ≥ 2σ

9 dc(fj) of (b) for non-uniform µj (exactly for n ≤ 3), an instance where Dj

is not monotone, and Proposition 8.62(a) for k ≤ 3 (the error) and k ≤ 2 (the distance, against all
generalized polymorphisms). The script neq product check.py checks the inequality behind Step
2, in the form Pr[fj ̸= uj ] dc(fs) ≤ err(f) + Pr[fj ̸= uj ]

(∑
l ̸=j,s Pr[fl ̸= ul] + Pr[fs = −

∑
l ̸=s ul]

)
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for all constants ul (l ̸= s) and all j ̸= s, exactly: under π for all triples with n = 1 (where it
is attained with equality) and for random triples with n = 2, and under π4 (the form used in
the proof of Theorem 8.80) for random tuples with n = 1, 2. The script neq3 shift check.py

checks Proposition 8.62(b): the properties of µshα (exactly); N0(y) −N1(z) ≤ D for all row tuples
with n ≤ 4; the bounds on the error, exactly, for n ≤ 36, three values of α and every ℓ ≤ s; the
distance bound for n = 3, 6, 9 and every ℓ ≤ s against all generalized polymorphisms, i.e. against
the closed-form families (A) and (B), which are complete by Theorem 8.55(a) (with equality in all
six cases); the binomial bounds for three values of α and five values of n for each, up to 18324; and
the constants.

Every full-support distribution. The decomposition in the proof of Theorem 8.61 can be made
with any distribution π′ in place of π, provided that π′ is already known to be stable and shares two
marginals with µ: then the free and the fixed entries of those two columns have the same law, which
is what Steps 1 and 3 use. For a distribution ψ on P ̸ = with full support write errψ for the error
when the rows are independent samples of ψ, and call ψ (C, c)-stable if for every n and every triple
f of functions on Zn3 there is a generalized polymorphism g with maxt Prψ⊗n

t
[ft ̸= gt] ≤ C errψ(f)

c,

where ψt is the t-th marginal of ψ (for n = 0 the functions are constants, and the condition holds
whenever C ≥ 1). Thus Theorem 8.55(b) says that π is (4 ·107, 12)-stable, and Theorem 8.61(b) says

that ψ is (3 · 107α−3/2, rr
′

4 )-stable if two of its marginals are uniform. As errψ ≤ 1, a (C, c)-stable
distribution is (C1, c1)-stable whenever C1 ≥ C and c1 ≤ c.

Lemma 8.64 (Transfer). Let µ and π′ be distributions on P̸ = with full support such that, for some
j ̸= l, the j-th marginals of µ and π′ coincide and so do their l-th marginals. Let 0 < a ≤ minµ
and 0 < a′ ≤ minπ′, and suppose that π′ is (C ′, c′)-stable, where C ′ ≥ 1 and 0 < c′ ≤ 1. Let r = ra
and r′ = r2a (Lemma 8.35; note 2a ≤ 1

9), θ = min(2a′, a2 ), δ1 = (θ/C ′)1/c
′
and K = C ′+ 15

aδ1
. Then

µ is (C, c)-stable with

c =
c′rr′

4
, C = max

(
5 +

16

a
Kr/2,

16

a4

)
.

Proof. Permuting the coordinates preserves P ̸ =, so we may assume {j, l} = {1, 2}. Let α =
minµ ≥ a, and let f be a triple with errµ(f) = δ; note c ≤ 1. If δ > a4/16, every generalized
polymorphism is within 1 < 16δ/a4 ≤ 16a−4δc. If δ ≤ a4/16 and βt(k) ≥ 1

2 for some t and k,
Lemma 8.60(a) gives g with dist(f ,g) ≤ 3δ/α4 ≤ 16a−4δc. So we may assume that βt(k) <

1
2 for

all t and k.
The decomposition. Let σ = a

2 and ν = (µ− σπ′)/(1− σ). As σπ′ ≤ a
2 ≤ µ

2 , ν is a distribution
on P̸ = with ν ≥ µ

2 ≥ a
2 . For t ∈ {1, 2} its t-th marginal is νt = (µt − σπ′t)/(1 − σ) = µt. As

every pair has two completions, the law ν12 of the first two entries of a ν-row satisfies ν12(u, v) ≥
a ≥ a ν1(u)ν2(v). Choose L, ρ and fL,ρ as in the proof of Theorem 8.61, with π′ in place of π:
each i is in L independently with probability σ, the rows in L are independent samples of π′ and
those outside are independent samples of ν, so that the rows are independent samples of µ. Given
L and ρ, fL,ρ is a triple of functions on ZL3 with error δ(L, ρ) := errπ′(fL,ρ); let δL = Eρδ(L, ρ), so
ELδL = δ. For t ∈ {1, 2} the entries of the t-th column have law µt both inside and outside L (as
π′t = νt = µt), so ρt ∼ µ⊗L

c

t ; below, dc of a function on ZL3 obtained from ft refers to µ
⊗L
t = π′⊗Lt .

Step 1: restricted dictators are rare. For t ∈ {1, 2} let Pt(ρt) = i if ft(·, ρt) is θ-close to a
function κwi + d with i ∈ L, κ ∈ {1, 2} and d ∈ Z3, and Pt(ρt) = ⊥ otherwise. Each value has
probability at least 6a′ under π′t, as it is the t-th entry of six elements of P ̸ =. Hence two distinct
functions of this form differ with probability at least 12a′ > 2θ (for the same i they differ at at
least two values of wi; for i ̸= i′ each value of wi agrees with at most one value of wi′ , so they
agree with probability at most maxv π

′
t(v) ≤ 1 − 12a′), so i is unique; and κwi + d differs with
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probability at least 6a′ > 2θ from every function with at most two values. If P1(ρ1) ̸= P2(ρ2),
then no generalized polymorphism is θ-close to fL,ρ under the marginals of π′: one of type (B)
with coordinate i would give P1(ρ1) = P2(ρ2) = i, and in one of type (A) the first two functions
take at most two values each, which would give P1(ρ1) = P2(ρ2) = ⊥. As π′ is (C ′, c′)-stable,
C ′δ(L, ρ)c

′
> θ, i.e. δ(L, ρ) > δ1. By Markov’s inequality, Prρ[P1(ρ1) ̸= P2(ρ2)] ≤ δL/δ1, and by

Lemma 8.59 for the first two entries of a ν-row, with a in place of the parameter θ of that lemma
(as ν12 ≥ a ν1ν2), and the argument of fact (ii) in the proof of Lemma 8.60,

dc(P1(ρ1)) ≤ ηL :=
2δL
aδ1

.

Suppose ηL ≤ 1
7 and the most likely value of P1(ρ1) is some i ∈ L. Whenever P1(ρ1) = i, the

function f1(·, ρ1) differs from some κwi + d only on a set S with µ⊗L1 (S) ≤ θ. For w′′ ∈ ZL\{i}3 ,
if u 7→ f1(u,w

′′, ρ1) is not a bijection, then the line {(u,w′′) : u ∈ Z3} meets S, at a point whose

conditional probability given the line is at least minµ1 ≥ 6a; so for w′′ ∼ µ
⊗(L\{i})
1 this map is

a bijection except with probability at most θ/(6a) ≤ 1
12 . Since (w′′, ρ1) ∼ µ

⊗([n]\{i})
1 , this gives

β1(i) ≥ 11
12(1 − ηL) >

1
2 , contrary to our assumption. Hence Prρ[P1(ρ1) ̸= ⊥] ≤ ηL if ηL ≤ 1

7 , and
Prρ[P1(ρ1) ̸= ⊥] ≤ 7ηL in all cases.

Step 2: two nearly constant restricted functions. If P1(ρ1) = ⊥ and δ(L, ρ) ≤ δ1, the stability of
π′ gives a generalized polymorphism within C ′δ(L, ρ)c

′ ≤ θ of fL,ρ. It is not of type (B), as its coordi-
nate would be P1(ρ1); so it is of type (A), and two of the three functions of fL,ρ, one of them f1(·, ρ1)
or f2(·, ρ2), are C ′δ(L, ρ)c

′
-close to constants. Hence m(L, ρ) := min

(
dc(f1(·, ρ1)), dc(f2(·, ρ2))

)
≤

C ′δ(L, ρ)c
′
in this case, and m ≤ 1 always. By Step 1, Markov’s inequality, Jensen’s inequality and

δL ≤ δc
′
L ,

Eρm(L, ρ) ≤ C ′δc
′
L + 7ηL +

δL
δ1

≤ Kδc
′
L .

Step 3: reverse hypercontractivity and Harris’s inequality. Let Dt(L) = Eρtdc(ft(·, ρt)) for
t ∈ {1, 2}. Lemma 8.35 for the independent pairs (ρ1,i, ρ2,i), i /∈ L, with law ν12 and κ = a, gives
D1(L)D2(L) ≤ Krδc

′r
L , exactly as in Step 3 of the proof of Theorem 8.61, now with Φ = dc(f1(·, ρ1))

and Ψ = dc(f2(·, ρ2)), which take values in [0, 1], so that ΦΨ ≤ min(Φ,Ψ) = m(L, ρ). There the
monotonicity of Dj in L used only that the free and the fixed entries of the j-th column have the
same law; here both have law µt, so D1 and D2 are nondecreasing in L. By Harris’s inequality and
Jensen’s inequality, ELD1(L) · ELD2(L) ≤ Krδc

′r.
Step 4: noise. Let t ∈ {1, 2}, let U be the t-th column, and let U′′ be obtained from U

by replacing its entries in the rows of L by fresh independent samples of µt. The pairs (Ui,U
′′
i )

are independent with law σ µt ⊗ µt + (1 − σ) diag(µt), whose Markov operator (1 − σ)I + σEµt
has the eigenvalue 1 on constants and 1 − σ on their orthogonal complement. As in the proof of
Lemma 8.59, Pr[ft(U) = ft(U

′′)] ≤ 1 − σ + σmaxv Pr[ft = v] = 1 − σ dc(ft). Given L = L and
ρt, the probability that ft(U) ̸= ft(U

′′) is 1−
∑

v p
2
v ≤ 2 dc(ft(·, ρt)), where pv = Pr[ft(·, ρt) = v].

Hence ELDt(L) ≥ σ
2dc(ft) =

a
4dc(ft).

Conclusion. By Steps 3 and 4, some t ∈ {1, 2} has dc(ft) ≤ ε := E0δ
c′r/2, where E0 = 4

aK
r/2.

Step 5 of the proof of Theorem 8.61 holds with α replaced by a (Lemma 8.35 applies with κ = 2a,
as µlm ≥ 2α ≥ 2aµlµm), so a second index has dc ≤ 2(δ + ε)r

′/2, and, as in the conclusion of
that proof, some g of type (A) has dist(f ,g) ≤ δ + 2ε′′, where ε′′ = max

(
ε, 2(δ + ε)r

′/2
)
. Since

c ≤ c′r
2 ≤ 1, we have δ ≤ δc, ε ≤ E0δ

c and 2(δ + ε)r
′/2 ≤ 2(1 + E0)

r′/2δc
′rr′/4 ≤ 2(1 + E0)δ

c. So
dist(f ,g) ≤ (5 + 4E0)δ

c ≤ Cδc.

To apply Lemma 8.64 we connect µ to a distribution with two uniform marginals by distributions
that share two marginals at each step.
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Lemma 8.65 (A chain of marginals). Let µ be a distribution on P ̸ = with full support and α =
minµ. There are distributions π1, π2, π3 on P ̸ = with minπ1 ≥ α

2 , minπ2 ≥ α
30 and minπ3 ≥ α

2
such that π1 has the second and third marginals of µ, π2 has the first and third marginals of π1, π3
has the second and third marginals of π2, and the first two marginals of π3 are uniform.

Proof. The completions of a pair (u, v) of entries in two columns to an element of P ̸ = are the two
values different from −u − v. Let ψ be a distribution on Z2

3, regarded as the law of the entries in
two columns l,m, and let j be the third column. For e ∈ Z3 let Te = ψ({(u, v) : u+ v = −e}) and
se = 1− Te, the mass of the pairs that e completes; so

∑
e Te = 1 and

∑
e se = 2.

Claim. If d is a distribution on Z3, 0 < ε < 1 and ε
2se ≤ d(e) ≤ (1 − ε

2)se for all e, then there
is a distribution ψ′ on P ̸ = whose law in the columns l,m is ψ, whose j-th marginal is d, and such
that ψ′(p) ≥ ε

2ψ(pl, pm) for all p ∈ P ̸ =.

Indeed, let d̃ = (d − ε
2s)/(1 − ε); then

∑
e d̃(e) = 1 and 0 ≤ d̃(e) ≤ se = 1 − Te. Put

τ = max
(
0, d̃(1)− T2, T0 − d̃(2)

)
and

x01 = τ, x02 = T0−τ, x21 = d̃(1)−τ, x20 = T2−d̃(1)+τ, x10 = 1−d̃(2)−T2−τ, x12 = d̃(2)−T0+τ.

Then
∑

a̸=e xea = Te for every e and
∑

e̸=a xea = d̃(a) for every a, and all xea are nonnegative: each
of the nine inequalities between one of the three lower bounds and one of the three upper bounds for
τ implicit here reduces to d̃ ≥ 0, T ≥ 0,

∑
a d̃(a) =

∑
e Te = 1 or d̃(a) ≤ 1−Ta. (This is the supply–

demand theorem for three suppliers, supplier e being excluded from consumer e.) For p ∈ P ̸ = with
pj = a and (pl, pm) = (u, v), so that e := −u− v ̸= a, let ψ′(p) = ψ(u, v)

(
ε
2 + (1 − ε)xea/Te

)
, and

ψ′(p) = 0 if ψ(u, v) = 0. The two completions of (u, v) get total weight ψ(u, v)
(
ε+(1− ε)Te/Te

)
=

ψ(u, v), and the j-th marginal of ψ′ is ε
2sa + (1− ε)

∑
e̸=a xea = d(a). This proves the claim.

Each value has probability at least 6α in each marginal of µ, and every pair law of µ is at least
2α. Let m3 be the third marginal of µ.

π1. Apply the claim to ψ = µ23 (columns 2, 3, and j = 1), with ε = 1
2 and d = m′

1, where
m′

1(a) = min(23 , sa)/Z and Z =
∑

bmin(23 , sb). As Z is a concave function of (s0, s1, s2) on the
polytope {

∑
e se = 2, 0 ≤ se ≤ 1}, whose vertices are the permutations of (1, 1, 0), we have

Z ≥ 4
3 ; also Z ≤ 2. Hence sa

4 ≤ sa
3 ≤ 1

2 min(23 , sa) ≤ m′
1(a) ≤ 3

4 min(23 , sa), so the claim applies,
π1 ≥ 1

4µ23 ≥
α
2 , and m

′
1(a) ≤ 1

2 for all a.
π2. Let π1,13 be the law of the first and third entries of a π1-row, and γ = 5

6 m
′
1 ⊗m3 +

1
6 π1,13,

a distribution on Z2
3 with marginals m′

1 and m3 and with γ ≥ 1
6π1,13 ≥ 1

6 · 2 · α2 = α
6 . For each b,

γ({(a, c) : a + c = −b}) ≤ 5
6 maxam

′
1(a) +

1
6 ≤ 7

12 . So with ψ = γ (columns 1, 3, and j = 2) we
have sb ≥ 5

12 , and the claim applies with ε = 2
5 and d uniform, as 1

5sb ≤ 1
3 ≤ 4

5 · 5
12 ≤ 4

5sb. So
π2 ≥ 1

5γ ≥ α
30 , its first and third marginals are m′

1 and m3, and its second marginal is uniform.
π3. Let Q0 be the uniform distribution on the six elements (1, 1, 0), (2, 2, 0), (0, 1, 0), (0, 2, 0),

(1, 0, 0), (2, 0, 0) of P ̸ =; its first two marginals are uniform. For c ∈ Z3 let Qc be the image of
Q0 under (a, b, 0) 7→ (a − c, b, c), which preserves the sum of the entries; so Qc is a distribution
on P ̸ = with uniform first two marginals and third entry c. As m3 ≥ 6α and 9α ≤ 1

2 , m̃3 =
(m3 − 3α)/(1− 9α) is a distribution on Z3, and

π3 = (1− 9α)
∑
c

m̃3(c)Qc + 9απ

has uniform first two marginals, third marginal (m3 − 3α) + 3α = m3, and π3 ≥ 9α/18 = α
2 .

