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Abstract. The Aaronson–Ambainis conjecture asserts that every polynomial f : {−1, 1}n →
[−1, 1] of degree at most d has a variable of influence at least (Varf/d)O(1). This
paper does not prove the conjecture, which remains open. To our knowledge, the
best previously known general bound is Var(f)2e−O(d). We prove the general bound
MaxInf(f) ≥ (Varf/d)O(log d) exp(−O(log4 d)), which improves on it asymptotically. Its
constants are astronomically large: at Varf = 1 it beats e−d only for d ≳ 1.9 · 1013. Through
the reduction of Aaronson and Ambainis, it implies that the acceptance probability of a t-query
quantum algorithm can be approximated within ε on all but a δ fraction of inputs by a classical
algorithm making exp(O(log4 t + log t · log(1/(εδ)))) queries (t ≥ 3), to our knowledge the
first subexponential overhead for general algorithms, again only asymptotically; this bounds
the number of queries, not the running time. We propose a quantum analogue of the OSSS
inequality, prove it for one query, for two queries with a larger constant, and for nonadaptive
algorithms, and show that it would give a classical simulation of quantum query algorithms on
most inputs with polynomially many queries. We also constrain counterexamples, reformulate
the conjecture exactly, and prove it for several classes. First, counterexamples are top-heavy:
MaxInf(f) ≥ (W [1,k+1](f)/(4d23k))2 for every k ≥ 0, so the conjecture holds with polynomial
loss unless the Fourier weight of f on levels 1, . . . , O(log d) is polynomially small; Lipschitz
images of a counterexample are top-heavy as well, and its level sets are noise sensitive on
average. Second, a gluing lemma, proved through a Hilbert-space-valued OSSS inequality,
converts influential variables at the leaves of a depth-t decision tree into an influential
variable of f , at a cost polynomial in t and d. It yields an exact decision-tree reformulation
of the conjecture for one-block (gradient) forms, shows that the conjecture is stable under
shallow adaptive switching, and, with bounds on leaf root sums, settles several selector
classes; a subcube cover lemma settles functions with constant-magnitude subcube-supported
derivatives. Third, we prove polynomial bounds for symmetric functions with optimal
exponents (Var2/(16d2)), for functions symmetric within each of b blocks (Var2/(4b2d4)),
for wreath-symmetric functions (Var2/(2416 d6) for all block sizes, and the sharp order
Var2/d2 in two regimes) and for polynomials of smooth linear statistics; we improve constants
for graph properties and cyclically invariant functions, and reduce the case of polynomials
bounded on the torus to a spike inequality, which we prove in each fixed degree with a gap
exponentially small in d. For graph properties of degree d we prove the polynomial bound
MaxInf(f) ≥ Var(f)3/(1.9 · 109d16), using the clone-and-subsample technique of Zhandry’s
small-range lemma. We isolate the remaining gap as a question about shallow decision trees
that make leaf root sums polynomially small, show that the address function caps several
routes at 2−Ω(d), and give a transfer inequality, implied by the conjecture, that with polynomial
loss would yield MaxInf(f) ≥ (Varf/d)O(log d). The new bound proves the mass form of this
transfer with a quasi-polynomial prefactor, through a recursion over chains of derivatives on a
grid of heights, in which lightness is measured against a fixed fraction of the node’s weight.
We also show that the L∞ Talagrand conjecture of Lovett and Zhang, which would imply
the conjecture, is false, propose a degree-free strengthening in terms of real block sensitivity,
and show that two natural strategies fail: the analogous bound in terms of real sensitivity is
false with an exponential gap, and linear dual certificates for the extremal problem give only
the trivial bound up to a factor O(log2 n). For a single restriction at rate 1/d, size-biased
tools (random priming, a load identity for adaptive explorations, and a level-1 inequality in
spread directions) give polynomial bounds under capture-type hypotheses, which are circular
as reductions but hold for structured classes. Along this route the conjecture reduces to an
open anti-spike inequality for regular bounded functions, some of whose hard instances are
products of nearly Boolean counterexamples of lower degree. Several core results, not including
the quasi-polynomial bound, are also verified in Lean 4.

1. Introduction

1.1. The conjecture. Let Qn = {−1, 1}n with the uniform probability measure. Ev-
ery f : Qn → R has a unique multilinear (Fourier–Walsh) expansion f =

∑
S⊆[n] f̂(S)x

S ,
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xS =
∏
i∈S xi, and deg f = max{|S| : f̂(S) 6= 0}. Write

Bd(n) = {f : Qn → [−1, 1] : deg f ≤ d}, Infi(f) =
∑
S∋i

f̂(S)2, MaxInf(f) = max
i

Infi(f),

Bd =
⋃
n Bd(n), and Varf =

∑
S ̸=∅ f̂(S)

2. (Precise conventions are fixed in Section 2.)

Conjecture 1.1 (Aaronson–Ambainis [2, Conjecture 1.7]; Conjecture 6 in arXiv:0911.0996).
There are absolute constants c, C > 0 such that for all n, d ≥ 1 and all f ∈ Bd(n),

MaxInf(f) ≥ c
(Varf

d

)C
.

[open] In [2] the conjecture is stated for p : {0, 1}N → [0, 1] of degree d with Varp ≥ ε and
Infi[p] = EX(p(X) − p(Xi))2 (no factor 1/4), with conclusion Infi[p] ≥ (ε/d)O(1) for some i.
Putting xi = 1− 2Xi and f = 2p− 1 gives f ∈ Bd(N), Varf = 4Varp and EX(p(X)− p(Xi))2 =
Infi(f); hence the two formulations are equivalent (the factor 4 is absorbed in c). The range [0, 1]
on {−1, 1}n, used e.g. in [12], is equivalent in the same way. By [2, Appendix, Proposition 32]
the conjecture is also equivalent to its L1 version (with L1 influences and L1 variance). The
motivation in [2] is the classical simulation of quantum query algorithms on most inputs: the
conjecture implies that the acceptance probability of every T -query quantum algorithm can be
approximated on a 1 − δ fraction of inputs, within ε, by a deterministic classical algorithm
making poly(T, 1/ε, 1/δ) queries [2, Theorem 22 of the arXiv version].

The conjecture is false for L2-bounded f (take n−1/2
∑

i xi), and the exponent of Varf must
be at least 2 (take f = n−1

∑
i xi, with Varf = 1/n and MaxInff = 1/n2).

1.2. Known results. We list the results we use or compare with, with the exact exponents as
stated in the sources.
• Exponential bounds. The junta theorem of Dinur, Friedgut, Kindler and O’Donnell [16,

Theorem 1] shows that every f ∈ Bd has a 2O(d)/ε2-junta g with ‖f − g‖22 ≤ ε; as noted in
[2] this gives MaxInf(f) ≥ Var(f)3/2O(d). Applying the DFKO inequality [16, Theorem 3]
to (f − Ef)/

√
Varf with t = 2/

√
Varf gives directly MaxInf(f) > Var(f)2/(4Cd), since

|f −Ef | < 2 when Varf > 0. O’Donnell and Zhao, with an observation joint with J. Wright
[43, eq. (1)], showed MaxInf(F ) ≥ e2−2kVar(F )2 for one-block decoupled forms F (y, z) =∑

i yigi(z) of degree k with range [−1, 1] (so deg gi ≤ k− 1; in Section 2 the degree bound of
the gj is called k), and proved that Conjecture 1.1 holds if and only if it holds for such forms
[43, Theorem 2.13]; together these give MaxInf(f) ≥ Var(f)2e−O(d) (Proposition 2.5 below).

• Special classes. Montanaro [38, Corollary 20] proved that if f is a homogeneous degree-k
block-multilinear form on k blocks of n variables with ‖f‖∞ ≤ 1 and all nk coefficients
equal to ±α, then every variable has influence Ω(Var(f)2/k3). (This is narrower than
the frequently quoted paraphrase “all nonzero coefficients have equal magnitude”; the ad-
dress function of Section 2.4 has equal-magnitude coefficients but non-product support.)
Bansal, Sinha and de Wolf [7, Theorem 1.3] proved MaxInf(f) ≥ Var(f)2/(e(d + 1)4) for
block-multilinear f of degree d with ‖f‖cb ≤ 1, and a root-influence inequality ‖f‖cb ≥
(e(d + 1))−1/2

∑
i Infb,i(f)

1/2 for the first and last blocks b ∈ {1, d} of homogeneous forms
[7, Theorem 1.4]. Escudero Gutiérrez [23, Theorems 1.6 and 1.8] improved this to MaxInf ≥
(Var/d)2 for cb-bounded block-multilinear forms, to Var2 in the homogeneous case, and
proved a degree-free bound for homogeneous Fourier-completely-bounded polynomials. Es-
cudero Gutiérrez, Saucedo and Palazuelos [24, Theorem 1.3] proved the optimal inequality
‖a‖cb ≥ t−1

∑
s∈[t]

∑
i Infxs(i)[a]

1/2 for block-multilinear a of degree t. Caveat: all these root-
influence bounds concern block-multilinear forms whose blocks are independent variables. For
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the symmetrized (“bias”) polynomial of a cb-bounded form the analogous statement fails:
the address function is the bias of a (k + 1)-query algorithm, hence of the form T (x̃, . . . , x̃),
x̃ = (x, 1), with ‖T‖cb ≤ 1 by [4, Theorem 1.3], yet

∑
i Inf

1/2
i ≈ 2k/2 (Remark 4.11). For sym-

metric f the conjecture is known: Bačkurs [5, Theorem 2] proved Infi(f) = Ω(ε3/(d4 ln(1/ε)))
when Var(f) = ε (in his normalization), and Ivanisvili [26] presented this proof in the form
MaxInf(f) ≥ c(Var(f)/d)4. The sharp form MaxInf(f) ≥ Var(f)2/(16d2), tight up to the
constant (Proposition 6.2), we have not found in print. For Boolean-valued f it follows from
the OSSS inequality [42] and the polynomial relation between decision-tree depth and degree
[40, 9, 37]: D(f) ≤ bs(f) deg(f) [37] (D(f) the decision-tree depth, bs(f) the block sensitiv-
ity, see Section 5.3) and bs(f) ≤ deg(f)2 (e.g. from [19, Theorem 3.3] by block substitution)
give D(f) ≤ d3, hence MaxInf(f) ≥ Var(f)/D(f) ≥ Var(f)/d3.

• Transitive symmetry. Filmus, Hatami, Keller and Lifshitz [19, Proposition 3.18] proved
that every transitive-invariant f ∈ Bd(n) (for all i, j some permutation of the coordinates
that fixes f maps i to j) has Var(f) ≤ d4e2d/n. All influences of such f are equal, so
MaxInf(f) ≥ Var(f)/n ≥ Var(f)2/(d4e2d). This covers graph properties, cyclically invariant
functions and wreath-symmetric functions: for these classes the conjecture in each fixed
degree is known, with nVarf ≤ 16e4 ≈ 874 for d = 2 and nVarf ≤ 81e6 ≈ 3.3 · 104 for
d = 3. (The same proof gives nVarf ≤ n2Inf1(f) ≤ n2Cd−1‖d1f‖21 ≤ Cd−1d

4, with Ck the
best constant in ‖g‖22 ≤ Ck‖g‖21 for deg g ≤ k; Szarek’s inequality [48], applied to g plus a
fresh variable times its constant term, gives C1 = 2, and Bonami’s inequality with Hölder
gives C2 ≤ 81, hence 32 and 6561.)

• L1 influences. Bačkurs and Bavarian [6, Theorem 1.2] proved
∑

i ‖dif‖1 = O(d3) for f ∈ Bd
(an earlier version had O(d3 log d), the bound quoted in [2]); Filmus, Hatami, Keller and
Lifshitz [19, Theorem 3.3] proved the pointwise bound

∑
i |dif(x)| ≤ d2, which is sharp. We

prove the weaker 4d2 in Lemma 2.2 by the classical symmetrization argument.
• Random restrictions. Results of Bhattacharya [12, Theorems 6.2 and 6.4] on random restric-

tions, and a caveat on the printed form of [12, Theorem 6.2], are recorded in Appendix A.
• Fractional certificates. Lovett and Zhang [35, Theorem 13, Theorem 27, Corollary 4] proved

that for f : {0, 1}n → [0, 1] of degree d the fractional block sensitivity satisfies FBSε(f) ≤
O(d8 log16 n/ε4), and that if Varf ≥ Ω(ε) then an ε-fraction of inputs are (r, ε)-sensitive with
r = poly(d, 1/ε, log n). They formulated a “Talagrand inequality for L∞” [35, Conjecture 37]:
if X,Y ⊆ {0, 1}n have L∞-influences at most τ , then some x ∈ X satisfies d∞(x, conv Y ) ≤
poly(τ); and showed that it implies Conjecture 1.1 [35, Claim 38] (see [35] for FBSε, (r, ε)-
sensitivity, L∞-influences and d∞). Tribes shows that this conjecture is false as stated, and
a gap version of Tribes refutes its symmetric form as well (Proposition H.4).

• A withdrawn proof. Keller and Klein [29] announced a proof of Conjecture 1.1; the preprint
was withdrawn (v2) with the comment that “Lemma 5.3 does not prove the assertion it
claims to prove and this collapses the entire argument”. Several of its lemmas are correct, in
particular the low-level inequality [29, Lemma 4.4], which we reprove in a slightly different
form in Theorem 3.2.

• Variants and consequences. Girish, Mittal, Nehoran and Raz [21, Theorem 4.3] proved
that the conjecture for the p-biased product measure is equivalent to the conjecture for the
uniform measure on a slice, for all fixed p, q ∈ (0, 1). Blanc, Docter, Strassle and Tan [13,
Theorem 1] showed that t-query r-round quantum algorithms can be simulated on a 1 − δ

fraction of inputs within ε by classical algorithms making 2O(r2)(t log(1/δ)/ε)O(r) queries;
this is a simulation statement for a subclass of bounded polynomials, not the influence
conjecture. Liu and Mutreja [33] showed that T nonadaptive (parallel) quantum queries can
be simulated on most inputs with poly(T, 1/ε, 1/δ) classical queries (Corollary M.17 gives
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d4T 2/(ε4δ3)e), and r adaptive rounds with O(CrT/(ε
√
δ))c4

r queries; combined with the
real-valued OSSS inequality [42, eq. (6)] this gives (our derivation; it is not stated in [33])
MaxInf ≥ (Var/(rT ))O(4r) for acceptance probabilities of r-round algorithms. A disjoint-
support separator of Li, Li, Li and Liu [32, Lemma 3.5] (multilinear p, q of degree at most
d with pq ≡ 0 on the cube admit a decision tree of depth O(d4) deciding which of them is
nonzero, where p + q 6= 0) gives, with OSSS, a polynomial influence bound for the exact
two-polynomial zero-pattern problem, as claimed in the unrefereed preprint [31]; this uses
exact zeros and does not bear on Conjecture 1.1 directly.

• The sharp form. A stronger form is [3, Problem 1.2]: there is an absolute constant C with
Var(f) ≤ ‖f‖∞ deg(f)C max

j
‖djf‖2

(for ‖f‖∞ ≤ 1 this reads MaxInf(f) ≥ Var(f)2/d2C). We ask whether C = 1 is possible
up to a constant factor, i.e. MaxInf(f) ≥ cVar(f)2/d2; we know of no published statement
of this sharp form. Both exponents would be optimal: f = n−1

∑
i xi forces the exponent

2 of Var, and for odd d the Chebyshev polynomials f = Td(s), s = (Kd2)−1
∑

i≤Kd2 xi,
satisfy Varf ≥ 0.943/K and MaxInff ≤ 1.61Var(f)2/d2 for K ≥ 32, and Varf ≥ 0.416,
MaxInff ≤ 1.36/d2 for K = 1, d ≥ 9 (Example 6.3). Recent unrefereed preprints [27, 47]
claim polynomial Bohnenblust–Hille constants on the cube; these give the conjecture for
(levelwise) flat spectra; the flat case was already derived from Bohnenblust–Hille inequalities
in [15, §4.1]. In general, coefficient-based arguments cannot give the conjecture, since the
address function has maxS f̂(S)

2 = 4−k (Proposition 2.8(iii)).

1.3. What is proved here. Status tags. Every theorem, lemma, proposition and corollary is
tagged with one of the following: [known] (with a citation; a proof is sometimes included for
completeness), [standard] (a standard argument, proof included), [proved here] (a complete proof
is given), [proved here, computer-assisted] (the proof relies on a recorded exact computation),
[proof outline] (only an outline is given; not counted as proved), [conditional] (proved under
a stated hypothesis that is not known to hold), [numerical] (computation only, not a proof),
[heuristic], or [open]. We also use [audited]: the proof has been checked by an independent
auditor; and [unaudited]: the proof has not been checked independently, and the statement
is not counted as proved. These occur mainly in Sections 9–11 and Appendices J–M, also in
combinations: [proved here, audited] means that a complete proof is given and was checked;
[audited twice in note form, and the text audited twice] means that the mathematics was audited
twice, independently, in the working notes from which the text is transcribed, and that the
printed text was then audited twice more, independently, once as a transcription of the notes
and once as a referee reads it; [components as tagged] means that its parts carry their own tags;
[proof outline; audited] means that only an outline is printed, so the statement is not counted as
proved here, although the full argument was checked. Used alone, [computer-assisted] marks a
finite evaluation of explicit expressions whose values are printed. Results that are also verified
in Lean 4 are listed in Appendix O and marked “Lean-verified” in Tables 1 and 2; none of the
results of Section 10 is Lean-verified.

How the results fit together. Section 3 shows that a counterexample has almost no Fourier
weight on levels 1, . . . , O(log d); the tool is the level-k inequality applied to the derivatives
(Theorem 3.2; the technique is known). Section 4 proves the gluing lemma by applying a
Hilbert-space-valued OSSS inequality (Theorem 4.1) to the mass vector (g2j )j of a one-block
form F =

∑
j yjgj(z); the leaf root sums Rl =

∑
j E[g2j | l]1/2 control the gain, and we bound

them by register (decoupling) lemmas (Lemmas 4.6–4.9) and by the dimension of the span
of the selectors (Proposition 4.12). The address function (Section 2.4) shows which routes



6 PAATA IVANISVILI

Result Statement Status Sec.
A general bound
Quasi-polynomial
bound (Thm. 10.1)

MaxInf(f) ≥ (Varf/d)O(log d) exp(−O(log4 d)) for all f ∈ Bd,
d ≥ 2, via SM-OF with a quasi-polynomial prefactor
(Thm. 10.26); asymptotically better than Var(f)2e−O(d), but
the constants are astronomical: at Varf = 1 it beats e−d only
for d ≳ 1.9 · 1013

proved here;
audited twice in
note form, and the
text audited twice

10

Classical
simulation via [2]
(Cor. 10.29)

the acceptance probability of a t-query quantum algorithm is
approximated within ε on all but a δ fraction of inputs with
exp(O(log4 t+ log t · log(1/(εδ)))) queries for t ≥ 3 (previously
2O(t)poly(1/(εδ))); better only for t ≳ 1.5 · 1012–3.3 · 1013

proved here from
Thm. 10.1; audited

10

Structure of counterexamples and the gluing method
Top-heaviness
(Cor. 3.3)

MaxInf(f) ≥
(
W [1,k+1](f)/(4d23k)

)2 for all k ≥ 0 (known in
substance [29]; Lean: 2d2 for 4d2)

proved here;
Lean-verified

3

Images, level sets
(Thms. 3.5, 3.6)

Lipschitz images of a counterexample are top-heavy; its level
sets are noise sensitive on average

proved here 3

Gluing lemma
(Thm. 4.2)

κD − εV ≤ 8t2τD, τD = maxi∈D Infzi(F ), for bounded
one-block forms F (

∑
j |gj | ≤ 1) and z-trees D of depth t ≥ 1

proved here;
Lean-verified

4

Leaf root sums
(Thm. 4.14)

Rl ≤ R on leaves carrying half of the variance ⇒
max(ε, τD) ≥ V 3/(128R2t2)

proved here 4

Reformulation
(Thm. 4.15)

the conjecture ⇐⇒ each bounded one-block form has a
z-tree of depth poly(k/V ) with, on average, a y-variable of
influence poly(V/k) at the leaves

proved here 4

Gluing for all f
(Thms. 4.4, 4.5)

MaxInf(f) ≥ El[MaxInf(f |l)2]/(144d5t2); the conjecture is
stable under shallow adaptive switching

proved here;
Lean-verified

4

Classes with bounds polynomial in Varf and d
Selector classes
(Cors. 4.10, 4.13)

tree-mediated register forms: max(ε, τD) ≥ V 3/(16t2)
(polynomial if the depth is t ≤ poly(k/V )); polynomial
single-statistic selectors: ε ≥ V 2/(k + 1)

proved here 4

Subcube (Cor. 5.2,
Thm. 5.6,
Cor. 5.12)

constant-magnitude subcube-supported derivatives:
MaxInf ≥ I2/(128d6); constant-magnitude subcube selectors:
V 5/(17424k4); six derived classes (Cor. 5.12(4)–(9))

proved here;
Lean-verified in
part (Appendix O)

5

Symmetric
(Prop. 6.2)

MaxInf ≥ Var2/(16d2), optimal up to the constant proved here 6

Block-symmetric
(Thm. 6.4)

MaxInf ≥ Var2/(4b2d4) for b blocks (Lean: 16 for 4) proved here;
Lean-verified

6

Wreath-symmetric
(Thms. B.1, 6.5,
6.8, 6.6)

M blocks of size w: MaxInf ≥ Var2/(40d2w(w + 1)) and
Var2/(2416 d6) always; Var2/(170d2) if d ≥ 2, M ≥ 4πd3,
w ≥ 8d6 ln(2d); Var2/(27D2) for composed functions of degree
at most D = ab (D ≥ 2, w ≥ 4D2)

proved here;
Thm. B.1
Lean-verified
(weaker constant)

6

Linear statistics
(Thm. 6.9)

MaxInf ≥ I2/(324 d2r) for r statistics at the natural
smoothness scale

proved here 6

Graph properties
(Thm. 6.16)

MaxInf ≥ Var3/(1.9 · 109d16) for every graph property of
degree d, by Zhandry’s clone-and-subsample technique

proved here 6.5

Transitive classes in fixed degree, and torus-bounded polynomials
Graph properties
(Thms. 6.14, 6.15)

sharp limit constant as the number of vertices tends to
infinity; MaxInf ≥ Var2/97 for d ≤ 3 (Thm. 6.15)

proved here,
computer-assisted

6.5

Cyclic
(Thms. 6.18–6.20)

nVarf ≤ 9 for d = 2 and ≤ 1961 for d = 3; nW 1 ≤ d2,
nW 2 ≤ 2d4, nW 3 ≤ 54d6 for every d

proved here 6.6

Torus-bounded
(Thms. E.2, E.8)

block-symmetric: MaxInf ≥ (Var/b)2, free of d; reduced to the
spike inequality (Conj. E.7), which holds in each fixed degree,
with a gap ηd ≥ c 2−3d/2/d (no gain for the conjecture)

proved here E

Table 1. Main results: a general bound, structure and special classes.
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Result Statement Status Sec.
Reformulations, the route to the quasi-polynomial bound, and obstructions
Equivalent forms
(Thms. 4.17, 7.3,
7.4, G.4)

leaf-wise tree statements, nearly Boolean functions, product
selectors, one-scale restriction transfer: each is equivalent to
the conjecture up to polynomial losses

proved here 4, 7,
G

Touching transfer
(Thm. 8.7)

conjecture (exponent at most the cap C) ⇒ TT with
polynomial loss ⇒ MaxInf ≥ (Var/d)O(log d); TT fails for
losses L ≤ d1−o(1); without the conjecture, TT holds at a
θ-dependent loss with a quasi-polynomial prefactor
(Prop. 10.3, via Thm. 10.26)

proved here; both
implications
Lean-verified; the
θ-dependent form
audited, not
Lean-verified

8

Spikes after
restriction (Sec. 9,
App. J)

priming via real block sensitivity; a captured spike carries
little mass (Lemma 9.8), so capture hypotheses are false,
equivalent to TT, or imply the small-spiked-mass condition
SM (Thm. 9.9); size-biased tools (RL1, the Load Lemma,
Thm. 9.14); SM for old-free functions at rate 1

2
(SM-OF) with

a θ-free loss (polynomial prefactor, θ-exponent at most
1/(2T ), T = ⌈log2(2ed)⌉) would give MaxInf ≥ (Var/d)O(log d);
with a quasi-polynomial prefactor it is proved in Sec. 10 and
gives Thm. 10.1; at the loss poly(d) θ−2 it holds (Lemma 9.20)
and gives nothing new; at a θ-free loss, two of its three pieces
are proved

proved here (tools
audited); SM-OF
with a
quasi-polynomial
prefactor proved
here, audited; open
with a polynomial
prefactor

9

One restriction at
rate 1/d (Sec. 11)

spike forcing at a polynomial threshold; a conditional theorem
in capture, amplification and bounded-delayed-activation
forms, with bounds (Var/d)2747m, (Var/d)2825+8C0 and
(Var/d)2855+2C0 (Thm. 11.5), circular as a reduction but
unconditional for heavy juntas and the class G (Cor. 11.7);
bias triggers fail (address functions, parity gates); the
anti-spike inequality ASR implies the conjecture (Prop. 11.12)

proved here
(audited; constants
of Prop. 11.12
unaudited); ASR
open

11

Capped routes
(Props. 2.8, H.3,
H.4)

juntas, ℓq sums (q < 1), single coefficients, y-root sums:
capped at 2−Ω(d); linear deficit transfer false where needed;
[35, Conjecture 37] false, also in symmetric form

proved here 2.4,
H

Barriers
(Props. 7.11, 7.12,
7.13)

bounded F with VarF ≥ c, MaxInf(F ) ≤ e−Ω(s(F )) (s the real
sensitivity); linear dual certificates give at most
MaxInf ≥ 4Var(log2 n)

2/n

proved here 7.4

Conjecture 1.1 MaxInf(f) ≥ c(Varf/d)C open 12
Question 4.16 shallow z-trees with leaf root sums poly(k/V ) on half of the

variance (suffices for the conjecture)
open 4

Conjecture 7.9 degree-free: every g : Qn → [−1, 1] is ε-close in L2 to a
decision tree of depth poly(rbs(g)/ε), rbs the real block
sensitivity (implies the conjecture)

open 7.3

Conjecture 8.8 degree-free: L∆(g; θ, L) ≤ A rbs(g)1/c for bounded g; implies
MaxInf ≥ (Var/d)O(C+(1+2/c) log d) (Prop. 8.9)

open 8

SM-OF,
polynomial
prefactor

SM-OF (Def. 9.16) at a θ-free loss (d/V )O(1)θ−c, cT ≤ 1
2
;

would remove the factor exp(−O(log4 d)) from Thm. 10.1;
implied by the conjecture

open 9

Question 11.11 anti-spike inequality: a relatively regular bounded function of
degree d and small height is rarely spiked by one rate-1/d
restriction; implied by (LJ), implies the conjecture
(Prop. 11.12), not known to follow from it

open 11

Conjecture M.3
(quantum OSSS)

Var2 ≤ 4t
∑

k δkInfk for biases of t-query algorithms; proved
for t = 1, for t = 2 up to the constant, and for nonadaptive
algorithms (constant 4); poly(t) form ⇒ polynomial classical
simulation

open M

Table 2. Main results, continued: reformulations, routes, barriers and open statements.
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are capped, and the adaptive address function (Section 4.4) that the trees must in general be
adaptive. Section 5 combines the Helly property of subcubes with the Motzkin–Straus inequality
[39] (Lemma 5.1). Section 6 and Appendices B–F treat the remaining classes of Table 1 and,
in addition, disjoint-support and r-sparse separators (Theorems F.1 and F.3, Corollary F.4),
functions of one linear form (Theorem 6.12 for regular weights, and with a bound polynomial in
m for weights with a regular tail after m leading weights; Proposition 6.10 for general weights
at the natural scale), further wreath bounds (Theorems B.1 and B.8, Corollary B.9), local cyclic
functions (Theorem D.11) and product selectors on the torus (Theorem E.6). Graph properties,
cyclically invariant functions and wreath-symmetric functions are transitive, so the conjecture
for them in each fixed degree already follows from [19, Proposition 3.18] (Section 1.2). For graph
properties Theorem 6.16 gives a bound polynomial in both Varf and d; it applies the clone-
and-subsample technique of Zhandry’s small-range lemma [57, 58] to influences. The graph
and cyclic results in the third group of Table 1 are not bounds polynomial in d uniformly in
n, except on the first three Fourier levels of cyclically invariant functions and in the limit of
Theorem 6.14(ii). Theorems 6.18, 6.19 and 6.15 improve the constants obtained from the proof
of [19, Proposition 3.18], while the wreath bounds, Theorem 6.20, the limit in Theorem 6.14(ii)
and Theorem D.11 go beyond it. Section 7 collects statements equivalent to the conjecture, a
sufficient one (an average-case Nisan lemma, Theorem 7.5), a degree-free strengthening in terms
of real block sensitivity (Conjecture 7.9), and two barriers for proofs of the general statement
(Section 7.4); Section 8 treats the touching transfer and a degree-free condition that would
make it work (Conjecture 8.8). Section 9 analyses the spikes created by one restriction: priming
turns many captured spikes into large real block sensitivity, so captured spikes carry little mass,
and every capture-type hypothesis is false, equivalent to TT, or implies the small-spiked-mass
condition SM (Theorem 9.9). The remaining statement, the mass bound SM-OF for old-free
functions at rate 1

2 , holds at the loss poly(d) θ−2; it is reduced, by an equivalence (Theorem 9.30),
to its large-jump part, with size-biased tools proved in Appendix J. Section 10 proves SM-OF at
a loss of θ-exponent 1/(2T ) with a quasi-polynomial prefactor (Theorem 10.26). Its proof is a
recursion over chains of derivatives on a grid of heights, in which lightness is measured against a
fixed fraction of the node’s weight, and in which every node uses its own two-stage exploration
(Lemma 10.13). Through a chain with a θ-dependent loss (Lemma 10.2), a variant of the
chain of Section 8, this gives the quasi-polynomial bound of Theorem 10.1. With a polynomial
prefactor SM-OF remains open. Through the greedy reduction of [2], Theorem 10.1 also gives
a classical simulation of t-query quantum algorithms on most inputs with exp(O(log4 t+ log t ·
log(1/(εδ)))) queries (Corollary 10.29). Section 11 takes a single restriction at rate 1/d instead:
spike forcing at a polynomial threshold, admissible explorations and a small-bias estimate give
a conditional theorem with explicit polynomial exponents, which is circular as a reduction but
covers structured classes, and the residual is the regular case, some of whose hard instances
are products of nearly Boolean functions; there the gap becomes the anti-spike inequality of
Question 11.11. The appendices contain remarks on the literature, the long proofs and constant
chains of Section 6, torus-bounded polynomials, separators, the one-scale transfer with the
spike gadget and a search form (Appendix G), two refuted routes (a deficit transfer, and [35,
Conjecture 37]), the limits of the touching transfer, numerical evidence (Appendix N) and the
Lean 4 formalization (Appendix O). Appendix M proposes a quantum OSSS conjecture for
biases of quantum query algorithms and proves it for one query with the sharp constant 4, for
two queries with a larger constant, and for nonadaptive algorithms with the constant 4 in place
of 4t; the last case gives a classical simulation of nonadaptive t-query algorithms on most inputs
with d4t2/(ε4δ3)e queries (Corollary M.17).
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1.4. What remains open. Conjecture 1.1 itself. By Lemma 2.4 and Theorem 4.15 it is equiv-
alent, up to polynomial losses, to the following statement about bounded one-block forms
F =

∑
j yjgj(z) of degree k and variance V : some z-decision tree of depth poly(k/V ) has,

on average over its leaves, a y-variable of influence poly(V/k). By the gluing lemma it suffices
that a shallow tree make the leaf root sums

∑
j ‖gj |l‖2 polynomial on half of the variance (Ques-

tion 4.16). This holds for the selector classes of Sections 4 and 5 (for tree-mediated register
forms when the tree has polynomial depth) and, with the trivial tree, for the symmetric, block-
symmetric, wreath-symmetric and smooth-statistic classes of Section 6, whose proofs bound the
root sum

∑
i Infi(f)

1/2. For cyclically invariant functions it is open, since it would give poly-
nomial bounds for them; for graph properties it is open as well, although Theorem 6.16 gives a
polynomial bound by another route. A positive answer implies the conjecture; we do not know
whether the conjecture implies a positive answer. The touching transfer TT with a polynomial
loss would give MaxInf(f) ≥ (Varf/d)O(log d) (Section 8); Theorem 10.1 reaches this bound up
to the factor exp(−O(log4 d)). The mass bound SM-OF of Section 9 is the mass form of TT
that the methods of that section address. It implies TT. At a θ-free loss, with a polynomial
prefactor and θ-exponent at most 1/(2T ) with T = dlog2(2ed)e (Conjecture 9.29 at such an
exponent), it would remove that factor. Section 10 proves it with a quasi-polynomial prefactor,
and Remark 10.27 explains why that scheme gives this prefactor. At the loss poly(d) θ−2 SM-OF
holds unconditionally (Lemma 9.20, Proposition 9.21) and gives nothing new; Table 4 lists what
each θ-exponent would give. SM-OF at a θ-free loss is implied by the conjecture (Remark 9.18),
and it is not known to be equivalent to it. Along the one-shot route of Section 11 the gap is
the anti-spike inequality of Question 11.11: it implies the conjecture, it follows from the large-
jump bound (LJ), some of its hard instances are products of nearly Boolean counterexamples
of lower degree, and it is not known to follow from the conjecture. For biases of quantum query
algorithms, the quantum OSSS conjecture (Conjecture M.3) is open in general for adaptive al-
gorithms with t ≥ 2 queries; with any constant polynomial in t it would give Conjecture 1.1 for
these biases, and hence a classical simulation of quantum query algorithms on most inputs with
polynomially many queries (Appendix M). Section 12 states the remaining gap and the other
open problems.

2. Preliminaries

2.1. Notation. For f : Qn → R and i ∈ [n] let xi→±1 be x with xi set to ±1, x⊕i be x with xi
flipped, and

dif(x) =
1
2

(
f(xi→1)− f(xi→−1)

)
=

∑
S∋i

f̂(S)xS\{i},

which does not depend on xi. Then Infi(f) = E(dif)2 = 1
4E(f(x)− f(x

⊕i))2, the total influence
is I(f) =

∑
i Infi(f) =

∑
S |S|f̂(S)2, and Varf ≤ I(f) ≤ (deg f)Varf . For 0 ≤ a ≤ b let

W [a,b](f) =
∑

a≤|S|≤b

f̂(S)2, I [a,b](f) =
∑

a≤|S|≤b

|S| f̂(S)2, W k =W [k,k], W≤k =W [0,k].

For p ≥ 1, ‖f‖p = (E|f |p)1/p. We use the L1 quantities

Λ1(f) =
∑
i

‖dif‖1, λ1(f) = max
i

‖dif‖1, λ2(f) = max
i

‖dif‖2 = MaxInf(f)1/2.

The noise operator is Tρf =
∑

S ρ
|S|f̂(S)xS ; for |ρ| ≤ 1 it is an average of f over a product

measure and maps Bd(n) to itself. Hypercontractivity (Bonami): ‖Tρg‖2 ≤ ‖g‖1+ρ2 for 0 ≤ ρ ≤
1, and ‖h‖q ≤ (q − 1)k/2‖h‖2 for deg h ≤ k and q ≥ 2 [41, Chapter 9].
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For vector-valued h : Qn → H, H a real Hilbert space, dih is defined coordinatewise and
Infi(h) = E‖dih‖2.

Decision trees. A decision tree D on Qn queries a coordinate at each internal node and
branches on its value; we always assume that no coordinate is queried twice on a path. A leaf l is
a subcube {x : xi1 = b1, . . . , xis = bs}; pl is its probability, and given l the unqueried coordinates
are uniform and independent. The depth t is the maximal path length, and δi = Pr[D queries i]
is the revealment of i; thus

∑
i δi ≤ t. A function is leaf-determined (computed by D) if it is

constant on every leaf. For g : Qn → R we write g|l for the restriction of g to l, viewed as a
function of the free coordinates with the uniform measure, and E[ · | l] for the corresponding
expectation.

2.2. The real-sensitivity bound. We use the following classical lemma of Ehlich–Zeller and
Rivlin–Cheney [17, 44], in the form of [40, Theorem 3.3].
Lemma 2.1 ([known]). Let q be a real polynomial, m ≥ 1, and suppose b1 ≤ q(i) ≤ b2 for all
integers 0 ≤ i ≤ m and |q′(ξ)| ≥ c > 0 for some real ξ ∈ [0,m]. Then deg q ≥

√
cm/(c+ b2 − b1).

Proof (for completeness). Let d = deg q ≥ 1 and c′ = max[0,m] |q′| ≥ c. Every x ∈ [0,m] is
within 1/2 of an integer i ∈ [0,m], so |q(x) − q(i)| ≤ c′/2 and q([0,m]) lies in an interval
of length b2 − b1 + c′. Markov’s inequality on [0,m] gives c′ ≤ d2(b2 − b1 + c′)/m, i.e. d2 ≥
c′m/(c′ + b2 − b1) ≥ cm/(c+ b2 − b1), as x 7→ xm/(x+ b2 − b1) is nondecreasing. □
Lemma 2.2 (real sensitivity bound; [known], cf. [19, Theorem 3.3], [43, Corollary 2.12]). For
every f ∈ Bd(n) and every z ∈ Qn,

n∑
i=1

|dif(z)| ≤ 4d2.

Proof. Replacing f by x 7→ f(z � x) (coordinatewise product), which has the same degree and
range, we may assume z = 1 = (1, . . . , 1). Let P = {i : f(1⊕i) > f(1)} and m = |P |; assume
m ≥ 1. For T ⊆ P let 1⊕T be 1 with the coordinates in T flipped, and for k = 0, . . . ,m put
q(k) = ET⊆P, |T |=kf(1⊕T ) (T uniform among k-subsets). Since f(1⊕T ) =

∑
S f̂(S)(−1)|S∩T | and

(−1)|S∩T | =
∏

i∈S∩P
(1− 2 · 1[i ∈ T ]) =

∑
U⊆S∩P

(−2)|U |1[U ⊆ T ],

Pr
|T |=k

[U ⊆ T ] =
k(k − 1) · · · (k − |U |+ 1)

m(m− 1) · · · (m− |U |+ 1)
,

q agrees on {0, . . . ,m} with a real polynomial of degree at most maxS |S ∩ P | ≤ d, and |q| ≤ 1
there. Moreover q(1)− q(0) = ∆/m with ∆ =

∑
i∈P (f(1

⊕i)− f(1)) ∈ (0, 2m], so q′(ξ) = ∆/m

for some ξ ∈ (0, 1). Lemma 2.1 with c = ∆/m and b2 − b1 = 2 gives d2 ≥ ∆/(∆/m+ 2) ≥ ∆/4.
Applying the same argument to −f handles {i : f(1⊕i) < f(1)}. Hence

∑
i |f(1)−f(1⊕i)| ≤ 8d2,

and |dif(1)| = 1
2 |f(1)− f(1⊕i)|. □

Remark 2.3. The sharp constant is d2 [19, Theorem 3.3] (via a Banach-space Markov inequality);
it is attained asymptotically by Td(n

−1∑
i xi) at 1. All constants 4d2 below may be replaced

by d2. Averaging over z gives Λ1(f) ≤ 4d2 for f ∈ Bd.
2.3. One-block forms and the gradient form. A one-block form is F (y, z) =

∑m
j=1 yjgj(z)

on Qm × Qn, with deg gj ≤ k. It is bounded (|F | ≤ 1) if and only if
∑

j |gj(z)| ≤ 1 for all z.
Since the yj are orthonormal and independent of z,

(1) VarF = V :=
∑
j

Eg2j , Infyj (F ) = Eg2j , Infzi(F ) =
∑
j

Infi(gj).
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We write ε = ε(F ) = maxj Eg2j and τ = τ(F ) = maxi Infzi(F ), so MaxInf(F ) = max(ε, τ); note
V ≤ E(

∑
j |gj |)2 ≤ 1. The root sum of the family is R =

∑
j ‖gj‖2.

Lemma 2.4 (gradient form; [known] [43, Definition 1.1, Theorem 2.13], explicit constants). For
f ∈ Bd(n) let F (y, z) = (4d2)−1

∑n
i=1 yi dif(z) on Q2n. Then F ∈ Bd(2n), EF = 0, and

VarF =
I(f)

16d4
≥ Varf

16d4
, Infyi(F ) =

Infi(f)

16d4
,

Infzj (F ) =

∑
S∋j(|S| − 1)f̂(S)2

16d4
≤ (d− 1)Infj(f)

16d4
.

Consequently, if Conjecture 1.1 holds for one-block forms with constants c, C, then it holds for
all f ∈ Bd in the form MaxInf(f) ≥ 16d3c (Varf/(16d5))C .

Proof. Boundedness is Lemma 2.2. In Fourier terms F = (4d2)−1
∑

S f̂(S)
∑

i∈S yiz
S\{i}, and

the monomials yizS\{i} are distinct for distinct pairs (i, S); this gives the degree bound and all for-
mulas. For the consequence, MaxInf(F ) ≤ max(1, d− 1)MaxInf(f)/(16d4) ≤ MaxInf(f)/(16d3)
and VarF ≥ Varf/(16d4). □
Proposition 2.5 ([known] [43, eq. (1) and Theorem 2.13]). For f ∈ Bd, MaxInf(f) ≥
e2−2dI(f)2/(16d4).

Proof. By Lemma 2.2,
∑

i ‖dif‖1 ≤ 4d2; since deg dif ≤ d − 1, ‖dif‖2 ≤ ed−1‖dif‖1 [41,
Theorem 9.22]. Hence I(f) =

∑
i ‖dif‖22 ≤ MaxInf(f)1/2

∑
i ‖dif‖2 ≤ MaxInf(f)1/2 4d2ed−1.

□
Remark 2.6 (log n losses are harmless; [known], cf. [35, ECCC version, Comment 1.3]). Let
f ∈ Bd(n) and ε = Var(f)/2. By the DFKO junta theorem [16, Theorem 1] there is a set J with
|J | ≤ 2O(d)/ε2 and a function of xJ within L2-distance ε1/2 of f . Then g = E[f | xJ ] satisfies
g ∈ Bd(|J |), Varf − Varg = ‖f − g‖22 ≤ ε (so Varg ≥ Varf/2), and Infi(g) =

∑
i∈S⊆J f̂(S)

2 ≤
Infi(f). Hence any bound of the form MaxInf(f) ≥ poly(Varf/d)/polylog(n), valid for all n,
implies Conjecture 1.1. (Losses polynomial in n only give back 2−O(d).)

2.4. The address function and three capped routes. Let k ≥ 1, N = 2k, and ι : Qk → [N ]
a bijection. The address function is

Addrk(a, x) = xι(a), a ∈ Qk, x ∈ QN .

Proposition 2.7 ([standard]). Addrk is Boolean, degAddrk = k+1, VarAddrk = 1, Infxb = 2−k

for every target b, Infal = 1/2 for every address bit, and every Fourier coefficient satisfies
Âddrk(S)

2 ∈ {0, 4−k}.

Proof. With β(b) = ι−1(b), 1[a = β] =
∏
l
1+βlal

2 = 2−k
∑

T⊆[k] β
TaT , so Addrk =

2−k
∑

b

∑
T β(b)

Txba
T , a sum of 4k distinct monomials with coefficients ±2−k. Hence

the degree is k + 1, EAddrk = 0, Var = 1, Infxb = 2k4−k and Infal = 2k2k−14−k = 1/2. □
Proposition 2.8 (capped routes; [proved here]). Let f = Addrk, so d = deg f = k+1, Varf = 1
and MaxInff = 1/2.

(i) Juntas. If J is a set of coordinates with
∑

S ̸⊆J f̂(S)
2 ≤ 1/2, then J contains at least

2k−1 targets. Hence the (true) implication “‖f −g‖22 ≤ ε for an L-junta g ⇒ MaxInff ≥
(Varf − ε)/L” cannot give better than 21−k.

(ii) ℓq sums. For every q < 1,
∑

i Infi(f)
q ≥ 2k(1−q); so no bound

∑
i Inf

q
i ≤ poly(d) holds

on Bd.
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(iii) Single coefficients. maxS f̂(S)
2 = 4−k; so no bound maxS ̸=∅ f̂(S)

2 ≥ poly(Varf/d) holds
on Bd.

(iv) y-root sums. As a one-block form, f(a, x) =
∑

b xb gb(a) with gb = 1[ι(·) = b],
∑

b |gb| ≡
1, and

∑
b ‖gb‖2 = 2k/2. Hence the one-line argument of Proposition 2.5 (which uses

only y-influences) cannot be improved beyond 2−k for one-block forms; any proof must
use the influences of the z-variables (the address bits).

Proof. (i) Each target b /∈ J contributes the 2k monomials xba
T , of total weight 2−k, to∑

S ̸⊆J f̂(S)
2; so at most 2k−1 targets lie outside J . (ii) The 2k targets contribute 2k · 2−kq.

(iii) and (iv) are immediate from Proposition 2.7. □

3. Top-heaviness

In this section τ = MaxInf(f).

3.1. The level-k inequality on derivatives.
Lemma 3.1 ([known]; Bonami–Hölder, as in [28, 52], [41, §9.6]). Let g : Qn → R, k ≥ 0 and
δ ∈ (0, 1]. Then W≤k(g) ≤ δ−k‖g‖21+δ. In particular:

(a) if |g| ≤ 1 then W≤k(g) ≤ δ−k‖g‖2/(1+δ)1 ;
(b) W≤k(g) ≤ 3k‖g‖1‖g‖2.

Proof. Let q = 1 + 1/δ ≥ 2, with conjugate exponent 1 + δ, and g≤k =
∑
|S|≤k ĝ(S)x

S . By
Hölder and Bonami’s inequality (‖h‖q ≤ (q − 1)k/2‖h‖2 for deg h ≤ k),

W≤k(g) = E[g g≤k] ≤ ‖g‖1+δ‖g≤k‖q ≤ ‖g‖1+δ δ−k/2W≤k(g)1/2.
(a) If |g| ≤ 1 then E|g|1+δ ≤ E|g|. (b) Take δ = 1/3; by Hölder with exponents 3/2 and 3,
E|g|4/3 = E[|g|2/3|g|2/3] ≤ (E|g|)2/3(Eg2)1/3, i.e. ‖g‖24/3 ≤ ‖g‖1‖g‖2. □
Theorem 3.2 ([standard]; part (b) is in substance [29, Lemma 4.4]). Let G : Qn → [−1, 1] (no
degree assumption) and k ≥ 0. Then

(a) for every δ ∈ (0, 1]: W [1,k+1](G) ≤ I [1,k+1](G) ≤ δ−k λ1(G)
1−δ
1+δ Λ1(G);

(b) I [1,k+1](G) ≤ 3k
∑

i ‖diG‖1‖diG‖2 ≤ 3k λ2(G) Λ1(G).
Since |diG| ≤ 1 we have λ2(G) ≤ λ1(G)

1/2, so (b) is at least as strong as (a) with δ = 1/3.

Proof. Fix i and let g = diG, so |g| ≤ 1. For T 63 i, ĝ(T ) = Ĝ(T ∪ {i}), and ĝ(T ) = 0 if i ∈ T ;
hence W≤k(diG) =

∑
S∋i, |S|≤k+1 Ĝ(S)

2 and∑
i

W≤k(diG) =
∑

1≤|S|≤k+1

|S| Ĝ(S)2 = I [1,k+1](G).

(a) By Lemma 3.1(a), W≤k(diG) ≤ δ−k‖diG‖(1−δ)/(1+δ)1 ‖diG‖1 ≤ δ−kλ1(G)
(1−δ)/(1+δ)‖diG‖1;

sum over i. (b) Lemma 3.1(b), summed over i. Finally ‖diG‖22 ≤ ‖diG‖1 because |diG| ≤ 1. □
The degree of f enters only through Λ1(f) ≤ 4d2 (Lemma 2.2) and λ2(f) = MaxInf(f)1/2.

Corollary 3.3 (counterexamples are top-heavy; [proved here]; known in substance [29,
Lemma 4.4]). For every f ∈ Bd and every k ≥ 0,

MaxInf(f) ≥
(W [1,k+1](f)

4d2 3k

)2
.

Equivalently, W [1,j](f) ≤ 4d2 3j−1MaxInf(f)1/2 for all j ≥ 1. In quantile form: if q ∈ (0, 1],
Varf > 0, and jq = min{j ≥ 1 :W [1,j](f) ≥ qVarf}, then MaxInf(f) ≥

(
qVarf/(4d2 3jq−1)

)2.



ON THE AARONSON–AMBAINIS CONJECTURE 13

Proof. Theorem 3.2(b) with G = f , λ2(f) = MaxInf(f)1/2 and Λ1(f) ≤ 4d2. For the quantile
form take k = jq − 1 (jq ≤ d exists since W [1,d](f) = Varf). □

In particular, if W [1,j](f) ≥ Var(f)/dA for some j ≤ 1 + log3 d, then MaxInf(f) ≥
Var(f)2/(16d2A+6). Thus a counterexample to Conjecture 1.1 must have all but a polyno-
mially small part of its Fourier weight above level c log d. With exponent 2 the corollary is
essentially [29, Lemma 4.4]; Theorem 3.2(a) with δ = 1/3 alone gives only the weaker bound
MaxInf(f) ≥ (W [1,k+1](f)/(4d23k))4.

The relation of Corollary 3.3 to the tail theorem of [12] is discussed in Remark A.1 (Appen-
dix A).

Remark 3.4 (top-heaviness does not control spikiness; [proved here]). Let B1, . . . , B2k be disjoint
blocks of size k and f(a, x) = χBι(a)

(x), a ∈ Qk, where χB(x) = xB, ι : Qk → [2k] is a bijection,
β(b) = ι−1(b) ∈ Qk is the address of block b, and β(b)U =

∏
i∈U β(b)i. Then f̂(U ∪ Bb) =

2−kβ(b)U , so every monomial contains a full block: W<k(f) = 0, deg f = 2k, and f is Boolean.
For j ∈ Bb, djf = 1[a = β(b)]χBb\{j}, so ‖djf‖2/‖djf‖1 = 2k/2 = 2deg f/4, the maximal
“spikiness” allowed by hypercontractivity up to the base. Nevertheless every address bit has
influence 1/2. So any improvement over Proposition 2.5 for top-heavy functions must exploit
small MaxInf, not top-heaviness alone.

3.2. Lipschitz images and level sets.
Theorem 3.5 (Lipschitz images of counterexamples are top-heavy; [proved here]). Let f ∈ Bd,
τ = MaxInf(f), and let P : [−1, 1] → [−1, 1] be L-Lipschitz (not necessarily a polynomial). Then
for every k ≥ 0,

W [1,k+1](P ◦ f) ≤ I [1,k+1](P ◦ f) ≤ 4d2 3k L min{1, L
√
τ}.

Proof. Let G = P ◦ f : Qn → [−1, 1]. Pointwise, |diG(x)| = 1
2 |P (f(x

i→1)) − P (f(xi→−1))| ≤
L|dif(x)|. Hence Λ1(G) ≤ LΛ1(f) ≤ 4d2L and λ2(G) ≤ min{1, Lλ2(f)} = min{1, L

√
τ}. Apply

Theorem 3.2(b). □
The same argument applies to any G : Qn → [−1, 1] with |diG| ≤ L|dif | pointwise, and, since

diTρ = ρTρdi and Tρ is a contraction on every Lp, to Tρ(P ◦ f).

Theorem 3.6 (level sets of counterexamples are noise sensitive on average; [proved here]). Let
f ∈ Bd with τ = MaxInf(f) > 0, and hθ = 1{f > θ}. Then for every k ≥ 0,∫ 1

−1
W [1,k+1](hθ) dθ ≤ (16d2 3k + 2) τ1/6.

Proof. Let L > 0 and Pθ(s) = min{1,max{0, L(s − θ)}}, which is L-Lipschitz with values in
[0, 1]. Then Pθ ◦ f = hθ except on {θ < f < θ + 1/L}, where they differ by at most 1; hence
‖Pθ ◦ f − hθ‖22 ≤ Pr[θ < f < θ + 1/L] and∫ 1

−1
‖Pθ ◦ f − hθ‖22 dθ ≤ E

∣∣{θ : f − 1/L < θ < f}
∣∣ ≤ 1

L
.

Since W [1,k+1](·) = ‖Π · ‖22 for an orthogonal projection Π, W [1,k+1](hθ) ≤ 2W [1,k+1](Pθ ◦ f) +
2‖Pθ ◦ f − hθ‖22. By Theorem 3.5, W [1,k+1](Pθ ◦ f) ≤ 4d23kL2√τ . Integrating over θ ∈ [−1, 1],∫ 1

−1
W [1,k+1](hθ) dθ ≤ 16d2 3kL2√τ + 2

L
,

and L = τ−1/6 gives the claim. □
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Remark 3.7. Since f + 1 =
∫ 1
−1 hθ dθ, Minkowski’s and the Cauchy–Schwarz inequality give

W [1,K](f) ≤ 2
∫ 1
−1W

[1,K](hθ) dθ, so Theorem 3.6 contains a weak form of Corollary 3.3. Writing∑
S ̸=∅ ρ

|S|ĥ(S)2 ≤ W [1,m](h) + ρm+1Varh shows that for a counterexample the level sets hθ
have, on average over θ, noise stability at most (Ehθ)2 plus a polynomially small quantity, for
every fixed noise rate 1 − ρ ≥ c > 0 (quantitatively, by Corollary 5.12(3), an average excess
stability η forces MaxInf(f) ≥ (η/(36d2))6 3−6 ln(1/η)/(1−ρ); at noise rate c/ log d this is only
quasi-polynomial).

Remark 3.8 (images cannot create low-level weight; [proved here]). Theorem 3.5 cannot be
reversed by choosing a clever P . Let A1, A2 be copies of Addrk on disjoint sets of variables and
f = (A1 + A2)/2 ∈ {−1, 0, 1}; then Varf = 1/2 and MaxInff = 1/8. Every P : {−1, 0, 1} →
[−1, 1] satisfies P ◦ f = α + βf + γf2 with |β| ≤ 1, |γ| ≤ 2, and f2 = (1 + A1A2)/2. By
Proposition 2.7, W [1,m](Addrk) = 2−k

∑
j<m

(
k
j

)
≤ 2−kkm =: ω for k ≥ 2, and W [1,m](A1A2) ≤

ω2 because the two factors are independent. Hence, if ω ≤ 1, W [1,m](P ◦ f) ≤ 2
(
β2 ω2 + γ2

4 ω
2
)
≤

3ω. For m = O(log d), d = k + 1, this is 2−k+o(k), while Varf = 1/2.

4. Gluing along decision trees

Throughout this section F (y, z) =
∑

j yjgj(z) is a bounded one-block form (
∑

j |gj | ≤ 1

pointwise) with deg gj ≤ k, and V, ε, τ are as in (1). For a decision tree D on the z-variables
with leaves l we write

cjl = E[g2j | l]1/2, Vl =
∑
j

c2jl = Var(F |l), Rl =
∑
j

cjl, κD =
∑
l

pl
∑
j

c4jl,

so that V =
∑

l plVl and c2jl = Infyj (F |l), where F |l is the restriction of F to the leaf. Let
τD = maxi∈D Infzi(F ), the maximum over the variables queried by D.

4.1. A vector-valued OSSS inequality.
Theorem 4.1 ([known]: [42, Theorems 3.1–3.3, Corollary 3.4] and the proof of [42, eq. (6)];
see the paragraph Sources after the proof). Let D be a decision tree on Qn of depth t with
revealments δi, let H be a real Hilbert space, let f : Qn → H be leaf-determined and h : Qn → H
arbitrary, and Cov(f, h) = E〈f, h〉 − 〈Ef,Eh〉. Then

(L1) |Cov(f, h)| ≤ sup
x

‖f(x)‖
∑
i

δi E‖dih‖,

(L2) |Cov(f, h)| ≤ ‖f − Ef‖L2(H)

(
2t

∑
i

δiInfi(h)
)1/2

.

Proof. Let x, y be independent and uniform on Qn. Run D on x; let s ≤ t be the number
of queries and i1, . . . , is the (distinct) queried coordinates, J = {i1, . . . , is}. For 0 ≤ m ≤ t

let z(m) be x with the coordinates i1, . . . , imin(m,s) replaced by those of y; thus z(0) = x and
z(t) = u := (yJ , xJc).

Step 1. Conditionally on the leaf of x, which is an event {xi1 = b1, . . . , xis = bs} with fixed i’s
and b’s, the coordinates xJc are uniform and y is independent and uniform; hence u is uniform
and independent of the leaf. Since f(x) depends only on the leaf, E〈f(x), h(u)〉 = 〈Ef,Eh〉, and
since x and u are both uniform,

Cov(f, h) = E〈f(x), h(x)− h(u)〉 = E〈f(x)− Ef, h(x)− h(u)〉.
Step 2. h(x)− h(u) =

∑t
m=1∆m with ∆m = h(z(m−1))− h(z(m)), and ∆m = 0 if m > s.
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Step 3. Fix a node of D at depth m − 1, labelled by the coordinate i, and let Eπ = {xir =
br, r < m} be the event that x reaches it; Eπ depends only on xi1 , . . . , xim−1 . Conditionally
on Eπ, z(m−1) has the independent uniform coordinates yi1 , . . . , yim−1 in those positions and
uniform coordinates of x elsewhere, so z(m−1) is uniform; and z(m) is z(m−1) with coordinate
i /∈ {i1, . . . , im−1} replaced by the independent uniform bit yi. With probability 1/2 nothing
changes, and otherwise coordinate i is flipped, where ‖h(w)− h(w⊕i)‖ = 2‖dih(w)‖. Hence for
p ∈ {1, 2},

E
[
‖∆m‖p 1{m ≤ s, im = i}

]
= Pr[m ≤ s, im = i] 2p−1 E‖dih‖p.

Since no coordinate is queried twice on a path,
∑t

m=1 Pr[m ≤ s, im = i] = δi.
(L1): |Cov(f, h)| ≤ sup ‖f‖

∑
m E‖∆m‖ = sup ‖f‖

∑
i δiE‖dih‖. (L2): by Cauchy–

Schwarz, |Cov(f, h)| ≤ ‖f − Ef‖2
∑t

m=1(E‖∆m‖2)1/2 ≤ ‖f − Ef‖2
√
t (
∑

m E‖∆m‖2)1/2, and∑
m E‖∆m‖2 = 2

∑
i δiInfi(h). □

Sources. [42, Theorems 3.1–3.2] are stated for functions with values in a metric space, so they
include Hilbert space; there the influence re-randomizes a coordinate, which for uniform bits
is half the flip version used here. Theorem 3.1 gives (L1) for h = f , and Theorem 3.2 a two-
function form. The squared-norm version, with the depth factor as in (L2), is [42, Theorem 3.3,
Corollary 3.4]. The covariance form with a Hilbert-valued leaf-determined f is not stated in
[42]; it follows from the proof of [42, eq. (6)] with Cauchy–Schwarz, which is the proof above.

Numerical remarks on the factor t are in Remark N.1 (Appendix N).

4.2. The gluing lemma. Prior work. The closest statements in print are [29, Theorem 6.4] (a
decision tree yields an influential variable, via OSSS), [35, Claim 33] (an equivalent form of the
conjecture via a single restriction of small variance) and the closing remark of [12] (a shallow
tree that finds influential coordinates of restrictions would give the conjecture). The inequality
Infi(f) ≥ EleafInfi(f |leaf) for every i is folklore (flipping a coordinate that is not queried keeps
the leaf), and a union bound over the leaves loses a factor 2−t; the new part of Theorems 4.2
and 4.4 is the loss polynomial in t.
Theorem 4.2 (gluing lemma; [proved here]). Let F be a bounded one-block form and D a
decision tree on the z-variables of depth t ≥ 1. Then

κD − εV ≤ 8t
∑
i

δiInfzi(F ) ≤ 8t2 τD.

Proof. Let H = ℓ2 (indexed by j) and consider the mass vector q(z) = (gj(z)
2)j ∈ H. Put

mj = Eg2j . Then E[q | l] = (c2jl)j and Eq = (mj)j . Let f = E[q | leaf] − Eq, which is leaf-
determined with Ef = 0. Since

∑
l plc

2
jl = mj ,

B := E‖f‖2 =
∑
l

pl
∑
j

(c2jl −mj)
2 = κD −

∑
j

m2
j ≥ κD − εV,

using
∑

jm
2
j ≤ (maxjmj)

∑
jmj = εV . As f is leaf-determined, Cov(f, q) = E〈f,E[q | leaf]〉 =

E〈f, f + Eq〉 = B. Theorem 4.1(L2) gives B ≤ B1/2(2t
∑

i δiInfi(q))
1/2, i.e. B ≤ 2t

∑
i δiInfi(q).

Finally, with g±j = gj(z
i→±1), di(g2j ) = (g+j +g−j ) digj and |g±j | ≤ 1, so Infi(q) =

∑
j E(di(g2j ))2 ≤

4
∑

j E(digj)2 = 4Infzi(F ). The last inequality uses δi = 0 for i /∈ D and
∑

i δi ≤ t. □

The lemma is “degree-free”: k does not appear. Note that κD ≥ Elmaxj Infyj (F |l)2; so the
lemma glues heavy y-variables at the leaves of a shallow tree into a heavy variable of F , at the
cost 9t2 (see Theorem 4.15). Applying Theorem 4.1 to h = (gj)j instead of the mass vector can
be useless: for gj = 1[T (z) = j] zc(j), where T is a decision tree and the zc(j) are fresh variables,
one has E[h | leaf of T ] = 0.
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Corollary 4.3 (leaf root sums; [proved here]). If Rl ≤ R for every leaf l of D (depth t ≥ 1),
then κD ≥ V 3/R2 and

max(ε, τD) ≥ V 3

16R2t2
.

For t = 0 (no tree) the same argument gives ε ≥ V 2/R2, where R =
∑

j ‖gj‖2.

Proof. By Hölder with exponents 3/2 and 3, Vl =
∑

j c
2/3
jl c

4/3
jl ≤ R

2/3
l (

∑
j c

4
jl)

1/3, so
∑

j c
4
jl ≥

V 3
l /R

2; by Jensen, κD ≥ R−2
∑

l plV
3
l ≥ V 3/R2. By Theorem 4.2, V 3/R2 ≤ εV + 8t2τD, so

ε ≥ V 2/(2R2) or τD ≥ V 3/(16R2t2), and V 2/(2R2) ≥ V 3/(16R2t2) since V ≤ 1 ≤ t. For t = 0:
V =

∑
j ‖gj‖22 ≤ ε1/2R. □

4.3. Gluing for general functions and closure under shallow switching.
Theorem 4.4 (gluing inequality; [proved here]). For every f ∈ Bd and every decision tree T of
depth t ≥ 1 with leaves l (restrictions f |l),

MaxInf(f) ≥
El
[
MaxInf(f |l)2

]
144 d5 t2

.

Proof. Apply Theorem 4.2 to the gradient form F of Lemma 2.4, gi = dif/(4d
2), with T re-

garded as a tree on the z-variables. If i is not queried on the path to l then (dif)|l = di(f |l),
so E[(dif)2 | l] = Inf i(f |l), and Infi(f |l) = 0 for queried i; hence κT ≥ Elmaxi E[g2i |
l]2 ≥ ElMaxInf(f |l)2/(256d8). On the other side, by Lemma 2.4, ε = MaxInf(f)/(16d4),
V = I(f)/(16d4) ≤ d/(16d4) and τT ≤ (d− 1)MaxInf(f)/(16d4), so

κT ≤ εV + 8t2τT ≤ MaxInf(f)
( 1

256d7
+

t2

2d3

)
≤ 9t2

16d3
MaxInf(f).

Comparing, MaxInf(f) ≥ 16d3

9t2
· ElMaxInf(f |l)2

256d8
. □

The trivial bound is MaxInf(f) ≥ maxl plMaxInf(f |l), which is exponentially small in t.

Theorem 4.5 (closure under shallow switching; [proved here]). Let C ⊆ Bd be a class with
MaxInf(h) ≥ c(Varh/d)C for all h ∈ C, where C ≥ 1

2 . If f ∈ Bd and f |l ∈ C for every leaf l of a
decision tree of depth t ≥ 1, then

MaxInf(f) ≥ min
(Var(f)2

4t2
,
c2(Varf/(2d))2C

144 d5t2

)
.

Proof. Let φ = E[f | leaf], which is leaf-determined with |φ| ≤ 1. Then Varf = B + W
with B = Varφ = Cov(φ, f) and W = ElVar(f |l). By Theorem 4.1(L1) with H = R, B ≤∑

i δiE|dif | ≤ tMaxInf(f)1/2; so if B ≥ Varf/2 then MaxInf(f) ≥ Var(f)2/(4t2). Otherwise
W ≥ Varf/2, and by Jensen (2C ≥ 1) ElMaxInf(f |l)2 ≥ c2El(Var(f |l)/d)2C ≥ c2(W/d)2C ;
apply Theorem 4.4. □

Classes that can be used in Theorem 4.5 include symmetric and block-symmetric func-
tions (Proposition 6.2 and Theorem 6.4), Boolean functions, and functions with root influence∑

i Inf
1/2
i ≤ poly(d).
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4.4. Register lemmas: where complete boundedness is used.
Lemma 4.6 (register lemma; [proved here], the conclusion is known: [23, Remark 4.1] for
homogeneous forms, cf. [24, Theorem 1.3]). Let H be a Hilbert space, and for s = 1, . . . , t let
P s0 , . . . , P

s
n be mutually orthogonal projections with

∑
i P

s
i = I, and πs(x) = P s0 +

∑n
i=1 xiP

s
i .

Let V1, . . . , Vt−1 be contractions, ‖u‖, ‖v‖ ≤ 1, and
T (x1, . . . , xt) = 〈u, π1(x1)V1π2(x2)V2 · · ·Vt−1πt(xt)v〉, (x1, . . . , xt) ∈ Qtn.

Then for every block s,
∑n

j=1 Infxsj (T )
1/2 ≤ 1, where Infxsj (T ) = E|dxsjT |

2.

Proof. For x ∈ Qn, πs(x) is a self-adjoint unitary. T is affine in xsj , and

dxsjT = 〈a, P sj b〉, a =
(
π1(x

1)V1 · · ·πs−1(xs−1)Vs−1
)∗
u, b = Vsπs+1(x

s+1) · · ·Vt−1πt(xt)v,

with ‖a‖, ‖b‖ ≤ 1; a depends only on x<s and b only on x>s. Let ρa = E aa∗ and ρb = E bb∗,
positive operators of trace at most 1. By independence,

Infxsj (T ) = E tr
(
Pjbb

∗Pjaa
∗) = tr

(
(PjρaPj)(PjρbPj)

)
≤ tr(Pjρa) tr(Pjρb),

since tr(AB) ≤ trA ‖B‖ ≤ trA trB for positive A,B. By Cauchy–Schwarz and
∑

j≥1 Pj ≤ I,∑
j Infxsj (T )

1/2 ≤ (trρa trρb)
1/2 ≤ 1. □

By the Christensen–Sinclair factorization (as used in [4]), a t-linear form on ℓn+1
∞ of cb norm

at most 1 has a representation as in Lemma 4.6 in which the coordinate x0 = 1 carries P s0 (this
needs the factorization with unital representations; the proof of Lemma 4.6 uses only

∑
i P

s
i ≤ I);

for homogeneous block-multilinear forms (P s0 = 0) Lemma 4.6 is the root-influence inequality
of [23, Remark 4.1] for every block, and summing over s gives the bound of [24, Theorem 1.3].
(We have not compared the convention with a free constant coordinate with the normalization
of the cb norm in [7, 24] for non-homogeneous forms.) The lemma isolates the mechanism: a
derivative of a cb form is a pairing of two bounded vector fields depending on disjoint sets of
variables, localized by orthogonal projections. The next three lemmas quantify what is lost when
the two fields share variables.

Lemma 4.7 (decoupled registers; [proved here]). Let z = (z′, z′′) be a splitting of the variables
into two disjoint sets, and gj(z) = 〈Aj(z′), Bj(z′′)〉 with

∑
j E‖Aj‖2 ≤ 1 and

∑
j E‖Bj‖2 ≤ 1.

Then
∑

j ‖gj‖2 ≤ 1; consequently every one-block form F =
∑

j yjgj (bounded or not) satisfies
maxj Infyj (F ) ≥ Var(F )2.

Proof. With ρAj = EAjA∗j and ρBj = EBjB∗j , independence gives ‖gj‖22 = tr(ρAj ρ
B
j ) ≤ trρAj trρBj ,

and Cauchy–Schwarz gives
∑

j ‖gj‖2 ≤ (
∑

j E‖Aj‖2)1/2(
∑

j E‖Bj‖2)1/2 ≤ 1. Then VarF =∑
j ‖gj‖22 ≤ maxj ‖gj‖2

∑
j ‖gj‖2 ≤ maxj ‖gj‖2. □

Lemma 4.8 (shared coordinates; [proved here], tight). Let U,W,U ′ be disjoint sets of variables,
a = a(zU , zW ) and b = b(zW , zU ′) with ‖a‖, ‖b‖ ≤ 1 pointwise, P1, P2, . . . mutually orthogonal
projections, and gj = 〈a, Pjb〉. Then

∑
j ‖gj‖2 ≤ 2|W |/2, with equality for the address function

(a = b = eι(zW ), U = U ′ = ∅, Pj the projection onto ej).

Proof. Fix zW . As in the proof of Lemma 4.6, E[g2j | zW ] ≤ αj(zW )βj(zW ) with αj =

tr(Pjρa(zW )), βj = tr(Pjρb(zW )),
∑

j αj ≤ 1,
∑

j βj ≤ 1. Hence ‖gj‖2 ≤
(
2−|W |

∑
zW

αjβj
)1/2 ≤

2−|W |/2
∑

zW
(αjβj)

1/2, and summing over j (Cauchy–Schwarz for each zW ) gives
∑

j ‖gj‖2 ≤
2−|W |/22|W |. For the address function gj = 1[ι(zW ) = j] and

∑
j ‖gj‖2 = 2k2−k/2. □
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Thus the number of shared (coupling) coordinates is the exact exponent of the loss between
the cb and the merely bounded setting.
Lemma 4.9 (tree-mediated coupling; [proved here]). Let a, b (‖a‖, ‖b‖ ≤ 1), Pj and gj = 〈a, Pjb〉
be as above, and let D be a decision tree on z of depth t such that for every leaf l, conditionally
on l, a and b depend on disjoint sets of the free coordinates. Then Rl ≤ 1 for every leaf and∑

j ‖gj‖2 ≤
∑

l p
1/2
l ≤ 2t/2.