Theorem 8.66 (Every full-support distribution). Let µ be a distribution on P ̸ = with full support
and α = minµ. Then µ is (Cα, cα)-stable, where

cα =
α8

13107200
, Cα = exp

(
1.2 · 1011 α−9 ln

1

α

)
.

71



That is, for every n and every triple f of functions on Zn3 with errµ(f) = δ there is a generalized
polymorphism g with dist(f ,g) ≤ Cαδ

cα, distances being measured under µ⊗nj .

Proof. Let π1, π2, π3 be as in Lemma 8.65, x = 1/α ≥ 18 and ℓ = lnx. As minπ3 ≥ α
2 and

the first two marginals of π3 are uniform, Theorem 8.61(b) shows that π3 is (C3, c3)-stable with
C3 = 3 · 107(2x)3/2 and c3 =

9
64α

2 ≤ 9
16(minπ3)

2. We apply Lemma 8.64 three times, using ra ≥ a
2

and r2a ≥ a, so that the exponent is multiplied by at least a2

8 at each step:

(i) to π′ = π3 and the distribution π2 (common second and third marginals), with a = α
30 and

a′ = α
2 : π2 is (C2, c2)-stable with c2 =

c3α2

7200 ;

(ii) to π′ = π2 and π1 (common first and third marginals), with a = α
2 and a′ = α

30 : π1 is

(C1, c1)-stable with c1 =
c2α2

32 ;

(iii) to π′ = π1 and µ (common second and third marginals), with a = α and a′ = α
2 : µ is

(C, c)-stable with c = c1α2

8 = 9
64·7200·32·8α

8 = cα.

For the constants: in Lemma 8.64, δ1 ≤ θ/C ′ ≤ 1/C ′, so K ≤ (1 + 15
a )/δ1; and ra ≤ 2a, as

1−
√
1− a ≤ a. Hence

lnC ≤ max
(
ln

17

a
+ a lnK, ln

16

a4

)
, ln

1

δ1
=

lnC ′ + ln(1/θ)

c′
.

The lower-order terms are absorbed as follows; two of these inequalities have little room at x = 18,
and all of them are checked on a grid of x ∈ [18, 1015] by numerics/neq all constants check.py.
In each case the difference of the two sides is increasing in x ≥ 18 (the side that is linear or
polynomial in x has the larger derivative), so it suffices to check x = 18.

(i) a = 1
30x , θ = 1

60x , c
′ = c3 = 9

64x2
and lnC3 = ln(3 · 107 · 23/2) + 1.5ℓ ≤ 18.26 + 1.5ℓ, so

ln 1
δ1

≤ 64
9 (18.26+ln 60+2.5ℓ)x2 ≤ (159+17.78ℓ)x2 and a lnK ≤ ln(1+450x)

30x +(5.3+0.5927ℓ)x.
Hence

ln
17

a
+ a lnK ≤ 6.24 + ℓ+

ln(1 + 450x)

30x
+ (5.3 + 0.5927ℓ)x ≤ (5.65 + 0.65ℓ)x,

as 6.24 + ℓ + ln(1+450x)
30x ≤ (0.35 + 0.0573ℓ)x (at x = 18: 9.148 ≤ 9.281; the left side has

derivative at most 1
18 , the right side at least 0.57). Also ln

16
a4

= ln 16+4 ln(30x) ≤ 16.38+4ℓ ≤
(5.65 + 0.65ℓ)x. So lnC2 ≤ (5.65 + 0.65ℓ)x.

(ii) a = 1
2x , θ =

1
15x , c

′ = c2 =
1

51200x4
, so

ln
1

δ1
≤ 51200

(
(5.65 + 0.65ℓ)x+ ln 15 + ℓ

)
x4 ≤ (2.97 · 105 + 3.62 · 104ℓ)x5,

as 51200·5.65 = 289280, 51200·0.65 = 33280 and 51200(ln 15+ℓ) ≤ (7720+2920ℓ)x (at x = 18:
286639 ≤ 290878; derivatives at most 2845 and at least 19079). Then ln 17

a +a lnK ≤ ln(34x)+
ln(1+30x)

2x +(1.485·105+1.81·104ℓ)x4 ≤ (1.49·105+1.81·104ℓ)x4, as 3.53+ℓ+ ln(1+30x)
2x ≤ 500x4,

and ln 16
a4

= ln 16 + 4 ln(2x) is smaller. So lnC1 ≤ (1.49 · 105 + 1.81 · 104ℓ)x4.

(iii) a = 1
x , θ =

1
2x , c

′ = c1 =
1

1638400x6
, so

ln
1

δ1
≤ 1638400

(
(1.49 · 105 + 1.81 · 104ℓ)x4 + ln 2 + ℓ

)
x6 ≤ (2.442 · 1011 + 2.966 · 1010ℓ)x10,
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as 1638400 ·1.49 ·105 < 2.4413 ·1011, 1638400 ·1.81 ·104 < 2.9656 ·1010 and 1638400(ln 2+ℓ) ≤
(7 ·107+4 ·106ℓ)x4. Then ln 17

a +a lnK ≤ ln(17x)+ ln(1+15x)
x +(2.442 ·1011+2.966 ·1010ℓ)x9 ≤

(2.45·1011+2.97·1010ℓ)x9, and ln 16
a4

= ln 16+4ℓ is smaller. Finally (2.45·1011+2.97·1010ℓ)x9 ≤
1.2 · 1011ℓx9 iff 2.45 · 1011 ≤ 9.03 · 1010ℓ, which holds as ℓ ≥ ln 18 > 2.89.

Remark 8.67. (a) Theorem 8.66 answers the first question of [2, Section 9] for P̸ =: under every
full-support distribution, approximate generalized polymorphisms are close to exact ones, with poly-
nomial dependence. By Proposition 8.62 the exponent must depend on µ, and by Proposition 8.82
no exponent larger than 9α holds for every full-support µ with minµ = α. The exponent cα and
the constant Cα are far from optimal; for distributions with uniform marginals, Theorem 8.61(a)
gives the exponent r9α/2 ≥ 4α with a moderate constant, which is of the optimal order α for this
class, and Proposition 8.81 gives every exponent below r18α/2 ≥ 8α, within a factor 9

8 of the upper
bound 9α for this class (and every exponent below 32α2 when only two marginals are uniform).
(b) Some intermediate distributions are needed, as Lemma 8.64 requires two common marginals
at each step. For instance, a distribution on P ̸ = with uniform first marginal and the second and
third marginals of µ need not exist: if µ is close to the point mass at (0, 0, 1), its second and third
marginals are close to the point masses at 0 and 1, while a row (a, 0, 1) ∈ P̸ = has a ∈ {0, 1}.
Lemma 8.65 first replaces the first marginal by m′

1 ≤ 1
2 , which leaves room to make the second

marginal uniform, and only then makes the first marginal uniform. (c) Theorem 8.61(b) is close to
Lemma 8.64 with π′ = π, which is stable by Theorem 8.55(b). The differences are the constants,
the parameters and Step 2: there σ = 9α (as π ≤ 1

18) and reverse hypercontractivity is applied
with κ = 9α, which uses the uniform marginals, while Lemma 8.64 has σ = a

2 and κ = a; and Step
2 there bounds the product of the two distances to constants, using the pairwise independence of
the columns under π, while Lemma 8.64 bounds only their minimum. So its exponent rar2a/8 (for
a = α) is smaller than r9αr2α/4 by a factor of about 18. (d) The script neq3 transfer check.py

(directory numerics) checks Lemma 8.65 in exact rational arithmetic for 1989 distributions, among
them distributions near each point mass, near two- and three-point distributions, and with one or
two nearly degenerate marginals: the transportation solution, all marginals, and the bounds on
minπ1, minπ2, minπ3 (the smallest observed ratios to α are 1

2 ,
1
6 and 1). For the three steps of

the proof of Theorem 8.66 it checks the decomposition of Lemma 8.64, the common marginals, the
hypotheses of Lemma 8.35 with κ = a and κ = 2a, and Lemma 8.35 itself by enumeration. It
checks the monotonicity of Dt and the bound of Step 4 when the free and the fixed entries have
the same non-uniform law, and the facts about κwi + d and the bijection bound used in Step 1,
exactly for n ≤ 3; and it checks the arithmetic of Theorem 8.66 for α ∈ [10−12, 1

18 ].

The second question of [2, Section 9] asks, for Boolean predicates, for the additional guarantee
that gj = gl whenever fj = fl and µj = µl. For P ̸ = this guarantee follows from Theorem 8.66
by the routine argument that [2, Section 9] give for the predicate {(a, b, a ∧ b)} (replace a function
close to a constant by that constant), and for polymorphisms with µ1 = µ2 = µ3 the dependence
becomes linear; under π the sharp constant is 2

3 .

Corollary 8.68 (Equal functions and polymorphisms). Let µ be a distribution on P ̸ = with full
support, α = minµ, Cα and cα as in Theorem 8.66, and errµ(f) = δ.

(a) If µj = µl and fj = fl for some j ̸= l, then there is a generalized polymorphism g with gj = gl
and dist(f ,g) ≤ 2Cαδ

cα. If moreover n ≥ 1, µ1 = µ2 = µ3 and f1 = f2 = f3, then g can be
taken with g1 = g2 = g3. So gj = gl can be achieved simultaneously for all pairs with µj = µl
and fj = fl (these pairs are the pairs of an equivalence class).
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(b) A function h : Zn3 → Z3 is a polymorphism of P ̸ =, i.e. (h, h, h) is a generalized polymorphism,
iff h = κwi + d for some i ∈ [n], κ ∈ {1, 2} and d ∈ Z3. In substance this is due to Greenwell
and Lovász [14] (see also [1]): the triple (x, y, y) is a row of P ̸ = in every coordinate iff xi ̸= yi
for all i, and then h(x) + 2h(y) ̸= 0 iff h(x) ̸= h(y); so h is a proper 3-colouring of the n-th
direct power of K3, hence h = ρ(wi) for a permutation ρ of Z3, and every permutation of Z3

is affine.

(c) Let n ≥ 1. If µ1 = µ2 = µ3 =: ν and f1 = f2 = f3 =: h, then Prν⊗n [h ̸= κwi + d] ≤ Kµδ
for some i, κ and d, where Kµ = (Cα/α)

1/cα. For µ = π and δ ≤ 10−15 the bound holds with
Kµδ replaced by 2δ

3−12δ .

(d) For µ = π the constant 2
3 in (c) is sharp: if n ≥ 2, E ⊆ Zn3 is determined by w2, . . . , wn,

s = Pr[E] ≤ 1
3 and h = w1 + 1E, then err(h, h, h) = 3

2s(1− s), while Pr[h ̸= κwi + d] ≥ s for
all i, κ and d, with equality for w1.

Proof. Throughout, Prν stands for Prν⊗n . We use three facts. First, by Theorem 8.55(a) every
generalized polymorphism is of type (A) or (B). Second, if fj = fl =: h, µj = µl =: ν and
Prν [h ̸= gj ],Prν [h ̸= gl] ≤ η < 1

2 , then Prν [gj ̸= gl] ≤ 2η < 1; in particular, gj , gl are not
two distinct constants, and if gj = κwk + dj and gl = κwk + dl, then dj = dl, since two such
functions with dj ̸= dl differ everywhere. Third, if f1 = f2 = f3 =: h, µ1 = µ2 = µ3 =: ν and
dist(f ,g) ≤ η < 1

2 for a generalized polymorphism g, then g is of type (B) and g1 = g2 = g3. Indeed,
if g were of type (A) with constants u, v at positions a, b and a function gc avoiding −u− v, then
u = v by the second fact, so gc ̸= −2u = u everywhere, and 1− η ≤ Prν [h = u] ≤ Prν [h ̸= gc] ≤ η,
which is false. So g is of type (B), and g1 = g2 = g3 by the second fact.

(a) Let g be given by Theorem 8.66 and η = dist(f ,g) ≤ Cαδ
cα ; write h = fj = fl, ν = µj = µl,

and let m be the third index. If η ≥ 1
2 , the type-(A) triple with g′j = g′l ≡ 0 and g′m ≡ 1 satisfies

dist(f ,g′) ≤ 1 ≤ 2η. Let η < 1
2 . If g is of type (B), then gj = gl by the second fact. Let g be

of type (A), with constants u, v at positions a, b and a function avoiding −u − v at position c. If
{j, l} = {a, b}, then u = v by the second fact, so gj = gl. Otherwise one of j, l is c and the other,
say a, carries the constant u; by the second fact gc takes the value u, so u ̸= −u− v, i.e. v ̸= u (as
−2u = u). Then g′ with g′a = g′c ≡ u and g′b = gb ≡ v is of type (A) (its entry at position b, the
constant v, avoids −2u = u), g′j = g′l, and dist(f ,g′) ≤ η, because Prν [h ̸= u] ≤ η is the distance

at both positions a and c. Now let n ≥ 1, µ1 = µ2 = µ3 and f1 = f2 = f3. If η ≥ 1
2 , the triple

(w1, w1, w1), of type (B), is within distance 1 ≤ 2η; if η < 1
2 , then g1 = g2 = g3 by the third fact.

Finally, the pairs {j, l} with µj = µl and fj = fl are the pairs of an equivalence relation on {1, 2, 3},
so there are none, exactly one, or all three of them.

(b) Every κwi+d is a polymorphism, since (κxi+d)+(κyi+d)+(κzi+d) = κ(xi+yi+zi) ̸= 0.
Conversely, let (h, h, h) be a generalized polymorphism. It is not of type (A): then h would be a
constant u and the third entry h ≡ u would avoid −2u = u. So it is of type (B), h = κwi + dj for
j = 1, 2, 3, and d1 = d2 = d3.