Proof. Given l the free coordinates are uniform and independent, so the argument of Lemma 4.6
gives Rl =

∑
j cjl ≤ 1. Then ‖gj‖2 = (

∑
l plc

2
jl)

1/2 ≤
∑

l p
1/2
l cjl; sum over j, and use

∑
l p

1/2
l ≤

(#leaves)1/2 ≤ 2t/2. □
Corollary 4.10 (tree-mediated register forms; [proved here]). Let F =

∑
j yjgj be a bounded

one-block form and D a z-tree of depth t ≥ 1 such that at every leaf l the restricted family satisfies
the hypothesis of Lemma 4.7 (with respect to the conditional measure and some splitting of the
free coordinates depending on l). Then max(ε, τD) ≥ V 3/(16t2); this gives Conjecture 1.1 for
such forms whenever t ≤ poly(k/V ). This applies in particular to gj = 〈a, Pjb〉 as in Lemma 4.9
(take Aj = Pja, Bj = Pjb), and these forms are automatically bounded.
Proof. Lemma 4.7 at each leaf gives Rl ≤ 1; apply Corollary 4.3. Boundedness of 〈a, Pjb〉:∑

j |〈Pja, Pjb〉| ≤ ‖a‖‖b‖ ≤ 1. □

For the address function with D the tree of address bits (t = k), this gives MaxInf ≥ 1/(16k2)
(the truth is 1/2); the same holds for the “adaptive address” in which the leaves of a complete
depth-k decision tree with distinct variables at all nodes select the output. For the latter with
k ≥ 3, no nonadaptive tree of depth < 2k − 1 has Rl ≤ 1 at all leaves (as Rl ≥ 1/maxj cjl and∑

j c
2
jl = 1, such a tree must determine the leaf of the address tree), so the tree in Corollary 4.10

must in general be adaptive.
Remark 4.11 (independent blocks are essential; [proved here]). The address function Addrk
is computed by a deterministic (k + 1)-query algorithm (query the k address bits, then the
addressed bit), hence by a (k + 1)-query quantum algorithm with output bias Addrk. By
[4, Theorem 1.3] there is a form T of degree 2k + 2 with ‖T‖cb ≤ 1 and T ((x, 1), . . . , (x, 1)) =

Addrk(x). Yet
∑

i Infi(Addrk)
1/2 = k/

√
2+2k/2. Hence no inequality of the form

∑
i Infi(p)

1/2 ≤
poly(deg p) ‖T‖cb holds for symmetrized (bias) polynomials p; this is consistent with Lemma 4.6,
which concerns forms in independent blocks. In the bias representation, the address bits are
read by the first and last blocks and the data bit by the middle blocks, which share the address
variables: this is exactly the situation of Lemma 4.8.
4.5. Dimension bounds and single-statistic selectors.
Proposition 4.12 (dimension bound; [proved here]). Let W ⊆ L2(Qn) be a subspace of dimen-
sion D with orthonormal basis e1, . . . , eD and kernel diagonal ΛW =

∑
r e

2
r (the reciprocal of

the Christoffel function in the usual convention; here D is a dimension, not a decision tree). If
gj ∈ W for all j, then∑

j

‖gj‖2 ≤
(
sup
z

∑
j

|gj(z)|
)
EΛ1/2
W ≤

√
D sup

z

∑
j

|gj(z)|.

Equality holds for the address function (W = functions of the k address bits, ΛW ≡ 2k).
Proof. For g ∈ W , g =

∑
r〈g, er〉er, so |g(z)| ≤ ‖g‖2ΛW(z)1/2 by Cauchy–Schwarz.

Hence ‖g‖22 = E|g| |g| ≤ ‖g‖2E[|g|Λ1/2
W ], i.e. ‖g‖2 ≤ E[|g|Λ1/2

W ]. Summing over j,∑
j ‖gj‖2 ≤ E[(

∑
j |gj |)Λ

1/2
W ], and EΛ1/2

W ≤ (EΛW)1/2 =
√
D. □
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Applied at a leaf (with the conditional measure) this gives Rl ≤ (dim span{gj |l})1/2 for
bounded forms.

Corollary 4.13 (polynomial single-statistic selectors; [proved here]). Let s : Qn → R have
degree e ≥ 1 and let gj = φj ◦ s, where the φj are real polynomials of degree at most bk/ec and∑

j |gj | ≤ 1. Then
∑

j ‖gj‖2 ≤
√
k + 1 and ε ≥ V 2/(k + 1).

Proof. All gj lie in span{sr : 0 ≤ r ≤ bk/ec} (powers computed pointwise), of dimension at most
k + 1. Apply Proposition 4.12 and Corollary 4.3 with t = 0. □

This covers “slab spikes” and Chebyshev bumps gj = φj(n
−1/2∑

i zi): each such gj may
be exponentially spiky (‖gj‖2 � ‖gj‖1), but only the dimension matters. For s =

∑
i zi and

symmetric gj the polynomial hypothesis is automatic, since a symmetric multilinear polynomial
of degree ≤ k is a polynomial of degree ≤ k in

∑
i zi [40]. The polynomial hypothesis cannot

be dropped: s(a) =
∑k

r=1 2
rar is injective on Qk, so the address selectors gb = 1[a = β(b)] are

of the form φb ◦ s (with φb of degree 2k − 1) and have cube degree k, but
∑

b ‖gb‖2 = 2k/2 and
ε = 2−k.

4.6. The hybrid statement.
Theorem 4.14 (hybrid; [proved here]). Let F be a bounded one-block form and D a z-tree of
depth t ≥ 1. Suppose there is a set G of leaves with

∑
l∈G plVl ≥ V/2 and Rl ≤ R for l ∈ G.

Then
max(ε, τD) ≥ V 3

128R2t2
.

Proof. As in Corollary 4.3, κD ≥ R−2
∑

l∈G plV
3
l , and by Hölder∑

G plVl ≤ (
∑

G pl)
2/3(

∑
G plV

3
l )

1/3 ≤ (
∑

G plV
3
l )

1/3;

hence κD ≥ V 3/(8R2). Theorem 4.2 gives ε ≥ V 2/(16R2) or τD ≥ V 3/(128R2t2). □
The leaf bounds Rl ≤ R may come from decoupling (Lemma 4.7: Rl ≤ 1), from dimension

(Proposition 4.12: Rl ≤
√
dim), or from sums of such pieces: if gj |l = g′j + g′′j then Rl ≤∑

j ‖g′j‖2 +
∑

j ‖g′′j ‖2 by the triangle inequality; here each piece must satisfy the hypothesis of
the bound used for it on its own (for instance Proposition 4.12 requires control of sup

∑
j |g′j |,

and pieces of a bounded family need not be bounded). Examples covered: the address and
adaptive address functions (t = k, R = 1), slab spikes (Corollary 4.3 with t = 0, R =

√
k + 1),

polynomial single-statistic selectors applied after an address (t = k, R =
√
k + 1), and mixtures

of these.

4.7. An exact decision-tree reformulation. Say that one-block forms satisfy AA1(c, C) if
max(ε, τ) ≥ c(V/k)C for every k ≥ 1 and every bounded one-block form with deg gj ≤ k; by
Lemma 2.4 and [43, Theorem 2.13] this is equivalent to Conjecture 1.1 up to polynomial losses.

Theorem 4.15 ([proved here]). The following are equivalent, with polynomial dependence be-
tween the constants.

(i) AA1(c, C) holds for some c, C > 0.
(ii) There are c′, C ′ such that every bounded one-block form with deg gj ≤ k and variance V

admits a z-decision tree D of depth t ≤ (k/V )C
′
/c′ with

κ′D := Elmax
j

Infyj (F |l)2 ≥ c′(V/k)C
′
.
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Proof. (ii)⇒(i). If t = 0 then κ′D = ε2. If t ≥ 1, then κD ≥ κ′D, and Theorem 4.2 gives
κ′D ≤ εV +8t2τ ≤ 9t2max(ε, τ), as V ≤ 1 ≤ t. Hence max(ε, τ) ≥ κ′D/(9t

2), which is polynomial
in V/k.

(i)⇒(ii). Assume AA1(c, C) and let w = c(V/(4k))C . Build D by the rule: at a node ρ (a
partial assignment of z), if some unqueried zi has Infzi(Fρ) ≥ w, query one such zi; otherwise
stop. Let Iz(Fρ) =

∑
i Infzi(Fρ). For i′ 6= i, Infi′(g) = EziInfi′(g|zi) (as di′ commutes with fixing

zi), and Infi(g|zi) = 0; hence EziIz(Fρ,zi) = Iz(Fρ)−Infzi(Fρ) ≤ Iz(Fρ)−w whenever zi is queried
at ρ. Thus Iz(Fρm) + wm is a supermartingale along the random path, and for the (bounded)
number N of queries, optional stopping gives wEN ≤ Iz(F ) =

∑
j I(gj) ≤ k

∑
j Vargj ≤ kV .

Truncate the tree at depth T = d4k/we; by Markov’s inequality Pr[N ≥ T ] ≤ V/4, and since
Vl ≤ 1 the truncated leaves carry

∑
plVl ≤ V/4. Leaves with Vl < V/4 carry less than V/4. The

remaining leaves l were stopped by the rule and have Vl ≥ V/4; F |l is a bounded one-block form of
z-degree at most k with all z-influences < w, so AA1(c, C) gives maxj Infyj (F |l) ≥ c(Vl/k)

C ≥ w.
These leaves carry

∑
plVl ≥ V/2, hence

∑
pl ≥ V/2, and κ′D ≥ (V/2)w2 = (V/2)c2(V/(4k))2C ,

with depth T = d4k/we. □
Theorem 4.15 is the one-block analogue of the decision-tree form of the conjecture ([2, §3.1]

for one direction, [42] for the other; see also [12, §1]), with two differences: only z-variables are
queried, and the leaves are only required to have a heavy y-variable rather than small variance.

4.8. The remaining gap and its leaf-wise variant.
Question 4.16 (leaf root sums; [open]). Is it true that every bounded one-block form with
deg gj ≤ k and variance V has a z-decision tree of depth t ≤ poly(k/V ) and a set G of leaves
with

∑
l∈G plVl ≥ V/2 and Rl ≤ poly(k/V ) for l ∈ G?

By Theorem 4.14 and Lemma 2.4, a positive answer implies Conjecture 1.1; the answer
is positive in every class treated above. Section 12 discusses how far Question 4.16 is from
the conjecture (for instance, R ≤ ek for every bounded family, by hypercontractivity as in
Proposition 2.5).

TRleaf(t, R) is the statement: there are a z-tree of depth at most t and, at each leaf l, a kept
index set Sl, with discarded mass

∑
l pl

∑
j /∈Sl

c2jl ≤ V/4 and kept root sums
∑

j∈Sl
cjl ≤ R. The

heavy-y exit at depth t with threshold h is the statement that there is a z-tree of depth at most
t whose leaves carrying at least (1 − 1

2k )V of the mass have some c2jl ≥ h. The halving lemma
with heavy-y exit HL(t, h) is the statement: for every bounded one-block form with deg gj ≤ k
and root sum

∑
j ‖gj‖2 ≤ R, R ≥ 2, there is a z-tree of depth at most t such that leaves carrying

at least a fraction 1− 1
2k of the mass either have some c2jl ≥ h or have Rl ≤ R/2.

Theorem 4.17 ([proved here]).
(a) TRleaf(t, R) with t ≥ 1 implies max(ε, τ) ≥ 27V 3/(1024t2R2). (b) AA1(c, C) implies
TRleaf(16k/w, 4w

−1/2) with w = c(V/(8k))C . (c) AA1(c, C) implies the heavy-y exit at depth
16k2/w′ with h = V w′/(128k2), w′ = c(V/(8k2))C . Hence AA1, TRleaf with polynomial pa-
rameters, and the halving lemma with heavy-y exit are equivalent up to polynomial losses; in
particular these tree statements are not weaker than the conjecture.

Proof. (a) Apply Lemma 5.9 with q′j = g2j1{z ∈ l, j ∈ Sl}: V ′ ≥ 3V/4 and R̄′D ≤ R. (b),
(c) Peeling. Fix θ ∈ (0, V/2], β ∈ (0, 1), w = c(θ/k)C . Each node carries a remaining index
set J ′ (initially all j) with remaining mass V ′ =

∑
j∈J ′ c2j,node. If V ′ ≤ θ, stop (good leaf).

Otherwise apply AA1(c, C) to the restricted remaining family G′ =
∑

j∈J ′ yjgj |node: either some
c2j,node ≥ w, and we peel j (move it to the kept set, no query), or some Infzi(G

′) ≥ w, and
we query zi. Truncate (bad leaf) after T = 2k/(wβ) queries or M = 2/(wβ) peels. The
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potential Φ =
∑

i Infzi(G
′) satisfies Φ ≤ kV ′ at every node and Φ ≤ kV at the root; it drops

in expectation by at least w per query (for i′ 6= i, Infzi′ (G
′) = EziInfzi′ (G

′|zi)) and does not
increase under peeling, so by optional stopping E[#queries] ≤ kV/w; the remaining mass is a
martingale under queries and drops by at least w per peel, so E[#peels] ≤ V/w. By Markov’s
inequality the bad leaves have probability, hence mass, at most kV/(wT ) + V/(wM) = βV .
A good leaf has remainder at most θ and at most M kept indices, so its kept root sum is at
most

√
M . For (b) take θ = V/8, β = 1/8: the discarded mass is at most θ + βV = V/4,√

M = 4w−1/2, and the depth is T = 16k/w. For (c) take θ = V/(8k), β = 1/(8k): a
good leaf with Vl ≥ 2θ has kept mass at least θ, hence some c2jl ≥ θ/M = V w/(128k2),
and the remaining leaves carry at most βV + 2θ < V/(2k). Converse. Assume HL(t, h) and
iterate it N = dk log2 ee times, starting from R ≤ ek (Proposition 2.5) and recursing only into
the halved leaves (restrictions of bounded forms are bounded forms); the tree has depth at
most tN . (Here t and h may depend polynomially on the variance of the form. Recurse only
into halved leaves with Vl ≥ V/(16N); the dropped leaves carry mass less than V/(16N) per
round, hence less than V/16 in total, and all forms to which HL is applied have variance at
least V/(16N), so t and h stay polynomial in k/V .) If the exited leaves carry probability at
least p0 = V/8, then κD ≥ p0h

2, and Theorem 4.15 ((ii)⇒(i), κD ≤ 9(tN)2max(ε, τ)) gives
max(ε, τ) ≥ p0h

2/(9t2N2). Otherwise, since each round loses at most a fraction 1
2k of the

remaining mass and the exited leaves carry mass at most their probability, the halved leaves at
the end keep mass at least (1 − 1

2k )
NV − p0 ≥ V/4 − V/8 − V/16, and their root sums are at

most max(2, ek2−N ) = 2; Lemma 5.9 with these leaves gives max(ε, τ) ≥ (V/16)3/(64t2N2). □
Any violator of these tree statements therefore contains a restricted subfamily violating the

conjecture. Section 12 compares these statements with Question 4.16.

5. Subcube structures

By Proposition 2.5 and its proof, a counterexample must carry most of its influence on coordi-
nates j whose derivative is spiky, ‖djf‖2 � ‖djf‖1, i.e. concentrated on a small set. Lemma 2.2
says that these spikes overlap with multiplicity at most 4d2 at every point. For the address
function the spike sets are subcubes carved by the same (address) coordinates, which therefore
have large influence. In this section we prove that this mechanism is forced when the spike sets
are exact subcubes. A subcube is a set C = {x : xK = a} with K ⊆ [n], a ∈ {−1, 1}K ; we call
K its set of fixed coordinates and |K| its codimension, and µ(C) = 2−|K|.

5.1. The subcube cover lemma.
Lemma 5.1 (subcube cover lemma; [proved here]). Let Cj = {x : xKj = aj}, 1 ≤ j ≤ N ,
be subcubes with |Kj | ≤ r and multiplicity at most M , i.e.

∑
j 1Cj (x) ≤ M for all x. Let

µj = µ(Cj), Σ =
∑

j µj and loadi =
∑

j: i∈Kj
µj. Then

max
i

loadi ≥ 1

r

( Σ

M
−

∑
j µ

2
j

Σ

)
≥ 1

r

( Σ

M
−max

j
µj

)
.

Proof. Helly property. If Cj1 , . . . , Cjm intersect pairwise, the assignments aj1 , . . . , ajm agree
on every common fixed coordinate, so their union is a consistent partial assignment, and any
completion of it lies in all Cjs . Hence a pairwise intersecting subfamily has at most M members:
the intersection graph H on [N ] (j ∼ l iff j 6= l and Cj ∩Cl 6= ∅) has clique number at most M .

Motzkin–Straus. For a graph with clique number ω and a probability vector p,
∑

(j,l) pjpl ≤ 1−
1/ω, the sum over ordered pairs of adjacent vertices [39]. With p = µ/Σ the ordered intersecting
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pairs carry
∑

j∼l µjµl ≤ (1− 1/M)Σ2, so the ordered disjoint pairs (j 6= l, Cj ∩Cl = ∅) carry at
least Σ2 −

∑
j µ

2
j − (1− 1/M)Σ2 = Σ2/M −

∑
j µ

2
j .

Attribution. Two disjoint subcubes disagree on some i ∈ Kj∩Kl. Hence the disjoint pairs carry
at most

∑
i

∑
j,l: i∈Kj∩Kl

µjµl =
∑

i load
2
i ≤ maxi loadi

∑
i loadi, and

∑
i loadi =

∑
j |Kj |µj ≤

rΣ. □
The Helly step is essential: the second-moment bound alone gives nothing, since

Σ = E
∑

j 1Cj ≤ M always. For a decision-tree partition (M = 1) the root coordinate
has load 1, while the lemma guarantees only about 1/r; we do not know whether the factor 1/r
is necessary.

Corollary 5.2 (subcube-supported derivatives; [proved here]). Let f ∈ Bd(n), d ≥ 2, and
suppose there is c > 0 such that for every j either djf ≡ 0 or djf = c sj1Cj with sj : Qn → {−1, 1}
arbitrary and Cj a subcube. Then MaxInf(f) ≥ c I(f)/(32d4) ≥ I(f)2/(128d6).

Proof. Let Cj = {xKj = aj}. Since 1Cj = (djf)
2/c2 has degree at most 2d − 2 and a subcube

indicator has degree equal to its codimension, r := maxj |Kj | ≤ 2d. By Lemma 2.2, c#{j : x ∈
Cj} =

∑
j |djf(x)| ≤ 4d2, so the multiplicity is at most M := 4d2/c. Moreover Infj(f) = c2µj ,

so Σ = I(f)/c2, and Σ ≤M gives c ≥ I(f)/(4d2). If i ∈ Kj , flipping xi moves every point of Cj
out of Cj , so |djf(x) − djf(x

⊕i)| = c on a set of measure 2µj and Infi(djf) ≥ 1
4c

2 · 2µj . Since∑
j Infi(djf) =

∑
S∋i(|S| − 1)f̂(S)2 ≤ (d − 1)Inf i(f), we get Infi(f) ≥ c2loadi/(2(d − 1)). If

maxj µj ≥ Σ/(2M), then MaxInf(f) ≥ c2maxj µj ≥ I/(2M) = cI/(8d2). Otherwise Lemma 5.1
gives maxi loadi ≥ Σ/(4dM), and MaxInf(f) ≥ c2Σ/(8d2M) = I/(8d2M) = cI/(32d4). In both
cases MaxInf(f) ≥ cI/(32d4) ≥ I2/(128d6). □

The class is narrow (the sensitive set of a coordinate of a Boolean function is in general
a union of several subcubes, not a single subcube, and the derivatives of the address bits in
Section 2.4 are not subcube-supported), but it isolates the mechanism. The soft analogue, in
which the subcubes are replaced by the superlevel sets of spiky low-degree derivatives, is open;
see Section 7.

5.2. Root-weighted covers and subcube selectors. The gluing lemma only needs the av-
erage leaf root sum R̄D =

∑
l plRl.

Corollary 5.3 (average root sum; [proved here]). In the setting of Section 4, for every decision
tree D on the z-variables of depth t ≥ 1,

max(ε, τD) ≥ V 3

16 t2 R̄2
D

.

Proof. As in Corollary 4.3,
∑

j c
4
jl ≥ V 3

l /R
2
l . By Hölder with exponents 3 and 3/2, V =∑

l pl(V
3
l /R

2
l )

1/3R
2/3
l ≤ κ

1/3
D R̄

2/3
D , so κD ≥ V 3/R̄2

D; conclude with Theorem 4.2 as in Corol-
lary 4.3. □
Lemma 5.4 (root-weighted subcube cover lemma; [proved here]). In the setting of Lemma 5.1,
let Φ =

∑
j µ

1/2
j and rli =

∑
j: i∈Kj

µ
1/2
j . Then maxi rli ≥ (Φ2/M − Σ)/(rΦ).

Proof. Repeat the proof of Lemma 5.1 with pj = µ
1/2
j /Φ: the ordered disjoint pairs carry∑

µ
1/2
j µ

1/2
l ≥ Φ2/M −

∑
j µj ; they carry at most

∑
i rl

2
i ≤ maxi rli

∑
i rli; and

∑
i rli =∑

j |Kj |µ1/2j ≤ rΦ. □
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Lemma 5.5 (subcube potential; [proved here]). Let Cj be subcubes of codimension at most r
and multiplicity at most M . For a node v of a decision tree let µv be the uniform measure
on the subcube of inputs reaching v and Φ(v) =

∑
j µv(Cj)

1/2. Build a tree greedily: at v, if
Φ(v) ≥ 2M query a coordinate maximizing rli(v) =

∑
j: i∈Kj(v)

µv(Cj)
1/2, where for µv(Cj) > 0

we write Kj(v) for the set of coordinates of Kj not queried on the path to v (the fixed coordinates
of the restricted subcube), and otherwise stop. Let Φs be the expectation of Φ over the nodes
at depth s (or their stopped ancestors). Then the tree never queries a coordinate twice and
Φs − 2M ≤ (1− 1

5rM )s(Φ0 − 2M).

Proof. Restricting to the subcube of v maps each Cj either to the empty set or to a subcube
of codimension at most r (fixing the unqueried coordinates of Kj), with multiplicity at most
M ; in particular

∑
j µv(Cj) ≤ M . Querying i: a piece with i among its fixed coordinates has

relative measure 2µv(Cj) on one side and 0 on the other, so its expected term drops from µ
1/2
v

to 2−1/2µ
1/2
v , and other pieces are unchanged; thus EΦ(children) = Φ(v) − (1 − 2−1/2)rli(v).

If Φ(v) ≥ 2M , Lemma 5.4 gives maxi rli(v) ≥ (Φ2/M − M)/(rΦ) ≥ 3
4Φ/(rM), and since

(1 − 2−1/2)34 ≥ 1
5 , EΦ(children) ≤ (1 − 1

5rM )Φ(v). Writing α = 1/(5rM), at a queried node
EΦ(children)−2M ≤ (1−α)(Φ(v)−2M), and at a stopped node Φ(v)−2M < 0, so Φ(v)−2M ≤
(1− α)(Φ(v)− 2M); averaging gives the recursion. A queried coordinate has rl = 0 afterwards,
so it is never queried again; and a node with Φ(v) ≥ 2M has a piece with a nonempty set of
unqueried fixed coordinates (otherwise all pieces contain the whole subcube and Φ(v) ≤M), so
the maximizing query is a genuine coordinate. □
Theorem 5.6 (subcube selectors; [proved here]). Let F =

∑
j yjgj be a bounded one-block form

with deg gj ≤ k, k ≥ 1, where gj = c sj1Cj with a common c > 0, arbitrary sj : Qn → {−1, 1}
and subcubes Cj. Then some decision tree D on the z-variables of depth t ≤ 11k2/V has R̄D ≤ 3,
and

MaxInf(F ) ≥ max(ε, τ) ≥ V 5

17424 k4
.

Proof. Fixing the coordinates outside Kj turns gj into ±c times a point mass on QKj , which
has degree |Kj |; since restriction does not raise degree, r := maxj |Kj | ≤ k. The multiplicity
is at most

∑
j |gj |/c ≤ 1/c, and being an integer it is at most M := b1/cc; as c ≤ 1, 1

2 ≤
cM ≤ 1. Also V = c2

∑
j µ(Cj) ≤ c2M ≤ c, so M ≤ 1/V . At the root, Φ =

∑
j ‖gj‖2/c ≤

ek
∑

j ‖gj‖1/c ≤ ek/c ≤ 2ekM , by the (2, 1)-hypercontractive estimate ‖g‖2 ≤ ek‖g‖1 for deg g ≤
k [41, Theorem 9.22]. Run Lemma 5.5 for t = d5rM(k + 1)e steps: Φt < 2M + e−(k+1)2ekM <
3M . Since Rl = cΦ(l) at each leaf, R̄D = cΦt < 3cM ≤ 3, and t ≤ 5k(k + 1)/V + 1 ≤ 11k2/V .
Corollary 5.3 gives max(ε, τD) ≥ V 3/(144t2) ≥ V 5/(144 · 121k4). If the tree is trivial (t = 0
effectively, i.e. Φ0 < 2M), then R =

∑
j ‖gj‖2 < 2cM ≤ 2 and ε ≥ V 2/R2 ≥ V 2/4 by

Corollary 4.3. □
The tree of Lemma 5.5 is a halving procedure: it reduces the expected root sum geometrically

until it is O(1); with depth O(rM log(R/V )) one can check that the same procedure gives a
second proof of Corollary 5.2 with a log2 loss (we do not use or prove this here). For the
gradient form (Lemma 2.4) Theorem 5.6 applies when the nonzero derivatives of f have a
common constant magnitude on subcubes, which is the setting of Corollary 5.2.

5.3. Banded derivatives and the classes they cover. We need three facts about decision-
tree complexity of Boolean functions h : Qn → {0, 1}. For S ⊆ [n], xS is x with the coordinates
in S flipped; bs(h, x) is the maximal number of pairwise disjoint blocks Si with h(xSi) 6= h(x),
bs(h) = maxx bs(h, x), and s(h) is the same with |Si| = 1; C(h, x) is the minimal size of a
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certificate for x (a set S such that yS = xS implies h(y) = h(x)), C(1)(h) = maxh(x)=1C(h, x);
and D(h) is the minimal depth of a decision tree computing h.

Lemma 5.7 ([known] [40, 9]; proofs included). (a) C(h, x) ≤ s(h) bs(h, x). (b) D(h) ≤
C(1)(h) bs(h) ≤ bs(h)3.

Proof. (a) Take a maximal family of disjoint minimal sensitive blocks S1, . . . , Sb for x. By
minimality xSi is sensitive to every l ∈ Si, so |Si| ≤ s(h); the union U is a certificate, since
otherwise the difference set of a violating y would contain a minimal sensitive block disjoint
from U . (b) While the current restriction h′ is non-constant, pick x with h′(x) = 1, query a
minimal certificate of x for h′, and output 1 if the answers agree with it. If rounds 1, . . . , s all
fail and h′ is still non-constant, take y with h′(y) = 0 consistent with all answers; round i yields
the nonempty set Bi of certificate coordinates on which y disagrees with the round-i certificate;
the Bi are disjoint and sensitive for y, and non-constancy gives one more disjoint sensitive block
among the unqueried coordinates, so s+ 1 ≤ bs(h). Finally C(1) ≤ C ≤ s · bs ≤ bs2 by (a). □
Lemma 5.8 (gapped supports; [proved here]). If deg g ≤ k and |g| ∈ {0} ∪ [c, Ac] on Qn, then
E = {g 6= 0} satisfies bs(1E) ≤ 4k2(1 +A2), hence D(1E) ≤ 64k6(1 +A2)3.

Proof. Fix x and disjoint sensitive blocks S1, . . . , Sb. For y ∈ {0, 1}b let x(y) flip the blocks
with yi = 1; then Q(y) = g(x(y))2/c2 is a polynomial of degree at most 2k in y, with values
in {0} ∪ [1, A2]. Its symmetrization P (s) = E|y|=sQ(y) is a univariate polynomial of degree at
most 2k [40] with 0 ≤ P (i) ≤ A2 for i = 0, . . . , b, and |P (1)−P (0)| ≥ 1 (if x /∈ E then P (0) = 0
and P (1) ≥ 1; if x ∈ E then P (0) ≥ 1 and P (1) = 0). By the mean value theorem |P ′(ξ)| ≥ 1
for some ξ ∈ [0, 1], and [40, Theorem 3.3] (if b1 ≤ P (i) ≤ b2 for all integers 0 ≤ i ≤ N and
|P ′(ξ)| ≥ γ for some ξ ∈ [0, N ], then degP ≥

√
γN/(γ + b2 − b1)) gives 2k ≥

√
b/(1 +A2). The

last claim follows from Lemma 5.7(b). □
The sub-mass version of the gluing corollary lets us ignore small selector values.

Lemma 5.9 (sub-masses; [proved here]). In the setting of Section 4, let 0 ≤ q′j ≤ g2j pointwise,
V ′ =

∑
j Eq′j > 0, and R̄′D =

∑
l pl

∑
j E[q′j | l]1/2. Then for every tree D of depth t ≥ 1,

max(ε, τD) ≥ V ′3/(16t2R̄′2D).

Proof. With m′jl = E[q′j | l] ≤ c2jl, κD ≥
∑

l pl
∑

jm
′2
jl. Per leaf, Hölder with exponents 3

2 , 3

gives
∑

jm
′
jl ≤ (

∑
jm
′1/2
jl )2/3(

∑
jm
′2
jl)

1/3, and Hölder on the leaf measure as in Corollary 5.3
gives κD ≥ V ′3/R̄′2D. If εV ≥ κD/2 then ε ≥ κD/2 ≥ V ′3/(2R̄′2D); otherwise 8t2τD ≥ κD/2 by
Theorem 4.2. □
Theorem 5.10 (banded selectors; [proved here]). Let F =

∑
j yjgj be a bounded one-block

form with deg gj ≤ k and |gj(z)| ∈ {0} ∪ [c, Ac] for all j, z. Let Ej = {gj 6= 0} and r′′ =
max(1,maxj D(1Ej )). Then r′′ ≤ 64k6(1 + A2)3 and max(ε, τ) ≥ V 5/(1082A6r′′4). For A = 1

(constant magnitude, arbitrary supports) r′′ ≤ 512k6.

Proof. The bound on r′′ is Lemma 5.8. Split each Ej into the 1-leaves Cj,a of an optimal tree for
1Ej : disjoint subcubes of codimension at most r′′. The pieces through a point z have distinct j
and |gj(z)| ≥ c, so the multiplicity is at most M := b1/cc; also V ≤ A2c2

∑
j µ(Ej) ≤ A2c2M ≤

A2c, so M ≤ A2/V . Every piece has measure at least 2−r
′′ , so Φ0 =

∑
j,a µ(Cj,a)

1/2 ≤ 2r
′′/2M .

If Φ0 < 2M , then R ≤ AcΦ0 < 2A and ε ≥ V 2/(4A2) by Corollary 4.3. Otherwise run
Lemma 5.5 for t = d1.74r′′2Me ≤ 2.74r′′2A2/V levels: Φt − 2M ≤ e−1.74r

′′/52r
′′/2M ≤ M , since

5
2 ln 2 < 1.74. At a leaf l, E[g2j | l]1/2 ≤

∑
a E[g2j1Cj,a | l]1/2 ≤ Ac

∑
a µl(Cj,a)

1/2, so R̄D ≤
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AcΦt ≤ 3AcM ≤ 3A. Corollary 5.3 gives max(ε, τ) ≥ V 3/(144A2t2) ≥ V 5/(144 · 2.742A6r′′4),
and 144 · 2.742 < 1082. □
Theorem 5.11 (banded decision-tree families; [proved here]). Let F =

∑
j yjgj be a bounded

one-block form (no degree assumption), L = dlog2(2/V )e, Bj,l = {2−l−1 < |gj | ≤ 2−l} for
0 ≤ l ≤ L, and r = max(1,maxj,l≤LD(1Bj,l

)). Then

max(ε, τ) ≥ V 5

1.32 · 106 r4 log2(16/V )2
.

Proof. Split each Bj,l into the 1-leaves Cj,l,a of an optimal tree (subcubes of codimension at
most r). The band-l pieces through a point have distinct j and |gj | > 2−l−1, so fewer than
Ml := 2l+1 of them; this persists under restriction, and since alive pieces have conditional
measure at least 2−r, the band potential Φl(v) =

∑
j,a µv(Cj,l,a)

1/2 satisfies Φl(v) ≤ 2r/2Ml

at every node. Run phases l = 0, . . . , L: starting from every leaf of the previous phase, run
Lemma 5.5 on band l for tl = d1.74r2Mle levels; at the end EΦl ≤ 3Ml as in the proof of
Theorem 5.10. By concavity of the square root a query never increases the expectation of any
Φl′ , so EΦl′ ≤ 3Ml′ survives the later phases. Let q′j = g2j1{|gj | > 2−L−1}. At a final leaf∑

j E[q′j | l]1/2 ≤
∑

l′≤L 2
−l′Φl′(l), so R̄′D ≤

∑
l′≤L 2

−l′ · 3 · 2l′+1 = 6(L + 1). The discarded
mass is

∑
j Eg2j1{|gj | ≤ 2−L−1} ≤ 2−L−1

∑
j E|gj | ≤ V/4, so V ′ ≥ 3V/4. The depth is t ≤∑

l(1.74r
2 2l+1+1) ≤ 3.48r2 ·8/V +log2(8/V ) ≤ 31r2/V , using 2L < 4/V and log2(8/V ) ≤ 3/V .

Lemma 5.9 gives max(ε, τ) ≥ (3V/4)3V 2/(16·312r4·36(L+1)2), and 16·961·36·64/27 < 1.32·106,
L + 1 ≤ log2(16/V ). (If the tree is empty, then

∑
jm

2
j ≤ εV and Hölder give ε ≥ V ′3/R̄′2D, a

stronger bound.) □
Corollary 5.12 (classes of functions; [proved here]). Let f ∈ Bd, v = Var(f)/(16d4), and
gi = dif/(4d

2) (so V = I(f)/(16d4) ≥ v and MaxInf(f) ≥ 16d3max(ε, τ) for the gradient form,
by Lemma 2.4). Then:
(1) (low-level weight) MaxInf(f) ≥ (W [1,k+1](f)/(4d23k))2 for all k ≥ 0 (Corollary 3.3);
(2) (min form) MaxInf(f) ≥ min{e−10(j−1), (W [1,j](f)/(4d2))3} for all j ≥ 1;
(3) (noise-stable level sets) if ρ = 1−1/K and

∫ 1
−1[Stabρ(hθ)−(Ehθ)2] dθ ≥ η, then MaxInf(f) ≥

(η/(36d2))6 3−6K ln(1/η);
(4) (unit-step derivatives) if |dif(z)| ∈ {0, c0} for all i, z, then MaxInf(f) ≥ 16d3v5/(1082 r′4)

with r′ = max(1,maxiD(1{dif ̸=0})) ≤ 512d6; this includes Boolean f and lattice-valued
edge-Lipschitz f ;

(5) (banded derivatives) if every nonzero |dif(z)| lies in [c0, Ac0], then MaxInf(f) ≥
16d3v5/(1082A6r′′4) with r′′ = max(1,maxiD(1{dif ̸=0})) ≤ 64d6(1+A2)3; e.g. f = 1

m

∑
bGb

with Boolean Gb and each variable in at most A of the Gb;
(6) (bounded interaction degree) if each dif depends on at most r coordinates, then MaxInf(f) ≥

16d3v5/(1.32 · 106r4 log2(16/v)2); e.g. f =
∑

b cbGb(xSb
) with |Sb| ≤ s and each variable in

at most A sets Sb, where r ≤ As;
(7) (tree-banded derivatives) the same bound if every band set of the gi at levels l ≤ dlog2(2/v)e

has decision-tree depth at most r;
(8) (one-statistic derivatives) if dif = φi(s(x)) for one statistic s and real polynomials φi with

degφi deg s ≤ d− 1, then MaxInf(f) ≥ 16d3v2;
(9) (mixtures of (6)/(7) with (8)) if [n] = IT t IS (disjoint union), where {gi}i∈IT satisfies the

hypothesis of (7) and {gi}i∈IS spans a space of dimension at most D0, then (with r ≥ 1)
MaxInf(f) ≥ 16d3(3v/4)3v2/(16 · 961 r4(6(L+ 1) +

√
D0)

2) and L = dlog2(2/v)e.
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Proof. All one-block bounds used are increasing in V , so V may be replaced by v (in (7) and
(9) the band levels then refer to v, a stronger hypothesis). (2): if τ := MaxInf(f) < e−10(j−1)

then 3j−1 < τ−(ln 3)/10 ≤ τ−1/6, and Corollary 3.3 gives W [1,j](f) ≤ 4d2τ1/2−1/6. (3): with
m = dK ln(1/η)e,

∑
S ̸=∅ ρ

|S|ĥθ(S)
2 ≤ W [1,m](hθ) + ρm+1Varhθ, ρm+1 ≤ η and

∫
Varhθ ≤ 1

2 ,
so

∫
W [1,m](hθ) ≥ η/2; Theorem 3.6 with k = m − 1 and 16d23m−1 + 2 ≤ 18d23m−1 gives the

claim. (4), (5): Theorem 5.10 with k = d − 1 and c = c0/(4d
2). (6), (7): every band set of

gi is a function of at most r coordinates, resp. has depth at most r; apply Theorem 5.11. (8):
the gi lie in the span of 1, s, . . . , sd−1, of dimension at most d, so ε ≥ V 2/d by Proposition 4.12
and Corollary 4.3 at t = 0, and MaxInf(f) = 16d4ε. (9): run the phases of Theorem 5.11 on
IT (the band multiplicities are unchanged since

∑
i∈IT |gi| ≤ 1). For i ∈ IS take q′i = g2i (no

truncation). The IS-root sum
∑

i∈IS E[g2i | l]1/2 is at most
√
D0 at the root (Proposition 4.12),

and it is a supermartingale along the tree by Jensen’s inequality (concavity of the square root),
so its expectation over the leaves is at most

√
D0; root sums add, so R̄′D ≤ 6(L+1)+

√
D0, and

Lemma 5.9 (with the truncation applied to IT only, discarded mass at most v/4) concludes. If
the tree is empty,

∑
im

2
i ≤ εV and Hölder give ε ≥ V ′3/R̄′2D, which is stronger. □

6. Symmetric and structured classes

6.1. Symmetric and block-symmetric functions.
Remark 6.1 (symmetric functions; [known]). If f ∈ Bd(n) is invariant under all permutations
of coordinates, then MaxInf(f) ≥ Var(f)2/(4d4). Indeed f(x) = q(K) where K is the number
of −1’s and deg q ≤ d [40], and MaxInf(f) = I(f)/n ≥ Var(f)/n. If n ≤ 2d2 we are done
since Varf ≤ 1. If n > 2d2, Lemma 2.1 (with c = max[0,n] |q′|, b2 − b1 ≤ 2) gives max[0,n] |q′| ≤
2d2/(n−d2) < 4d2/n, hence Varf ≤ E(q(K)−q(n/2))2 ≤ (4d2/n)2 n/4, i.e. 1/n ≥ Var(f)/(4d4).

Using Bernstein’s inequality in the bulk, where the measure concentrates, and Markov’s in-
equality only on an exponentially small tail, one gains d2.

Proposition 6.2 (symmetric functions, sharp exponents; [proved here]). If f ∈ Bd(n) is invari-
ant under all permutations of coordinates, then MaxInf(f) ≥ Var(f)2/(16d2).

Proof. Write f(x) = P (s) with s = n−1
∑

i xi, degP ≤ d and |P | ≤ 1 on the gridGn = {−1,−1+
2/n, . . . , 1} [40]. All influences are equal, so MaxInf(f) = I(f)/n ≥ Var(f)/n, and the claim is
immediate if n ≤ 16d2. Let n > 16d2 and M = max[−1,1] |P |. Every t ∈ [−1, 1] is within 1/n of
Gn, so Markov’s inequality max |P ′| ≤ d2M gives M ≤ 1+d2M/n, i.e. M ≤ n/(n−d2) ≤ 16/15.
Flipping x1 changes s by 2/n, so d1f(x) = n−1P ′(ξ) for some ξ with |ξ − s| ≤ 2/n, and

Varf ≤ I(f) = nE(d1f)2 ≤ n−1 E max
|t−s|≤2/n

P ′(t)2.

Let a = 1
2 − 2

n ≥ 3
8 . If |s| ≤ a the maximum is over |t| ≤ 1

2 , where Bernstein’s inequality
|P ′(t)| ≤ dM(1 − t2)−1/2 gives P ′(t)2 ≤ 4

3d
2M2; otherwise we use P ′(t)2 ≤ d4M2, on an

event of probability at most 2e−na
2/2 ≤ 2e−9d

2/8 by Hoeffding’s inequality. Hence Varf ≤
n−1d2M2(43 + 2d2e−9d

2/8) ≤ 2.26 d2/n, since 2d2e−9d
2/8 ≤ 2e−9/8 < 0.65 for d ≥ 1. Therefore

MaxInf(f) ≥ Var(f)/n ≥ Var(f)2/(2.26 d2). □
Example 6.3 (the Chebyshev family; [proved here], constants checked by exact binomial sums).
Let d be odd, n = Kd2, s = n−1

∑
i xi and f = Td(s) ∈ Bd(n) (bounded since |s| ≤ 1), so Ef = 0.

Since T 2
d = (1 + T2d)/2 and T2d(s) = − cos(2d arcsin s), Varf = 1

2(1 − E cos(2d arcsin s)); by
independence E cos(2ds) = cos(2/(Kd))Kd

2 ≤ e−2/K , and | arcsin s − s| ≤ (π2 − 1)|s|3 with
E|s|3 ≤ (3/n2)3/4, so Varf ≥ 1

2(1 − e−2/K) − 1.31K−3/2d−2 for d ≥ 3. As in the proof of
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Proposition 6.2, d1f = n−1T ′d(ξ) with |ξ − s| ≤ 2/n, Bernstein’s inequality on |s| ≤ 1
2 − 2

n

and Markov’s inequality elsewhere give MaxInff ≤ (43 + 2d2e−Kd
2a2/2)/(K2d2) with a = 1

2 −
2
n .

This yields the bounds quoted in Section 1.2: for K ≥ 32, 0.943/K ≤ Varf ≤ 2.47/K and
MaxInff ≤ 1.61Var(f)2/d2; for K = 1 and d ≥ 9, Varf ≥ 0.416 and MaxInff ≤ 1.36/d2. Thus,
using also f = n−1

∑
i xi (d = 1, MaxInff = Var(f)2), the best constant c in MaxInf ≥ cVar2/d2

for symmetric functions lies in [1/16, 1].

Theorem 6.4 (block-symmetric functions; [proved here]). Let f ∈ Bd(n) be invariant under all
permutations inside each block of a partition of [n] into b blocks. Then

∑
i Infi(f)

1/2 ≤ 2bd2,
and hence MaxInf(f) ≥ I(f)2/(4b2d4) ≥ Var(f)2/(4b2d4).

Proof. Fix a block s of size N ; all i ∈ s have the same influence, so the block contributes
N Infi(f)

1/2, which is at most N < 2d2 if N < 2d2. Let N ≥ 2d2 and fix the coordinates x′
outside s. Then f = p(

∑
i∈s xi) with deg p ≤ d and |p| ≤ 1 on {−N,−N +2, . . . , N} [40]. As in

the proof of Proposition 6.2, P (t) = p(Nt) is bounded by 1 on a grid of mesh 2/N in [−1, 1], so
max[−1,1] |P | ≤ N/(N − d2) ≤ 2 and, by Markov’s inequality, |p′| ≤ 2d2/N on [−N,N ]. Hence
|dif(x)| = |p(m + 1) − p(m − 1)|/2 ≤ 2d2/N pointwise, with m =

∑
j∈s\{i} xj , and the block

contributes at most 2d2. Finally I(f) ≤ MaxInf(f)1/2
∑

i Infi(f)
1/2 and I(f) ≥ Varf . □

By Theorem 4.5, functions that become block-symmetric with b ≤ poly(d) blocks after a
decision tree of depth poly(d) satisfy Conjecture 1.1 with polynomial loss.

6.2. Wreath-symmetric functions. Let n = Mw, with the coordinates split into M blocks
of size w, and let the wreath product Sw o SM act by permuting coordinates inside blocks and
permuting blocks. Tribes-type functions are of this kind; exact linear programs found nearly
Boolean bounded polynomials of this symmetry type of moderate degree for small w, and the
following theorem shows that this class nevertheless satisfies the conjecture. Since Sw o SM is
transitive on the n coordinates, [19, Proposition 3.18] already gives MaxInf ≥ Var2/(d4e2d); the
point of Theorems B.1 and 6.5 is a bound polynomial in d and w, and then in d alone, which
we have not found in print.

Theorem 6.5 (wreath-symmetric functions, uniform in w; [proved here]). If f ∈ Bd(Mw) is
invariant under Sw o SM , then MaxInf(f) ≥ Var(f)2/(2416 d6) for all w, M and d. If d ≥ 2,
w ≥ 4d2 and M ≥ 4πd3, then MaxInf(f) ≥ Var(f)2/(728 d4).

Theorem 6.6 (sharp law for composed wreath functions; [proved here]). Let F be a real poly-
nomial on Rr of total degree at most a with |F | ≤ 1 on [−1, 1]r, let ℓ1, . . . , ℓr be real polynomials
of degree at most b with |ℓi| ≤ 1 on [−1, 1], let y1, . . . , yM be the block means of x ∈ {−1, 1}Mw,
and let f(x) = F

(
1
M

∑
l ℓ1(yl), . . . ,

1
M

∑
l ℓr(yl)

)
(that is, f = R(ν(y)) in the notation of Appen-

dix B). Then f is invariant under Sw oSM , |f | ≤ 1 and deg f ≤ D = ab. If D ≥ 2 and w ≥ 4D2,
then for every M

I(f) ≤ 27D2/n, hence Var(f) ≤ 27D2/n and MaxInf(f) ≥ Var(f)2/(27D2).

Remark 6.7 (optimality; [proved here]). For odd D the symmetric function f = TD(n
−1∑

i xi)
is of the form of Theorem 6.6 (r = 1, F = TD, ℓ1(t) = t, a = D, b = 1). Since TD(m) =
±Dm+O(m3) and Em2 = 1/n for m = n−1

∑
i xi, nVarf → D2 and Var(f)2/MaxInf(f) → D2

as n → ∞. So the constant in MaxInf ≥ Var2/(CD2) cannot be below 1 − o(1). [numerical]:
nVarf/D2 = 0.9920 for D = 3, n = 103, and 0.9992 for n = 104 (exact computation).

Theorem 6.8 (sharp law for many huge blocks; [proved here]). If f ∈ Bd(Mw) is invariant
under Sw oSM , d ≥ 2, M ≥ 4πd3 and w ≥ 8d6 ln(2d), then I(f) ≤ 170 d2/n, hence MaxInf(f) ≥
Var(f)2/(170 d2).
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The proofs of Theorems 6.5, 6.6 and 6.8, and the results they use (among them Theorems B.1
and B.8), are in Appendix B.

6.3. Polynomials of smooth linear statistics. Let W ∈ Rr×n have rank r and columns
wj , let Z = W ([−1, 1]n) =

∑
j [−wj , wj ] (a symmetric convex body) with gauge norm ‖ · ‖Z ,

δj = ‖wj‖Z ≤ 1, δ = maxj δj , and f(x) = P (Wx) with P a real polynomial of degree at most d
and |P | ≤ 1 on W (Qn), so that f ∈ Bd(n). Let M = supZ |P | and DvP = 〈v,∇P 〉.

Theorem 6.9 (smooth linear statistics, sharpened; [proved here]). If d2rδ ≤ 1/4, then
MaxInf(f) ≥ I(f)2/(324 d2r) ≥ Var(f)2/(324 d2r), and MaxInf(f) ≥ I(f)2/(138 d2r) if d ≥ 4.

The proof of Theorem 6.9, which uses Theorem C.4 and Lemmas C.2, C.3 and C.5, is in
Appendix C.

Proposition 6.10 (one linear form with general weights; [proved here]). Let f(x) =
P (

∑
iwixi) ∈ Bd(n) with

∑
i |wi| = 1, δ = maxi |wi| and d2δ ≤ 1/4. Then MaxInf(f) ≥

I(f)2/(6.7 d2).

Proof. Here Z = [−1, 1], and every point of [−1, 1] is within δ of a value of
∑

iwixi, so Markov’s
inequality gives M ≤ 1/(1 − d2δ) ≤ 4

3 . With S(j) =
∑

i ̸=j wixi, the mean value theorem gives
djf = wjP

′(ξ) with |ξ − S(j)| ≤ |wj |. If |S(j)| ≤ 1
2 then |ξ| ≤ 3

4 and Bernstein’s inequality
gives |P ′(ξ)| ≤ 4√

7
dM ; always |P ′| ≤ d2M . By Hoeffding’s inequality and

∑
iw

2
i ≤ δ ≤ 1/(4d2),

Pr[|S(j)| > 1
2 ] ≤ 2e−d

2/2. So ‖djf‖2 ≤ |wj |Md
√

16/7 + 2d2e−d2/2 ≤ |wj |Md
√

16/7 + 4/e, and∑
j ‖djf‖2 ≤

4
3

√
16/7 + 4/e d ≤ 2.585 d, with 2.5852 ≤ 6.7. □

Let ϱ = supt∈[−1,1]minx |t−
∑

iwixi| be the covering radius (as in Theorem C.4(b)). The same
argument under the weaker hypotheses ϱ ≤ 1/(2d2), maxi |wi| ≤ 1

4 and
∑

iw
2
i ≤ 1/(8 ln(d2+1))

gives the constant 17.2 (we omit the computation). Proposition 6.10 extends Proposition 6.2
(equal weights) to general weights at the scale d2δ = O(1) of Theorem C.4. A dynamic program
over the exact extremal problem (d ≤ 8, n ≤ 576) leaves slack at least 2.8 in the constant 6.7
[numerical].

6.4. Functions of one linear form. Let f = P (〈a, x〉) with degP ≤ d, |f | ≤ 1 on Qn, and
(after flipping signs and dropping zeros) a1 ≥ · · · ≥ an > 0; let A =

∑
i ai, Ai =

∑
j>i aj , and

S(a) = {〈a, x〉 : x ∈ Qn} ⊆ [−A,A].

Lemma 6.11 ([standard]). (a) If S ⊆ [α, β] contains α, β, has consecutive gaps at most h ≤
L/(2d2) with L = β − α, and |P | ≤ 1 on S, then ‖P‖[α,β] ≤ 2 and ‖P ′‖[α,β] ≤ 4d2/L. (b) The
maximal gap of S(a) is at most 2max(an,maxi(ai −Ai)

+).

Proof. (a) Let M = ‖P‖[α,β] = |P (ξ)|; Markov gives ‖P ′‖ ≤ 2d2M/L, and some s ∈ S has
|s− ξ| ≤ h/2, so M ≤ 1+M/2. (b) S(a) = 2Σ(a)−A with Σ(a) the set of subset sums. Adding
the weights in increasing order b1 ≤ b2 ≤ . . . , the subset sums Tk+1 = Tk ∪ (Tk + bk+1) acquire
no new gap if bk+1 ≤ b1+ · · ·+ bk, and otherwise a single new gap bk+1− (b1+ · · ·+ bk) = ai−Ai
with i = n− k; and T1 = {0, b1}. □

Call a regular if an ≤ A/(2d2) and ai − Ai ≤ A/(2d2) for all i; then the gaps of S(a) are at
most A/d2 = L/(2d2) with L = 2A.

Theorem 6.12 (one linear form; [proved here]). (a) If a is regular, then |dif | ≤ 2d2ai/A

pointwise,
∑

i Infi(f)
1/2 ≤ 2d2, and MaxInf(f) ≥ I(f)2/(4d4). (b) If a is not regular, let m ≥ 1

be the least index such that the tail (am+1, . . . , an) is regular with respect to its own sum and d
(the empty tail counts as regular). Then MaxInf(f) ≥ I(f)3/(211d5(2d2 +m)2m2).
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Proof. (a) dif(x) = (P (s+ai)−P (s−ai))/2 with both arguments in S(a) ⊆ [−A,A]; the mean
value theorem and Lemma 6.11(a) with L = 2A give |dif | ≤ ai · 4d2/(2A). Sum and use I ≤
MaxInf1/2

∑
i Inf

1/2
i . (b) Query x1, . . . , xm. At every leaf l, f |l(x′) = P (cl+ 〈a′, x′〉) is a regular

one-form function, so by (a) ρl :=
∑

i E[(dif)2 | l]1/2 ≤ 2d2 + m (the m queried coordinates
contribute at most 1 each). Apply Lemma 5.9 to the gradient form with q′i = g2i : then V =

I/(16d4), R̄′D ≤ (2d2 +m)/(4d2), and MaxInf(f) ≥ 16d3max(ε, τ) ≥ 16d3 I3/(16d4)3

16m2(2d2+m)2/(16d4)
=

I3

256 d5m2(2d2+m)2
, which is stronger than the stated bound. □

The lacunary case ai = 3−i, in which every tail is irregular, is open.
Separator theorems for disjointly supported and r-sparse selectors (Theorems F.1 and F.3,

Corollary F.4) are in Appendix F.

6.5. Graph properties. Let M ≥ 2 and N =
(
M
2

)
, and index the coordinates of QN by the

edges of KM . A function on QN is a graph property if it is invariant under the action of SM
on edges. Since SM is transitive on edges, [19, Proposition 3.18] gives NVarf ≤ d4e2d, so the
fixed-degree form of the conjecture for graph properties is known (with 81e6 ≈ 3.3 · 104, or 6561
by the remark in Section 1.2, at d = 3); what is new below is a bound polynomial in Varf and
d (Theorem 6.16), the limit in Theorem 6.14(ii), the constant of Theorem 6.15, and the explicit
coefficient bounds of Lemmas D.1 and D.2, which do not depend on M . That the t±(H, ·) span
the invariant polynomials is folklore, and the linear independence of homomorphism densities
is classical [18, 34]. (Spanning: an SM -invariant f has equal coefficients on edge sets in one
SM -orbit, and these orbits are the isomorphism classes of graphs without isolated vertices; we
include a short proof of the independence.) Let Gd be the set of isomorphism classes of graphs H
without isolated vertices and with 1 ≤ e(H) ≤ d, let aut(H) be the order of the automorphism
group, and (m)j = m(m−1) · · · (m−j+1). For H with v(H) ≤M let cM (H) = (M)v(H)/aut(H)

be the number of copies of H contained in KM and t±(H,x) = cM (H)−1
∑

H′
∏
e∈E(H′) xe, the

sum over these copies. A graph property of degree at most d is f = b∅ +
∑

H bHt±(H,x), the
sum over H ∈ Gd with v(H) ≤M , and

Varf =
∑
H

b2H
cM (H)

,
N

cM (H)
=

aut(H)

2(M − 2)v(H)−2
.

Put d∗ = d for odd d and d∗ = d− 1 for even d. For symmetric measurable U : [0, 1]2 → [−1, 1]
let t(H,U) =

∫ ∏
uv∈E(H) U(zu, zv) dz be the homomorphism density, and t(∅, U) = 1.

Lemma 6.13 (graphon transfer; [proved here]). If f ∈ Bd(N) is a graph property then |b∅ +∑
H bHt(H,U)| ≤ 1 for every symmetric measurable U : [0, 1]2 → [−1, 1]. Consequently |bK2 | ≤

d∗, and |bH | ≤ C(d) for all H ∈ Gd and all M , where C(d) < ∞ depends only on d and
C(d) ≥ 2d−1.

Proof. Draw z1, . . . , zM independently and uniformly from [0, 1] and then, independently, xuv ∈
{±1} with E[xuv | z] = U(zu, zv). A copy of H has distinct vertices, so E

∏
e∈E(H′) xe = t(H,U)

and Ef(x) = b∅ +
∑

H bHt(H,U) ∈ [−1, 1]. For U ≡ s ∈ [−1, 1] this is a polynomial p(s) of
degree at most d, bounded by 1 on [−1, 1], whose coefficient of s is bK2 ; its odd part has degree
at most d∗ and is bounded by 1, so Bernstein’s inequality at s = 0 gives |bK2 | ≤ d∗.

The functions t(H, ·), H ∈ Gd ∪ {∅}, are linearly independent. Suppose
∑

H cHt(H,U) = 0
for all U and cF 6= 0 for some F ∈ Gd (if only c∅ 6= 0 there is nothing to prove); choose such F
with V = v(F ) maximal. For a step kernel with parts of measures α1, . . . , αV > 0 and values
βij = βji ∈ [−1, 1], t(H,U) =

∑
φ : V (H)→[V ]

∏
v αφ(v)

∏
uv∈E(H) βφ(u)φ(v). Multiplying the term

of H by (
∑

i αi)
V−v(H) makes the identity homogeneous of degree V in α; it holds on an open
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set, hence as a polynomial identity. Place F on [V ]. A term contributing to the monomial
α1 · · ·αV

∏
ij∈E(F ) βij comes from an injective ϕ mapping E(H) onto E(F ); as F has no isolated

vertices, ϕ is onto [V ] and is an isomorphism H → F . So the coefficient of this monomial is
cF aut(F ) 6= 0, a contradiction. Hence b 7→ supU |

∑
H bHt(H,U)| is a norm on RGd∪{∅}; let C(d)

be the maximum of |bH |, H ∈ Gd, over its (compact) unit ball. Extending b by 0 for v(H) > M
shows that the bound holds for every M . Finally Td(t(K2, U)) =

∑
j cjt(jK2, U), with jK2 the

matching with j edges, lies in the unit ball and has top coefficient 2d−1. □
Theorem 6.14 (graph properties; [proved here]). Let f ∈ Bd(N) be a graph property on M
vertices. (i) MaxInf(f) ≥ Var(f)2/K(d) with K(d) = d∗2 + 1

2C(d)
2
∑

H∈Gd, v(H)≥3 aut(H); a
bound of this form with K(d) = eO(d) holds for every f ∈ Bd by the general bound quoted in the
abstract, and with K(d) = d4e2d for graph properties by [19, Proposition 3.18], so the content of
(i) is the structure of K(d), used in (ii) and in Theorem 6.15. (ii) limM→∞maxf NVarf = d∗2,
the maximum over graph properties f ∈ Bd(N). (iii) NVarf ≤ max(2d2,M2

0 /2) with M0 =
max(2d+ 3, 2 + 3C(d)2|Gd|/d2).

Proof. SM acts transitively on edges, so all Infe(f) are equal and MaxInf(f) = N−1
∑

e Infe(f) ≥
Var(f)/N = Var(f)2/(NVarf). By the display above, NVarf =

∑
H b

2
H aut(H)/(2(M −

2)v(H)−2), with (M − 2)v(H)−2 ≥ 1 since v(H) ≤M . The term of K2 is b2K2
≤ d∗2, and the oth-

ers are at most C(d)2aut(H)/2 by Lemma 6.13; this is (i). (ii) The terms with v(H) ≥ 3
are Od(1/M), so the lim sup is at most d∗2. Conversely, f = Td∗(N

−1∑
e xe) is a graph

property in Bd(N); its level-one coefficients are T ′d∗(0)/N + Od(N
−2) with |T ′d∗(0)| = d∗, so

NVarf ≥ N2(d∗/N−Od(N−2))2 → d∗2. (iii) If M ≤M0 then NVarf ≤ N ≤M2
0 /2. If M > M0

and 3 ≤ v(H) ≤ 2d, then aut(H) ≤ 6(M − 3)v(H)−3: for v(H) = 3 because aut(H) ≤ 3!, and
for v = v(H) ≥ 4 because (M − 3)v−3 ≥ (v)v−3 = v!/6 as M − 3 ≥ 2d ≥ v. So each term
with v(H) ≥ 3 is at most 3C(d)2/(M − 2), their sum is at most 3C(d)2|Gd|/(M − 2) ≤ d2, and
NVarf ≤ d∗2 + d2 ≤ 2d2. □
Theorem 6.15 (degree at most 3; [proved here, computer-assisted]). Every graph property
f ∈ B3(N) satisfies NVarf ≤ 97, hence MaxInf(f) ≥ Var(f)2/97.

The bounds above are polynomial in Varf but not in d. The next one is polynomial in both;
it loses one factor Varf against Theorem 6.14(i).

Theorem 6.16 (polynomial bound for graph properties; [proved here]). Let d ≥ 1 and let
f ∈ Bd(N) be a graph property on M ≥ 2 vertices. Then Varf ≤ 6.06 · 104 d8/M and

MaxInf(f) ≥ Var(f)3

1.9 · 109 d16
.

In the proof (Appendix D.2), x′ differs from x only on the star of a vertex u. Replace u by
K clones with its star in x and K ′ clones with its star in x′, and delete K + K ′ − 1 random
other vertices. The expected value of f is then a polynomial of degree at most 2d in (K,K ′),
bounded by 1 at the lattice points, with values f(x) at (1, 0) and f(x′) at (0, 1) (Lemma D.5). A
two-variable Markov inequality (Lemma D.6) gives |f(x)− f(x′)| ≤ 256e d4/M (Theorem D.7),
and a Fourier identity gives the variance bound (Lemma D.8).

Attribution. Cloning and subsampling, so that an expectation becomes a polynomial in a
size parameter that is bounded at the integer points, followed by a Markov-type inequality
for such polynomials, is the technique of Zhandry’s small-range lemma [57, Theorem 7.3], [58,
Lemma 3.2]. It is stated there for quantum query algorithms, but the proof uses only polyno-
miality and boundedness. Chailloux [14] used it for permutation-symmetric functions, and Ben-
David, Childs, Gilyén, Kretschmer, Podder and Wang [10] for graph properties, in both cases to
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bound randomized query complexity polynomially in quantum query complexity. What is new
here is its use for influences of bounded polynomials, with two types of clones and a two-variable
Markov inequality. The only influence bound for bounded graph properties that we found in
print is NVarf ≤ d4e2d [19, Proposition 3.18].

Remark 6.17 (improvements and extensions; [unaudited]). (a) In step (4) of the proof of
Lemma D.6, Bernstein’s inequality |p′(θ)| ≤ D sup[0,1] |p|/

√
θ(1− θ) in place of Markov’s

inequality in θ, together with
∫ 1
0 (θ(1 − θ))−1/2dθ = π, gives |P (1, 0) − P (0, 1)| ≤ 8πeD3/M .

Hence |f(x)−f(x′)| ≤ 64πe d3/M , Varf ≤ 3.74 ·104d6/M and MaxInf(f) ≥ Var(f)3/(7 ·108d12).
(b) In outline, the same proof covers k-uniform hypergraph properties (degΨ ≤ kd; with (a),
MaxInf ≥ k! Vark+1/(Ckkd

6k), Ck = 16π2e2k6), and directed and bipartite graph properties
(MaxInf ≥ cVar3/d12). (c) Zhandry’s lemma [58, Lemma 3.2], applied to α 7→ f(xα) for random
small-range maps α of the vertex set, combined with Theorem 4.1(L1) and [19, Theorem 3.3],
gives in a few lines Varf ≤ 13.3 d8/3N−1/3, hence MaxInf(f) ≥ Var(f)4/(2400 d8). This is a
better power of d and a worse power of Varf than Theorem 6.16; we have only a sketch of this
argument. (d) [numerical] A linear program over all polynomials of total degree at most D
bounded by 1 on the lattice points gives M max |P (1, 0)− P (0, 1)| ≈ 2.4D2 to 2.5D2 for D ≤ 6
and M ≤ 200. A proof of this order would give Varf = O(d4/M) and MaxInf(f) ≥ cVar(f)3/d8.
Pointwise bounds of the form of Theorem D.7 cannot give NVarf ≤ poly(d), since a single star
change moves Td(N−1

∑
e xe) by about 4d2/M .

The proofs of Theorems 6.15 and 6.16, the explicit constants behind Theorem 6.14 and two
barriers are in Appendix D.

6.6. Cyclically invariant functions. A function on Qn is cyclically invariant if it is invariant
under x 7→ (x2, . . . , xn, x1); the conjecture for this class is item (3) of [3, Problem 1.3]. Cyclic
shifts act transitively, so [19, Proposition 3.18] gives nVarf ≤ d4e2d in every degree (874 for
d = 2, 3.3 · 104 for d = 3; 32 and 6561 by the remark in Section 1.2). Theorems 6.18 and 6.19
improve these constants; Theorem 6.20, which is polynomial in d for the levels k ≤ 3 in every
degree, and Theorem D.11, which is polynomial in the locality, go beyond it. A bound polynomial
in d for all levels is open. All influences of such an f are equal, so MaxInf(f) ≥ Var(f)/n =

Var(f)2/(nVarf), and it suffices to bound nVarf . Let Wj =
∑
|S|=j f̂(S)

2.

Theorem 6.18 (degree at most 2; [proved here]). If f ∈ B2(n) is cyclically invariant then
nVarf ≤ 9, hence MaxInf(f) ≥ Var(f)2/9.

Theorem 6.19 (degree at most 3; [proved here]). If f ∈ B3(n) is cyclically invariant then
nVarf ≤ 9 + 8 + 1944 = 1961, hence MaxInf(f) ≥ Var(f)2/1961.

Theorem 6.20 (fixed levels in every degree; [proved here]). Let f ∈ Bd(n) be cyclically invariant
and Wk =

∑
|S|=k f̂(S)

2. Then nW1 ≤ d2, nW2 ≤ 2d4 and nW3 ≤ 54d6 for every d; more
generally nWk ≤ (kk2k−1τd,k)

2/k!, where τd,k is the largest modulus of the coefficient of ρk in a
polynomial of degree at most d bounded by 1 on [−1, 1] (for k = 3 this gives the stated bound,
and for k = 2 a sharper single-phase argument is used).

The proofs of Theorems 6.18, 6.19 and 6.20, two barriers for the method (Propositions D.9
and D.10) and a bound for local cyclic functions (Theorem D.11) are in Appendix D.

6.7. Torus-bounded polynomials. Polynomials bounded on the torus Tn are treated in Ap-
pendix E: block-symmetric functions satisfy a degree-free bound (Theorem E.2), and for this
class the conjecture reduces to the spike inequality (Conjecture E.7), which holds in each fixed
degree (Theorem E.8).
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7. Reformulations equivalent to the conjecture

Throughout this section F =
∑

j yjgj is a bounded one-block form of degree k, and AA1(c, C)

is the statement of Section 4 that every such form satisfies max(ε, τ) ≥ c(V/k)C ; by Lemma 2.4
and [43], AA1(c, C) for some c, C is equivalent to Conjecture 1.1 up to polynomial losses.

7.1. Sign amplification and nearly Boolean functions.
Lemma 7.1 (bounded sign approximation; [proved here]). Let 0 < w ≤ 1, 0 < δ ≤ 1

2 , s0 = w/2,
µ = 2s20/(1 − s20), N = d 5

3w ln 40
wδ e, K(s) = TN (1 + µ − (2 + µ)s2), D =

∫ 1
0 K and Q(t) =∫ t

0 K(s) ds/(D + 2). Then Q is an odd polynomial of degree 2N + 1 ≤ 10
3w ln 40

wδ + 3, |Q| ≤ 1 on
[−1, 1], and |Q(t)− sgn t| ≤ δ for w ≤ |t| ≤ 1.

Proof. u(s) = 1 + µ − (2 + µ)s2 decreases in |s| with u(s0) = 1 and u(1) = −1, so |K| ≤ 1 on
[s0, 1] and K ≥ 1 on [0, s0]. Since u(s0/2) = 1+ 3

4µ with 3
4µ ∈ [38w

2, 12 ] and arccosh(1+x) ≥
√
x

on [0, 1], K ≥ TN (1 +
3
4µ) ≥

1
2e
N
√

3µ/4 ≥ 1
2e

0.61Nw on [0, s0/2], so D ≥ w
8 e

0.61Nw − 1 ≥ 4/δ by
the choice of N . For t ∈ [0, s0], 0 ≤

∫ t
0 K ≤ D + 1; for t ∈ [s0, 1],

∫ t
0 K ∈ [D − 2, D + 2]. Hence

|Q| ≤ 1, and for t ∈ [w, 1], Q(t) ∈ [D−2D+2 , 1], so |1−Q(t)| ≤ 4/D ≤ δ. K is even, so Q is odd. □
Sharper sign approximations (degree O(log(1/δ)/w)) are known from the quantum signal

processing literature; Lemma 7.1 suffices here.

Theorem 7.2 (sign amplification; [proved here]). Let f ∈ Bd, v = Varf ∈ (0, 1], 0 < w ≤
v3/2/2000 and 0 < δ ≤ v1/2/40. There are θ and a polynomial P with |P | ≤ 1 on [−1, 1] and
degP = m ≤ m̄(w, δ) := 20

3w ln 80
wδ + 3 such that, with σ = sgn(f − θ) and a = P ◦ f : (i)

a ∈ Bmd and Pr[|f − θ| < w] ≤ 3w/v1/2; (ii) |a − σ| ≤ δ off the window {|f − θ| < w}; (iii)
Vara ≥ 0.133v, E(1− a2) ≤ 2δ + 3w/v1/2 and E(a− σ)2 ≤ δ2 + 12w/v1/2; (iv) |dia| ≤ m2|dif |,
so Infi(a) ≤ m4Infi(f).

Proof. Let q1 = sup{t : Pr[f < t] ≤ v/16} and q2 = inf{t : Pr[f > t] ≤ v/16}. Then
Pr[f ∈ [q1, q2]] ≥ 1−v/8, and since |f−c| ≤ 2, v ≤ (q2−q1)2/4+4(v/8), so ℓ = q2−q1 ≥ (2v)1/2.
Among bℓ/(2w)c ≥ ℓ/(4w) disjoint windows (θ − w, θ + w) in (q1, q2) one has mass at most
4w/ℓ ≤ 3w/v1/2; take its centre θ. Then Pr[f ≥ θ] ∈ [v/16, 1 − v/16] and Varσ ≥ v/5. Let
P (t) = Q((t − θ)/2) with Q from Lemma 7.1 at width w/2 and accuracy δ; this gives |P | ≤ 1,
(ii) and the degree bound. Off the window 1 − a2 ≤ 2δ and (a − σ)2 ≤ δ2, and on the window
these are at most 1 and 4; so Var(a)1/2 ≥ Var(σ)1/2 − ‖a − σ‖2 ≥ (0.447 − 0.082)v1/2. (iv) is
Markov’s inequality sup[−1,1] |P ′| ≤ m2 with the mean value theorem. □

For a function β(K) let NBβ be the statement: every a ∈ BK with E(1 − a2) ≤ β(K)Vara

has MaxInf(a) ≥ c(Vara/K)C .

Theorem 7.3 ([proved here]). For fixed γ ∈ [0, 1), NBK−γ implies Conjecture 1.1 with polyno-
mial loss; conversely the conjecture implies NBβ for every β.

Proof. The converse is trivial. Apply Theorem 7.2 with δ = w, where w = poly(v/d) is chosen
so small that w ≤ v3/2/2000 and 45w1−γ(20d ln(9/w))γ ≤ v3/2 (possible since γ < 1). Then
m̄ ≤ (20/w) ln(9/w), a ∈ BK with K = m̄d, and E(1− a2)/Vara ≤ (2w + 3w/v1/2)/(0.133v) ≤
45w/v3/2 ≤ K−γ . So NBK−γ gives MaxInf(a) ≥ c(0.133v/K)C , and (iv) gives MaxInf(f) ≥
m̄−4c(0.133v/(m̄d))C . □
Theorem 7.4 (the product case is complete; [proved here]). Suppose every bounded product
selector form F =

∑
j∈{±1}K yj

∏
r≤K

1+jrar
2 (with the ar ∈ [−1, 1] depending on disjoint blocks
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of variables) of degree at most DF satisfies max(ε, τ) ≥ c′(V/DF )
C′ with C ′ ≥ 1 ≥ c′. Then

Conjecture 1.1 holds with polynomial loss. Conversely, the conjecture gives the hypothesis, since
F ∈ BDF

and MaxInf(F ) = max(ε, τ).

Proof. Step 1. Let a ∈ Bk, σ2 = Vara > 0, η = E(1 − a2), L = ln(64C ′k/σ2) + ln(2/c′),
K = d8C ′L/σ2e, and assume η ≤ σ2/(16C ′L). Take K disjoint copies ar of a; then gj ≥ 0,∑

j gj = 1, and exactly: V = (1−η/2)K ≥ 1
2 (as Kη ≤ 1); ε = wK∗ with w∗ = (1+2|Ea|+Ea2)/4

and 1−w∗ ≥ (1−|Ea|)/2 ≥ σ2/4, so ε ≤ e−Kσ
2/4 ≤ e−2C

′L; and InfziF = (1−η/2)K−1Infi(a)/2
for zi in a copy. As DF ≤ 2Kk and e−2C

′L < c′(4Kk)−C
′ , the hypothesis gives MaxInf(a) ≥

2c′(4Kk)−C
′ . Step 2. Apply Theorem 7.2 to f with δ = v/(576C ′L∗) and w = v3/2/(864C ′L∗),

where L∗ = C3 ln(C4d/(c
′v)) bounds L(a), with C3, C4 depending on C ′ (the degree m depends

on w, δ only logarithmically, so L(a) ≤ A + B lnL∗ and L∗ can be chosen self-consistently).
Then E(1− a2)/Vara ≤ 1/(16C ′L(a)), Step 1 applies to a = P ◦ f , and (iv) gives MaxInf(f) ≥
m−42c′(4Kmd)−C

′
= poly(v/d). □

7.2. An average-case Nisan lemma. The average-case Nisan lemma AN(C1, C2) is the state-
ment: if π : Qn → Σ and E ⊆ Qn with µ(E) ≤ c1(ε/b)

C1 are such that at every z /∈ E at most b
pairwise disjoint blocks B satisfy zB /∈ E and π(zB) 6= π(z), then π is ε-close to a decision tree
of depth at most (b/ε)C2 .

Theorem 7.5 ([proved here]). If AN(C1, C2) holds for some C1 < 1, then Conjecture 1.1 holds
with polynomial loss.

Proof. Let v = Varf , ε = v/212, w = min(v3/2/2000, [(c1/3)v
1/2(ε/(2d2))C1 ]1/(1−C1)) =

poly(v/d), and θ, P , a as in Theorem 7.2 with δ = v1/2/40; let π = σ and E = {|f − θ| < w}.
At z /∈ E, disjoint blocks B1, . . . , Bb with zBi /∈ E and σ(zBi) 6= σ(z) change f by at least 2w,
all in the same direction; the symmetrization Q(s) of f along the blocks has degree at most
d, |Q| ≤ 1 on {0, . . . , b} and |Q(1) − Q(0)| ≥ 2w, so Lemma 6.11(a) gives b ≤ b0 := b2d2/wc.
Then µ(E) ≤ 3w/v1/2 ≤ c1(ε/b0)

C1 , so there is a tree T of depth D ≤ (b0/ε)
C2 with

Pr[T 6= σ] ≤ ε. Now E(a − T )2 ≤ 2E(a − σ)2 + 8ε ≤ 0.016v, and T̃ = E[a | leaf of T ]
satisfies VarT̃ = Vara − E(a − T̃ )2 ≥ 0.133v − 0.016v ≥ 0.1v. Theorem 4.1(L1) gives
VarT̃ = Cov(T̃ , a) ≤ DMaxInf(a)1/2, so MaxInf(f) ≥ m−4(0.1v/D)2. □

[heuristic] Fourier-tail, junta, and hypercontractive arguments do not seem able to prove
AN with C1 < 1: Majority appears to satisfy all averaged hypotheses of this type and needs
unbounded depth when bµ(E) ≳ 1. We have not made this precise.

A one-scale restriction transfer that is equivalent to the conjecture even for top-heavy functions
(Theorem G.4), the quasi-polynomial bound it would give (Theorem G.2), and a search form of
the conjecture (Theorem G.5, a proof outline) are in Appendix G.

7.3. Degree-free formulations. The degree enters the arguments above mainly through
Lemma 2.2. Here it is replaced by a block-sensitivity parameter that is defined for every
bounded function. For x, z ∈ Qn and B ⊆ [n] let (zB, xBc) be x with the coordinates in B
overwritten by those of z.

Definition 7.6 (real block sensitivity). For g : Qn → [−1, 1] and x ∈ Qn let rbs(g, x) be the
maximum of

∑b
i=1

1
2 |g(z

(i)
Bi
, xBc

i
) − g(x)| over b ≥ 0, pairwise disjoint B1, . . . , Bb ⊆ [n] and

z(1), . . . , z(b) ∈ Qn, and let rbs(g) = maxx rbs(g, x).

Overwriting B by z is the same as flipping the block {j ∈ B : zj 6= xj}, so rbs(g) is the
block sensitivity BS((1 + g)/2) of [35, Definition 11]. Singletons give

∑
i |dig(x)| ≤ rbs(g, x),
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hence Varg ≤ I(g) ≤
∑

i ‖dig‖1 ≤ rbs(g), as |dig| ≤ 1. Restrictions do not increase rbs, and
rbs(2h− 1) = bs(h) for h : Qn → {0, 1}.

Lemma 7.7 (block-sensitivity potential; [known]: (a) is [29, Proposition 4.3], and (b) is a
variant of [29, Lemma 6.1] and [35, Claim 33] with an overwrite in place of the mean deviation;
proofs included). (a) If g ∈ Bd(n) then rbs(g) ≤ d2. (b) Let g : Qn → [−1, 1], J ⊆ [n], z ∈ Qn,
and ∆J(g; z) = 1

2Ex|g(zJ , xJc) − g(x)|. Then, with b uniform on {−1, 1}J and u uniform on
{−1, 1}Jc,

Ex rbs(g, x) ≥ ∆J(g; z) + EbEu rbs(g|xJ=b, u).

Proof. (a) Fix x, disjoint blocks B1, . . . , Bb and z(1), . . . , z(b). For w ∈ Qb let y(w) agree with x

outside
⋃
iBi and with 1+wi

2 x+ 1−wi
2 z(i) on Bi. Then y(w) ∈ Qn, and h(w) = g(y(w)) has degree

at most d, since each coordinate of y(w) is affine in a single wi. As dih(1) = 1
2(g(x)−g(z

(i)
Bi
, xBc

i
)),

the sum in Definition 7.6 is
∑

i |dih(1)| ≤ d2 by [19, Theorem 3.3] (or 4d2 by Lemma 2.2). (b)
For x = (b, u), an optimal family of blocks in Jc for g|xJ=b at u, together with the block J
overwritten by z, is admissible for g at x. Hence rbs(g, x) ≥ 1

2 |g(zJ , u)− g(b, u)|+rbs(g|xJ=b, u);
take expectations. □

For a function r(d, η) let ACE(r) be the statement: for every f ∈ Bd and η ∈ (0, 1] there
are J ⊆ [n] with |J | ≤ r(d, η) and b ∈ {−1, 1}J such that Var(f |xJ=b) ≤ η. Lovett and Zhang
conjecture ACE(r) with r = poly(d, 1/η) [35, Conjecture 32] and relate it to the decision-tree
form of the conjecture through the potential of Lemma 7.7(b) [35, Claim 33]. The following
remark makes this quantitative for an arbitrary codimension r.

Remark 7.8 (ACE and the conjecture; [unaudited]). (a) If ACE(r) holds, then every f ∈ Bd with
v = Varf > 0 satisfies, with r = r(d, v4/256),

max
i

‖dif‖1 ≥ v3

64 d2r
, MaxInf(f) ≥ v6

212d4r2
.

(b) Conversely, if MaxInf(g) ≥ c(Varg/d)C for all g ∈ Bd, then ACE(r) holds with r(d, η) =

dC+1/(cηC). (c) The junta theorem of [16] gives ACE(r) with r = 2O(d)/η2, and (a) then gives a
bound 2−O(d)VarO(1) of the known type. ACE with r = 2o(d)poly(1/η) would give MaxInf(f) ≥
e−o(d)poly(Varf), which is not known. Polynomial dependence on 1/η is necessary: for η ≤ 1

4

and f = m−1
∑

i≤m xi with m = b1/(2η)c, Var(f |xJ=b) ≤ η needs |J | ≥ m− ηm2 ≥ 1/(4η)− 1.
Proof. (a) Let ε = v2/4 and η = ε2/16. Build a decision tree as follows. At a node whose

restriction g of f has Varg < ε, stop. Otherwise take J, b from ACE(r) for g and η, and query
the coordinates of J (they are unqueried, and J 6= ∅ since Varg > η). With m = Eug(b, u),
|g −m| ≤ 2 gives E|g −m| ≥ Varg/2, and Eu|g(b, u)−m| ≤ √

η, so
∆J(g; b) ≥ 1

2

(
E|g −m| − √

η
)

≥ ε
4 − ε

8 = ε
8 .

Apply Lemma 7.7(b) at every such node and sum over the tree: if N is the number of such nodes
on the path of a uniform x, then ε

8EN ≤ rbs(f) ≤ d2 by Lemma 7.7(a). So the revealments
satisfy

∑
i δi ≤ rEN ≤ 8d2r/ε. Let T = E[f | leaf]. Then VarT = v − ElVar(f |l) ≥ v − ε ≥ v/2

and VarT = Cov(T, f), so Theorem 4.1(L1) gives v/2 ≤
∑

i δi‖dif‖1 ≤ (32d2r/v2)maxi ‖dif‖1.
The second bound follows from Infi(f) ≥ ‖dif‖21. (With ε = v/2 the same argument gives
maxi ‖dif‖1 ≥ v2/(32d2r(d, v2/64)).) (b) As long as Varg > η, restrict the most influen-
tial coordinate i of the current restriction g to the value β that minimizes I(g|xi=β). Since
EβI(g|xi=β) = I(g)− Infi(g), each step lowers I by at least c(η/d)C , and 0 ≤ I ≤ d; so there are
at most dC+1/(cηC) steps.
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In these arguments the degree enters only through the codimension r and the bound rbs(f) ≤
d2. The following degree-free conjecture keeps only rbs.

Conjecture 7.9 (real Nisan; [open]). There are absolute constants c, C > 0 such that for every
g : Qn → [−1, 1] and every ε ∈ (0, 1] some decision tree T of depth at most C(rbs(g)/ε)C satisfies
E(g − T )2 ≤ ε.

For g = 2h− 1 with h : Qn → {0, 1} it holds with ε = 0 and depth rbs(g)3, by Nisan’s bound
(Lemma 5.7); Conjecture 7.9 is its real-valued form. By Lemma 7.7(a) it implies Conjecture 1.1
(Remark 7.10). We have not found it in print. The closest statements are the degree-free bound
on fractional block sensitivity in [35, Theorem 15] and the potential of [29, Lemma 6.1] and [35,
Claim 33].

Remark 7.10 (real Nisan and influences; [unaudited]). (a) Conjecture 7.9 is equivalent, up to
polynomial changes of the constants, to the degree-free influence bound bsAA: MaxInf(g) ≥
c(Varg/rbs(g))C for every g : Qn → [−1, 1] with Varg > 0. Both imply Conjecture 1.1, since
rbs(f) ≤ d2 for f ∈ Bd. Proof. Let v = Varg and β = rbs(g). If T is as in Conjecture 7.9
with ε = v/2 and depth t, then T ′ = E[g | leaf of T ] satisfies E(g − T ′)2 ≤ E(g − T )2 ≤
v/2, so VarT ′ ≥ v/2, and Theorem 4.1(L1) gives v/2 ≤ Cov(T ′, g) ≤ tmaxi ‖dig‖1; hence
MaxInf(g) ≥ v2/(4t2). Conversely, assume bsAA and let θ = c(ε/(2β))C . At every node whose
restriction h has Varh ≥ ε/2, query a most influential coordinate i of h; then Infi(h) ≥ θ, since
rbs(h) ≤ β. As ExiI(h|xi) = I(h) − Infi(h) and I(g) ≤ β, the expected number of queries is at
most β/θ. Cut the tree at depth t = 2β/(θε) and let T = E[g | leaf]. By Markov’s inequality
the cut leaves have total probability at most ε/2, and the other leaves l have Var(g|l) < ε/2, so
E(g − T )2 ≤ ε, with depth t = poly(β/ε). (b) Known cases. If g = 2h− 1 with h : Qn → {0, 1},
Lemma 5.7 and Theorem 4.1(L1) give MaxInf(g) ≥ Var(g)/rbs(g)3 [standard]. If |g| ≥ 1 − η
pointwise with η < 1, and σ = sgn g, then a block that changes σ changes g by at least
2(1 − η); so bs(σ) ≤ rbs(g)/(1 − η) and Infi(g) ≥ (1 − η)2Infi(σ), and the Boolean case gives
MaxInf(g) ≥ (1− η)5Var(σ)/rbs(g)3. If ‖dig‖2 ≤ λ‖dig‖1 for all i (non-spiky derivatives), then
I(g) ≤ MaxInf(g)1/2

∑
i ‖dig‖2 ≤ λMaxInf(g)1/2rbs(g), so MaxInf(g) ≥ I(g)2/(λ2rbs(g)2). For

subcube selectors
∑

l cl1Cl
with subcubes Cl and

∑
l |cl|1Cl

≤ 1 we have proofs, not included
here and also unaudited, of bounds of the form MaxInf ≥ cVar6/rbs4. In general bsAA is open.

7.4. Barriers for proofs of the general statement. This subsection uses its own notation
and records two obstructions to proofs of Conjecture 1.1: the degree must enter beyond the
pointwise bound of Lemma 2.2, and dual certificates must depend nonlinearly on the test func-
tion. Let s(f) = maxx

∑
i |dif(x)| be the real sensitivity of f : Qn → [−1, 1]; thus s(f) ≤ 4d2 on

Bd, and s(f) ≤ rbs(f).
The soft-max tournament. Let β > 0, 1

1+e2β
< θ < 1

2 and cβ = e2β − 1. For b ≥ 1 let
k0 = bθbc, q0 = Pr[Bin(b, 12) ≤ k0] and m = b1/q0c; as k0 < b/2, q0 ≤ 1

2 , so m ≥ 2 and
mq0 > 1 − q0 ≥ 1

2 . Let x ∈ Qmb, split into blocks B1, . . . , Bm of size b, and y ∈ Qm; put
Sj =

∑
i∈Bj

xi, Kj = (b− Sj)/2 (the number of −1’s in Bj) and

pj(x) =
eβSj∑m
l=1 e

βSl
, F (x, y) =

m∑
j=1

pj(x) yj .

Let D(x) =
∫ 1/2
x ln 1−u

u du, the relative entropy of the Bernoulli laws with means x and 1
2 .

Proposition 7.11 (soft-max tournament; [proved here]). |F | ≤ 1, and:
(i)

∑
i |diF (x, y)| ≤ 1 + cβb at every point, the sum running over all mb+m coordinates;
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(ii) Infyj (F ) ≤ 1/m and Infxi(F ) ≤ c2β/(2m), so Var(F )/m ≤ MaxInf(F ) ≤
max(1, c2β/2)/m, where 1

2e
2(1/2−θ)2b ≤ m ≤ (b+ 1)ebD(k0/b);

(iii) VarF ≥ c(β, θ) for every b, with c(β, θ) > 0 independent of b;
(iv) rbs(F ) ≥ 1

2(m− 1)(1 − 2me−2βb), where me−2βb → 0 as b → ∞; so rbs(F ) = eΩ(b) and
degF ≥ rbs(F )1/2 = eΩ(b).

Proof. |F | ≤
∑

j pj |yj | = 1. Fix j, i ∈ Bj and (x, y), let x± = xi→±1 and p = pj(x
−). Only

Sj changes, by 2, so pj(x+) = pe2β/(1 + pcβ) and pl(x
+) = pl(x

−)/(1 + pcβ) for l 6= j. Hence
δ := pj(x

+) − pj(x
−) = cβp(1 − p)/(1 + pcβ) and, as

∑
l pl = 1,

∑
l ̸=j |pl(x+) − pl(x

−)| = δ.
Moreover δ ≤ cβpj(x): for xi = −1 this reads δ ≤ cβp, and for xi = 1, δ = cβe

−2β(1− p) pj(x
+).

As dxiF = 1
2

∑
l(pl(x

+)−pl(x−))yl, we get |dxiF | ≤ δ ≤ cβpj(x) and Ey(dxiF )2 = 1
4

∑
l(pl(x

+)−
pl(x

−))2 ≤ 1
2δ

2.
(i) Summing over i ∈ Bj and j gives

∑
i |dxiF | ≤ cβb

∑
j pj = cβb, and dyjF = pj . (ii) The Kj

are independent Bin(b, 12) variables, so Epj = 1/m and Infyj (F ) = Ep2j ≤ 1/m, and Infxi(F ) ≤
1
2c

2
βEp2j for i ∈ Bj . As EyF = 0, VarF = E

∑
j p

2
j =

∑
j Infyj (F ). Finally m ≥ 1/q0−1 ≥ 1/(2q0)

with q0 ≤ e−2(1/2−θ)
2b by Hoeffding’s inequality, and m ≤ 1/q0 ≤ 2b/

(
b
k0

)
≤ (b + 1)ebD(k0/b) by

the standard bound
(
b
k

)
≥ ebH(k/b)/(b+ 1), H the natural entropy, since D = ln 2−H.

(iii) maxj pj = 1/W with W =
∑

l e
−2β(Kl−kmin) and kmin = minlKl, so VarF ≥ EW−2 ≥

Pr[W ≤ Λ]/Λ2 for every Λ > 0. Let ρ = θ/(1 − θ); the hypothesis on θ says 1/ρ < e2β. Put
r′ = (1/ρ+e2β)/2 and P (k) = Pr[Bin(b, 12) = k]. For k ≤ k0, P (k−1)/P (k) = k/(b−k+1) < ρ,
so mPr[K1 ≤ k0 − s] ≤ ρsmq0 ≤ ρs for s ≥ 0. Since P (k + 1)/P (k) = (b− k)/(k + 1) decreases
in k, P (k0 + u) ≤ P (k0)r

u
0 for u ≥ 0, with r0 = (b − k0)/(k0 + 1) < 1/ρ + 1/(θb) ≤ r′ once

b ≥ b0 := 2/(θ(e2β − 1/ρ)); then mP (k0 + u) ≤ r′u. Fix an integer t ≥ 0 with ρt+1 ≤ 1
10 ,

and let Z =
∑

l e
−2β(Kl−k0)1[Kl ≥ k0 − t] and Γ =

∑t
s=1(ρe

2β)s + (1 − r′e−2β)−1. For b ≥ b0:
Pr[kmin > k0] = (1 − q0)

m ≤ e−mq0 < e−1/2; Pr[kmin < k0 − t] ≤ mPr[K1 ≤ k0 − t − 1] ≤ 1
10 ;

and EZ = m
∑

k≥k0−t P (k)e
−2β(k−k0) ≤ Γ, so Pr[Z > 10Γ] ≤ 1

10 . Outside these three events
k0 − t ≤ kmin ≤ k0, so W = e2β(kmin−k0)Z ≤ 10Γ. As 1− e−1/2 − 2

10 > 0.19, VarF ≥ 0.19/(10Γ)2

for b ≥ b0; for the finitely many b < b0, VarF ≥ E(
∑

j pj)
2/m = 1/m > 0.

(iv) Let x be +1 on B1 and −1 elsewhere, y1 = 1 and yj = −1 for j ≥ 2. Then F (x, y) =

2p1 − 1 ≥ 1− 2(m− 1)e−2βb, since p1 = 1/(1 + (m− 1)e−2βb). Overwriting one block Bj , j ≥ 2,
by +1’s gives p1 = pj ≤ 1

2 and F = 2p1−1 ≤ 0. These m−1 blocks are disjoint, which gives the
bound on rbs(F ). As D(x) ≤ (12 − x) ln 1−x

x , D(θ) < 1
2 ln(1/ρ) < β; since D(k0/b) → D(θ), (ii)

gives me−2βb ≤ (b+1)eb(D(k0/b)−2β) → 0 and m = eΩ(b). The degree bound is Lemma 7.7(a). □
By Proposition 7.11, for all large b, VarF ≥ c(β, θ) and MaxInf(F ) ≤ e−κs(F ) with κ =

(12 − θ)2/cβ. So the sensitivity form of Conjecture 1.1, MaxInf(f) ≥ poly(Varf/s(f)) for all
f : Qn → [−1, 1], which would imply the conjecture, is false with an exponential gap. Hence a
proof of Conjecture 1.1 must use the degree beyond the bound

∑
i |dif | ≤ O(d2): an argument

that uses only |f | ≤ 1, Varf and this pointwise bound (an induction on the dimension, a
Bellman function, or a martingale or decision-tree potential in these quantities) would prove the
sensitivity form. The gap is the largest possible [proof outline]: the i-th term of Talagrand’s
L1–L2 inequality [52] is O(‖dif‖1/ ln(1/MaxInf(f))), so MaxInf(f) ≥ exp(−O(s(f)/Varf)). By
(iv), F is consistent with Conjecture 7.9; its degree is exponential in b. The closest precedent
we know is a worst-case separation: Tal [51, Theorem 10] constructs h : {0, 1}n → [0, 1] with
bs`(h) ≥ bn/ℓc and s(h) ≤ 3ℓn1/`, bs` using blocks of size at most ℓ; it does not concern
influences or variance.
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Convex duality for the extremal problem. Fix n, d and τ ≥ 0, let 〈f, g〉 = Efg, let V be the
space of functions Qn → R of degree at most d, V0 = {h ∈ V : Eh = 0}, P≤d the orthogonal
projection onto V, and ‖g‖B∗d = maxf∈Bd(n)〈f, g〉. For h : Qn → R let

valτ (h) = max
{
〈f, h〉 : f ∈ Bd(n), ‖dif‖2 ≤

√
τ for all i

}
.

For unit h ∈ V0, 〈f, h〉 = 〈f − Ef, h〉 ≤ (Varf)1/2, with equality for h = (f − Ef)/(Varf)1/2.
Hence the supremum of valτ (h) over unit h ∈ V0 is sup{(Varf)1/2 : f ∈ Bd(n), MaxInf(f) ≤ τ},
and Conjecture 1.1 with constants c, C says exactly that valτ (h) ≤ d1/2(τ/c)1/(2C) for all n, d,
τ and unit h ∈ V0. A dual certificate is a feasible point of the following dual problem.

Proposition 7.12 (second-order-cone duality; [proved here]). For every h : Qn → R and τ ≥ 0,

valτ (h) = min
{
‖h0‖1 +

√
τ

n∑
i=1

‖ui‖2 : h+ q = h0 +

n∑
i=1

xiui, q ⊥ V , ui independent of xi
}
,

and the minimum is attained. One may require deg ui ≤ d− 1, and, eliminating h0 and q,

valτ (h) = min
u

(∥∥P≤d(h−
∑

i xiui
)∥∥
B∗d

+
√
τ
∑

i ‖ui‖2
)
.

Proof. Weak duality. If f is admissible and (h0, q, u) is feasible, then 〈f, q〉 = 0, 〈f, h0〉 ≤ ‖h0‖1,
and 〈f, xiui〉 = E[ui dif ] ≤

√
τ‖ui‖2, since ui does not depend on xi and Exi [xif ] = dif . Strong

duality. For τ = 0 the admissible f are the constants in [−1, 1], so val0(h) = |ĥ(∅)|, and assigning
each nonempty S to its smallest element writes h− ĥ(∅) =

∑
i xiui. Let τ > 0. The admissible

set is V ∩ B∞ ∩
⋂
iCi with B∞ = {‖f‖∞ ≤ 1} and Ci = {‖dif‖2 ≤

√
τ}, closed convex sets in

RQn whose relative interiors contain 0. By [45, Corollary 16.4.1] its support function valτ is the
infimal convolution of the support functions of V, B∞ and the Ci, and the infimum is attained.
These support functions are the indicator of V⊥ (which gives q), ‖ · ‖1 (which gives h0), and, for
Ci, g 7→

√
τ‖u‖2 if g = xiu with u independent of xi and +∞ otherwise, since Ci contains the

functions independent of xi and 〈f, xiu〉 = 〈dif, u〉. This is the stated dual. Replacing ui by its
part of degree at most d− 1 lowers ‖ui‖2, and the discarded part of xiui has degree above d, so
it can be moved into q. For the last formula, minq⊥V ‖g + q‖1 = maxf∈Bd(n)〈f, g〉 = ‖P≤dg‖B∗d ,
by the same corollary for V ∩B∞. □

A linear scheme is a family A = (Ai)i≤n of linear maps from V0 to functions on Qn such that
Aih does not depend on xi; the maps may depend on n, d and τ , but not on h. Its cost

CostA(h) =
∥∥P≤d(h−

∑
i xiAih

)∥∥
B∗d

+
√
τ
∑

i ‖Aih‖2

is at least valτ (h) by Proposition 7.12; the ℓ1 part (h0, q) is still optimized for each h. Examples
are Aih = diMh for Fourier multipliers M . For MχS = χS/|S| (S 6= ∅),

∑
i xiAih = h and, by

Cauchy–Schwarz, CostA(h) ≤ (τn)1/2(
∑

S |S|−1ĥ(S)2)1/2 ≤ (τn)1/2 for unit h: this certifies the
trivial bound Varf ≤ nMaxInf(f).

Proposition 7.13 (linear dual certificates are trivial; [proved here]). Let 1 ≤ k ≤ d−1, k+2k ≤ n

and ck =
√
τ 2k/2/(k + 1). For every linear scheme A some image h of Addrk (on k + 2k of the

coordinates) under a permutation and sign changes of the coordinates has CostA(h) ≥ min(1, ck).
Hence, if CostA(h) ≤

√
ε < 1 for every unit h ∈ V0, then τ ≤ ε(k + 1)22−k; in particular

τ ≤ εd221−d if n ≥ d− 1 + 2d−1, and τ ≤ 4ε(log2 n)
2/n if 4 ≤ n ≤ 2d.

Proof. Let G be the group of signed permutations of the coordinates, acting on functions; it
preserves Bd(n), V0, P≤d, the Lp norms and ‖·‖B∗d . If γ ∈ G maps xi to ±xπ(i), let it act on tuples
by (γu)π(i) = ±γ(ui), with the same sign. Then

∑
j xj(γu)j = γ(

∑
i xiui) and (γu)π(i) does not
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depend on xπ(i), so Cost(u;h) = ‖P≤d(h −
∑

i xiui)‖B∗d +
√
τ
∑

i ‖ui‖2 satisfies Cost(γu; γh) =

Cost(u;h), and it is convex in u. The averaged scheme Ā(h) = Eγ γ−1A(γh) (γ uniform on G)
is linear and G-equivariant, and CostĀ(h) ≤ EγCostA(γh) by Jensen’s inequality. So it suffices
to show CostĀ(h) ≥ min(1, ck) for h = Addrk.

The sign change of a set R of coordinates maps χS to (−1)|S∩R|χS ; equivariance under these
maps shows that ĀiχS is a multiple of χS△{i}. As ĀiχS does not depend on xi, ĀiχS = βi,SχS\{i}
if i ∈ S and ĀiχS = 0 otherwise, and equivariance under permutations gives βi,S = β|S|. Hence
h−

∑
i xiĀih =Mh with MχS = m|S|χS and ml = 1− lβl.

Let h = Addrk with address bits a1, . . . , ak and targets xb. By Proposition 2.7, ĥ(S)2 = 4−k

for the 4k sets S = {xb} ∪ T , T ⊆ {a1, . . . , ak}, and ĥ(S) = 0 otherwise. As ±h ∈ Bd(n), the
first term of the cost is at least |〈h,Mh〉| = |µ| with µ = ETm|T |+1, T uniform. The targets
alone give

∑
b ‖Āxbh‖2 = 2k/2(ETβ2|T |+1)

1/2 ≥ 2k/2ET |1−m|T |+1|/(k + 1) ≥ 2k/2|1− µ|/(k + 1).
So CostĀ(h) ≥ |µ|+ ck|1− µ| ≥ min(1, ck). □

Proposition 7.13 covers every choice of the ui that is linear and independent of h (for instance
noise on a fixed set of coordinates, with the residual split among the ui by a fixed linear rule),
also if only the normalized (f −Ef)/(Varf)1/2, f ∈ Bd(n), must be certified, since these include
the images of Addrk. With diMh above, linear schemes thus give MaxInf ≥ Var/n and nothing
better than 4Var(log2 n)

2/n. Choices that depend on h are much cheaper: routing each Fourier
set {xb} ∪ T with T 6= ∅ to the address bit of smallest index in T , and each {xb} to xb, writes
Addrk =

∑
i xiui with ‖uxb‖2 = 2−k and ‖uat‖2 = 2−t/2, so valτ (Addrk) ≤

√
τ(1+

∑
t≥1 2

−t/2) <

3.42
√
τ for every k. Thus a dual certificate must depend nonlinearly on h; for the address

function an h-dependent routing of each Fourier set to one of its coordinates suffices. Neither
proposition is progress toward Conjecture 1.1; they rule out two natural strategies.

8. Toward a quasi-polynomial bound: the touching transfer

This section shows that the touching transfer, which is implied by the conjecture, would give
MaxInf(f) ≥ (Varf/d)O(log d) with a polynomial loss; Section 10 proves its mass form with a
quasi-polynomial prefactor, which gives Theorem 10.1. Its limits are in Appendix I, and a linear
deficit transfer, which fails in the regime needed, is in Appendix H.

For a function u and θ > 0 let Jθ(u) = {j : Infj(u) ≥ θ} (the θ-spikes), Sθ(u) =∑
j∈Jθ(u) Infj(u), Nθ(u) = I(u) − Sθ(u), and let Uθ(u) =

∑
S ̸=∅, S∩Jθ(u)=∅ û(S)

2 be the variance
not touched by θ-spikes. As before, σ is the rate-12 restriction, ρt is the composition of t
independent copies of σ (a rate-2−t restriction), and uσ ∈ Bd if u ∈ Bd.

Lemma 8.1 ([proved here]). Let J = Jθ(u). (a) Uθ(u) = VarE[u | xJc ]. (b) Varu − Sθ(u) ≤
Uθ(u) ≤ min(Varu,Nθ(u)). (c) Uθ(u) = Varu if and only if J = ∅. (d) Uθ(u) and Nθ(u) are
nondecreasing in θ. (e) At rate p, EρVar(uρ) =

∑
S(1 − (1 − p)|S|)û(S)2 ∈ [pVaru,Varu]; in

particular EσVar(uσ) ≥ 1
2Varu.

Proof. (a) E[u | xJc ] =
∑

S∩J=∅ û(S)χS . (b) The sets meeting J carry at most
∑

j∈J Infj(u),
and every nonempty S avoiding J contains some j /∈ J . (c) Each j ∈ J has Infj(u) ≥ θ > 0,
so some set containing j has positive weight. (d) is immediate. (e) If A is the alive set, then
Eûρ(T )2 =

∑
S∩A=T û(S)

2 for T ⊆ A, and Pr[S ∩A 6= ∅] = 1− (1− p)|S|. □
Definition 8.2 (touching transfer). Let C ≥ 1 (the cap exponent), ε = ε(d) ≥ 0 and L =
L(d) ≥ 1. TT(ε, L) (with cap C) is the statement: for all d, all g ∈ Bd and all 0 < θ ≤ Var(g)C ,

Uθ/L(g) ≤ 2EσUθ(gσ) + εVar(g).
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For fixed g and L let εmin(g;L) = supθ[Uθ/L(g)− 2EσUθ(gσ)]/Var(g) over admissible θ.

Since Uθ/L(g) is nonincreasing in L and the right side does not depend on L, TT(ε, L) implies
TT(ε, L′) for L′ ≥ L, and refuting TT at L refutes it at every smaller L. The functions F of
Proposition H.3 have Uθ/L(F ) = 2−k for 2−k < θ/L ≤ 1

2 , so they can violate TT(ε, L) only
when ε < 2−k; they do violate it at the chain’s ε = 1/(16ed) for small L (e.g. k = 10, d = 110,
1 ≤ L < 8; embedded in Bd with padding, up to L ≈ d0.25) [numerical] (exact evaluation), which
is weaker than Corollary I.3.

The chain. The base case uses the real-sensitivity bound (Lemma 2.2) and the level-k in-
equality.

Lemma 8.3 (base case; [proved here]). Let f ∈ Bd, let ρ be a rate-p restriction with p ≤ 1/(2ed),
let η ∈ (0, 1], k = dlog2(d/(2ηp))e and θ∗ = (ηpVar(f)/(8d2 3k))4. Then EρNθ∗(fρ) ≤ ηpVar(f).

Proof. Let g ∈ Bd and θ > 0. For j /∈ Jθ(g), Lemma 3.1(a) with δ = 1
3 gives W≤k(djg) ≤

3k‖djg‖3/21 ≤ 3kθ1/4‖djg‖1, since ‖djg‖1 ≤ ‖djg‖2 = Infj(g)
1/2 < θ1/2. As in the proof of

Theorem 3.2, W≤k(djg) =
∑

S∋j, |S|≤k+1 ĝ(S)
2. Summing over j /∈ Jθ(g), with Lemma 2.2 for

the levels ≤ k + 1 and |S| ≤ d for the others,
Nθ(g) ≤ 4d2 3kθ1/4 + dW>k+1(g).

Take g = fρ and θ = θ∗; the first term is then ηpVar(f)/2. As in the proof of Lemma G.1,
EW>k+1(fρ) =

∑
S f̂(S)

2 Pr[Bin(|S|, p) ≥ k + 2] ≤ Var(f)(edp/(k + 2))k+2 ≤ Var(f)2−(k+2),
and d 2−(k+2) ≤ ηp/2 because 2k ≥ d/(2ηp). □

(Lemma 3.1(b) gives θ1/2 in place of θ1/4, which would replace the exponent max(4, C) below
by max(2, C).)

Theorem 8.4 (the chain; [proved here]). Assume TT(ε, L) with cap C, where ε = 1/(16ed).
Let f ∈ Bd, d ≥ 2, v = Varf > 0, T = dlog2(2ed)e, p = 2−T ∈ ( 1

4ed ,
1

2ed ], η = 1
16ed , k =

dlog2(8ed2/p)e and
θT = min

{( ηpv

8d2 3k

)4
,
( pv

16ed

)C}
.

Then MaxInf(f) ≥ θTL
−T . Explicitly, θT ≥

(
v/(c2d

4+3 log2 3)
)max(4,C), where c2 =

512e2(64e2)log2 3 < 6.6 · 107 and 4 + 3 log2 3 < 8.76.

Proof. Put θt = θTL
−(T−t) ≤ θT , Vt = EVar(fρt) and ψt = EUθt(fρt)/Vt. By Lemma 8.1(e),

Vt =
∑

S(1− (1− 2−t)|S|)f̂(S)2 is nonincreasing in t, and VT ≥ pv > 0.
Step t (1 ≤ t ≤ T ). Let g = fρt−1 ∈ Bd, so that gσ is distributed as fρt . If θt ≤ Var(g)C , TT

gives Uθt−1(g) ≤ 2EσUθt(gσ) + εVar(g); otherwise Uθt−1(g) ≤ Var(g) < θ
1/C
t ≤ θ

1/C
T . Take the

expectation over ρt−1 and divide by Vt−1 ≥ max(Vt, pv): ψt−1 ≤ 2ψt + ε+ θ
1/C
T /(pv).

Base. The k above is that of Lemma 8.3 for this η, since d/(2ηp) = 8ed2/p; so θT ≤ θ∗, and
by Lemma 8.1(b),(d) and Lemma 8.3, EUθT (fρT ) ≤ ENθ∗(fρT ) ≤ ηpv ≤ ηVT , i.e. ψT ≤ η.

Iteration. Since 2T < 4ed and θ
1/C
T ≤ pv/(16ed), we get ψ0 ≤ 2T (η + ε + θ

1/C
T /(pv)) ≤

4ed · 3
16ed = 3

4 . As V0 = v, this says Uθ0(f) < Varf , so Jθ0(f) 6= ∅ by Lemma 8.1(c), and
MaxInf(f) ≥ θ0 = θTL

−T .
Constants. We have ηp ≥ 1/(64e2d2) and 2k ≤ 16ed2/p ≤ 64e2d3, so 3k ≤ (64e2d3)log2 3

and ηpv/(8d2 3k) ≥ v/(c2d
4+3 log2 3) =: b0. Also pv/(16ed) ≥ v/(64e2d2) ≥ b0. Since b0 ≤ 1,

θT ≥ min(b40, b
C
0 ) ≥ b

max(4,C)
0 . □
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Corollary 8.5 ([proved here]). TT(1/(16ed), db) with cap C implies, for all f ∈ Bd,

MaxInf(f) ≥
( Varf

c2d8.76

)max(4,C)
d−b log2(4ed) =

(Varf
d

)O(C+b log d)
,

and TT(1/(16ed), eo(d/ log d)) implies MaxInf(f) ≥ (Varf/d)O(C)e−o(d).

Spike averaging and the sandwich.

Lemma 8.6 (spike averaging; [proved here]). Let g ∈ Bd, θ > 0, L ≥ 1, J ′ = Jθ/L(g) and
h = E[g | x[n]\J ′ ] =

∑
S∩J ′=∅ ĝ(S)χS. Then h ∈ Bd, Varh = Uθ/L(g), Infj(h) ≤ Infj(g) < θ/L

for j /∈ J ′, and Infj(h) = 0 for j ∈ J ′. If moreover ε > 0, Uθ/L(g) > εVar(g) and θ ≤ Var(g)C ,
then MaxInf(h) < θ/L ≤ Var(g)C/L < Var(h)C/(εCL).

Proof. h is a conditional expectation of a [−1, 1]-valued function and its Fourier support lies in
that of g, so h ∈ Bd; the other claims are read off the Fourier expansion. □

The map g 7→ h is the standard averaging operator; [12, §6] uses the complementary junta∑
S⊆J f̂(S)χS .

Theorem 8.7 (sandwich; [proved here]). Write AA(A, c) for the statement that MaxInf(u) ≥
c(Varu/d)A for all d and all u ∈ Bd.

(i) TT(1/(16ed), L) implies MaxInf(f) ≥ θTL
−T (Theorem 8.4).

(ii) If AA(A, c) holds with A ≤ C, then Uθ/L(g) ≤ εVar(g) for all ε > 0, L ≥ (d/ε)A/c,
g ∈ Bd and 0 < θ ≤ Var(g)C ; so TT(ε, L) holds even without its restriction term.

(iii) Hence AA(A, c) with A ≤ C implies TT(1/(16ed), (16ed2)A/c), which implies the quasi-
polynomial bound MaxInf(f) ≥ θT (c/(16ed

2)A)T . Here (16ed2)A/c ≥ 1, since a dictator
forces c ≤ 1.

(iv) Any g with Uθ/L(g) > εVarg and θ ≤ Var(g)C , in particular any counterexample to
TT(ε, L), yields h ∈ Bd with MaxInf(h)/Var(h)C < ε−C/L. So, for ε ≥ d−O(1), refuting
TT(ε, L) with L = dω(1) along infinitely many d would refute AA(A, c) for every A ≤ C
and c > 0. Without a lower bound on ε the factor ε−C can absorb L.

Proof. (ii) If Uθ/L(g) > εVarg and h is as in Lemma 8.6, then c(εVar(g)/d)A < c(Varh/d)A ≤
MaxInf(h) < θ/L ≤ Var(g)A/L, using Varg ≤ 1 and A ≤ C; so L < (d/ε)A/c. (iii) is (ii) with
ε = 1/(16ed), combined with (i). (iv) is Lemma 8.6, together with Var(h)C ≤ Var(h)A. □

AA(A, c) fails for every A < 2 [proved here]: the average of M copies of the 0/1-valued ANDm

on disjoint variables, scaled by 1/M , has MaxInf = 2−m−1/M2 and Var = 2−m(1 − 2−m)/M ;
let M → ∞ with m fixed.

A degree-free sufficient condition. For g : Qn → [−1, 1], θ > 0 and L ≥ 1 let
∆(g; θ, L) = Uθ/L(g)− 2EσUθ(gσ),

so that the inequality of Definition 8.2 holds for g at θ if and only if ∆(g; θ, L) ≤ εVarg.
Lemmas 8.1, 8.6 and I.9 and their proofs hold for every such g, with h bounded in place of
h ∈ Bd; in particular ∆(g; θ, L) ≤ 2EσVσ by Lemma I.9. Let rbs be the real block sensitivity
(Definition 7.6).

Conjecture 8.8 (block-sensitivity transfer; [open]). There are absolute constants A ≥ 1 and
c ∈ (0, 1] such that for all n, all g : Qn → [−1, 1] with Varg > 0, all L ≥ 1 and all 0 < θ ≤
Var(g)C ,

L ·∆(g; θ, L) ≤ A rbs(g)1/c.
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Here C is the cap exponent. Equivalently, a failure of the inequality of Definition 8.2 for g at
an admissible θ forces rbs(g) ≥ (εLVarg/A)c: many disjoint sensitive blocks at one point. The
chain needs only the weaker statement (WK): for some A ≥ 1, all such g, all ε ∈ (0, 1] and all
0 < θ ≤ Var(g)C , the inequality of Definition 8.2 holds for every L ≥ A(rbs(g)/(εVarg))K ; as
εVarg ≤ 1, Conjecture 8.8 implies (W1/c).

Proposition 8.9 ([proved here]). Let f ∈ Bd, d ≥ 2, v = Varf > 0, and let T and θT be as
in Theorem 8.4. (a) Under Conjecture 8.8, TT holds at each g ∈ Bd with Varg > 0 for all
L ≥ Ad2/c/(εVarg), which at ε = 1/(16ed) is the loss 16eAd1+2/c/Varg = (d/Varg)1+2/c+o(1),
and

MaxInf(f) ≥ θT

( v

2048e3Ad3+2/c

)T
=

(Varf
d

)O(C+(1+2/c) log d)
.

(b) Under (WK), MaxInf(f) ≥ θTA
−T (v/(2048e3d5))KT = (Varf/d)O(C+K log d).

Proof. For g ∈ Bd, rbs(g) ≤ d2 by Lemma 7.7(a), so the conjecture gives ∆(g; θ, L) ≤ Ad2/c/L ≤
εVarg for L ≥ Lg := Ad2/c/(εVarg) and θ ≤ Var(g)C ; under (WK) the same holds with Lg :=
A(d2/(εVarg))K . Let ε, η, p and θt be as in the proof of Theorem 8.4, let δ = 1/(128e2d2), and
use there the single loss L = 2048e3Ad3+2/c/v in (a) and L = A(2048e3d5/v)K in (b), so that
L ≥ Lg whenever Varg ≥ δv. In step t, if Varg ≥ δv the step is unchanged; if Varg < δv then
Uθt−1(g) ≤ Varg < δv. Hence ψt−1 ≤ 2ψt + ε+ θ

1/C
T /(pv) + δ/p, and, as 2T < 4ed,

ψ0 ≤ 2T
(
η + ε+ θ

1/C
T /(pv)

)
+ (2T − 1)2T δ < 3

4 + 16e2d2δ = 7
8 .

So Jθ0(f) 6= ∅ and MaxInf(f) ≥ θ0 = θTL
−T . The last forms follow from θT ≥

(v/(c2d
8.76))max(4,C) and T < log2(4ed). □

The following degree-free bound proves Conjecture 8.8 whenever M2(g) ≤ poly(rbs(g)).

Lemma 8.10 ([proved here]). Let g : Qn → [−1, 1], θ > 0, L ≥ 1, J ′ = Jθ/L(g) and M2(g) =∑
j ‖djg‖2∞. Then

L ·∆(g; θ, L) ≤ 1

2

∑
j /∈J ′

(
Infj(g) + ‖djg‖2∞

)
≤ M2(g).

Proof. With the notation of Lemma I.9, Vσ ≤
∑

j∈Kσ
Infj(Gσ) ≤

∑
j∈Kσ

Xj with Xj = Infj(gσ),
since Gσ averages gσ over coordinates other than j. As 1[Xj ≥ θ] ≤ Xj/θ and j is alive with
probability 1

2 , ∆ ≤ 2EσVσ ≤ θ−1
∑

j /∈J ′ E[X2
j | j alive]. Given that j is alive, Xj = E[ψj | xF ]

with ψj = (djg)
2 and F the fixed set, which contains each i 6= j independently with probability 1

2 ;
so E[X2

j | j alive] =
∑

S 2
−|S|ψ̂j(S)

2 ≤ Infj(g)
2+ 1

2(Eψ
2
j−Infj(g)

2) ≤ 1
2 Infj(g)(Infj(g)+‖djg‖2∞).

Finally Infj(g) < θ/L for j /∈ J ′, and Infj(g) ≤ ‖djg‖2∞. □
For Tribes with s ≥ w, M2 = w rbs ≤ rbs2, but for the address function M2 ≥ 2k while

rbs = k + 1.

Remark 8.11 (relation to real Nisan; [unaudited]). Conjecture 7.9 implies (WC0), with c0, C0 the
constants of bsAA (Remark 7.10). Indeed, if the inequality of Definition 8.2 fails for g at (ε, θ, L)
with θ ≤ Var(g)C , then h of Lemma 8.6 has Varh = Uθ/L(g) > εVarg, MaxInf(h) < θ/L ≤ 1/L
and rbs(h) ≤ rbs(g) (h is an average of restrictions of g, and rbs is convex), so bsAA for h gives
L < c−10 (rbs(g)/(εVarg))C0 . For L∆ the argument gives only c−1/C0

0 rbs(g)L1−1/C0 , and C0 ≥ 2
is necessary (the averages of ANDm above have rbs = m/2); whether Conjecture 7.9 implies
Conjecture 8.8 is open.
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Remark 8.12 (special cases and numerics; [unaudited]). (i) Boolean g : Qn → {−1, 1}: L∆ ≤
LUθ/L(g) ≤ θD(g) ≤ rbs(g)3 for θ ≤ 1, i.e. the conjecture with c = 1

3 , A = 1: for h
as in Lemma 8.6 and an optimal tree for g, Theorem 4.1(L1) gives Varh = Cov(g, h) ≤∑

i/∈J ′ δiE|dih| < θD(g)/L, as E|dih| ≤ E|dig| = Inf i(g); then use Lemma 5.7. (ii) AND-
block compositions g = P (

∑
i≤sANDBi), with disjoint blocks of arbitrary widths and |P | ≤ 1

on {0, . . . , s}, without θ/L-spikes: L∆ ≤ 8γ rbs(g) ≤ 16 rbs(g) with γ = maxk |P (k+1)−P (k)|,
so c = 1. (iii) Product selectors F =

∑
b∈{−1,1}k yb

∏
r
1
2(1 + brsr(zBr)) (|sr| ≤ 1, disjoint blocks,

degF = d) without θ/L-spikes and with θ ≤ Var(F )C : by hypercontractivity at p = 3
2 , the coor-

dinates yb contribute at most e1/2VarF to the bound 2LEσVσ on L∆ once L ≥ 1.7 ·104d5; spikes
among the z-coordinates are not covered. We have proofs of (ii) and (iii), not included here.
[numerical] Exact computation of supL,θ L∆ over all 3n restrictions, with cap 2 and with no cap,
for 48 functions with n ≤ 12, and about 70,000 adversarial evaluations, give L∆ ≤ 0.4 rbs(g),
the worst case being Tribes with w = s = 3; at these sizes TT fails only for L ≤ 4, so they
cannot detect c. Monte Carlo for Tribes with 8 ≤ w ≤ 28 (failing losses up to 7.7 · 103) gives
lower bounds for supL∆ that grow roughly like rbs(g)0.4, consistent with c = 1.

Appendix I shows that TT fails for losses L ≤ d1−o(1), and with cap C ≥ 2 for L ≤
d2C/(2C−1)−o(1) (Theorem I.4, Corollaries I.3 and I.6), and that a counterexample needs the
new spikes to touch a definite part of the mass (Lemma I.9).

Reduction to old-free functions. The old spikes can be removed at a polynomial cost
(Lemma J.20 and Corollary J.21, [proved here, audited], with proofs in Appendix J). For
0 < ε ≤ 1, θ′ = ε2θ/(36d) and L′ = ε2L/(36d), and with h = E[g | xJc ], J = Jθ/L(g), as in
Lemma 8.6,

∆(g; θ, L) ≤ ∆(h; θ′, L′) + ε
2Varg,

and MaxInf(h) < θ/L = θ′/L′, so h has no old spikes at (θ′, L′). Hence TT at loss L′ and
parameter ε/2 for all old-free h ∈ Bd with the cap θ′ ≤ Var(h)2/(36d) implies TT at loss
36dL′/ε2, which is 9216e2d3L′ for ε = 1/(16ed), under cap 2 for all g ∈ Bd. For old-free h,
Gσ = hσ in Lemma I.9, and the transfer becomes a bound on the mass of the new spikes.
Section 9 studies this mass, Section 10 bounds it at a loss of θ-exponent 1/(2T ) with a quasi-
polynomial prefactor, and Section 11 studies the spike mass of a single restriction at rate 1/d.

9. Spikes after restriction: priming, a collapse, and the remaining mass bound

Lemma I.9 reduces the touching transfer to one quantity: the variance touched by new spikes,
that is, by coordinates whose influence crosses the threshold θ only after the rate-12 restriction.
This section collects what is known about that quantity. Section 9.1 fixes notation and defines
the spiked mass. Sections 9.2 and 9.3 give the priming tools and show that every capture
formulation collapses: a captured spike carries little mass by a direct argument (Lemma 9.8), so
capture hypotheses are either false or restate the mass bound. Section 9.4 gives the amplification
theorem for size-biased laws. Section 9.5 states the remaining target, a mass bound for old-free
capped functions at rate 1

2 , and Sections 9.6–9.7 give the proved pieces, the open statement, and
the reason the available tools fall short. Section 10 proves the target with a quasi-polynomial
prefactor, which gives Theorem 10.1. Section 9.8 comments on the one-shot restriction.

Two rules are followed throughout. Every hypothesis is stated in mass form, as a bound on
a part of the spiked mass, and never relative to the spiked mass itself. Every hypothesis is
compared with the mass bound SM, and we record whether it is equivalent to it or weaker. No
hypothesis of capture type is presented as a reduction of the conjecture.
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9.1. Old and new spikes, spiked mass. Fix g ∈ Bd, θ > 0 and L ≥ 1, and write Ij =
Infj(g) = ‖djg‖22. As in Definition 8.2, σ = (F, z) is the rate-12 restriction: each coordinate is
fixed independently with probability 1

2 (the fixed set F , with uniform values z) and is otherwise
alive. The old spikes are J ′ = Jθ/L(g), so Ij < θ/L for j /∈ J ′. As in Lemma I.9, Gσ = E[gσ |
xA\J ′ ], where A is the alive set, and the new spikes are Kσ = Jθ(gσ) \ J ′: alive coordinates
outside J ′ whose influence is multiplied by more than L under one restriction.
Definition 9.1 (spiked mass). The spiked mass of j is µj = Eσ[Infj(Gσ)1[j ∈ Kσ]]. For ε > 0,
SM(ε) at (g, θ, L) is the statement

∑
j µj ≤

ε
2Var(g).

Since Gσ averages gσ and j is alive with probability 1
2 , µj ≤ 1

2Ij . In Lemma I.9, Vσ ≤∑
j∈Kσ

Infj(Gσ), so EσVσ ≤
∑

j µj and ∆(g; θ, L) ≤ 2EσVσ ≤ 2
∑

j µj . Hence:
Corollary 9.2 (SM implies TT; [proved here, audited]). If SM(ε) holds at (g, θ, L), then the
inequality of Definition 8.2 holds for g at θ.

Old-free functions and the size-biased law. By Lemma 8.6 the old spikes can be averaged out:
h = E[g | x[n]\J ′ ] satisfies MaxInf(h) < θ/L. For such h there are no old spikes, Gσ = hσ, and
with ϕj := djh, Ij = Infj(h) and Qj := Infj(hσ) = E[ϕ2j | xF ] (for j alive),

µj = Eσ
[
Qj1[j alive, Qj ≥ θ]

]
= 1

2Ij P̃rj(Qj ≥ θ).

Here P̃rj is the size-biased law: x has density ϕ2j/Ij with respect to the uniform measure, the
coordinates v 6= j carry i.i.d. clocks tv ∼ U [0, 1] independent of x, and F = {v : tv ≤ 1

2} is
revealed in increasing clock order. The identity holds for every event measurable with respect
to (F, xF ) and the clocks, since Ez[E[ϕ2j | xF = z]1E ] = IjP̃rj(E). We write ℓj = ln(θ/Ij) >

lnL. For a partial assignment ρ of the coordinates other than j let N(ρ) = E[ϕ2j | ρ] and let
RIu(ρ) = Infu(ϕj,ρ)/N(ρ) ∈ [0, 1] be the relative influence of u at ρ. When u is revealed at
ρ, N is multiplied by 1 + cuxu, with the bias cu = E[du(ϕ2j ) | ρ]/N(ρ); by Cauchy–Schwarz
c2u ≤ 4RIu(ρ).

9.2. Priming through block sensitivity. For g : Qn → [−1, 1] we use the real
block sensitivity rbs(g) of Definition 7.6. Overwriting a block is flipping a block, so
2 rbs(g) = maxzmax

∑
i |g(z⊕Bi) − g(z)|, the inner maximum over families of pairwise disjoint

nonempty blocks Bi, where z⊕B flips the coordinates in B.
Lemma 9.3 ([known]; this is Lemma 7.7(a)). rbs(g) ≤ d2 for g ∈ Bd.
Second proof. Fix z and the blocks, and put h̃(y) = g(x) with xu = zuyb for u ∈ Bb. Then
h̃ ∈ Bd on Qk and |g(z⊕Bb) − g(z)| = 2|dbh̃(1)|, so the claim is

∑
b |dbh̃(1)| ≤ d2, which is [19,

Theorem 3.3]. (Lemma 2.2, or Markov’s inequality on the two lines through 1 along the sign
classes of dbh̃(1), gives only 4d2, hence rbs(g) ≤ 4d2, without the citation.) □

Selection with relative thresholds. For t ≥ 1 let Aj = {u /∈ J ′ ∪ {j} : Infu(djg) ≥ Ij/t} and
K = (d− 1)t+ 1.
Lemma 9.4 (weighted Helly selection; [proved here, audited]). (a) |Aj | ≤ (d − 1)t. (b) For
u /∈ J ′,

∑
j:u∈Aj

Ij ≤ (d − 1)t Infu(g) < (d − 1)tθ/L. (c) Every C ⊆ [n] \ J ′ contains m >

2Lµ(C)/(K2θ) indices whose sets Aj are pairwise disjoint, where µ(C) =
∑

j∈C µj.

Proof.
∑

u ̸=j Infu(djg) =
∑

S∋j(|S| − 1)ĝ(S)2 ≤ (d − 1)Ij gives (a), and the same identity
with the roles of u and j exchanged gives (b), since u ∈ Aj means Ij ≤ tInfu(djg). For (c),
pick greedily; a pick j removes j and every k with Ak ∩ Aj 6= ∅, of total weight at most
µj +

∑
u∈Aj

∑
k:u∈Ak

µk < K2θ/(2L) by (a), (b), µk ≤ Ik/2 and Ij < θ/L. □
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For j and A 63 j let Γj,A = E[djg | xA], and for a ∈ {−1, 1}A let
qj(A, a) = E[(djg)2 | xA = a], πj(A, a) = Ea′

∥∥djg(a, ·)− djg(a
′, ·)

∥∥
1
.

Lemma 9.5 (priming; [proved here, audited]). Let A1, . . . , Am be pairwise disjoint, ji /∈ Ai, and
ai ∈ {−1, 1}Ai. Then (P) 2 rbs(g) ≥

∑
i

(
|Γji,Ai(ai)| − I

1/2
ji

)
, and (P∗) 2 rbs(g) ≥

∑
i πji(Ai, ai).

(Conversion) If qj(A, a) ≥ 4Ij, then πj(A, a) ≥ qj(A, a)/8.

Proof. Let Bi(z) = {u ∈ Ai : zu 6= ai,u}; these blocks are disjoint and z⊕Bi(z) = (ai, zAc
i
).

So 2 rbs(g) ≥ Ez
∑

i |g(z⊕Bi(z)) − g(z)|. Since Bi(z) does not depend on zji , averaging over
zji and the switch identity djg(z

⊕B) − djg(z) =
1
2 [∆Bg(z

j→1) −∆Bg(z
j→−1)], with ∆Bg(z) =

g(z⊕B)− g(z), give Ezji |∆Bi(z)g(z)| ≥ |djig(ai, zAc
i
)−djig(z)|. Taking Ez gives (P∗); Jensen and

Cauchy–Schwarz give (P). For the conversion, write ϕa = djg(a, ·), ϕ̄ = Ea′ϕa′ , q = qj(A, a).
Since |ϕa − ϕa′ | ≤ 2, ‖ϕa − ϕa′‖1 ≥ 1

2‖ϕa − ϕa′‖22, and Ea′‖ϕa − ϕa′‖22 = q − 2〈ϕa, ϕ̄〉 + Ij ≥
(
√
q −

√
Ij)

2 ≥ q/4. □
Random priming. The deterministic sets Aj can be replaced by laws. For each j /∈ J ′ let νj

be a law on pairs (A, a) with A ⊆ [n] \ (J ′ ∪ {j}) and |A| ≤ s.

Lemma 9.6 (random priming, subset form; [proved here, audited]). Suppose that for a set N ′
of non-old coordinates (P1)

∑
j∈N ′ IjEνjπj ≥ γθ

∑
j∈N ′ µj, and (P2)

∑
j∈N ′ Ijνj(u ∈ A) ≤

λInfu(g) for every non-old u. Then
∑

j∈N ′ µj ≤ 4(λ+ 1)(s+ 1) 2 rbs(g)/(γL).

Proof. Draw (Aj , aj) ∼ νj independently, and select each j ∈ N ′ independently with probability
pj = cLIj/θ ≤ c, where c = 1/(2(λ + 1)(s + 1)). Delete every selected j whose block {j} ∪ Aj
meets the block of another selected index. For fixed j and draw, a fixed u of the block lies in
another selected block with probability at most

∑
j′ pj′(νj′(u ∈ A) + 1[j′ = u]) < c(λ + 1) by

(P2) and Infu(g) < θ/L, so j is deleted with probability at most 1
2 . Hence the survivors, whose

blocks are disjoint, satisfy E
∑
πj ≥ 1

2

∑
j pjEνjπj ≥

1
2cLγ

∑
N ′ µj , and Lemma 9.5(P∗) applied

to one realization gives the claim. □
The subset form is randomized capture in mass form: it bounds the mass of any family of

spikes that is primed in the sense of (P1) with polynomial loads. By the conversion, (P1) holds
when qj(A, a) ≥ max(4Ij , κθ) on the relevant event, with γ = κ/8. We also use an averaged
form.

Lemma 9.7 (averaged priming; [proved here, audited]). Let νj be sub-probability laws with
πj ≥ π∗ νj-almost surely, W =

∑
j Ijνj(1) and Λu =

∑
j Ijνj(u ∈ {j} ∪ A). Then 2 rbs(g) ≥

π∗min{W 2/(4
∑

u Λ
2
u), W/(2maxj Ij)}.

Proof. Fix η ≤ 1/maxj Ij . Independently for each j, select j with probability ηIjνj(1) ≤ 1
and draw (Aj , aj) from νj/νj(1); the number X of selected indices has EX = ηW . Let Y be
the number of selected j whose block {j} ∪ Aj meets the block of another selected index. By
independence,

EY ≤
∑
u

∑
j ̸=j′

Pr(j selected, u ∈ {j} ∪Aj) Pr(j′ selected, u ∈ {j′} ∪Aj′) ≤
∑
u

(ηΛu)
2.

The other X −Y blocks are pairwise disjoint, so Lemma 9.5(P∗) gives 2 rbs(g) ≥ π∗E(X −Y ) ≥
π∗(ηW − η2

∑
u Λ

2
u). Take η = W/(2

∑
u Λ

2
u) if this is at most 1/maxj Ij , and η = 1/maxj Ij

otherwise; in the second case η2
∑

u Λ
2
u < ηW/2. □
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9.3. Lemma CM and the collapse of capture. The rate-12 route was first organized around
a capture hypothesis. Let βj = maxa |Γj,Aj (a)| with Aj as in Lemma 9.4, and Cβ = {j /∈ J ′ :

βj ≥ β
√
θ} (the captured spikes). Capture(β, t) at (g, θ, L) is the statement µ(Cβ) ≥ 1

2

∑
j µj .

An independent check showed that the captured mass is small unconditionally.
Lemma 9.8 (captured mass; [proved here, audited]). For every g ∈ Bd, θ > 0, t ≥ 1, β > 0 and
L ≥ 4/β2,

µ(Cβ) ≤ 2 rbs(g)
K2

√
θ

Lβ
≤ 2d2K2

√
θ

Lβ
.

Proof. If µ(Cβ) > 0, Lemma 9.4(c) gives m > 2Lµ(Cβ)/(K
2θ) indices in Cβ with disjoint Aj .

Lemma 9.5(P) with ai maximizing |Γji,Aji
| gives 2 rbs(g) ≥ m(β

√
θ −

√
θ/L) ≥ mβ

√
θ/2 >

Lβµ(Cβ)/(K
2
√
θ). □

Theorem 9.9 (the collapse; [proved here, audited]). Let ε = 1/(16ed), t ≥ 1, β > 0, and
L ≥ L0 := max{4/β2, 8d2K2

√
θ/(εβVarg)}.

(a) Capture(β, t) at (g, θ, L) implies SM(ε), hence the inequality of Definition 8.2 at (g, θ).
This implication is exactly Lemma 9.8 combined with Corollary 9.2.

(b) Capture(β, t) is false as a hypothesis: there are g and admissible (θ, L), at every configu-
ration the chain of Theorem 8.4 visits, at which it fails while SM(ε) holds (Examples 9.10
and 9.11).

(c) Every repair collapses: at L ≥ L0 the forms in Table 3 are false, equivalent to TT at
the configuration, or equivalent to SM up to a factor 2 in ε, or (the old-free, L1 and
randomized forms) imply SM.

Proof. (a) By Lemma 9.8, µ(Cβ) ≤ εVar(g)/4, so Capture gives
∑

j µj ≤ 2µ(Cβ) ≤ ε
2Varg. (b)

is the content of the two examples. (c) For the minimal form, Capture and ∆ > εVarg cannot
hold together by (a), so “Capture wherever ∆ > εVarg” says that ∆ ≤ εVarg. The threshold
form is SM by (a) and Lemma 9.8. The absolute form gives

∑
µ ≤ ε

4Varg + µ(Cβ) ≤ ε
2Varg,

and follows from SM(ε/2). The old-free form applies Lemma 9.8 with J ′ = ∅, and the L1 and
randomized forms imply SM in the same way, through Lemma 9.5(P∗) and Lemma 9.6 in place
of Lemma 9.8. □
Example 9.10 (address function). Let g(x, y) = yx with k selector bits x and 2k targets ya,
so d = k + 1 and Varg = 1. If 2−k < θ/L ≤ 1

2 , the selectors are old and the targets are new.
Since dyag = 1[x = a] depends only on old coordinates, Aya = ∅ and βya = 2−k < β

√
θ for

every admissible β, so Cβ = ∅; but
∑

a µya = 1
22
−k∑

r:2−r≥θ
(
k
r

)
2−r > 0 (r the number of alive

selectors). So Capture fails, while
∑
µ ≤ 1

2(3/4)
k and ∆ ≤ Uθ/L(g) = 2−k, so TT holds once

2−k ≤ ε, and SM once (3/4)k ≤ ε. Both hold in the range k ≥ 427 below. At the chain’s first
step the targets are new from k ≥ 427 at L = 4 [numerical].
Example 9.11 (a degree-3 gadget). Let g = 1

2x0 +
1
2x1ψ(y) with ψ = 2

M(M−1)
∑

v<w yvyw on
M bits; Eψ = 0, d = 3. Then I0 = 1

4 (x0 is old), I1 = 1
2M(M−1) , and Infyv(d1g) = 2

M I1,
so A1 = ∅ for t < M/2 and β1 = |Eψ|/2 = 0: x1 is never captured, and βyv = 0 as well.
Fixing all y to +1 gives Infx1(gσ) =

1
4 , so µ1 > 0 for θ ≤ 1

4 , while a fourth-moment bound and
Hoeffding’s inequality give µ1 ≤ 1

4 exp(−(θ/8)1/2M/2). For θ ≤ 1
4 , any L, t and ambient d ≥ 3,

take M ≥ 10 +max{(L/(2θ))1/2, 2t, 6 ln(32ed)/
√
θ}: then x1 is a new spike-capable coordinate,

Cβ = ∅ for all β > 0, and 0 <
∑
µ ≤ 1

128ed ≤ ε
2Varg. Capturing x1 needs t ≥ M/2, which

pushes L0 above L. The gadget separates a large averaged square, E[(djg)2σ] ≥ θ, from a large
squared average, E[djg | xAj ]

2 ≥ β2θ.
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form of the capture hypothesis, at L ≥ L0 status
literal: Capture at every chain configuration false (Examples 9.10, 9.11)
minimal: Capture wherever ∆ > εVarg equivalent to TT at the configuration
threshold: Capture wherever

∑
µ > ε

2Varg equivalent to SM(ε)
absolute: uncaptured mass ≤ ε

4Varg between SM(ε/2) and SM(ε)
old-free literal (after Lemma 8.6) implies SM for old-free h; not refuted
L1-capture; randomized capture (Lemma 9.6) imply SM in the same way
Table 3. Capture-type hypotheses and what they are equivalent to, or imply.

What survives is Lemma 9.8 itself: at polynomial loss, every counterexample to SM, and
hence to TT, carries its spiked mass on uncaptured spikes. The rest of the section works with
mass bounds directly. Whether the conjecture implies SM at polynomial loss for functions with
old spikes is open (for old-free functions it does, Remark 9.18); no counterexample to SM is
known.

9.4. Amplification under the size-biased law. Two tools control how the conditional second
moment grows along the clock order. Both are stated for a multilinear ϕ : Qn → [−1, 1] of degree
at most d, with q = Eϕ2 > 0 and P̃r = (ϕ2/q) · U . Their proofs are in Appendix J.

Theorem 9.12 (spread-direction level-1 inequality, RL1; [proved here, audited]). Let 0 < τ ≤
1/(2e3d4) and κ = 10e/(ln(1/τ)− 3− 4 ln d). If cv = E

P̃r
[xv] are the biases of P̃r, then∑

v: |cv |<τ

c2v ≤ max{τ, κ ln(e/q)}.

So the small biases have total square at most a constant times ln(e/q), the log-inverse absolute
height; this factor is the source of the ln(e/I) price below.

Lemma 9.13 (load lemma; [proved here, audited]). Consider an adaptive exploration that reveals
coordinates one at a time, the choice of the next coordinate depending on the revealed values and
on randomness independent of x. For a coordinate u let τu be the step just before u is revealed.
Then the relative-influence process RIu is a P̃r-martingale up to τu, E

P̃r
[RIu(ρτ )] = Infu(ϕ)/q

for every stopping time τ ≤ τu, and P̃r(supt≤τu RIu ≥ β) ≤ Infu(ϕ)/(βq). Consequently, for h
as in Section 9.1 and any rule that puts u into Aj only when RIu ≥ β at some time before u is
revealed,

P̃rj(u ∈ Aj) ≤
Infu(djh)

βIj
,

∑
j

IjP̃rj(u ∈ Aj) ≤
d− 1

β
Infu(h), E

P̃rj
|Aj | ≤

d− 1

β
.

The identity holds because Infu(ϕρ) = E[(duϕ)2 | ρ] is a uniform-measure martingale while
u is unrevealed, and the density of P̃r on the revealed values is N(ρ)/q; the last bounds use∑

j ̸=u Infu(djh) ≤ (d− 1)Infu(h), as in Lemma 9.4.
Fix a threshold τ1 ∈ (0, 1/(2e3d4)] and put κ1 = 10e/(ln(1/τ1)− 3− 4 ln d). Along the clock

order write qt = E[ϕ2 | xSt ] with St the revealed set at time t, Q for the final value, ck for the
bias of the k-th revealed coordinate just before it is revealed, and

QVlg =
∑
k

c2k1[|ck| ≥ τ1], Λ = ln(e/q).
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Theorem 9.14 (amplification; [proved here, audited]). Let the alive set have rate p ∈ (0, 1), so
that each coordinate is fixed with probability 1− p. For every y > 0,

P̃r
(
ln
Q

q
≥ 2y + (e− 1) ln 1

p ·max{τ1, κ1(Λ + y)}+QVlg
)

≤ 3e−y.

The same holds conditionally on the stopping data (B, xB) of any exploration run before the
clocks, with ϕ replaced by ϕ(xB, ·).

Proof sketch; the full proof is Theorem J.14. Write ln(Q/q) = lnZm +QVsm +QVlg with Zk =
(qsk/q) exp(−

∑
i≤k c

2
i ). One reveal multiplies q by 1+ckxvk with P̃r-mean 1+c2k, so Z is a super-

martingale and P̃r(lnZm ≥ y) ≤ e−y. The small-bias part QVsm is controlled at every time by
Theorem 9.12 applied to the restricted function,

∑
cv(t)

2 ≤ max{τ1, κ1(Λ− ln(qt/q))} over unre-
vealed v with small bias, and the clocks reveal each unrevealed coordinate at hazard rate ln(1/p);
an exponential-moment bound on the hazard-weighted sum, off the event {mint ln(qt/q) < −y}
of probability ≤ e−y, gives the middle term with probability ≥ 1− e−y. □

No regularity of ϕ is assumed. The theorem says that a large amplification needs large-bias
reveals, unless Λ, the logarithm of the inverse starting height, is large.

Theorem 9.15 (staged form; [proved here, Appendix K; audited]). Suppose the revealed set is
revealed in s stages, the stage of each coordinate being chosen independently of x and of the
clocks, and in clock order within each stage. (a) Theorem 9.14 holds with (e−1) ln(1/p) replaced
by (e − 1) s ln(1/p): each stage adds one hazard ln(1/p). (b) The same holds conditionally on
the revealed data at any stage boundary, with one hazard per remaining stage and q, Λ taken at
that boundary; here alive coordinates that are never revealed (frozen, with hazard 0) are allowed.

Outline (the full proof is in Appendix K). Run the proof of Theorem 9.14 stage by stage: within
a stage the clock order is the order of Theorem 9.14, and the stage assignment is independent
of x and of the clocks, so each stage contributes its own hazard ln(1/p); for (b), condition on
the data at the boundary and run the remaining stages.

9.5. The remaining target: SM for old-free capped functions. Let ε = 1/(16ed), T =
dlog2(2ed)e and V = Varh.

Definition 9.16 (old-free capped; SM-OF). h ∈ Bd is old-free capped at (θ, L) if MaxInf(h) <
θ/L and θ ≤ V 2/(36d). For a function L0 = L0(θ, d, V ), SM-OF(L0) is the statement: for every
h old-free capped at (θ, L) with L ≥ L0,∑

j

µj =
∑
j

1
2IjP̃rj(Qj ≥ θ) ≤ ε

4V.

The cap θ ≤ V 2/(36d) is what the old-free reduction delivers: averaging out the old spikes as
in Lemma 8.6 and adjusting parameters (Lemma J.20 and Corollary J.21; [proved here, audited])
turns TT for g at (θ, L) into SM-OF for h at (θ′, L′) = (ε2θ/(36d), ε2L/(36d)), with loss 9216e2d3
and cap C = 2. A loss that depends on θ is admissible in the chain if its θ-exponent is small.

Proposition 9.17 (the consequence; [conditional on SM-OF; the implication is proved here,
audited]). Suppose SM-OF(L0) holds with L0 = P θ−c, where P = (d/V )O(1) and cT ≤ 1

2 . Then
every f ∈ Bd satisfies MaxInf(f) ≥ (Varf/d)O(log d).

Proof. By Lemma OF and Corollary 9.2 (through Lemma I.9 with Gσ = hσ), TT holds at
every configuration of Theorem 8.4 with the loss L(θ) = P ′θ−c, P ′ = poly(d)P . Run the chain
with this loss: θt−1 = θt/L(θt), so ln(1/θ0) = (1 + c)T ln(1/θT ) + lnP ′ · ((1 + c)T − 1)/c ≤
1.65 ln(1/θT ) + 1.30T lnP ′ when cT ≤ 1

2 . Restrictions whose variance falls below poly(V/d)
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are dropped, at the cost of an additive error in each step, by the device used in the proof of
Proposition 8.9. □

So a loss θ−c per level is harmless only for c ≤ 1/(2T ); a fixed power of 1/θ compounds to
θ−(1+c)

T and destroys the bound. Below, a bound is called θ-free if its loss is (d/V )O(1)θ−c with
cT ≤ 1

2 , and one-shot if it is a fixed power of 1/θ. A loss PdV −1θ−c with cT ≤ 1
2 and lnPd

polylogarithmic in d is θ-mild; Section 10 proves SM-OF at such a loss (Theorem 10.26).
Remark 9.18 (AA implies SM-OF vacuously). If MaxInf(u) ≥ (Varu/d)A for all u ∈ Bd, then no h
is old-free capped at (θ, L) with L ≥ (36d/V 2)(d/V )A, since MaxInf(h) < θ/L ≤ V 2/(36dL). So
SM-OF(L0) holds for such L0. SM-OF is therefore sandwiched like TT, but it is not known to be
equivalent to the conjecture. At the θ-mild loss of Theorem 10.26, SM-OF is proved. A function
h old-free capped at that loss has MaxInf(h) < V 3/(36dPd), while MaxInf(h) > V 2/(4Cd) by
the DFKO bound of Section 1; so such h exist only if lnPd < d lnC, and the theorem has content
only for astronomically large d.
Example 9.19 (L ≥ L0 is necessary; [sketch, numerical]). Let ut = xtyt,0ANDw(yt,1, . . . , yt,w)
on disjoint blocks, t ≤ N , W = N−1

∑
t ut and h = TD(W ), the Chebyshev polynomial of

degree D ≈ λ
√
N2w, so d = D(w+2). Then h is old-free capped for L < cλd/((w+2)22w) with

cλ ∈ [0.016, 0.028], and under P̃rj the amplification of a spike coordinate is exactly 2Bin(w,1/2)

up to a factor 1 − O(δ2). For L ≈ d1/3 (d = 1040) the spiked mass is
∑
µj ≈ 0.12V , while

ε
4 ≈ 5.8 · 10−43; the largest such L is about

√
d/ log d. So SM-OF fails for L ≲

√
d/ log d, and

L0 ≳
√
d/ log d. The spikes here are captured by single gates; they survive only because the

captured-mass bounds need L ≥ poly(d)/V .
Lemma 9.20 (HC; [proved here, audited]). For every f : Qn → [0, 1], Stab1/2(f) ≤ (Ef)4/3. In
particular 1 +X ≤ I−2/3 for every ϕ : Qn → [−1, 1] with I = Eϕ2, with no regularity or degree
assumption.
Proof. Stab1/2(f) = ‖Tρf‖22 with ρ = 1/

√
2, and hypercontractivity gives ‖Tρf‖2 ≤ ‖f‖1+ρ2 =

‖f‖3/2; since f3/2 ≤ f , ‖f‖3/2 ≤ (Ef)2/3. Apply this to f = ϕ2. □
Proposition 9.21 (baseline with a one-shot loss; [proved here, audited]). For every h ∈ Bd with
MaxInf(h) < θ/L,

∑
j µj ≤ dV/(2θ2/3L1/3). Hence SM-OF holds with L0 = (2d/ε)3θ−2, and∑

j
Ij
2 P̃rj(Ej) ≤

ε
16V for any events Ej ⊆ {Qj ≥ θ} once L ≥ (8d/ε)3θ−2.