(c) Let δ0 = (α/Cα)
1/cα = K−1

µ . As Cα ≥ 1 and cα ≤ 1
8 , δ0 ≤ α8 ≤ α4/16. If δ > δ0,

then Kµδ > 1 and there is nothing to prove. Let δ ≤ δ0, so Cαδ
cα ≤ α, and let g be given by

Theorem 8.66: dist(f ,g) ≤ α < 1
2 . By the third fact g is of type (B), with some coordinate k. By

Lemma 8.60(b) (note δ ≤ α4/16) there is g′ of type (B), g′l = κwk+dl, with Prν [h ̸= g′l] ≤ 3δ/α4 ≤
3
16 for l = 1, 2, 3. By the second fact d1 = d2 = d3 =: d, and Prν [h ̸= κwk + d] ≤ 3δ/α4 ≤ Kµδ, as
Kµ = δ−1

0 ≥ 16/α4.
For µ = π and δ ≤ 10−15, Theorem 8.55(b) gives g with dist(f ,g) ≤ 3

√
δ < 1

10 , which is of

type (B) by the third fact (with η = 3
√
δ), and Theorem 8.55(d) (note δ ≤ 8 · 10−5) gives g′ of
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type (B) with
∑

j Pr[h ̸= g′j ] ≤ 3δ. By the second fact the g′j are equal, say to p = κwi + d, and
s := Pr[h ̸= p] ≤ δ. The first inequality of the display in the proof of Theorem 8.55(d) uses only
that g′ is of type (B) (not the bound δ′j ≤ 882δ); for the triple (p, p, p), which is of type (B) as

3d = 0, it reads δ ≥ 3
2s− 6s2. As s ≤ δ, this gives δ ≥ s(32 − 6δ), i.e. s ≤ 2δ

3−12δ .
(d) Let S = x1 + y1 + z1 and N = 1E(x) + 1E(y) + 1E(z). Then S is uniform on {1, 2}

(each nonzero value is the sum of 9 elements of P ̸ =) and independent of N , which depends only
on rows 2, . . . , n, and h(x) + h(y) + h(z) = S + N . Let pt = Pr[N = t]. Any two columns are
independent and uniform (Lemma 8.56(a)), so EN = 3s and E

(
N
2

)
= 3s2, i.e. p1 + 2p2 + 3p3 = 3s

and p2 +3p3 = 3s2; hence p1 + p2 = 3s− 3s2. As S ̸= 0, a failure needs N ∈ {1, 2}, and given such
N it has conditional probability 1

2 . So err = 1
2(p1 + p2) =

3
2s(1 − s). Finally Pr[h ̸= w1] = s, and

every other κwi+ d agrees with w1 with probability at most 1
3 , so it differs from h with probability

at least 2
3 − s ≥ s.

So for polymorphisms under π the supremum of the possible distances at error at most δ (over
all n) is (23 +O(δ))δ as δ → 0. By (c) it is at most 2δ

3−12δ . By (d) it is at least sδ, the smaller root

of 3
2s(1 − s) = δ, because s in (d) can be any multiple of 31−n in (0, 13 ] and these are dense; and

sδ =
2δ

3(1−sδ) ≥ 2
3δ. The script neq3 poly check.py (directory numerics) checks (b) for n ≤ 2 by

exhaustive search (6 and 12 polymorphisms); the error formula and the distance claim of (d) for
2 ≤ n ≤ 4 by exact enumeration, for E = {w2 = · · · = wn = 0} and for random sets E determined
by w2, . . . , wn; and the inequality δ ≥ 3

2s− 6s2 of (c), for every p = κwi + d, all h with n = 1 and
random h with n = 2, 3.

More summands. For m ≥ 3 let P
(m)
̸ == {a ∈ Zm3 : a1 + · · ·+ am ̸= 0}, so P (3)

̸ == P ̸ =, and

let πm be the uniform distribution on P
(m)
̸ =. As for m = 3, no coordinate is flexible (changing

aj to −
∑

l ̸=j al leaves the predicate), so [2, Theorem 1.10] does not apply. Let c1, . . . , cm be the
columns of n independent samples of πm, err(f) = Pr[

∑
j fj(cj) = 0] for f = (f1, . . . , fm), and

dist(f ,g) = maxj Pr[fj ̸= gj ] under the uniform measure; generalized polymorphisms are the g
with err(g) = 0. A tuple g is of type (Am) if for some b the functions gj , j ̸= b, are constants uj
and gb never takes the value −

∑
j ̸=b uj , and of type (Bm) if gj = κwi+ dj for all j, with κ ∈ {1, 2},

a common i ∈ [n] and
∑

j dj = 0. Both are generalized polymorphisms; for (Bm) the sum is κ times
the sum of row i.

Lemma 8.69. Let m ≥ 4.

(a) Any m− 1 of the columns are independent and uniform on Zn3 . Given cj (for any j), the row
sums Si =

∑
l cl,i, i ∈ [n], are independent and uniform on {1, 2}.

(b) Let a, b, c ∈ [m] be distinct, R = [m] \ {a, b, c} and s =
∑

j∈R cj. Then the columns cj, j ∈ R,
are independent of (ca + s, cb, cc), which has the law of the three columns of n independent
samples of π.

Proof. The rows are independent, so it suffices to consider one row (y1, . . . , ym) ∼ πm. (a) Any

m− 1 entries can be completed to an element of P
(m)
̸ = in exactly two ways, so they are uniform.

Given yj = t, the other entries are uniform on the tuples whose sum is not −t; the sum of a uniform
tuple in Zm−1

3 is uniform, so given yj = t the row sum is uniform on {1, 2}. (b) The map that adds∑
j∈R yj to the entry ya and leaves the other entries unchanged is a bijection of Zm3 , and it maps

P
(m)
̸ = onto {y′ : y′a + y′b + y′c ̸= 0}, which is P ̸ = in the coordinates a, b, c times ZR3 . So it maps

πm to the product of π and the uniform distribution on ZR3 .
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Theorem 8.70 (m summands). Let m ≥ 4 and δm = min{5 · 10−16, (6
√
2(m− 1))−4}.

(a) Every generalized polymorphism of P
(m)
̸ = is of type (Am) or (Bm).

(b) For every n and every f with err(f) = δ there is a generalized polymorphism g of type (Am) or

(Bm) with dist(f ,g) ≤ δ
−1/2
m

√
δ, and with dist(f ,g) ≤

√
δ+(2+12(m−1)2)δ ≤ (1+2mδ1/4)

√
δ

if δ ≤ δm.

(c) The constant 1 in (b) is optimal: if E ⊆ Zn3 has Pr[E] = η ≤ 1
3 , f1 = · · · = fm−2 ≡ 0,

fm−1 = 1E and fm = 1 + 1E, then err(f) = η2 and dist(f ,g) ≥ η for every generalized
polymorphism g.

(d) Near (Bm) the dependence is linear: if δ ≤ δm and dist(f ,g) ≤ 1
10 for some g of type (Bm),

then
∑

j Pr[fj ̸= g′j ] ≤ 3δ for some g′ of type (Bm).

Proof. Let δ = err(f) ≤ δm, θ = 3
√
δ and δj = dc(fj). As δ ≤ 5 ·10−16 and 6

√
2(m−1)δ1/4 ≤ 1, we

have θ < 1
10 and (m− 1)θ = 3(m− 1)δ1/4 · δ1/4 ≤ 1

2δ
1/4 ≤ 1

12 . Recall that a function κwi+ d differs
from every constant with probability 2

3 and from every other function κ′wi′ + d′ with probability
at least 2

3 ; so a function that is θ-close to some κwi+ d is θ-close to no other such function, and its
distance to the constants exceeds θ.

Step 1: triples. Let a, b, c ∈ [m] be distinct and R, s as in Lemma 8.69(b). For w = (wj)j∈R
put s(w) =

∑
j∈R wj , K(w) =

∑
j∈R fj(wj) and F

w(x) = fa(x− s(w)) +K(w). Then
∑

j fj(cj) =
Fw(ca + s) + fb(cb) + fc(cc) for w = (cj)j∈R, so by Lemma 8.69(b), δ = E δ(w), where δ(w) is
the error of the triple (Fw, fb, fc) for P ̸ = under π. Choose w with δ(w) ≤ δ. As δ ≤ 10−15,
Theorem 8.55(b) gives a generalized polymorphism (ga, gb, gc) of P ̸ = of type (A) or (B) with
Pr[Fw ̸= ga],Pr[fb ̸= gb],Pr[fc ̸= gc] ≤ 3

√
δ(w) ≤ θ. Note that dc(Fw) = δa, since x − s(w) is

uniform when x is. Hence, for every pair b ̸= c: either fb and fc are θ-close to κwi+db and κwi+dc
for some κ, i, db, dc (type (B)), or δb ≤ θ or δc ≤ θ (type (A): two of ga, gb, gc are constants, and
one of them is gb or gc).

Step 2: if δb, δc > θ for some b ̸= c, then f is close to type (Bm). By Step 1, fb and fc are
θ-close to κwi + db and κwi + dc. Let j /∈ {b, c}. If δj ≤ θ, apply Step 1 to (a, b, c) = (j, b, c): then
Fw is θ-close to a constant and fb, fc are not, so the triple (gj , gb, gc) is neither of type (A) (two
constants) nor of type (B) (Fw would be θ-close to some κ′wi′ +d

′), a contradiction. So δj > θ, and
Step 1 for the pair {b, j} shows that fb and fj are θ-close to κ

′wi′ +d
′ and κ′wi′ +dj ; by uniqueness

(κ′, i′, d′) = (κ, i, db). Hence every fj is θ-close to gj := κwi + dj . Here
∑

j gj(cj) = κSi +
∑

j dj ,

where the row sum Si =
∑

j cj,i is uniform on {1, 2} (Lemma 8.69(a)); if
∑

j dj ̸= 0, then err(g) = 1
2

and δ ≥ 1
2 −mθ, which is false. So g is of type (Bm). Let δ′j = Pr[fj ̸= gj ] ≤ θ, E′

j = {fj ̸= gj}
and ej = fj − gj . On the event that cj ∈ E′

j and cl /∈ E′
l for all l ̸= j, the sum

∑
l fl(cl) equals

ej(cj)+κSi. Given cj , Si is uniform on {1, 2}, so Pr[cj ∈ E′
j , ej(cj)+κSi = 0] = 1

2δ
′
j , and removing

the events {cl ∈ E′
l}, l ̸= j, costs at most δ′j

∑
l ̸=j δ

′
l by pairwise independence. These m events are

disjoint, so

δ ≥ 1

2

∑
j

δ′j −
∑
j

δ′j
∑
l ̸=j

δ′l ≥
(1
2
− (m− 1)θ

)∑
j

δ′j ≥
1

3

∑
j

δ′j . (15)

Step 3: otherwise f is close to type (Am). Suppose that δj > θ for at most one j; relabel so
that δj ≤ θ for j < m. Let τ be a number with 2(m − 1)θ ≤ τ ≤ 1

4m . Let uj be the most likely
value of fj (j < m), U =

∑
j<m uj , ∆ =

∑
j<m δj ≤ (m − 1)θ ≤ τ

2 , pj(t) = Pr[fj = uj + t],
rv = Pr[fm = v] and r∗ = r−U . The event that fj(cj) = uj for all j < m and fm(cm) = −U ,
and for each j < m the event that fj(cj) = uj + t ̸= uj , fl(cl) = ul for l < m, l ̸= j, and
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fm(cm) = −U − t, are disjoint failures. By pairwise independence their probabilities are at least
r∗(1−∆) and

∑
t̸=0 pj(t)r−U−t − δj∆, so

δ ≥ (1−∆)r∗ +
∑
j<m

∑
t̸=0

pj(t)r−U−t −∆2. (16)

Case (α): r−U+1, r−U+2 ≥ τ . Then the double sum is at least τ∆, and as ∆ ≤ τ
2 ≤ 1

16 , (16)
gives δ ≥ 15

16r
∗ + τ

2∆. Let gj = uj for j < m, and gm = fm except that gm = −U + 1 where
fm = −U ; g is of type (Am) and dist(f ,g) ≤ max(∆, r∗) ≤ 2δ/τ . Case (β): otherwise. If r∗ ≥ τ ,
then δ ≥ (1 −∆)r∗ ≥ 15

16τ . If r∗ < τ , then fm takes some value um ̸= −U with probability more
than 1 − 2τ , so δm < 2τ , and all δj are at most 2τ (as θ ≤ τ). Let σ =

∑
j≤m uj = U + um ̸= 0,

and for each j ∈ [m] let Dj = {fj = uj − σ}, Aj = {fj = uj + σ}, Mj = {fj = uj}, p∗j =
Pr[Dj ] and p◦j = Pr[Aj ], so δj = p∗j + p◦j . The events {Dj(cj), Ml(cl) ∀l ̸= j} (j ∈ [m]) and
{Aj(cj), Al(cl), Mk(ck) ∀k /∈ {j, l}} (j < l) are disjoint failures (the sums are σ − σ and 3σ).
As any three columns are independent (Lemma 8.69(a), m ≥ 4), their probabilities are at least
p∗j (1− 2(m− 1)τ) and p◦jp

◦
l (1− 2(m− 2)τ). Hence, if q is the second largest of p◦1, . . . , p

◦
m,

δ ≥
(
1− 2(m− 1)τ

)(∑
j

p∗j +
∑
j<l

p◦jp
◦
l

)
≥

(
1− 2(m− 1)τ

)(∑
j

p∗j + q2
)
.

Let j0 be an index at which p◦j0 is largest, gj = uj for j ̸= j0, and gj0 = fj0 except that gj0 = uj0 on
Dj0 . Then gj0 never takes the value uj0 − σ = −

∑
j ̸=j0 uj , so g is of type (Am), and dist(f ,g) ≤∑

j p
∗
j + q ≤ δ′ +

√
δ′ with δ′ = δ/(1− 2(m− 1)τ).

Conclusion. If δ = 0, then θ = 0; take τ = 1
4m . Step 2 gives f = g by (15); in Step 3, δ ≥ 15

16τ is
impossible and the other bounds are 0. So f is of type (Am) or (Bm), which proves (a). If 0 < δ ≤ δm,
take τ = 2(m−1)θ = 6(m−1)

√
δ; this is allowed, as 6(m−1)δ1/4 ≤ 1√

2
, so τ ≤ δ1/4/

√
2 ≤ 1

12(m−1) ≤
1
4m . Step 2 gives dist(f ,g) ≤ 3δ. In Step 3, 15

16τ ≥ 16
√
δ > δ, so the alternative δ ≥ 15

16τ is impossible;

Case (α) gives 2δ/τ =
√
δ/(3(m− 1)); and in Case (β), with x = 2(m− 1)τ = 12(m− 1)2

√
δ ≤ 1

6

(as
√
δ ≤ δ

1/2
m ≤ (72(m−1)2)−1), we have (1−x)−1 ≤ 2 and (1−x)−1/2 ≤ 1+x, so the bound is at

most 2δ + (1 + x)
√
δ =

√
δ + (2 + 12(m− 1)2)δ. As 3δ and

√
δ/(3(m− 1)) are smaller, this proves

the second bound in (b). Moreover (2 + 12(m − 1)2)δ1/4 ≤ 2+12(m−1)2

6
√
2(m−1)

≤
√
2(m − 1) + 1

4 ≤ 2m,

so this bound is at most (1 + 2mδ1/4)
√
δ; and (2 + 12(m − 1)2)

√
δ ≤ 2+12(m−1)2

72(m−1)2
< 1, so it is at

most 2
√
δ ≤ δ

−1/2
m

√
δ. If δ > δm, the tuple (0, . . . , 0, 1), which is of type (Am), is within distance

1 ≤ δ
−1/2
m

√
δ. This proves (b).

(c) A failure needs 1E(cm−1) + 1 + 1E(cm) ≡ 0 (mod 3), i.e. cm−1, cm ∈ E, so err(f) = η2

by Lemma 8.69(a). If g is of type (Bm), then Pr[f1 ̸= g1] =
2
3 ≥ η. If g is of type (Am), then

gm−1 or gm is a constant, and 1E and 1 + 1E differ from every constant with probability at least
min(η, 1− η) = η.

(d) Each fj is 1
10 -close to some κwi + dj , so δj ≥ 2

3 − 1
10 > θ for all j. So Step 2 applies and

gives g′ of type (Bm) with
∑

j Pr[fj ̸= g′j ] ≤ 3δ by (15).

Remark 8.71. (a) With Theorem 8.55, the predicates P
(m)
̸ =, m ≥ 3, all have the optimal exponent

1
2 and the sharp constant 1 under the uniform distribution. For m ≥ 4 the bound in (b) is√
δ + O(m2δ), while Theorem 8.55(b) gives (1 + O(δ1/8))

√
δ for m = 3. The difference comes

from Step 1, which obtains the distance θ = O(
√
δ) directly from Theorem 8.55(b) and so allows

the threshold τ = 2(m − 1)θ in Step 3; the independence of any three columns only removes the
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three-wise term X of Case (β) of the proof of Theorem 8.55. In (d) the constant 3 can be replaced
by 2

1−6δ , as for m = 3: for the g′ of (d), S =
∑

j Pr[fj ̸= g′j ] ≤ 3δ, and the first inequality in (15),

which holds for every tuple of type (Bm) in place of g, gives δ ≥ S
2 − S2 ≥ (12 − 3δ)S (the second

inequality, with θ = 3
√
δ, gives 2

1−6(m−1)
√
δ
). The constant 2 is optimal: changing one function

of a tuple g of type (Bm) on a set E of measure η ≤ 1
3 gives error exactly η

2 (off E the sum∑
j fj(cj) is κSi ̸= 0, and given the changed column, the row sum Si is uniform on {1, 2}), while∑
j Pr[fj ̸= g′j ] ≥ η for every g′ of type (Bm), as for m = 3; for η ≤ 2δm this tuple satisfies the

hypotheses of (d). (b) Part (a) can also be reduced to the case n = 2 by [10, Theorem 1.3], as
for m = 3; we do not need this, since (a) follows from (b). (c) Other full-support distributions µ

on P
(m)
̸ =, m ≥ 4, are not covered by the reduction above: given the columns in R, the rows of

(ca + s, cb, cc) are independent but not identically distributed, so Theorem 8.66 does not apply to
them directly. They are treated by a decomposition of µ in Theorem 8.78 below, which uses the
following extension of Lemma 8.60(a), with errµ, dist, βj(k) and dc defined as for m = 3 (before

Lemma 8.59). First, Lemma 8.60 holds for P
(m)
̸ =, with type (Bm) in place of (B), l ∈ [m], the

hypothesis δ ≤ α4/(4(m+1)) and the bound 2δ/α4; so near (Bm) the dependence is linear for every
such µ. In its proof, (i) is unchanged; in (ii) every (a, b) has 2 ·3m−3 ≥ 2 completions; in (iii), with v
the other m−1 entries, at least 3m−2 values v are completed by both a and a′ (if a ̸= a′, those with∑
v = −a′′), so Lemma 8.59 applies with θ = 3m−2α2; in (a), Theorem 8.70(a) for n = 1 replaces

Lemma 8.57 (no function of a tuple of type (Am) is a bijection, every function of a tuple of type
(Bm) is), ξ ≤ mδ/α2+δ/α ≤ (m+1)δ/α2 ≤ α2/4, the copy is taken given the other m−1 columns,
dc(dl(c

′
l)) ≤ 2ξ/(3m−2α2) ≤ 1

2·3m−2 , so that Pr[
∑

l dl(c
′
l) = 0, dl(c

′
l) = d0l ∀l] ≥ 1− ξ − m

2·3m−2 > 0,

and the final bound is δ
α2 + (m+1)δ

α3 + 2(m+1)δ
3m−2α4 ≤ 2δ

α4 , as α ≤ 1
2·3m−1 ; in (b), µj(a) ≥ 2 · 3m−2α ≥ 6α.

Second, as form = 3 (Proposition 8.62), the exponent of a polynomial bound for these distributions,

such as that of Theorem 8.78, must depend on µ. For 0 < α ≤ 1
2·3m−1 let µ

(α)
m give mass α to each

of the 2 · 3m−2 elements of P
(m)
̸ = with am−1 = am and mass 1−2·3m−2α

4·3m−2 ≥ α to each of the other

4 · 3m−2 elements; for m = 3 this is µ(α) of Proposition 8.62, and µ
(α)
m = πm for α = 1

2·3m−1 . It
is invariant under the translations a 7→ a + t with

∑
j tj = 0 and tm−1 = tm, and for each j and

s ∈ Z3 one of them shifts the j-th entry by s (for j ≤ m− 2 take tj = tm−1 = tm = s, for j ≥ m− 1

take t1 = tm−1 = tm = s, and the other entries 0); so its marginals are uniform, and minµ
(α)
m = α.

For k ≥ 1 and E = {0} ⊆ Zk3, the tuple of Theorem 8.70(c) fails exactly when cm−1 = cm = 0,
and a row has ym−1 = ym = 0 with probability 2 · 3m−3α, so its error is (2 · 3m−3α)k; the proof of
Theorem 8.70(c) uses only (a), which concerns only the support, and the uniformity of the columns,
so its distance from every generalized polymorphism is at least 3−k. Hence if every tuple (for every
n) is within C err c

µ
(α)
m

of a generalized polymorphism, then c ≤ log 3/ log 1
2·3m−3α

, which tends to

0 as α → 0. (d) The script neqm check.py (directory numerics) checks Lemma 8.69 exactly for
m = 4, 5, 6; part (a) for n = 1, m = 4 by exhaustive search (756 generalized polymorphisms: 702 of
type (A4) and 54 of type (B4)), and for the same n and m the two bounds of (b) for all 274 tuples,
with exact errors and distances; the example of (c) for m = 4, n ≤ 3 and m = 5, n ≤ 2; the two
bounds of (b) by exact enumeration on random perturbations of generalized polymorphisms for
m = 4, n = 2, 3 and m = 5, n = 2 (the largest ratio dist/

√
δ in this sample is 1, but this is specific

to the sample: for n = 1, m = 4 the largest ratio over all tuples is 2
3/
√

5/18 ≈ 1.265, at δ = 5
18);

and the bound of (d) on the 19 such perturbations with m = 4, n = 3 that satisfy its hypothesis
(for n = 2 the hypothesis forces f to be of type (Bm)). These tests have δ far above δm, so they test

the inequalities outside the range in which they are claimed. It also checks the distribution µ
(α)
m of

(c) exactly: its marginals and minimum for m = 3, 4, 5, and the error and the distance bound of

78



its example for (m, k) = (4, 1), (4, 2), (5, 1).

The largest predicates without flexible coordinates. If no coordinate of P ⊆ Zm3 is flexible,
then no axis-parallel line {w+tej : t ∈ Z3} is contained in P (any point of such a line would witness
that coordinate j is flexible). The 3m−1 lines in direction m partition Zm3 , so |P | ≤ 2 · 3m−1, with

equality for P
(m)
̸ =. We show that P

(m)
̸ = is the only predicate attaining this, up to relabelling

the alphabet in each coordinate. For bijections σ1, . . . , σm of Z3 write σ(a) = (σ1(a1), . . . , σm(am)),
and for f = (f1, . . . , fm), fj : Zn3 → Z3, let (σ · f)j = σj ◦ fj ◦ σ−1

j , where σ−1
j acts on each of the n

coordinates; for a distribution µ on Zm3 let σ∗µ be the law of σ(y) for y ∼ µ. We use the following
classical fact; we include the short proof for completeness.

Lemma 8.72 ([20, §4], [27, §1], [19, p. 224]). Let k ≥ 1 and let L : Zk3 → Z3 be a bijection in
each argument when the other arguments are fixed. Then L(a) = ε1a1 + · · · + εkak + c for some
ε1, . . . , εk ∈ {1, 2} and c ∈ Z3.

Proof. For k = 1: the six permutations of Z3 are the six maps t 7→ εt + c, ε ∈ {1, 2}. For k = 2:
by the case k = 1, L(a, b) = εab + ca. If εa ̸= εa′ for some a ̸= a′, then L(a, b) − L(a′, b) =
(εa − εa′)b + ca − ca′ vanishes for exactly one b, as εa − εa′ ̸= 0; this contradicts the injectivity of
a 7→ L(a, b). So εa = ε for all a, hence a 7→ ca = L(a, b) − εb is a bijection, and ca = ε′a + c by
the case k = 1. For k ≥ 3, by induction, L(t, a2, . . . , ak) =

∑
j≥2 εj(t)aj + c(t) for each t ∈ Z3. Fix

j ≥ 2 and the arguments al, l /∈ {1, j}. Then (t, aj) 7→ L satisfies the hypothesis with k = 2, and
its row t has slope εj(t) in aj ; by the case k = 2 all rows have the same slope, so εj(t) = εj . Now
t 7→ L(t, a2, . . . , ak) = c(t) +

∑
j≥2 εjaj is a bijection, so c(t) = ε1t+ c by the case k = 1.

Corollary 8.73 (Maximum predicates without flexible coordinates). Let m ≥ 3 and let P ⊆ Zm3
have no flexible coordinate and |P | = 2 · 3m−1. Then P = {a : ε1a1 + · · · + εmam ̸= c} for some

εj ∈ {1, 2} and c ∈ Z3, so P = σ(P
(m)
̸ =) for some bijections σj of Z3. For every such σ and every

distribution µ on P
(m)
̸ =, the map f 7→ σ · f is a bijection from tuples for (P

(m)
̸ =, µ) to tuples

for (P, σ∗µ) that preserves the error and the distances under the column marginals, and it maps
generalized polymorphisms onto generalized polymorphisms. Consequently Theorems 8.55 (m = 3)
and 8.70 (m ≥ 4) hold verbatim for P under the uniform distribution on P , and Theorems 8.66
(m = 3) and 8.78 (m ≥ 4, below) for every full-support distribution on P , with the types (A), (B),
(Am), (Bm) and the example tuples of part (c) replaced by their images under σ.

Proof. Every axis-parallel line contains at most two points of P . The lines in direction j partition
Zm3 into 3m−1 lines, so |P | = 2 · 3m−1 forces every line, in every direction, to contain exactly two
points of P ; that is, Q = Zm3 \ P meets every axis-parallel line in exactly one point. So for each
a′ ∈ Zm−1

3 there is exactly one L(a′) with (a′, L(a′)) ∈ Q. If a′, a′′ differ only in coordinate j < m and
L(a′) = L(a′′), then (a′, L(a′)) and (a′′, L(a′′)) are two points of Q on one line in direction j, which
is impossible; so L is injective, hence bijective, in each argument. By Lemma 8.72 ([20, 27, 19])
with k = m− 1, L(a′) =

∑
j<m εjaj + c0, so a ∈ P iff

∑
j<m εjaj + 2am + c0 ̸= 0. With τj(t) = εjt

for j < m and τm(t) = 2t+ c0 we get P = τ−1(P
(m)
̸ =); take σ = τ−1.

Let the rows of an n ×m matrix be independent samples of µ, with columns cj . Applying σ
to every row gives independent samples of σ∗µ, whose columns are c′j = σj(cj) (coordinatewise),
and (σ · f)j(c′j) = σj(fj(cj)). So the row of values of σ · f is σ applied to the row of values of

f , and it lies in P iff the latter lies in P
(m)
̸ =. This gives equality of the errors, and, applied

to all matrices with rows in P
(m)
̸ =, the correspondence of generalized polymorphisms. Also

Pr[(σ · f)j(c′j) ̸= (σ · g)j(c′j)] = Pr[fj(cj) ̸= gj(cj)], and σ
−1 · (σ · f) = f . Finally σ∗ is a bijection
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from the distributions on P
(m)
̸ = onto the distributions on P , with inverse (σ−1)∗; it maps the

uniform distribution to the uniform distribution (whose marginals are uniform), and full-support
distributions to full-support distributions with the same smallest atom. So for a tuple f for P the
three theorems, applied to σ−1 · f , give the statements for f , and the image under σ of an example
tuple of part (c) has the same error and the same distance to the generalized polymorphisms.

Remark 8.74. (a) So the predicate that [2, Section 9] single out is, up to relabelling the alphabet in
each coordinate, the unique largest predicate in Z3

3 without a flexible coordinate, and Theorems 8.55,
8.66, 8.70 and 8.78 cover all largest predicates without flexible coordinates over Z3, for every m ≥ 3
and every full-support distribution, with the optimal exponent 1

2 under the uniform distribution.
The images of the types do not depend on σ: for P = {

∑
j εjaj ̸= c}, the image of (Am) (or (A))

consists of the tuples in which all functions but one, gb, are constants uj and gb never takes the
unique value t with εbt +

∑
j ̸=b εjuj = c, and the image of (Bm) (or (B)) consists of the tuples

gj = κwi + dj with a common κ ∈ {1, 2} and i ∈ [n] and
∑

j εjdj = (1 − κ)c. (b) Lemma 8.72

is classical: the k-ary quasigroups of order 3 are exactly the 3 · 2k maps
∑

j εjaj + c (conversely,
each such map is a quasigroup, and distinct (ε, c) give distinct maps) [20, §4], [27, §1], [19, p. 224].
A set Q ⊆ Zm3 that meets every axis-parallel line exactly once is a Latin hypercube (a ternary
MDS code of length m with minimum distance 2), so the first assertion of Corollary 8.73 follows
directly from classical facts; what is new is only its connection with the flexibility condition of [2,
Theorem 1.10] and the transfer of Theorems 8.55, 8.66, 8.70 and 8.78. (c) The first assertion
of Corollary 8.73 and its proof also hold for m = 2, with the case k = 1 of Lemma 8.72: the
largest predicates in Z2

3 without a flexible coordinate are the sets {a2 ̸= ρ(a1)} for permutations
ρ of Z3, i.e. the relabellings of {a1 ̸= a2}. The polymorphisms (f1 = f2) of {a1 ̸= a2} are the
proper 3-colourings of the n-th direct power of the triangle K3, and Greenwell and Lovász [14]
showed that each of them has the form x 7→ ρ(xi). For m = 2 approximate versions are known
as well: see Alon, Dinur, Friedgut and Sudakov [1] and Ghandehari and Hatami [13] (stability
of large independent sets in powers of complete graphs) and Filmus [9]. They are not treated
here, and neither are predicates without flexible coordinates that have fewer than 2 · 3m−1 points
(for example proper subsets of P ̸ = with full projections). (d) The script maxnonflex check.py

(directory numerics) enumerates all k-ary quasigroups of order 3 for k ≤ 4 (3 · 2k of them, all
affine with unit coefficients); finds all 18-point predicates in Z3

3 without a flexible coordinate by a
search over all

(
27
9

)
nine-point complements, which does not use the counting argument (12, all of

the form
∑

j εjaj ̸= c); checks the correspondence for the relabelling P ′ = {a1 + a2 + 2a3 ̸= 1} of
P ̸ = (198 generalized polymorphisms on each side for n = 1; equal errors for 200 random triples
with n = 2); and checks that for n = 1 the generalized polymorphisms of P ′ are exactly the tuples
of the two forms described in (a).

Equal functions and polymorphisms for m summands. We return to P
(m)
̸ =, m ≥ 4,

under πm, with the notation of Theorem 8.70. A polymorphism is a function h : Zn3 → Z3 such that
(h, . . . , h) is a generalized polymorphism.

Corollary 8.75 (Equal functions and polymorphisms, m summands). Let m ≥ 4 and n ≥ 1, and
let δm be as in Theorem 8.70.

(a) For every f with err(f) = δ there is a generalized polymorphism g of type (Am) or (Bm) such

that gj = gl whenever fj = fl, with dist(f ,g) ≤ δ
−1/2
m

√
δ, and with dist(f ,g) ≤

√
δ + (2 +

12(m− 1)2)δ if δ ≤ δm.
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(b) The polymorphisms are the functions κwi+ d with md = 0 and the constants u with mu ̸= 0:
if 3 | m, the 6n functions κwi + d; if 3 ∤ m, the 2n functions κwi and the constants 1 and 2.

(c) Let h : Zn3 → Z3 and δ = err(h, . . . , h) ≤ δm. Some polymorphism p satisfies Pr[h ̸= p] ≤
2δ

m(1−6δ) if 3 | m, and Pr[h ̸= p] ≤ (1 + 2m
√
δ)
√

2δ/(m(m− 1)) if 3 ∤ m.