Proof. Given that j is alive, Qj = E[ϕ2j | xF ] and EQ2
j = Stab1/2(ϕ

2
j ) ≤ I

4/3
j by Lemma 9.20.

By Markov, P̃rj(Qj ≥ θ) = E[Qj1[Qj ≥ θ]]/Ij ≤ EQ2
j/(θIj) ≤ I

1/3
j /θ < θ−2/3L−1/3; sum with∑

j Ij ≤ dV . □

At the top level of the chain, θ ≈ V 2/(36d), this is a polynomial loss. The whole open content
of SM-OF is therefore the requirement that the loss be θ-free. Section 10 meets the θ-exponent
requirement cT ≤ 1

2 at a θ-mild loss (Theorem 10.26); at a θ-free loss, with a polynomial
prefactor, SM-OF is open.

Per-spike arguments. A per-spike argument at (θ, L, d) is a functional Ψ(ϕ, θ) ≥ 0 of the joint
law of x, the clocks and the revealed path under P̃rφ, which is sound, Ψ(ϕ, θ) ≥ Iϕ

2 P̃rφ(Qφ ≥ θ)
for every ϕ : Qn → [−1, 1] of degree at most d−1, together with a deduction of

∑
j Ψ(ϕj , θ) ≤ ε

4V

from the constraints (C): the ϕj are such functions on a common cube, Ij < θ/L,
∑

j Ij ≤ dV ,
V ∈ (0, 1] and θ ≤ V 2/(36d). Constraints that couple different j, such as the loads of Lemma 9.6
or the boundedness of one common h, are not in (C). Markov and moment bounds (Lemma 9.24,
Proposition 9.21) and Theorem 9.14 or Lemma 9.26 applied to one spike are per-spike arguments.
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Proposition 9.22 (per-spike barrier; [proved here, audited]). Let t = log2(1/θ) with 1 ≤ btc ≤
(d−1)/2, and θ ≤ 1/(36d). If L < θ 4⌊t⌋, for instance if L ≤ 1/(4θ), then no per-spike argument
proves SM-OF at (θ, L). Hence no per-spike argument gives SM-OF with a loss Pθ−c, c < 1,
for θ in the window [2−(d−1)/2, (4P )−1/(1−c)]; the window is nonempty when ln(4P )/(1 − c) ≲
1
2(d− 1) ln 2, and it contains the chain’s quasi-polynomial range ln(1/θ) = O(log d · log(d/V )).
Proof sketch. Take V = 1, w = 2btc ≤ d − 1, n0 = bd2wc disjoint blocks Bk of size w with
patterns pk, and ϕk = 1[xBk

= pk], so that Ik = 2−w and d − 1
2 ≤

∑
k Ik ≤ d. Under P̃rk,

xBk
= pk almost surely, so Qk = 2−|Bk\F | and P̃rk(Qk ≥ θ) = Pr(Bin(w, 12) ≤ btc) ≥ 1

2 .
The cap Ik < θ/L is L < θ4⌊t⌋, and 4⌊t⌋ > θ−2/4. So (C) holds, while every sound Ψ has∑

kΨk ≥
∑

k µk ≥
1
4(d−

1
2) >

ε
4 . Finally Pθ−c ≤ 1/(4θ) once θ ≤ (4P )−1/(1−c). □

Wider blocks, w = 2btc + s, raise the barrier to 1 + Θ(
√
ln d/ ln(1/θ)), a correction that

vanishes as θ → 0 at fixed d; with Proposition 9.21, the best per-spike exponent lies in [1, 2].
The family need not come from one bounded h, and it is not a counterexample to SM-OF. In
an actual old-free capped h, AND-type spikes have defect 0 for the greedy and final-context
laws below (every revealed block coordinate keeps relative influence 1

2), so Proposition 9.25 with
D0 = 0 bounds their mass by max{64d2/L, 8d5/2β−1(V/L)1/2}: no single h at L ≥ poly(d/V )
realizes the family. A proof of an exponent c < 1 must therefore use cross-spike structure of h,
such as the loads in Lemma 9.6; on the uncaptured part of the mass a per-spike bound is not
excluded (Section 9.7).

9.6. The proved pieces. Fix h old-free capped at (θ, L), write P̃rj , Qj , ℓj as in Section 9.1,
and let τ1 = e−345d−129, γ1 = (e−1) ln 2, c1 = (34−γ1κ1)/(2+γ1κ1) and c(τ1) = γ1κ1/(

3
4−γ1κ1).

The spiked mass splits exactly into three pieces, according to events of the enlarged probability
space:∑

j

µj =
∑
j

Ij
2

[
P̃rj(spj ∧ SJj) + P̃rj(spj ∧ LJj ∧ Capj) + P̃rj(spj ∧ LJj ∧ ¬Capj)

]
,

where spj = {Qj ≥ θ}, SJj = {QVlg
j < ℓj/4} (small jumps), LJj is its complement, and Capj is

a capture event defined by priming laws. SM-OF follows if each piece is at most ε
16V .

Theorem 9.23 (piece 1: small-jump spikes; [proved here, audited]). (a) P̃rj(spj ∧ SJj) ≤
3eγ1τ1/2(Ij/θ)

c1(e/θ)c(τ1)c1. (b) If L ≥ LSJ := (24eγ1τ1/2d/ε)1/c1(e/θ)c(τ1), then
∑

j
Ij
2 P̃rj(spj ∧

SJj) ≤ ε
16V . (c) c1 ≥ 0.32 and c(τ1)T ≤ 1

2 for all d ≥ 2, so the loss is θ-free [numerical; re-run
independently; the supremum is about 0.498].

Proof. (a) is Theorem 9.14 at p = 1
2 with y chosen so that 2y + γ1max{τ1, κ1(Λ + y)} = 3

4ℓj ,
where Λ = ln(e/Ij) = ℓj + ln(e/θ); on spj ∧ SJj , ln(Qj/Ij) ≥ ℓj and QVlg < ℓj/4. (b) Sum (a)
with Ij < θ/L and

∑
Ij ≤ dV . □

Neither the cap nor any regularity is used. If the event is defined by the total quadratic
variation instead, the supermartingale Z alone gives P̃rj(spj ∧ {QVj < ℓj/4}) ≤ (Ij/θ)

3/4, with
no θ-loss at all; so piece 1 is elementary and all the difficulty sits in the large jumps.
χ2 bounds. For ϕ = ϕj let 1 +X = Stab1/2(ϕ

2)/I2 = E
P̃r
[Q/I].

Lemma 9.24 ([proved here, audited]). (C1) P̃rj(spj) ≤ (1 + Xj)Ij/θ < (1 + Xj)/L, so µj ≤
Ij(1+Xj)/(2L), and

∑
j IjXj ≤ KχV implies SM-OF at L ≥ 2(d+Kχ)/ε. (C2) If ϕ =

∏
i ϕi on

disjoint blocks, then Q =
∏
iQi, P̃r =

⊗
i P̃ri and 1 +X =

∏
i(1 +Xi). (C3) A factor 1

2(1 + g)

with g ∈ Bk, MaxInf(g) ≤ τ and e0 = E(12(1 + g))2 has X ≤ (3k23R
√
τ + 5

322
−R)/e20 for every
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level R ≥ 1. (C4) A product of A such factors with ei ≥ e0 has 1 +X ≤ e, hence P̃r(sp) < 3/L,
provided τ ≤ τC4 := (e20/(6Ak

23R))2 with R = dlog2(A/e20)e + 1; the threshold depends on A.
(C5) If MaxInf(ϕ) ≤ I7.2/(104d4), then X ≤ 1 and P̃r(sp) < 2/L.

Proof. (C1) is Markov: P̃r(Q ≥ θ) ≤ E
P̃r
[Q]/θ. (C2) is independence of the blocks under the

uniform measure and the clocks. (C3) applies Theorem 3.2 to g and to g2 (Inf(g2) ≤ 4Inf(g)):
the levels 1..R of ϕ2 carry at most 3k23R

√
τ , and the levels above R are damped by 2−R in

Stab1/2. (C4) multiplies (C3) by (C2), and (C5) is (C3) with R optimized for ϕ itself. □

The products of (C4) are the one-shot core of the conjecture (Remark 9.34); at rate 1
2 they

are not spikes. CHI, the hypothesis
∑

j IjXj ≤ KχV , is sufficient but not necessary for a single
spike: for ANDm with m = 4 log2(1/θ), 1 +X = θ−2.34 while P̃r(sp) ≤ θ0.7.

Piece 2: captured mass with θ-free laws. A priming law assigns to each j a set Aj ⊆ F \{j} that
is a function of x and the clocks; its load is λ if Λu :=

∑
j IjP̃rj(u ∈ Aj ∪ {j}) ≤ (λ+ 1)Infu(h)

for all u. For D0 > 0 let Capj = {Qj ≥ θ, ln(Qj/qj(Aj , xAj )) ≤ D0}.

Proposition 9.25 (capture by a priming law; [proved here, audited]). If L ≥ 4eD0, then∑
j

Ij
2 P̃rj(Capj) ≤ max

{64d2eD0

L
, 8(λ+ 1)d3/2

(V eD0

L

)1/2}
.

The loss is θ-free exactly when λ and D0 are.

Proof. On Capj , qj(Aj) ≥ θe−D0 ≥ 4Ij , so πj ≥ θe−D0/8 by the conversion. Apply Lemma 9.7
to the laws of (Aj , xAj ) on Capj , with W = 2

∑
j
Ij
2 P̃rj(Capj),

∑
u Λ

2
u ≤ (λ + 1)2(θ/L)dV ,

max Ij < θ/L and 2 rbs(h) ≤ 8d2. □
The following laws have θ-free loads, by Lemma 9.13 or by a direct computation; the loads of

the greedy-closure, final-context and pivotal laws are [proved here, audited], and the matched-
block load and mass bound are a [proof outline; audited].
• Greedy closure at threshold r: reveal, in any order, every coordinate of F whose current

relative influence is at least r, until none is left; Aj = A∞ is the revealed set. Load (d− 1)/r
at every depth, one Doob bound per coordinate.

• Final context at threshold β: Aj = {u ∈ F : RIu(xF\u) ≥ β}. The event is measurable with
respect to the clocks and xF\u, so P̃rj(u ∈ Aj) ≤ Infu(ϕj)/(2βIj), and the load is at most
(d− 1)/β.

• Matched block, for gate families ϕ =
∑

iwi
∏
v∈Bi

1
2(1 + xv) with M spread gates of width w

and ν = M2−w ≤ 1
10 : Aj = Bi∗ ∩ F for the first gate fully fixed to 1. Load 3(d − 1). The

defect is not bounded pointwise, but E
P̃r
Q ≤ 27/M2 and Markov’s inequality show that it

exceeds D0 only on a P̃r-fraction 27(1 +O(ν))e−D0 of the spikes. (P1) holds with γ = 2
17 , so

Lemma 9.6 with λ = 3(d− 1) and s ≤ d− 1 bounds the spread-gate spiked mass by 816d4/L.
• Pivotal law at threshold β: Aj = F ∩ {u : (duϕj)

2/Exuϕ2j ≥ β}. Since (duϕ)
2 and Exuϕ2 do

not depend on xu, P̃rj(u ∈ Aj) ≤ E[ϕ2j (duϕj)2/(βExuϕ2j )]/Ij = Infu(ϕj)/(βIj), so the load is
(d− 1)/β.

With these laws, spread gates get θ-free bounds from the matched block (through Lemma 9.6)
and from the final context (through Proposition 9.25; its defect exceeds D0 only with negligible
P̃r-probability once β ≤ (V/d)b), [proof outline; audited]. The analogous bounds for parity
gates (relative influence 1

2 in every context), AND blocks and approximate-OR cascades (greedy
closure), hard-address gates (pivotal law), and products of majorities (static heavy set, relative
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influence ≥ 0.39/
√
d) are [proved here, unaudited]; for the cascades they hold to leading order,

unbalanced fan-ins are heuristic, and these proofs are not included here. A union of laws has
load at most the sum of the loads, but it is not itself a capture law, since qj(·) is not monotone
in the set: capture is argued law by law, by partitioning according to the first capturing law.

The θ-exponent of each law. For the same families the static laws give only one-shot losses
([proved here, unaudited]): with p0 := ε/(16d), a static gate-set law needs L ≥ d4/(p0θ) (ex-
ponent 1), and a static soft-address law needs (p0θ)

−2 (exponent 2). Lemma 9.20 alone has
exponent 2 (Proposition 9.21), and the matched-block, final-context and pivotal laws have θ-
free loads (with the tags above), hence exponent 0 wherever they capture; of the families above,
the capture itself is audited only for spread gates. This is a statement about each law on its
families; no combination of the laws is known to have exponent at most 1/(2T ) on every family,
and the soft-addressed, semi-hard and unbalanced cases remain heuristic or open.

Activation and the light remainder. Let A∞ be the greedy closure at threshold r, q∞ = E[ϕ2j |
xA∞ ], and 1 +X∞ = E[Q2

j | G∞]/(q∞)2, the χ2 ratio of the remaining stage given the closure’s
σ-field G∞; given G∞, the unrevealed coordinates have the size-biased law of the restricted
function, which is r-regular in relative influence.

Lemma 9.26 (light stage; [proved here, audited]). For K0 ≥ 1, P̃rj(Qj ≥ θ, Qj ≥ K0q
∞) ≤

E
P̃rj

[
(1 +X∞)min{1/K0, q

∞/θ}
]
.

Proof. E
P̃r
[Q | G∞] = EU [Q2 | G∞]/q∞ = q∞(1 +X∞) by the tower property; apply Markov at

the level max{θ,K0q
∞}. □

Lemma 9.27 (activation; [proof outline; audited]). For any adaptive exploration that reads
x only on F (its σ-field is contained in σ(xF , clocks, coins); the lemma is false without this
hypothesis), any v, β ∈ (0, 1] and y > 0, let 1 +Xv = Stab1/2((dvϕ)

2)/‖dvϕ‖42. Then

P̃r
(
RIv reaches β before v is revealed, with N ≥ Ie−y until then

)
≤ (RIv(0)/β)

2(1 +Xv)e
y.

Proof sketch. Change measure to the size-biased law of dvϕ, whose density on the revealed values
is the uniform-measure martingale M = E[(dvϕ)2 | ·]/‖dvϕ‖22; on the event, M ≥ βe−y/RIv(0),
and the maximal inequality for the submartingale M2 bounds the probability by EM2

∞ times
the inverse level, where M∞ is the terminal value, and EM2

∞ ≤ 1 + Xv because the revealed
σ-field is contained in σ(xF , clocks, coins). □

Compared with Lemma 9.13, activation costs an extra factor (RIv(0)/β)(1 +Xv)e
y. If every

light derivative has 1 + Xv ≤ 3 (for instance by (C4) or (C5)), then with y = ln(32d/ε) and
r ≤ ε2β2/(3100d3), activation chains of every depth carry P̃r-mass at most ε/(16d), by summing
Lemma 9.27 over the chains depth by depth [proof outline; audited].

Proposition 9.28 (SM-OF from a light χ2 bound; [conditional on CHI-L; proof outline, unau-
dited]). Let r ∈ (0, 1] and K0 ≥ 64d/ε, and let CHI-L(r,K0) be the statement∑

j

Ij EP̃rj

[
(1 +X∞j )min{1/K0, q

∞
j /θ}

]
≤ ε

32V.

Then CHI-L(r,K0) implies SM-OF at L ≥ poly(d/(rε))K0/V .

Proof sketch. The spikes with Qj ≥ K0q
∞
j are bounded by Lemma 9.26 and the hypothesis. On

the rest, q∞j > θ/K0 ≥ 4Ij once K0 ≤ L/4, so the closure law satisfies (P1) of Lemma 9.6 with
γ ≈ 1/(8K0) on the subfamily where it carries half of the spiked mass; its load is (d− 1)/r, and
the size bound s = O(d/(rε)) holds on the spikes that carry the mass. Lemma 9.6 gives the
bound. □
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CHI-L itself is false at θ-free thresholds, already for light spread gates (item (ii) of Section 9.7),
so Proposition 9.28 is only a conditional reduction. No path bound is used, so neither the
reordering defect of fixed-order arguments nor the ln(e/I) price of Theorem 9.14 enters. CHI-L
is weaker than CHI, since E

P̃r
[(1+X∞)q∞] = I(1+X), and it removes the AND counterexample

to CHI (AND blocks are in A∞, so X∞ = 0). In the comparison with SM, CHI-L implies SM-OF
at the stated loss and is not known to follow from it. The loss is θ-free only if r and K0 are.

9.7. The open statement and the missing tool. Fix δ = β = (V/d)b, let T gr
j be the

greedy closure at threshold δ and T fin
j the final-context law at threshold β, and for c ∈ [0, 2] let

D0(c) = C ln(d/V ) + c ln(e/θ) and
U∗j (c) = {Qj ≥ θ} ∧ LJj ∧ {ln(Qj/qj(T gr

j )) > D0(c)} ∧ {ln(Qj/qj(T fin
j )) > D0(c)}.

Conjecture 9.29 (the graded residual hypothesis U∗c ; [open for c < 2; with c = 1/(2T ) and a
quasi-polynomial prefactor in place of (d/V )C0 it follows from Theorem 10.26 by the converse
in Theorem 9.30, up to constants in ε]). There are b, C,C0 such that for every h old-free capped
at (θ, L) with L ≥ (d/V )C0θ−c,

∑
j
Ij
2 P̃rj(U

∗
j (c)) ≤ ε

16V .

Theorem 9.30 (U∗c and SM-OF; [proved here, audited, as a conditional reduction]). U∗c im-
plies SM-OF at the loss L0 = max{LSJ, Lcap(c), (d/V )C0θ−c} = poly(d/V ) θ−max(c,c(τ1)), where
Lcap(c) = eD0(c)max{4, 1024d2/(εV ), (128d5/2/(εβ))2/V } = poly(d/V )(e/θ)c. Conversely, SM-
OF at a loss poly(d/V )θ−c implies U∗c at the same loss, up to constants in ε. Moreover U∗2 holds
once (d/V )C0 ≥ (8d/ε)3.
Proof. A large-jump spike outside U∗j (c) has defect at most D0(c) for T gr or for T fin, so {Qj ≥ θ}
is covered by spj ∧SJj , the two capture events Capj of Proposition 9.25 for T gr and T fin at D0 =
D0(c), and U∗j (c). Multiply by Ij/2 and sum. The first mass is at most ε

16V by Theorem 9.23;
the two captured masses are, by Proposition 9.25, since L ≥ Lcap(c) gives L ≥ 4eD0 and makes
both branches of its maximum at most ε

16V ; and the last is by U∗c . The converse holds because
U∗j (c) ⊆ {Qj ≥ θ}, and U∗2 follows from this inclusion and Proposition 9.21. □

θ-exponent c of the loss consequence of SM-OF at Pθ−c status

c = 2 MaxInf(f) ≥ exp(−O(dlog2 3 ln(d/V ))), weaker than Var(f)2e−O(d) proved
constant c < 1 MaxInf(f) ≥ exp(−Oc(d

log2(1+c) ln(d/V ))) open
cT ≤ 1

2 MaxInf(f) ≥ (Varf/d)O(log d) open
cT = 1

2 , P = Pd/V MaxInf(f) ≥ (Varf/d)O(log d)e−O(log4 d) proved
Table 4. The payoff of the θ-exponent (V = Varf ; P = poly(d/V ) except in
the last row, where lnPd = 3.0 · 106 T 3). The last row is Theorem 10.1 [proved
here; audited twice in note form, and the text audited twice]. Every c ≥ 1 gives
only ln(1/MaxInf) = Ω(d ln(d/V )).

The rows follow from the proof of Proposition 9.17, and the last row from Lemma 10.2,
Proposition 10.3 and Theorem 10.26: ln(1/θ0) = (1+ c)T ln(1/θT ) + lnP ′ · ((1+ c)T − 1)/c with
(1 + c)T ≤ (1 + c)3.45dlog2(1+c), and (1 + c)T ≥ 2T ≥ 2ed when c ≥ 1. A constant c < 1 is subex-
ponential, but it beats the known bound Var(f)2e−O(d) only when ln(1/V ) = o(d1−log2(1+c)); the
normalization cT ≤ 1

2 is sufficient, and any cT = O(1) is still quasi-polynomial. The θ-exponent
budget across the pieces is a maximum, not a sum: the loss of Theorem 9.30 is the largest of the
losses Piθ−ci of the pieces, so its exponent is maxi ci, and a condition such as c+ c(τ1) ≤ 1/(2T )
is sufficient but not necessary.
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So U∗c is SM-OF itself at the exponent max(c, c(τ1)), restricted to the uncaptured large-
jump spikes; it is not weaker. Its only content beyond SM-OF is that the small-jump and
captured masses are θ-free. This is unavoidable for any formulation by uncaptured mass, since
captured mass is automatically small (Lemma 9.8, Lemma 9.6, Proposition 9.25). Its content
is structural: by Lemmas 9.13 and 9.27 and Proposition 9.28, a violator must amplify by more
than eD0 through coordinates that are large in the clock order but relatively small both online
and in final context, and its closure remainder must be relatively regular, absolutely irregular at
scale (q∞)2, and stall at q∞ < r poly(d/(εθ)). None of the tested families (spread gates, parity
gates, AND, approximate-OR cascades, products, the dense family at L ≥ L0) is known to have
these properties; no member of U∗ is known.

Question 9.31 (an adaptive scale-invariant H1). Is there c with cT ≤ 1
2 such that for every

ϕ ∈ Bd−1 and every θ with Eϕ2 ≤ θ1+c/P , P = poly(d/V ), P̃rφ(U∗(c)) ≤ ε/(16d)? Equivalently:
if ϕ is relatively δ-regular online and β-regular in final context along the size-biased path, its
restricted mean does not amplify by more than eD0 , except with size-biased probability ε/(16d),
with constants independent of the height.

This local statement implies Conjecture 9.29 by summing over j, and hence SM-OF; it is
stronger, since it is required for every ϕ and drops the cap on the other coordinates. The
existing tools fall short of it for precise reasons. Section 10 does not answer it: it proves SM-
OF with a quasi-polynomial prefactor, without a local statement, by a recursion over chain
derivatives.

(i) H1 is absolute. At a node of height q, an amplification P̃r(Y ≥ eDq) ≥ p of the restricted
mean Y of ψ = ϕ2ρ, with peD ≥ 2, gives only EY 2 ≥ peDq2, i.e. low-level weight of order
q2. Theorem 3.2 then gives RIu ≥ (peD/2)5.2q9.4/(4 · 104d4), and even a linear form of
H1 would give RIu ≳ peDq/poly(d) = pθ/poly(d) at the root: a loss θ−1 at least. The
hypothesis of H1 is the absolute variance, not the relative variance Var(Y )/q2; for ANDm

the true relative influence is 1
2 while Var(Y )/q ≈ (3/4)m.

(ii) The one-node relative statement is false. Spread gates with M = (θL)−1/3 gates have
relative influence about 1/(2M) for every coordinate at the root and P̃r(sp) ≥ 1

4 ; the
greedy law reveals nothing, and only the final context captures them. The matched gate
has final relative influence about 1

2 when one gate dominates, and about 1/(2(k2+(k−1)2))

with k matched gates; missing the final context needs about β−1/2 simultaneously matched
gates, which has negligible P̃r-probability for β ≤ (V/d)b. So a scale-invariant H1 must
be adaptive. For the same reason CHI-L fails at θ-free thresholds for light spread gates
([proved here, unaudited]; proof not included), and holds for them only in mass form,
through Proposition 9.25.

(iii) Theorem 9.14 has an absolute budget. It is relative in the bias, but the small-bias budget
κ1Λ is proportional to ln(e/q). In piece 1 this costs (e/θ)c(τ1)c1 , which is θ-free; in fixed-
order activation arguments it puts (I/e)ε′ = (θ/e)ε

′
e−ε

′` into the heavy threshold, and eε′`
is not polynomial on the relevant range ℓ ≤ 16(d− 1)/(τ21 p0), with p0 = ε/(16d) as above.
Proposition 9.28 removes this factor from piece 3.

(iv) No moment bound is θ-free. Proposition 9.21 is the best moment bound, with loss θ−2;
by Proposition 9.22, no per-spike bound on the whole spiked mass has exponent below 1;
and ANDm has 1 + X = (3/2)m = I−0.585 although it is fully captured. So the missing
statement is a capture statement, or a χ2 bound after the heavy closure as in CHI-L, not
a moment bound for ϕ.
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The deep-chain residual. By Lemma 9.27, a light coordinate u is activated with
non-negligible probability only if 1 + Xu is large, that is, only if the derivative is it-
self spiky; so the question repeats one level down. For a chain c = (j, u1, . . . , ut)
let ψc = dut · · · du1djh, of degree at most d − 1 − t, with ‖ψc‖22 ≤ Ij , and let R(t) =∑
|c|=t

1
2‖ψc‖

2
2 P̃rψc(the chain derivative reaches the height Ht), with heights H0 = θ > H1 >

· · · fixed by Theorem 9.14. Then R(0) ≥
∑

j µj and R(d) = 0. The one-level step (a change
of measure to P̃rψu at relative influence at least τ21 /4, and Theorem 9.14 at confidence yt) is a
[proof outline; audited]. With the identity IjRIu(0) = Infu(ϕj) it gives the mass recursion

R(t) ≤ 4e−ytW (t) +
4

τ21
R(t+ 1), W (t) =

∑
|c|=t

1
2‖ψc‖

2
2 ≤

dt+1V

2
,

which, like the arithmetic below, is [proved here, unaudited]. Bonami’s inequality closes the
recursion at any depth D: R(D) ≤ 2 · 9d−1−D(θ/L)W (D)/HD. Per unit weight one level costs
4(d − t)/τ21 ≥ 4(2e3d4)2(d − t) > 9, since Theorem 9.14 needs τ1 ≤ 1/(2e3d4), while Bonami’s
inequality closes one degree for a factor 9. So a level of recursion always costs more than
the degree it saves, the prefactor of the loss is at least 9d−1 for every D, and the best split
is D = 0: plain Bonami, which gives SM-OF at L0 = 32 · 9d−1d/ε, θ-free but exponential
in d (compare Proposition I.1). Moreover, the exceptional terms sum to at most ε

32V only if
yt = t ln(4d/τ21 ) + O(ln(dD/ε)) grows linearly in t, so the height loss ln(θ/HD) is quadratic in
D. Within a loss poly(d/V )θ−c, the recursion therefore extends the degree O(log(d/θ)) that
Bonami’s inequality closes by only O((ln(1/θ)/ ln d)1/2) levels. With heights fixed in advance
and a polynomial prefactor, the deep-chain residual is [open]. A non-compounding recursion
would need a per-level factor below 9, a breadth bound over the activated coordinates only, or
a drop of the degree by a constant factor per level, and generic residual chains lose one degree
per level. Section 10 avoids the compounding differently [proved here; audited twice in note
form, and the text audited twice]. Lightness is measured against a fixed fraction of the node’s
weight, which ends every chain at depth at most S − 1 = 16T + 3 (Corollary 10.12); each node
is examined at a row of a grid of heights with one exceptional exponent for all depths, so the
height loss is linear in the depth rather than quadratic, and it costs lnPd = 3.0 · 106 T 3, a
quasi-polynomial prefactor (Remark 10.27).

Lemma 9.32 (INC; [proved here, unaudited]). For g : Qn → R, a coordinate u and ρ ∈ [0, 1],
Stabρ((dug)

2) ≤ Stabρ(g
2), with equality for g = xuf .

Proof. Write g± for the restrictions to xu = ±1, and Sab = E[g2a(x)g2b (y)] for ρ-correlated x, y

on the other coordinates. Pointwise (dug)
2 = 1

4(g+ − g−)
2 ≤ m := 1

2(g
2
+ + g2−), and Stabρ is

monotone on nonnegative functions, so Stabρ((dug)
2) ≤ Stabρ(m) = 1

4(S+++S−−)+
1
2S+−. Also

Stabρ(g
2) = 1+ρ

4 (S++ + S−−) +
1−ρ
2 S+−, and the difference is ρ

4〈g
2
+ − g2−, Tρ(g

2
+ − g2−)〉 ≥ 0. □

With Lemma 9.20, Stab1/2(ψ
2
c ) ≤ Stab1/2(ϕ

2
j ) ≤ I

4/3
j along every chain, and 1 + Xdug ≤

(1 + Xg)/RIu(0)
2. In Lemma 9.27 this cancels the factor RIu(0)

2, so a light coordinate is not
penalized for being light. But the per-level factor becomes (d− t)eyt/β2, and since every large-
bias reveal must be caught, β ≤ τ21 /4, so the factor is at least 16(d − t)/τ41 > 9: charging only
the increment does not stop the compounding [proof outline; unaudited].

Remark 9.33 (gapped address bits; [proved here, unaudited]). Let w : Qn → [0, 1] have degree at
most k, and suppose that its range misses [τ − η, τ + η), where 1

8 ≤ τ − η < τ + η ≤ 7
8 . Put

fτ = 1[w ≥ τ ]. Then
MaxInf(w) ≥ η2Var(fτ )/Dη, Dη = C2

η , Cη = k4(1 + 1/η)/(2η) = poly(k/η).
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Every value of w is at distance at least η from τ , so a minimal block that moves w across the
gap has size at most k2/(2η), and at most k2(1 + 1/η) such blocks are disjoint; hence fτ has
certificate complexity at most Cη and a decision tree of depth at most C2

η . The OSSS inequality
gives Var(fτ ) ≤ DηMaxInf(fτ ), and a flip of fτ forces |duw| ≥ η, so Infu(fτ ) ≤ Infu(w)/η

2.
The range of a restriction of w lies in the range of w, so the gap is inherited, and a gapped,
mildly sharp address bit of a product is captured by the greedy closure at the θ-free threshold
β = η2/(8Dη), with load (d − 1)/β [proof outline]. Without a gap, the obstruction is a dense
family of near-constant soft subcubes whose values fill an interval at resolution η. Whether a
sharp bit of degree k can have such a family at polynomial η is [open].

9.8. The one-shot restriction.
Remark 9.34 (rate 1/d). In this remark ρ denotes a rate-p restriction, as in Section 8 (each
coordinate alive independently with probability p), V = Varf , and k = dlog2(d/p)e is the level
of Lemma 8.3 at η = 1

2 , so that k + 2 ≥ log2 d + 6. [Proved here, audited:] at rate p ≤ 1/(2ed)

with θ0 = (pV/(16d23k))2 = (V/d)O(1), the spike-forcing lemma states that 1
pEρUθ0(fρ) ≤ V

2

for every f ∈ Bd; it follows from the base-case estimate of Lemma 8.3, with the exponent 2 of
the remark after it. So a one-shot transfer “MaxInf(f) < θ0/L implies 1

pEρUθ0(fρ) ≥ 3
4V ” is

the conjecture restated, and every capture, amplification or bounded-activation hypothesis for
the one-shot restriction fails for every AA-deficient f : spike forcing produces the spiked mass
and Lemma 9.6 bounds its captured part. These one-shot theorems are valid implications but
circular as reductions. Their structural class results survive. [Heuristic:] the obstruction at rate
1/d is the product of regular near-Boolean factors, which no uniform or size-biased priming law
that we know of captures. [Proved here, audited:] at rate 1

2 the same products are not spikes
(Lemma 9.24(C4)). [Proof outline; audited:] Lemma 9.27, for explorations that read x only
on F , kills their activation chains at every depth. This is why the remaining question of this
section, with a polynomial prefactor, is posed at rate 1

2 ; along the one-shot route of Section 11
it is the anti-spike inequality of Question 11.11.

10. A quasi-polynomial bound through activation chains

This section proves SM-OF (Definition 9.16) with a loss whose θ-exponent is 1/(2T ) and whose
prefactor is quasi-polynomial in d, and deduces a quasi-polynomial lower bound on MaxInf
through a chain with a θ-dependent loss (Lemma 10.2). The route replaces the deep-chain
residual of Section 9.7 by a recursion over chain derivatives. Three choices fix the exponent. A
coordinate is heavy for a node if its influence is at least the fraction M−1/4 of the node’s weight,
where M = LV is the same at every node (Definition 10.6). Each node is examined at a whole
row of heights, and the mass recursion runs over a grid of heights indexed by the depth s and the
position k in the row (Definition 10.4). The exceptional term of Theorem B◦ is charged only on
the event that the node’s height reaches the intermediate height (Lemma 10.15); in the recursion
this charge moves one step along the row, so a single exceptional exponent y, independent of
the depth, serves every node. Every node is analysed in its own two-stage exploration by a
restarted Theorem A (Theorem 10.14); this is legal because spikes are defined by their final
height, and a sup-event costs only a factor 2 against the final height in any filtration that reads
x only on F (Lemma 10.13). Section 10.8 records the status of every step and of every cited
input. Throughout, T = dlog2(2ed)e ≥ 4; in Sections 10.1–10.8, ε = 1/(16ed), γ1 = (e− 1) ln 2,
and P̃rψ is the size-biased law of a bounded ψ: x has density ψ2/‖ψ‖22 with respect to the
uniform measure U , every coordinate carries an i.i.d. clock tv ∼ U [0, 1] independent of x, and
F = {v : tv ≤ 1

2} (clock rate 1
2). For the root functions ϕj = djh of Section 9.1 this puts a clock

also on j, which that section omits; nothing changes, since ϕj does not depend on xj . In the
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main text of Sections 10.1–10.8 the letter p denotes only 2−T (Section 10.1), and the closure
probability is p∗; the alive rate p of Theorem 9.14 and of Appendix K equals 1

2 at the nodes.
We write bs(h) = 2 rbs(h) and bs(h, y) = 2 rbs(h, y), with rbs as in Definition 7.6.

Theorem 10.1 (quasi-polynomial bound; [proved here; audited twice in note form, and the text
audited twice; components as tagged]). Let d ≥ 2, f ∈ Bd and v = Varf > 0. Then

ln
1

MaxInf(f)
≤ 6.6 ln

c2d
8.76

v
+ 1.30T

(
lnPd + ln

1

v
+ 6.4 ln d+ 23.2

)
,

where lnPd = 3.0 · 106 T 3 and c2 = 512e2(64e2)log2 3 < 6.6 · 107 is the constant of Theorem 8.4.
Expanded,

ln
1

MaxInf(f)
≤ 3.9 · 106 T 4 + (1.30T + 6.6) ln

1

v
+ 8.4T ln d+ 30.2T + 57.9 ln d+ 119.

In particular MaxInf(f) ≥ (v/d)O(log d) exp(−O(log4 d)) for all d ≥ 2.

The constant 3.0·106 is valid for every d ≥ 2 (Proposition 10.25); the constant actually needed
falls with T from 2.68 ·106 at T = 4 towards 256K` = 2.486 ·106, with K` = 3000eγ1 [numerical].
The exponent log4 d is what this scheme gives (Remark 10.27). The constants are large: at v = 1
the bound beats e−d for every d ≥ 1.91 · 1013 and for no d ≤ 1.90 · 1013 [numerical].

10.1. The chain with a θ-dependent loss. The chain of Theorem 8.4 is stated for a loss
L = L(d). We need a loss that depends on θ, is quasi-polynomial in d, and is required only on
restrictions with variance above a floor. Propositions 9.17 and 8.9 contain this modification in
their proofs for a polynomial prefactor; we state and prove it. Lemma 10.2, Proposition 10.3
and their proofs are unchanged from the previous audited version of the section; the paragraph
after Proposition 10.3 is new.

Lemma 10.2 (chain with a θ-dependent loss; [proved here, audited]). Let C ≥ 1, c > 0 with cT ≤
1
2 , P ∗ ≥ 1 and L∗(θ) = P ∗θ−c. Put δ = 1/(128e2d2), η = ε, p = 2−T and k = dlog2(8ed2/p)e.
Let f ∈ Bd with v = Varf > 0, and suppose that for every g ∈ Bd with Varg ≥ δv and every
0 < θ ≤ Var(g)C ,
(TT∗) Uθ/L∗(θ)(g) ≤ 2EσUθ(gσ) + εVar(g).

Put θT = min{(ηpv/(8d23k))4, (pv/(16ed))C} and θt−1 = θt/L
∗(θt). Then MaxInf(f) ≥ θ0 and

ln
1

θ0
= (1 + c)T ln

1

θT
+ lnP ∗

(1 + c)T − 1

c
≤ 1.65 ln

1

θT
+ 1.30T lnP ∗.

For C = 2, ln(1/θT ) ≤ 4 ln(c2d
8.76/v).

Proof. Let ρt be the rate-2−t restriction, Vt = EVar(fρt) ≥ max(Vt+1, 2
−tv) and ξt =

EUθt(fρt)/Vt. In step t (t = T, . . . , 1) let g = fρt−1 . If Varg < δv, use Uθt−1(g) ≤ Varg < δv.
If Varg ≥ δv and θt ≤ Var(g)C , (TT∗) gives Uθt−1(g) ≤ 2EσUθt(gσ) + εVarg. Otherwise
Uθt−1(g) ≤ Varg < θ

1/C
t ≤ θ

1/C
T , since L∗ ≥ 1 on (0, 1] gives θt ≤ θT . Averaging, with

Eρt−1Eσ = Eρt , and dividing by Vt−1 ≥ max(Vt, pv),

ξt−1 ≤ 2ξt + ε+ θ
1/C
T /(pv) + δ/p.

Since d/(2ηp) = 8ed2/p, k is the k of Lemma 8.3 and θT ≤ θ∗, so by Lemma 8.1(b),(d) and
Lemma 8.3, EUθT (fρT ) ≤ ENθ∗(fρT ) ≤ ηpv ≤ ηVT , i.e. ξT ≤ η. Unrolling, with 2T < 4ed

and θ
1/C
T ≤ pv/(16ed), the first three terms give at most 2T · 3/(16ed) < 3

4 , and the floor
adds at most (2T − 1)2T δ < 16e2d2δ = 1

8 . Hence ξ0 < 1. Since ρ0 is trivial, V0 = v and
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ξ0 = Uθ0(f)/Varf , so Uθ0(f) < Varf , and MaxInf(f) ≥ θ0 by Lemma 8.1(c). The loss enters
only through θt−1 = θt/L

∗(θt) and L∗ ≥ 1, and the base case does not depend on it. The identity
follows from Xt−1 = (1 + c)Xt + lnP ∗ for Xt = ln(1/θt). Since cT ≤ 1

2 , (1 + c)T ≤ e1/2 < 1.65,
and ((1 + c)T − 1)/c =

∑
i<T (1 + c)i is increasing in c, so it is at most 2T (e1/2 − 1) < 1.30T .

The bound on θT for C = 2 is that of Theorem 8.4. □
In the proof, (TT∗) is used only at g = fρt−1 and θ = θt, t = 1, . . . , T . The floor δv is what

lets one loss L∗(θt) serve every kept restriction in step t, which the averaging over ρt−1 needs;
Proposition 10.3 obtains P ∗ independent of g from it. The proof is linear in lnP ∗ and never
uses the size of P ∗, so a quasi-polynomial P ∗ is allowed. It also covers any cT = O(1), with
constants ecT and (ecT − 1)/c (for cT = 0.8 these are 2.23 and 1.532T ); here cT = 1

2 .
Proposition 10.3 (SM-OF gives the chain hypothesis; [proved here, audited]). Suppose
SM-OF(L0) holds with L0(θ, d, V ) = Pd V

−1θ−c, where Pd ≥ 1 depends on d only and c ≤ 1/8.
Then (TT∗) holds with C = 2 and lnP ∗ ≤ lnPd + ln(1/v) + 6.4 ln d+ 23.2.
Proof. Let g ∈ Bd, θ ≤ Var(g)2, and suppose the inequality of Definition 8.2 fails for g at θ
with loss L. By Corollary J.21 (through Lemma J.20), the averaged h is old-free capped at
(θ′, L′) = (ε2θ/(36d), ε2L/(36d)), with Varh > εVarg and ∆(h; θ′, L′) > ε

2Varh. By Lemma I.9
and Corollary 9.2, ∆(h; θ′, L′) ≤ 2

∑
j µj . So SM-OF fails at (θ′, L′) unless L′ < L0(θ

′, d,Varh).
Since L0 is nonincreasing in V , TT holds for g at θ whenever

L ≥ Lg(θ) := (9216e2d3)1+c Pd (εVarg)
−1θ−c.

If Varg ≥ δv then (εVarg)−1 ≤ 2048e3d3/v, so Lg(θ) ≤ P ∗θ−c with lnP ∗ = lnPd+ln(1/v)+(1+
c) ln(9216e2d3)+ ln(2048e3d3) ≤ lnPd+ ln(1/v)+ 6.4 ln d+23.2. Since Uθ/L(g) is nonincreasing
in L, TT at Lg gives TT at P ∗θ−c. □

So it remains to prove SM-OF(L0) with c = 1/(2T ) and lnPd = 3.0 · 106 T 3. Fix h old-free
capped at (θ, L) with L ≥ L0, and write ϕj = djh, Ij = Infj(h), V = Varh, so that

∑
j Ij ≤ dV

and µj =
1
2IjP̃rj(Qj ≥ θ) (Section 9.1). Put

X = ln
1

θ
, M = LV.

Then MaxInf(h) < θ/L; X ≥ ln(36d) > 0, since θ ≤ V 2/(36d) and V ≤ 1; lnL = lnM +
ln(1/V ) ≥ lnM ; and lnM ≥ cX + lnPd, since L ≥ L0.

10.2. Nodes, the grid of heights, growth and closure. The parameters ε1, τ1, S and y are
fixed in Section 10.7, and α = 1

4 . Here K = 2 is the constant of Lemma 10.13, and

β◦1 = τ21 /4, β1 = β◦1/K = τ21 /8, ℓ = ln
1

β1
;

the extra factor 1/K is the price of Lemma 10.13 in Theorem 10.16. With ε1 = γ1κ1 (κ1 as in
Theorem 9.14) put

r =
1

1− ε1
, b0 = 1 + ln 2 + 2y + ε1(1 + y), b1 = rb0 + y + ℓ, b2 = rb0 + ln 2.

Definition 10.4 (the grid of heights). For 0 ≤ s, k ≤ S − 1 define Zs,k and zs,k by Z0,0 = X,
zs,k = r(Zs,k + b0), and
(2) Zs,k = max{zs−1,k + y + ℓ, zs,k−1 + ln 2} ((s, k) 6= (0, 0)),

where the first branch is omitted if s = 0 and the second if k = 0. The heights are Hs,k = e−Zs,k

and the intermediate heights are hs,k = e−zs,k . The bottom row is Z∗s = Zs,S−1, H∗s = Hs,S−1,
h∗s = hs,S−1; put D∗s = ln(H∗s /h

∗
s) and B∗s = Z∗s+1 − Z∗s .
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The grid is deterministic: it depends on θ, d and T only. Row s lists the heights at which the
nodes of depth s are examined. The step k → k + 1 along a row is the step from the height H
to the threshold h/2 of the refined exceptional term (Lemma 10.15); the step s → s + 1 is the
step from a parent to its children (Theorem 10.16).
Lemma 10.5 (the grid; [proved here, audited]). Suppose γ1τ1 < 1 and y + ℓ ≥ ln 2. For all
0 ≤ s, k ≤ S − 1:
(G0) 0 < hs,k < Hs,k ≤ θ, and

(3) ln
Hs,k

2hs,k
= 1 + 2y + ε1

(
ln

e

hs,k
+ y

)
> 2y + γ1max

{
τ1, κ1

(
ln

e

hs,k
+ y

)}
.

(G1) Hs,k+1 ≤ hs,k/2 if k < S − 1.
(G2) Hs+1,k ≤ β1hs,ke

−y if s < S − 1.
(G3) Zs,k is strictly increasing in s and in k, and Zs,k ≥ X. Hence H∗s ≤ Hs,k ≤ θ and

h∗s ≤ hs,k.
(G4) Zs,k = rs+kX + rkσs + ωk, where σs = b1(r

s − 1)/(r − 1) and ωk = b2(r
k − 1)/(r − 1).

Consequently, for 0 ≤ s ≤ S − 1 (and s ≤ S − 2 for B∗s ),
B∗s = ε1r

s+SX + rs+S−1b1, Z∗0 −X = (rS−1 − 1)X + ωS−1,

D∗s = ε1r
s+SX + (r − 1)(rS−1σs + ωS−1) + rb0,

ln
θ

h∗s
= (rs+S − 1)X + r(rS−1σs + ωS−1) + rb0,

and σs ≤ srs−1b1, ωk ≤ krk−1b2.
Proof. (G3) Since r ≥ 1 and b0 > 0, r(Z + b0) > Z for Z ≥ 0. So each branch of (2) exceeds the
entry it is computed from, and induction from Z0,0 = X > 0 gives the claims; zs,k is increasing
in Zs,k.

(G0) Write Z = Zs,k and z = zs,k. Then z > Z gives hs,k < Hs,k, and (G3) gives Hs,k ≤
e−X = θ. From (1 − ε1)z = Z + b0 we get z − Z = b0 + ε1z = 1 + ln 2 + 2y + ε1(1 + z + y),
and 1 + z = ln(e/hs,k); this is the identity in (3). With a = ln(e/hs,k) + y > 0 and γ1κ1 = ε1,
γ1max{τ1, κ1a} ≤ γ1τ1 + ε1a < 1 + ε1a, which is the inequality.

(G1) and (G2) are the two branches of (2), since e− ln 2 = 1
2 and e−` = β1.

(G4) By induction on s + k, using rσs−1 + b1 = σs and rωk−1 + b2 = ωk. For k = 0 only
the first branch is present, and r(rs−1X + σs−1 + b0) + y + ℓ = rsX + σs. For s = 0 only the
second is present, and r(rk−1X+ωk−1+ b0)+ ln 2 = rkX+ωk. For s, k ≥ 1 the second branch is
r(rs+k−1X+rk−1σs+ωk−1+b0)+ln 2 = rs+kX+rkσs+ωk, the first is rs+kX+rk+1σs−1+rωk+b1,
and the second minus the first is

rk(σs − rσs−1)− b1 − (r − 1)ωk = (b1 − b2)(r
k − 1) = (y + ℓ− ln 2)(rk − 1) ≥ 0.

So the maximum is the second branch, which is the closed form.
The consequences: σs+1 − σs = rsb1, σ0 = ω0 = 0 and r − 1 = ε1r give B∗s and Z∗0 − X;

D∗s = zs,S−1 − Z∗s = (r − 1)Z∗s + rb0 and ln(θ/h∗s) = zs,S−1 − X = rZ∗s + rb0 − X; and
(rn − 1)/(r − 1) =

∑
i<n r

i ≤ nrn−1. □
Definition 10.6 (nodes). A chain at level s is a sequence c = (j, u1, . . . , us) of distinct coordi-
nates. Its node function is ψc = dus · · · du1djh, with wc = ‖ψc‖22, law P̃rc = P̃rψc (standard rate-12
clocks on all coordinates) and final height Qc = E[ψ2

c | xF ]. Its amplification is Ac = H∗s /wc,
and its heavy set is Hc = {v : Infv(ψc) ≥M−αwc}. Put

p∗ =
ε

64Sd

(β1
d

)S−1
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and C0 = {(j) : Ij > 0}; a node c ∈ Cs is closed if Ac ≥ p−3∗ (H∗s )
−2 and open otherwise, and

Cs+1 = {c · v : c ∈ Cs open, v /∈ Hc ∪ c, Infv(ψc) > 0}.
The heavy threshold M−α does not depend on the node, and the closure probability p∗ does

not depend on the level.
Lemma 10.7 (node facts; [proved here, audited; (a), (b) and (d) as in the previous version]). (a)
|ψc| ≤ 1, ψc does not depend on xu for u ∈ c, and degψc ≤ d−1−s. (b) wc·v = Infv(ψc) = ρcv wc
with ρcv := Infv(ψc)/wc, and

∑
v ρ

c
v ≤ d. (c) |Hc| ≤ dMα (not used below), Hc ∩ c = ∅, and Hc

is a function of the chain c alone (given h and L). (d)
∑

c∈Cs wc ≤ ds+1V . (e) At the root,
{Q(j) ≥ H0,0} = {Qj ≥ θ}, so µj = 1

2IjP̃r(j)(Q
(j) ≥ H0,0).

Proof. (a) du is the half-difference, so |dug| ≤ 1 if |g| ≤ 1. (b) ‖dvψ‖22 = Infv(ψ) and∑
v Infv(ψ) ≤ deg(ψ)‖ψ‖22. (c)

∑
v Infv(ψc) ≤ dwc gives |Hc|M−αwc ≤ dwc; Infu(ψc) = 0

for u ∈ c, while M−αwc > 0; and M and wc are determined by h, L and c. (d) Iterate (b) from∑
j Ij ≤ dV . (e) H0,0 = e−X = θ and ψ(j) = ϕj ; the rest is the identity after Definition 9.1,

since h is old-free. □
Lemma 10.8 (closure; [proved here, audited]). For ψ : Qn → [−1, 1] with w = ‖ψ‖22 > 0,
Q = E[ψ2 | xF ] and H > 0, P̃rψ(Q ≥ H) ≤ w1/3/H.

Proof. Q is σ(clocks, xF )-measurable, so P̃rψ(Q ≥ H) = E[Q1[Q ≥ H]]/w ≤ E[Q2]/(Hw), and
E[Q2] = Stab1/2(ψ

2) ≤ w4/3 by Lemma 9.20. □

Lemma 10.9 (closed nodes; [proved here, audited]). If c ∈ Cs is closed, then P̃rc(Q
c ≥ Hs,k) ≤ p∗

for every k ≤ S − 1.
Proof. Closed means wc = H∗s /Ac ≤ p3∗(H

∗
s )

3. By Lemma 10.8 and (G3), P̃rc(Q
c ≥ Hs,k) ≤

w
1/3
c /Hs,k ≤ p∗H

∗
s /Hs,k ≤ p∗. □

Lemma 10.10 (growth; [proved here, audited]). For s ≤ S − 2, c ∈ Cs and c · v ∈ Cs+1,
lnAc·v > lnAc + α lnM −B∗s .
Proof. v /∈ Hc gives 0 < wc·v = Infv(ψc) < M−αwc, so

Ac·v = H∗s+1/wc·v > (H∗s+1/H
∗
s )M

α(H∗s /wc) = e−B
∗
sMαAc.

□
Corollary 10.11 (amplification floor; [proved here, audited]). Put λs = lnL+X−Z∗s +sα lnM .
Then lnAc > λs for every s ≤ S − 1 and every c ∈ Cs. If

(G′′) α lnM ≥ B∗s for every s ≤ S − 2,

then λs ≥ λ0 = lnL− (Z∗0 −X) for every s ≤ S − 1.
Proof. At the root, 0 < Ij ≤ MaxInf(h) < θ/L and w(j) = Ij , so A(j) = H∗0/Ij > LH∗0/θ, and
ln(H∗0/θ) = X−Z∗0 ; this is lnA(j) > λ0. The step is Lemma 10.10, since λs+1−λs = α lnM−B∗s .
Under (G′′) these increments are nonnegative for s ≤ S − 2. □

The root loss Z∗0 −X = (rS−1 − 1)X + ωS−1 is the price of measuring amplification against
the bottom row; it enters (CV′′) and (MW′′) below.
Corollary 10.12 (depth; [proved here, audited; the inequality it assumes is part of Proposi-
tion 10.25]). If

(CL′′) (1 + (S − 1)α) lnM ≥ 3Z∗S−1 −X + 3 ln
1

p∗
,

then every node of CS−1 is closed and CS = ∅.
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Proof. By lnL ≥ lnM and (CL′′), λS−1 = lnL+X−Z∗S−1+(S−1)α lnM ≥ 3 ln(1/p∗)+2Z∗S−1 =

ln(p−3∗ (H∗S−1)
−2). For c ∈ CS−1, lnAc > λS−1 by Corollary 10.11, so c is closed, and closed nodes

have no children. □
This uses only the first claim of Corollary 10.11, not (G′′). Every chain ends at depth at most

S − 1 = 16T + 3.

10.3. Filtration robustness. This subsection is unchanged from the audited version of the
section.

Lemma 10.13 (FR; [proved here, audited]). Let ψ : Qn → [−1, 1] with w = ‖ψ‖22 > 0 and
Q = E[ψ2 | xF ]. Let F = (Ft)t=0,1,...,N , N <∞, be a filtration in discrete time (in Theorem 10.16,
t is the reveal index of an exploration) contained in σ(clocks, xF , coins), the coins independent
of x (it reads x only on F , adaptively or not), with terminal σ-field FN containing σ(F, xF ); put
qt = EU [ψ2 | Ft]. For every F-stopping time τ and K > 1, P̃rψ(∃t ≥ τ : qt < qτ/K | Fτ ) ≤ 1/K.
Hence

P̃rψ
(
maxt qt ≥ H

)
≤ K

K−1 P̃rψ(Q ≥ H/K) (H > 0).

Proof. The density of P̃rψ on Ft is qt/w. The terminal value of q is Q: since x is independent
of the clocks and coins under U , EU [ψ2 | clocks, xF , coins] = Q, and Q is σ(F, xF )-measurable,
hence measurable for the terminal σ-field. Optional stopping at τ ′ = min{t ≥ τ : qt < qτ/K}
(τ ′ = ∞ if there is none) gives the first bound. For the display take τ = min{t : qt ≥ H}; on
{τ <∞} we have qτ ≥ H, and then Q ≥ H/K with conditional probability at least 1− 1/K by
the same density argument at the final time. □

The hypothesis that F reads x only on F is the one of Lemma 9.27 and cannot be dropped.
Exact enumeration (n = 6, an optimal adaptive order) gives worst ratio 0.525 in the display at
K = 2 [numerical].

10.4. Theorem B◦ at a node and Theorem DNC. Fix an open c ∈ Cs and numbers
0 < h < H ≤ 1 and y > 0. The exploration Gc of c has two stages and no pre-revealed set:
stage 1 reveals Hc ∩ F with its values at once (Hc is fixed by the index c); stage 2 reveals
F \ Hc in increasing clock order, at reveal indices k = 1, . . . ,m; the coordinates of Hc \ F are
frozen (alive, never revealed, hazard 0). Since stage 1 is revealed at once, this is not a staged
exploration in the sense of Theorem 9.15; Theorem 10.14 treats it from the stage boundary on,
through Lemma K.2 and Proposition K.3. Let vk be the k-th stage-2 revealed coordinate and
Sk the revealed set after k stage-2 reveals, q(k) = EU [ψ2

c | xSk
], ck the bias of the k-th stage-2

reveal just before it, and call it large if |ck| ≥ τ1. Let Gck be the σ-field of the clocks and values
revealed up to and including the k-th stage-2 value (stage 1 only for k = 0), and for k > m the
terminal σ-field; we drop the superscript c when the node is fixed. Let Gc,+k−1 be the σ-field of the
clocks and values revealed before the k-th stage-2 value, together with the identity and clock of
the k-th revealed coordinate. Define

capc(h) = {q(0) ≥ h}, ζ = min{k ≥ 0 : q(k) ≥ h} (ζ = ∞ if no k ≤ m qualifies),
Ecv = {q(0) < h, ζ ≤ m, ∃k > ζ : vk = v, |ck| ≥ τ1, |cj | < τ1 (ζ < j < k), q(k−1) ≥ he−y}.

The exploration, and with it vk, Sk, q(k), ck and the σ-fields, depends on the chain c alone, since
Hc does (Lemma 10.7(c)); ζ, capc(h) and Ecv depend also on (h, y). The search for ζ starts at
the stage boundary, so one hazard (≤ ln 2) is paid after it. The events Ecv are pairwise disjoint,
since v is the first large reveal strictly after ζ, and Ecv ∩ {vk = v} ∈ Gc,+k−1. Only v /∈ Hc occur.
Counting the crossing reveal itself (k ≥ ζ) would make Ecv depend on xv; exact enumeration
shows that this breaks the change of measure by 43–48% [numerical].
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Theorem 10.14 (Theorem B◦, node form; [proved here, Appendix K; audited]). Let ψ : Qn →
[−1, 1] be multilinear of degree at most d with w = ‖ψ‖22 > 0, let H be a fixed set, and let G,
q(k), ζ, cap and Ev be as above with (ψ,H) in place of (ψc,Hc). Let τ1 ∈ (0, 1/(2e3d4)], κ1 as in
Theorem 9.14, 0 < h < H ≤ 1 and y > 0 with ln(H/(2h)) ≥ 2y + γ1max{τ1, κ1(ln(e/h) + y)}.
Write P̃r for P̃rψ and P̃rv for P̃rdvψ, with the same clocks, and Q = E[ψ2 | xF ].
(a) P̃r

(
Q ≥ H, q(0) < h, no Ev occurs

)
≤ 3e−y.

(b) Ev∩{vk = v} ∈ G+
k−1, and on this event ρv(Sk−1) := EU [(dvψ)2 | xSk−1

]/q(k−1) ≥ c2k/4 ≥ β◦1
and EU [(dvψ)2 | xSk−1

] ≥ β◦1he
−y.

(c) P̃r(Ev) ≤ (ρv/β
◦
1) P̃rv(Ev), where ρv = Infv(ψ)/w.

Proof outline; the full proof is in Appendix K. Strong Markov at a stopping index. For a (Gk)-
stopping index τ , on {τ = k} and given Gτ : xSc

k
has law (ψ2

Sk
/q(k)) · U , where ψSk

= ψ(xSk
, ·);

the clocks of the unrevealed stage-2 coordinates are i.i.d. U(sk, 1], where sk is the clock of vk
and s0 = 0, and independent of x; and the frozen coordinates are never revealed. This holds
because the stage-2 order is a function of the clocks and x is independent of the clocks.

The proof of Theorem 9.14, run from the state at ζ. Its inputs are supplied by the strong
Markov property at sζ ; after rescaling time the remaining hazard is at most ln 2. Three excep-
tional events each have conditional probability at most e−y given Gζ :

• E1 (Ville): (q(j)/q(ζ)) exp(−
∑

ζ<i≤j c
2
i ) is a supermartingale.

• E2 (optional stopping): the height falls below q(ζ)e−y.
• E3 (compensator): E[exp(QVsm

>ζ − (e − 1)A>ζ) | Gζ ] ≤ 1. Here QVsm
>ζ and QVlg

>ζ are the
sums of c2i over the small and the large reveals i > ζ, and A>ζ is the hazard-weighted
small-bias sum after ζ (the quantity A in the proof of Proposition K.3). Off E2, the
bound of RL1 on the small-bias sum, which includes the frozen coordinates, gives A>ζ ≤
ln 2 ·max{τ1, κ1(ln(e/h) + y)}.

Off E1 ∪ E2 ∪ E3, ln(Q/q(ζ)) < 2y + γ1max{τ1, κ1(ln(e/h) + y)}+QVlg
>ζ .

Dichotomy. On {Q ≥ H, q(0) < h} we have 1 ≤ ζ ≤ m and q(ζ) ≤ 2q(ζ−1) < 2h, so
ln(Q/q(ζ)) > ln(H/(2h)). Off the three events, some large reveal occurs strictly after ζ. The
first one, k, has q(k−1) ≥ he−y: if k − 1 = ζ this is q(ζ) ≥ h, and otherwise it holds because we
are off E2. So Evk occurs, which gives (a) with 3e−y; the lower excursion E2 is counted once.

Change of measure. On G+
k−1, dP̃r/dP̃rv = ρv/ρv(Sk−1), and ρv(Sk−1) ≥ c2k/4 ≥ β◦1 on

Ev ∩ {vk = v}. Summing over k gives (c), since v is revealed at most once. Only times strictly
before v’s value are used. □

Exact enumeration (n = 6, all coin configurations) gives worst ratios 0.69, 0.46 and 0.44 for
E1, E2, E3 and 0.004 for the dichotomy, each a supremum over every look-ahead-free stopping
index; the change-of-measure identity holds to 1.8 · 10−14 for the four value-dependent stopping
rules on four families that were tested [numerical]. An independent enumeration (n = 5, 6)
reproduces the identity to 2.6 · 10−13, with worst ratio 0.925 in (c) [numerical].

The proof of part (a) gives more than its statement: the exceptional term is paid only on the
event that the height reaches h.
Lemma 10.15 (the refined exceptional term; [proved here, audited]). Under the hypotheses of
Theorem 10.14,

P̃r
(
Q ≥ H, q(0) < h, no Ev occurs

)
≤ 3e−y P̃r(ζ <∞) ≤ 6e−y P̃r(Q ≥ h/2).

Proof. We use Steps 2 and 3 of the proof of Theorem 10.14 in Appendix K without change,
and write X for the exceptional event that Step 2 calls X. Step 2 fixes, for each k, the event
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Xk of Proposition K.3 for the start state Gk, with P̃r(Xk | Gk) ≤ 3e−y on {k ≤ m}, and puts
X =

⋃
k({ζ = k} ∩ Xk). Step 3 shows {Q ≥ H, q(0) < h} ∩ {no Ev occurs} ⊆ X . Since

{ζ = k} ∈ Gk and {ζ = k} ⊆ {k ≤ m}, the display of Step 2 with its weights kept reads

P̃r(X ) =
∑
k

E
[
1(ζ = k) P̃r(Xk | Gk)

]
≤ 3e−y

∑
k

P̃r(ζ = k) = 3e−y P̃r(ζ <∞);

Appendix K bounds the last sum by 1. This is the first inequality. For the second, {ζ <

∞} = {max0≤k≤m q
(k) ≥ h}, where m is random. Apply Lemma 10.13 with K = 2 to ψ under

P̃r and to the filtration (Gt)t=0,1,...,n of the exploration, where Gt is the terminal σ-field for
t > m. It reads x only on F , and its terminal σ-field contains σ(F, xF ) because no coordinate
of F is frozen (Remark K.4). Its qt = EU [ψ2 | Gt] is q(t) for t ≤ m, because the revealed
set is a function of the clocks and x is independent of the clocks under U ⊗ clocks. Hence
P̃r(ζ <∞) ≤ P̃r(maxt qt ≥ h) ≤ 2 P̃r(Q ≥ h/2). □

This is the same use of Lemma 10.13, on the same filtration, as in the proof of Theorem 10.16
below, applied to ψ itself instead of dvψ.

Theorem 10.16 (deep-node capture on the grid, DNC; [proved here, audited]). Let c ∈ Cs be
open, and let 0 < h < H ≤ 1 and y > 0 satisfy ln(H/(2h)) ≥ 2y + γ1max{τ1, κ1(ln(e/h) + y)}.
Then
P̃rc(Q

c ≥ H) ≤ P̃rc(capc(h)) + 6e−y P̃rc(Q
c ≥ h/2) + β−11

∑
v: c·v∈Cs+1

ρcv P̃rc·v
(
Qc·v ≥ β1he

−y).
The sum runs over the v /∈ Hc ∪ c with ρcv > 0, for which the law P̃rc·v is defined.

Proof. Theorem 10.14 applies at (ψc,Hc, h,H, y): ψc is multilinear of degree at most d with
wc > 0 (Lemma 10.7(a)), Hc is a fixed set (Lemma 10.7(c)), τ1 ≤ 1/(2e3d4) (Lemma 10.24), and
the condition on (h,H, y) is assumed. Now

{Qc ≥ H} ⊆ capc(h) ∪
(
{Qc ≥ H, q(0) < h} ∩ {no Ecv occurs}

)
∪
⋃
v E

c
v,

and Lemma 10.15 bounds the probability of the middle event by 6e−yP̃rc(Q
c ≥ h/2). Only

v /∈ Hc occur, and if ρcv = 0 (in particular if v ∈ c) then dvψc = 0 and Ecv = ∅ by part (b); so only
v with c ·v ∈ Cs+1 remain. By part (b) and dvψc = ψc·v, on Ecv the child’s height in Gc just before
v’s value is EU [ψ2

c·v | xSk−1
] ≥ β◦1he

−y = Kβ1he
−y. So Ecv ⊆ {maxk EU [ψ2

c·v | Gck] ≥ Kβ1he
−y}.

The exploration Gc reads x only on F and its terminal σ-field contains σ(F, xF ) (Remark K.4),
so Lemma 10.13 under P̃rc·v bounds this event’s probability by 2P̃rc·v(Q

c·v ≥ β1he
−y). With

part (c), each child costs 2ρcv/β
◦
1 = ρcv/β1. □

The activation event is not implied by a final-height spike of the child; it is dominated by
one, under the child’s own law, at a cost of 2 in probability and 2 in height. The parent’s
exploration is used only to locate the activation. In Gc every stage-2 coordinate lies outside Hc,
so no hypothesis on static capture in an inherited filtration is needed. The exploration Gc does
not depend on (H,h, y), so Theorem 10.16 is applied at one node once for every position k of
its row, at (H,h, y) = (Hs,k, hs,k, y); each application is a separate use of Theorem 10.14, with
its own ζ and its own events Ecv, and (3) supplies its hypothesis.
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10.5. The mass recursion on the grid and the ledger. Put χ = 6e−y. For 0 ≤ s, k ≤ S−1
let

Rs,k =
∑
c∈Cs

β−s1
1
2wc P̃rc(Q

c ≥ Hs,k), CLs,k =
∑

c∈Cs closed
β−s1

1
2wc P̃rc(Q

c ≥ Hs,k),

CAPTs,k =
∑

c∈Cs open
β−s1

1
2wc P̃rc(capc(hs,k)), Ns =

1
2β
−s
1 ds+1V,

and set Rs,S = Ns and RS,k = 0.

Proposition 10.17 (mass recursion on the grid; [proved here, audited]). Suppose every node of
CS−1 is closed. Then R0,0 =

∑
j µj, and for all 0 ≤ s, k ≤ S − 1,

Rs,k ≤ CLs,k +CAPTs,k + χRs,k+1 +Rs+1,k.

Proof. R0,0 =
∑

j µj is Lemma 10.7(e), with µj = 0 when Ij = 0. Closed nodes contribute
CLs,k to Rs,k, and open nodes occur only at levels s ≤ S − 2. For an open c ∈ Cs apply
Theorem 10.16 at (H,h, y) = (Hs,k, hs,k, y), which is admissible by (G0). In its middle term,
P̃rc(Q

c ≥ hs,k/2) ≤ P̃rc(Q
c ≥ Hs,k+1) for k < S − 1 by (G1); for k = S − 1 we bound this

probability by 1. In its last term, P̃rc·v(Q
c·v ≥ β1hs,ke

−y) ≤ P̃rc·v(Q
c·v ≥ Hs+1,k) by (G2).

Multiply by β−s1
1
2wc and sum over the open c ∈ Cs. The first terms give CAPTs,k. The middle

terms give at most χRs,k+1 if k < S − 1, since adding the closed nodes only enlarges the sum,
and at most χ

∑
c∈Cs β

−s
1

1
2wc ≤ χNs = χRs,S if k = S−1, by Lemma 10.7(d). In the last terms,

β−s1 β−11
1
2wcρ

c
v = β

−(s+1)
1

1
2wc·v by Lemma 10.7(b), and each c′ ∈ Cs+1 is c · v for exactly one pair

(c, v), so they sum to Rs+1,k. At s = S − 1 every node is closed, so RS−1,k = CLS−1,k. □
Corollary 10.18 (unrolling; [proved here, audited]). Under the hypothesis of Proposition 10.17,∑

j

µj ≤
S−1∑
s=0

S−1∑
k=0

(
s+ k

k

)
χk

(
CLs,k +CAPTs,k

)
+

S−1∑
s=0

(
s+ S − 1

S − 1

)
χSNs.

Proof. Write Es,k = CLs,k +CAPTs,k, and for 0 ≤ s, k ≤ S − 1 let

Us,k =

S−1∑
s′=s

S−1∑
k′=k

(
s′ − s+ k′ − k

k′ − k

)
χk

′−kEs′,k′ +

S−1∑
s′=s

(
s′ − s+ S − 1− k

S − 1− k

)
χS−kNs′ ,

with Us,S = Ns and US,k = 0. We claim Us,k = Es,k + χUs,k+1 + Us+1,k for 0 ≤ s, k ≤ S − 1.
Write a = s′ − s. The coefficient of Es′,k′ on the right, with b = k′ − k, is 1(a = b = 0) + 1(b ≥
1)
(
a+b−1
b−1

)
χb + 1(a ≥ 1)

(
a+b−1
b

)
χb, which is

(
a+b
b

)
χb by Pascal’s rule (with

(
n
−1
)
=

(
n
n+1

)
= 0).

The coefficient of Ns′ on the right, with n = S − 1 − k, is χ · 1(a = 0) from χUs,S = χNs if
n = 0, or

(
a+n−1
n−1

)
χn+1 from χUs,k+1 if n ≥ 1, plus 1(a ≥ 1)

(
a−1+n
n

)
χn+1 from Us+1,k; in both

cases the total is
(
a+n
n

)
χn+1. All terms are nonnegative, so Proposition 10.17 and induction on

(s, k) in decreasing order of s+ k, starting from Rs,S = Us,S and RS,k = US,k, give Rs,k ≤ Us,k.
At (s, k) = (0, 0) this is the claim. □
Corollary 10.19 (ledger; [proved here, audited]). Suppose that every node of CS−1 is closed,
that CAPTs,k ≤ 3εV/(32S) for all 0 ≤ s, k ≤ S − 1, that S ≥ 68 and χ ≤ 1/(4S), and that

(TERM) S(y − ln 6) ≥ (S − 1)(ℓ+ ln d+ ln 4) + ln(1024eS) + 2 ln d.

Then
∑

j µj ≤
εV
96 + εV

8 + εV
128 = 55

384 εV < ε
4V , which is SM-OF at (θ, L).
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Proof. For s ≤ S − 1,
∑S−1

k=0

(
s+k
k

)
χk ≤ (1− χ)−(s+1) ≤ (1− χ)−S ≤ exp(Sχ/(1− χ)) ≤ exp(14 ·

272
271) <

4
3 . By Lemma 10.9 and Lemma 10.7(d), CLs,k ≤ 1

2β
−s
1 p∗d

s+1V = εV
128S (β1/d)

S−1−s ≤
εV
128S . So the CL part of Corollary 10.18 is at most S · 4

3 · εV
128S = εV

96 , and the CAPT part is
at most S · 4

3 · 3εV
32S = εV

8 . In the terminal part,
(
s+S−1
S−1

)
≤ 2s+S−1 ≤ 4S−1, χS = 6Se−Sy and

Ns ≤ 1
2β
−(S−1)
1 dSV , so it is at most S 4S−16Se−Sy 1

2β
−(S−1)
1 dSV . Taking logarithms, this is at

most V/(2048ed) = εV/128 exactly when (TERM) holds. Finally 1
96 + 1

8 + 1
128 = 55

384 <
1
4 . □

The terminal part is the price of truncating each row at k = S − 1; since χ is small, it is
controlled by the single condition (TERM) on y, which does not grow with the depth beyond
ℓ+ ln d+O(1).