(d) Both constants are optimal. Let E ⊆ Zn3 have Pr[E] = s ≤ 1
3 , and let N be the number

of j with cj ∈ E. If 3 | m and E is determined by w2, . . . , wn, then h = w1 + 1E has
err(h, . . . , h) = 1

2 Pr[N ̸≡ 0 (mod 3)] ≤ m
2 s. If 3 ∤ m and u ∈ {1, 2}, then h = u + mu1E

has err(h, . . . , h) = Pr[N ≡ 2 (mod 3)] ≤
(
m
2

)
s2. In both cases Pr[h ̸= p] ≥ s for every

polymorphism p, with equality for p = w1 and p = u, respectively.

Proof. (a) If δ > δm, let g1 = · · · = gm = w1, a tuple of type (Bm) for every m (all dj = 0); its

distance from f is at most 1 ≤ δ
−1/2
m

√
δ. Let δ ≤ δm, let g be given by Theorem 8.70(b), and let

η = dist(f ,g) ≤
√
δ+(2+12(m−1)2)δ; then η ≤ 2

√
δ < 1

2 , as shown in the proof of Theorem 8.70.
Call j and l equivalent if fj = fl; for equivalent j, l we have Pr[gj ̸= gl] ≤ 2η < 1. If g is of type
(Bm), this forces gj = gl, since κwi + dj and κwi + dl differ everywhere if dj ̸= dl. Let g be of type
(Am), with constants uj (j ̸= b) and gb avoiding v = −

∑
j ̸=b uj . Equivalent j, l ̸= b carry equal

constants, since distinct constants differ everywhere. If b is equivalent to no other index, g already
has the required property. If b is equivalent to some l ̸= b, then gb takes the value ul somewhere,
as Pr[gb ̸= ul] < 1, so ul ̸= v. Replacing gb by the constant ul gives a tuple of type (Am) (its entry
at position b avoids v) in which equivalent indices carry equal functions, and its distance from f is
still at most η, since Pr[fb ̸= ul] = Pr[fl ̸= ul] ≤ η.

(b) Since
∑

j(κcj,i+ d) = κSi+md and the row sum Si takes both values 1 and 2, the function
κwi + d is a polymorphism iff md = 0; a constant u is one iff mu ̸= 0. Conversely, if (h, . . . , h) is
a generalized polymorphism, it is of type (Am) or (Bm) by Theorem 8.70(a). In the first case h is
constant, since m− 1 ≥ 1 of the entries are constants; in the second, h = κwi + dj for every j, so
d1 = · · · = dm.

(c) By (a) and its proof, applied to (h, . . . , h), there is a polymorphism p with Pr[h ̸= p] ≤
2
√
δ < 1

10 . Suppose first that p = κwi + d. Then (p, . . . , p) is of type (Bm), and Theorem 8.70(d)
gives g′ of type (Bm) with

∑
j Pr[h ̸= g′j ] ≤ 3δ. Any two g′j are 3δ-close, so they are all equal, to p′

say, and p′ is a polymorphism. Let s = Pr[h ̸= p′] ≤ 3δ
m . The first inequality in (15) holds for every

tuple of type (Bm) in place of g (its derivation uses nothing else), so for (h, . . . , h) and (p′, . . . , p′)
it reads δ ≥ m

2 s−m(m− 1)s2 ≥ m
2 s(1− 6δ), as 2(m− 1)s ≤ 6δ. Hence s ≤ 2δ

m(1−6δ) . This proves

(c) if 3 | m, where every polymorphism is of this form, and also if 3 ∤ m and p is not constant,
since 2δ

m(1−6δ) ≤
√

2δ/(m(m− 1)) (this is equivalent to 2(m − 1)δ ≤ m(1 − 6δ)2, which holds as

δ ≤ 5 · 10−16). Now let 3 ∤ m and p = u ∈ {1, 2}. Let ζ = Pr[h ̸= u] ≤ 2
√
δ, qt = Pr[h = u + t],

t∗ = −mu and t∗∗ = mu, so that {t∗, t∗∗} = {1, 2}. The events that h(cj) = u + t∗ for one j
and h(cl) = u for all l ̸= j (the sum is mu + t∗ = 0), and that h(cj) = h(cl) = u + t∗∗ for one
pair j < l and h(ck) = u for all other k (the sum is 3mu = 0), are disjoint failures. Any three
columns are independent (Lemma 8.69(a)), so their probabilities are at least qt∗(1− (m− 1)ζ) and
q2t∗∗(1 − (m − 2)ζ). With x = (m − 1)ζ ≤ 2(m − 1)

√
δ ≤ 1

36(m−1) (as
√
δ ≤ (72(m − 1)2)−1) this

gives

δ ≥ (1− x)
(
mqt∗ +

(
m

2

)
q2t∗∗

)
,

so ζ = qt∗ + qt∗∗ ≤ δ
m(1−x) +

√
2δ

m(m−1)(1−x) ≤
2δ
m +(1+x)

√
2δ

m(m−1) . As
2δ
m =

√
2(m−1)δ

m

√
2δ

m(m−1) ≤
√
2δ
√

2δ
m(m−1) , we get ζ ≤ (1+2(m−1)

√
δ+

√
2δ)

√
2δ/(m(m− 1)) ≤ (1+2m

√
δ)
√

2δ/(m(m− 1)).
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(d) Let 3 | m and h = w1 + 1E . Then
∑

j h(cj) = S1 + N , where S1 depends only on
the first row and is uniform on {1, 2}, and N depends only on the other rows. So a failure has
conditional probability 1

2 given N ̸≡ 0 and 0 otherwise, and err = 1
2 Pr[N ̸≡ 0] ≤ 1

2EN = m
2 s,

as each column is uniform. Also Pr[h ̸= w1] = s, and every other κwi + d agrees with w1 with
probability at most 1

3 , hence differs from h with probability at least 2
3 − s ≥ s. Let 3 ∤ m,

u ∈ {1, 2} and h = u +mu1E . Then
∑

j h(cj) = mu(1 + N), which vanishes iff N ≡ 2 (mod 3),

so err = Pr[N ≡ 2] ≤ Pr[N ≥ 2] ≤ E
(
N
2

)
=

(
m
2

)
s2, by pairwise independence of the columns. Also

Pr[h ̸= u] = s; the other nonzero constant differs from h off E, so with probability at least 1−s ≥ s;
and κwi agrees with h with probability at most Pr[κwi = u] + Pr[E] = 1

3 + s, hence differs from h
with probability at least 2

3 − s ≥ s.

So for polymorphisms of P
(m)
̸ = under πm the supremum of the possible distances at error

at most δ (over all n) is ( 2
m + O(δ))δ as δ → 0 if 3 | m, as for m = 3 (Corollary 8.68), and

(1 + O(m
√
δ))

√
2δ/(m(m− 1)) if 3 ∤ m: the upper bounds are (c), and by (d) the distance s

occurs at error at most m
2 s, respectively

(
m
2

)
s2, for every multiple s of 31−n in (0, 13 ]. When 3 ∤ m

the constants 1 and 2 are polymorphisms, and near them the dependence is a square root, while

near the functions κwi it is linear, by the proof of (c). Part (a) is the analogue for P
(m)
̸ = of the

guarantee in the second question of [2, Section 9] (asked there for Boolean predicates), for all pairs
at once. For 3 | m, part (b) is known in substance: if c1 = x and c2 = · · · = cm = y, the rows

lie in P
(m)
̸ = iff xi ̸= yi for all i (as m − 1 ≡ −1 (mod 3)), and then a polymorphism h satisfies

h(x) ̸= h(y); so h is a proper 3-colouring of the n-th direct power of K3, hence of the form ρ(xi)
by the theorem of Greenwell and Lovász [14] (Remark 8.74(c)), and every permutation ρ of Z3 is
affine. The same argument gives Corollary 8.68(b).

Remark 8.76. The script neqm poly check.py (directory numerics) checks (b) for m = 4, 5, 6, 7
and n = 1, 2 by exhaustive search over all h (2n + 2 polymorphisms for m = 4, 5, 7 and 6n for
m = 6); the error formulas, the error bounds and the distance claim of (d) for m = 4, 5, 6, 7, 9 and
n = 2, 3, 4, computing the law of N modulo 3 separately from the error; the two inequalities used
in the proof of (c) for random h near polymorphisms (m = 4, . . . , 7, n = 2, 3; for m = 6, 7 and
n = 2 the first one is vacuous, and for m = 6 there is no second one); and the step behind (a),
which does not depend on δ: for random tuples with prescribed equalities (m = 4, n = 2, 3 and
m = 5, n = 2), whenever some tuple of type (Am) or (Bm) is within distance less than 1

2 , some
such tuple with gj = gl whenever fj = fl is within the same distance.

Every full-support distribution for m summands. Let m ≥ 4, let µ be a distribution on

P
(m)
̸ = with full support, α = minµ (so α ≤ 1

2·3m−1 ≤ 1
54), and let µj be its marginals. As for

m = 3, the rows of the matrix with columns c1, . . . , cm are independent samples of µ, errµ(f) is
the probability of a failure, dist(f ,g) = maxj Prµ⊗n

j
[fj ̸= gj ], βj(k) and dc refer to µj as before

Lemma 8.60, and, as µ has full support, the tuples with error 0 are the generalized polymorphisms of
Theorem 8.70(a). For distinct a, b, c ∈ [m] let R = [m] \ {a, b, c} and T (y) = (ya+

∑
j∈R yj , yb, yc).

As in Lemma 8.69(b), y 7→ (T (y), (yj)j∈R) is a bijection of P
(m)
̸ = onto P ̸ = ×ZR3 ; let µT and µR

be the laws of T (y) and of (yj)j∈R for y ∼ µ. So µT is a distribution on P ̸ = whose second and
third marginals are µb and µc, and minµT ≥ 3m−3α ≥ 3α, as µT (p) is the sum of the masses of

3m−3 elements of P
(m)
̸ =. By Theorem 8.66 the stability of µT is already known; this replaces the

chain of Lemma 8.65, and since the decomposition can be made for every pair {b, c}, Step 5 of the
proof of Theorem 8.61 is not needed.
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Lemma 8.77. Let m ≥ 4, µ and α be as above, and let f be an m-tuple of functions on Zn3 with
errµ(f) = δ ≤ α4/(4(m+ 1)).

(a) If βt(k) ≥ 1
2 for some t ∈ [m] and k ∈ [n], there is a tuple g of type (Bm) with coordinate k

such that Prµ⊗n
l

[fl ̸= gl] ≤ 2δ/α4 for every l ∈ [m].

(b) Let C ′ = C3α and c′ = c3α be the constants of Theorem 8.66 for 3α, let r = rα (Lemma 8.35),
δ1 = (α/(2C ′))1/c

′
, K = C ′ + 15

αδ1
and E0 = 4

αK
r/2. If βt(k) <

1
2 for all t and k, then

min
(
dc(fb), dc(fc)

)
≤ E0 δ

c′r/2 for all b ̸= c.

Proof. (a) is the extension of Lemma 8.60(a) to P
(m)
̸ = proved in Remark 8.71(c).

(b) Fix b ̸= c, choose a ∈ [m]\{b, c}, and let R, T , µT and µR be as above. As 3α ≤ minµT ≤ 1
18 ,

Cx is decreasing and cx is increasing in x ∈ (0, 1
18 ], Theorem 8.66 shows that µT is (C ′, c′)-stable;

also C ′ ≥ 1 and c′ ≤ 1.
The decomposition. Identify a row y with (T (y), (yj)j∈R), let σ = α

2 and ν = (µ − σ µT ⊗
µR)/(1 − σ). As σ µT ⊗ µR ≤ α

2 ≤ µ
2 , ν is a distribution on P

(m)
̸ = with ν ≥ µ

2 ≥ α
2 . Its b-th

and c-th marginals are νb = (µb − σµb)/(1 − σ) = µb and νc = µc, and, as every pair of values

of yb, yc has 2 · 3m−3 completions in P
(m)
̸ =, the law νbc of these two entries of a ν-row satisfies

νbc(u, v) ≥ 3m−3α ≥ ανb(u)νc(v). Choose a random set L ⊆ [n] containing each i independently
with probability σ; let the rows in L be independent samples of µT ⊗ µR and the rows outside L
independent samples of ν, so that the rows are independent samples of µ. For a fixed L let ρ consist
of the rows outside L and of the entries yi,j with i ∈ L and j ∈ R; given L and ρ, the remaining
randomness is (T (yi))i∈L, a family of independent samples of µT . Put si =

∑
j∈R yi,j for i ∈ L, and

let x ∈ ZL3 have the entries yi,a+si, i ∈ L, i.e. the first entries of the T (yi). The columns cj , j ∈ R,
are determined by ρ, and ca is determined by x and ρ; so

∑
j fj(cj) = F (x)+fb(cb,L, ρb)+fc(cc,L, ρc)

for a function F on ZL3 depending on ρ, where ρt denotes the entries of the t-th column outside L
and ct,L those in L. Hence fL,ρ = (F, fb(·, ρb), fc(·, ρc)) is a triple of functions on ZL3 whose error
under µT , δ(L, ρ), is the conditional probability of a failure; let δL = Eρδ(L, ρ), so ELδL = δ. For
t ∈ {b, c} the entries of the t-th column have law µt both inside and outside L, so ρt ∼ µ⊗L

c

t .
Steps 1–4. We now run Steps 1–4 of the proof of Lemma 8.64 for the pair (b, c) in place

of (1, 2) (after permuting the coordinates of P ̸ =, so that the second and third entries of T (y)
come first), with π′ = µT , a = α and a′ = 3α, so that θ = min(2a′, a2 ) = α

2 and δ1, K, r
are as in the statement. These steps use only: the stability of π′, applied to the triples fL,ρ;
that, given L and ρ, the rows T (yi), i ∈ L, are independent samples of µT , the pairs (ρb,i, ρc,i),
i /∈ L, are independent samples of νbc, and the b-th and the c-th column are independent of L;
the two types of generalized polymorphisms of P ̸ = (Theorem 8.55(a)); that the free and the
fixed entries of the b-th and the c-th column have the laws µb and µc; that minµt ≥ 6a for
t ∈ {b, c} (indeed µt(v) ≥ 2 · 3m−2α); that every value has probability at least 6a′ under the
corresponding marginal of π′ (it is the entry of six elements of P ̸ =); the bound νbc ≥ a νbνc,
for Lemma 8.59 with parameter a and Lemma 8.35 with κ = a; and βb(k), βc(k) <

1
2 for all k.

With Dt(L) = Eρtdc(ft(·, ρt)), they give ELDb(L) · ELDc(L) ≤ Krδc
′r and ELDt(L) ≥ a

4dc(ft) for

t ∈ {b, c}. Hence dc(fb) dc(fc) ≤ ( 4α)
2Krδc

′r, which gives the claim.

Theorem 8.78 (m summands, every full-support distribution). Let m ≥ 4 and let µ be a distri-

bution on P
(m)
̸ = with full support and α = minµ. For every n and every m-tuple f of functions

on Zn3 with errµ(f) = δ there is a generalized polymorphism g, of type (Am) or (Bm), with

dist(f ,g) ≤ exp
(
1.22 · 1010 α−16 ln

1

α

)
δα

9/8000,
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distances being measured under µ⊗nj .

Proof. Let c′, r, E0 be as in Lemma 8.77(b), c = c′r/2 and C = max
(
1+(m−1)E0, 4(m+1)α−4

)
;

note c ≤ 1, so δ ≤ δc. If δ > α4/(4(m + 1)), every generalized polymorphism is within 1 <
4(m+ 1)α−4δ ≤ Cδc. If δ ≤ α4/(4(m+ 1)) and βt(k) ≥ 1

2 for some t and k, Lemma 8.77(a) gives
g of type (Bm) with dist(f ,g) ≤ 2δ/α4 ≤ Cδc. Otherwise, by Lemma 8.77(b), at most one index j
has dc(fj) > ε := E0δ

c. Let j0 be this index if there is one, and j0 = m otherwise; for j ̸= j0 let
uj be the most likely value of fj , so Pr[fj(cj) ̸= uj ] ≤ ε, and let U =

∑
j ̸=j0 uj . The event that

fj(cj) = uj for all j ̸= j0 and fj0(cj0) = −U is a failure, so Pr[fj0(cj0) = −U ] ≤ δ + (m− 1)ε. Let
gj ≡ uj for j ̸= j0, and gj0 = fj0 except that gj0 = 1− U where fj0 = −U . Then g is of type (Am)
and dist(f ,g) ≤ δ + (m− 1)ε ≤ Cδc.

For the constants, let x = 1/α ≥ 54 and ℓ = lnx. As rα ≥ α
2 and c′ = 38α8

13107200 , c ≥
6561

52428800α
9 >

α9

8000 , so δ
c ≤ δα

9/8000. Next, lnC ′ = 1.2 · 1011(3α)−9 ln 1
3α ≤ 6.097 · 106x9ℓ and 1/c′ ≤ 1997.8x8,

so ln 1
δ1

= (lnC ′ + ln(2x))/c′ ≤ 1.2181 · 1010x17ℓ. As δ1 ≤ α
2C′ , K ≤ (1 + 15x)/δ1, and as rα ≤ 2α,

lnE0 ≤ ln(4x) + α
(
ln(16x) + ln 1

δ1

)
≤ ln(4x) + α ln(16x) + 1.2181 · 1010x16ℓ. Finally E0 ≥ 1 and

m ≤ 1 + log3
x
2 ≤ x give lnC ≤ max

(
lnm+ lnE0, ln(4(m+ 1)) + 4ℓ

)
≤ 1.22 · 1010x16ℓ.

Corollary 8.79 (Equal functions and polymorphisms, every full-support distribution). Let m ≥ 4,

let µ be a distribution on P
(m)
̸ = with full support and α = minµ, let C∗ = exp(1.22 ·1010α−16 ln 1

α)

and c∗ = α9/8000 be the constant and the exponent of Theorem 8.78, and let n ≥ 1.

(a) For every f with errµ(f) = δ there is a generalized polymorphism g of type (Am) or (Bm) with
dist(f ,g) ≤ 2C∗δ

c∗ such that gj = gl whenever fj = fl and µj = µl.

(b) Let 3 | m, µ1 = · · · = µm =: ν, and δ = errµ(h, . . . , h) for a function h : Zn3 → Z3. Then
Prν⊗n [h ̸= κwi+d] ≤ K∗δ for some i, κ and d, where K∗ = (2C∗/α)

1/c∗; the functions κwi+d
are the polymorphisms, by Corollary 8.75(b), which concerns only the support.

Proof. (a) Let g be given by Theorem 8.78 and η = dist(f ,g) ≤ C∗δ
c∗ . If η ≥ 1

2 , the tuple
g1 = · · · = gm = w1, which is of type (Bm) for every m (all dj = 0), is within 1 ≤ 2C∗δ

c∗ . Let η < 1
2

and call j and l equivalent if fj = fl and µj = µl. For equivalent j, l we have Prµ⊗n
j

[gj ̸= gl] ≤ 2η < 1,

and the proof of Corollary 8.75(a) applies verbatim (it uses only this inequality, the forms of the
types (Am) and (Bm), and Prµ⊗n

b
[fb ̸= ul] = Prµ⊗n

l
[fl ̸= ul] for equivalent b, l): it gives a tuple of

type (Am) or (Bm) within η in which equivalent indices carry equal functions.
(b) As C∗ ≥ 1, c∗ ≤ 1

5 and m ≤ 1
α , K∗ ≥ (2/α)5 ≥ 4(m + 1)α−4; so K∗δ ≥ 1 if 2C∗δ

c∗ > α or
δ > α4/(4(m+1)), and then every κwi+d will do. Otherwise (a), applied to f = (h, . . . , h), gives a
generalized polymorphism (g, . . . , g) with Prν [h ̸= g] ≤ 2C∗δ

c∗ ≤ α. As 3 | m, g is not constant, so

g = κwi + d, and Lemma 8.60(b) for P
(m)
̸ = (Remark 8.71(c)) gives β1(i) ≥ 1

2 . By Lemma 8.77(a)

some g′ of type (Bm) satisfies Prν [h ̸= g′l] ≤ 2δ/α4 ≤ 1
2(m+1) for every l; then Prν [g

′
j ̸= g′l] < 1, so

all g′l are equal to some κ′wi + d′, and Prν [h ̸= κ′wi + d′] ≤ 2δ/α4 ≤ K∗δ.

So the first (qualitative) question of [2, Section 9] has a positive answer, with polynomial depen-

dence, for every P
(m)
̸ = under every full-support distribution, and by Corollary 8.73 for every largest

predicate over Z3 without a flexible coordinate (m ≥ 3; Theorem 8.66 for m = 3). Their question
about polynomial dependence concerns the Boolean setting of [2, Theorem 1.6]; and the stronger
linear form fails here, since the exponent 1

2 is sharp under the uniform distribution (Theorem 8.55

for m = 3). For permutations, Filmus [9, Theorem 3.9] gives an ε1/4 bound for Permn under the
uniform distribution. By Remark 8.71(c) the exponent must depend on µ. Corollary 8.79(a) is
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the guarantee of their second question (asked there for Boolean predicates) for P
(m)
̸ =, as Corol-

lary 8.68(a) is for m = 3. As for m = 3, the exponent and the constant are far from optimal;
under πm, Theorem 8.70 gives the exponent 1

2 . The script neqm mu check.py (directory numerics)
checks, for random µ with m = 4, 5 (generic, nearly degenerate, and with very unequal masses),
every pair {b, c} and every a, the facts about T , µT , µR and ν used in the proof of Lemma 8.77(b);
for m = 4 and n = 2 the identity ELδL = δ, with δ(L, ρ) computed as the error of fL,ρ under µT , by
exact enumeration; the counts, the kernel bound and the final inequality used in Remark 8.71(c);
and the constants of Theorem 8.78 on a grid of values α ∈ [10−12, 1

54 ], for every admissible m.

Uniform marginals for m summands. For m = 3, Theorem 8.61(a) and Proposition 8.62(b)
show that the best exponent for full-support distributions with uniform marginals and smallest
atom α is of order α. The same holds for every m, with α replaced by α′ = 3m−3α, which ranges
over (0, 1

18 ] for every m (α′ = 1
18 only for πm). For α′ > 1

45 , where Proposition 8.62(b) and
Theorem 8.80(b) do not apply, the trivial bound c ≤ 1 < 45α′ gives the upper bound of order
α′: under every µ with full support and uniform marginals, the tuple of Theorem 8.55(c), resp.
Theorem 8.70(c), with Pr[E] = η has error at most η (a failure needs the last column, which is
uniform, to lie in E) and distance at least η (the proof of the distance bound uses only part (a),
which concerns only the support, and the uniformity of the columns). Proposition 8.82 below gives
the upper bound 9α′ for every α′ ≤ 1

18 , sharp up to a factor 9
8 .

Theorem 8.80 (m summands, uniform marginals). Let m ≥ 4, let µ be a distribution on P
(m)
̸ =

with full support and uniform marginals, α = minµ and α′ = 3m−3α, let r = r9α′ (Lemma 8.35),
so r ≥ 8α′, and let δm be as in Theorem 8.70.

(a) For every f with errµ(f) = δ there is a generalized polymorphism g of type (Am) or (Bm) with

dist(f ,g) ≤ Cδr/2 ≤ Cδ4α
′
, where C = max

(
(4(m+ 1))1/4α−1, m

2 α
′−3/2δ

−1/2
m

)
.

(b) Let α > 0 be such that α′ = 3m−3α ≤ 1
45 , and let µshm,α give mass α to each of the 4 ·

3m−2 elements of P
(m)
̸ = with am ̸= am−1 + 1 and mass 1−4·3m−2α

2·3m−2 to each of the other

2 · 3m−2 elements. Then µshm,α has full support, minimum α and uniform marginals, and if
constants C, c > 0 are such that every f (for every n) is within C errµshm,α

(f)c of a generalized

polymorphism, then c ≤ 9
2e

2α′.

Proof. (a) We follow the proof of Theorem 8.61(a). Note r < 9α′ ≤ 1
2 , so δ ≤ δr/2 and α−2r ≤ α−1.

If δ > α4/(4(m + 1)), every generalized polymorphism is within 1 < (4(m + 1)δ/α4)r/2 ≤ (4(m +
1))1/4α−1δr/2. If δ ≤ α4/(4(m+1)) and βt(k) ≥ 1

2 for some t and k, Lemma 8.77(a) gives g of type

(Bm) within 2δ/α4 = 2δr/2δ1−r/2α−4 ≤ 2α−2rδr/2 ≤ (4(m + 1))1/4α−1δr/2, as δ1−r/2 ≤ α4−2r and
(4(m+ 1))1/4 ≥ 2. So we may assume that βt(k) <

1
2 for all t and k.

The decomposition. Let σ = 9α′ = 3m−1α ≤ 1
2 and ν = (µ− σπm)/(1− σ). As πm ≡ 1

2·3m−1 on

P
(m)
̸ =, σπm ≡ α

2 , so ν ≥ α
2 on P

(m)
̸ =; the marginals of ν are uniform; and, as every pair of entries

has 2 · 3m−3 completions, the law νjl of two entries of a ν-row satisfies νjl(a, b) ≥ 3m−3α = α′ =
9α′ νj(a)νl(b). As in the proof of Theorem 8.61, choose L ⊆ [n] containing each i independently
with probability σ, let the rows in L be independent samples of πm and the others independent
samples of ν, and for fixed L let ρ = (ρ1, . . . , ρm) be the columns of the rows outside L and
fL,ρ = (fj(·, ρj))j∈[m], an instance of Theorem 8.70 with |L| coordinates (for L = ∅ its functions are
constants, which form a tuple of type (Am) if δ(L, ρ) < 1), with error δ(L, ρ); δL = Eρδ(L, ρ) and
ELδL = δ; each ρj is uniform on ZLc

3 . By Theorem 8.70(b), as 2mδ
1/4
m < 1, if δ(L, ρ) ≤ δm then

some g′ of type (Am) or (Bm) on ZL3 is within 2
√
δ(L, ρ) < 1

10 of fL,ρ.
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Step 1. Define Pj(ρj) ∈ L∪{⊥} as in Step 1 of the proof of Theorem 8.61. If P1(ρ1), . . . , Pm(ρm)
are not all equal, then δ(L, ρ) > δm: a tuple g′ of type (Bm) with coordinate i within 1

10 would
give Pj(ρj) = i for all j, and one of type (Am), in which m− 1 functions are constants and the last
takes at most two values, would give Pj(ρj) = ⊥ for all j. By Markov’s inequality Prρ[P1(ρ1) ̸=
P2(ρ2)] ≤ δL/δm, and, as there, Lemma 8.59 for the first two entries of a ν-row with θ = 9α′ (the
kernel satisfies K(a, a′) = 9

∑
b ν12(a, b)ν12(a

′, b) ≥ 9α′ · 1
3) gives dc(P1(ρ1)) ≤ ηL := 2δL/(9α

′δm).
If ηL ≤ 1

7 and the most likely value of P1(ρ1) were some i ∈ L, then β1(i) ≥ 7
10(1 − ηL) ≥ 3

5 , as
there; so Prρ[P1(ρ1) ̸= ⊥] ≤ 7ηL in all cases.

Step 2. If P1(ρ1) = ⊥ and δ(L, ρ) ≤ δm, then g′ is of type (Am): for some index s, g′t ≡ ut for
t ̸= s, and g′s never takes the value −U , where U =

∑
t̸=s ut. Write ht = ft(·, ρt), ε0 = 2

√
δ(L, ρ)

and pt = Pr[ht ̸= ut] ≤ ε0 for t ̸= s; then dc(ht) dc(ht′) ≤ ptpt′ ≤ 4 δ(L, ρ) for t, t′ ̸= s. Given
L and ρ, the rows in L are independent samples of πm, and every pair of entries has 2 · 3m−3

completions in P
(m)
̸ =, so any two of the columns restricted to L are independent and uniform.

Fix t ̸= s and, for a ̸= ut, let qa = Pr[hs = ut − a− U ]. As in Step 2 of the proof of Theorem 8.61,
the disjoint failures where ht = a, ht′ = ut′ for all t′ /∈ {s, t} and hs = ut − a − U , a ̸= ut, give
δ(L, ρ) ≥ pt

(
mina̸=ut qa −

∑
t′ /∈{s,t} pt′

)
; the values ut − a − U , a ̸= ut, are the two values other

than −U , so dc(hs) ≤ Pr[hs = −U ]+mina̸=ut qa ≤ ε0+mina̸=ut qa; hence dc(ht) dc(hs) ≤ δ(L, ρ)+
pt
(
(m − 2)ε0 + ε0

)
≤ (4m − 3) δ(L, ρ). So mjl(L, ρ) := dc(fj(·, ρj)) dc(fl(·, ρl)) ≤ (4m − 3) δ(L, ρ)

for every pair j ̸= l in this case, mjl ≤ 1 always, and we get, as there,

Eρmjl(L, ρ) ≤ (4m− 3) δL + 7ηL +
δL
δm

≤ K1δL, K1 :=
2

α′δm
,

since 4m− 3 + 14
9α′δm

+ 1
δm

= (4m−3)α′δm+14/9+α′

α′δm
≤ 2

α′δm
(as (4m− 3)α′δm + α′ ≤ 4

9).
Steps 3 and 4. For every pair j ̸= l (all marginals are uniform), Step 3 of the proof of The-

orem 8.61, with Lemma 8.35 for κ = 9α′, gives ELDj(L) · ELDl(L) ≤ Kr
1δ
r, and Step 4 gives

ELDj(L) ≥ σ
3dc(fj) = 3α′ dc(fj).

Conclusion. So dc(fj) dc(fl) ≤ Kr
1δ
r/(9α′2) for all j ̸= l, and at most one index j0 has dc(fj0) >

ε := K
r/2
1 δr/2/(3α′); if there is none, let j0 = m. As in the proof of Theorem 8.78, with uj the

most likely value of fj (j ̸= j0) and U =
∑

j ̸=j0 uj , we get Pr[fj0 = −U ] ≤ δ+(m− 1)ε and a tuple

g of type (Am) with dist(f ,g) ≤ δ + (m− 1)ε. As K1 ≥ 1 and r ≤ 1, ε ≤
√
2
3 α

′−3/2δ
−1/2
m δr/2; with

X = α′−3/2δ
−1/2
m ≥ 183/2 · 4 · 107 > 3 · 109, δ + (m− 1)ε ≤

(
1 +

√
2
3 (m− 1)X

)
δr/2 ≤ m

2 Xδ
r/2.

(b) An element (a1, . . . , am−2, b, b+1) is in P
(m)
̸ = iff b ̸=

∑
j≤m−2 aj +1, so there are 2 · 3m−2

elements with am = am−1 + 1, and 1−4·3m−2α
2·3m−2 ≥ α as α ≤ 1

2·3m−1 . The translations a 7→ a+ t with∑
j tj = 0 and tm−1 = tm preserve P

(m)
̸ = and the condition am = am−1 + 1, hence µshm,α, and

they shift each entry by every element of Z3 (Remark 8.71(c)); so the marginals are uniform. Let
n, τ = 2e2α′ < 1

3 , ℓ, Y , Z be as in the proof of Proposition 8.62(b), and f1 = · · · = fm−2 ≡ 0,
fm−1 = 1Y , fm = 1 + 1Z . A failure means cm−1 ∈ Y and cm ∈ Z. A row has ym−1 = 0 and
ym ̸= 1 with probability 4 · 3m−3α = 4α′: for each ym ∈ {0, 2}, the first m − 2 entries are any
of the 2 · 3m−3 tuples whose sum is not −ym, and all these elements have mass α. The proof of
Proposition 8.62(b) now applies verbatim, with cm−1, cm in place of y, z and 4α′ in place of 4α;
for the distance, a tuple of type (Bm) has Pr[f1 ̸= g1] =

2
3 , and in a tuple of type (Am) gm−1 or gm

is a constant. Hence c ≤ 9
4τ = 9

2e
2α′.