10.6. Priming for chain families. For a function g, a set A and a ∈ {−1, 1}A let qg(A, a) =
E[g2 | xA = a] and πg(A, a) = Ez|g(zA←a) − g(z)|, where zA←a overwrites z on A and z is
uniform. Lemmas 10.20, 10.21 and 10.22 are unchanged from the previous audited version of
the section; they concern chains and blocks only, not the heights or the heavy sets.

Lemma 10.20 (conversion; [proved here, audited]). If |g| ≤ 1 and w = ‖g‖22, then πg(A, a) ≥
q−√

qw with q = qg(A, a). In particular q ≥ 4w implies πg(A, a) ≥ q/2. The bound is pointwise
in (A, a), so it holds for random blocks.

Proof. With X = g(zA←a) and Y = g(z), |X − Y | ≥ |X|(|X| − |Y |) because |X| ≤ 1, so
π ≥ EX2 − E|XY | ≥ q −√

qw. □
Lemma 10.21 (priming for chain derivatives; [proved here, audited]). Let A1, . . . , Am be pairwise
disjoint, c1, . . . , cm chains with ci ∩ Ai = ∅ (the chains may repeat, meet other blocks, or have
different lengths), and ai ∈ {−1, 1}Ai. Then

∑
i π

ψci (Ai, ai) ≤ Eybs(h, y) ≤ bs(h) = 2 rbs(h) ≤
2d2.

Proof. For a chain c = (j, u1, . . . , us) write dc = dus · · · du1dj , so that ψc = dch. Fix i, put
c = ci and G(z) = h(zAi←ai) − h(z). Since Ai ∩ c = ∅, dc commutes with the overwrite on
Ai, so ψc(z

Ai←ai) − ψc(z) = dcG(z), and |dcG(z)| ≤ Eσ|G(zc←σ)| with σ uniform on {−1, 1}c
and y = zc←σ uniform. So πψci (Ai, ai) ≤ Ey|h(yAi←ai) − h(y)|, and for fixed y the disjoint
blocks are admissible in bs(h, y). The identity bs = 2 rbs is the normalisation of Section 9.2,
and rbs(h) ≤ d2 is Lemma 9.3, that is, Lemma 7.7(a) [known]. □

Without the citation, the proof of Lemma 9.3 gives rbs(h) ≤ 4d2, hence bs(h) ≤ 8d2. This
multiplies the first bound on Ws,k in the proof of Corollary 10.23 by 4 and the second by 2, which
adds ln 4 to the intercept of (MW′′) and 2 ln 4 to that of (LD′′). By Proposition 10.25, lnPd
exceeds every intercept by more than 2.7 · 105 T 3 > 2 ln 4, so the proposition and its constants
are unchanged [proved here, audited].

Lemma 10.22 (averaged priming for chain families; [proved here, audited]). Let C be a finite
family of chains with weights Mc > 0. For each c ∈ C let νc be a sub-probability law on
pairs (A, a) with A ∩ c = ∅ and πψc(A, a) ≥ π∗ νc-almost surely. With W =

∑
cMcνc(1) and

Λu =
∑

cMcνc(u ∈ A),

bs(h) ≥ π∗min
{ W 2

4
∑

u Λ
2
u

,
W

2maxcMc

}
.

Proof. Select each c independently with probability ηMcνc(1) and draw (Ac, ac) ∼ νc/νc(1). The
expected number of selected c whose block meets another selected block is at most η2

∑
u Λ

2
u,

and the remaining ones satisfy Lemma 10.21. So bs(h) ≥ π∗(ηW − η2
∑

u Λ
2
u); optimise η ≤

1/maxcMc. This is Lemma 9.7 with weights Mc, in which only the sets A need to be disjoint. □
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Corollary 10.23 (captured mass at (s, k); [proved here, audited]). Let s ≤ S − 1. Suppose
lnAc > λ0 for every c ∈ Cs, where λ0 = lnL− (Z∗0 −X), and λ0 ≥ D∗s + ln 4. Then CAPTs,k ≤
3εV/(32S) for every k ≤ S − 1, provided

(MW′′) lnM ≥ (Z∗0−X)+D∗s+sℓ+ln
512Sd2

3ε
and (LD′′) M1−2α ≥

(64Sds+2.5

3εβs1

)2 θ

h∗s
.

Proof. Fix k and apply Lemma 10.22 to the open c ∈ Cs, with Mc = wc > 0 and νc the P̃rc-law
of (Hc ∩ F, xHc∩F ) restricted to capc(hs,k). This is a sub-probability law, and its blocks avoid c
by Lemma 10.7(c). Then W =Ws,k :=

∑
c openwcP̃rc(capc(hs,k)) and CAPTs,k =

1
2β
−s
1 Ws,k.

Gain. wc = H∗s /Ac < H∗s e
−λ0 ≤ H∗s e

−D∗
s/4 = h∗s/4 ≤ hs,k/4, by (G3). On capc(hs,k)

the block height is qψc(Hc ∩ F, xHc∩F ) = q(0) ≥ hs,k ≥ 4wc, so Lemma 10.20 gives πψc ≥
q(0)/2 ≥ h∗s/2. We use the weaker π∗ = h∗s/8 of Lemma 9.5, the same for every k. Also
maxcMc ≤ H∗s e

−λ0 .
Loads. Under P̃rc, u ∈ F with probability 1

2 independently of x, so Λu ≤ 1
2

∑
c:u∈Hc

wc. Now
u ∈ Hc means wc ≤MαInfu(ψc), and

∑
c∈Cs Infu(ψc) ≤ ds+1Infu(h), because a Fourier set J 3 u

contains at most ds+1 chains of length s+1 avoiding u. Hence Λu ≤ 1
2M

αds+1Infu(h), and with∑
u Infu(h) ≤ dV and MaxInf(h) < θ/L,∑

u

Λ2
u ≤ 1

4M
2αd2s+2MaxInf(h)

∑
u

Infu(h) < 1
4M

2αd2s+3 θV/L.

Conclusion. With bs(h) ≤ 2d2 (Lemma 10.21), Lemma 10.22 gives

Ws,k ≤ 2 bs(h)maxcMc

π∗
≤ 32d2eD

∗
s−λ0 or W 2

s,k ≤
4 bs(h)

∑
u Λ

2
u

π∗
<

16M2αd2s+5θV

Lh∗s
.

In the first case, 1
2β
−s
1 Ws,k ≤ 3εV/(32S) follows from λ0 ≥ ln(512Sd2/(3ε))+D∗s +sℓ+ln(1/V ),

which is (MW′′), since lnL = lnM + ln(1/V ). In the second case, squaring shows that 1
2β
−s
1 ·

4Mαds+2.5(θV/(Lh∗s))
1/2 ≤ 3εV/(32S) is equivalent to (64Sds+2.5/(3εβs1))

2M2αθ/h∗s ≤ LV =
M , that is, to (LD′′). □

The load factor is M2α, and M is the quantity being bounded below, so in (LD′′) it moves to
the left-hand side as M1−2α =M1/2 and costs a factor 2 in lnM , but no θ-exponent.

10.7. Parameters and the final arithmetic. Take

α =
1

4
, c =

1

2T
, S = 16T + 4, ε1 =

1

150T 2
, ln

1

τ1
= 3 + 4 ln d+

10eγ1
ε1

,

y = ℓ+ ln d+ ln 24 + tS , tS =
ln(1024eS) + 2 ln d

S
, lnPd = 3.0 · 106 T 3,

so that ℓ = 2 ln(1/τ1) + ln 8 = K`T
2 + 6 + ln 8 + 8 ln d with K` = 3000eγ1 = 9712.602 . . .

Lemma 10.24 (the parameters; [proved here, audited]). (P1) γ1κ1 = ε1 and τ1 ≤ 1/(2e3d4);
also γ1τ1 < 1 and y + ℓ ≥ ln 2. (P2) (TERM) of Corollary 10.19 holds. (P3) S ≥ 68 and
χ = 6e−y ≤ 1/(4S).

Proof. (P1) κ1 = 10e/(ln(1/τ1)− 3− 4 ln d) = ε1/γ1, and ln(1/τ1) ≥ 3+ ln 2+4 ln d = ln(2e3d4)
because 10eγ1/ε1 > ln 2. Then γ1τ1 < γ1/(2e

3) < 1, and y + ℓ ≥ ℓ > ln 2. (P2) S(y − ln 6) =
S(ℓ + ln d + ln 4) + StS = S(ℓ + ln d + ln 4) + ln(1024eS) + 2 ln d, which exceeds the right
side of (TERM) by ℓ + ln d + ln 4 > 0. (P3) S = 16T + 4 ≥ 68, and y ≥ ℓ > K`T

2 with
24S = 24(16T + 4) < eKℓT

2 , so 4Sχ < 1. □
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Proposition 10.25 (the arithmetic; [proved here for every d ≥ 2, Appendix L; audited]). If
lnM ≥ cX + lnPd with lnPd = 3.0 · 106 T 3, then the following hold.

• (G′′) of Corollary 10.11: α lnM ≥ B∗s for every s ≤ S − 2.
• (CV′′) lnM ≥ (Z∗0 −X) +D∗s + ln 4 for every s ≤ S − 1.
• (MW′′) and (LD′′) of Corollary 10.23, for every s ≤ S − 1.
• (CL′′) of Corollary 10.12.

These hold for every d ≥ 2.

Proof. Exact forms. By Lemma 10.5, with ln(1/ε) = ln(16e) + ln d, ln(1/p∗) = ln(64Sd/ε) +
(S − 1)(ℓ+ ln d) and 1 + (S − 1)α = 4T + 7

4 , each condition reads lnM ≥ mX + Γ with m and
Γ free of θ:

• (G′′): m = 4ε1r
s+S , Γ = 4rs+S−1b1;

• (CV′′): m = rS−1 − 1 + ε1r
s+S , Γ = ωS−1 + (r − 1)(rS−1σs + ωS−1) + rb0 + ln 4;

• (MW′′): the same m, and Γ = ωS−1 + (r− 1)(rS−1σs+ωS−1) + rb0 + sℓ+ ln(512Sd2/(3ε));
• (LD′′): m = 2(rs+S − 1), Γ = 2

[
2 ln(64Sds+2.5/(3ε)) + 2sℓ+ r(rS−1σs + ωS−1) + rb0

]
;

• (CL′′): m = (3r2S−2 − 1)/(4T + 7
4), Γ = 3

(
rS−1σS−1 + ωS−1 + ln(1/p∗)

)
/(4T + 7

4).
In the first four, m and Γ are nondecreasing in s, because r > 1, σs increases and d ≥ 2; so it
suffices to take s = S− 1, and s = S− 2 for (G′′). Two of these requirements are redundant and
are kept only for clarity: (MW′′) implies (CV′′), since sℓ+ ln(512Sd2/(3ε)) ≥ ln 4; and capture
is needed only for s ≤ S − 2, since every node of CS−1 is closed. Since X > 0, a condition holds
for every admissible θ once m ≤ c and Γ ≤ lnPd; the conditions are separate lower bounds on
M , so lnPd must dominate their maximum.

Slopes. Write u = 1/T ≤ 1
4 . Since ε1 = u2/150, Appendix L (Lemma L.3) gives rn ≤

1 + 0.2317939u for n ≤ 2S − 1 and rS−1 ≤ 1 + 0.1133175u. Hence:
• (LD′′): Tm ≤ 2 · 0.2317939 = 0.4635878 < 1

2 = Tc;
• (CL′′): m ≤ (2 + 3 · 0.2317939u)/(4T + 7

4), which is at most c because 6 · 0.2317939 =

1.3907634 ≤ 7
4 ;

• (MW′′) and (CV′′): Tm ≤ 0.1133175 + (1 + 0.2317939/4)/600 ≤ 0.1150808;
• (G′′): Tm ≤ 4(1 + 0.2317939/4)/600 ≤ 0.0070530.
Intercepts. Appendix L proves, for every T ≥ 4 and every d with 2ed ≤ 2T ,

ΓLD ≤ 16K`T
3
(
16 +

6.196076

T

)
≤ 2.727147 · 106 T 3, ΓCV ≤ ΓMW ≤ 5.125043 · 105 T 3,

ΓG ≤ 4.112130 · 104 T 3, ΓCL ≤ 2.242490 · 105 T 3.

Each bound is T 3 times a polynomial in u with nonnegative coefficients, evaluated at u = 1
4 (for

ΓLD, after the chord bound of Lemma L.4) [computer-assisted: a finite evaluation, printed in
Appendix L]. The main contribution to ΓLD is 2r(rS−1σS−1+ωS−1)+4(S−1)ℓ ≈ 2 ·6Sℓ+4Sℓ =
16Sℓ, which gives 256K`T

3. So every slope is below c and every intercept is below 3.0 · 106 T 3,
for every d ≥ 2. Exact evaluation at the worst d (ln d = T ln 2 − ln(2e)) for T = 4, . . . , 40 and
T ∈ {50, 64, 100, 128, 200, 256, 500, 1000, 2000} agrees: the needed constant falls from 2.679 · 106
at T = 4 to 2.487 · 106 at T = 2000 [numerical]. □

Theorem 10.26 (SM-OF at a quasi-polynomial, θ-mild loss; [proved here, audited; components
as tagged]). SM-OF(L0) holds with L0 = Pd V

−1θ−1/(2T ) and lnPd = 3.0 · 106 T 3.

The θ-exponent 1/(2T ) is that of a θ-free loss, but the prefactor Pd is quasi-polynomial in d,
whereas a θ-free loss in the sense of Section 9.5 has prefactor (d/V )O(1). SM-OF at a θ-free loss
in that sense remains open [open].
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d T S worst slope·T (LD′′) slope·T needed lnPd/T
3

2 4 68 −0.0105 (CL′′) −0.0370 2.679 · 106
102 10 164 −0.0052 (CL′′) −0.0592 2.562 · 106
108 30 484 −0.0019 (CL′′) −0.0687 2.511 · 106
1032 109 1748 −0.0005 (CL′′) −0.0721 2.493 · 106
10128 428 6852 −0.0001 (CL′′) −0.0730 2.488 · 106

Table 5. Exact evaluation of the constraints of Proposition 10.25 at sample
degrees (slope relative to c, i.e. (m − c)T ; the needed constant is the largest
intercept, always that of (LD′′)) [numerical; supplement/qpg_table.py].

Proof. Let h be old-free capped at (θ, L) with L ≥ L0, and let X and M be as at the end of
Section 10.1; then lnM ≥ cX + lnPd. Proposition 10.25 gives (G′′), (CV′′), (MW′′), (LD′′)
and (CL′′), and Lemma 10.24 gives (P1)–(P3), hence the hypotheses of Lemma 10.5. By Corol-
lary 10.11 and (G′′), lnAc > λs ≥ λ0 for every c ∈ Cs, s ≤ S− 1. By Corollary 10.12 and (CL′′),
every node of CS−1 is closed and CS = ∅. Since lnL ≥ lnM , (CV′′) gives λ0 ≥ D∗s + ln 4, so
Corollary 10.23 with (MW′′) and (LD′′) gives CAPTs,k ≤ 3εV/(32S) for all s, k ≤ S−1. Propo-
sition 10.17 (Theorem 10.16 at every open node and every position of its row), Corollary 10.18
and Corollary 10.19, with (P2) and (P3), give

∑
j µj <

ε
4V . □

Proof of Theorem 10.1. By Theorem 10.26 and Proposition 10.3 (with c = 1/(2T ) ≤ 1/8 and
Pd ≥ 1), (TT∗) holds with C = 2 and lnP ∗ ≤ lnPd + ln(1/v) + 6.4 ln d + 23.2. Lemma 10.2
with cT = 1

2 gives the bound, with 6.6 = 1.65 · 4. For the expansion, 1.30 · 3.0 · 106 = 3.9 · 106,
1.30 · 6.4 ≤ 8.4, 1.30 · 23.2 ≤ 30.2, 6.6 · 8.76 ≤ 57.9 and 6.6 ln c2 ≤ 6.6 ln(6.6 · 107) < 119. Finally
T ≤ log2(4ed), so the first term is O(log4 d) and the others are O(log d · ln(d/v)). □
Remark 10.27 (why log4 d, and what would give log3 d; [heuristic; not a lower bound for SM-OF]).
In this scheme four constraints force lnPd = Θ(T 3). (a) Depth. The slope of (CL′′) is about
2/(1 + (S − 1)α) and must be at most c, so S = Θ(T ). (b) Drift, in two places. Both come
from the term ε1 ln(e/h) in (3), where ln(1/h) ≥ X. The factor θ/h∗s of (LD′′) gives the slope
2(r2S−1−1) ≈ 4Sε1, and the root loss Z∗0 −X gives (CV′′) and (MW′′) the slope rS−1−1 ≈ Sε1;
each must be at most c, so ε1 = O(1/T 2). (c) Large-jump threshold. Theorem 9.14 then forces
ℓ ≥ 20eγ1/ε1 = Θ(T 2). (d) Heights. Along the bottom row, Z∗S−1−X ≈ (S− 1)(b1+ b2) ≈ 6Sℓ,
and the (LD′′) intercept is about 16Sℓ = Θ(T 3). The chain of Lemma 10.2 multiplies by T ,
which gives T 4 = Θ(log4 d). The previous version of this scheme measured lightness relative to
the node’s amplification, which forced S = Θ(T log T ), and used a level-dependent exceptional
exponent ys ≈ sℓ, which made the heights fall like S2ℓ; the heavy threshold M−1/4 and the grid
remove both.

To reach log3 d one needs ε1 = Θ(1/T ): then ℓ = Θ(T ) and every intercept is O(Sℓ) = O(T 2).
This needs both θ-slopes of (b) removed. A Theorem 9.14 whose drift term is relative to
the node would remove both. A capture bound for chain families that does not go through
MaxInf(h) < θ/L, and so has no factor θ/h∗s, would remove only the first: the root loss Z∗0 −X
would still force ε1 = O(1/T 2). Both statements are open [open], and neither is used in this
section. The root loss is paid because a node of depth s is examined at the bottom-row height
H∗s , while the root mass µj needs only H0,0 = θ. On the staircase {k ≤ s} of the grid, with a
node of depth s examined at the diagonal height Hs,s, the root loss would vanish, and a capture
bound measured against Hs,s rather than through MaxInf(h) < θ/L (also open) would alone
give lnPd = O(T 2), hence log3 d.
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10.8. Status. The cited inputs carry these tags:
• Theorem 8.4, Corollary 8.5, Lemma 8.3 and Lemma I.9: [proved here]; audited and re-

derived independently.
• Lemma J.20 and Corollary J.21: [proved here, audited], re-audited and re-derived indepen-

dently.
• Theorem 9.14 (full proof: Theorem J.14) with RL1, Lemmas 9.5, 9.7 and 9.20, and Corol-

lary 9.2: [proved here, audited]; Theorem 9.14 and RL1 were also re-audited and re-derived
independently.

• Theorem 10.14 with its proof in Appendix K, including Steps 2 and 3, which Lemma 10.15
reads without change, and Remark K.4: [proved here, Appendix K; audited].

• Theorem 9.15, for context only (the node explorations use Proposition K.3 directly): [proved
here, Appendix K; audited].

• Lemma 9.3, that is, Lemma 7.7(a): [known]; Lemma 10.21 records the citation-free alter-
native.

Lemma 9.27 is used in no proof of this section. Proposition 9.17, whose statement assumes
a polynomial prefactor, is replaced by Lemma 10.2 and Proposition 10.3. Theorem 9.23 and
Lemma 9.6 are not needed: the small-jump piece is the exceptional term of Theorem 10.16,
whose θ-cost sits in (3), and every captured piece is bounded by Lemma 10.22.

Reused without change of statement or proof from the previous audited version of this section:
Lemma 10.2, Proposition 10.3, Lemma 10.8 (its general part), Lemma 10.13, Theorem 10.14
(except its substitution clause, which now names only (ψ,H), since (h,H, y) are free parame-
ters of the exploration paragraph), Lemmas 10.20, 10.21 and 10.22, and parts (a), (b), (d) of
Lemma 10.7 [proved here, audited]. Their hypotheses hold here as noted where they are used:
the node functions are bounded multilinear functions of degree at most d; every heavy set is
a fixed set, given h and L; every exploration reads x only on F and freezes no coordinate of
F ; and the blocks of every captured piece avoid their chains. New or modified, [proved here,
audited]: Definitions 10.4 and 10.6, Lemma 10.5, Lemma 10.7(c) and the form of (e), Lem-
mas 10.9 and 10.10, Corollaries 10.11 and 10.12, Lemma 10.15, Theorem 10.16, Remark K.5
(items 2 and 3, rewritten for the grid), Proposition 10.17, Corollaries 10.18, 10.19 and 10.23,
Lemma 10.24, Proposition 10.25 with Appendix L, Theorem 10.26 and Theorem 10.1. The
chain needs two conditions, both met here: the loss in step t is the same function of θt for every
kept restriction, which the floor δv in (TT∗) supplies; and SM-OF is used uniformly in θ, which
Proposition 10.25 provides because every slope is at most c. The boundary case L = L0 is not
needed: Varh > εVarg gives strict slack in Proposition 10.3. Lean covers the constant-loss chain
and Lemma I.9 only.

Audit status. The mathematics of every step listed above as new or modified was audited
twice, independently and with agreeing verdicts, in the form of the working notes from which
this text is transcribed. This text was then audited twice, independently: once against the
notes, as a transcription, and once as a referee reads it; each of these two audits recomputed
every displayed number of Appendix L. Both confirmed the text with fixes, which are made in
it, in Appendix K and in the passages of other sections that quote this section. All four audits
found Theorem 10.1 proved, with no mathematical error. The slope margin of (CL′′) is rigorous
but thin: (c−m)/c = 0.021 at T = 4, and about 0.12/T for large T [numerical; Table 5]. Any
change of S, α, ε1 or the grid must re-check (CL′′) first.

10.9. Classical simulation of quantum query algorithms. The motivation of Conjec-
ture 1.1 in [2] is the classical simulation of quantum query algorithms on most inputs. If a
quantum algorithm makes t queries to X ∈ {0, 1}n, its acceptance probability p(X) is a real
multilinear polynomial of degree at most 2t with values in [0, 1] [9]; with xi = 1 − 2Xi and



ON THE AARONSON–AMBAINIS CONJECTURE 69

f = 2p − 1 this gives f ∈ B2t(n). In this subsection t is the number of quantum queries and
T = dlog2(2ed)e keeps its meaning from Theorem 10.1, so T = dlog2(4et)e for d = 2t. Here ε
is the accuracy, δ the failure fraction, p the acceptance probability and τ a stopping time; the
ε = 1/(16ed), δ = 1/(128e2d2) and p = 2−T of Sections 10.1–10.8 do not appear. The reduc-
tion from influences to classical query algorithms is the greedy algorithm of [2, §3.1, proof of
Theorem 22 of the arXiv version]: while the restricted function has variance above a threshold,
query a variable whose influence exceeds the guaranteed lower bound (we take one of maximal
influence). We need it with explicit parameters; [24, Theorem 3.4] states a quantitative version
of the same reduction.
Lemma 10.28 (greedy reduction; [known [2, §3.1]; this quantitative form proved here, audited]).
Let d ≥ 1, f ∈ Bd(n), v0 > 0 and γ > 0, and suppose that MaxInf(h) ≥ γ for every restriction
h of f (any set of coordinates fixed to any values) with Varh > v0. Let δ ∈ (0, 1] and let N be
an integer with N ≥ 2I(f)/(δγ); since I(f) ≤ dVarf ≤ d, N = d2d/(δγ)e will do. Then there is
a deterministic adaptive classical algorithm that makes at most N queries to x ∈ {−1, 1}n and
outputs a number A(x) such that, for x uniform on {−1, 1}n,

Pr
x

[
|A(x)− f(x)| > a

]
≤ δ

2
+
v0
a2

for every a > 0.

Proof. Write fρ for the restriction of f by a partial assignment ρ. The algorithm keeps the
assignment ρk of the coordinates read so far, with ρ0 = ∅. At step k it stops if Varfρk ≤ v0 or
k = N , and outputs A(x) = Efρk , the mean over the unread coordinates. Otherwise it reads
a coordinate ik maximizing Infi(fρk), with ties broken by index, and extends ρk by the value
xik to ρk+1; since fρk is not constant, ik is unread. The choice of ik depends only on the values
already read, so the algorithm is a decision tree of depth at most N , determined by f .

For g ∈ Bd, a coordinate i and b ∈ {−1, 1}, let gi,b be the restriction xi = b. For S 63 i,
ĝi,b(S) = ĝ(S) + b ĝ(S ∪ {i}), so for j 6= i and b uniform

EbInfj(gi,b) =
∑

S∋j, S ̸∋i

(
ĝ(S)2 + ĝ(S ∪ {i})2

)
= Infj(g), hence EbI(gi,b) = I(g)− Infi(g).

Let x be uniform, let τ be the first k with Varfρk ≤ v0 (it exists, since Varfρ = 0 once every
coordinate is read), and put Φk = I(fρmin(k,τ,N)

). If k < min(τ,N), the bit xik is unread, hence
uniform and independent of ρk, and the identity gives E[Φk+1 | ρk] = Φk − MaxInf(fρk); if
k ≥ min(τ,N) then Φk+1 = Φk. Summing over k < N ,

E
∑

k<min(τ,N)

MaxInf(fρk) = Φ0 − EΦN ≤ I(f).

For k < τ we have Varfρk > v0, so each term is at least γ by hypothesis, and γ Emin(τ,N) ≤
I(f). By Markov’s inequality, Pr[τ > N ] ≤ Pr[min(τ,N) ≥ N ] ≤ I(f)/(γN) ≤ δ/2.

On the event τ ≤ N the output is Efρτ and Varfρτ ≤ v0. For a leaf ρ of the tree, the event
{ρτ = ρ} is the event that x agrees with ρ on the coordinates fixed by ρ, so given it the unread
coordinates are uniform, and Chebyshev’s inequality gives Pr[|f(x) − Efρ| > a | ρτ = ρ] ≤
Var(fρ)/a

2 ≤ v0/a
2. Averaging over the leaves and adding Pr[τ > N ] gives the claim. □

Corollary 10.29 (classical simulation of quantum query algorithms; [proved here from Theo-
rem 10.1, audited]). Let t ≥ 1, 0 < ε < 1

2 and 0 < δ ≤ 1, and put T = dlog2(4et)e. Let p(X) be
the acceptance probability of a quantum algorithm that makes t queries to X ∈ {0, 1}n. There
is a deterministic classical algorithm that makes at most N queries to X and outputs a number
within ε of p(X) for all but a δ fraction of the inputs X ∈ {0, 1}n, where

lnN ≤ ln
8t

δ
+ 6.6 ln

c2(2t)
8.76

2ε2δ
+ 1.30T

(
lnP2t + ln

1

2ε2δ
+ 6.4 ln(2t) + 23.2

)
,
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with lnP2t = 3.0 · 106 T 3 and c2 < 6.6 · 107 as in Theorem 10.1. In particular

lnN ≤ 3.91 · 106 T 4 + (1.30T + 6.6) ln
1

ε2δ
+ ln

1

δ
.

Hence, for t ≥ 3,

N ≤ 1

δ

( 1

ε2δ

)1.88 ln t+12.4
eO(log4 t) = exp

(
O
(
log4 t+ log t · log 1

εδ

))
,

and in particular N ≤ exp(O(L4)) with L = log(t/(εδ)).

Proof. By [9], p is a real multilinear polynomial in X of degree at most 2t with values in [0, 1] on
{0, 1}n. With xi = 1− 2Xi, the function f(x) = 2p(X)− 1 lies in Bd(n) for d = 2t ≥ 2, and so
does every restriction of f . Put v0 = 2ε2δ and let R(v) be the right-hand side of Theorem 10.1
for this d; it is decreasing in v. If h is a restriction of f with Varh > v0, Theorem 10.1 applied
to h gives ln(1/MaxInf(h)) ≤ R(Varh) ≤ R(v0). So the hypothesis of Lemma 10.28 holds with
γ = e−R(v0), and the lemma with N = d2d/(δγ)e = d4t/(δγ)e and a = 2ε gives an algorithm
with Prx[|A(x)− f(x)| > 2ε] ≤ δ/2+ v0/(4ε

2) = δ. The simulation outputs (1+A(x))/2, which
is within ε of p(X) whenever |A(x)− f(x)| ≤ 2ε; querying xi is querying Xi, and X is uniform
when x is.

Since 4t/(δγ) ≥ 1, N ≤ 8t/(δγ), so lnN ≤ ln(8t/δ) + R(v0), which is the first bound.
For the second, the expanded form of Theorem 10.1 gives R(v0) ≤ 3.9 · 106 T 4 + (1.30T +
6.6) ln(1/v0) + 8.4T ln d+ 30.2T + 57.9 ln d+ 119, and ln(1/v0) ≤ ln(1/(ε2δ)). Since 2T ≥ 2ed,
ln d ≤ T ln 2− ln(2e) < 0.7T − 1.69, so

ln(8t) + 8.4T ln d+ 30.2T + 57.9 ln d+ 119 = ln 4 + (8.4T + 58.9) ln d+ 30.2T + 119

< 5.9T 2 + 58T + 21,

which is less than 104 T 4 because T ≥ 4. Theorem 10.1 holds with the constant 3.0 · 106 for
every d ≥ 2, so both bounds hold for every t ≥ 1. Finally, T ≤ log2(4et)+1 gives 1.30T +6.6 ≤
1.30 log2 t+ 12.4 ≤ 1.88 ln t+ 12.4, and T = O(log t) for t ≥ 3. For the last form, log t ≤ L and
log t · log(1/(εδ)) ≤ L2, and L2 ≤ L4 since L > log 6 > 1. □
Remark 10.30 (what the reduction uses). (a) Lemma 10.28 uses the influence bound at a single
scale, the stopping threshold v0 = 2ε2δ, but for every restriction of f with variance above v0
that the tree can reach, not only for f . Theorem 10.1 holds on all of Bd, which is closed under
restrictions, and its bound is monotone in v, so its value at v0 serves at every node. No bound
below the stopping scale is used, and a bound for f alone, or for a random restriction of f ,
would not suffice.

(b) The statement concerns query complexity only. The tree is determined by p, and following
it requires the variances and influences of restrictions of p; as in [2], no bound on the running
time is claimed. The tree is adaptive.

(c) The ε and δ dependence enters only through the threshold v0 = 2ε2δ (Chebyshev at the
leaves) and the factor 1/δ (Markov for the depth). Since ln(1/MaxInf) in Theorem 10.1 grows
like (1.30T + 6.6) ln(1/v), the overhead is (ε2δ)−O(log t) rather than polynomial in 1/(εδ).

Remark 10.31 (comparison with known simulations). Under Conjecture 1.1 the same reduction
gives poly(t, 1/ε, 1/δ) queries [2, Theorem 22 of the arXiv version]; this folklore simulation
statement remains open, and Corollary 10.29 does not give it. Appendix M proposes a route to
it: the quantum OSSS inequality of Conjecture M.3, even with its constant 4t replaced by any
polynomial in t, would give Conjecture 1.1 for the biases 2p − 1 of quantum query algorithms,
and hence the polynomial simulation (Proposition M.12). For general t-query algorithms the
known bounds were exponential in t. The DFKO inequality gives MaxInf(f) > Var(f)2/(4Cd)
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for f ∈ Bd with an unspecified absolute constant C (Section 1), and Lemma 10.28 then gives
N = d4t C2t/(ε4δ3)e = 2O(t)/(ε4δ3) adaptive queries; [2, Corollary 25 of the arXiv version] gives
2O(t)/(ε4δ4) nonadaptive queries through the junta theorem [2, Theorem 9 of the arXiv version].
To our knowledge, Corollary 10.29 is the first simulation of general t-query algorithms with an
overhead subexponential in t, and its bound is quasi-polynomial in t/(εδ).

The improvement is asymptotic only. At t = 1 the leading term of the bound is 1.0 · 109.
The leading term 3.91 · 106 T 4 is below t ln 2 only for t ≥ 3.25 · 1013, and below 10t only for
t ≥ 1.46 · 1012. Since C is not explicit, the crossover with the DFKO route is not determined; it
is at about 3.3 · 1013 if C =

√
2 and about 1.5 · 1012 if C = e5, and it also requires log(1/(εδ))

to be small compared with t/ log t.
Polynomial simulations are known for restricted classes. By [4, Theorem 1.3], the functions

2p − 1 with p the acceptance probability of a t-query algorithm are exactly the functions x 7→
F ((x,1)) with F a form of degree 2t and completely bounded norm at most 1. For completely
bounded block-multilinear forms of degree d, [7, Theorem 1.3] gives MaxInf ≥ Var2/(e(d+1)4),
and [7, Corollary 1.7] gives a simulation with O(d5ε−8δ−5) queries, in its notation, for algorithms
that query each block of variables once, a class containing k-fold Forrelation. Further, [23,
Corollary 1.7] gives MaxInf ≥ Var2 for t-query algorithms whose output is homogeneous of degree
2t, and [24, Corollary 1.5] gives O(t2/(ε2δ)) nonadaptive queries for block-query algorithms.
General algorithms reduce to block form only on an exponentially small set of inputs [7, §4].

Bounds also depend on the number of rounds. For t-query algorithms with r rounds of adap-
tivity, [13, Theorem 1] gives 2O(r2)(t log(1/δ)/ε)O(r) queries, with an announced improvement to
tO(r), and [33] gives poly(t) for nonadaptive algorithms (Corollary M.17 gives d4t2/(ε4δ3)e) and
(rt/(ε

√
δ))O(4r) for r rounds [33, Theorem 1.8]. For fixed ε, δ, and up to unspecified constants,

the bound of [13, Theorem 1] is smaller than that of Corollary 10.29 for r up to about log2 t

(up to about log3 t with the announced tO(r)), and larger for more rounds, in particular for fully
adaptive algorithms.

Bhattacharya proved the conjecture for random restrictions [12, Theorems 6.3–6.4]: at rate
log d/(Cd) the restricted function is, with high probability, close to a junta on influential coor-
dinates. This controls a random restriction, not every restriction along a query path, so it does
not give the hypothesis of Lemma 10.28.

11. Random priming at rate 1/d, a one-shot conditional theorem, and the
regular core

Section 9 studies the new spikes of one rate-12 restriction inside the chain of Theorem 8.4,
and Section 10 bounds their mass with a quasi-polynomial prefactor, which gives Theorem 10.1.
This section follows the other route: a single restriction at rate p = 1/d, at one threshold
θ0 = (Varf/d)O(1), so that every loss is paid once. Spike forcing (Lemma 11.1) shows that
at this threshold a definite part of the variance is always carried by spikes of the restricted
function, and random priming (Lemma 9.6) turns every family of primable spikes into large
real block sensitivity; together they give a polynomial bound whenever the forced spikes can
be primed. Theorem 11.5 carries this out in three forms (capture, amplification and bounded
delayed activation) with explicit polynomial exponents, and Corollary 11.7 gives classes for
which the hypotheses hold structurally. As reductions of the conjecture the hypotheses are
circular (Remark 9.34 and Remark 11.6). Sections 11.4 and 11.5 locate what is left, the regular
core: at a heavy spike whose derivative is relatively regular every admissible exploration is
empty, priming on small fixed sets gives nothing (Proposition 11.13), and products of nearly
Boolean functions of lower degree are hard instances whenever the conjecture fails at that degree
(Remark 11.14). The gap becomes the anti-spike inequality of Question 11.11, which implies the
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conjecture (Proposition 11.12) and follows from the large-jump bound (LJ) of Definition J.16.
Nothing in this section proves Conjecture 1.1.

Tools. The section uses the following results of Section 9 and Appendix J, all [proved here,
audited] except Lemma 9.3 ([known]), with their proofs given there. For g : Qn → R, a coordinate
j, a set A 63 j and a ∈ {−1, 1}A, qj(A, a) = E[(djg)2 | xA = a] and πj(A, a) = Ea′‖djg(a, ·) −
djg(a

′, ·)‖1 are as in Section 9.2.
• Priming and conversion (Lemmas 9.5 and 9.3). If A1, . . . , Am are pairwise disjoint, ji /∈ Ai

and ai ∈ {−1, 1}Ai , then
∑

i πji(Ai, ai) ≤ 2 rbs(g), where rbs is the real block sensitivity
of Definition 7.6. For g ∈ Bd, rbs(g) ≤ d2 is known (Lemma 9.3); the elementary bound
rbs(g) ≤ 4d2 noted in its second proof needs no citation and gives the form 2 rbs(g) ≤ 8d2

used below. If qj(A, a) ≥ 4Infj(g), then πj(A, a) ≥ qj(A, a)/8.
• Random priming, subset form (Lemma 9.6). Let MaxInf(g) < θ/L, let νj be laws of pairs
(A, a) with j /∈ A and |A| ≤ s, and let µj ≥ 0. If, for a set N ′ of coordinates, (P1)∑

j∈N ′ Infj(g)Eνjπj ≥ γθ
∑

j∈N ′ µj and (P2)
∑

j∈N ′ Infj(g)νj(u ∈ A) ≤ λInfu(g) for every
u, then

∑
j∈N ′ µj ≤ 4(λ + 1)(s + 1) 2 rbs(g)/(γL). The numbers µj enter the proof only

through (P1), so they may be the spike masses of any restriction, and the sets A may contain
coordinates of any kind.

• The Load Lemma (Lemmas 9.13 and J.10, Corollaries J.11 and J.12). Let ϕ have Eϕ2 > 0, and
consider its size-biased law and an adaptive revelation strategy whose coins are independent
of x. The relative influence RIu is a martingale until u is revealed, and at the revelation time
Ẽ[RIu(ρu)] = Infu(ϕ)/Eϕ2. Hence RIu reaches β before u is revealed with probability at most
Infu(ϕ)/(βEϕ2), the expected number of reveals at relative influence at least β is at most
deg ϕ/β, and a reveal at bias |cu| ≥ τ has probability at most 4Infu(ϕ)/(τ

2Eϕ2). For h ∈ Bd
the weighted loads satisfy

∑
j IjP̃rj(·) ≤ ((d− 1)/β)Infu(h), and (4(d− 1)/τ2)Infu(h) for bias

thresholds.
• RL1 (Theorem J.1, proved in Appendix J.1, and Corollary J.3). Let ϕ : Qn → [−1, 1] have

degree at most k and M = Eϕ2 > 0. For a unit vector a with maxi |ai| ≤ η and ε∗ = e3k4η2 ≤
1
2 , the size-biased mean µ = Ẽ〈a, y〉 satisfies µ2 ≤ 10e ln(e/M)/ ln(1/ε∗). In the form used
below: if 0 < τ ≤ 1/(2e3k4), the biases cu of the size-biased law satisfy∑

u: |cu|<τ

c2u ≤ max{τ, κ ln(e/M)}, κ =
10e

ln(1/τ)− 3− 4 ln k
.

11.1. Setting and spike forcing. Fix d ≥ 2 and f ∈ Bd with V = Varf > 0, and let p = 1/d.
Write ϕj = djf and Ij = Infj(f) = Eϕ2j , so that

∑
j Ij ≤ dV . Every coordinate u carries a clock

tu ∼ U [0, 1]; the clocks are i.i.d. and independent of x. The fixed set is F = {u : tu ≤ 1 − p}
and the alive set is A = F c, so each coordinate is alive independently with probability p, and
σ = (F, xF ) is the rate-p restriction, with restricted function fσ. Put Qj = E[ϕ2j | xF ], which
equals Infj(fσ) when j ∈ A. As in Section 9.1, P̃rj is the size-biased law of ϕj : x has density
ϕ2j/Ij with respect to the uniform measure, and the clocks are independent of x; Ẽj is its
expectation. Since ϕj does not depend on xj ,

(4) E
[
Qj1E

]
= Ij P̃rj(E)

for every event E determined by (tu, xu1[u ∈ F ])u ̸=j and by coins independent of x, the left
side being taken under the uniform measure. The quantities N(ρ), RIu(ρ) and cu are as in
Section 9.1: revealing u at ρ multiplies the height N by 1 + cuxu, the P̃rj-law of xu given ρ is
(1± cu)/2, and c2u ≤ 4RIu(ρ).
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Parameters. Throughout,

(5)
k0 = dlog2(8d)e+ 1, θ0 =

( pV

16d2 3k0

)2
, p0 =

1

4d
,

τ = θ200 , β =
τ2

4
, λ =

2(d− 1)

β
, s =

⌊64d(d− 1)

β

⌋
.

The threshold θ0 has the form of the one in Remark 9.34, with the level k0 adapted to p = 1/d,
and p0 is not the p0 of Section 9.6. Since k0 ≥ 5, 2k0+2 ≥ 64d and 3k0 ≤ 243 dlog2 3, we have
3888d3 ≤ 16d33k0 ≤ 3888d4.585 ≤ d16.59, and therefore

(6)
(V
d

)34
≤ θ0 ≤

d−6

38882
, ln

1

τ
≥ 120 ln d+330, (λ+1)(s+1) ≤ 128d3

β2
= 2048 d3θ−800 .

Put κ = 10e/(ln(1/τ) − 3 − 4 ln(d − 1)) and κd = 2κ ln d. The denominator of κ is at least
116 ln d + 327, so κd ≤ 20e/116 < 1

2 ; and τ ≤ 1/(2e3(d − 1)4), so the displayed form of RL1
applies with k = d− 1 to every restriction of every ϕj .

Spikes. A coordinate j is a spike of σ if j ∈ A and Qj ≥ θ0. Write spj = {Qj ≥ θ0}. Since
1[j ∈ A] is independent of everything else, (4) gives the spike mass

µj = Eσ
[
Qj1[j ∈ A, Qj ≥ θ0]

]
= pIj P̃rj(spj).

The heavy spikes are the coordinates in N = {j : P̃rj(spj) ≥ p0}. If MaxInf(f) < θ0/L with
L ≥ 1, every spike is new in the sense of Section 9.1: its influence is multiplied by more than L.

Lemma 11.1 (spike forcing at rate 1/d; [proved here, audited]). (a) EσUθ0(fσ) < pV/2. (b)∑
j µj > pV/2. (c)

∑
j∈N µj > pV/4.

Proof. (a) Fix σ, let J = Jθ0(fσ) and u′ = E[fσ | xJc ]. Then u′ ∈ Bd, MaxInf(u′) < θ0 and
Uθ0(fσ) = Varu′ (Lemma 8.1(a)). Corollary 3.3 with k = k0 gives W [1,k0+1](u′) < 4d23k0θ

1/2
0 =

pV/4. The Fourier support of u′ lies in that of fσ, so W≥k0+2(u′) ≤ W≥k0+2(fσ), and by the
formula in Lemma 8.1(e), EσW≥k0+2(fσ) =

∑
S f̂(S)

2 Pr[|S∩A| ≥ k0+2]. Since Pr[Bin(m, p) ≥
r] ≤ (mp)r/r! andmp ≤ dp = 1 form ≤ d, this is at most V/(k0+2)! ≤ V 2−k0−2 ≤ pV/64. Hence
EσUθ0(fσ) < pV/4+pV/64. (b) By Lemma 8.1(b), Varfσ−Uθ0(fσ) ≤ Sθ0(fσ) =

∑
j∈AQj1[Qj ≥

θ0], whose expectation is
∑

j µj , and EσVarfσ ≥ pV by Lemma 8.1(e). Now use (a). (c) For
j /∈ N , µj < pp0Ij , so these coordinates carry less than pp0dV = pV/4. □

Remark 9.34 states spike forcing for p ≤ 1/(2ed), through the base case of Lemma 8.3; at p =
1/d the high-degree tail is controlled by dp = 1 and the level k0, as above. If MaxInf(f) < θ0/L,
the heavy spikes carry more than a quarter of the forced mass and all of them are new; the rest
of the section asks when they can be primed.

11.2. Admissible explorations and the small-bias tail. For each j let Hj = {u 6= j :
Infu(ϕj) ≥ βIj}. Since

∑
u Infu(ϕj) ≤ (d− 1)Ij , |Hj | ≤ (d− 1)/β.

Definition 11.2 (admissible exploration). An admissible exploration for j is a sequential pro-
cedure, run under P̃rj , that queries coordinates u 6= j one at a time; the next query, and the
decision to stop, depend only on the observations so far and on coins independent of x and
of the clocks. A query of u observes 1[u ∈ F ] and, if u ∈ F , the value xu, and nothing else
about the clocks: the exploration is membership-blind. An unqueried coordinate may be queried
only if u ∈ Hj or u is β-large, that is, RIu ≥ β at the time of the query, computed from the
values revealed so far. The output is the queried set B and the data zB = (B ∩ F, xB∩F ), with
height qj(zB) = E[ϕ2j | xB∩F ]. The truncation Btr stops after s queries. The relative-influence
exploration B0 queries the smallest unqueried u with RIu ≥ β, as long as one exists.
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When B0 stops, every unqueried coordinate has RIu < β, hence bias |cu| < 2
√
β = τ . Queried

alive coordinates are not revealed, so the restricted function need not be β-regular in them; it
is β-regular when no query hits an alive coordinate. A bias trigger at level τ , which queries u
when |cu| ≥ τ , is admissible, since |cu| ≥ τ forces RIu ≥ τ2/4 = β.
Lemma 11.3 (loads and sizes; [proved here, audited]). For every family of admissible explo-
rations Bj and every u: (a) P̃rj(u ∈ Bj) ≤ 2Infu(ϕj)/(βIj) for u 6= j, hence Ẽj |Bj | ≤ 2(d−1)/β;
(b)

∑
j IjP̃rj(u ∈ Bj) ≤ λInfu(f); (c) P̃rj(B

tr
j 6= Bj) ≤ p0/8, and (a) and (b) hold for Btr

j .

Proof. The memberships 1[u ∈ F ] are coins independent of x, so an admissible exploration is
an adaptive revelation strategy in the sense of Lemma 9.13, in which a queried alive coordinate
is never revealed. (a) If u ∈ Hj , then 1 ≤ Infu(ϕj)/(βIj). Otherwise u is queried only if RIu
reaches β before u is revealed, which has probability at most Infu(ϕj)/(βIj) by the Load Lemma.
Sum over u, using

∑
u Infu(ϕj) ≤ (d − 1)Ij . (b) Multiply (a) by Ij and sum over j 6= u, using∑

j ̸=u Infu(djf) =
∑

S∋u(|S| − 1)f̂(S)2 ≤ (d − 1)Infu(f). (c) Btr
j 6= Bj only if |Bj | ≥ s + 1, so

Markov’s inequality and (a) give P̃rj(B
tr
j 6= Bj) ≤ 2(d − 1)/(β(s + 1)) ≤ 1/(32d) = p0/8; and

Btr
j ⊆ Bj . □
The second stage. Condition on the data D of an admissible exploration for j: the queried set,

the memberships of the queried coordinates, and the revealed values z = xB∩F . The exploration
reads x only on B ∩ F and its other inputs are independent of x, so the conditional law of
the unrevealed values is the size-biased law of ϕj(z, ·), of height q = qj(zB); and the clocks
of the unqueried coordinates are still i.i.d. U [0, 1] and independent of x and D. Reveal each
unqueried u ∈ F at time tu. Given the past at time t, each unrevealed unqueried coordinate
is revealed at hazard rate 1/(1 − t), and

∫ 1−p
0 dt/(1 − t) = ln d; the queried alive coordinates

are never revealed. The final height is Qj , and ln(Qj/q) =
∑

k ln(1 + ckxvk), where vk is
the k-th revealed coordinate and ck its bias just before. A reveal is large if |ck| ≥ τ , and
N lg denotes the number of large reveals; each contributes at most ln 2. By the Load Lemma,
Ẽj [N lg | D] ≤ 4(d − 1)/τ2 = (d − 1)/β, which is polynomial in d/V ; but each large reveal may
double the height, so this alone gives only q ≥ θ0 exp(−poly(d/V )) on the spike. The small
reveals are controlled by RL1.
Lemma 11.4 (the small-bias tail at rate 1/d; [proved here, audited]). Fix the data D of an
admissible exploration for j, with height q > 0, and let δ, y > 0. With conditional P̃rj-probability
at least 1− δ − e−y,

ln
Qj
q

≤ N lg ln 2 + 2τ ln d+ κd ln
e

δq
+ 2y.

Proof. Let Nt be the height at time t and σδ the first time at which Nt < δq. On the revealed
values the density of the conditional law with respect to the uniform measure is Nt/q, so P̃rj(σδ ≤
1 − p | D) ≤ δ, as in step (ii) of the proof of Theorem J.14; stop all processes at σδ. The large
reveals contribute at most N lg ln 2. The small reveals contribute W =W c +M , where

W c =

∫ 1−p

0

∑
u

h(cu(t))
dt

1− t
, h(c) =

∑
m≥1

c2m

(2m− 1)2m
= E ln(1 + cxu) (xu ∼ (1± c)/2),

the sum running over the unrevealed unqueried u with |cu(t)| < τ , is the compensator, and
M is a martingale. Since | ln(1 ± c)| ≤ 2|c| and E ln2(1 + cxu) ≤ c2 for |c| ≤ 1

2 , the jumps
of M are at most 2τ ≤ 1

2 in absolute value and its predictable quadratic variation is at most
v =

∫ 1−p
0

∑
u cu(t)

2 dt/(1−t), with the same range of summation. Before σδ, RL1 with k = d−1,
applied to the restricted function of height Nt ≥ δq, gives

∑
|cu(t)|<τ cu(t)

2 ≤ τ + κ ln(e/(δq)),
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the sum over all unrevealed coordinates. As h(c) ≤ (ln 2)c2, this gives W c ≤ (ln 2)v ≤ v ≤ v0 :=
ln d (τ + κ ln(e/(δq))). Freedman’s inequality [20], in its standard form for martingales with
jumps at most 1

2 , gives P̃r(M ≥ z, 〈M〉 ≤ v0) ≤ exp(−z2/(2v0 + z)), and with z = v0 + 2y the
exponent is (v0+2y)2/(3v0+2y) ≥ y. So, with probability at least 1− δ− e−y, W ≤ 2v0+2y =
2τ ln d+ κd ln(e/(δq)) + 2y. □
11.3. The conditional theorem and the covered classes. For each j fix an admissible
exploration Bj , for instance B0, and write qj = qj(zBj ) and N lg

j for the number of large reveals
of the second stage.

Theorem 11.5 (one-shot conditional theorem; [proved here, audited]). Let f ∈ Bd, d ≥ 2,
V = Varf > 0, m ∈ (0, 1] and C0 ≥ 0.

(i) Capture. If P̃rj(qj ≥ m | spj) ≥ 5
8 for every j ∈ N , then MaxInf(f) ≥ θ0/Lcap, where

Lcap = 222d5θ−790 /(mV ); in particular MaxInf(f) ≥ (V/d)2747m.
(ii) Amplification. If Ẽj [ln(Qj/qj) | spj ] ≤ C0 ln(d/V ) for every j ∈ N , then MaxInf(f) ≥

(V/d)2825+8C0.
(iii) Bounded delayed activation. If P̃rj(N lg

j ≤ C0 log2(d/V ) | spj) ≥ 3
4 for every j ∈ N , then

MaxInf(f) ≥ (V/d)2855+2C0.
Parts (i) and (ii) do not use RL1.

Proof. (i) Suppose that MaxInf(f) < θ0/Lcap; then Ij < m/4 for every j. Let νj be the P̃rj-law of
(Btr

j ∩F, xBtr
j ∩F ), a law of pairs (A, a) with |A| ≤ s. For j ∈ N , the event spj∩{qj ≥ m}∩{Btr

j =

Bj} has probability at least (58 −
1
8)P̃rj(spj), by Lemma 11.3(c) and P̃rj(spj) ≥ p0, and on it the

conversion gives πj ≥ qj/8 ≥ m/8. Hence IjEνjπj ≥ m
16IjP̃rj(spj) = mµj/(16p), which is (P1)

on N ′ = N with θ = θ0 and γ = m/(16pθ0). (P2) holds with λ by Lemma 11.3(b),(c). Random
priming with L = Lcap, 2 rbs(f) ≤ 8d2 and (6) gives∑

j∈N
µj ≤ 4 · 2048d3θ−800 · 8d2 · 16pθ0

mLcap
=

220pd5θ−790

mLcap
=

pV

4
,

contradicting Lemma 11.1(c). Finally θ0/Lcap = 2−22d−5θ800 mV ≥ (V/d)2747m by (6), since
2−22d−5V ≥ (V/d)27.

(ii) It suffices to verify the hypothesis of (i) with m = (V/d)78+8C0 . Fix j ∈ N , let δ′ = p0/8
and Y = ln(Qj/qj) + ln(1/δ′). Given the exploration data and the clocks, the density of the
second-stage values with respect to the uniform measure is Qj/qj , so Ẽj [qj/Qj | D, clocks] ≤ 1

and P̃rj(Y < −y) ≤ δ′e−y for y ≥ 0. Hence Ẽj [Y− | spj ] ≤ δ′/p0 = 1
8 and Ẽj [Y+ | spj ] ≤

C0 ln(d/V ) + ln(1/δ′) + 1
8 . By Markov’s inequality, with conditional probability at least 7

8 ,
ln(Qj/qj) ≤ 8C0 ln(d/V ) + 7 ln(32d) + 1; on spj this gives qj ≥ θ0e

−1(32d)−7(V/d)8C0 ≥
(V/d)78+8C0 , since (32d)7 ≤ d42 and e ≤ d2.

(iii) It suffices to verify the hypothesis of (i) with m = (V/d)108+2C0 . Fix j ∈ N and apply
Lemma 11.4 with δ = e−y = p0/16. Its exceptional event has conditional probability at most
(p0/8)/p0 = 1

8 given spj , so with conditional probability at least 5
8 the spike occurs, N lg

j ln 2 ≤
C0 ln(d/V ), and

ln
1

qj
≤ ln

1

θ0
+ C0 ln

d

V
+ 2τ ln d+ κd

(
1 + ln

1

δ
+ ln

1

qj

)
+ 2y.

With κd <
1
2 , 2τ ln d ≤ 1, ln(1/θ0) ≤ 34 ln(d/V ) and ln(1/δ) = y = ln(64d) ≤ 7 ln(d/V ), this

gives ln(1/qj) ≤ (107.4 + 2C0) ln(d/V ). □
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Remark 11.6 (what the theorem gives; [proved here, audited]). (a) For a single f , each hypothesis
implies the bound; the converse is not claimed.

(b) Call f deficient if MaxInf(f) < θ0/Lcap. Quantified over the deficient f , each hypothesis is
equivalent to the conclusion; quantified over all f , it is at least as strong. Indeed, if f is deficient,
the proof of (i), applied to the set N ′ ⊆ N of heavy spikes at which the capture hypothesis holds,
gives

∑
j∈N ′ µj ≤ pV/4 (and ≤ pV/8 if MaxInf(f) < θ0/(2Lcap)), while

∑
j∈N µj > pV/4. So the

hypothesis fails at some heavy spike of every deficient f , and the statement that it holds for every
deficient f is equivalent to the statement that no deficient f exists, that is, to the conclusion for
all f . The same holds for (ii) and (iii), with m = (V/d)78+8C0 and m = (V/d)108+2C0 in Lcap.
This is the circularity of Remark 9.34: the one-shot theorems are valid implications, but not
reductions of the conjecture.

(c) The hypotheses carry information only at spikes where explorations find something. At a
heavy spike j with Infu(ϕj) < βIj for every u, no coordinate may be queried, every admissible
exploration is empty, and qj = Ij ; each hypothesis then forces Ij ≥ poly(V/d), that is, it asserts
that j itself is polynomially influential. What survives is the localization of the difficulty to heavy
spikes with relatively regular derivatives (Sections 11.4 and 11.5), and the structural classes of
Corollary 11.7.

Corollary 11.7 (covered classes; [proved here, audited]). Let f ∈ Bd, d ≥ 2 and V = Varf > 0.
(a) Heavy juntas. If, for every j ∈ N , the derivative ϕj depends only on xHj , then

MaxInf(f) ≥ (V/d)2825.
(b) The class G. Suppose that, for every j ∈ N , there are a set R 63 j and, for each r ∈

{−1, 1}R, disjoint sets Dr and Zr, disjoint from R∪{j}, with ϕj(r, ·) = ψr(xDr)χr(xZr),
such that R∪

⋃
rDr ⊆ Hj and, for every r and every restriction of χr to part of Zr, each

unassigned coordinate of Zr has bias less than τ in absolute value under the size-biased
law of the restricted χr. Then MaxInf(f) ≥ (V/d)2855.

Proof. (a) Query Hj . This is admissible, |Hj | ≤ (d − 1)/β ≤ s, and qj = E[ϕ2j | xHj∩F ] = Qj
identically, so Theorem 11.5(ii) applies with C0 = 0. (b) Query R, and then Dr for every r
that agrees with the revealed values on R ∩ F ; all queries lie in Hj . At every later time the
conditional law of the unrevealed values is a mixture, over the compatible r, of the size-biased
laws of the restrictions of ϕj(r, ·), and each component is the product of a law on Dr, the size-
biased law of a restriction of χr on Zr, and the uniform law elsewhere. A coordinate revealed
in the second stage lies in no queried set, so in each component its bias is 0 or less than τ in
absolute value, and its bias under the mixture is a convex combination of these. Hence N lg

j = 0,
and Theorem 11.5(iii) applies with C0 = 0. □

Examples. For a product ϕ =
∏
i gi on disjoint blocks, Infu(ϕ)/Eϕ2 = Infu(gi)/Eg2i for u

in the i-th block. A parity gate 1
2(1 + xuxv) has ratio 1

2 and 1[Maj3 = 1] has ratio 1
4 , so

derivatives that are products of such gates, for instance AND ◦ Maj3, are heavy juntas. A
spread gate ϕ = α

M

∑
i≤M 1[xDi = b(i)], with disjoint blocks Di of width w, ϖ = 2−w and

(M − 1)ϖ ≤ 1, has Eϕ2 = α2

Mϖ(1 + (M − 1)ϖ) and Infu(ϕ) = α2ϖ/(2M2) for u in a block, so
its ratio is at least 1/(4M), and it is a heavy junta when M ≤ θ−400 . [Proof outline, unaudited:]
if MaxInf(f) < θ0/L with L ≥ 480d, a fourth-moment bound on the number of matched blocks
gives P̃rj(spj) ≤ 30α2/(θ0M

2) + 60/L, so a heavy spike of this form has M ≤ 16
√
d/θ0 ≤ θ−20 ,

and the size condition is automatic. Members of G include exclusive selectors ϕj(r, ·) = ψr(xDr)
with R and all Dr in Hj , and, [proved here, unaudited], products ψ(xD)

∏
u∈Z(1+auxu)/(1+|au|)

with D ⊆ Hj , Z disjoint from D ∪ {j} and |au| < τ/2, since the bias of xu is 2au/(1 + a2u) in
every restriction.
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11.4. Why bias triggers fail, and the limits of the rate-12 chain. A bias trigger at level
τ is admissible, and Lemma 11.4 controls the biases below τ . Two families show that bias-
triggered exploration nevertheless fails, at rate 1/d and at rate 1

2 , while the relative-influence
trigger captures both. In each, the coordinates that make the spike have small or zero bias until
other coordinates are revealed, although their relative influence is large from the start.

Proposition 11.8 (address functions; [proved here, audited]). Let k,w ≥ 1 with k + w ≤
d − 1. Take selectors y ∈ {−1, 1}k, disjoint blocks Db of w coordinates for b ∈ {−1, 1}k,
ϕ =

∏
u∈Dy

1
2(1 + xu) and f = xjϕ, so that f ∈ Bd and ϕj = ϕ.

(a) Eϕ2 = 2−w. Under P̃rj each selector has bias 0 and relative influence 1
2(1 − 2−w), and

each block coordinate has bias 2−k and relative influence 2−k−1.
(b) At rate 1/d, P̃rj(Qj = 1) ≥ (1− 1/d)k+w ≥ 1/e.
(c) If τ > 2−k, the bias-triggered exploration at level τ is empty, so qj = 2−w, and on

{Qj = 1} the second stage multiplies the height by 2w.
(d) Order the coordinates with the selectors first. If β ≤ 1

2(1 − 2−w), the relative-influence
exploration B0 queries every selector before any other coordinate; on the event that all
selectors are fixed it then queries exactly Dy, and qj(zB0) = Qj.

Proof. ϕ ∈ {0, 1}, and under P̃rj the selector value y is uniform, xDy = 1, and the other
blocks are uniform. For a selector yi, (dyiϕ)2 = 1

4(1[xDyi→1 = 1] − 1[xDyi→−1 = 1])2 has mean
1
22
−w(1 − 2−w); a coordinate u ∈ Db has Infu(ϕ) = 2−k2−w/2, and under P̃rj it equals 1 when

its block is selected, which has probability 2−k, and is uniform otherwise. This gives (a). For
(b), Qj = 1 once all selectors and all of Dy are fixed. (c) follows from (a). For (d), revealing
selectors leaves an address function with fewer selectors, in which the remaining selectors still
have relative influence 1

2(1 − 2−w) ≥ β, so B0 takes them first; once all selectors are revealed,
ϕ = 1[xDy = 1], whose coordinates have relative influence 1

2 in every restriction, while all other
coordinates have relative influence 0. □

The address function is not claimed to be covered by Corollary 11.7: when some selectors are
alive, several blocks stay active. At rate 1

2 the same mechanism refutes the delayed-activation
hypothesis that the chain of Section 9 would need. For L ≥ 1, τ ′ ∈ (0, 1] and p∗ ∈ (0, 1],
let NA(L, τ ′, p∗) be the statement: for every θ, every h ∈ Bd that is old-free capped at (θ, L)

(Definition 9.16) and every j with P̃rj(Qj ≥ θ) ≥ p∗, where Qj and P̃rj refer to the rate-12
restriction, after the bias-triggered exploration at level τ ′ the second stage reveals a coordinate
of bias at least τ ′ in absolute value with P̃rj-probability at most p∗/6.

Proposition 11.9 (parity gates; [proved here, audited]). Let L ≥ 2 and 16(1 + log2 L) ≤ m ≤
(d − 1)/2. Let ϕm =

∏
i≤m

1
2(1 + xuixvi), let h∗ ∈ Bd depend only on coordinates other than

j, ui, vi, with MaxInf(h∗) < 21−m and Var(h∗)2 ≥ 288dL2−m, and put h = 1
2(xjϕm + h∗) and

θ = L2−m−1. At rate 1
2 :

(a) h ∈ Bd is old-free capped at (θ, L), and P̃rj(Qj ≥ θ) ≥ 0.89.
(b) The bias of a gate coordinate is 0 until its partner is revealed and ±1 afterwards. So the

bias-triggered exploration is empty, every spike path reveals a coordinate of bias ±1, and
NA(L, τ ′, p∗) fails for all τ ′ ≤ 1 and p∗ ≤ 0.89.

(c) Every unrevealed gate coordinate has relative influence 1
2 at every stage, so a relative-

influence exploration at any β ≤ 1
2 queries exactly the gate coordinates, and qj(zB) = Qj.

Consequently, if NA(L, τ ′, p∗) held for some τ ′ ≤ 1 and p∗ ≤ 0.89, then every h∗ ∈ Bd would
satisfy MaxInf(h∗) ≥ µ1 := min{(2L)−16,Var(h∗)2/(288dL)} whenever µ1 ≥ 2−(d−3)/2.
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Proof. Here Ij = 1
4Eϕ

2
m = 2−m/4, a gate coordinate has influence 2−m/8, and the other

coordinates have influence Inf(h∗)/4 < θ/L, so MaxInf(h) < θ/L = 2−m−1; and Varh =
1
4(2
−m + Varh∗), so θ ≤ Var(h)2/(36d). Under P̃rj every gate is satisfied and Qj = 1

42
N−m,

where N ∼ Bin(m, 14) counts the gates with both coordinates fixed; the spike is {N ≥ 1+log2 L},
and since m ≥ 32 the Chernoff bound gives Pr[N < m/16] ≤ e−9m/128 ≤ e−2.25 < 0.11.
This proves (a). For (b), xui = xvi under P̃rj , and xvi is uniform until it is revealed. For
(c), (duiϕm)

2 = 1
4

∏
i′ ̸=i

1
2(1 + xui′xvi′ ), and the conditional mean of 1

2(1 + xuixvi) is 1
2 while

ui is unrevealed. For the consequence, if MaxInf(h∗) < µ1, take m = dlog2(1/µ1)e: then
16(1+log2 L) ≤ m ≤ (d−1)/2, MaxInf(h∗) < µ1 < 21−m and Var(h∗)2 ≥ 288dLµ1 ≥ 288dL2−m,
so (b) contradicts NA(L, τ ′, p∗). □

So bias-triggered no-activation at the polynomial losses of the chain is at least as hard as a
polynomial bound for every h∗ in this range, and the obstruction is local: one block of parity
gates attached to an arbitrary function. Both families are captured by the relative-influence
trigger, which is why Definition 11.2 triggers on relative influence.

Remark 11.10 (the rate-12 chain and spread gates). (a) [Proved here.] The chain of Theorem 8.4,
with a uniform loss or with a loss Pθ−c per step, gives no polynomial bound. For a uniform loss
L: since TT fails for L ≤ d1−o(1) (Theorem I.4 and Corollary I.6), each of its T = dlog2(2ed)e
steps divides the threshold by at least d1−o(1), so the bound it yields is at most θTd−(1−o(1))T =
d−Ω(log d). A loss Pθ−c per step, with P ≥ 1, multiplies log(1/θ) by at least 1 + c at each step,
which compounds to (1+c)T = Θ(dlog2(1+c)), as in the proof of Proposition 9.17; since the chain
starts from θT ≤ (V/d)2, the bound is no better than exp(−Ω(dlog2(1+c) log(d/V ))), which beats
Var(f)2e−O(d) only when c < 1 and log(1/V ) = o(d1−log2(1+c)). Theorem 10.1 is this chain at
c = 1/(2T ), where (1 + c)T ≤ e1/2, with a quasi-polynomial prefactor (Lemma 10.2); it gives
(Varf/d)O(log d) exp(−O(log4 d)). The one-shot route pays its loss once.

(b) [Heuristic.] For spread gates M−1
∑

i≤M
∏
u∈Di

1
2(1 + xu) of width w with M2−w ≤ 1,

after k reveals in the active block the next bias is about 2k/(M + 2k) and the next relative
influence about 1

2 · 2k/(M + 2k). The bias trigger fires after about log2(τM) reveals, and the
relative-influence trigger after about log2(τ2M). The defect ln(Q/q(zB)), minus the small-jump
price, is ln(τM) + O(1), respectively ln(τ2M) + O(1), when τM2 ≲ 2w/2, and it saturates to
O(1) for M ≳ 2w/2. At M ≈ 2w/4τ−1/2, with w = d− 1 and τ = d−O(1), the bias-trigger defect
is w

4 ln 2− 1
2 ln(1/τ)−O(1) = Θ(d). [Numerical:] for the bias trigger, the mean of ln(Q/q(zB)) is

1.91, 3.14, 3.94, 5.44, against ln(τM/(1−τ)) = 1.96, 3.35, 3.99, 5.37, for (M,w, τ ) = (64, 24, 0.1),
(256, 32, 0.1), (1024, 40, 0.05), (4096, 48, 0.05). In the chain these gates are handled by mass
accounting, through the matched-block law of Section 9.6; at rate 1/d they are heavy juntas
when M ≤ θ−400 (Corollary 11.7).

11.5. The regular core and the remaining gap. By Remark 11.6(c) the difficulty sits at
heavy spikes whose derivatives are relatively regular. A condition that is not circular must
therefore hold uniformly over all regular bounded functions, not only over the derivatives of one
given f .

Question 11.11 (the anti-spike inequality ASR(C ′, C ′′); [open]). Is it true that for all d ≥ 2,
all 0 < θ ≤ (16d3)−2 and every ψ : Qn → [−1, 1] of degree at most d with q = Eψ2 ≤ (θ/d)C

′′

and Infu(ψ) ≤ (θ/d)C
′
q for every u,

P̃rψ
(
E[ψ2 | xF ] ≥ θ

)
≤ 1

32d
,
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where P̃rψ = (ψ2/q) ·U and F contains each coordinate independently with probability 1− 1/d,
independently of x?

Proposition 11.12 (ASR implies the conjecture; [proved here; the reduction is audited, the
constants are not]). If ASR(C ′, C ′′) holds, then every f ∈ Bd with V = Varf > 0 satisfies

MaxInf(f) ≥ V

212992 d5

( θ0
2d

)2C′+C′′

≥
(V
d

)23+72C′+36C′′

.

Proof. Let β′ = (θ0/(2d))
C′ , m = (θ0/(2d))

C′′ , s′ = d64d2/β′e and L = 212992 d5θ0/(β
′2mV ),

and suppose that MaxInf(f) < θ0/L; then Ij < m/4 for all j. For j ∈ N , run the relative-
influence exploration at threshold β′ on the full cube under P̃rj , independently of the clocks: it
reveals xu for every queried u, fixed or alive, and it is truncated after s′ queries. Revealing only
fixed coordinates would not suffice, since alive coordinates could then never be revealed and
could keep relative influence about 1

2 . Let (B, xB) be the output, qB = E[ϕ2j | xB], E0 the event
that the exploration stops before the truncation, and E1 = {qB ≥ m}. By the Load Lemma,
P̃rj(E

c
0) ≤ (d− 1)/(β′(s′ + 1)) ≤ p0/16. On E0 the restriction ϕj(xB, ·) is β′-regular, and given

(B, xB) the set F \ B is a fresh subset of Bc of rate 1 − p. Put Q′ = E[ϕ2j | xB, xF\B], so that
E[Q′ | F, xF ] = Qj under the uniform measure, and Sj = E[Qj1[spj ]] = IjP̃rj(spj). Then

Sj = E[Q′1[spj ]] ≤ E[Q′1Ec
0
] + E[Q′1E0∩E1 ] + E[Q′1[Q′ ≥ θ0/2]1E0\E1

] + 1
2Sj ,

because E[Q′1[Q′ < θ0/2]1[spj ]] ≤ θ0
2 Pr[spj ] ≤ 1

2Sj . The first two terms are IjP̃rj(E
c
0) ≤

Ijp0/16 and IjP̃rj(E0 ∩ E1). On E0 \ E1 the function ϕj(xB, ·) has degree at most d − 1,
height below m = ((θ0/2)/d)

C′′ and relative influences at most β′ = ((θ0/2)/d)
C′ , so ASR at

θ = θ0/2 ≤ (16d3)−2 bounds the third term by Ij/(32d) = Ijp0/8. As Sj ≥ p0Ij for j ∈ N , it
follows that P̃rj(E0 ∩ E1) ≥ 5

16 P̃rj(spj). On E0 ∩ E1 the conversion gives πj(B, xB) ≥ m/8, so
(P1) holds on N with γ = 5m/(128pθ0), and (P2) holds with λ′ = (d − 1)/β′ by the weighted
load bound. Random priming, whose priming sets may contain alive coordinates, with λ′ + 1 ≤
d/β′, s′ + 1 ≤ 65d2/β′ and 2 rbs(f) ≤ 8d2, gives

∑
j∈N µj ≤ 53248 pθ0d

5/(β′2mL) = pV/4,
contradicting Lemma 11.1(c). The last inequality of the statement uses 212992 ≤ 218 ≤ d18 and
θ0/(2d) ≥ (V/d)36. □

From (LJ) to ASR. Let C ′ ≥ 256 and C ′′ ≥ 16. By Corollary J.17(b), applied with the
empty exploration, (LJ) at (θ, C ′, C ′′) gives P̃r(Q ≥ θ) ≤ p1/8 = 1/(512ed2) ≤ 1/(32d) for every
θ2C

′
/4-regular bounded function of degree at most d and height at most (θ/d)C

′′ , under the
rate-1/d clocks. Since (θ/d)2C

′+1 ≤ θ2C
′
/4, (LJ) for all θ ≤ (16d3)−2 implies ASR(2C ′ + 1, C ′′),

and hence the conjecture with exponent 95 + 144C ′ + 36C ′′. The mechanism is Corollary J.15:
outside probability p1/16, a spike needs large-bias quadratic variation at least Λ/4 = 1

4 ln(e/q),
measured at the bias level θC′/2, while a regular function starts with all biases at most 2

√
β = θC

′ .
The large biases must therefore be created along the clock order (delayed activations), and (LJ)
bounds the probability of a spike with at least Λ/4 large reveals by p1/16.