So for every m ≥ 3, the supremum of the exponents c such that every full-support µ on P
(m)
̸ =

with uniform marginals and minµ = α admits a bound dist ≤ Cµ err
c
µ is of order α

′ = 3m−3α: it is at

least r9α′/2 ≥ 4α′ by Theorems 8.61(a) and 8.80(a), with explicit constants, and at most 9
2e

2α′ when
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α′ ≤ 1
45 . Propositions 8.81 and 8.82 below sharpen this, for α′ < 1

18 , to the interval [r18α′/2, 9α′],
whose ends are within a factor 9

8 , uniformly in m. As µshm,α has full support, the exponent of
Theorem 8.78 can be improved at most to 9 · 3m−3α. The script neqm unif check.py (directory
numerics) checks, for m = 4, 5, the decomposition and the bounds ν ≥ α

2 , νjl ≥ α′ = 9α′νjνl and
K(a, a′) ≥ 9α′νj(a

′) for random distributions with uniform marginals; the distribution µshm,α exactly
for m = 4, 5, 6, including that the four classes of rows given by 1[ym−1 = 0] and 1[ym = 1] have
the same probabilities as for µshα′ and m = 3; for m = 4, by brute force for n = 3, the inequality
N0(c3) − N1(c4) ≤ D, the law of (N0(c3), N1(c4),D) and the error; the error bound exactly for
n ≤ 24; the distance bound against all generalized polymorphisms for n = 3, 6, 9; and the numerical
inequalities used for the constants.

A larger parameter for reverse hypercontractivity. In the proofs of Theorems 8.61 and 8.80
the weight of πm in the decomposition is σ = 9α′ (for m = 3, π3 = π and α′ = α). A smaller weight
leaves the ν-rows closer to µ, whose pair laws satisfy µjl(a, b) ≥ 2 · 3m−3α = 18α′µj(a)µl(b) when
µj and µl are uniform, so that reverse hypercontractivity can be applied with a parameter close to
18α′, at the cost of the constant. Similarly, Step 5 can use κ = 9α/(1 − 9α) in place of 2α when
one of µl, µm is uniform.

Proposition 8.81 (A larger parameter). Let m ≥ 3, let µ be a distribution on P
(m)
̸ = with full

support, α = minµ and α′ = 3m−3α, and suppose µ ̸= πm, i.e. α
′ < 1

18 . For 0 < s ≤ 1
2 let

κs =
18α′(1− s)

1− 18α′s
and r = rκs (Lemma 8.35),

and let f be a tuple of functions on Zn3 with errµ(f) = δ.

(a) If all marginals of µ are uniform, there is a generalized polymorphism g with dist(f ,g) ≤
Csδ

r/2, where Cs = max
(
(4(m + 1))1/2α−2, s−1Mm

)
, with M3 = 1.5 · 107α−3/2 and Mm =

m
4 α

′−3/2δ
−1/2
m for m ≥ 4 (δm as in Theorem 8.70).

(b) If m = 3 and µ1 and µ2 are uniform, there is a generalized polymorphism g with dist(f ,g) ≤
Csδ

rr′′/4, where r′′ = rκ′′ ≥ 8α with κ′′ = 9α/(1− 9α).

Proof. We follow the proofs of Theorem 8.61 (m = 3) and Theorem 8.80(a) (m ≥ 4), with σ =
18α′s ≤ 9α′ ≤ 1

2 in place of 9α′. We have κs ≥ 18α′(1 − s) ≥ 9α′, and κs < 1 as 18α′ < 1;
so 8

9κs ≤ r < κs < 1 by Lemma 8.35, and r ≥ 8α′. Also κ′′ < 1 as α < 1
18 in case (b), so

8α ≤ 8
9κ

′′ ≤ r′′ < 1. We may assume δ > 0: if δ = 0 then, as µ has full support, f is itself a
generalized polymorphism. (The strict inequalities between multiples of powers of δ below, and
those in the conclusion of the proof of Theorem 8.61, are meant for δ > 0; for δ = 0 the same proofs
give dist = 0.)

The opening. If δ > α4/(4(m + 1)), every generalized polymorphism is within 1 < (4(m +
1)δ/α4)r/2 ≤ (4(m + 1))1/2α−2δr/2. If δ ≤ α4/(4(m + 1)) and βt(k) ≥ 1

2 for some t and k,
then Lemma 8.60(a) (m = 3, where 4(m + 1) = 16) or Lemma 8.77(a) (m ≥ 4) gives g within
3δ/α4 = 3δr/2δ1−r/2α−4 ≤ 3α−2rδr/2 ≤ 3α−2δr/2, as δ1−r/2 ≤ α4−2r. Both bounds are at most
Csδ

r/2 ≤ Csδ
rr′′/4. So we may assume that βt(k) <

1
2 for all t and k.

The decomposition. Let ν = (µ − σπm)/(1 − σ). As σπm ≡ σ/(2 · 3m−1) = αs on P
(m)
̸ =, we

have ν ≥ α(1− s)/(1− σ) ≥ α
2 there; the marginal νj is uniform whenever µj is; and, as every pair

of entries has 2 ·3m−3 completions, νjl(a, b) ≥ 2α′(1−s)/(1−σ) = κs/9. So νjl(a, b) ≥ κs νj(a)νl(b)
when νj and νl are uniform, and νjl(a, b) ≥ α′ always. Let L, the rows, ρ, fL,ρ, δ(L, ρ) and δL be
as in those proofs, now with each i in L independently with probability σ.
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Steps 1 and 2 hold verbatim, with the same ηL and K1: besides the πm-rows in L and the
uniformity of ν1 and ν2, they use only ν12(a, b) ≥ α′, which gives θ = 9α′ in Lemma 8.59. So
Eρmjl(L, ρ) ≤ K1δL for all j ̸= l, with K1 = 2 · 1015/α for m = 3 and K1 = 2/(α′δm) for m ≥ 4.
Step 3 holds for every pair j ̸= l with µj and µl uniform, with Lemma 8.35 applied for κ = κs to the
pairs (ρj,i, ρl,i): ELDj(L) · ELDl(L) ≤ Kr

1δ
r. Step 4 gives ELDj(L) ≥ σ

3dc(fj) = 6α′sdc(fj) when

µj is uniform. Hence dc(fj) dc(fl) ≤ Kr
1δ
r/(36α′2s2) for these pairs. Let ε = K

r/2
1 δr/2/(6α′s).

Conclusion for m = 3. As K1 ≥ 1 and r < 1, ε ≤
√
2
6 107.5s−1α−3/2δr/2 < 7.4536 ·

106s−1α−3/2δr/2; and δ ≤ δr/2 ≤ 18−3/2α−3/2δr/2 < 0.007 s−1α−3/2δr/2, as α ≤ 1
18 and s ≤ 1

2 . In
case (a), two indices have dc ≤ ε, and the construction at the end of the proof of Theorem 8.61 gives
g of type (A) with dist(f ,g) ≤ δ+2ε < 1.5 ·107s−1α−3/2δr/2. In case (b), Steps 3 and 4 for the pair
{1, 2} give one j ∈ {1, 2} with dc(fj) ≤ ε. In Step 5 with ε′ = ε, write {l, l′} = [3]\{j} with l ∈ {1, 2}
and l′ = 3 for the two indices called l,m there, and v ∈ Z3 for the index called s there. Then µl is
uniform, and every entry of the law µll′ of the pairs (cl,i, cl′,i) is at least 2α, as every pair of entries
has two completions in P ̸ =. So for a, b ∈ Z3 and a′ ̸= a, µll′(a

′, b) = 1
3 −

∑
b′ ̸=b µll′(a

′, b′) ≤ 1
3 − 4α;

hence µl′(b) ≤ µll′(a, b) +
2
3 − 8α, and as x 7→ 3x/(x + 2

3 − 8α) is increasing on x > 0 and
µll′(a, b) ≥ 2α, we get µll′(a, b) ≥ 6α

2
3
−6α

µl(a)µl′(b) = κ′′µl(a)µl′(b). Lemma 8.35 with κ = κ′′ gives

pvqv ≤ (δ+ε)r
′′
for every v ∈ Z3, and the rest of Step 5 gives a second index with dc ≤ 2(δ+ε)r

′′/2.
With Y = 7.46 · 106s−1α−3/2 ≥ 1 we have δ + ε ≤ Y δr/2, so 2(δ + ε)r

′′/2 ≤ 2Y 1/2δrr
′′/4 <

5463 s−1/2α−3/4δrr
′′/4 < 626 s−1α−3/2δrr

′′/4, as α−3/4 ≤ 18−3/4α−3/2 and s ≤ 1. As δr/2 ≤ δrr
′′/4,

two indices have dc ≤ ε′′ := max(ε, 2(δ + ε)r
′′/2) < 7.4536 · 106s−1α−3/2δrr

′′/4, and the same
construction gives dist(f ,g) ≤ δ + 2ε′′ < 1.5 · 107s−1α−3/2δrr

′′/4.
Conclusion for m ≥ 4. At most one index j0 has dc(fj0) > ε, and the construction at the

end of the proof of Theorem 8.80(a) gives g of type (Am) with dist(f ,g) ≤ δ + (m − 1)ε. With

X = α′−3/2δ
−1/2
m > 3 ·109, as there, ε ≤

√
2
6 s

−1Xδr/2, so δ+(m−1)ε ≤
(
1+

√
2
6 (m−1)s−1X

)
δr/2 ≤

m
4 s

−1Xδr/2, since m
4 −

√
2
6 (m− 1) ≥

√
2
6 > 1

s−1X
.

As s → 0, κs → 18α′, and rκ is continuous and increasing in κ. So for every µ ̸= πm with
uniform marginals every exponent c < r18α′/2 is valid. Here r18α′/2 ≥ max

(
8α′, 9α′(1 − 9α′)

)
by

Lemma 8.35: with t =
√
1− κ, rκ/κ = 2/(2+t(1−t)) ≥ 1− t(1−t)

2 ≥ 1− κ
2 , as 1−t ≤ κ. In the same

way, Proposition 8.81(b) shows that, for m = 3 and two uniform marginals, every exponent below
r18αr9α/(1−9α)/4 ≥ 32α2 is valid. (The bound µll′ ≥ 9α

1−9αµlµl′ used there for Step 5 also improves

the exponent rr′/4 of Theorem 8.61(b), for α < 1
18 , to r9αr9α/(1−9α)/4 ≥ 16α2.) For a single

µ ̸= πm with full support and uniform marginals, the supremum c∗(µ) of the exponents c of bounds
dist ≤ C errcµ (for every n) therefore satisfies c∗(µ) ≥ r18α′/2, and also c∗(µ) ≤ 1

2 : choose (a, b) with

µm−1,m(a, b) ≤ 1
9 , and for k ≥ 1 and n = k let fj ≡ 0 for j ≤ m− 2, fm−1 = 1E and fm = 1+ 1E′ ,

where E = {(a, . . . , a)} and E′ = {(b, . . . , b)}. A failure means cm−1 ∈ E and cm ∈ E′, so the error
is µm−1,m(a, b)

k ≤ 9−k, while the distance from every generalized polymorphism is at least 3−k: a
tuple of type (Bm) has Pr[f1 ̸= g1] =

2
3 , and in a tuple of type (Am) gm−1 or gm is a constant,

while 1E and 1 + 1E′ differ from every constant with probability at least 3−k (for m = 3 read (B)
and (A)). So c∗(µ) → 1

2 = c∗(πm) as µ → πm among the distributions with uniform marginals:
the best exponent is continuous at πm. Proposition 8.82 below gives the upper bound 9α′ for the
class, within the factor 18α′/r18α′ ≤ 9

8 of r18α′/2. The script neq large kappa check.py (directory
numerics) checks, for random distributions with uniform marginals (m = 3, 4) and several s, the
decomposition and the bounds ν ≥ α(1 − s)/(1 − σ) ≥ α

2 , νjl ≥ κsνjνl and νjl ≥ α′ in exact
arithmetic; Lemma 8.35 for κ = κs on random nonnegative functions; the bound µlm ≥ 6αµlµm of
case (b) for random µ with two uniform marginals; the error and the distance of the example for
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c∗(µ) ≤ 1
2 , by exact enumeration (m = 3, k ≤ 3 and m = 4, k ≤ 2; the distance against all tuples

of types (Am) and (Bm), and for k = 1 against all generalized polymorphisms, found by exhaustive
search); and the numerical inequalities used for the constants and the limits.

Proposition 8.82 (The sharp constant for uniform marginals). Let m ≥ 3, let µ be a full-support

distribution on P
(m)
̸ = with uniform marginals, and let M = maxµjl(a, b), the maximum over

j ̸= l in [m] and a, b ∈ Z3, where µjl is the law of the j-th and l-th entries of a µ-row. If constants
C, c > 0 are such that every f (for every n) is within C errµ(f)

c of a generalized polymorphism,
then c ≤ 9

4(
1
3 −M). In particular, for every α > 0 with α′ = 3m−3α ≤ 1

18 , the distribution µshm,α,

defined as in Theorem 8.80(b) (µsh3,α = µshα of Proposition 8.62(b)), has full support, minimum α
and uniform marginals, and admits no such bound with c > 9α′.

Proof. Choose j ̸= l and a0, b0 ∈ Z3 with µjl(a0, b0) =M , and put p = 1
3−M ; as µ has full support,

µjl(a0, b) > 0 for b ̸= b0, so p > 0. For w ∈ Zn3 let Nv(w) be the number of i with wi = v. Fix τ
with 0 < τ < min(p, 16), let A = {w : Na0(w) ≥ (13 + τ)n} and B = {w : Nb0(w) ≤ (13 − τ)n}, and
let fj = 1A, fl = 1 + 1B and fk ≡ 0 for k /∈ {j, l}.

The error. A failure means 1A(cj)+ 1+1B(cl) = 0, i.e. cj ∈ A and cl ∈ B. Let Xi = 1[(cj)i =
a0] − 1[(cl)i = b0]; then

∑
iXi = Na0(cj) − Nb0(cl) ≥ 2τn on a failure. The Xi are independent,

with Pr[Xi = 1] = µj(a0) −M = p and Pr[Xi = −1] = µl(b0) −M = p. With θ = τ/p ∈ (0, 1),

EeθXi = 1 + 2p(cosh θ − 1) ≤ exp(pθ2 cosh θ), as cosh θ − 1 =
∑

k≥1 θ
2k/(2k)! ≤ θ2

2 cosh θ. By
Markov’s inequality,

errµ(f) ≤ Pr
[∑

i

Xi ≥ 2τn
]
≤ e−2θτn

(
EeθX1

)n ≤ e−Λn, Λ =
τ2

p

(
2− cosh

τ

p

)
> 0.

The distance. The columns cj and cl are uniform on Zn3 , so Na0(cj) and Nb0(cl) have the
distribution Bin(n, 13); in particular Pr[A],Pr[B] ≤ 1

2 for all large n, by the law of large numbers.