Status of ASR and (LJ). Both quantify over all regular bounded functions of small height.
Applied only to the restricted derivatives of one fixed f , they fail whenever f violates the bound,
by the proof of Proposition 11.12; this is the sense in which (LJ) is called circular as a reduction
after Definition J.16 and in Remark 9.34. As universal statements they are sufficient for the
conjecture, at least as hard as it, and not known to follow from it; some of their hard instances
are described in Remark 11.14.

Proposition 11.13 (fixed-set priming of regular derivatives; [proved here, audited]). Let
ϕ : Qn → [−1, 1] with I = Eϕ2 > 0 and Infu(ϕ) ≤ βI for every u, and let A be a set of s
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coordinates that is fixed, or chosen independently of x. Write π(A, a) = Ea′‖ϕ(a, ·)− ϕ(a′, ·)‖1.
Then (a) Eaπ(A, a) ≤

√
2sβI for uniform a, and (b) E

a∼P̃rA
π(A, a) ≤

√
2sβI +

√
8 ln 2 · sβ,

where P̃rA is the law of xA under the size-biased law of ϕ. Consequently, if every νj is uniform
or size-biased on a set of s coordinates chosen independently of x, then (P1) with θ = θ0 fails
on every family of heavy spikes with β-regular derivatives once β < (γθ0pp0)

2/(16s), since there
µj ≥ pp0Ij.

Proof. (a) By Cauchy–Schwarz, (Ea,a′‖ϕ(a, ·) − ϕ(a′, ·)‖1)2 ≤ Ea,a′‖ϕ(a, ·) − ϕ(a′, ·)‖22 =

2
∑

S∩A ̸=∅ ϕ̂(S)
2 ≤ 2

∑
u∈A Infu(ϕ) ≤ 2sβI. (b) Since 0 ≤ π ≤ 2, the two expecta-

tions differ by at most 2TV(P̃rA, UA) ≤
√

2KL(P̃rA‖UA). By the chain rule in a fixed
order of A, KL =

∑
k Ẽ[h(ck)], where ck is the bias of the k-th coordinate given the

earlier ones and h is as in the proof of Lemma 11.4; with h(c) ≤ (ln 2)c2, c2 ≤ 4RI
and the Load Lemma, KL ≤ 4 ln 2

∑
u∈A Infu(ϕ)/I ≤ 4 ln 2 · sβ. For the consequence,

Eνjπj ≤ (
√
2+

√
8 ln 2)

√
sβ < 4

√
sβ < γθ0pp0, so

∑
j IjEνjπj < γθ0

∑
j µj on such a family. □

For laws given by decision trees of depth s, passing to the fixed union of the nodes gives bounds
of the same form, with s replaced by 2s − 1 (by (3s − 1)/2 if the tree also reads membership
coins) and the constant 2 in the uniform term, [proved here, audited]. Indeed, let W be the
set of coordinates at the nodes of the tree, so that |W | is at most this number, and let (A, xA)

be its output, with A ⊆ W . For uniform b ∈ {−1, 1}W\A and z ∈ {−1, 1}W , inserting ϕ(z, ·)
between ϕ(a, b, ·) and ϕ(a′, b, ·) gives π(A, a) ≤ Ebπ(W, (a, b)) +Ezπ(W, z). The path of the tree
depends only on xA and on coins independent of x, so the kernel K that replaces xW\A by a
fresh uniform b maps the uniform law UW on {−1, 1}W to itself. Hence Eπ(A, xA) ≤ 2Ezπ(W, z)
for uniform x; under the size-biased law the first term changes by at most 2TV(KP̃rW ,KUW ) ≤
2TV(P̃rW , UW ), by data processing, and the proofs of (a) and (b) for the fixed set W finish the
argument. For s ≤ 1

2 log2(1/β) (for s ≤ 1
2 log3(1/β) with membership coins) |W |β < β1/2, so

(P1) fails as above once 6β1/4 < γθ0pp0. General adaptive laws are not covered, and admissible
explorations on a β-regular derivative are empty anyway. Since the truncation of the explorations
is of order 1/β, only genuinely small priming sets are excluded: uniform and size-biased priming
on small fixed sets, or on shallow trees, gives no transfer at regular spikes.

Remark 11.14 (products of nearly Boolean factors; [proof outline]). Let a1, . . . , aA ∈ Bk live
on disjoint blocks, be nearly Boolean to precision o(1/A), satisfy Pr[ai ≈ 1] ≤ 1

2 (replace ai
by −ai if necessary) and MaxInf(ai) ≤ τ ′, and put ϕ =

∏
i
1
2(1 + ai), of degree at most Ak.

The relative influence of a coordinate u of the i-th block is Infu(ai)/(4E(12(1 + ai))
2), at most

about τ ′/Var(ai) (and τ ′/2 for balanced Boolean factors), and Eϕ2 ≈
∏
i Pr[ai ≈ 1] ≤ 2−A. By

Lemma 9.24(C2) the size-biased law is a product, concentrated on {ai ≈ 1 for all i}. At rate
1/d with d ≈ Ak + 1, each factor loses only O(k/d) = O(1/A) in log-height in expectation,
since a Boolean factor g of degree k has EVar(g | xF ) ≤ pkVarg; so E[ϕ2 | xF ] stays of order 1

with P̃rφ-probability bounded below. With A ≈ C ′′ log2(d/θ) and τ ′ ≤ (θ/d)C
′
miniVar(ai), ϕ

violates ASR(C ′, C ′′), and so does the derivative of h = 1
2(xjϕ+h

∗) as in Proposition 11.9. Such
factors exist only if the conjecture fails for nearly Boolean functions of degree k ≈ d/A, in the
sense that MaxInf(ai) ≤ (θ/d)C

′
Var(ai); and by Theorem 7.3, nearly Boolean counterexamples

exist whenever the conjecture fails, up to polynomial losses. So some hard instances of ASR
are products of counterexamples of lower degree, and ASR at degree d implies the conjecture
for nearly Boolean functions of degree about d/(C ′′ log2(d/θ)). The construction is exact for
Boolean factors. [Numerical:] for Majk factors with k ∈ {3, 5, 7, 9} and A ∈ {4, 8, 16}, Ẽ ln(1/Q)
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lies between 0.17 and 0.33 and P̃r(Q ≥ 1
4) ≥ 0.987; for nearly Boolean factors the precision

o(1/A) is needed, since with 10% smoothing at k = 3, Ẽ ln(1/Q) grows as 0.58, 0.86, 1.41 for
A = 4, 8, 16.

[Heuristic:] if the conjecture held at degree d/A with exponent C(d/A), the relative influences
of such products would be about β′ ≈ (V/d)C(d/A), and the loss (d/β′)2 of Proposition 11.12
would give C(d) ≈ 2C(d/A) + O(1) if every uncapturable regular spike had this structure.
Then log(1/MaxInf) = O(dlogA 2 log(d/V )), which beats Var(f)2e−O(d) for every constant A ≥ 3
when log(1/V ) = o(d1−logA 2), but is not polynomial; a loss linear in 1/β′ would give C(d) =
C(d/A) +O(1), a quasi-polynomial bound.

The remaining gap. Along the one-shot route the implications are
(LJ) for all θ =⇒ ASR(2C ′ + 1, C ′′) =⇒ Conjecture 1.1,

and the tools of this section and of Appendix J handle everything else: structured heavy spikes
are captured (Corollary 11.7), small biases cost only the fraction κd < 1

2 of the log-height
(Lemma 11.4), and a spike without about Λ/4 large reveals is rare (Corollary J.15). What
remains is to show that a regular bounded function of degree at most d and small height cannot,
jointly with a spike, produce many delayed activations, that is, biases that are small when the
restriction starts and become large along the clock order. This mechanism is invisible to bias-
triggered and relative-influence explorations, which stop at once on regular functions, and to
priming on small fixed sets (Proposition 11.13); and products of nearly Boolean factors realize
it whenever the conjecture fails at a lower degree (Remark 11.14). The residual is therefore the
regular core: regular derivatives of small height that are spiked with non-negligible probability.
Its known hard instances are products of nearly Boolean counterexamples of lower degree (Re-
mark 11.14), and the nearly Boolean case of precision K−γ , for fixed γ < 1, is equivalent to the
conjecture up to polynomial losses (Theorem 7.3). ASR and (LJ) imply the conjecture and are
not known to follow from it. A proof of either needs an inequality for regular bounded functions
with polynomial dependence on the degree; the standard tools for regular functions, invariance
principles and hypercontractive estimates, lose factors exponential in the degree.

12. What remains open

Conjecture 1.1 is not proved in this paper [open]. This section states the remaining gap and
lists the open problems, grouped by what a solution would give. The general bound proved here
is the quasi-polynomial bound of Theorem 10.1; its constants are astronomically large, and at
Varf = 1 it beats e−d for every d ≥ 1.91 ·1013 and for no d ≤ 1.90 ·1013 (first at d = 1.903 ·1013).

The gap. By Lemma 2.4 and Theorem 4.15, the conjecture is equivalent, up to polynomial
losses, to the existence, for every bounded one-block form of degree k and variance V , of a
z-decision tree of depth poly(k/V ) whose leaves carry, on average, a y-variable of influence
poly(V/k). By Theorem 4.14 it suffices to answer Question 4.16 positively: to find such a tree
whose leaves carrying half of the variance have root sums Rl ≤ poly(k/V ). Since R ≤ ek for
every bounded family, this amounts to halving the root sum O(k) times by shallow trees, which
must in general be adaptive (the adaptive address function, Section 4.4). The variant that
allows discarding mass V/4 leaf by leaf is equivalent to the conjecture (Theorem 4.17); whether
Question 4.16 is strictly stronger, i.e. whether the conjecture implies a positive answer to it
(without discarding indices inside the kept leaves), is open. Section 7.4 rules out arguments that
use the degree only through

∑
i |dif | ≤ O(d2) and dual certificates that depend linearly on the

test function.
Statements that would imply the conjecture.

(i) A positive answer to Question 4.16.
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(ii) The average-case Nisan lemma AN(C1, C2) with exponent C1 < 1 (Theorem 7.5), or an
approximate-certificate condition implying it. It is an integral, dense-domain analogue
of [35, Conjecture 37]. That conjecture is false (Proposition H.4): its symmetric form
holds for complementary sets (Remark H.5) and fails when a gap region of constant
measure separates X from Y , whereas AN allows only a small exceptional set. AN may
be stronger than the conjecture, and it is open even for C1 ≥ 1.

(iii) The degree-free Conjecture 7.9, equivalently MaxInf(g) ≥ poly(Varg/rbs(g)) for every
g : Qn → [−1, 1] (Remark 7.10), which is known for Boolean, nearly Boolean and non-
spiky g, and which is false with the real sensitivity in place of rbs (Proposition 7.11);
and ACE with codimension poly(d, 1/η) [35, Conjecture 32]. Already codimension
2o(d)poly(1/η) would give MaxInf(f) ≥ e−o(d)poly(Varf) (Remark 7.8).

(iv) Any of the statements that are equivalent to the conjecture up to polynomial losses (and
hence not easier): the leaf-wise tree statement TRleaf and the halving lemma with heavy-
y exit (Theorem 4.17); NBK−γ for any fixed γ < 1 (Theorem 7.3); the product-selector
case (Theorem 7.4); the search form (Theorem G.5, a proof outline); and the one-scale
transfer OS, even restricted to top-heavy functions (Theorem G.4). In the very nearly
Boolean regime β(K)K ≲ 1, which the amplification of Theorem 7.3 does not reach,
NBβ is open and is not known to imply the conjecture.

(v) The anti-spike inequality ASR(C ′, C ′′) of Question 11.11 (Proposition 11.12), or the
large-jump bound (LJ) of Definition J.16 for all θ, which for C ′ ≥ 256 and C ′′ ≥ 16
implies ASR(2C ′+1, C ′′) (Corollary J.17 and Section 11.5). Both quantify over all regular
bounded functions of small height; they are not known to follow from the conjecture, and
some of their hard instances are products of nearly Boolean counterexamples of lower
degree (Remark 11.14). The hypotheses of Theorem 11.5 are not candidates: quantified
over the functions below its threshold, each is equivalent to the conclusion, and quantified
over all f it is at least as strong (Remark 11.6).

The quasi-polynomial bound, and statements that would improve it. Theorem 10.1 gives
MaxInf(f) ≥ (Varf/d)O(log d) exp(−O(log4 d)) [proved here; audited twice in note form, and
the text audited twice]. The statements below would give (Varf/d)O(log d), without the second
factor. The touching transfer TT of Definition 8.2 is implied by the conjecture (Theorem 8.7),
and TT(1/(16ed), poly(d)) gives MaxInf(f) ≥ (Varf/d)O(log d) (Theorem 8.4, Corollary 8.5). It
fails for L = O(1) already for Tribes (Corollary I.3), for L ≤ d1−o(1), and with cap C ≥ 2 for
L ≤ d2C/(2C−1)−o(1); concretely TT(0.96, d1.2) with cap 2 is false (Theorem I.4, Corollary I.6).
Under the conjecture with exponent A ≤ C the threshold exponent a∗(ε) lies in [2C/(2C−1), A]
for every fixed ε ∈ (0, 1), and below 2A at the chain’s ε = 1/(16ed) (Remark I.8), and no Boolean
inner function beats the amplification of AND in log-average (Proposition I.7). Whether TT
holds with some polynomial loss is open; by Lemma I.9 (with h as there) a counterexample needs
the new spikes to touch, in expectation, more than 1

2

∑
|S|≥2(1−21−|S|)ĥ(S)2+ ε

2Varg, a threshold
between a quarter and a half of W≥2(h) (plus ε

2Varg). The degree-free Conjecture 8.8 would give
MaxInf(f) ≥ (Varf/d)O(C+(1+2/c) log d) (Proposition 8.9); it holds where M2(g) ≤ poly(rbs(g))
(Lemma 8.10), and its weak form follows from Conjecture 7.9 (Remark 8.11). The linear deficit
transfer of Definition H.1 would also give a quasi-polynomial bound (Remark H.2, a proof
outline), but it is false in the regime that argument needs, already for Boolean functions with
MaxInf = 1

2 (Proposition H.3). The quasi-polynomial bound of Theorem G.2, conditional on
OS, is a reformulation, since OS is equivalent to the conjecture. Section 9 treats the mass
form of the touching transfer that its methods address: by Lemma I.9 it suffices that the new
spikes of every old-free capped function carry small mass after one rate-12 restriction (SM-OF).
SM-OF implies TT and so gives the same bound, but only at a θ-free loss, of θ-exponent at
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most 1/(2T ) and with a polynomial prefactor. With a quasi-polynomial prefactor it is proved
(Theorem 10.26), and this gives Theorem 10.1. At the loss poly(d) θ−2 it holds unconditionally
(Proposition 9.21) and gives nothing new, and Table 4 lists the payoff of the intermediate
exponents. That losses above a polynomial threshold are needed rests on a numerical sketch
(Example 9.19: L0 ≳

√
d/ log d). Every capture-type strengthening is false, equivalent to TT, or

implies SM, because captured spikes carry little mass automatically (Lemma 9.8, Theorem 9.9).
Small-jump spikes and primable spikes are handled there. What remains for a polynomial
prefactor is Conjecture 9.29, the mass of large-jump spikes that neither the greedy-closure nor
the final-context law captures, which is SM-OF itself on that part of the mass, and its local form,
a scale-invariant version of the top-heaviness inequality under size-biased laws (Question 9.31).
The deep activation chains, on which the fixed-height recursion of Section 9.7 compounds, no
longer block a quasi-polynomial bound: measuring lightness against a fixed fraction of the node’s
weight, on a grid of heights, ends every chain at depth at most S−1 = 16T+3 (Corollary 10.12),
at the price of the prefactor lnPd = 3.0 · 106 T 3 (Remark 10.27). With a uniform loss or a loss
Pθ−c per step, the chain of Theorem 8.4 gives no polynomial bound (Remark 11.10): a uniform
loss is at least d1−o(1) at each of its Θ(log d) steps, and a loss Pθ−c compounds; the one-shot
route of Section 11 pays its loss once. Theorem 10.1 is this chain at c = 1/(2T ) with a quasi-
polynomial prefactor.

Statements that would extend the special cases.
• Graph properties: NVarf ≤ poly(d), which would improve Theorem 6.16 to MaxInf(f) ≥
Var(f)2/poly(d), with the optimal power of Varf . Theorem 6.16 gives only NVarf ≤
poly(d)M , and pointwise star bounds cannot give more (Remark 6.17(d)), so a bound for
the typical star change is needed. Lemma D.2 makes the constant of Lemma 6.13 explicit,
2d−1 ≤ C(d) ≤ (4d)2d, and the three- and four-vertex terms are poly(d)/M (Corollary D.3);
by Remark D.4 the bound can be reached neither by level-by-level coefficient bounds nor by
a single-scale perturbative blow-down.

• Cyclically invariant functions: a bound polynomial in d, item (3) of [3, Problem 1.3]. Sum-
ming Theorem 6.20 over all levels gives only eO(d log d), and Propositions D.9 and D.10 show
that uniform or single-resonance symbol bounds cannot give less than eΘ(d) at level d.

• Wreath-symmetric functions: the d2 law MaxInf ≥ Var2/(Cd2) in general, in particular for
blocks of size w < 4d2. The general bound is Var2/(2416d6) (Theorem 6.5), and the sharp
order d2 is proved only for composed functions and for many huge blocks (Theorems 6.6
and 6.8).

• Smooth linear statistics: removing the hypothesis d2rδ ≤ 1/4 in Theorem C.4; this would
follow from a bulk bound sup(1−η)Z |P | = O(1) at the Rakhmanov scale dδ ≤ c for generic
W (open).

• One linear form: the lacunary case (Theorem 6.12 covers regular weights, and regular tails
after m leading weights with a bound polynomial in m).

• Subcube classes: an analogue of the subcube cover lemma (Lemma 5.1) for superlevel sets of
spiky low-degree derivatives.

• Torus-bounded polynomials: the spike inequality (Conjecture E.7), supg θ(g) < 1 over analytic
multilinear g that are not multiples of monomials, which would give the conjecture for this
class (Appendix E), and the torus selection conjecture (Conjecture E.5). Products of one-
variable factors give exactly θ1 = 0.302992, and no g with larger θ was found numerically. In
each fixed degree the spike inequality holds uniformly in the number of variables, but with
a proven gap ηd ≥ c 2−3d/2/d, exponentially small in the degree (Theorem E.8), which gives
no gain for Conjecture 1.1.
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• Biases of quantum query algorithms: the quantum OSSS inequality Var(f)2 ≤
4t

∑
k δkInfk(f) for the bias f of every t-query algorithm, with δk the query magni-

tudes of [11] averaged over the input (Conjecture M.3, Appendix M). It is proved for one
query, for two queries up to the constant, and for nonadaptive algorithms. With any
constant polynomial in t it would give Conjecture 1.1 for these biases, and hence a classical
simulation of quantum query algorithms on most inputs with polynomially many queries
(Proposition M.12).

Appendix A. Remarks on the literature

This appendix collects remarks on results in the literature that are not used in our proofs.
They concern the random-restriction results of [12].
• Random restrictions. Bhattacharya [12, Theorem 6.4] proved: if f : Qn → [0, 1] has de-

gree d ≥ 2 and Varf ≥ 1/d, and ρ is a random restriction with survival probability
log d/(C1d), then with probability at least Var(f) log(d)/(50C1d) the restriction fρ has a
coordinate of influence at least Var(f)2/dC2 . He also states a tail theorem [12, Theo-
rem 6.2]: with θ = Var(f)2/(dCCk) and J = {j : Infjf ≥ θ}, if

∑
S ̸⊆J f̂(S)

2 ≥ µ then∑
|S|>k f̂(S)

2 ≥ µ/(dCCk). Caveat. As printed this statement is false when J 6= ∅: for
k = 2, d = 3 and f = 1

2 + ε
2x1 +

1−ε−η
2 x2 +

η
2x3x4x5 (range [0, 1], Varf ≈ 1/4) one may

choose ε, η > 0 with ε2/4 < θ and η2(3CC2 − 1) < ε2, so that J = {2}, µ = (ε2 + η2)/4

and
∑
|S|>2 f̂(S)

2 = η2/4 < µ/(3CC2) (for larger d pad with a negligible monomial of degree
d). The proof in [12] is consistent with the threshold θ = µ2/(dCCk); moreover, in our
reading the published argument for the underlying [12, Theorem 6.1] yields an error bound
of order between µ5/(CkdC) and µ4/(CkdC) rather than µ/(CkdC). We do not use [12,
Theorems 6.1–6.2]; the results of Section 3 are self-contained. We have not checked whether
these issues affect [12, Theorem 6.4].

Remark A.1 (relation to the tail theorem of [12]). A bound of the same shape can be derived
from the tail theorem [12, Theorem 6.2] (case J = ∅): apply it to g = (Tρf + 1)/2, which
satisfies Varg ≥ ρ2jW j(f)/4 and

∑
|S|>k ĝ(S)

2 ≤ ρ2k+2/4, with k = 2j and ρ2(j+1) propor-
tional to W j(f)/(dCC2j). Taking the printed statement at face value this gives MaxInf(f) ≥
W j(f)4/(16d3CC6j), with an unspecified constant C; with a tail bound µ4/(CkdC) (the bet-
ter end of the range in the item above) the same computation, now with k = 5j − 1 and
ρ2j =W j(f)4/(128dCC5j−1), gives W j(f)10/(48d3CC15j), and with µ5/(CkdC) (and k = 6j−1)
it gives W j(f)12/(220d3CC18j) (for C ≥ 1). Corollary 3.3 supersedes both: it is explicit, uses
the cumulative weight W [1,j] instead of a single level, has exponent 2, and is independent of [12].

Appendix B. Wreath-symmetric functions: proofs and constants

This appendix contains the proofs of the wreath-symmetric bounds stated in Section 6 and
the results they use. The constant chains are given in full.

Theorem B.1 (wreath-symmetric functions; [proved here]; the Bernstein inequality in the
Fisher metric is classical). If f ∈ Bd(Mw) is invariant under Sw o SM , then MaxInf(f) ≥
Var(f)2/(40 d2w(w + 1)).

Proof. Structure. By symmetrization inside blocks [40] and the fundamental theorem on sym-
metric polynomials across blocks, f(x) = R(ν(x)), where ν(x) = M−1

∑
l δsl(x) is the empirical

law of the block sums sl ∈ {0, . . . , w} and R is a real polynomial of degree at most d on Rw+1
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(each power sum
∑

l s
j
l is linear in ν, and each monomial in the power sums has at most d

factors). Moreover |R| ≤ 1 on the grid GM = {ν ∈ ∆w :Mν ∈ Zw+1}. Let S = sup∆w
|R|.

Bernstein on the sphere. Put P̃ (u) = R(u20, . . . , u
2
w), of degree at most 2d; u 7→ (u2s)s maps the

unit sphere onto ∆w, so supSw |P̃ | = S. On a great circle t 7→ u cos t+e sin t, P̃ is a trigonometric
polynomial of degree at most 2d bounded by S, so its derivative is at most 2dS by Bernstein’s
inequality; as geodesic distance is at most π

2 times chordal distance, |P̃ (u)− P̃ (u′)| ≤ πdS|u−u′|
on Sw.

Discretization. Let |R(ν∗)| = S and round Mν∗ to integers with sum M , each within distance
1, giving ν ′ ∈ GM ; then |

√
ν ′s −

√
ν∗s | ≤ M−1/2, so S ≤ 1 + πdS

√
(w + 1)/M and S ≤ 2 if

M ≥ 4π2d2(w + 1).
Variance. Assume M ≥ 4π2d2(w + 1). Re-randomizing block l moves one atom of ν from

s = sl to s′; with kt =Mν(t), |
√
ν −

√
ν ′|2 ≤M−1(1/ks+1/(ks′ +1)). The block sums are i.i.d.

with law β = Bin(w, 12) having w + 1 positive atoms, and E[1/(1 + Bin(N, p))] ≤ 1/((N + 1)p)

gives E[1/ksl ] ≤ (w + 1)/M and likewise for s′. Since S ≤ 2, |f(x)− f(x(l))| ≤ 2πd|
√
ν −

√
ν ′|,

and the Efron–Stein inequality gives Varf ≤ 1
2

∑
l E(f − f (l))2 ≤ 4π2d2(w + 1)/M .

Influences. The group is transitive on coordinates, so MaxInf(f) = I(f)/(Mw) ≥
Var(f)/(Mw). If M ≥ 4π2d2(w + 1) then 1/M ≥ Var(f)/(4π2d2(w + 1)); otherwise 1/M >
1/(4π2d2(w+1)) ≥ Var(f)/(4π2d2(w+1)). In both cases MaxInf(f) ≥ Var(f)2/(4π2d2w(w+1)),
and 4π2 < 40. □

For balanced Tribes (M ≈ 2w ln 2) the variance bound in the proof shows that a bounded
polynomial of this symmetry type with constant variance has degree at least c 2w/2/

√
w. The

same proof gives the following.

Theorem B.2 (block-pattern symmetry; [proved here]). Let f ∈ Bd(Mw) be invariant under
permutations of the M blocks (with a fixed identification of the blocks and no assumption inside
them), and suppose that f depends only on the block states ϕ(xB1), . . . , ϕ(xBM

) for a fixed map
ϕ : {±1}w → [m] whose m values all have positive probability. Then Var(f) ≤ 4π2d2m/M
whenever M ≥ 4π2d2m, and MaxInf(f) ≥ Var(f)2/(40d2wm).

Proof. Only the structure step and the last step of the proof of Theorem B.1 change. Full
patterns. Let first ϕ be the identity. Averaging a monomial over the block permutations gives
an orbit sum

∑
(l1,...,lk) injective

∏
r≤k hr(xBlr

) with k ≤ d nonempty block parts; by Möbius
inversion over set partitions of [k], such a sum is a linear combination of products over the
parts β of a partition of

∑
l

∏
r∈β hr(xBl

), each factor being M times a linear functional of
the empirical law of the block states. So f = R(ν) with degR ≤ d. Coarse states. For
general ϕ, f = E[f | ϕ(xB1), . . . , ϕ(xBM

)], since f depends only on the coarse states. Given
the coarse states, the blocks are independent and uniform on the fibres of ϕ, so the conditional
expectation of a product of k linear functionals of the fine empirical law is, after grouping equal
block indices, a polynomial of degree at most k in linear functionals of the coarse empirical law.
Hence f = R(ν) with ν the empirical law of the coarse states and degR ≤ d; every empirical
law of M coarse states occurs, and the sphere, discretization and variance steps apply with
w + 1 replaced by m. Influences. All blocks carry the same total influence, so MaxInf(f) ≥
I(f)/(Mw) ≥ Var(f)/(Mw), and the case analysis in the last step of the proof of Theorem B.1
gives MaxInf(f) ≥ Var(f)2/(4π2d2wm). □

With full block states m = 2w, so this bound is exponential in w.
A bound uniform in w. Besides Theorem B.1 for small blocks we use the following facts for a

real polynomial p of degree at most d: Bernstein’s inequality at the centre of an interval of half-
length h, |p′| ≤ d sup |p|/h; for |t| ≤ b < 1, |p′′(t)| ≤ 2d(d − 1) sup[−1,1] |p|/(1 − b2) (Bernstein’s
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inequality twice, on [−a, a] with a2 = (1+b2)/2); Markov’s inequality sup[0,1] |p′| ≤ 2d2 sup[0,1] |p|;
and V. Markov’s inequality sup[−1,1] |p′′| ≤ 1

3d
2(d2 − 1) sup[−1,1] |p| [36].

Lemma B.3 (ℓ1 Bernstein inequality on the cube; [standard]). If P is a polynomial on RM of
total degree at most d and z ∈ [−1, 1]M , then

∑
l

√
1− z2l |∂lP (z)| ≤ d sup[−1,1]M |P |.

Proof. Write zl = cos θl. F (θ) = P (cos θ1, . . . , cos θM ) is a trigonometric polynomial with fre-
quencies k ∈ ZM ,

∑
l |kl| ≤ d. For h ∈ {±1}M the function ε 7→ F (θ+εh) has integer frequencies

〈k, h〉 ∈ [−d, d], so by Bernstein’s inequality its derivative at ε = 0, which is −
∑

l hl sin θl ∂lP (z),
has modulus at most d sup |P |. Take hl = −sgn(sin θl ∂lP (z)). □

For the next two statements let R(µ) = Q(m1(µ), . . . ,md(µ)), mj(µ) =
∫
tj dµ(t), where every

monomial of Q is a product mj1 · · ·mjk with
∑

r jr ≤ d; R is defined on probability measures µ
on [−1, 1] and ε 7→ R((1− ε)µ+ εµ′) is a polynomial of degree at most d. Let SR = supµ |R(µ)|
and let ψµ(t) =

∑
j(∂jQ)(m(µ)) tj be the first variation, so that d

dεR(µ+ εη)|ε=0 =
∫
ψµ dη for

signed η. Carathéodory reduction: R(µ) depends only on m(µ) ∈ conv{(t, . . . , td) : t ∈ [−1, 1]},
a compact set, so SR < ∞, and by Carathéodory’s theorem every value of R is attained at a
measure with at most d + 1 atoms. For z ∈ [−1, 1]N and ν(z) = N−1

∑
l δzl , the polynomial

PN (z) = R(ν(z)) has total degree at most d and ∂lPN (z) = N−1ψ′ν(z)(zl).

Proposition B.4 (Wasserstein–Bernstein; [proved here]). (a) For every probability measure µ
on [−1, 1],

∫ √
1− t2 |ψ′µ(t)| dµ(t) ≤ dSR, and this is sharp. (b) The pointwise form |ψ′µ(t)| ≤

CdSR/
√
1− t2 is false for every constant C and d > C.

Proof. (a) For empirical measures µ = ν(z), z ∈ [−1, 1]N (any N), this is Lemma B.3 applied to
PN , since sup |PN | ≤ SR; general µ follow by weak approximation, both sides being continuous
in µ. Equality holds for R = Td(m1) and µ = δt, t = cos(π/(2d)), where

√
1− t2 |T ′d(t)| = d.

(b) Take R = Td(m1), so SR = 1 and ψ′µ ≡ T ′d(m1(µ)), and µ = (1 − α)δ1 + αδ0: then
ψ′µ(0) = T ′d(1− α) → d2 as α→ 0, while the bound at t = 0 is Cd. □

The example in (b) is realized by wreath configurations (M − 1 blocks of +1’s and one block
with mean 0, w even, M ≥ d2), where |∂lP | is of order d2/M at an interior coordinate (about
0.70 d2/M at M = d2); and R = Ta(

∫
T2 dµ) with µ = (1− 1

M )δ0 +
1
M δ1/2 gives |ψ′µ(12)| ≈ 2a2 =

d2/2 even in the bulk. So a bound of order d2 must average over typical µ, which (a) does.

Lemma B.5 (threshold; [proved here]). Let |R(ν)| ≤ 2 for every empirical measure ν of M
points of [−1, 1], and let A be such that |∂θ[ψµ(cos θ)]| ≤ ASR for all µ and θ. If M ≥ 2πA,
then SR ≤ 4. The constant A = 2d3 is admissible, so SR ≤ 4 whenever M ≥ 4πd3.

Proof. For A = 2d3: ε 7→ R((1− ε)µ+ εδt) on [0, 1] has degree at most d, modulus at most SR,
and derivative ψµ(t) −

∫
ψµ dµ at 0, so Markov’s inequality on [0, 1] gives |ψµ − c| ≤ 2d2SR on

[−1, 1]; Bernstein’s inequality for the trigonometric polynomial θ 7→ ψµ(cos θ) of degree at most
d gives A = 2d3. By the Carathéodory reduction it suffices to bound |R(µ)| for µ with finitely
many atoms. Write the atoms as cos θ, θ ∈ [0, π], and split [0, π] into K = dπ/he intervals of
length π/K ≤ h with centres c1 < · · · < cK . (1) Move each atom linearly in θ to the centre
of its interval (displacement at most h/2). Along the path all measures µτ are probability
measures, and | ddτR(µτ )| ≤

h
2

∫ √
1− t2 |ψ′µτ | dµτ ≤ h

2dSR by Proposition B.4(a); so the result
µ′ =

∑
i piδcos ci has |R(µ)−R(µ′)| ≤ hdSR/2. (2) Round the cumulative sums Fi = p1+ · · ·+pi

to nearest multiples F ′i of 1/M , with F ′K = 1. Rounding is monotone, so p′i = F ′i −F ′i−1 ≥ 0, and
ν =

∑
i p
′
iδcos ci is an empirical measure of M points, so |R(ν)| ≤ 2. Summation by parts gives

ν − µ′ =
∑

i<K ei(δcos ci − δcos ci+1) with |ei| ≤ 1/(2M), so on the segment [µ′, ν] the derivative
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of R is at most
∑

i |ei| |ψ(cos ci) − ψ(cos ci+1)| ≤ (K − 1) 1
2M

π
KASR ≤ πASR/(2M). (3) With

h = 1/(2d) and M ≥ 2πA, |R(µ)| ≤ 2 + SR/4 + SR/4, so SR ≤ 2 + SR/2 and SR ≤ 4. □
Grid measures. Let Yw = {−1,−1 + 2

w , . . . , 1}, let ∆w be the set of probability measures on
Yw, S∆ = sup∆w

|R|, ψ̄µ = ψµ−
∫
ψµ dµ and Kµ(a, b) = D2R(µ)[δa−µ, δb−µ]. For µ ∈ ∆w and

a, b ∈ Yw the function g(α, β) = R(µ+α(δa−µ)+β(δb−µ)) on the triangle {α, β ≥ 0, α+β ≤ 1}
has degree at most d and |g| ≤ S∆; Markov’s inequality on [0, 1], Markov’s inequality on [0, 12 ]
twice, and V. Markov’s inequality on [0, 1] give
(G) |ψ̄µ(a)| ≤ 2d2S∆, |Kµ(a, b)| ≤ 16d4S∆, |Kµ(a, a)| ≤ 4

3d
4S∆.

We also use the inequality of Szegő and van der Corput–Schaake [known] [50, 53]: a real trigono-
metric polynomial T of degree at most k with |T | ≤ S satisfies T ′2+k2T 2 ≤ k2S2; equivalently, a
real polynomial p of degree at most k with |p| ≤ 1 on [−1, 1] satisfies (1− t2)p′(t)2+k2p(t)2 ≤ k2

there.

Lemma B.6 (L2 first-variation bound; [proved here]). Let R be as above, let ν be a probability
measure on [−1, 1] and Sν = sup{|R(µ)| : µ� ν a probability measure}. Then

Varν(ψν) =

∫
ψ̄2
ν dν ≤ d2 (S2

ν −R(ν)2).

This is sharp: equality holds for R = Td(m1) with d odd and ν = 1
2(δ−1 + δ1).

Proof. Let h ∈ L2(ν) with
∫
h dν = 0 and

∫
h2 dν = 1, and let uθ = cos θ + h sin θ. Then∫

u2θ dν = 1, so µθ = u2θν is a probability measure with µθ � ν. Each mj(µθ) = cos2 θmj(ν) +
sin 2θ

∫
tjh dν+sin2 θ

∫
tjh2 dν is affine in (cos 2θ, sin 2θ), and every monomial of Q has at most

d factors, so R(µθ) = H(2θ) with H a real trigonometric polynomial of degree at most d and
|H| ≤ Sν on R. Since d

dθµθ|θ=0 = 2hν has mass 0, 2H ′(0) = 2
∫
ψνh dν = 2

∫
ψ̄νh dν, and the

Szegő inequality gives |
∫
ψ̄νh dν| = |H ′(0)| ≤ d

√
S2
ν −R(ν)2. Take h = ψ̄ν/‖ψ̄ν‖L2(ν) (the claim

is trivial if ψ̄ν = 0 ν-a.e.). In the equality case ψν(t) = T ′d(0) t = ±d t, so Varν(ψν) = d2, while
Sν = 1 and R(ν) = Td(0) = 0. □

[numerical]: adversarial searches over random (non-composition) R of weighted degree at
most 5 and ν with 2 to 4 atoms, with Sν computed numerically, found no ratio above 1. The
lemma is a bound in the reweighting direction, while the sharp law needs the transport direction∫
(1 − t2)ψ′2ν dν (Lemma B.10 below, for compositions): for R = Td(m1) and ν the empirical

measure of the block means, Varν(ψν) is about d2/w, while the proof of Theorem B.8 below uses
only Sν ≤ S∆ ≤ 2, and this is where it loses a factor w.

Lemma B.7 (threshold on the grid; [proved here]). Let w, d ≥ 1 and M > 2d3, and let |R(ν)| ≤ 1
for every empirical measure ν of M points of Yw. Then S∆ ≤ 1/(1 − 2d3/M); in particular
S∆ ≤ 2 for M ≥ 4d3.

Proof. Let µ ∈ ∆w, yi = −1+ 2i/w and Fi = µ({y0, . . . , yi}), and let F ′i be the multiple of 1/M
nearest to Fi (with a fixed tie rule, so F ′w = 1). Rounding is monotone, so ν =

∑
i(F
′
i −F ′i−1)δyi

(F ′−1 = 0) is an empirical measure of M points of Yw, and |R(ν)| ≤ 1. Summation by parts
gives ν − µ =

∑
i<w ei(δyi − δyi+1) with |ei| ≤ 1/(2M), so for µτ = µ + τ(ν − µ) ∈ ∆w,

| ddτR(µτ )| ≤
1

2M

∑
i<w |ψµτ (yi+1) − ψµτ (yi)|. The differences ψ(yi+1) − ψ(yi) = 2

wψ
′(ξi), with

ξi ∈ (yi, yi+1) increasing, change sign at most d − 1 times, since ψ′ has degree at most d −
1. So the sequence (ψ(yi))i has at most d monotone runs, and its total variation is at most
d(maxi ψ(yi)−mini ψ(yi)) ≤ 4d3S∆ by (G). Hence |R(µ)| ≤ 1+ 2d3S∆/M for every µ ∈ ∆w; as
S∆ <∞ (∆w is compact), S∆ ≤ 1/(1− 2d3/M). □
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For grid measures and any w, this replaces the threshold 4π2d2(w + 1) of the discretization
step in the proof of Theorem B.1 by 4d3. It says nothing about measures off the grid, where
Lemma B.5 (w ≥ 4d2) is unchanged, and it does not lower the order d3.

Theorem B.8 (block-level d2 law for any block size; [proved here]). If f ∈ Bd(Mw) is invariant
under Sw o SM , d ≥ 2, w ≥ 1 and M ≥ 100d3, then Var(f) ≤ 15d2/M , hence MaxInf(f) ≥
Var(f)2/(15d2w).

Proof. By the structure step of the proof of Theorem B.1, written in the block means yl ∈ Yw,
f = R(ν(y)) withR as above and |R| ≤ 1 on empirical measures ofM points of Yw; so Lemma B.7
gives S := S∆ ≤ 2. The yl are i.i.d. Let y′ be an independent copy of y1, η = δy′ − δy1 and ν ′ =
ν + η/M (block 1 re-randomized). The Efron–Stein inequality over blocks and exchangeability
give Varf ≤ M

2 E(R(ν
′)−R(ν))2. (a) G(ε) = R(ν+εη) has ν+εη ∈ ∆w for ε ∈ [0, 1/M ], G′(0) =

ψ̄ν(y
′)− ψ̄ν(y1) and |G′′| = |K(y′, y′)− 2K(y′, y1)+K(y1, y1)| ≤ (83 +32)d4S ≤ 34.7d4S by (G),

all at ν+εη; so |R(ν ′)−R(ν)−G′(0)/M | ≤ 17.4d4S/M2. (b) By exchangeability and Lemma B.6
(with Sν ≤ S, since µ � ν implies µ ∈ ∆w), Eψ̄ν(y1)2 = E 1

M

∑
l ψ̄ν(yl)

2 = EVarν(ψν) ≤ d2S2.
(c) For t ∈ Yw, d

dε ψ̄ν+εη(t) = K(y′, t) − K(y1, t) − (ψ̄(y′) − ψ̄(y1)), all at ν + εη, so by (G)
|ψ̄ν′(t) − ψ̄ν(t)| ≤ (32d4 + 4d2)S/M ≤ 33d4S/M . Since y′ is an atom of ν ′ and (ν ′, y′) has
the law of (ν, y1), (b) gives Eψ̄ν′(y′)2 ≤ d2S2, hence Eψ̄ν(y′)2 ≤ 2d2S2 + 2(33d4S/M)2. (d) So
EG′(0)2 ≤ 2Eψ̄ν(y1)2 + 2Eψ̄ν(y′)2 ≤ 6d2S2 + 4356d8S2/M2. With (a + b)2 ≤ 1.1a2 + 11b2 and
d8/M2 ≤ d2/104,

Varf ≤ M

2

[1.1EG′(0)2
M2

+
11 (17.4)2d8S2

M4

]
≤ S2d2

2M

[
1.1 (6 + 0.4356) + 11 · 0.0303

]
≤ 3.706S2d2

M
≤ 14.9 d2

M
.

Finally, by transitivity MaxInf = I/n ≥ Var/n, and Var ≤ 15d2w/n gives MaxInf ≥
Var2/(15d2w). □

For M ≥ 100d3, Lemma B.7 gives S ≤ 1/(1− 0.02), and the same computation gives Varf ≤
3.9 d2/M .

Corollary B.9 (small blocks; [proved here]). If f ∈ Bd(Mw) is invariant under Sw o SM and
w < 4d2, then MaxInf(f) ≥ Var(f)2/(400d5) for every M .

Proof. For d = 1, MaxInf ≥ Var2 (the reductions in the proof of Theorem 6.5). Let d ≥ 2. If
M ≥ 100d3, Theorem B.8 gives MaxInf ≥ Var2/(15d2w) ≥ Var2/(60d4). If M < 100d3, then
n =Mw < 400d5, and MaxInf ≥ Var/n ≥ Var2/(400d5) since Var ≤ 1. □

Theorem B.1 gives 640d6 here. The d2 law for w < 4d2 is [open]: Theorem B.8 loses a factor
w against it, in the step Sν ≤ S∆ (see the remark after Lemma B.6).
Proof of Theorem 6.5. Reductions. Let n = Mw. The group is transitive, so MaxInf(f) =
I(f)/n ≥ Var(f)/n; hence I ≤ B/n implies MaxInf ≥ Var2/B, and Var ≤ B′/w implies
MaxInf ≥ Var/(Mw) ≥ Var2/(B′M). For d = 1, f = a + b

∑
i xi with |a| + n|b| ≤ 1, so

Varf = nb2 ≤ 1/n and MaxInf = b2 = Var/n ≥ Var2. Let d ≥ 2. If w < 4d2, Corollary B.9
gives MaxInf ≥ Var2/(400d5) ≥ Var2/(200d6) (Case A). Let w ≥ 4d2, so w ≥ 16.

Structure and tools. By the structure step of the proof of Theorem B.1, written in the
block means yl = 2sl/w− 1, f = P (y1, . . . , yM ) with P symmetric of total degree at most d and
|P | ≤ 1 on the grid {−1,−1+ 2

w , . . . , 1}
M ; by the fundamental theorem on symmetric polynomials

P (z) = R(ν(z)) with R as above. (T1) Every point of [−1, 1]M is within ℓ∞-distance 1/w ≤
1/(4d2) of the grid, so Lemma C.1 (as in the boundedness step of the proof of Theorem C.4)
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gives sup[−1,1]M |P | ≤ 2. (T2) By Hoeffding’s inequality Pr[|yl| > 1
2 ] ≤ 2e−w/8 ≤ 2e−d

2/2, and
d4e−d

2/2 ≤ 16e−2 < 2.166. (T3) For i in block l let φ(t) = P (y with yl replaced by t) and let
t± be the values of yl for xi = ±1, so t+ − t− = 2/w and yl ∈ {t−, t+}. Taylor’s formula at yl
gives dif = 1

2(φ(t+)− φ(t−)) = w−1∂lP (y) + ri with |ri| ≤ w−2 sup[t−,t+] |φ′′|; the main term is
common to the w coordinates of the block, so

I(f) ≤ 2

w
E|∇P (y)|2 + 2

∑
i

Er2i ,

and [t−, t+] ⊆ [−5
8 ,

5
8 ] if |yl| ≤ 1

2 .
Case B: M < 4d3 (few large blocks; Euclidean gradient). We show I ≤ (32d2 + 147M)/w;

this part holds for every M . If ‖y‖∞ ≤ 1
2 , then y + tv ∈ [−1, 1]M for every Euclidean unit

vector v and |t| ≤ 1
2 , so Bernstein’s inequality at the centre and (T1) give |DvP (y)| ≤ 4d, i.e.

|∇P (y)|2 ≤ 4d; always |∇P |2 ≤ sup∥v∥∞≤1DvP ≤ 4d2 by Lemma C.1. With (T2) and a union
bound, E|∇P |2 ≤ 16d2 + 16d4 · 2Me−d

2/2 ≤ 16d2 + 69.3M . For the remainder, if |yl| ≤ 1
2 then

|φ′′| ≤ 2d(d−1)·2/(1− 25
64) ≤ 6.57d2 on [t−, t+], and always |φ′′| ≤ 2

3d
2(d2−1) ≤ 2d4 (V. Markov);

with w2 ≥ 16d4,
∑

i Er2i ≤ Mw
w4 (43.2d4 + 8d8e−w/8) ≤ M

w (2.7 + 0.5 · 2.166) ≤ 3.8Mw . Hence
I ≤ (32d2+146.2M)/w, so Var ≤ I ≤ (32d2+147M)/w and MaxInf ≥ Var2/(M(32d2+147M)).
For M < 4d3 and d ≥ 2, M(32d2 + 147M) < 4d3(32d2 + 588d3) = 128d5 + 2352d6 ≤ 2416d6.
Case C: M ≥ 4d3 (grid measures only). By Lemma B.7, S := S∆ ≤ 2. For ν ∈ ∆w, (G)
gives |ψ̄ν | ≤ 2d2S on Yw; every point of [−1, 1] is within 1/w of Yw and |ψ̄′ν | ≤ d2 sup[−1,1] |ψ̄ν |
(Markov), so sup[−1,1] |ψ̄ν | ≤ 2d2S/(1 − d2/w) ≤ 4d2S. Hence, for every ν ∈ ∆w, |ψ′ν(t)| ≤
4d3S/

√
1− t2 ≤ 8d3S/

√
3 for |t| ≤ 1

2 (Bernstein) and |ψ′ν | ≤ 4d4S on [−1, 1] (Markov). For i in
block l, with t± as in (T3) and ν± the empirical measures of the block means with yl = t±, we
have ν+ − ν− = η := (δt+ − δt−)/M , and ν− + τη ∈ ∆w for τ ∈ [0, 1], so

|dif | = 1
2

∣∣∣∫ 1

0

∫
ψν−+τη dη dτ

∣∣∣ ≤ 1

2M
· 2
w

sup
τ∈[0,1], t∈[t−,t+]

|ψ′ν−+τη(t)|.

So |dif | ≤ 8d3S/(
√
3n) if [t−, t+] ⊆ [−1

2 ,
1
2 ], and |dif | ≤ 4d4S/n always. The first case fails only

if |yl| > 1
2 − 2

w ≥ 3
8 , which has probability at most 2e−9w/128 ≤ 2e−9d

2/32 (Hoeffding, w ≥ 16),
and d2e−9d

2/32 ≤ 4e−9/8 ≤ 1.299 for d ≥ 2. Since I = nInfi by transitivity,

I ≤ S2

n

[64
3
d6 + 32d8e−9d

2/32
]
≤ (21.34 + 41.57)S2d6

n
≤ 62.91S2d6

n
≤ 252 d6

n
,

so MaxInf ≥ Var2/(252d6).
Case C′: M ≥ 4πd3. By (T1), |R(ν)| = |P (z)| ≤ 2 for every empirical measure of M points,

so Lemma B.5 gives SR ≤ 4. As in its proof, |ψµ − c| ≤ 8d2 on [−1, 1], so Bernstein’s and
Markov’s inequalities give |ψ′µ(t)| ≤ 8d3/

√
1− t2 and |ψ′µ| ≤ 8d4; since ∂lP (z) =M−1ψ′ν(z)(zl),

|∂lP (z)| ≤ 16d3/(
√
3M) if |zl| ≤ 1

2 , |∂lP (z)| ≤ 8d4/M always.
Main term. Let L = {l : |yl| ≤ 1

2}. Lemma B.3 with (T1) gives
∑

l∈L |∂lP (y)| ≤ 2d/(
√
3/2) =

4d/
√
3, so

∑
l∈L(∂lP )

2 ≤ maxL |∂lP |
∑

L |∂lP | ≤ 64d4/(3M); with (T2), E
∑

l /∈L(∂lP )
2 ≤

2Me−w/8 · 64d8/M2, so E|∇P (y)|2 ≤ (643 d
4 + 128d8e−d

2/2)/M ≤ 298.5d4/M . Remainder. For
µ = ν(z), ∂2l P (z) = M−1ψ′′µ(zl) +M−2∂s∂tK̃µ(zl, zl), where K̃µ(s, t) = D2R(µ)[δs − µ, δt − µ].
The function g(a, b) = R(µ+ a(δs − µ) + b(δt − µ)) has degree at most d on [0, 12 ]

2, |g| ≤ 4 and
∂a∂bg(0, 0) = K̃µ(s, t), so Markov’s inequality on [0, 12 ] twice gives |K̃µ| ≤ 64d4; as K̃µ has degree
at most d in each variable, |∂s∂tK̃µ| ≤ 64d8, and ≤ 64d6 · 6439 ≤ 105.1d6 for |s|, |t| ≤ 5

8 (Bernstein
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twice). Also |ψ′′µ| ≤ 8
3d

6 (V. Markov) and |ψ′′µ| ≤ 2d(d − 1)8d2 · 64
39 ≤ 26.26d4 on [−5

8 ,
5
8 ]. With

M ≥ 4πd3 and d ≥ 2 this gives |∂2l P (z)| ≤ 30.44d4/M if |zl| ≤ 5
8 and |∂2l P (z)| ≤ 5.22d6/M

always. By (T3) and (T2), and then w2 ≥ 16d4,∑
i

Er2i ≤
n [(30.44d4)2 + (5.22d6)2 2e−w/8]

M2w4
≤ 57.92d4 + 3.41d8e−d

2/2

n
≤ 65.3 d4

n
.

Hence I ≤ (2 · 298.5+2 · 65.3)d4/n = 727.6 d4/n ≤ 728d4/n, and MaxInf ≥ Var2/(728d4). Cases
A, B and C give the first statement, with the constant max(200, 2416, 252)d6 = 2416d6, and
Case C′ gives the second. □

Without Lemma B.5, the Fisher–Bernstein discretization of the proof of Theorem B.1, applied
on the simplices of at most d+1 atoms given by the Carathéodory reduction, gives SR ≤ 4 only
for M ≥ 4π2d2(d+1) (and then 728 improves to 700). The exponent 6 comes from Case B with
d2 �M < 4d3 (the term 147M) and from Case C (the pointwise bound on the first variation);
Case A is now of order d5. A pointwise bound A = O(d2) in Lemma B.5 would move the
threshold of Case C′ to O(d2), and Proposition B.4(b) shows that A must be at least of order d2.
Local maximization of Varf by successive exact linear programs over wreath-invariant bounded
f (2 ≤ d ≤ 4, M ≤ 4, w ≤ 512, not all pairs) found no f with nVarf > d2; these local maxima
are lower bounds on the supremum, not upper bounds. The largest values found are attained by
fully symmetric f , and for odd d the symmetric polynomial Td(n−1

∑
i xi) has nVarf → d2 and

MaxInf · d2/Var(f)2 → 1 as n → ∞ (for d = 3 and n = 1024, nVarf = 0.9922 d2) [numerical].
So the truth appears to be of order d2; by Example 6.3 this order cannot be improved for the
class, since symmetric functions are wreath-symmetric. The d2 law is proved below for composed
wreath functions (Theorem 6.6, any M) and for all wreath-symmetric f with many huge blocks
(Theorem 6.8); in the remaining ranges the best bounds are those of Theorem 6.5.

The sharp d2 law in two regimes. We use the Szegő inequality stated before Lemma B.6. Let

R(µ) = F (L1(µ), . . . , Lr(µ)), Li(µ) =

∫
ℓi dµ,

where F is a real polynomial on Rr of total degree at most a with |F | ≤ 1 on [−1, 1]r, and the
ℓi are real polynomials of degree at most b with |ℓi| ≤ 1 on [−1, 1]. Then R is of the form above
with d replaced by D = ab, SR ≤ 1, and ψ′µ(t) =

∑
i ∂iF (L(µ)) ℓ

′
i(t).

Lemma B.10 (L2 Wasserstein–Bernstein inequality for compositions; [proved here]). For every
probability measure µ on [−1, 1],

∫
(1−t2)ψ′µ(t)2 dµ(t) ≤ a2b2 (1−R(µ)2). This is sharp: equality

holds for r = 1, F = Ta, ℓ1 = Tb and µ = δt, for every t ∈ [−1, 1].

Proof. Let L = L(µ) ∈ [−1, 1]r and ci =
√

1− L2
i |∂iF (L)| ≥ 0. (i) Write Li = cos θi and choose

h ∈ {±1}r as in the proof of Lemma B.3. Then ε 7→ F (cos(θ1 + εh1), . . . , cos(θr + εhr)) is a
real trigonometric polynomial of degree at most a, bounded by 1 because the curve stays in
the cube, and its derivative at ε = 0 has modulus

∑
i ci; the Szegő inequality at ε = 0 gives∑

i ci ≤ a
√

1− F (L)2. (ii) If |Li| = 1, then ℓi = ±1 µ-a.e.; these are extreme values of ℓi
on [−1, 1], so ℓ′i = 0 at such points of (−1, 1), and

√
1− t2 ℓ′i(t) = 0 µ-a.e. For |Li| < 1 put

xi(t) =
√
1− t2 ℓ′i(t)/

√
1− L2

i . Then µ-a.e.
√
1− t2 |ψ′µ(t)| ≤

∑
|Li|<1 ci|xi(t)|, and the weighted

Cauchy–Schwarz inequality gives (1 − t2)ψ′µ(t)
2 ≤ (

∑
i ci)(

∑
|Li|<1 cixi(t)

2). (iii) The Szegő
inequality for ℓi and Jensen’s inequality give

∫
(1− t2)ℓ′2i dµ ≤ b2(1−

∫
ℓ2i dµ) ≤ b2(1−L2

i ), that
is,

∫
x2i dµ ≤ b2. Integrating (ii) and using (i),

∫
(1− t2)ψ′2µ dµ ≤ b2(

∑
i ci)

2 ≤ a2b2(1− F (L)2).
In the equality case, with t = cos θ, R(µ) = cos(abθ) and (1− t2)ψ′µ(t)

2 = a2b2 sin2(abθ). □
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The pointwise analogue (1− t2)ψ′µ(t)2 ≤ Ca2b2 is false, by Proposition B.4(b) with a = d and
b = 1; the lemma averages over µ.
Proof of Theorem 6.6. We use (T2), (T3), the bound I ≤ 2

wE|∇P |
2+2

∑
i Er2i and the reduction

(I ≤ B/n implies MaxInf ≥ Var2/B) from the proof of Theorem 6.5. Here f = P (y) with
P (z) = F (Λ(z)), Λ(z) = 1

M

∑
k ℓ(zk) ∈ [−1, 1]r, so |P | ≤ 1 on all of [−1, 1]M and (T1) is

not needed. Moreover ∂lP (z) = M−1ψ′ν(z)(zl), so M |∇P (z)|2 =
∫
ψ′2ν(z) dν(z), and ∂2l P =

M−1〈∇F (Λ), ℓ′′(zl)〉 +M−2D2F (Λ)[ℓ′(zl), ℓ
′(zl)]. Lemma C.1 on [−1, 1]r, applied to F and to

DvF , gives ‖∇F‖1 ≤ 2a2 and |D2F [v, v]| ≤ 4a2(a− 1)2‖v‖2∞.
Main term. By Lemma B.10,

∫
(1− t2)ψ′2 dν ≤ D2, so the atoms yl with |yl| ≤ 1

2 contribute
at most 4

3D
2 to

∫
ψ′2 dν. Always |ψ′| ≤ ‖∇F‖1maxi sup |ℓ′i| ≤ 2a2b2 = 2D2 (Markov). By (T2)

and xe−x/2 ≤ 4e−2 for x = D2 ≥ 4, EM |∇P |2 ≤ 4
3D

2 + 8D4e−w/8 ≤ 5.67D2, so 2
wE|∇P |

2 ≤
11.4D2/n.

Remainder, M ≥ D. If |yl| ≤ 1
2 , then on [t−, t+] ⊆ [−5

8 ,
5
8 ] Bernstein’s inequality (twice, resp.

once) gives |ℓ′′i | ≤ 3.282 b(b − 1) and |ℓ′i| ≤ 1.281 b, so |∂2l P | ≤ 6.564 [a2b(b − 1)/M + a2(a −
1)2b2/M2] ≤ 6.564(12D

3 +D3)/M ≤ 9.85D3/M , using a4b2/M2 = D2a2/M2 ≤ D3/M . Other-
wise Markov’s and V. Markov’s inequalities give |∂2l P | ≤

2
3a

2b4/M + 4a4b4/M2 ≤ 4.67D4/M .
By (T3), (T2) and w2 ≥ 16D4, 2

∑
i Er2i ≤ [194.1D6 + 87.3D8e−w/8]/(nw2) ≤ [12.13D2 +

5.46D4e−D
2/2]/n ≤ 15.1D2/n.

Remainder, M < D. The function φ of (T3) has degree at most D and |φ| ≤ 1 on [−1, 1],
so |φ′′| ≤ 3.282D2 on [−5

8 ,
5
8 ] and |φ′′| ≤ D4/3 everywhere; hence 2

∑
i Er2i ≤ 2M2

D2w2 [10.8D
4 +

2
9D

8e−w/8]D
2

n ≤ 1.41D2/n.
So I ≤ (11.4 + 15.1)D2/n ≤ 27D2/n. □
The law is inD = ab, which is only an upper bound on deg f . The constant 27 is not optimized:

keeping the exact D-dependence of the tail terms gives about 12.7D2 (tighter bookkeeping, not
included). [numerical]: exact computation of nI(f) from the distribution of the block sums, for
compositions with M ≤ 3, w ∈ {4D2, 8D2} and D ≤ 6, gave nI(f)/D2 ≤ 0.964.
Proof of Theorem 6.8. We use the notation, (T1)–(T3) and Case C′ of the proof of Theorem 6.5
(w ≥ 4d2 holds). Lemma B.5 gives SR ≤ 4, so |ψµ −

∫
ψµ dµ| ≤ 8d2 for every µ; hence

|ψ′µ(t)| ≤ 8d3/
√
1− t2 (Bernstein), |ψ′µ| ≤ 8d4 (Markov) and, with τ = d−3 ≤ 1

8 , |ψ′′µ| ≤
16d3(d − 1)/(1 − d−6) ≤ 16d4 on [−τ, τ ] (Bernstein twice). Let c =

√
1− τ2 ≥

√
63/64,

W = {l : |yl| ≤ τ}, N = |W | and ψ = ψν(y).
(a) Window. Lemma B.3 and (T1) give

∑
l∈W |ψ′(yl)| = M

∑
l∈W |∂lP (y)| ≤ 2dM/c. On

[−τ, τ ], ψ′ oscillates by at most 2τ · 16d4 = 32d, so maxW |ψ′| ≤ 2dM/(cN) + 32d, and
1
M

∑
l∈W ψ′(yl)

2 ≤ 1
M maxW |ψ′|

∑
W |ψ′| ≤ 4d2M/(c2N) + 64d2/c.

(b) Off the window. By Hoeffding’s inequality and τ2w ≥ 8 ln(2d), pτ := Pr[|yl| > τ ] ≤
2e−τ

2w/2 ≤ 1/(8d4). For τ < |t| ≤ 1
2 , ψ′(t)2 ≤ 4

3 64d
6 ≤ 85.4d6; for |t| > 1

2 (probability at most
2e−w/8), ψ′(t)2 ≤ 64d8.

(c) The yl are independent, so N is binomial with parameters M and q ≥ 1− pτ ≥ 127
128 . Since

1N≥1/N ≤ 2/(N + 1) and E[1/(N + 1)] ≤ 1/((M + 1)q), E[1N≥1/N ] ≤ 2.02/M . Summing (a)
and (b),

EM |∇P |2 ≤ 8.08d2

c2
+

64d2

c
+ 85.4d6pτ + 128d8e−w/8 ≤ (8.21 + 64.6 + 10.7 + 0.01) d2 ≤ 83.6 d2,

so 2
wE|∇P |

2 ≤ 167.2 d2/n.
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(d) Remainder. By the bounds on ∂2l P in Case C′, |ri| ≤ 30.5d4/(Mw2) if |yl| ≤ 1
2 and

|ri| ≤ 5.22d6/(Mw2) otherwise, so 2
∑

i Er2i ≤ [1861d8 + 109d12e−w/8]/(nw2) ≤ 0.96/n, because
w2 ≥ 64(ln 4)2d12 > 122.9 d12.

Hence I ≤ 167.2 d2/n+ 0.96/n ≤ 170 d2/n. □
Remark B.11 (a conditional threshold in w, and its barrier; the implication is [proved here], its
hypothesis is [open]). Let K(d) be the supremum, over all R of weighted degree at most d with
SR ≤ 4 and over all probability measures µ on [−1, 1], of sup|t|≤5/8 |ψ′′µ(t)|; Bernstein’s inequality
twice gives K(d) ≤ 26.3d4. The proof of Theorem 6.8 uses K in two places: the window step
needs τK = O(d) and τ2w ≥ 8 ln(2d), and the remainder needs w2 ≥ C(K + 8.4d3)2/d2, since
|∂2l P | ≤ (K + 8.4d3)/M in the bulk when M ≥ 4πd3. Hence K(d) = O(dk) gives the d2 law
for M ≥ 4πd3 and w ≥ Cd2k−2 ln(2d): k = 4 is Theorem 6.8, and k = 2 would give w of order
d2 ln d. This route cannot go below k = 2: for R(µ) = Ta(

∫
Tb dµ), d = ab, any even b, and

µ = δ0, one has Tb(0) = ±1 and |ψ′′µ(0)| = |T ′a(Tb(0))T ′′b (0)| = a2b2 = d2, so K(d) ≥ d2 (and
K(d) ≥ 4d2, using 4R). This is a barrier for this route only, not a lower bound for the true
threshold in w. [open]: the averaged L2 bound of Lemma B.10 for polynomials in the moments
that are bounded only on the moment body conv{(t, . . . , td)} (step (i) of its proof fails, since the
curves used there leave the moment body); the threshold M ≥ 4πd3, which needs a pointwise
bound A = O(d2) in Lemma B.5; and Case A (w < 4d2).

Appendix C. Smooth linear statistics: proofs

This appendix contains the proof of Theorem 6.9 and the results it uses, among them the
unsharpened Theorem C.4. The setting and notation are those of Section 6.

Lemma C.1 (Markov on a symmetric convex body; [known]: the first bound with d2 in place
of 2d2 is [46, Theorem 2], see also [30] (balls), [56] (convex bodies) and [8, Theorem 2(c)];
proof included). Let K ⊂ Rr be compact, convex and symmetric with nonempty interior, and
MK = supK |P |. For u ∈ K and v ∈ Rr, |DvP (u)| ≤ 2d2‖v‖KMK , and |Dv1 · · ·DvkP (u)| ≤∏k−1
i=0 2(d− i)2

∏
i ‖vi‖KMK .

Proof. Let ‖v‖K = 1. For |s|+ |t| ≤ 1, su+ tv ∈ K. The polynomials p±(τ) = P ((1− τ)u± τv),
τ ∈ [0, 1], have degree at most d and are bounded by MK , so Markov’s inequality on [0, 1] gives
|p′±(0)| ≤ 2d2MK ; and DvP (u) = (p′+(0)− p′−(0))/2. Iterate, using degDv1P ≤ d− 1. □

Lemma C.2 (leverage; [proved here]).
∑

j δj ≤ r; hence
∑

j δ
2
j ≤ rδ.

Proof. For t ∈ [0,∞)n let V (t) = volr
∑

j tj [−wj , wj ]. For a convex body K, vol(K+[−sv, sv]) =
volK + 2s|v|volr−1(πvK) (Fubini over the fibres in direction v), so V is affine in each tj , with
∂jV (t) = 2|wj |volr−1(πjZ(t)), and V is homogeneous of degree r, so

∑
j ∂jV (1) = r volZ by

Euler’s identity. If p + [a, b]wj ⊆ Z, then by symmetry and convexity b−a
2 wj ∈ Z, so every

fibre of Z in direction wj has length at most 2|wj |/δj and volZ ≤ 2|wj |volr−1(πjZ)/δj , i.e.
δj ≤ ∂jV (1)/volZ. Sum over j. □
Lemma C.3 (vertex rounding; [proved here]). For every u ∈ Z there is x ∈ Qn with ‖u −
Wx‖Z ≤ rδ.

Proof. Let y′ be a vertex of the polytope {y ∈ [−1, 1]n : Wy = u} and J = {j : |y′j | < 1}. If
|J | > r, some c 6= 0 supported on J has Wc = 0 and y′± εc stays in the polytope, contradicting
extremality; so |J | ≤ r. Put xj = y′j for j /∈ J and xj = sgn y′j (sgn 0 = 1) for j ∈ J ; then
u−Wx =

∑
j∈J(y

′
j − xj)wj with |y′j − xj | ≤ 1. □
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Theorem C.4 (smooth linear statistics; [proved here]). (a) If d2rδ ≤ 1/4, then M ≤ 2,∑
j ‖djf‖2 ≤ 6d2

√
r, and MaxInf(f) ≥ I(f)2/(36d4r) ≥ Var(f)2/(36d4r). (b) Let

ϱ = supu∈Z minx∈Qn ‖u − Wx‖Z (≤ rδ). If d2ϱ ≤ 1/4, then M ≤ 2, |djf | ≤ 4d2δj
pointwise,

∑
j ‖djf‖2 ≤ 4d2r, and MaxInf(f) ≥ I(f)2/(16d4r2).

Proof. Boundedness on Z. For u ∈ Z take x with ‖u−Wx‖Z ≤ ϱ and v = u−Wx; the segment
from Wx to u lies in Z, so Lemma C.1 gives |P (u)| ≤ 1+ 2d2ϱM , hence M ≤ 1/(1− 2d2ϱ) ≤ 2;
under (a), ϱ ≤ rδ by Lemma C.3.

The discrete derivative. Let ϕ(t) = P (Wx − xjwj + twj), a polynomial of degree at most
d whose arguments lie in Z for |t| ≤ 1. Then djf(x) = (ϕ(1) − ϕ(−1))/2. For (b), the mean
value theorem and Lemma C.1 give |djf(x)| ≤ 2d2δjM ≤ 4d2δj ; sum with Lemma C.2 and use
I ≤ MaxInf1/2

∑
j ‖djf‖2. For (a), let ℓj(x) = ϕ′(xj) = 〈wj ,∇P (Wx)〉. Since xj = ±1, djf(x)−

ϕ′(xj) =
1
2

∫ 1
−1(ϕ

′(t) − ϕ′(xj)) dt, so |djf − ℓj | ≤ sup|t|≤1 |ϕ′′| ≤ 4d2(d − 1)2δ2jM by Lemma C.1
with k = 2. The ℓj lie in the span of the r functions (∂aP )(Wx), and pointwise

∑
j |ℓj(x)| =

supc∈[−1,1]n〈Wc,∇P (Wx)〉 = supv∈Z DvP (Wx) ≤ 2d2M ; so Proposition 4.12 gives
∑

j ‖ℓj‖2 ≤
2d2M

√
r. With Lemma C.2,

∑
j ‖djf‖2 ≤ 2d2M

√
r + 4d2(d − 1)2Mδr ≤ 4d2

√
r + 2(d − 1)2 ≤

6d2
√
r, using M ≤ 2 and 8d2δr ≤ 2. Conclude with I(f) ≤ MaxInf(f)1/2

∑
j ‖djf‖2. □

The scale d2δ = O(1) is sharp up to the factor r: for r = 1 and equal weights,
f = Td(n

−1∑
i xi) with n = 4d2 satisfies the hypothesis with equality, and beyond this

scale the supremum over Z can grow like ecd
2δ (Coppersmith–Rivlin). We have not

found an AA-type statement for P (Wx) in print; the theorem is new when W has many
distinct columns; for W with B distinct columns the conjecture already follows from The-
orem 6.4. Via Theorem 4.5, it extends to functions that become such polynomials (with
leaf-dependent Pl,Wl, rl ≤ r) after a decision tree of depth t: e.g. under (b) at every leaf,
MaxInf(f) ≥ min(Var2/(4t2),Var4/(589824 d13r4t2)). The factor d4 in (a) comes from squaring
a Markov bound on all of Z; Bernstein’s inequality in the bulk and a tail bound reduce it to d2,
as follows.

The factor d2. We now remove one factor d2 from Theorem C.4(a). The proof imports from
the proof of Theorem C.4: the boundedness step (M ≤ 2 under d2rδ ≤ 1/4, via Lemmas C.1
and C.3); the discrete-derivative step, |djf−ℓj | ≤ sup|t|≤1 |ϕ′′(t)| with ϕ(t) = P (Wx−xjwj+twj)
and ℓj = 〈wj ,∇P (Wx)〉; Lemma C.2; and the kernel-diagonal step of the proof of Propo-
sition 4.12: if hj lie in a D-dimensional subspace of L2(Qn) with kernel diagonal Λ, then∑

j ‖hj‖2 ≤ E[(
∑

j |hj |)Λ1/2] ≤
√
D ‖

∑
j |hj |‖2 by Cauchy–Schwarz and EΛ = D. We also

use the one-sided Hoeffding inequality Pr[
∑

j ajxj > t] ≤ e−t
2/(2

∑
j a

2
j ).

Lemma C.5 (tail; [proved here]). Pr[‖Wx‖Z > 1
2 ] ≤ 9r exp(−9/(128δ)).

Proof. hZ(θ) = supu∈Z〈θ, u〉 =
∑

j |〈θ, wj〉| is the dual norm of ‖ · ‖Z (a norm, as W has rank
r). Let N be a 1

4 -net of {hZ = 1} in hZ with |N | ≤ 9r. Given u, choose θ with hZ(θ) = 1,
〈θ, u〉 = ‖u‖Z and θ′ ∈ N with hZ(θ−θ′) ≤ 1

4 ; then ‖u‖Z ≤ 〈θ′, u〉+ 1
4‖u‖Z , so ‖Wx‖Z > 1

2 forces
〈θ′,Wx〉 > 3

8 for some θ′ ∈ N . Here 〈θ′,Wx〉 =
∑

j xj〈θ′, wj〉 with |〈θ′, wj〉| ≤ hZ(θ
′)δj ≤ δ, so∑

j〈θ′, wj〉2 ≤ δ
∑

j |〈θ′, wj〉| = δ. Apply the one-sided Hoeffding inequality with t = 3
8 and a

union bound over N . □
Proof of Theorem 6.9. By the boundedness step, M ≤ 2. For d ≤ 3, Theorem C.4(a) gives
36d4r ≤ 324d2r; let d ≥ 4, so δ ≤ 1/64. Let G = {‖Wx‖Z ≤ 1

2} and p = Pr[Gc]. Since
9/(128δ) ≥ 9d2r/32, Lemma C.5 gives p ≤ (9e−9d

2/32)r ≤ 9e−9d
2/32, and d4p ≤ 9d4e−9d

2/32 ≤
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25.6 for d ≥ 4. Main terms. Pointwise
∑

j |ℓj(x)| = hZ(∇P (Wx)) = supv∈Z DvP (Wx). On G,
Wx+ tv ∈ Z for v ∈ Z and |t| ≤ 1

2 , so Bernstein’s inequality at the centre gives
∑

j |ℓj | ≤ 2dM ;
always

∑
j |ℓj | ≤ 2d2M by Lemma C.1. The ℓj lie in the span of the r functions (∂aP )(Wx),

so the kernel-diagonal step gives
∑

j ‖ℓj‖2 ≤
√
rM

√
4d2 + 4d4p. Remainders. On G the points

Wx + (t − xj)wj , |t| ≤ 1, have gauge at most 1
2 + 2δ ≤ 5

8 , so for each such point the chord
centred at it in direction wj/δj with gauge half-length 1

4 lies in Z (its gauge is at most 7
8),

and Bernstein’s inequality twice at the centre gives |ϕ′′| ≤ 32d(d − 1)Mδ2j ≤ 37d2Mδ2j ; always
|ϕ′′| ≤ 4d2(d−1)2Mδ2j by Lemma C.1. By the discrete-derivative step and Lemma C.2,

∑
j ‖djf−

ℓj‖2 ≤ δrMd2
√

1369 + 16d4p ≤ M
4

√
1369 + 16d4p. Hence

∑
j ‖djf‖2 ≤ 2

√
r
√
4d2 + 102.4 +

1
2

√
1778.6 ≤ 11.73 d

√
r for d ≥ 4, and I(f) ≤ MaxInf(f)1/2

∑
j ‖djf‖2 with 11.732 ≤ 138

concludes. □

Appendix D. Graph properties and cyclically invariant functions

This appendix contains the proofs of the results on graph properties and cyclically invariant
functions stated in Section 6, with their explicit constants and computer-assisted parts, including
the polynomial bound for graph properties (Appendix D.2). It also records barriers for the
method and a bound for local cyclic functions.

D.1. Graph properties.
Proof of Theorem 6.15. G3 consists of K2, P3, 2K2,K3, P4,K1,3, P3 + K2, 3K2, with automor-
phism groups of orders 2, 2, 8, 6, 2, 6, 4, 48. By Lemma 6.13, |bK2 | ≤ 3. For each other H ∈ G3

we use a linear programming dual certificate: rational step kernels Uk (the constants s ∈
1

100Z ∩ [−1, 1] and random two-, three- and four-block kernels with weights and entries in
1
64Z) and rational multipliers yk with

∑
k ykt(H

′, Uk) = [H ′ = H] for all H ′ ∈ G3 ∪ {∅},
verified in exact rational arithmetic by computer (for each H the certificate uses at most 18
kernels; the kernels and the multipliers yk are in the file g3_certificate.json of the supple-
mentary directory supplement/, and the stand-alone checker verify_g3.py there verifies all
identities in exact rational arithmetic and evaluates the variance bound, NVarf ≤ 96.2655 at
M = 8). Then bH =

∑
k yk

∑
H′ bH′t(H ′, Uk), so Lemma 6.13 gives |bH | ≤

∑
k |yk| =: BH ,

with BP3 , B2K2 ≤ 4.7408, BK3 = 1, BP4 ≤ 15.4952, BK1,3 ≤ 8.8836, BP3+K2 ≤ 42.4344 and
B3K2 ≤ 22.6220. For M ≥ 8 every H ∈ G3 has v(H) ≤ 6 ≤M , and

NVarf ≤ 9 +
∑

H∈G3\{K2}

B2
H

aut(H)

2(M − 2)v(H)−2
,

which is nonincreasing in M and equals 96.27 . . . at M = 8. For M ≤ 7, NVarf ≤ N ≤ 21. The
second statement follows as in Theorem 6.14(i). □

An independent certificate (constants s ∈ 1
20Z and two- and three-block kernels with entries

in {0,±1
2 ,±1}) gives BP3 = B2K2 = 128/27, BP4 ≤ 15.862, BK1,3 ≤ 9.437, BP3+K2 ≤ 43.955,

B3K2 ≤ 23.282, and the weaker constant 102.
Coefficient bounds level by level. For a kernel V : [0, 1]2 → [−1, 1] and s ∈ [−1, 1], the function

s 7→ b∅ +
∑

H bHt(H, sV ) = b∅ +
∑

k s
k
∑

e(H)=k bHt(H,V ) is a polynomial of degree at most d,
bounded by 1 on [−1, 1] by Lemma 6.13. Let mk(d) = |[sk]Td′(s)|, where d′ ∈ {d, d− 1} has the
parity of k; thus m2 = d′2/2, m3 = d′(d′2 − 1)/6, m4 = d′2(d′2 − 4)/24, mk(d) ≤ dk/k! by the
arithmetic–geometric mean inequality, and md(d) = 2d−1. Let K◦k be the set of β ∈ R{H: e(H)=k}
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with |
∑

e(H)=k βHt(H,V )| ≤ 1 for all symmetric measurable V : [0, 1]2 → [−1, 1], and νH =

max{|βH | : β ∈ K◦e(H)}.

Lemma D.1 (rays; [proved here]). K◦k is compact and does not depend on d, 1 ≤ νH < ∞,
and every graph property f ∈ Bd(N) satisfies |bH | ≤ νH me(H)(d) for every H. Moreover
νK3 = νC4 = 1, νP3 ≤ 4 and ν2K2 ≤ 5.

Proof. If |p| ≤ 1 on [−1, 1] and deg p ≤ d, the coefficient of sk lies in the parity-k part (p(s) ±
p(−s))/2, which is bounded by 1 and has degree at most d′; by V. A. Markov’s coefficient
inequality [36] it is at most mk(d) in absolute value. Applied to the polynomial above, this says
(bH)e(H)=k/mk(d) ∈ K◦k . Compactness follows from the linear independence of the densities
(proof of Lemma 6.13), and νH ≥ 1 because |t(H,V )| ≤ 1. For a balanced g : [0, 1] → {±1},
the kernel g(z)g(z′) has t(H, ·) = 1 if all degrees of H are even and 0 otherwise, and K3 and
C4 are the only graphs without isolated vertices with 3, resp. 4, edges and all degrees even; so
νK3 = νC4 = 1. The kernel (g(z) + g(z′))/2 has t(P3, ·) = 1

4 and t(2K2, ·) = 0, so |βP3 | ≤ 4, and
the constant kernel 1 gives |βP3 + β2K2 | ≤ 1, hence |β2K2 | ≤ 1 + |βP3 | ≤ 5. □
Lemma D.2 (explicit extraction; [proved here]). Let V ≥ max v(H) over the graphs in a finite
family F without isolated vertices, and let b satisfy |b∅ +

∑
H∈F bHt(H,U)| ≤ 1 for all U . Then

|bH | aut(H) (V − v(H))! ≤ 2V V V for every H ∈ F . In particular C(d) ≤ (4d)2d (take V = 2d),
and νH ≤ (4e(H))2e(H)/(aut(H)(2e(H)− v(H))!) (take V = 2e(H)).

Proof. For step kernels with parts of measures α1, . . . , αV and values βij , let P (α, β) =

b∅(
∑
α)V +

∑
H bHt(H,Uα,β)(

∑
α)V−v(H), homogeneous of degree V in α and bounded by 1

on the closed simplex times [−1, 1](
V
2
) (with the diagonal values βii fixed, say 0; they do not

enter the coefficient). For a homogeneous polynomial of degree V , inclusion–exclusion gives
[α1 · · ·αV ]P =

∑
S⊆[V ](−1)V−|S||S|V P (1S/|S|, ·), which is bounded by 2V V V . Only injective

maps V (H) → [V ] contribute to this coefficient, so it is multilinear in the off-diagonal βij ,
and each of its coefficients is bounded by its supremum over {±1}(

V
2
). The coefficient of∏

ij∈E(F0)
βij , for a labelled copy F0 of H, is bH aut(H)(V − v(H))!. For C(d) apply this to the

unit ball of Lemma 6.13, and for νH to K◦e(H). □

Through Theorem 6.14(iii), Lemma D.2 gives the explicit K(d) ≤ (4d)12d. As a variance
bound this is far weaker than NVarf ≤ d4e2d from [19, Proposition 3.18], for every d; what it
adds is an explicit bound on every coefficient bH that does not depend on M .

Corollary D.3 (three- and four-vertex terms; [proved here, computer-assisted]). For every graph
property f ∈ Bd(N) on M ≥ 4 vertices,∑

3≤v(H)≤4

b2HN

cM (H)
≤ 4d4 + d6/12

M − 2
+

c4(d)

(M − 2)(M − 3)
,

where c4(d) ≤ 12d4 + 14d6 + d8 + 1.8 · 1015d10 + 3.3 · 1016d12.

Proof. By Lemma D.1 and mk ≤ dk/k!, |bP3 | ≤ 2d2 and |bK3 | ≤ d3/6, which gives
the first term. The graphs with four vertices are 2K2, P4,K1,3, C4, the paw, the dia-
mond and K4, with (e(H), aut(H)) = (2, 8), (3, 2), (3, 6), (4, 8), (4, 2), (5, 4), (6, 24), and
c4(d) =

∑
v(H)=4 ν

2
Hme(H)(d)

2aut(H)/2. Exact rational dual certificates over 3001 ratio-
nal step kernels with at most three blocks and entries in {0,±1

2 ,±1} give ν2K2 < 3.41,
νP4 < 15.27, νK1,3 < 9.39 and νpaw < 21.45 (computer-assisted; the certificates are in the
file mlg4_nu_certificates.json of the supplementary directory supplement/, and the
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stand-alone checker verify_mlg4.py there rebuilds the list of all graphs with k ≤ 4 edges from
the ten connected graphs with at most four edges and verifies every identity in exact rational
arithmetic), and νC4 = 1; these give the terms 12d4 + 14d6 + d8. For the diamond and K4 we
use Lemma D.2. □

With floating-point LP values (νdiamond ≈ 27.93, νK4 ≈ 28.72, without certificates) the last
two coefficients become about 0.11 and 0.02 [numerical]. So the three- and four-vertex part of the
multi-level bound is poly(d)/M , and |bH | = OH(d

e(H)) for every fixed H. A bound polynomial
in d for all H is open. Even such a bound would not by itself give a polynomial bound on
NVarf , because Gd contains 2Θ(d) dense graphs with O(

√
d) vertices (compare Remark D.4(a)).

The bottleneck is dense H.

Remark D.4 (two barriers; [proved here] for (a) and for the asymptotic estimates in (b); the
conclusion about Neumann-series inversion is an interpretation of these estimates). (a) Level-
by-level bounds cannot prove K(d) ≤ 2o(

√
d). Let H be Kv with e(Kv) = d (for other d, Kv

plus a vertex joined to d −
(
v
2

)
of its vertices), so v ≈

√
2d. Since |t(H,V )| ≤ 1, b = 2d−1eH =

md(d)eH satisfies every level constraint (bH′)e(H′)=k ∈ mk(d)K
◦
k , and its term in NVarf is

4d−1aut(H)/(2(M−2)v(H)−2) ≥ 4d−1/(2Mv(H)−2), which is at most poly(d) only forM ≥ 2Ω(
√
d);

together with NVarf ≤ N , the relaxation allows NVarf = 2Θ(
√
d) (numerically log2(·)/

√
d ≈ 2.1

to 3.1 for d ≤ 210). Cross-level constraints are needed. (b) The perturbative blow-down fails.
Map [M ] to [m] by a uniformly random σ and put xuv = yσ(u)σ(v) for σ(u) 6= σ(v) (and a [−1, 1]-
valued within-class variable otherwise). Averaging over σ gives a graph property of y in Bd with
coefficients BQ =

∑
H bHπH→Q, so

∑
QB

2
Qwm(Q) ≤

(
m
2

)
, wm(Q) = aut(Q)/(2(m − 2)v(Q)−2).

For H = Q t K2,t, merging the two vertices on the 2-side doubles all 2t edges of K2,t, which
cancel, so πH→Q ≥ (1 − O(v2/m))/m, and the corresponding entry of the correction operator
in the weighted norm is πH→Q(wm(Q)/wm(H))1/2 � cmt/2/

√
aut(K2,t) with c = 1 for t 6= 2;

for C4 = K2,2 both diagonals collapse, c = 2, and the entry is about m/
√
2. So the correction

operator has weighted ℓ2 norm at least of order mt/2/
√
2 t! for every t ≤ (d − e(Q))/2, and

no single-scale Neumann-series inversion in this norm gives poly(d). Within-class variables do
not help here: merging u, v removes 2|N(u) ∩ N(v)| + [uv ∈ E] edges, so when e(H) − e(Q)
is even (as for Q t K2,t) every one-merge reduction merges a non-adjacent pair and uses no
within-class variable, and the reductions with at least two merges have total weight O(v4/m2);
thus πH→Q = (c+O(v4/m))/m with an integer c ≥ 1, so πH→Q � c/m for m ≥ Cv4. (For odd
e(H)− e(Q) adjacent merges occur, e.g. K2 tK3 → K2, and within-class variables matter.) By
Lemma D.1 each correction is OH(de(H)/m), so the blow-down works for any fixed finite family
of H; uniformity over dense H with e(H) ≈ d is the open part.

D.2. Proof of Theorem 6.16. We use the notation of Section 6.5. Each copy of H in KM is
the image of exactly aut(H) injective maps V (H) → [M ], so for v = v(H) ≤M

t±(H,x) =
1

(M)v

∑
φ : V (H)↪→[M ]

∏
ab∈E(H)

xφ(a)φ(b).

This formula defines t±(H,G), and through f = b∅ +
∑

H bHt±(H, ·) also f(G), for every sym-
metric array G = (Gpq)p ̸=q with entries in [−1, 1] indexed by an arbitrary M -element set. If
the entries are ±1, then f(G) = f(x) for the graph x obtained by transporting G to [M ] along
any bijection, because f is SM -invariant; in particular |f(G)| ≤ 1. An injective ϕ maps distinct
edges of H to distinct pairs, so t±(H,G) is multilinear in the entries of G. Hence, if some entries
are independent uniform signs, independent of the other entries, then Ef(G) is the value of f
at G with these entries replaced by 0.
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Fix x ∈ QN , a vertex u, W = [M ] \ {u} and y′ ∈ {−1, 1}W . Let y = (xuw)w∈W be the star of
u in x, and let x′ be x with this star replaced by y′. Let T ∗ = {(K,K ′) ∈ Z2 : K,K ′ ≥ 0, 1 ≤
K +K ′ ≤ M}. For (K,K ′) ∈ T ∗ let R ⊆ W be a uniformly random set of size M −K −K ′ ∈
[0,M − 1], and let G(K,K ′) be the array on the M -element set {a1, . . . , aK}∪{a′1, . . . , a′K′}∪R
with entries xww′ between w,w′ ∈ R, yw between ai and w ∈ R, y′w between a′j and w ∈ R,
and independent uniform signs, independent of R, between any two clones ai, ai′ , a′j , a′j′ . Put
Ψ(K,K ′) = Ef(G(K,K ′)).

Lemma D.5 (two-type clone family; [proved here]). (i) |Ψ| ≤ 1 on T ∗. (ii) Ψ(1, 0) = f(x) and
Ψ(0, 1) = f(x′). (iii) There is a real polynomial P in (K,K ′) of total degree at most 2d with
P = Ψ on T ∗.

Proof. (i) Every realization of G(K,K ′) is a ±1-labelled complete graph on M vertices. (ii)
If K + K ′ = 1 then R = W , there are no clone–clone pairs, and G(1, 0), G(0, 1) are x, x′
with u renamed. (iii) It suffices to treat Et±(H,G(K,K ′)) for H ∈ Gd with v = v(H) ≤ M .
Classify the injective maps ϕ from V (H) to the vertex set of G(K,K ′) by A = ϕ−1{a1, . . . , aK},
A′ = ϕ−1{a′1, . . . , a′K′} and ψ = ϕ|C , an injection C → R, where C = V (H) \ (A ∪ A′). If an
edge of H has both ends in A ∪ A′, the product contains a clone–clone sign exactly once and
has expectation 0. Otherwise the product equals

FA,A′(ψ) =
∏

ab∈E(H[C])

xψ(a)ψ(b)
∏

ab∈E(H)
a∈A, b∈C

yψ(b)
∏

ab∈E(H)
a∈A′, b∈C

y′ψ(b),

which does not depend on ϕ|A∪A′ , and there are (K)|A|(K
′)|A′| choices of ϕ|A∪A′ . For a fixed

injection ψ : C → W , Pr[ψ(C) ⊆ R] = (M − K − K ′)|C|/(M − 1)|C|, which is 0 when |C| >
M −K −K ′. Hence

Et±(H,G(K,K ′)) =
1

(M)v

∑
A,A′

(K)|A|(K
′)|A′|(M −K −K ′)|C|

(M − 1)|C|

∑
ψ : C↪→W

FA,A′(ψ),

the outer sum over disjoint A,A′ ⊆ V (H) such that no edge of H lies in A ∪ A′. If |C| = M ,
which is possible only when v(H) = M ≤ 2d, then (M − 1)|C| = 0, but the inner sum is empty
since |W | = M − 1; such terms are read as 0. The inner sums do not depend on (K,K ′), and
(K)|A|(K

′)|A′|(M−K−K ′)|C| is a polynomial of total degree |A|+ |A′|+ |C| = v(H) ≤ 2e(H) ≤
2d. □

Subsampling W keeps the normalization (M)v fixed, which is what makes Ψ a polynomial.
The value P (0, 0) is not a value of the family and can exceed 1 (it reaches 1.5 for M = 6, d = 2
[numerical]); the proof below uses it only through the bound of step (3).

We use three facts about a real polynomial p of degree at most D on an interval J of length
ℓ: Markov’s inequality supJ |p′| ≤ (2D2/ℓ) supJ |p|; the rounding bound of Lemma 6.11(a), that
supJ |p| ≤ 2B if |p| ≤ B on a set of points of J that contains both endpoints and has gaps
at most ℓ/(2D2); and Chebyshev’s extrapolation bound |p(s)| ≤ TD(1 + 2δ/ℓ) supJ |p| for s at
distance δ from J , with TD(1 + η) = cosh(D arccosh(1 + η)) ≤ eD

√
2η.

Lemma D.6 (a two-variable Markov inequality; [proved here]). Let D ≥ 1 be an integer,
M ≥ 10D4, and let P be a real polynomial in (K,K ′) of total degree at most D with |P | ≤ 1 on
T ∗. Then |P (1, 0)− P (0, 1)| ≤ 16eD4/M .

Proof. Let Q(s, θ) = P (sθ, s(1−θ)). A monomial KiK ′j becomes si+jθi(1−θ)j , so Q has degree
at most D in s and at most D in θ. Let a = 2D2. (1) Lines. For an integer s ∈ [a,M ] and
k = 0, . . . , s, Q(s, k/s) = P (k, s− k) with (k, s− k) ∈ T ∗. These points of [0, 1] contain 0 and 1
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and have gaps 1/s ≤ 1/(2D2), so |Q(s, θ)| ≤ 2 for θ ∈ [0, 1]. (2) Columns. For fixed θ ∈ [0, 1],
s 7→ Q(s, θ) is bounded by 2 at the integers of [a,M ], an interval of length M − a ≥ 2D2. So
|Q(s, θ)| ≤ 4 for s ∈ [a,M ]. (3) Corner. For s ∈ [0, a] the distance to [a,M ] is at most a, so
|Q(s, θ)| ≤ 4TD(1 + η) with η = 2a/(M − a). Since M ≥ 10D4 ≥ 8D4 + 2D2 = a(4D2 + 1),
we have 2D2η ≤ 1, i.e. D

√
2η ≤ 1, and so |Q| ≤ 4e on [0,M ] × [0, 1]. Thus |P | ≤ 4e on the

closed triangle {K,K ′ ≥ 0, K +K ′ ≤ M}, including the corner (0, 0), where no lattice bound
is available. (4) Markov in θ, then in s. Fix θ ∈ [0, 1] and let h(s) = ∂θQ(s, θ), a polynomial
in s of degree at most D. As a polynomial identity Q(0, θ) = P (0, 0) for all θ, so h(0) = 0.
Markov’s inequality in θ on [0, 1] and step (3) give |h(s)| ≤ 8eD2 for s ∈ [0,M ]; Markov’s
inequality in s on [0,M ] gives |h′| ≤ 16eD4/M there. Hence |h(1)| = |h(1)− h(0)| ≤ 16eD4/M .
(5) P (1, 0)− P (0, 1) = Q(1, 1)−Q(1, 0) =

∫ 1
0 ∂θQ(1, θ) dθ, and step (4) holds for every θ. □

Theorem D.7 (a star change moves a graph property little; [proved here]). Let d ≥ 1, M ≥
160d4, and let f ∈ Bd(N) be a graph property on M vertices. If x, x′ ∈ QN differ only on the
star of one vertex, then |f(x)− f(x′)| ≤ 256e d4/M < 696 d4/M .
Proof. Apply Lemma D.6 to the polynomial P of Lemma D.5, with D = 2d; then 10D4 = 160d4

and 16eD4 = 256e d4. □
Lemma D.8 (variance through stars; [proved here]). Let f : QN → R, let Bu = {uw : w 6= u} be
the star of u, and let ω be the largest change of f when the coordinates in one star are changed.
Then 2Varf ≤

∑
u∈[M ] EVarBuf ≤Mω2/4, where VarBu is the variance over the coordinates in

Bu with the others fixed.

Proof. For a set J of coordinates, EVarJf =
∑

S∩J ̸=∅ f̂(S)
2. An edge set S meets Bu if and

only if S covers u, so
∑

u EVarBuf =
∑

S |VS |f̂(S)2, with VS the set of vertices covered by S,
and |VS | ≥ 2 for S 6= ∅. This is an identity, so the overlaps Bu ∩Bw = {uw} do no harm. With
the other coordinates fixed, f takes values in an interval of length at most ω on each star, so
VarBuf ≤ ω2/4. □
Proof of Theorem 6.16. Let C = 8192e2 < 6.06 · 104. If M ≥ 160d4, Theorem D.7 and
Lemma D.8 give Varf ≤ M

8 (256e d
4/M)2 = Cd8/M . If M < 160d4, then Varf ≤ 1 <

160d4/M ≤ Cd8/M . Since SM is transitive on edges, all influences of f are equal, and
MaxInf(f) = I(f)/N ≥ Var(f)/N . If Varf > 0, then M ≤ Cd8/Varf and N < M2/2, so
MaxInf(f) > 2Var(f)3/(C2d16), and C2/2 < 1.84 · 109. □
D.3. Cyclically invariant functions.
Proof of Theorem 6.18. Write f(x) = c+a

∑
i xi+

1
2x

TQx with Q a symmetric circulant matrix
with zero diagonal, and let λm =

∑
kQ0k cos(2πmk/n), m ∈ Zn, be its eigenvalues (indices

mod n). Then
∑

m λm = trQ = 0, W1 = na2 and W2 = 1
2 trQ

2 = 1
2

∑
m λ

2
m. The multilinear

extension of f is bounded by 1 on [−1, 1]n. On the diagonal x = (s, . . . , s) the odd part of f is
nas, so |na| ≤ 1. For xi = cos(ϑ + 2πmi/n) with ϑ uniform on [0, 2π], Exi = 0 and Exixj =
1
2 cos(2πm(i − j)/n), so Ef = c + n

4λm ∈ [−1, 1], i.e. λm ∈ [− 4
n(1 + c), 4n(1 − c)]. A mean-zero

random variable with values in [−A,B] has second moment at most AB, so 1
n

∑
m λ

2
m ≤ 16

n2 (1−c2)
and nW2 ≤ 8. Hence nVarf = (na)2 + nW2 ≤ 9. □

For k ≥ 1 let Ak(s) = f̂({s1, . . . , sk}) for s ∈ Zkn with distinct entries, Ak(s) = 0 otherwise,
and σk(ξ) =

∑
s∈Zk

n
Ak(s)e

−2πiξ·s/n. Cyclic invariance gives Ak(s+ r1) = Ak(s), so σk vanishes
off Hk = {ξ ∈ Zkn :

∑
t ξt = 0}, a set of nk−1 elements, and Parseval’s identity gives

nWk =
1

k!
Eξ∈Hk

|σk(ξ)|2.
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Let τd,k be the largest modulus of the coefficient of ρk in a real polynomial of degree at most
d bounded by 1 on [−1, 1]. By V. Markov’s classical theorem the extremal polynomial is Td or
Td−1, so τd,1 ≤ d, τd,2 ≤ d2/2, τd,3 ≤ d(d2 − 1)/6 ≤ d3/6 and τd,d = 2d−1.
Proof of Theorem 6.19. Write f = c + a

∑
i xi + f2 + f3 with fj homogeneous of degree j and

f2 = 1
2x

TQx as before. The diagonal p(s) = f(s, . . . , s) is a cubic bounded by 1 on [−1, 1]

with p′(0) = na, so |na| ≤ τ3,1 = 3 and nW1 = (na)2 ≤ 9. In the single-phase process of the
proof of Theorem 6.18 every monomial of odd degree has odd ϑ-charge and averages to 0, so
Ef = c+ n

4λm as before; hence nW2 ≤ 8 and |λm| ≤ 4(1+ |c|)/n. For level three fix ξ ∈ H3 and
let xi = 1

3

∑3
l=1 cos(ϑl + 2πξli/n), with ϑ uniform on {ϑ1 + ϑ2 + ϑ3 = ψ}. The average of eiq·ϑ

over this torus is eimψ if q = m(1, 1, 1) and 0 otherwise. So the linear terms vanish, the quadratic
terms leave only same-phase pairs, giving Z = n

36

∑
l λξl , independent of ψ, and the cubic terms

leave only q = ±(1, 1, 1), giving 1
108Re(e

iψσ3(ξ)) = R cos(ψ − ϕ) with R = |σ3(ξ)|/108. Thus
c+ Z + R cos(ψ − ϕ) ∈ [−1, 1] for every ψ, and comparing ψ = ϕ with ψ = ϕ+ π gives R ≤ 1.
So |σ3| ≤ 108 on H3 and nW3 ≤ 1082/6 = 1944. □
Proof of Theorem 6.20. Let fk be the homogeneous part of degree k, fix ξ ∈ Hk and let yi(ϑ) =
1
k

∑k
l=1 cos(ϑl + 2πξli/n), with ϑ uniform on {

∑
l ϑl = ψ}. For ρ ∈ [−1, 1], qψ(ρ) = Eϑf(ρy(ϑ))

is a polynomial of degree at most d bounded by 1, and since fj(ρy) = ρjfj(y) its coefficient of ρk
is Eϑfk(y(ϑ)), of modulus at most τd,k. Only the ϑ-characters m(1, . . . , 1) with |m| ≤ 1 survive
the average. The terms with m = ±1 take one factor from each phase with equal signs; summing
over the k! assignments and using the symmetry of Ak gives k−k21−kRe(eiψσk(ξ)). The term
m = 0, which occurs only for even k, gives a quantity Zk(ξ) independent of ψ and in general
nonzero. So the coefficient equals Zk+Rk cos(ψ−ϕ) with Rk = k−k21−k|σk(ξ)|, and comparing
ψ = ϕ with ψ = ϕ+ π gives Rk ≤ τd,k. Parseval’s identity gives the bound on nWk. For k = 1
the diagonal gives |na| ≤ τd,1 ≤ d. For k = 2 the single-phase input ρ cos(ϑ + 2πmi/n) has
ρ2-coefficient exactly n

4λm, so |λm| ≤ 4τd,2/n ≤ 2d2/n and nW2 = n
2

∑
m λ

2
m ≤ 2d4. For k = 3,

(108τd,3)
2/6 ≤ 54d6. □

For every transitive group G ≤ Sn, every degree d and every G-invariant f ∈ Bd, the level-
two bound nW2 ≤ 6.7d4 also holds [proof outline]: if 1

2x
TBx is the level-two part, the spectral

projector of an extreme eigenvalue of B commutes with G, hence has constant diagonal and
rescales to a correlation matrix ρ; sign rounding of a Gaussian vector with covariance ρ (the
Grothendieck identity and Schur’s product theorem) gives a bounded even polynomial whose
coefficient of r2 (for the input scaled by r ∈ [−1, 1]) has modulus at least ( 2π −

1
2)n‖B‖, Markov’s

coefficient inequality [36] bounds it by d2/2, and nW2 ≤ n2‖B‖2/2. The resulting degree-
two total nVarf ≤ 108.2 is not an improvement over the baseline 32 from the proof of [19,
Proposition 3.18] (Section 1.2), so we omit it.

Summing Theorem 6.20 over k ≤ d gives only nVarf ≤ eO(d log d), worse than [19, Proposi-
tion 3.18]. The next two statements show that the uniform symbol bounds used here cannot
give a polynomial bound by themselves.

Proposition D.9 (uniform symbol bounds; [proved here]). For d ≥ 2, f = Td(n
−1∑

i xi) ∈
Bd(n) is cyclically invariant, 1

d! supHd
|σd|2 ≥ 1

d! |σd(0)|
2 = d! 4d−1

(
(n)d/n

d
)2 → d! 4d−1, and

nWk(f) = Od(n
1−k) → 0 for every k ≥ 2. So any argument that bounds nWd by 1

d!C
2
d , where

Cd ≥ supHd
|σd| holds on the whole class, cannot give a bound on nWd below d! 4d−1(1 − o(1)),

although nWd(f) → 0 for this f .
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Proof. The level-d coefficients come only from the top term 2d−1(n−1
∑

i xi)
d, so f̂(S) =

2d−1d!/nd for |S| = d and σd(0) = (n)d2
d−1d!/nd. For |S| = k, f̂(S) = Od(n

−k), so
Wk = Od(n

−k). □
The identity for σk(0) is exact only at k = d: for k < d the multilinearization of lower powers

changes it at finite n, and σk(0) = 0 for k 6≡ d (mod 2). The large values of σd sit near ξ = 0,
a set of measure about n1−d in Hd; bounds depending on ξ and direct L2 arguments are not
excluded.
Proposition D.10 (single resonances; [proved here] except the last sentence). Let F : Tr →
[−1, 1] and let q1, . . . , qk be characters of Tr such that the 2k characters ±qt are distinct and
nonzero. Then |

∏
t F̂ (qt)| ≤ (2k)−k/2. Consequently, a test input xi = F (ϑ + iα) that sees σk

only through the k! orderings of one such tuple and its conjugate, with the ρk-coefficient extracted
by Markov’s inequality, gives at best |σk(ζ)| ≤ τd,k/(2|

∏
t F̂ (qt)|), hence a level-k bound of at

least τ2d,k(2k)k/(4 k!); at k = d, where τd,d = 2d−1, this is at least (8e)d/poly(d). [heuristic]: sign
inputs F = sgn(

∑
l cosϑl) attain the amplitude bound up to a factor ck (central limit heuristic;

Monte Carlo for k ≤ 8).
Proof. By Parseval,

∑
t 2|F̂ (qt)|2 ≤ EF 2 ≤ 1, since |F̂ (−q)| = |F̂ (q)| and the ±qt are distinct;

the AM–GM inequality gives
∏
t |F̂ (qt)|2 ≤ (2k)−k. The rest is the computation in the proof of

Theorem 6.20 with the weight
∏
t F̂ (qt) in place of (2k)−k. □

The scope is exactly this: Proposition D.10 excludes bounds on σk at a point (uniform in
ξ or not) obtained from one non-aliased resonant tuple per test input with Markov extraction.
It does not exclude aliased or multi-tuple inputs (the diagonal input at ξ = 0 is one), L2-
averaged families of tests with controlled cross terms, extraction that uses more structure of qψ,
non-quasi-periodic inputs, or arguments that are not based on test processes (induction on the
degree, hypercontractivity).
Theorem D.11 (local cyclic functions; [proved here]). Let l ≥ 1 and let f : Qn → [−1, 1] be
multilinear and cyclically invariant, with every monomial contained in an arc of l+1 consecutive
coordinates (so deg f ≤ l + 1). If n ≥ 2l + 2 then nVarf ≤ (2l + 1)(4l + 1)2γ2 with γ =
(n+2l+1)/(n−2l−1). For all n, nVarf ≤ 50(l+1)3, hence MaxInf(f) ≥ Var(f)2/(50(l+1)3).
Proof. Let n ≥ 2l + 2. Each orbit of monomials has n elements and a unique representative
S ⊆ {0, . . . , l} with 0 ∈ S, so f(x) = 1

n

∑
i∈Zn

h(xi, . . . , xi+l) with h(y) = c+ n
∑

S f̂(S)y
S , the

sum over these representatives. Cyclic words of length n correspond to closed walks of length n
in the de Bruijn graph of order l (vertices {±1}l, edges the windows in {±1}l+1), and f(x) is 1

n
times the sum h(·) of h over the edges of the walk. Repetition bound. Let C be a closed walk
of length q < n through the vertex 1, let L0 be the loop at 1, a = bn/qc and c′ = n − aq < q.
The walk CaLc

′
0 is a cyclic word of length n and h(L0) = f(1) ∈ [−1, 1], so a|h(C)| ≤ n + c′

and |h(C)| ≤ q(n + q)/(n − q). Potential. For a vertex v let Pv be the path of length l from
1 to v, Rv the path of length l from v to 1, and u(v) = h(Pv). For an edge e from v to v′ put
g(e) = h(e)+u(v)−u(v′). Then g(e) = h(PveRv′)−h(Pv′Rv′) is a difference of the sums over two
closed walks through 1 of lengths 2l + 1 and 2l, so ‖g‖∞ ≤ (4l + 1)γ by the repetition bound.
The potential terms telescope on closed walks, so f(x) = 1

n

∑
iGi with Gi = g(xi, . . . , xi+l).

Under uniform x the Gi are stationary, and Gi, Gj are independent when the windows are
disjoint, so nVarf =

∑
|k|≤l Cov(G0, Gk) ≤ (2l + 1)‖g‖2∞. For n ≥ 10(2l + 1), γ ≤ 11

9 and
(2l + 1)(4l + 1)2γ2 ≤ 32(l + 1)3 · 121

81 < 50(l + 1)3; for smaller n, nVarf ≤ n < 50(l + 1)3. □
For comparison, iterated linear-programming ascent over l-local cyclic functions (each step

an exact LP over all 2n points) finds nVarf = 1.25, 3.00, 4.27 for l = 1, 2, 3 at n = 12 and
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n = 16. These are lower bounds for the maximum (1.25 is the exact maximum for l = 1 and
even n: with s, t the means of xi and xixi+1, the achievable (s, t) span the triangle with vertices
(±1, 1), (0,−1), and maximizing A2 +B2 subject to |c+ As+Bt| ≤ 1 there gives 5

4), and they
suggest growth roughly linear in l [numerical]; averaging Tl+1 of the normalized window mean
over all rotations gives only nVarf ≤ 1. Since deg f ≤ l + 1, [19, Proposition 3.18] gives only
eO(l).

Appendix E. Torus-bounded polynomials

This appendix treats polynomials that are bounded on the torus Tn. It contains degree-free
bounds for block-symmetric functions and product selectors, and the reduction of the con-
jecture for this class to the spike inequality. Call a multilinear polynomial f =

∑
S f̂(S)z

S

(complex coefficients) of degree at most d torus-bounded if supTn |f | ≤ 1, equivalently (maxi-
mum principle) |f | ≤ 1 on the closed polydisc. Fourier coefficients, Varf =

∑
S ̸=∅ |f̂(S)|2 and

Infif =
∑

S∋i |f̂(S)|2 are those of the restriction to Qn ⊂ Tn, so torus-bounded f with real
coefficients lie in Bd(n), and AA for this class is a special case of the conjecture. A one-block
form F (y, z) =

∑
j yjgj(z) is torus-bounded iff

∑
j |gj(z)| ≤ 1 on Tn. For such families write

V =
∑

j ‖gj‖22 and ε = maxj ‖gj‖22. AA for torus-bounded f remains open; this subsection
reduces it to a single-function inequality (Conjecture E.7). Except where tagged otherwise,
everything below is [proved here].
Theorem E.1 (one-block reduction; [proved here]). If f is torus-bounded of degree d, then∑

j |∂jf(z)| ≤
π
2d for every z ∈ Tn. Hence G(y, z) = 2

πd

∑
j yj∂jf(z) is torus-bounded, with

VarG = 4I(f)/(π2d2), InfyjG = 4Infj(f)/(π
2d2) and InfziG ≤ 4(d − 1)Inf i(f)/(π

2d2); so AA
for torus-bounded one-block forms implies AA for all torus-bounded f with a loss polynomial in
d.
Proof. Fix z and let cj = zj∂jf(z). For θ ∈ {−1, 0, 1}n, ϕ(t) = f(z1e

iθ1t, . . . , zne
iθnt) is a

trigonometric polynomial of degree at most d bounded by 1, so |
∑

j θjcj | = |ϕ′(0)| ≤ d by
Bernstein’s inequality. For α ∈ [0, 2π) take θj = sgnRe(e−iαcj): then

∑
j |Re(e−iαcj)| ≤ d, and

averaging over α with Eα|Re(e−iαc)| = 2
π |c| gives the bound. The identities for G are read off

from the Fourier expansion. □
On the cube the corresponding reduction (Lemma 2.4) loses d4.

Theorem E.2 (block-symmetric torus-bounded functions; [proved here]). Let [n] = B1 ∪ · · · ∪
Bb and let f be torus-bounded and invariant under permutations inside each block. Then
MaxInf(f) ≥ (Varf/b)2, with no dependence on d. If b = 1 and d < n, then Varf ≤
(1− |f̂(∅)|2)/n.
Proof. Write f =

∑
m pm

∏
s ems(zBs)/

(
ns

ms

)
with ns = |Bs| and eµ the elementary symmet-

ric polynomials. The block-diagonal restriction p(w) = f(w11B1 , . . . , wb1Bb
) =

∑
m pmw

m is
bounded by 1 on Tb, so

∑
m |pm|2 ≤ 1. With qm = |pm|2/

∏
s

(
ns

ms

)
, Varf =

∑
m ̸=0 qm and

Infi(f) = n−1s
∑

mmsqm for i ∈ Bs. Since
(
N
µ

)
≥ N/µ for 1 ≤ µ ≤ N , qm ≤ |pm|2ms/ns

when ms ≥ 1, so by Cauchy–Schwarz βs :=
∑

ms≥1 qm ≤ (
∑

m qmms/ns)
1/2(

∑
m |pm|2)1/2 ≤

Infi(f)
1/2; and Varf ≤

∑
s βs. For b = 1 and d < n, qm ≤ |pm|2/n for 1 ≤ m ≤ d. □

The bound is attained by n−1
∑

i zi. On the cube symmetric functions only satisfy MaxInf ≥
Var2/(16d2) (Proposition 6.2), and the Chebyshev examples Td(n−1

∑
i xi) show that a factor

depending on d is needed there: the diagonal circle {w1} ⊂ Tn sees every level, while the cube
diagonal sees two points.
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A converse [proved here], via the Grace–Walsh–Szegő coincidence theorem [49, 54] [known].
Conversely, every polynomial p with |p| ≤ 1 on Tb and degws

p ≤ ns is the block-diagonal re-
striction of the block-symmetric multilinear f obtained by polarizing blockwise, and supTn |f | =
supTb |p|: for fixed other variables f is symmetric and multi-affine in zBs , and the closed disc is
a convex circular region, so f(z) = f(ζ1Bs , rest) for some ζ in the closed disc; iterate over the
blocks and use the maximum principle. The argument of Theorem E.2, applied to F =

∑
j yjgj

with the constant parts
∑

j |ĝj(∅)|2 ≤
√
ε and the z-part at most Infzi(F )

1/2, shows that one-
block forms with symmetric selectors gj satisfy max(ε,maxi InfziF ) ≥ V 2/4 (this is a two-sided
bound, not a bound on ε alone).

Theorem E.3 (address families on the torus; [proved here]). Let h =
∑

T⊆[k] cTa
T be multilinear

and gb(a) = h(b � a), b ∈ {±1}k, with
∑

b |gb| ≤ 1 on Tk (or only Ea
∑

b |gb(a)| ≤ 1). Then
V = 2k‖c‖22 ≤ (π2/16)k. On the cube the address function has V = 1 for every k.

Proof. Pair lemma: for H0,H1 ∈ Cm, Eu∈T|H0 + uH1| ≥ 2
√
2

π (|H0|2 + |H1|2)1/2. Indeed |H0 +

uH1|2 = α + 2β cos(ϑ + φ) with α = |H0|2 + |H1|2 and β = |〈H0,H1〉| ≤ α/2; E
√
α+ 2β cosϑ

is non-increasing in β (Chebyshev’s association inequality) and equals 2
√
2

π

√
α at β = α/2. Let

H(j) = (
∑

T ′⊆[k−j] cT ′∪Ua
T ′
)U⊆{k−j+1,...,k}, vector-valued. Splitting H(j) = H0 + bk−jak−jH1

with |(H0,H1)| = |H(j+1)|, both signs of bk−j give the same expectation over u = ak−j , so the
pair lemma gives Ea

∑
b |h(b� a)| ≥ (4

√
2/π)j E

∑
b≤k−j

|H(j)(b≤k−j � a≤k−j)| by induction; at
j = k the right side is (4

√
2/π)k‖c‖2. □

For M -ary equivariant families gω(a) = h(ω � a), ω ∈ µkM , the same peeling gives V ≤
(π2/(8M))k and, as ε = V/Mk, ε ≥ V 1+logM/ log(8M/π2), with exponent at most 2.435 (attained
at M = 2).

Proposition E.4 (soft bits; [proved here] for (i) and (ii); the consequence is [heuristic]). (i)
For analytic a on Tn, Var(a) = 2‖Im a − Im â(∅)‖22 ≤ 2 sup |Im a|2. Hence for a product family
gb =

∏
l(1 + blal)/(2sl) of soft bits al on disjoint blocks, with s = sup(|1 + a| + |1 − a|)/2, one

has V =
∏
l φ(al) with φ(a) = E(1 + |a|2)/(2s2) ≤ 1 − min(Vara, 1)/6. (ii) If P is analytic

multilinear of degree at most k with ReP ≥ 0 on Tn and P (0) = 1, then supTn |P=m| ≤ 2 for
every level m ≥ 1, so VarP ≤ 4k.

Proof. (i) Im a− Im â(∅) = 1
2i

∑
S ̸=∅(â(S)z

S − â(S)z−S), and the frequencies S, −S are distinct.
For the family,

∑
b |gb| ≤ 1 by construction, E|a|2 ≤ s2, and s2 ≥ 1 + sup |Im a|2 ≥ 1 +Var(a)/2

(Minkowski), so φ ≤ 1
2 +1/(2+Vara) ≤ 1−min(Vara, 1)/6. (ii) For fixed z ∈ Tn, w 7→ P (wz) =∑

mw
mP=m(z) has nonnegative real part on the disc and value 1 at 0, so Carathéodory’s

coefficient inequality gives |P=m(z)| ≤ 2. □
So every soft bit with Vara ≥ v costs a factor at least 1 − min(v, 1)/6 in V (on the cube a

biased Boolean bit costs nothing); combining (i) and (ii) suggests a root-sum loss V −O(
√
k) for

products of soft bits [heuristic].

Conjecture E.5 (torus selection conjecture; [open]). If g1, . . . , gN are analytic multilinear of
degree at most k − 1 with

∑
j |gj | ≤ 1 on Tn, then ε ≥ (V/k)O(1).

With Theorem E.1, Conjecture E.5 with exponent C gives MaxInf(f) ≥ c(Varf/d)3C for
torus-bounded f . It is false on the cube (address function) and it needs multilinearity: in one
variable the Fejér family gω(w) = N−1ω−MwMKM (ω−1w), ω ∈ µN , N = 2M + 1 (KM the
Fejér kernel;

∑
ω |gω| ≡ 1 by quadrature) has V1 = ‖KM‖22/N ≥ 1

3 and ε1 = V1/N , and its
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tensor powers in m variables (degree 2Mm, i.e. k = 2Mm + 1) violate ε ≥ (V/k)C as m → ∞
once N > 3C−1. A sufficient (not equivalent) spike form is Ezmaxj |gj(z)| ≤ poly(k) εc, since
V ≤ Ezmaxj |gj |. Small cases [proved here]: constant selectors (k = 1) give ε ≥ V 2, tight;
affine selectors (k = 2) give ε ≥ V 2/2 by Weissler’s inequality ‖g(·/

√
2)‖2 ≤ ‖g‖1 [55], which in

general gives ε ≥ 21−kV 2; analytic selectors of any degree D in one variable give ε ≥ V 2/(D+1)
(the kernel-diagonal argument of Proposition 4.12; the span of 1, w, . . . , wD has constant kernel
diagonal D + 1), sharp up to a constant by the Fejér family; selectors depending on a common
set of m variables give ε ≥ V 2/

∑
i<k

(
m
i

)
; and equivariant families give ε ≥ V 2.435 (above).

Theorem E.6 (product selectors; [proved here]). Let θ1 = 2 log(π/(2
√
2))/ log 2 =

2 ln(π/2)/ ln 2 − 1 = 0.302992 . . .. If every gj = cj
∏
i∈Sj

(αji + βjizi) is a product of
affine factors in distinct variables (supports arbitrary and overlapping, any N and degree) and∑

j |gj | ≤ 1 on Tn, then ε ≥ V 2/(1−θ1) = V 2.869....

Proof. For x ∈ [0, 1] let ℓ(x) = 1/Eϑ
√
1 + x cosϑ and γ(x) =

√
1 + x; for α + βz with x =

2|α||β|/(|α|2 + |β|2), ‖ · ‖2/‖ · ‖1 = ℓ(x) and ‖ · ‖∞/‖ · ‖2 = γ(x). The function F (x) =
θ1
2 log(1 + x) + logE

√
1 + x cosϑ is concave with F (0) = F (1) = 0, so ℓ ≤ γθ1 on [0, 1]. Norms

of products in distinct variables multiply, so ‖gj‖2/‖gj‖1 ≤ (‖gj‖∞/‖gj‖2)θ1 ≤ ‖gj‖−θ12 , as
‖gj‖∞ ≤ 1. Hence V =

∑
j ‖gj‖

1+θ1
2 ‖gj‖1−θ12 ≤ ε(1−θ1)/2

∑
j ‖gj‖1 ≤ ε(1−θ1)/2. □

By Theorem E.1, torus-bounded f all of whose derivatives ∂jf are products of affine factors in
distinct variables satisfy MaxInf(f) ≥ (4/π2)1.87Var(f)2.87/d3.74 (exponents rounded up, which
is safe as 4/π2,Varf ≤ 1 ≤ d). The exponent must exceed 2.1289 [proved here]. For M = 4

the product family σ−k4

∏
l(1 + ωlzl), ω ∈ µk4, with σ4 = supu

∑
ω∈µ4 |1 + ωu| = 4(cos π8 +

sin π
8 ), has V = (2 +

√
2)−k and ε = V/4k, so ε = V 1+ln 4/ ln(2+

√
2) = V 2.12895... with V → 0;

hence Conjecture E.5 fails for every exponent C < 2.12895, even in the form ε ≥ c(V/k)C .
The optimal exponent lies in [2.1289, 2.4348] for equivariant families and in [2.1289, 2.8695] for
product families.

Gluing on the torus. The vector OSSS inequality (L2) of Theorem 4.1 holds on every prod-
uct probability space Ω =

∏
iΩi, for every decision tree of depth at most t with measurable

adaptive queries, in the form |Cov(f, h)| ≤ ‖f − Ef‖2 (t
∑

i δiE‖h − h(i)‖2)1/2, where h(i) is h
with coordinate i re-randomized [proved here]. Proof : let x, y be independent, let i1, i2, . . . be
the coordinates queried on input x, and let u[j] be x with xi1 , . . . , xij replaced by yi1 , . . . , yij .
Given the path of x, the unqueried coordinates of x are still product-distributed and y is in-
dependent, so u[s] (s the number of queries) has law µ and is independent of the path, and
E〈f(x), h(u[s])〉 = 〈Ef,Eh〉; given the first j−1 steps (which fix ij = i), u[j−1] has law µ and u[j]
is u[j−1] with coordinate i re-randomized. So Cov(f, h) = E〈f(x)−Ef,

∑
j≤t(h(u

[j−1])−h(u[j]))〉,
and Cauchy–Schwarz twice gives the claim; finiteness is not used. Consequently [proved here]: if
D is a phase-revealing tree of depth t ≥ 1 on Tn (a decision tree on Tn that at each node queries
one coordinate zi, reveals its value, and chooses the next query measurably; a leaf is the sequence
of revealed values, and δi is the probability that zi is queried) with leaf masses mj(l) = E[|gj |2 | l],
R̄D = El

∑
jm

1/2
j and τD the largest InfziF over queried i, then max(ε, τD) ≥ V 3/(32t2R̄2

D).
Indeed, with q = (|gj |2)j and the leaf-determined f = (mj)j , κ = El

∑
jm

2
j : Cov(f, q) ≥ κ−εV ,

‖f − Ef‖22 ≤ κ, E‖q − q(i)‖2 ≤ 4E
∑

j |gj − g
(i)
j |2 = 8InfziF (as |gj | ≤ 1 and E|zi − z′i|2 = 2),

and
∑

i δi ≤ t; so ε < κ/(2V ) forces κ < 32t2τD, while Hölder gives κ ≥ V 3/R̄2
D. If all selectors

depend on a common set of t variables, revealing them gives R̄D ≤ 1 and max(ε, τ) ≥ V 3/(32t2),
polynomial in t (the dimension bound gives only 2−t).
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The spike inequality. For analytic multilinear g that is not a multiple of a monomial let
a(g) = log(‖g‖2/‖g‖1), b(g) = log(‖g‖∞/‖g‖2) and θ(g) = a(g)/b(g) ∈ [0, 1] (Hölder gives a ≤ b;
multiples of monomials, where θ is 0/0, are excluded). Let Ψθ(g) = ea−θb; the inequality S(θ, Ck)

is ‖g‖1+θ2 ≤ Ck‖g‖1‖g‖θ∞ for all g of degree at most k, i.e. Ψθ ≤ Ck.

Conjecture E.7 (spike inequality; [open]). supg θ(g) < 1, the supremum over all analytic
multilinear g (any number of variables) that are not multiples of monomials.

[proved here]: (a) Tensorization. ‖ · ‖1, ‖ · ‖2, ‖ · ‖∞ are multiplicative over products in disjoint
variables, so a, b are additive and θ(g1g2) lies between θ(g1) and θ(g2); hence S(θ, 1) holds iff
θ(h) ≤ θ for every indecomposable h. Since Ψθ(g

⊗m) = Ψθ(g)
m in degree km, S(θ, eo(k)) implies

S(θ, 1) for fixed θ. So Conjecture E.7 is equivalent to S(θ, poly(k)) for some θ < 1, the form
in which it is used. (b) For one-variable factors α + βz, θ increases in x = 2|α||β|/(|α|2 + |β|2)
and equals θ1 = 0.302992 at |α| = |β| (proof of Theorem E.6); so S(θ1, 1) holds on products
of one-variable factors in distinct variables, and Conjecture E.7 concerns non-product atoms
(an affine form in several variables is itself such an atom). Products of (1 + z)/2 give Ψθ =

2k(θ1−θ)/2, so S(θ, Ck) with θ < θ1 needs logCk ≥ k(θ1−θ)(ln 2)/2. (c) Reduction. S(θ, Ck) gives,
exactly as in the proof of Theorem E.6, ε ≥ (V/Ck)

2/(1−θ), hence by Theorem E.1 MaxInf(f) ≥
π2d2

4

(
4Varf/(π2d2Cd)

)2/(1−θ) for torus-bounded f ; so Conjecture E.7 implies polynomial AA for
torus-bounded f . (d) Weak forms. Hölder and Weissler give S(θ, 2k(1−θ)/2) for every θ, which
reproduces only the bound ε ≥ 2−kV 2. A weak form with parameters (θd, Cd) gives a bound
e−o(d) (better than 2−d) exactly when (logCd+log(d/Varf))/(1−θd) = o(d); requiring separately
logCk/(1− θk) = o(k) and log(1/Var)/(1− θ) = o(d) is not enough (Ck = 1, 1− θk = 2 ln k/k,
Var ≥ 1

2 gives only e−(2+o(1))d). Fixed θ < 1 with Ck = C
√
k is equivalent to S(θ, 1) by (a),

so the genuinely intermediate weak forms have θk → 1. [numerical]: searches over general g
in at most 6 variables and symmetric polarized g in at most 16 variables found no g with θ(g)
above θ1 beyond the grid error (±0.002); the best points found were products of balanced affine
factors. The search is local, with few restarts for 5 and 6 variables, so it does not show that
products are the only maximizers.

Entropy criterion and the flat regime [proved here]. For analytic multilinear g let F =

|g|2, q = EF , ν = F dm/q and KL(ν) = Ent(F )/q. Jensen’s inequality for EνF−1/2 gives
log(‖g‖2/‖g‖1) ≤ 1

2KL(ν), so θ(g) ≤ θent(g) := KL(ν)/ log(‖g‖2∞/‖g‖22). This step uses no
analyticity (it holds for every measurable g), so analyticity can enter only through bounds
on KL(ν). Since KL and log(‖g‖2∞/‖g‖22) are additive over products in disjoint variables, θent
obeys the same mediant rule as θ; but θent((1 + z)/2) = (1 − ln 2)/ ln 2 = 0.442695 . . . > θ1,
so this route gives at best the exponent 2/(1 − 0.4427) ≈ 3.59 in Conjecture E.5. Weissler’s
inequality ‖g‖1 ≥ ‖g(·/

√
2)‖2 and Jensen’s inequality for 2−|S| give log(‖g‖2/‖g‖1) ≤ ln 2

2 d̄,
with d̄ =

∑
S |S||ĝ(S)|2/‖g‖22 the mean level; hence θ(g) < 1 − η unless g is in the flat regime

‖g‖2 ≥ 2−d̄/(2(1−η))‖g‖∞. So the bound θ(g) ≤ 1−ηd for all g of degree at most d is equivalent to
the same bound in the flat regime; it would give ε ≥ V 2/ηd and MaxInf(f) ≥ (cVarf/d2)O(1/ηd)

for torus-bounded f (for instance (Varf/d)O(
√
d) if ηd = c/

√
d), and a subexponential bound

by this route needs ηd = ω(log(d/Varf)/d). Two-norm bounds log(‖g‖2/‖g‖1) ≤ cκ alone (κ
the mean level or the number of variables) give only ε ≥ e−2cκV 2, exponential in the degree.
[numerical]: local searches in at most 4 variables found no g with θent(g) > 0.442695, the best
points being products of balanced factors, possibly in substituted variables zS .

Conjecture E.7 in each fixed degree. Here g is an analytic polynomial on Tn of total degree
at most d, multilinear or not, in any number n of variables, with ‖g‖∞ = 1 and q = ‖g‖22 < 1;
θ(g) is defined as above. Let Θd be the supremum of θ(g) over all such g that are not multiples
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of monomials, and let

c4(d) = inf
p

E|p| − E|p|2

1− E|p|2
,

the infimum over one-variable analytic polynomials p of degree at most d with supT |p| = 1 and
|p| 6≡ 1.

Theorem E.8 (the spike inequality in fixed degree, uniformly in n; [proved here]). (i) c4(d) ≥
1/(6πd) for every d ≥ 1, and c4(1) = 4/π− 1. (ii) For all λ, τ ∈ (0, 1) with λ2+ τ < 1 and every
g as above,

θ(g) ≤ max
( d ln 2

ln(1/(λ2 + τ))
, 1− c4(d)λ(1− λ2)τ

)
.

(iii) Hence Θd ≤ 1 − ηd with ηd ≥ c c4(d) 2
−3d/2 ≥ c′ 2−3d/2/d for absolute constants c, c′ > 0;

Θ1 ≤ 0.96922 (all affine forms, any n), and Θ2 ≤ 0.99878.

Proof. Circle lemma. If deg p ≤ d and M = supT |p| ≤ 1, then E|p|(1−|p|) ≥ c4(d)M E(1−|p|2).
Indeed, write p = Mp̃, α = E|p̃| and β = E|p̃|2 ≥ α2; the ratio ρ(M) = (α −Mβ)/(1 −M2β)
satisfies E|p|(1 − |p|) = Mρ(M)E(1 − |p|2) and ρ′(M) = β(−1 + 2Mα −M2β)/(1 −M2β)2 ≤
−β(1−Mα)2/(1−M2β)2 ≤ 0, so ρ(M) ≥ ρ(1) ≥ c4(d) (if |p̃| ≡ 1, then ρ = 1/(1 +M) ≥ 1

2 >
c4(1) ≥ c4(d)).

(ii) Let L = {|g| < λ}. If Pr[L] > 1−τ , then q < λ2+τ , and Weissler’s inequality [55] in degree
d, ‖g‖2 ≤ 2d/2‖g‖1, gives a(g) ≤ d

2 ln 2 while b(g) = 1
2 ln(1/q), so θ(g) < d ln 2/ ln(1/(λ2+τ)). Let

Pr[L] ≤ 1 − τ . (1) For s ∈ {0, 1}n and ξ ∈ Tn, pξ,s(w) = g(ξ1w
s1 , . . . , ξnw

sn) is a one-variable
analytic polynomial of degree at most d, and (ξ, w) 7→ (ξiw

si)i preserves Haar measure; so
E|g|(1−|g|) = EξEw|pξ,s|(1−|pξ,s|). (2) Apply the circle lemma on the s-circles {(ξiwsi)i : w ∈ T}
on which sup |g| ≥ λ, and drop the others (the integrand is nonnegative). With Zs the union
of the s-circles on which sup |g| < λ (Zs ⊆ L), E|g|(1 − |g|) ≥ c4λE[(1 − |g|2)1Zc

s
] ≥ c4λ[(1 −

λ2) Pr[L\Zs]+E(1−|g|2)1Lc ]. (3) Let As be the average along s-circles, i.e. the Fourier projection
onto {α ∈ Zn : 〈α, s〉 = 0}. Since As1L = 1 on Zs, Pr[Zs] ≤ ‖As1L‖22 =

∑
⟨α,s⟩=0 |1̂L(α)|2, and

for α 6= 0 and uniform s, Prs[〈α, s〉 = 0] ≤ 1
2 (flip one si with αi 6= 0). So Es Pr[Zs] ≤

Pr[L]2 + 1
2(Pr[L]− Pr[L]2), that is, Es Pr[L \ Zs] ≥ 1

2 Pr[L](1 − Pr[L]), independently of n. (4)
Averaging (2) over s and using 1−Pr[L] ≥ τ , (1−λ2)τ/2 ≤ 1 and 1−q ≤ Pr[L]+E(1−|g|2)1Lc ,
we get ‖g‖1 − q = E|g|(1 − |g|) ≥ c5(1 − q) with c5 = c4(d)λ(1 − λ2)τ/2. Then ‖g‖1/q ≥
1 + c5(1/q − 1) ≥ q−c5 (as ln(1 + c(u− 1)) ≥ c lnu for c ≤ 1 ≤ u), so b− a = ln(‖g‖1/q) ≥ 2c5b
and θ(g) ≤ 1− 2c5.

(i) Lower bound. Let u = |p|, supu = 1; by Bernstein’s inequality u is d-Lipschitz in the angle.
If minu ≥ m, then u(1 − u) ≥ m(1 − u) ≥ m

2 (1 − u2), so the ratio is at least m/2. Otherwise
each of the two arcs from a minimum point to a maximum point crosses every level v ∈ [m, 1),
and the area formula gives Eu(1 − u) ≥ 1

πd(
1
6 − m2

2 + m3

3 ); also 1 − Eu2 ≤ 1 − 1/(3πd), since
u ≥ 1−d|ϕ−ϕ∗| near a maximum point ϕ∗, so the ratio is at least (16−

m2

2 +m3

3 )/(πd− 1
3). Taking

m = 1/(3πd) gives c4(d) ≥ 1/(6πd). Degree 1. For p = α + βw with α, β ≥ 0, α + β = 1 and
k = 2

√
αβ, E|p| = 2

πE(k) (complete elliptic integral of the second kind) and 1 − E|p|2 = k2/2;
the series 2

πE(k) = 1 − k2

4 −
∑

j≥2 ejk
2j with ej > 0 shows that the ratio 1

2 − 2
∑

j≥2 ejk
2j−2

decreases in k, so its minimum is at k = 1, where it equals 4/π − 1.
(iii) Optimizing (ii) over (λ, τ) with c4(1) = 4/π − 1 gives 0.969217 . . . ≤ 0.96922 for d = 1,

and with c4(2) ≥ 0.02776 (the maximum over m in the proof of (i)) gives 0.99878 for d = 2. For
general d take λ2 = x/3 and τ = 2x/3 with x = 2−d/(1−η); this gives ηd ≥ 2

3
√
3
c4(d)2

−3d/2(1 −
o(1)). □



106 PAATA IVANISVILI

Remarks on Theorem E.8. (a) [conditional]: the explicit p with |p| = |1+r cosϕ|, r = 1.180544,
gives c4(2) ≤ 0.1886352, and global numerical searches find no smaller value; if c4(2) ≥ 0.1886
(not certified), then Θ2 ≤ 0.9918. (b) No AA gain [proved here]: case Pr[L] > 1− τ gives θ < 1

only if λ2 + τ < 2−d, and then λ(1 − λ2)τ < 0.385 · 2−3d/2, so every parameter choice in this
argument gives ηd < 0.385 c4(d)2

−3d/2, exponentially small; a bound e−o(d) through θ ≤ 1 − ηd
needs ηd = ω(log(d/Varf)/d), (item (d) above with Cd = 1), so Theorem E.8 gives no AA gain.
The bottleneck is Weissler’s factor 2d/2 in the spiky case. (c) Scope. For fixed d the form with
a constant is trivial (Weissler gives S(0, 2d/2)), so the content of Theorem E.8 is the constant-1
form θ(g) ≤ 1 − ηd. Some decay of ηd is forced for non-multilinear g: the Dirichlet kernels
D =

∑d
k=0w

k have ‖D‖∞ = d + 1, ‖D‖2 =
√
d+ 1 and ‖D‖1 ∼ 4

π2 ln d (Lebesgue constants),
so θ(D) = 1 − ln ‖D‖1/ ln

√
d+ 1 → 1. For multilinear g, Conjecture E.7 (degree-free) remains

[open], and the bound Θ1 ≤ 0.96922 is far from θ1 = 0.302992, the value at (1 + z)/2.

Appendix F. Separator theorems

This appendix contains separator theorems for disjointly supported and sparse selectors. They
are only loosely connected to the main line of the paper.

F.1. Disjointly supported selectors. The following separator theorem extends a two-
polynomial lemma of [32, Lemma 3.5] to any number of polynomials, with a depth independent
of their number.

Theorem F.1 (disjoint-support separator; [proved here]). Let g1, . . . , gm : Qn → R be multilinear
of degree at most k with gjgl ≡ 0 for j 6= l. There is a decision tree of depth at most (2k − 1) ·
32k3 ≤ 64k4 such that on every leaf at most one gj is not identically zero.

Proof. Work on the current subcube S; stop if at most one gl is nonzero on S. Otherwise
every nonzero gl has degree at least 1 on S. Let Q =

∑
l g

2
l , z∗ ∈ S a maximizer of Q, j∗

the unique index with gj∗(z
∗) 6= 0, and s = g2j∗ −

∑
l ̸=j∗ g

2
l (degree at most 2k); disjointness

gives |s| = Q ≤ s(z∗) on S. Let H = (gl)l ̸=j∗ , DH = degH, and M1, . . . ,Mb a maximal
family of pairwise disjoint monomials of degree DH of the gl, l 6= j∗. Restricting H to the
subcube that varies Mi (other coordinates as in z∗) keeps the top coefficient Ĥ(Mi) 6= 0, so
some Ei ⊆ Mi has H(z∗Ei) 6= 0, hence gj∗(z∗Ei) = 0 and s(z∗Ei) < 0. The function r(w) =
s(z∗ with Ei flipped iff wi = −1)/s(z∗) on Qb has degree at most 2k, |r| ≤ 1, r(1) = 1 and
r(1⊕i) < 0, so |dir(1)| > 1

2 for all i and Lemma 2.2 gives b < 32k2. Query U = M1 ∪ · · · ∪Mb

(|U | < 32k3). By maximality every top monomial of every gl, l 6= j∗, of degree DH meets U , so
afterwards these gl have degree at most DH − 1. The potential Φ = D1 +D2 (the two largest
degrees among the nonzero restricted gl, with multiplicity) drops by at least 1 in each stage, is at
most 2k initially and at least 2 while the procedure runs; so there are at most 2k− 1 stages. □
Corollary F.2 ([proved here]). If F =

∑
j yjgj with |gj | ≤ 1, deg gj ≤ k and pairwise disjoint

supports, then max(ε, τ) ≥ V 2/(16t2) ≥ V 2/(216k8).

Proof. On each leaf of the tree of Theorem F.1 at most one cjl is nonzero, so κD =
∑

l plV
2
l ≥ V 2.

By Theorem 4.2, ε ≥ V/2 or τ ≥ V 2/(16t2). (If t = 0, at most one gj is nonzero and ε = V .) □
For two polynomials this is the separator of [32]; the content for the conjecture is the in-

dependence of the depth from m. The level-set analogue (approximately disjoint supports) is
the L2-sharp selector case, for which the average-case Nisan lemma of Section 7 is the missing
ingredient.
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F.2. Sparse supports. For multilinear g1, . . . , gm on Qn let A(z) = {l : gl(z) 6= 0}. On a
subcube S write gl|S for the restriction (a multilinear polynomial in the free coordinates) and
deg 0 = 0.

Theorem F.3 (r-sparse separator; [proved here]). Let g1, . . . , gm : Qn → R be multilinear of
degree at most k with |A(z)| ≤ r for every z. There is a decision tree of depth at most
8r2(r + 1)k4 ≤ 16r3k4, independent of m and n, such that on every leaf at most r of the gl are
not identically zero.

Proof. Let N(S) be the number of l with gl|S 6≡ 0; stop if N(S) ≤ r. Otherwise let r′ =
maxz∈S |A(z)| ∈ [1, r], choose z∗ maximizing

∏
a∈A(z) |ga(z)| over z ∈ S with |A(z)| = r′, and

put A∗ = A(z∗), π =
∏
a∈A∗ ga. Let DH = maxl /∈A∗ deg gl|S , let M1, . . . ,Mb be a maximal family

of pairwise disjoint sets of size DH such that each Mi is a monomial of some gl|S with l /∈ A∗,
query U =M1 ∪ · · · ∪Mb, and recurse on every child. Write z∗E for z∗ with the coordinates in
E flipped.

(C0) As N(S) > r ≥ |A∗|, some l /∈ A∗ has gl|S 6≡ 0; it vanishes at z∗, so it is not constant
and DH ≥ 1. (C1) If π(z) 6= 0 then A∗ ⊆ A(z) and |A(z)| ≤ r′, so A(z) = A∗ and z was
admissible; hence π(z∗) 6= 0 and |π| ≤ |π(z∗)| on S. (C2) For each i there is a nonempty
Ei ⊆Mi with π(z∗Ei) = 0: take l /∈ A∗ having Mi as a monomial and fix the coordinates outside
Mi as in z∗; the resulting polynomial on Mi has nonzero top coefficient, since no monomial of
gl|S strictly contains Mi, so it is nonzero at some z∗Ei , and Ei 6= ∅ because gl(z∗) = 0. At z∗Ei

the index l /∈ A∗ is active and at most r′ indices are active, so some a ∈ A∗ is not. (C3) The
function ρ(w) = π(z∗E(w))/π(z∗), E(w) =

⋃
i:wi=−1Ei, is multilinear on Qb of degree at most

r′k (substitute zj = z∗jwi for j ∈ Ei), |ρ| ≤ 1 by (C1), ρ(1) = 1, and ρ(1⊕i) = 0 by (C2). So
|diρ(1)| = 1

2 for every i, and Lemma 2.2 gives b/2 ≤ 4(r′k)2. (C4) Hence |U | ≤ bDH ≤ 8r2k3.
For every answer on U , each l /∈ A∗ with deg gl|S = DH drops in degree (each of its top
monomials meets U , by maximality), and no degree increases. (C5) Let Φ(S) be the sum of
the r + 1 largest entries of the multiset {deg gl|S}l. Then Φ drops by at least 1 from S to each
child. Otherwise a set T ′ of r + 1 indices attaining Φ at the child attains Φ(S) and avoids
L = {l /∈ A∗ : deg gl|S = DH} 6= ∅; since |T ′| > |A∗|, some l1 ∈ T ′ \ A∗ has degree less than
DH , and exchanging l1 for an element of L would increase the sum. (C6) If N(S) > r then
Φ(S) ≥ 1, because nonzero constants are active on all of S, so there are at most r′ of them.
As Φ ≤ (r + 1)k at the root, every path has at most (r + 1)k stages of at most 8r2k3 queries
each. □

For r = 1 the potential is D1+D2 ≥ 2 and π = gj∗ has degree k, so the depth in Theorem F.1
improves to (2k − 1)8k3 < 16k4.

Corollary F.4 ([proved here]). (a) If F =
∑

j yjgj is a bounded one-block form with deg gj ≤ k

and at most r of the gj nonzero at every point, then max(ε, τ) ≥ V 2/(16rt2) ≥ V 2/(212r7k8),
where t ≤ 16r3k4 is the depth in Theorem F.3. (b) (Sparse sensitivity.) Let f : Qn → R be
multilinear of degree d with s(f) = maxz#{i : f(z) 6= f(z⊕i)} ≤ r. Then f is computed exactly
by a decision tree of depth D(f) ≤ 8r2(r + 1)(d − 1)4 + r ≤ 17r3d4. If moreover |f | ≤ 1, then
MaxInf(f) ≥ (Varf/D(f))2 ≥ Var(f)2/(289r6d8).

Proof. (a) Each leaf has at most r nonzero cjl, so V 2
l ≤ r

∑
j c

4
jl and κD ≥

∑
l plV

2
l /r ≥ V 2/r.

By Theorem 4.2, κD − εV ≤ 8t2τ ; if ε ≤ V/(2r) this gives τ ≥ V 2/(16rt2), and otherwise
ε > V/(2r) ≥ V 2/(16rt2) (if t = 0, at most r selectors are nonzero and ε ≥ V/r). (b) Apply
Theorem F.3 to gi = dif , of degree at most d − 1, with dif(z) 6= 0 if and only if i is sensitive
at z. On a leaf, (dif)|leaf = di(f |leaf) for free i, and at most r of these are nonzero, so f |leaf
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depends on at most r free coordinates; query them. For |f | ≤ 1, Theorem 4.1(L1) with h = f

gives Varf ≤
∑

i δiE|dif | ≤ D(f)MaxInf(f)1/2. □
Exact zeros are essential: f = n−1

∑
i xi has degree 1 and s(f) = n, and the level-set analogue

fails for Majority. For Boolean f , part (b) is weaker than what follows from Huang’s sensitivity
theorem [25] and [40]; its content is for real-valued f .

Appendix G. A multi-scale transfer and a search form

This appendix contains the one-scale restriction transfer, the spike gadget and the search
form mentioned in Section 7. By Theorem G.4 the transfer is equivalent to the conjecture,
so the conditional bound of Theorem G.2 is a reformulation, not a weakening. The iterated-
restriction algorithm (query the most influential variable, restrict, repeat) is that of [2], and
restriction lemmas of a related kind, at rate log d/(Cd), are [12, Lemmas 5.3–5.4, Theorems 6.3–
6.4]; the multi-scale statements below are reformulations of the conjecture in this spirit. Let σ
be a random restriction in which each coordinate is alive with probability 1

2 and fixed to ±1

with probability 1
4 each. The one-scale transfer OS(C, a, L) is the statement: for all d ≥ 2,

g ∈ Bd and δ, q ∈ (0, 1], if Prσ[Var(gσ) > 0, MaxInf(gσ) ≥ δVar(gσ)
C ] ≥ q then MaxInf(g) ≥

δqaVar(g)C/L(d).

Lemma G.1 (base case; [proved here]). Let f ∈ Bd, v = Varf > 0, p ≤ 1/(2ed) and
k = dlog2(8/(p2v))e. With probability at least pv/4 over a rate-p restriction ρ, MaxInf(fρ) ≥
(pv/(16d23k))2.

Proof. EVar(fρ) =
∑

S(1 − (1 − p)|S|)f̂(S)2 ≥ pv and Varfρ ≤ 1, so Pr[Varfρ ≥ pv/2] ≥ pv/2.
Also EW>k+1(fρ) =

∑
S ̸=∅ f̂(S)

2 Pr[Bin(|S|, p) > k + 1] ≤ v(edp/(k + 2))k+2 ≤ v2−(k+2), so by
Markov Pr[W>k+1(fρ) > pv/4] ≤ 2−k/p ≤ pv/8. On the intersection W [1,k+1](fρ) ≥ pv/4, and
Corollary 3.3 applies to fρ ∈ Bd. □
Theorem G.2 ([proved here]; a reformulation by Theorem G.4). If OS(C, a, L) holds with
C ≥ 2, then for f ∈ Bd, d ≥ 2, v = Varf , T = dlog2(2ed)e, p = 2−T , k as in Lemma G.1 and
δT = (pv/(16d23k))2,

MaxInf(f) ≥ vC δT (pv/4)aT 2−aT (T+1)/2 L(d)−T .