Write d(q) = d(q∥1
3) as in the proof of Proposition 8.62(b), where Pr[Bin(n, 13) = k] ≥ 1

n+1e
−nd(k/n)

is shown for 0 ≤ k ≤ n. As d(13) = d′(13) = 0 and d′′(q) = 1
q(1−q) , Taylor’s theorem gives

d(q) ≤ (q − 1
3)

2/(2mint t(1− t)), the minimum over the t between 1
3 and q. Let n ≥ 7, τn = τ + 1

n ,

kA = ⌈(13 + τ)n⌉ and kB = ⌊(13 − τ)n⌋. Then | kn − 1
3 | ≤ τn for k ∈ {kA, kB}, kA

n ∈ [13 ,
2
3 ], where

t(1− t) ≥ 2
9 , and

kB
n ≥ 1

3 − τn > 0, where t(1− t) ≥ (13 − τn)(
2
3 + τn) on [13 − τn,

1
3 ], and this is at

most 2
9 . Hence

Pr[A] ≥ Pr
[
Na0(cj) = kA

]
≥ e−nKn

n+ 1
, Pr[B] ≥ Pr

[
Nb0(cl) = kB

]
≥ e−nKn

n+ 1
,

Kn =
τ2n

2(13 − τn)(
2
3 + τn)

.

As µ has full support, the generalized polymorphisms are the tuples of types (Am) and (Bm)
(Theorem 8.70(a); types (A) and (B) of Theorem 8.55(a) for m = 3). A tuple g of type (Bm)
has Pr[fk ̸= gk] =

2
3 for k /∈ {j, l}; in a tuple of type (Am) all functions but one are constants,

so gj or gl is a constant, and 1A and 1 + 1B differ from every constant with probability at least
min(Pr[A], 1 − Pr[A]) and min(Pr[B], 1 − Pr[B]), respectively. So for all large n, dist(f ,g) ≥
min(Pr[A],Pr[B]) ≥ e−nKn/(n+ 1) for every generalized polymorphism g.

Conclusion. If dist ≤ C errcµ for these tuples, then e−nKn/(n + 1) ≤ Ce−cΛn for all large n;
taking logarithms, dividing by n and letting n→ ∞ gives cΛ ≤ limnKn, i.e.

c ≤ p

2(13 − τ)(23 + τ)(2− cosh τ
p )
.
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Letting τ → 0 gives c ≤ p

2· 1
3
· 2
3

= 9
4p.

For µshm,α: its larger mass 1−4·3m−2α
2·3m−2 is at least α iff α′ ≤ 1

18 , and the translations used in
the proofs of Proposition 8.62(b) and Theorem 8.80(b) show that its marginals are uniform; these

arguments use only α′ ≤ 1
18 . Every pair of entries has 2 · 3m−3 completions in P

(m)
̸ =, and the

completions of (ym−1, ym) = (b, b + 1) all have the larger mass, so µm−1,m(b, b + 1) = 2 · 3m−3 ·
1−4·3m−2α

2·3m−2 = 1−12α′

3 . Hence M ≥ 1−12α′

3 and c ≤ 9
4

(
1
3 − 1−12α′

3

)
= 9α′.

For every full-support µ with uniform marginals and minµ = α, µjl(a, b) =
1
3−

∑
b′ ̸=b µjl(a, b

′) ≤
1
3 − 4α′, as each µjl(a, b

′) is a sum of 2 · 3m−3 masses at least α. So in this class the bound of
Proposition 8.82 is at least 9α′, with equality for µshm,α. Together with Proposition 8.81: for every

m ≥ 3 and 0 < α′ < 1
18 , the supremum of the exponents c such that every full-support µ on P

(m)
̸ =

with uniform marginals and minµ = α admits a bound dist ≤ Cµ err
c
µ lies in[r18α′

2
, 9α′

]
⊆

[
9α′(1− 9α′), 9α′].

With t =
√
1− 18α′, the ratio of the two ends is 18α′/r18α′ = 1 + t(1−t)

2 ≤ 9
8 , with equality only

for α′ = 1
24 , and it tends to 1 as α′ → 0 and as α′ → 1

18 . This replaces the upper bound 9
2e

2α′

of Proposition 8.62(b) and Theorem 8.80(b), proved there for α′ ≤ 1
45 , by 9α′ for every α′; as

9α′ ≤ log 3/ log 1
2α′ for 0 < α′ ≤ 1

18 (the function x 7→ 9x ln 1
2x is increasing on (0, 1

2e) and equals

ln 3 at 1
18), neither the family µ(α) of Proposition 8.62(a) nor its analogue µ

(α)
m of Remark 8.71(c),

whose bound is log 3/ log 1
2α′ , improves it. In particular the constant 9 is sharp: the supremum

is 9α′(1 − O(α′)) as α′ → 0. For a single µ ̸= πm with full support and uniform marginals,
r18α′/2 ≤ c∗(µ) ≤ 9

4(
1
3 −M), and 9

4(
1
3 −M) ≤ 1

2 as M ≥ 1
9 . As µ

sh
m,α has full support and uniform

marginals, the exponents of Theorems 8.61(b), 8.66 and 8.78 can be improved at most to 9α′.
The two ends of the interval are the two sides of reverse hypercontractivity for the law of

(ym−1, ym) under µ
sh
m,α. The smallest ratio µm−1,m(a, b)/(µm−1(a)µm(b)) is 9 · 2α′ = 18α′, attained

for b ̸= a + 1, so for α′ < 1
18 Lemma 8.35 applies with κ = 18α′ and gives Pr[cm−1 ∈ A, cm ∈

B] ≥ (Pr[A] Pr[B])1/r18α′ for all sets A,B. For the sets of the proof (with j = m − 1, l = m,
a0 = b, b0 = b + 1 and p = 4α′), the bounds there give Pr[cm−1 ∈ A, cm ∈ B] ≤ e−Λn ≤(
(n + 1)2 Pr[A] Pr[B]

)Λ/(2Kn), and Λ/(2 limnKn) → 1
18α′ as τ → 0. As Pr[A],Pr[B] ≤ e−2τ2n by

Hoeffding’s inequality, the exponent 1/rκ of Lemma 8.35 cannot be replaced by any γ < 1/κ for
these pair laws, and the factor κ/rκ ≤ 9

8 is the only gap left in the interval. Proposition 8.83
removes it for α′ ≤ 1

36 . The script neq sharp shift check.py (directory numerics) checks, in
exact arithmetic, the masses, support, minimum and marginals of µshm,α for m = 3, 4, 5 and several

α′ ≤ 1
18 , that M = 1−12α′

3 (attained by the last two entries), the probabilities Pr[Xi = ±1] = 4α′

and the smallest ratio 18α′; for random µ with uniform marginals (m = 3, 4), the bounds 1
9 ≤M ≤

1
3−4α′ and Pr[Xi = ±1] = 1

3−M ; the inequalities for cosh, the bound Pr[Bin(n, 13) = k] ≥ e−nd(k/n)

n+1

for n ≤ 200 and the Taylor bound for d on a grid; for m = 3, µshα (four values of α, two of τ) and
n = 30, 60, . . . , 150, the error, summed in floating point over the four classes of rows given by
1[y2 = 0] and 1[y3 = 1], against e−Λn, and Pr[A], Pr[B], exactly, against e−nKn/(n + 1); for
n ≤ 4 the exact class formula for the error against enumeration of all row tuples; for m = 3 and
3 ≤ n ≤ 7, the distance from all tuples of types (A) and (B), by exact enumeration; and the limits
and inequalities for r18α′ , log 3/ log 1

2α and Λ/(2K) on grids.
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Proposition 8.83 (The sharp exponent for α′ ≤ 1
36). For 0 < κ < 1 and a probability space Ω

consider the inequality

(Sκ) (1− κ)E[φψ] + κE[φ]E[ψ] ≥ ∥φ∥κ ∥ψ∥κ

for all measurable φ,ψ : Ω → [0,∞) with finite means.

(a) (Sκ) holds on every probability space for every κ ∈ (0, 12 ].

(b) Let m ≥ 3 and 0 < α′ < 1
18 . Every exponent c < max

(
min(9α′, 14), r18α′/2

)
is valid in

Proposition 8.81(a). In particular, for 0 < α′ ≤ 1
36 the supremum of the exponents valid for

the whole class (which lies in [r18α′/2, 9α′] by the paragraph after Proposition 8.82) equals
9α′.

(c) If (Sκ) holds on Z3 with the uniform measure for every κ ∈ (12 , 1), then this supremum equals
9α′ for every 0 < α′ < 1

18 .

Proof. (a) Let β = κ/(1 − κ), so 0 < β ≤ 1. If Eψ = 0 both sides of (Sκ) vanish; as both
sides are homogeneous in ψ, we may assume Eψ = 1. Let V = (1 − κ)ψ + κ; then V ≥ κ and
EV = 1, so 1/V and V −β are bounded and V β ≤ 1 + V is integrable. The left side of (Sκ) is
E[φV ]. By Hölder’s inequality with the exponents 1/κ and 1/(1 − κ), E[φκ] = E[(φV )κV −κ] ≤
(E[φV ])κ(E[V −β])1−κ, that is, E[φV ] ≥ ∥φ∥κ(E[V −β])−1/β (the reverse Hölder inequality). So it
suffices to show E[ψκ] (E[V −β])1−κ ≤ 1, which is (E[V −β])−1/β ≥ ∥ψ∥κ. Hölder’s inequality with
the same exponents gives

E[ψκ] = E
[
(ψ/V )κ V κ

]
≤

(
E[ψ/V ]

)κ(E[V β]
)1−κ

.

Let H = E[1/V ] and h = H − 1; then h ≥ 0 by Jensen’s inequality, and as ψ = (V − κ)/(1 − κ),
E[ψ/V ] = (1− κH)/(1− κ) = 1− βh, which is nonnegative. Let V ′ be an independent copy of V
and Z = log V − log V ′. As Z and −Z have the same law, E[V β]E[V −β] = E[eβZ ] = E[coshβZ]
and H = E[V ′]E[1/V ] = E[e−Z ] = E[coshZ]. Comparing power series term by term, coshβz− 1 =∑

k≥1 β
2kz2k/(2k)! ≤ β2(cosh z − 1) for real z, as β ≤ 1; hence E[V β]E[V −β] ≤ 1 + β2h. By

Bernoulli’s inequality (concavity of x 7→ xβ), (1− βh)β ≤ 1− β2h. Therefore(
E[ψκ] (E[V −β])1−κ

)1/(1−κ)
≤ (1− βh)β E[V β]E[V −β] ≤ (1− β2h)(1 + β2h) ≤ 1.

(b) The proof of Proposition 8.81 uses the exponent r = rκs only through Step 3, where
Lemma 8.35 is applied to i.i.d. pairs with a law νjl that has uniform marginals and satisfies νjl ≥
κs/9; the other steps hold for every r ∈ (0, 1], and the conclusion has the exponent r/2 (the
inequality r < κs noted at the start of that proof is not used, and r ≥ 8α′ also holds for the
values of r below, as 8α′ < 1

2 ; Step 3 itself uses, besides the two-function inequality, only r ≤ 1).
We show that Step 3 also holds with r = κ for every κ ≤ κs such that (Sκ) holds on Z3 with
the uniform measure; by (a), this applies to κ = min(κs,

1
2). For such κ we have νjl ≥ κ/9,

so 3(νjl − κ/9)/(1 − κ) is a doubly stochastic 3 × 3 matrix, and by the Birkhoff–von Neumann
theorem νjl =

∑
π λπν

π, a convex combination over the permutations π of Z3, where ν
π is the

law of (x, π(y)) for the simple coupling (x,y) with parameter κ: x is uniform, and y = x with
probability 1 − κ and y is an independent uniform element otherwise. By (Sκ) applied to φ and
ψ ◦π, Eνπ [φ(x)ψ(y)] ≥ ∥φ∥κ∥ψ∥κ. This extends to products νπ1 ⊗· · ·⊗νπN by the usual induction:
for fixed last pair (xN , yN ) apply the inequality for N−1 pairs, and then the inequality for one pair
to xN 7→ ∥Φ(·, xN )∥κ and yN 7→ ∥Ψ(·, yN )∥κ, whose κ-norms are ∥Φ∥κ and ∥Ψ∥κ. As ν⊗Njl is the
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mixture of these products with weights
∏
i λπi , and the right side does not depend on (π1, . . . , πN ),

Step 3 holds with r = κ. So the proof of Proposition 8.81(a) gives the exponent min(κs,
1
2)/2 for

every admissible s, besides rκs/2. As κs → 18α′ for s → 0, every c < max(min(9α′, 14), r18α′/2)
is valid. For α′ ≤ 1

36 this maximum is 9α′, as r18α′ < 18α′, and Proposition 8.82 shows that no
exponent above 9α′ is valid for µshm,α.

(c) The same argument with κ = κs gives the exponents κs/2, which tend to 9α′.

Remark 8.84. The left side of (Sκ) is E[φ(x)ψ(y)] for the simple coupling, in which y = x with
probability 1−κ and y is an independent copy of x otherwise, and the proof of (a) shows that (Sκ)
is equivalent to the one-function inequality ∥(1−κ)ψ+κEψ∥−κ/(1−κ) ≥ ∥ψ∥κ for all ψ ≥ 0 (for the

converse take φ = ((1−κ)ψ+κEψ)−1/(1−κ), which gives equality in the reverse Hölder inequality).
On finite spaces, Lemma 8.35 gives (Sκ) only with the smaller exponent rκ in place of κ. No
exponent larger than κ is possible: for φ = 1+ εu and ψ = 1− εu with u bounded and Eu = 0, the
left side is 1− (1− κ)ε2Eu2, while ∥φ∥p∥ψ∥p = 1− (1− p)ε2Eu2 +O(ε3); so (Sκ) is tight to second
order at constants. On the uniform two-point space the analogous inequality with the exponent κ
is Borell’s sharp reverse hypercontractive inequality (with p = q = κ and correlation 1− κ). In the
one-function form, (Sκ) is ∥Ttf∥q ≥ ∥f∥p for the simple semigroup Tt = e−t Id + (1 − e−t)E with
p = κ, q = −κ/(1 − κ) and e−t = 1 − κ, that is, t = 1

2 log
1−q
1−p , Borell’s time; here q is the Hölder

conjugate of p, which is why the one-function and two-function forms are equivalent. For simple
semigroups on arbitrary probability spaces [22] proves ∥Ttf∥q ≥ ∥f∥p for t ≥ log 1−q

1−p , and their
sharper bound for simple operators ([22, Theorem 1.12] in the arXiv version, composed through
∥ · ∥0) gives, for these pairs, t ≥ 2 log 2−κ

2(1−κ) , the time behind the exponent rκ of Lemma 8.35; this

still exceeds Borell’s time − log(1 − κ) for κ > 0, as (2 − κ)2 > 4(1 − κ). Part (a) shows that
Borell’s time suffices for these pairs (p, q) when κ ≤ 1

2 . By the paragraph after Proposition 8.82,
the exponent κ in (Sκ) could not be increased for the purpose of (b).

We conjecture that (Sκ) holds on Z3 with the uniform measure (and, possibly, on every probabil-
ity space) for every κ ∈ (12 , 1). For κ >

1
2 we have β > 1, and the bound coshβz−1 ≤ β2(cosh z−1)

used in (a) fails for small z ̸= 0. The script neq rhc sharp check.py (directory numerics) found
no violation of (Sκ) on Z3 in a numerical search (random starts and local optimization, for κ be-
tween 10−3 and 0.99), while the same search finds violations when the exponent κ is replaced by
1.02κ. It found no violation of the one-function form on spaces with two, three or four points and
arbitrary weights either, and it checks the Birkhoff decomposition above for random laws νjl and
the steps of the proof of (a) on random finite spaces. For κ ∈ (12 , 1) this is numerical evidence only;
only part (c) uses (Sκ) for such κ.
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