For L(d) = db this is exp(−K(1+a+b+C) log(2d) log(2d/v)) with K absolute, i.e. (v/d)O(log d);
for L(d) = eo(d/ log d) it is e−o(d) whenever log(1/v) = o(d/ log d).

Proof. Let ρt be the composition of t independent rate-12 restrictions (a rate-2−t restriction) and
Eδ(g) = {Varg > 0, MaxInf(g) ≥ δVar(g)C}. By Lemma G.1, Pr[EδT (fρT )] ≥ qT := pv/4. If
Pr[Eδt(fρt)] ≥ qt, then with probability at least qt/2 over ρt−1 we have Prσ[Eδt((fρt−1)σ)] ≥ qt/2,
and OS for fρt−1 ∈ Bd gives Eδt−1(fρt−1) with δt−1 = δt(qt/2)

a/L(d) ≤ 1 and qt−1 = qt/2. At
t = 0 this says MaxInf(f) ≥ δ0v

C , and
∏T
t=1 qT 2

t−T−1 = qTT 2
−T (T+1)/2. □

Proposition G.3 ([proved here]). (i) Conjecture 1.1 with constants (cAA, CAA) implies
OS(C, 0, dCAA/cAA) for every C ≥ CAA. (ii) For C ≥ 2, OS holds with L = eO(d) (Propo-
sition 2.5). (iii) For C ≥ 2 and L(d) ≥ (24d3)2, OS holds automatically for every g with
W [1,k+1](g) ≥ Var(g)/2, k = dlog3 de. (iv) For C < 2, OS(C, a, L) is false for every L = 2o(d);
and without the restriction δ ≤ 1 it is false for every L = 2o(d) and every C.

Proof. (i) MaxInf(g) ≥ cAA(Varg/d)
CAA ≥ cAAd

−CAAVar(g)C ≥ δq0Var(g)C/L. (ii) Proposi-
tion 2.5. (iii) Corollary 3.3 gives MaxInf(g) ≥ Var(g)2/(8d23k)2 ≥ Var(g)C/(24d3)2. (iv) Let
gm = M−1

∑M
c=1ANDm(x

(c)) on disjoint blocks, ANDm =
∏
l≤m(1 + xl)/2, with M ≥ d1/π1e,
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π1 = 2m4−m. With probability at least 1 − 1/e some copy keeps exactly one alive variable
with all its fixed variables equal to +1, so MaxInf((gm)σ) ≥ 1/(4M2) = 2m−1MaxInf(gm);
and Var((gm)σ) ≤ 4Var(gm) with probability at least 3

4 . Hence with probability at least 0.38,
DC((gm)σ) ≥ 2m−1−2CDC(gm), where DC(g) = MaxInf(g)/Var(g)C . For C < 2, DC(gm) ≤
2(C−1)(m+1)MC−2 → 0 as M → ∞, so the hypothesis holds with δ = 2m−1−2CDC(gm) < 1 and
q = 0.38, and OS would force L(m) ≥ 2m−1−2C0.38a. Without the cap the same computation
applies for every C. □

By (iii), only top-heavy g matter, and one might hope that OS for them is easier than the
conjecture. It is not: gluing a spike average onto a variance donor on fresh variables makes the
hypothesis of OS hold at full strength, while the spikes contribute almost nothing to MaxInf, so
the conclusion must be paid by the donor.

Theorem G.4 (spike gadget; [proved here]). Fix C ≥ 2, a ≥ 0 and a nondecreasing L ≥ 1; let
q = 1 − 1/e − 1/4 > 0.38 and κ(D) = qa/(4C+1L(D)). Assume OS(C, a, L) only for top-heavy
g, i.e. for g ∈ BD with W [1,k+1](g) < Var(g)/2, k = dlog3De. Let h ∈ Bd with v = Varh > 0,
and let D ≥ d satisfy m := dlog2(1/κ(D))e+ 1 ≤ D. Then, with k = dlog3De,

MaxInf(h) ≥ min
{( v

16d23k

)2
,
κ(D)5vC

256

}
.

Consequently OS, even restricted to top-heavy functions, is equivalent to Conjecture 1.1
up to polynomial losses: OS(C, a,Kdb) gives MaxInf(h) ≥ cVar(h)Cd−max(6,5b) with
c = c(C, a,K, b) > 0, and OS with a loss L satisfying L(d) ≤ qa2d−2C−4 gives
MaxInf(h)/Var(h)C ≥ min{d−6/2304, q5a4−5C−9L(d)−5}, which is poly(1/(dL(d))); for
larger L Proposition 2.5 gives a bound of the same form.

Proof. Case 1: W [1,k+1](h) ≥ v/4. Corollary 3.3 gives the first term.
Case 2: W [1,k+1](h) < v/4. Let s = M−1

∑M
c=1ANDm(x

(c)) on M fresh disjoint blocks of
m variables, ANDm =

∏
l≤m(1 + xl)/2, with π1 = 2m4−m and M = max(d1/π1e, d1/(4vC/2)e),

and let g = (h+ s)/2 ∈ BD. Since κ ≤ 4−3 we have m ≥ 7.
(i) g is top-heavy. Vars ≤ 2−m/M ≤ 4 · 2−mvC/2 < v/2, since C ≥ 2 and v ≤ 1. As h and s

depend on disjoint variables, W [1,k+1](g) ≤ (v/4 + Vars)/4 < (v +Vars)/8 = Var(g)/2.
(ii) The hypothesis of OS holds for g with δ = 1/(16M2(4Varg)C), which is at most 1 because

4Varg ≥ v and 16M2vC ≥ 1. A given copy of ANDm keeps exactly one alive variable with
all its fixed variables equal to +1 with probability π1, so some copy does with probability at
least 1 − (1 − π1)

M ≥ 1 − 1/e; that variable has influence (1/(4M))2 = 1/(16M2) in gσ. Since
EσVar(gσ) ≤ Varg, Markov’s inequality gives Var(gσ) ≤ 4Varg with probability at least 3

4 .
With probability at least q both hold, and then Var(gσ) > 0 and MaxInf(gσ) ≥ 1/(16M2) =
δ(4Varg)C ≥ δVar(gσ)

C .
(iii) OS for g gives MaxInf(g) ≥ δqaVar(g)C/L(D) = κ(D)/(4M2). By disjointness

MaxInf(g) = 1
4 max(MaxInfh, 2−m−1/M2), and 2−m−1 ≤ κ/4 by the choice of m; hence

MaxInf(h) ≥ κ/M2.
(iv) M ≤ max(2/π1, 1/(2v

C/2)), so M2 ≤ 4/(π21v
C); and 2m ≤ 4/κ gives π1 ≥ mκ2/8 ≥ κ2/8.

So MaxInf(h) ≥ κπ21v
C/4 ≥ κ5vC/256.

For the consequences take D = max(d, d0) with d0 = d0(C, a,K, b) such that m ≤ D, and use
3k ≤ 3D and (v/(48d3))2 ≥ vC/(482d6); the converse implication is Proposition G.3(i). □

So Theorem G.2 is a reformulation of the conjecture, not a weakening, and Theorem G.4 gives
the polynomial bound directly. The same gadget defeats every variant in which a statement
about (MaxInf,Var) at scale 1

2 implies one at scale 1 under a cap δ ≤ poly(Var/d), with any
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probability q < 1 (take M � 1/π1 and Markov at level 1/(1− q)), as well as averaged versions
and low-fraction mass versions: if the conclusion contains MaxInf(g) ≥ θ/L and a negligible
spike part can satisfy the hypothesis, the statement is equivalent to the conjecture.

The search form below says that the transfer problem is a query-complexity problem. Fix
A ⊆ [n], let y ∈ {±1}Ac be uniform, r ∈ (0, 1], and φj(y) = Inf

(r)
j (fA,y) for j ∈ A (noisy

influence ‖T√rdj · ‖22 of the restriction). JA(Q, ε) at (A, θ, r) is the statement: a randomized
decision tree on y with expected number of queries at most Q outputs φ̃(y) ∈ [0, 1]A with
E
∑

j |φ̃j − φj(y)|1[max(φ̃j , φj(y)) ≥ θ] ≤ εθ.

Theorem G.5 (search form; [proof outline]). The following are equivalent, with polynomial
changes of constants: (a) Conjecture 1.1; (b) there is K such that for all f ∈ Bd, A, θ, ε ∈ (0, 1]
and k ≥ 1, JA(Q, ε) holds at (A, θ, 1− 1/k) with Q ≤ (dk/(θε))K .

Proof outline. (b)⇒(a). (1) Since
∑

j |φj(y)−φj(y
⊕l)| ≤ 4d

√
ψl(y−l) with Eψl = Inf l(f), for θ′

uniform on [θ, 2θ] the junta map Jθ′(y) = {j : φj(y) ≥ θ′} satisfies Eθ′ Pry[Jθ′(y) 6= Jθ′(y
⊕l)] ≤

4d
√
Inf lf/θ. (2) A set-valued OSSS inequality in covariance form, proved by the hybrid argument

of Theorem 4.1 using only the triangle inequality of the discrete metric: for a tree T computing
G and any J , Pr[G = J ] −

∑
S Pr[G = S] Pr[J = S] ≤

∑
l δl(T ) Prz[J(z) 6= J(z(l))], where z(l)

re-randomizes coordinate l. Applied to Gθ′ = {j : φ̃j ≥ θ′} and Jθ′ , with q = Pry[J2θ 6= ∅] and
τ = MaxInf(f), it gives q − ε− τ/θ ≤ 2dQ

√
τ/θ, so τ ≥ min(θq/4, (θq/(4dQ))2) when ε ≤ q/4.

(3) Lemma G.1 at p = 2−⌈log2(2ed)⌉ provides A with q ≥ pv/4 for θ = poly(v/d) (noisy influences
at r = 1 − 1/(k′ + 2) are at least e−1 times the low-degree influences). (a)⇒(b). Under the
conjecture the greedy algorithm of [2] (query the most influential variable while the restricted
variance is at least ε1) gives a tree T of depth D = dC+1/(cεC+1

1 ) with ‖f − T‖22 ≤ 2ε1. For
noisy influences with r = 1−1/k,

∑
j |φj−φTj | ≤ 2k‖fA,y−TA,y‖2 (the seminorm ‖T√rdj · ‖ and

maxs s r
s−1 ≤ k), and each φTj is estimated from R = (6eD/(θ2ε))2 samples by following at most

2D(D+1) paths; a Chernoff bound for the small ιj = Infj(TA,y) and the choice ε1 = (εθ2/(24k))2

give total error at most εθ with Q ≤ 2D(D + 1)R. □

Appendix H. Refuted routes

This appendix records two routes that fail. The deficit transfer, a route to a quasi-polynomial
bound measured in influence mass, is false in the regime that the argument needs. The L∞
Talagrand inequality of [35, Conjecture 37], which would imply Conjecture 1.1, is false, also in
symmetric form (Appendix H.2).

H.1. The deficit transfer. For a function u and θ > 0 let Sθ(u) =
∑

j Infj(u)1[Infj(u) ≥ θ]

be the spike mass and Nθ(u) = I(u)−Sθ(u) the non-spike mass; recall that 2EσI(gσ) = I(g) for
the rate-12 restriction σ.

Definition H.1 (deficit transfer). DT(K, ε, L) (with cap C) is the statement: for all g ∈ Bd
and 0 < θ ≤ Var(g)C ,

Nθ/L(g) ≤ 2K EσNθ(gσ) + ε I(g).

DT says that non-spike mass at scale 1 is controlled by non-spike mass at scale 1
2 . Unlike OS

it is linear in g, and the spike gadget does not hit it: for g = (h + s)/2 with h spike-free the
right side is about K I(g), which is at least the left side.

Remark H.2 (consequences of DT; [proof outline]). Since DT is linear in g, it can be averaged
along the chain of scales of Theorem G.2. With φt = 1−ESθt(fρt)/EI(fρt) and θt−1 = θt/L one
gets φt−1 ≤ Kφt+ε+et, where et ≤ d θ

1/C
t 2t/I(f) accounts for restrictions with VarC < θt, and
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at the bottom scale T = O(log d) a base-case estimate in the spirit of Lemma G.1 (not included
here) gives φT ≤ 1/(4KT ) at a threshold θT = poly(v/d). Thus DT(O(1), 1/poly(d), poly(d))

would give φ0 ≤ 3
4 and MaxInf(f) ≥ θTL

−T = (Varf/d)O(log d), and a loss L = eo(d/ log d) would
give e−o(d) when log(1/Varf) = o(d/ log d).

The next proposition shows that DT fails in exactly this regime, already for Boolean functions
that satisfy the conjecture.
Proposition H.3 (parity-target address functions; [proved here]). Let k ≥ 4, let y ∈ Qk be
address bits, let Ba (a ∈ Qk) be 2k disjoint blocks of w target bits, and let F (y, x) = χBy(x) =∏
i∈By

xi. Then F is Boolean of degree k + w, VarF = 1 and MaxInf(F ) = 1
2 . For w = k2,

1 ≤ K ≤ 2k
2−k−1, ε < 1

2 − 1
k , rθ = dk/2 + (k ln(2K)/2)1/2e, θ = 2−rθ and 1 ≤ L < 2k−rθ ,

the inequality of Definition H.1 fails for g = F (with any cap C). In particular, in degree
d = k2 + k, DT(K, ε, L) is false for every constant K, every ε < 1

2 − o(1) and every L ≤ 2cK
√
d.

Since DT quantifies over all g ∈ Bd, one may also take F with k = Θ(log2 d) address bits (degree
k2 + k ≤ d); then θ = 2−rθ = d−Θ(log d) lies in the range of thresholds used in Remark H.2, and
L < 2k−rθ = dΘ(log d) covers every polynomial loss.
Proof. Each address bit has influence 1

2 (flipping it switches between two independent uniform
parities), and each target bit has influence 2−k, so I(F ) = w+k/2. As θ/L > 2−k, Nθ/L(F ) ≥ w.
Under σ let r be the number of alive address bits. An alive target bit in Ba has influence 2−r in
Fσ if the fixed address bits agree with a and 0 otherwise; it is a non-spike only if r > rθ. Hence
the target bits contribute

2k · w · 1
2 · E

[
2−r2−(k−r)1[r > rθ]

]
= w

2 P
′, P ′ = Pr[Bin(k, 12) > rθ] ≤

1

2K

to EσNθ(Fσ), by Hoeffding’s inequality. An alive address bit has influence 1
2 ≥ θ in Fσ unless

some block is entirely fixed, which has probability at most 2k2−w; so the address bits contribute
at most k

22
k−w. Therefore

2K EσNθ(Fσ) + εI(F ) ≤ w

2
+Kk2k−w +

(1
2
− 1

k

)(
w +

k

2

)
< w ≤ Nθ/L(F ),

using w = k2, (12 − 1
k )(k

2 + k
2 ) < k2/2 − 3k/4 and Kk2k−k

2 ≤ k/2. Finally θ ≤ 1 = Var(F )C ,
and k − rθ ≥ k/2− (k ln(2K)/2)1/2 − 1 with k ≥

√
d− 1. □

The chain of Remark H.2 concludes that Sθ0(f) ≥ I(f)/4 with θ0 = d−O(log d); for F this
is false, since Sθ(F ) = k/2 for 2−k < θ ≤ 1

2 while I(F ) = k2 + k/2. So no transfer whose
output is that a constant fraction of the influence mass lies on quasi-polynomially large spikes
can hold, and influence mass is the wrong currency. In particular DT is false although F satisfies
the conjecture. A transfer measured in variance is not refuted by these examples; the current
candidate is the touching transfer of Section 8, whose limits are in Appendix I.

H.2. Talagrand’s inequality for L∞. For x ∈ {0, 1}n and K ⊆ [0, 1]n Lovett and Zhang [35,
Section 4] put d∞(x,K) = miny∈K ‖x− y‖∞, with conv(Y ) the convex hull of Y in [0, 1]n, and
[35, Definition 36]: “Let X ⊂ {0, 1}n. The i-th influence of X is the probability that a random
element in X moves outside X when the i-th bit is flipped: Infi[X] = Prx∈X [x ⊕ ei /∈ X]. The
maximal influence of X is Inf∞[X] = maxi Infi[X]” (the source has Inf∞[x], a typo). Their
conjecture reads:

Conjecture 37 (Talagrand for L∞). Let X,Y ⊂ {0, 1}n. Assume that
Inf∞[X], Inf∞[Y ] ≤ τ . Then there exists x ∈ X such that d∞(x, conv(Y )) ≤
poly(τ).
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By [35, Claim 38] it implies Conjecture 1.1. The statement has no condition on the sizes of X
and Y or on n, and we read poly(τ) as Cτ c with absolute constants C, c > 0, which is what
Claim 38 needs. Both examples below are built on Tribes: k disjoint blocks (tribes) T1, . . . , Tk
of width w ≥ 2, n = kw and p = 2−w. A tribe T is full at x if xT = 1w and empty if xT = 0w,
and T (i) is the tribe containing i.
Proposition H.4 (Conjecture 37 of [35] is false; [proved here]). Let k = d2w ln 2e. (a) Let X be
the set of x with a full tribe and Y = {0, 1}n \X. Then d∞(x, conv Y ) ≥ 1/w for every x ∈ X,
Inf∞[Y ] = p/(1 − p), Inf∞[X] = p(1 − p)k−1/(1 − (1 − p)k), and µ(X), µ(Y ) → 1

2 as w → ∞.
(b) Let X ′ be the set of x with a full tribe and no empty tribe, and Y ′ = {1 − x : x ∈ X ′} the
set of x with an empty tribe and no full tribe. Then d∞(x, conv Y ′) ≥ 1/w for every x ∈ X ′ and
d∞(y, convX ′) ≥ 1/w for every y ∈ Y ′, Inf∞[X ′] = Inf∞[Y ′] = p(1−p)k−1/((1−p)k−(1−2p)k),
and µ(X ′) = µ(Y ′) → 1

4 .
In (a), τ = max(Inf∞[X], Inf∞[Y ]) = (1 + o(1))2−w, and in (b) τ = (2 + o(1))2−w. So

1/w = (1 + o(1))/ log2(1/τ), which exceeds Cτ c for all fixed C, c > 0 once w is large. Hence
Conjecture 37 of [35] is false, and by (b) so is its symmetric form, in which the conclusion is
that some point of X is close to conv Y or some point of Y is close to convX.
Proof. (a) Let x ∈ X and let T be full at x. Every y ∈ Y has a 0 in T , so

∑
i∈T (1 − yi) ≥ 1

on Y and hence on conv Y . For z ∈ conv Y this gives
∑

i∈T (xi − zi) ≥ 1, so ‖x − z‖∞ ≥ 1/w.
Under the uniform measure on Y the tribes are independent and uniform on {0, 1}w \ {1w},
and y ⊕ ei /∈ Y if and only if yT (i) = 1w ⊕ ei, so Infi[Y ] = 1/(2w − 1). Further, x ⊕ ei /∈ X for
x ∈ X if and only if T (i) is the only full tribe of x, an event of probability p(1 − p)k−1 under
the uniform measure on {0, 1}n, while µ(X) = 1 − (1 − p)k. As w → ∞, (1 − p)k → 1

2 , which
gives the remaining claims. (b) As in (a), every x ∈ X ′ has a full tribe T and every y ∈ Y ′ has
a 0 in T , so d∞(x, conv Y ′) ≥ 1/w. The map x 7→ 1 − x exchanges X ′ and Y ′ and preserves
influences and d∞, which gives the claims for Y ′. Flipping i moves x ∈ X ′ out of X ′ exactly
when xi = 1 and either T (i) is the only full tribe, which has probability p(1− 2p)k−1 under the
uniform measure, or xT (i) = ei while another tribe is full and none is empty, which has probability
p((1−p)k−1−(1−2p)k−1). The sum is p(1−p)k−1, and µ(X ′) = (1−p)k−(1−2p)k → 1

2−
1
4 . □

We have found no erratum or later discussion of [35, Conjecture 37].
Remark H.5 (readings that survive; [proved here] for (ii), [open] for (iii) and (iv)). (i) Adding
dummy variables changes neither the influences nor the distances, since conv(Y × {0, 1}m) =
conv(Y ) × [0, 1]m; so neither a factor polylog(n) nor an additive term (log n)−c in the bound
rescues the statement. In (a) the order of X and Y matters: averaging the k points obtained
from y ∈ Y by filling one tribe gives d∞(y, convX) ≤ 1/k = O(τ). (ii) Complementary sets. If
Y = {0, 1}n \X with X,Y 6= ∅, and d∞(x, conv Y ) ≥ η for all x ∈ X and d∞(y, convX) ≥ η for
all y ∈ Y , then max(Inf∞[X], Inf∞[Y ]) ≥ η3. So the symmetric form holds for complementary
sets with poly(τ) = τ1/3, while (a) shows that the one-sided form fails even for them. Proof.
Let h = 1X . If B1, . . . , Bb are disjoint blocks with xBj ∈ Y for some x ∈ X, the average of
the xBj lies in conv Y at distance 1/b from x, so b ≤ 1/η; the same holds at points of Y . So
bs(h) ≤ 1/η, and D(h) ≤ η−3 by Lemma 5.7. For F = 2h − 1, Theorem 4.1(L1) applied to an
optimal tree for F gives VarF ≤ D(h)maxi Infi(F ), where VarF = 4µ(X)µ(Y ) and Infi(F ) =
2µ(X)Inf i[X] = 2µ(Y )Inf i[Y ]. Hence Inf∞[X] ≥ 2µ(Y )/D(h) and Inf∞[Y ] ≥ 2µ(X)/D(h), and
max(µ(X), µ(Y )) ≥ 1

2 . (iii) The KKL scale. The bound d∞(x, conv Y ) ≤ C/ log(1/τ) for some
x ∈ X is not refuted, and Tribes shows that it would be sharp up to the constant. Through [35,
Claim 38] it would give only τ−1 ≤ exp(poly(d, 1/ε, log n)), which does not imply the conjecture.
(iv) Level sets of one polynomial. [35, Claim 38] applies Conjecture 37 only to X = {f ≤ t−α}
and Y = {f ≥ t + α} for one f of degree d, with t = Ef , α ∈ [ε, 2ε] and |X|, |Y | ≥ ε2n; there
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the distance bound d∞ ≥ p holds at every point of X and of Y , so the symmetric form would
suffice. The pair of (a) is of this kind, but only with a small gap [unaudited]: f = 1 − 2N/k,
with N the number of full tribes, lies in Bw, Ef = 1−2p, and X ⊆ {f ≤ t−α}, Y ⊆ {f ≥ t+α}
for 0 < α ≤ min(2p, 2/k − 2p). Conversely, suppose X ⊆ {f ≥ t+ α} and Y ⊆ {f ≤ t− α} (or
the reverse) for some f ∈ Bd. At a point y ∈ Y at which every tribe has exactly one 0, flipping
that 0 moves y into X, so |dif(y)| ≥ α for k coordinates, and Lemma 2.2 gives kα ≤ 4d2, i.e.
d2τ/α ≥ d2p/α ≥ (ln 2)/4; as α ≤ 1, also d/α ≥ max(d, k/(4d)) ≥

√
k/2 = Ω(

√
n/ log n). So

Tribes does not refute a level-set version with a bound polynomial in d2τ/α; such a version
suffices for [35, Claim 38] and is essentially the level-set form of Conjecture 1.1. Proposition H.4
refutes the degree-free statement, not this degree-dependent route.

Appendix I. Limits of the touching transfer

This appendix contains the negative results on the touching transfer of Section 8. They show
that the loss L must be at least d1−o(1).

Proposition I.1 (spike-free functions; [proved here]). If g ∈ Bd and Jθ/L(g) = ∅, then
2EσUθ(gσ) ≥ Var(g)(1− d 9d−1/L). So TT(ε, L) holds for every such g once L ≥ d 9d−1/ε, with
no cap.

Proof. By Lemma 8.1(b),(e), 2EUθ(gσ) ≥ Varg−2ESθ(gσ). For an alive j the derivative of gσ in
direction j is (djg)σ, so Xj := Infj(gσ) = ExA [(djg)2σ]; by Jensen’s inequality, uniformity of the
fixed values and Bonami’s inequality (deg djg ≤ d−1), E[X2

j | j alive] ≤ E(djg)4 ≤ 9d−1Infj(g)
2.

Hence E[Xj1[Xj ≥ θ] | j alive] ≤ 9d−1Infj(g)
2/θ < 9d−1Infj(g)/L, and summing, ESθ(gσ) ≤

9d−1I(g)/(2L) ≤ d 9d−1Var(g)/(2L). □
[proof outline] moments of order 2 + 2δ with δ → 0 improve 9d−1 to e(2+o(1))d provided

log(1/ε) = o(δd). No argument reaches L = da with a < 2C/(2C − 1) for spike-free g: the
families below have no θ/L-spikes and violate TT there.

Compositions of disjoint ANDs. Take s disjoint blocks of width w, let Ai ∈ {0, 1} indicate
that all bits of block i equal 1, and put N =

∑
iAi, λ = s2−w, π0 = (1 − 2−w)s and π′0 =

(1 − 2−w)s−1. For a polynomial P of degree q with |P | ≤ 1 on {0, . . . , s} let g = P (N) and
∆P (t) = P (t + 1) − P (t). As A2

i = Ai, N j is a combination of products of the Ai of distinct
blocks, so g ∈ Bqw; every bit has influence ι0 = 2−w

2 E∆P (N ′)2 with N ′ ∼ Bin(s − 1, 2−w).
Under σ, block i is dead if some bit is fixed to −1 (put ϕi = 0), fully fixed if all its bits are
fixed to 1 (ϕi = 1), and otherwise alive with ri ≥ 1 alive bits (ϕi = 2−ri); it is alive with r

alive bits with probability κr =
(
w
r

)
2−r4−(w−r). Then gσ = P (Nσ), and an alive bit of block

i has influence ιi = φi
2 E∆P (N−i)

2 ≥ φi
2 ∆P (0)

2Π(−i), where N−i counts the other blocks and
Π(−i) = Pr[N−i = 0] =

∏
i′ ̸=i(1− ϕi′) is independent of ϕi, with EΠ(−i) = π′0. Let W be the set

of alive blocks with ιi < θ, NW their count and Nrest = Nσ −NW . Then Uθ(gσ) = VarQ(NW )
with Q(t) = EP (t + Nrest), |Q| ≤ 1, and Π0 := Pr[Nσ = 0] = ΠW Pr[Nrest = 0] with ΠW =
Pr[NW = 0]. For θ = (1 + ξ)Lι0 with ξ > 0 there are no θ/L-spikes, so Uθ/L(g) = Varg, and if
θ ≤ Var(g)C then εmin(g;L) ≥ 1− 2EσUθ(gσ)/Varg.

Proposition I.2 (Tribes; [proved here]). Let P (t) = 1− 2 · 1[t ≥ 1], so that g = 1− 2ORiAi is
Tribes of degree d = sw, ι0 = 21−wπ′0, Varg = 4π0(1− π0) and ιi = 2ϕiΠ

(−i). For every θ > 0,

EσUθ(gσ) ≤ 4s

w∑
r=1

κr(1− 2−r)min(2−rπ′0, θ/2).
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Proof. Let ΠS , ΠW be the products of 1−ϕi over the alive blocks outside and inside W , so Π0 =
ΠSΠW (U = 0 if some block is fully fixed). By Lemma 8.1(a), E[gσ | xW ] = −1 + 2ΠSZW with
ZW ∈ {0, 1} of mean ΠW , so Uθ(gσ) = 4Π2

SΠW (1−ΠW ) ≤ 4Π0(1−ΠW ) ≤ 4
∑

i∈W ϕiΠ0. For i ∈
W , 4ϕiΠ0 = 4ϕi(1−ϕi)Π(−i) = 2(1−ϕi)ιi ≤ 2(1−ϕi)min(ιi, θ). Take expectations; by Jensen’s
inequality (min is concave) and independence, Emin(21−rΠ(−i), θ) ≤ min(21−rπ′0, θ). □
Corollary I.3 (Tribes threshold; [proved here]). In Proposition I.2 let θ = (1+ ξ)Lι0 with ξ > 0
and θ ≤ Var(g)C , and suppose (1 + ξ)L ≤ 2αw with α < 1

2 and (12 − α)w ≥ 1. Then

εmin(g;L) ≥ 1− 2λπ′0
π0(1− π0)

(
e−2((1/2−α)w−1)

2/w +Bα

)
,

with Bα = e−2(1/2−α)
2w for α ∈ [13 ,

1
2) and Bα = 0.945w for α < 1

3 . With s = round(2w ln 2): for
every fixed a < 1

2 and every cap exponent, εmin(g; d
a) ≥ 1− d−Ω((1/2−a)2); and for every fixed L,

εmin → 1 as w → ∞, so TT(ε,O(1)) is false for every ε < 1.

Proof. Put x = 1 − α and split the sum of Proposition I.2 at rc = bxwc. For r ≥ rc use
sκr2

−r = λPr[Bin(w, 12) = r] and Hoeffding’s inequality, whose deviation rc− w
2 ≥ (12 −α)w− 1

is nonnegative. For r < rc use θ/2 ≤ 2(α−1)wπ′0 and sκr2
(α−1)w = λPr[Bin(w, 12) = r] 2r−xw;

then
∑

r≤xw Pr[Bin(w, 12) = r]2r−xw ≤ mint∈[0,1] 2
−w2(t−1)xw(1 + 21−t)w, which is e−wD(x∥1/2) ≤

e−2(x−1/2)
2w for x ≤ 2

3 (take 21−t = x/(1 − x)) and at most 0.945w for x > 2
3 (take t = 0).

Divide 2EU by Varg. For this s, Varg = 1 − O(4−w), so the cap holds for every fixed C, and
log2 d = w + log2(λw), so L = da corresponds to α = a(1 +O(logw/w)). □

At small size, εmin = 0.578 at L = 2 under the cap Var2 (Tribes with w = 2, s = 5, all 310
restrictions) [numerical]. For a ≥ 1

2 the behaviour of Tribes is known only numerically: Monte
Carlo gives εmin < 0 at a = 1

2 for 8 ≤ w ≤ 28 [numerical].

Theorem I.4 (compositions; [proved here]). Assume ∆P (0) 6= 0. Let θ = (1+ ξ)Lι+0 with ξ > 0
and ι+0 ≥ ι0, and assume θ ≤ Var(g)C and λ(1 + (3/4)w) < ln 4. Put θ′ = 8θ/∆P (0)2 and
r1 = blog2(1/θ′)c+ 1. Then, for every L satisfying these conditions,

εmin(g;L) ≥ 1− 8λ

Varg

(
Pr

[
Bin(w, 12) ≥ r1

]
+ π4

)
, π4 = λ2−w +

9
4λ(3/4)

w

(ln 4− λ(1 + (3/4)w))2
.

Proof. As |Q| ≤ 1, Uθ(gσ) = VarQ(NW ) ≤ E(Q(NW ) − Q(0))2 ≤ 4Pr[NW ≥ 1] ≤ 4
∑

i∈W ϕi.
If i ∈ W and Π(−i) ≥ 1

4 then ϕi < θ′, since otherwise ιi ≥ θ′∆P (0)2/8 = θ. Hence, by
independence and Eϕi1[ri ≥ 1] ≤ 2−w, E[ϕi1[i ∈ W ]] ≤ E[ϕi1[ϕi < θ′]] + 2−w Pr[Π(−i) < 1

4 ],
and E[ϕi1[ϕi < θ′]] =

∑
r≥r1

(
w
r

)
4−w = 2−w Pr[Bin(w, 12) ≥ r1]. The event Π(−i) < 1

4 requires
that another block is fully fixed, which has probability at most s4−w = λ2−w, or that Z =∑

i′(ϕ̃i′ + ϕ̃2i′) > ln 4, where ϕ̃ = ϕ1[r ≥ 1] ≤ 1
2 and − ln(1 − y) ≤ y + y2 on [0, 12 ]. Since

Eϕ̃ ≤ 2−w, Eϕ̃2 = 4−w((3/2)w − 1) and (ϕ̃ + ϕ̃2)2 ≤ 9
4 ϕ̃

2, we have EZ ≤ λ(1 + (3/4)w) and
VarZ ≤ 9

4λ(3/4)
w, and Chebyshev’s inequality bounds Pr[Z > ln 4]. Summing over the s blocks

gives EUθ(gσ) ≤ 4λ(Pr[Bin(w, 12) ≥ r1] + π4). □
Proposition I.5 (near-OR compositions, first moment; [proved here]). Suppose P (0) ≤ 1 and
P (t) ∈ [−1,−1 + 4δ′] for t ≥ 1, with 0 ≤ δ′ ≤ 1

8 , and put θ′′ = 2θ/∆P (0)2. Then

EσUθ(gσ) ≤ 5s

w∑
r=1

κr(1− 2−r)min(2−rπ′0, θ
′′) + 100λδ′2.
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Proof. Let Z = Q(NW ) + 1 ≥ 0. On {NW = 0}, Z = z0 := Q(0) + 1 ≤ 2Pr[Nrest = 0] + 4δ′,
and on {NW ≥ 1}, Z ∈ [0, 4δ′]. Conditioning on 1[NW ≥ 1] gives Uθ(gσ) = VarZ ≤ (1 −
ΠW )[ΠW (z20 + 16δ′2) + 4δ′2]. By (a + b)2 ≤ 5

4a
2 + 5b2, z20 ≤ 5Pr[Nrest = 0] + 80δ′2, and as

ΠW Pr[Nrest = 0] = Π0, Uθ(gσ) ≤ 5Π0(1 − ΠW ) + 100δ′2(1 − ΠW ). Now 1 − ΠW ≤
∑

i∈W ϕi,
Π0ϕi = (1 − ϕi)ϕiΠ

(−i), and ϕiΠ
(−i) < θ′′ for i ∈ W by the lower bound on ιi. Finish as in

Proposition I.2, using E(1−ΠW ) ≤
∑

i Eϕi1[ri ≥ 1] ≤ λ. □
For Tribes, δ′ = 0 and the exact formula for U give the constant 4 of Proposition I.2.

Corollary I.6 (approximate OR; [proved here]). Let c > 0 be fixed, s ≥ 2, x(t) = (s + 1 −
2t)/(s − 1), q = dc

√
se, R(t) = Tq(x(t))/Tq(x(0)), δ = 1/Tq(x(0)) and P = (2R − 1)/(1 + 2δ),

so that d = qw.
(a) P satisfies the hypothesis of Proposition I.5 with δ′ = δ/(1 + 2δ); moreover δ ≤

1/ cosh(2c), |∆P (0)| ≥ 2 − 6δ′, Varg ≥ π0(1 − π0)(2 − 6δ′)2 and ι0 ≤ ι+0 := 2−w

2 (4π′0 +

16δ′2).
(b) Balanced. With s = round(2w ln 2), log2 d = w/2 + O(logw), and for every fixed a < 1

and every cap exponent, εmin(g; d
a) ≥ 1− d−Ω((1−a)2). So TT(ε, L) fails for L ≤ d1−o(1)

and ε < 1− o(1).
(c) Sparse. With cap C ≥ 2 and s = round(2w(1−1/(2C))), so that λ ≈ 2−w/(2C) and Varg ≈

4λ, log2 d = (12 −
1
4C )w+O(logw), and TT(1− o(1), da) fails for every a < 2C/(2C − 1)

(a < 4
3 for C = 2). The same computation for sparse Tribes, via Corollary I.3, gives

only a < C/(2C − 1).
(d) For C = 2, w = 1000, c = 3 (so s = 2750, q = 3 · 2375, log2 d = 386.55 . . .) and L = d1.2,

Theorem I.4 gives r1 = 535 and εmin ≥ 0.9700637, by an exact evaluation with integer
binomial tails [proved here, computer-assisted]. So TT(0.97, d1.2) with cap 2 is false,
by a thin margin: the bound is a step function of the exponent and drops to 0.9649 by
a = 1.20025. The robust statement is that TT(0.96, d1.2) with cap 2 is false (margin
0.01).

Proof. Since x maps {1, . . . , s} into [−1, 1] and x(0) > 1, R(0) = 1 and |R(t)| ≤ δ for t ≥ 1,
so |P | ≤ 1, P (0) = 1/(1 + 2δ) and P (t) ∈ [−1,−1 + 4δ′] for t ≥ 1. Write x(0) = 1 +

2/(s − 1) = cosh τ0; then tanh(τ0/2) = s−1/2, so τ0 ≥ 2 tanh(τ0/2) = 2/
√
s, qτ0 ≥ 2c and

Tq(x(0)) = cosh(qτ0) ≥ cosh(2c). Hence |∆P (0)| ≥ 2 − 6δ′, Varg ≥ π0(1 − π0)(2 − 6δ′)2

(Cauchy–Schwarz against 1[N = 0]) and ι0 ≤ ι+0 , as |∆P (t)| ≤ 4δ′ for t ≥ 1. In Theorem I.4,
log2(1/θ

′) = w− log2 L−O(1) and π4 = O(λ(3/4)w). (b) Here λ = ln 2+ o(1), Varg is bounded
below and log2 L = a

2w + O(logw), so r1 ≥ (1 − a
2 )w − O(logw) and Hoeffding’s inequality

bounds the tail by e−Ω((1−a)2w); the cap holds since θ = O(L2−w). (c) Here 8λ/Varg = O(1),
and log2 L = a(12 −

1
4C )w +O(logw) < w

2 −Ω(w) for a < 2C/(2C − 1), so again r1 − w
2 = Ω(w)

and the tail and π4 tend to 0; the cap θ ≈ 2L2−w ≤ (4λ(1− 3δ′)2)C ≈ 4C2−w/2(1− 3δ′)2C holds
for large w. (d) is a direct evaluation of the bound. □

Proposition I.5 gives 1−O(δ′2)−d−Ω((1−a)2) in (b). It beats Theorem I.4 numerically only for
Tribes and for approximate OR at a ≥ 0.9 (0.969 against 0.958 at w = 1000, a = 0.9). Elsewhere
it is worse, because its constant is 5 rather than 4 and it has a floor 1 − O(δ′2) ≈ 0.9966: for
the sparse family at w = 1000 it gives 0.961 against 0.970 at a = 1.2 and 0.568 against 0.630
at a = 1.25; at w = 400, a = 1.2, 0.309 against 0.400; and for approximate OR at w = 400,
a = 0.8, 0.9920 against 0.9936 (cap 2; [numerical]). The sparse rows with w ≤ 200 fail the cap
near a = 4

3 , so only w ≥ 400 is usable there.
Other inner functions. Let f = 1A : {−1, 1}n → {0, 1} with p = Ef = 2−` > 0, let µσ = Efσ

and let Yσ = log2(µσ/p) be the amplification under σ. The firing-mass measure is ν(σ) =
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Pr[σ]µσ/p; equivalently, draw x uniform in A and an alive set D (each coordinate independently
with probability 1

2) and fix x on F = [n] \D.

Proposition I.7 (no inner function beats AND on average; [proved here]). (a) Eν2Y =

Stab1/2(f)/p
2 ≤ p−2/3. (b) EνY ≤ ℓ/2, with equality if and only if A is a subcube; for AND`,

Y ∼ Bin(ℓ, 12) under ν. (c) For every β > 1
2 , ν(Y ≥ βℓ) ≤ min{(1 + p2β−1)/2, pβ−2/3}. So no

Boolean inner function, of any degree, amplifies its firing mass by more than AND’s p−1/2 in
geometric mean, and for every fixed β > 1

2 at most a fraction (1 + p2β−1)/2 → 1
2 (as p → 0) of

the firing mass is amplified beyond p−β.

Proof. Couple σ = (D,xF ) with σ∗ = (F, xD), built from the same x; both are ν-distributed,
since D and F have the same law. (a) Eν2Y = Eµ2σ/p2, and Eµ2σ =

∑
S 2
−|S|f̂(S)2 ≤ ‖f‖23/2 =

p4/3 by hypercontractivity. (b) Fix the partition and let X be uniform on A. Given XF , XD is
uniform on a fibre of size µσ2|D|, so H(XD | XF ) = |D|+E log2 µσ, and likewise H(XF | XD) =
|F |+ E log2 µσ∗ . Then n− ℓ = H(X) = H(XF ) +H(XD | XF ) ≥ H(XF | XD) +H(XD | XF ),
and averaging over partitions gives 2EνY ≤ ℓ. Equality forces XF and XD to be independent
for every partition, so X has independent coordinates and A is a subcube. For AND`, Y is
the number of fixed relevant bits. (c) Fix the partition and put τ = p1−β. The fibres partition
A, so at most (p/τ)2|F | values of xF have µσ ≥ τ , and at most (p/τ)2|D| values of xD have
µσ∗ ≥ τ . Hence Prx∈A[Yσ ≥ βℓ, Yσ∗ ≥ βℓ] ≤ (p/τ)22n/(p2n) = p2β−1; if ν(Y ≥ βℓ) = 1− ζ, this
probability is at least 1− 2ζ. The second bound is Markov’s inequality applied to (a). □

In a composition g = P (
∑

i f(block i)) one has djg = ∆P (N−i) djfi, so an alive bit j of
block i is a θ-spike only if Infj(fσ) exceeds L · MaxInf(f) times a pivotality ratio. Moreover
Infj(fσ) ≤ µσ/2, and if deg f = k then 2−k−1 ≤ Infj(f) ≤ p/2 for every relevant j, because the
nonzero function djf of degree ≤ k− 1 is nonzero with probability at least 21−k; so L times the
ratio is below 2Y+k−` [proved here]. Hence inner functions of minimal degree (k = ℓ, e.g. AND)
are covered by Proposition I.7; inner functions with k > ℓ and MaxInf(f) � p are not, since the
proposition bounds the amplification of µσ while TT spikes are measured against MaxInf(f).
Threshold inner functions Thrmk with m ≤ 80 give amplification p−0.40 to p−0.46, below AND’s
p−1/2 [numerical]. The factor 1

2 in (c) is exactly TT’s factor 2: a composition in which half of
each block’s firing mass stays untouched has 2EU ≈ Varg, i.e. εmin ≈ 0 [heuristic], so (c) alone
does not prove TT for compositions.

Remark I.8 (where the threshold lies). Throughout, C ≥ 2: AA(A, c) needs A ≥ 2, so the
hypothesis A ≤ C forces C ≥ 2, and then 2C/(2C − 1) ≤ 4

3 < 2 ≤ A. Let a∗(ε) =
inf{a : TT(ε,Kda) holds for some constant K}. [proved here] For every fixed ε ∈ (0, 1), a∗(ε) ≥
2C/(2C−1) (Corollary I.6(c)); under AA(A, c) with A ≤ C also a∗(ε) ≤ A (Theorem 8.7(ii)), and
at the chain’s ε = 1/(16ed) the upper bound becomes 2A, because (d/ε)A = (16ed2)A. Spike-
free g satisfy TT for L ≥ d 9d−1/ε unconditionally (Proposition I.1). Without the conjecture,
TT is proved only at a θ-dependent loss with a quasi-polynomial prefactor (Proposition 10.3,
through Theorem 10.26), and TT(1/(16ed), db) for a constant b would give (Varf/d)O(log d)

(Corollary 8.5). [heuristic] (i) In compositions P (N) a block becomes a spike only through
ϕi = 2−ri times a pivotality ratio, and the ϕ-mass over r is exactly Bin(w, 12) (proved); so
the amplification is at most 2w/2+O(

√
w) if the pivotality ratio is O(1), which is unproved for

general P . (ii) By Coppersmith–Rivlin and Markov (classical), if |P | ≤ 1 on {0, . . . , s} and
q ≤

√
s, then |∆P | = O(q2/s), so a jump γ = |∆P (0)| needs q = Ω(

√
γs). (iii) Varg ≤ 4λ

and ι0 ≥ 2−w

2 γ2π′0 (proved). Optimizing logL/ log d under (i)–(iii), with the model Varg ≈ γ2λ,
gives a ≤ 2C/(2C − 1) + o(1) for C ≥ 2, so AND-block compositions should not go beyond
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Corollary I.6(c). The unproved ingredients are the pivotality ratio, a lower bound on U for the
non-spike mass (Theorem I.4 and Proposition I.5 bound U only from above), and the model
Varg ≈ γ2λ. (iv) For other inner functions, Proposition I.7 shows that hypercontractivity caps
only the mean amplification of the firing mass, at p−2/3, while for every fixed β > 1

2 at most a
fraction tending to 1

2 of it is amplified beyond p−β, AND being the equality case in log-average;
inner f with deg f > log2(1/p) and MaxInf(f) � p are not covered.

So any proof of TT with polynomial loss must use L ≥ d2C/(2C−1)−o(1). The next lemma
localizes what a counterexample must do.

Lemma I.9 (new spikes; [proved here]). Let g ∈ Bd, θ > 0, L ≥ 1, and J ′, h as in Lemma 8.6.
For σ with alive set A let Gσ = E[gσ | xA\J ′ ], Kσ = Jθ(gσ) \ J ′ (the new spikes) and Vσ =∑

T⊆A\J ′, T∩Kσ ̸=∅ Ĝσ(T )
2. Then

2EσUθ(gσ) ≥ 2EσVar(Gσ)− 2EσVσ ≥
∑
S ̸=∅

ĥ(S)2(2− 21−|S|)− 2EσVσ.

Hence the inequality of Definition 8.2 holds for g at this θ whenever EσVσ ≤ 1
2

∑
|S|≥2 ĥ(S)

2(1−
21−|S|) + ε

2Var(g).

Proof. Fix σ, u = gσ, K = Kσ. The sum defining Uθ(u) contains every T 6= ∅ with T ⊆
A \ (Jθ(u) ∪ J ′) = A \ (J ′ ∪ K), so by the tower property Uθ(u) ≥ Var(E[u | xA\(J ′∪K)]) =
Var(E[Gσ | xA\(J ′∪K)]) = Var(Gσ) − Vσ, as Gσ depends only on xA\J ′ . Condition on A and
on the fixed values outside J ′: the fixed values on J ′ \ A are uniform, and averaging Gσ over
them gives the restriction hσ of h; by convexity of the variance, EσVar(Gσ) ≥ EσVar(hσ) =∑

S ̸=∅ ĥ(S)
2 Pr[S ∩ A 6= ∅] =

∑
S ̸=∅ ĥ(S)

2(1 − 2−|S|). For the last claim use Uθ/L(g) = Varh =∑
S ̸=∅ ĥ(S)

2 and note that 1− 21−|S| vanishes for |S| = 1. □
Thus TT fails only if the new spikes, coordinates whose influence grows by a factor larger

than L under one restriction, touch inside Gσ more than 1
2

∑
|S|≥2(1−21−|S|)ĥ(S)2+ ε

2Varg; the
first term lies between 1

4 and 1
2 of the variance W≥2(h) of h above level 1, which is what the

narrowing in the AND-block compositions touches.

Appendix J. Size-biased laws: RL1, the Load Lemma and Theorem A

Throughout this appendix logarithms are natural, the cube {−1, 1}n carries the uniform
measure U , and E and ‖ · ‖2 refer to U unless stated otherwise. Every function on the cube
is identified with its multilinear polynomial ψ(x) =

∑
S ψ̂(S)x

S , which also defines ψ on Rn.
For a coordinate u we write Duψ(x) = (ψ(xu→1) − ψ(xu→−1))/2 and Infu(ψ) = E[(Duψ)

2] =∑
S∋u ψ̂(S)

2; Du is the derivative written du in the main text. As there, L denotes the loss
and T the length of the chain, while Tr is the noise operator. For φ with M := E[φ2] > 0 the
size-biased law is the probability measure

P̃r := (φ2/M) · U,

and Ẽ is its expectation. For a partial assignment ρ, φρ is the restriction of φ, a function of the
unassigned coordinates.
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J.1. RL1: a level-1 inequality for size-biased laws in spread directions. Setting. Let
n, k ≥ 1 and let φ : {−1, 1}n → [−1, 1] have degree at most k. Put M := E[φ2] > 0 (so M ≤ 1)
and ΛM := ln(1/M) ≥ 0. Let a ∈ Rn satisfy

∑
i a

2
i = 1 and maxi |ai| ≤ η, and put

µ :=
E[φ(y)2〈a, y〉]

M
= Ẽ 〈a, y〉.

Theorem J.1 (RL1; [proved here, audited]). Put ε∗ := e3k4η2. If ε∗ ≤ 1/2, then

µ2 ≤ 10e
ln(e/M)

ln(1/ε∗)
(10e = 27.18 . . .).

Corollary J.2 (RL1 in terms of η; [proved here, audited]). (a) If η ≤ e−3k−4, then µ2 ≤
10e ln(e/M)/ ln(1/η).

(b) For every η < 1, µ2 ≤ max{10e, 6 + 8 ln k} ln(e/M)/ ln(1/η).

The chain interface is the following consequence. It applies with k = d − 1 to every partial
restriction of a derivative Djg with g ∈ Bd (such restrictions are bounded by 1), and with k = d
to every restriction of a function in Bd.

Corollary J.3 (chain interface; [proved here, audited]). Let k ≥ 1 and 0 < τ ≤ 1/(2e3k4).
Let φ : {−1, 1}n → [−1, 1] have degree at most k and M = E[φ2] > 0. Put cu := Ẽ yu and
csm := (cu1[|cu| < τ ])u. Then

‖csm‖22 ≤ max{τ, κ ln(e/M)}, κ :=
10e

ln(1/τ)− 3− 4 ln k
.

No lower bound on M and no condition on the direction of c is needed.

Multilinear calculus. For multilinear ψ let ∂iψ :=
∑

S∋i ψ̂(S)x
S\{i} be the formal partial deriv-

ative; on the cube ∂iψ = Diψ. For v ∈ Rn put Dv :=
∑

i vi∂i. Since the ∂i commute and
∂2i = 0, we have Dj

v = j!
∑
|R|=j v

R∂R. Hence Dj
vψ is multilinear of degree at most degψ − j,

and Dj
rv = rjDj

v for r ∈ R.
(T1) Taylor. For x, v ∈ Rn, t 7→ ψ(x + tv) is a polynomial of degree at most degψ, and

(d/dt)jψ(x + tv) = (Dj
vψ)(x + tv). Indeed, d

dtψ(x + tv) =
∑

i vi(∂ψ/∂xi)(x + tv); for a
multilinear ψ the analytic partial ∂ψ/∂xi equals ∂iψ, and Dvψ is again multilinear, so
we may iterate.

(T2) Solid cube. For x ∈ [−1, 1]n let Y have independent ±1 coordinates with EYi = xi. Then
EY S = xS , so φ(x) = Eφ(Y ) and |φ(x)| ≤ 1 on [−1, 1]n.

(T3) Noise inversion. Put (Trψ)(y) := ψ(ry), so that T̂rψ(S) = r|S|ψ̂(S). If degψ ≤ m and
0 < r ≤ 1, then ‖ψ‖22 =

∑
S ψ̂(S)

2 ≤ r−2m
∑

S r
2|S|ψ̂(S)2, so ‖ψ‖2 ≤ r−m‖Trψ‖2 ≤

r−mmaxy∈{−1,1}n |ψ(ry)|.

Lemma J.4 (the tilt is a directional derivative; [proved here, audited]). For each i, E[φ2yi] =
2E[φ∂iφ]. Hence Mµ = 2E[φDaφ] and
(7) µ2 ≤ 4‖Daφ‖22/M.

Proof. Write φ = A+yiB, where A := Eyiφ and B := ∂iφ do not depend on yi. Since y2i = 1, we
have φ2yi = (A2+B2)yi+2AB, so E[φ2yi] = 2E[AB]. Also E[φ∂iφ] = E[AB]+E[yiB2] = E[AB].
Summing with weights ai gives Mµ = 2E[φDaφ] ≤ 2‖φ‖2‖Daφ‖2 = 2

√
M‖Daφ‖2. □
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Hermite expansion along a. Let G ∼ N(0, In). For multilinear ψ, χ we have E[ψ(G)χ(G)] =∑
S ψ̂(S)χ̂(S) = E[ψχ], because the monomials GS are orthonormal. Put s := 〈a,G〉 ∼ N(0, 1)

and Z := G− sa. The pair (s, Z) is jointly Gaussian with Cov(s, Zi) = ai − ai = 0, so s and Z
are independent, and G = Z + sa. For fixed z, hz(t) := φ(z + ta) is a polynomial of degree at
most k, and h

(j)
z (t) = (Dj

aφ)(z + ta) by (T1).
Let Hej be the probabilists’ Hermite polynomials, so that E[HeiHej ] = j! δij under N(0, 1)

and He′j = jHej−1. For a polynomial h, j Gaussian integrations by parts (using HejγN =

(−1)jγ
(j)
N for the standard normal density γN) give E[h(s)Hej(s)] = E[h(j)(s)] =: bj . Hence

h =
∑

j≤deg h(bj/j!)Hej , Eh(s)2 =
∑

j b
2
j/j! and Eh′(s)2 =

∑
j≥1 jb

2
j/j!. Define, for 0 ≤ j ≤ k,

bj(z) := Es[(Dj
aφ)(z + sa)], Wj := EZ [bj(Z)2]/j!.

Lemma J.5 ([proved here, audited]). M =
∑k

j=0Wj, ‖Daφ‖22 =
∑k

j=1 jWj, and 0 ≤ Wj ≤
‖Dj

aφ‖22/j!. Consequently

(8) µ2 ≤ 4

∑k
j=1 jWj∑k
j=0Wj

.

Proof. Condition on Z and apply the Hermite facts to hZ , noting h′Z(s) = (Daφ)(G). This
gives E[φ(G)2] = EZ

∑
j bj(Z)

2/j! and E[(Daφ)(G)
2] = EZ

∑
j jbj(Z)

2/j!. Since φ and Daφ are
multilinear, the left sides are M and ‖Daφ‖22. Finally bj(Z) = E[(Dj

aφ)(G) | Z], so by Jensen
Ebj(Z)2 ≤ E[(Dj

aφ)(G)2] = ‖Dj
aφ‖22, because Dj

aφ is multilinear. Inequality (8) follows from
(7). □
Bernstein-type bounds.

Lemma J.6 (derivatives at the centre; [proved here, audited]). Let p be a real polynomial of
degree at most k with |p| ≤ 1 on [−h, h], h > 0. Then |p(j)(0)| ≤ e

√
j (k/h)j for 1 ≤ j ≤ k.

Proof. By scaling we may take h = 1. Let J(w) = (w + w−1)/2. The function F (w) :=
p(J(w))w−k contains only the powers w−2k, . . . , w0, so it is analytic on {|w| > 1} ∪ {∞}. On
|w| = 1 we have J(w) ∈ [−1, 1], so |F | ≤ 1 there, and by the maximum principle |p(J(w))| ≤ |w|k
for |w| ≥ 1. The map J sends {1 ≤ |w| ≤ R} onto the closed region bounded by the ellipse
with foci ±1 and semi-axes (R + R−1)/2 ≥ (R − R−1)/2 =: r. This region contains the disc
|z| ≤ r, so |p| ≤ Rk there (the Bernstein–Walsh bound; see, e.g., Borwein–Erdélyi, Polynomials
and Polynomial Inequalities, §5.1). Cauchy’s estimate gives |p(j)(0)| ≤ j!Rk/rj . Take R = eb

with b = j/k, so that r = sinh b ≥ b; then |p(j)(0)| ≤ j! ej(k/j)j . Finally j! ≤ e jj+1/2e−j for
all j ≥ 1: this is an equality at j = 1, and for j ≥ 2 Robbins’ bound j! ≤

√
2π jj+1/2e−je1/(12j)

applies with
√
2πe1/24 < 2.62 < e. Hence |p(j)(0)| ≤ e

√
j kj . □

Lemma J.7 (directional Bernstein inequality on the cube; [proved here, audited]). For 1 ≤ j ≤ k
and every r ∈ (0, 1),

(9) ‖Dj
aφ‖2 ≤ e

√
j r−(k−j)

( kη

1− r

)j
.

Consequently ‖Dj
aφ‖2 ≤ e

√
j (ek2η/j)j for 1 ≤ j ≤ k.

Proof. Fix y ∈ {−1, 1}n and put h := (1 − r)/(rη). For real |t| ≤ h the point x(t) := r(y + ta)
satisfies |xi| ≤ r(1 + |t|η) ≤ 1, so |φ(x(t))| ≤ 1 by (T2). The polynomial p(t) := φ(ry + t ra)

has degree at most k, and p(j)(0) = rj(Dj
aφ)(ry) by (T1). Lemma J.6 gives rj |(Dj

aφ)(ry)| ≤
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e
√
j (krη/(1−r))j , that is, maxy |(Dj

aφ)(ry)| ≤ e
√
j (kη/(1−r))j . Now apply (T3) to ψ = Dj

aφ,
which has degree at most m = k − j; this gives (9).

For j < k take r = 1−j/k. Then r−(k−j) = exp(−(k−j) ln(1−j/k)) ≤ exp((k−j) j/k
1−j/k ) = ej ,

using − ln(1 − x) ≤ x/(1 − x), and kη/(1 − r) = k2η/j. For j = k the factor r−(k−j) equals 1,
and letting r → 0+ gives ‖Dk

aφ‖2 ≤ e
√
k (kη)k ≤ e

√
k (ek2η/k)k. □

Proof of Theorem J.1. By Lemmas J.5 and J.7, and j! ≥ (j/e)j , for 1 ≤ j ≤ k:

Wj ≤
e2j (ek2η/j)2j

j!
≤ e2j εj∗ j

−3j , so jWj ≤ e2εj∗,

since j2j−3j ≤ 1 for j ≥ 1. Fix an integer J ≥ 0 (the value J = 0 is allowed) and split
∑

j≥1 jWj

at J . The part 1 ≤ j ≤ J is at most J
∑

j≤JWj ≤ JM ; it is empty if J = 0. The tail is
at most

∑
j>J e

2εj∗ ≤ e2εJ+1
∗ /(1 − ε∗) ≤ 2e2εJ+1

∗ , and it is empty if J ≥ k. With (8) and
Λ∗ := ln(1/ε∗) ≥ ln 2,
(10) µ2 ≤ 4

(
J + 2e2 exp(ΛM − (J + 1)Λ∗)

)
for every integer J ≥ 0.

Case A: ΛM ≤ Λ∗/5. Take J = 0. With u = 4Λ∗/5 and ue−u ≤ 1/e, µ2 ≤ 8e2e−4Λ∗/5 ≤
8e2/(e · 4

5Λ∗) = 10e/Λ∗ ≤ 10e(1 + ΛM )/Λ∗.
Case B: ΛM > Λ∗/5. Take J := d(ΛM+ln(2e2))/Λ∗e−1 ≥ 0. Then (J+1)Λ∗ ≥ ΛM+ln(2e2),

so the exponential term in (10) is at most 1/(2e2) and µ2 ≤ 4(J + 1). Also J + 1 < (ΛM +
ln(2e2))/Λ∗+1 < (ΛM +2.70+5ΛM )/Λ∗, using 1 < 5ΛM/Λ∗. Hence µ2 < 4(6ΛM +2.70)/Λ∗ ≤
24(1 + ΛM )/Λ∗.

In both cases µ2 ≤ 10e(1 + ΛM )/Λ∗ = 10e ln(e/M)/ ln(1/ε∗). □
Proof of Corollary J.2. (a) If η ≤ e−3k−4, then ε∗ = (e3k4η)η ≤ η ≤ e−3 < 1/2 and ln(1/ε∗) ≥
ln(1/η).

(b) It remains to treat e−3k−4 < η < 1, where 0 < ln(1/η) < 3 + 4 ln k. We use the level-1
bound µ2 ≤ 2ΛM . For every λ ∈ R, Jensen’s inequality gives

lnEeλ⟨a,y⟩ ≥ ln Ẽ
[
eλ⟨a,y⟩M/φ2

]
≥ λµ− Ẽ ln(φ2/M) ≥ λµ− ΛM ,

because φ2 ≤ 1. Since lnEeλ⟨a,y⟩ =
∑

i ln cosh(λai) ≤ λ2/2, taking λ = µ gives µ2 ≤ 2ΛM ≤
2 ln(e/M) ≤ (6 + 8 ln k) ln(e/M)/ ln(1/η). □
Proof of Corollary J.3. If csm = 0 there is nothing to prove. Otherwise put a := csm/‖csm‖2, a
unit vector. Then Ẽ〈a, y〉 =

∑
u aucu = ‖csm‖2, and η := maxu |au| < τ/‖csm‖2. If ‖csm‖22 < τ

we are done. Otherwise η < τ/
√
τ =

√
τ , so ε∗ = e3k4η2 < e3k4τ ≤ 1/2, and Theorem J.1 gives

‖csm‖22 ≤ 10e ln(e/M)/ ln(1/ε∗) ≤ 10e ln(e/M)/ ln(1/(e3k4τ)) = κ ln(e/M). The denominator is
ln(1/τ)− 3− 4 ln k ≥ ln 2 > 0. □
Remark J.8 (constants for a fixed-order route). This remark belongs to a fixed-order small-jump
argument, in which the bound of Corollary J.3 is paid once at each of the T levels of the chain
of Theorem 8.4. It is not used in Section 9.6: there Theorem 9.23 needs only c(τ1)T ≤ 1

2 ,
which its threshold τ1 = e−345d−129 achieves. With k = d − 1, the fixed-order argument needs
κ ≤ 1/(8(log2 d + 3.45)), that is, ln(1/τ) ≥ 3 + 4 ln(d − 1) + 80e(log2 d + 3.45). Since 80e <
217.5 and log2 d < 1.4427 ln d, the choice τ := e−754d−318 suffices: 217.5 · 1.4427 + 4 < 318
and 217.5 · 3.45 + 3 < 754. This τ also satisfies τ ≤ 1/(2e3(d − 1)4). In the generic form
‖csm‖2 ≤ 2βC/ ln(1/τ)β with C = 10e and β = 1, one would get κ = 20e/ ln(1/τ); the case split
in the proof of Corollary J.3 saves this factor 2.
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Remark J.9 (sharpness). [numerical] Over all η < 1, the constant in Corollary J.2(b) must grow
with k: at k = 65 and η = 1/(2k) the ratio µ2 ln(1/η)/ ln(e/M) is 3.18, and it grows like c ln k.
Exact computations for symmetric φ in the regime ε∗ ≤ 1/2 suggest that the truth is close to
µ2 ≲ 0.5 ln(e/M)/ ln(1/(kη)); the factor k2 in Lemma J.7, which comes from the noise inversion
(T3), is probably not sharp.

J.2. The Load Lemma for adaptive revelation strategies. Setting. Let φ : {−1, 1}n → R
be arbitrary (no degree or boundedness assumption), M = E[φ2] > 0, and P̃r = (φ2/M) · U .
An adaptive revelation strategy S is a randomized decision tree. It uses coins ω independent of
x (under U and under P̃r). At each step it either stops or queries an unrevealed coordinate,
as a function of the values revealed so far and of ω. It may never query some coordinates.
For a coordinate u, let ρu be the partial assignment revealed just before u is queried, or the
final assignment if u is never queried; thus u /∈ dom ρu. Write N(ρ) := E[φ2

ρ], where the
expectation is over the unassigned coordinates, and note Infu(φρ) = E[(Duφ)

2
ρ] for u /∈ dom ρ.

Since (Duψ)
2 ≤ (ψ(xu→1)2+ψ(xu→−1)2)/2, we have Infu(φρ) ≤ N(ρ). In particular Infu(φρ) =

0 when N(ρ) = 0, and the ratio below is defined P̃r-almost surely.

Lemma J.10 (Load Lemma; [proved here, audited]). For every adaptive revelation strategy and
every coordinate u,

Ẽ
[ Infu(φρu)
N(ρu)

]
=

Infu(φ)

M
,

where the expectation is over x ∼ P̃r and the coins.

Proof. Fix a partial assignment ρ with u /∈ dom ρ. On inputs consistent with ρ, whether the
run reveals exactly dom ρ and then queries u (or stops without querying u) depends only on the
answers in dom ρ, which ρ fixes, and on ω. Hence {ρu = ρ} = {xdom ρ = ρ}∩Eρ, where Eρ is an
event of the coins alone. Since P̃r(xdom ρ = ρ) = 2−|ρ|N(ρ)/M , this gives

P̃r(ρu = ρ) = Pr(Eρ) 2
−|ρ|N(ρ)/M = Pr

U
(ρu = ρ)N(ρ)/M.

Summing over ρ with N(ρ) > 0, the left side of the lemma equals
∑

ρ PrU (ρu = ρ)Infu(φρ)/M =

EU [Infu(φρu)]/M .
Let Fu be the information available just before u is queried, namely ω and the values revealed

so far. Under U , conditionally on Fu with ρu = ρ, the unrevealed coordinates are uniform,
because the conditioning event is {xdom ρ = ρ} intersected with an event of the coins. Since
Du(φρ) = (Duφ)ρ for u /∈ dom ρ, it follows that Infu(φρu) = EU [(Duφ)

2 | Fu]. The tower
property then gives EU [Infu(φρu)] = E[(Duφ)

2] = Infu(φ). □
The proof uses neither the degree nor boundedness of φ, and it allows any adaptive order.

Corollary J.11 (L1: large jumps are rare in proportion to relative influence; [proved here,
audited]). Call u a β-large jump of (φ,S) at x if Infu(φρu) ≥ βN(ρu). Then

P̃r(u is a β-large jump) ≤ Infu(φ)

βM
, Ẽ

[
#{β-large jumps}

]
≤ I(φ)

βM
≤ degφ

β
,

where I(φ) =
∑

u Infu(φ). Moreover the conditional bias bu := Ẽ[xu | Fu] satisfies

bu =
2E[AB]

E[A2 +B2]
, b2u ≤ 4Infu(φρu)

N(ρu)
, P̃r(|bu| ≥ β) ≤ 4Infu(φ)

β2M
,

where φρu = A+ xuB with B = Du(φρu) and A not depending on xu.
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Proof. The first bound is Markov’s inequality applied to Lemma J.10. Summing over u gives
the second, and I(φ) =

∑
S |S|φ̂(S)2 ≤ deg(φ)M . For the bias: by the proof of Lemma J.10,

conditionally on Fu with ρu = ρ, the P̃r-law of the unrevealed coordinates has density propor-
tional to φ2

ρ. Since (A + xuB)2xu = (A2 + B2)xu + 2AB, this gives bu = 2E[AB]/E[A2 + B2],
and E[A2 + B2] = N(ρ). By Cauchy–Schwarz and E[A2] ≤ N(ρ), b2u ≤ 4E[A2]E[B2]/N(ρ)2 ≤
4E[B2]/N(ρ) = 4Infu(φρ)/N(ρ). Hence {|bu| ≥ β} is contained in the event that u is a (β2/4)-
large jump, and the first bound applies. □
Corollary J.12 (L2: weighted load, any adaptive orders; [proved here, audited]). Let h have
degree at most d. For each j with Ij := Infj(h) > 0 put φj := Djh and P̃rj := (φ2

j/Ij) · U , and
let Sj be any adaptive revelation strategy (one for each j; the sets of large jumps may depend on
the point). Then for every coordinate u,∑

j: Ij>0

Ij P̃rj
(
u is a β-large jump of (φj ,Sj)

)
≤ 1

β

∑
j ̸=u

Infu(Djh) ≤
d− 1

β
Infu(h).

With a bias threshold τ in place of β-large jumps, the load is at most (4(d− 1)/τ2)Infu(h).

Proof. Corollary J.11 applied to φj (with M = Ij) bounds the j-th term by Infu(Djh)/β. For
j = u the term vanishes, because DuDuh = 0. For j 6= u, Infu(Djh) =

∑
S∋u,j ĥ(S)

2, so∑
j ̸=u Infu(Djh) =

∑
S∋u(|S| − 1)ĥ(S)2 ≤ (d − 1)Infu(h). The bias version follows in the same

way from the last bound of Corollary J.11. □
Remark J.13. [numerical] The identity of Lemma J.10 was checked on random φ with n = 6 and
degrees 3–4, under deterministic greedy and randomized adaptive rules with random stopping;
the maximal error is 4.6 ·10−15. The bound b2u ≤ 4Infu(φρ)/N(ρ) is attained in these tests. If an
exploration queries only coordinates whose current bias is at least τ in absolute value, then Corol-
lary J.11 gives P̃r(u is queried) ≤ 4Infu(φ)/(τ

2M) and Ẽ|{queried coordinates}| ≤ 4 deg(φ)/τ2

for every rate, with no maximal inequality. For the one-shot restriction of Remark 9.34, Corol-
lary J.12 shows that point-dependent large-bias sets have polynomial load under every adaptive
revelation order as soon as the bias threshold is at least 1/poly(d).

J.3. Theorem A: the small-bias tail cannot produce a spike. Hypotheses.
(H1) φ : {−1, 1}n → [−1, 1] has degree at most d, d ≥ 2.
(H2) Oblivious exploration. (B, zB), with zB := xB, is the stopping data of an exploration run

on the full cube. The exploration is a randomized decision tree that reads coordinates
of x ∼ P̃rfull := (φ2/Eφ2) · U and uses coins independent of everything else. Every
coordinate v carries a clock tv ∼ U [0, 1]; the clocks are i.i.d. and independent of x and
of the coins. For v /∈ B, v is alive if tv > 1 − p and fixed otherwise. The coordinates
of B are revealed at time 0, and those of F \ B = {v /∈ B : tv ≤ 1 − p} are revealed in
increasing clock order.

Consequence of (H2). Fix ζB := (B = b, zb = ζ) with positive probability. The event
{B = b, xb = ζ} is {xb = ζ} intersected with an event of the coins. Hence, given ζB, the law of
xbc is P̃r := (φ2

b/q) · U , with φb := φ(ζ, ·) and q := Eφ2
b > 0, and the clocks (tv)v/∈b remain i.i.d.

U [0, 1] and independent of x. From now on everything is conditional on ζB, and we write φ for
φb.

Notation.
• St := {v /∈ b : tv ≤ t} and t∗ := 1− p. The σ-field Gt is generated by ζB and {(v, tv, xv) :
tv ≤ t}; for an unrevealed v it records only that tv > t.
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• qt := EU [φ2 | xSt ], Yt := ln(qt/q) and Λ := ln(e/q). The restricted norm at the end is
Q := qt∗ = E[φ2

B | zB, zF\B].
• cv(t) := Ẽ[xv | xSt ] for v /∈ St. Under P̃r, qt > 0 almost surely.
• The hazard is H(s, u) := ln((1− s)/(1− u)) for 0 ≤ s ≤ u < 1; note H(0, t∗) = ln(1/p).
• The reveal times s1 < s2 < · · · < sm are the clock values in (0, t∗] (almost surely distinct),

with s0 := 0. The k-th revealed coordinate is vk, and ck := cvk(sk−1) is its bias just
before it is revealed.

• For a threshold τ1 ∈ (0, 1/(2e3d4)] put QVsm :=
∑

k c
2
k1(|ck| < τ1), QVlg :=∑

k c
2
k1(|ck| ≥ τ1) and N lg := #{k : |ck| ≥ τ1}. Then QVlg ≤ N lg.

• κ1 := 10e/(ln(1/τ1)− 3− 4 ln d), which is positive because ln(1/τ1) ≥ 3 + ln 2 + 4 ln d.
Facts.
(F0) One step. Let S ⊆ bc, v /∈ S, qS := EU [φ2 | xS ] and c := Ẽ[xv | xS ]. Then EU [φ2 |

xS , xv] = qS(1 + cxv) and P̃r(xv = ±1 | xS) = (1± c)/2.
Indeed, EU [φ2 | xS , xv] is a function of xv ∈ {±1}, hence affine in xv. Its mean is qS ,

and its slope is EU [φ2xv | xS ] = qSc by the definition of c. Then P̃r(xv = 1 | xS) =
EU [φ21(xv = 1) | xS ]/qS = (1 + c)/2.

(F1) Drift. Ẽ[qS∪{v}/qS | xS ] = ((1 + c)2 + (1− c)2)/2 = 1 + c2.
(F2) Clocks do not bias values. Conditionally on Gsk−1

and on (sk, vk), the value xvk has P̃r-
law (1 ± ck)/2. The reason is that, given Gsk−1

, the unrevealed clocks are independent
of the unrevealed values, and (sk, vk) is a function of these clocks; then apply (F0).

(F3) Hazard. Given Gs, the unrevealed clocks are i.i.d. uniform on (s, 1]. So each of them
survives to time u with probability e−H(s,u), and in hazard time λv := H(s, tv) they are
i.i.d. exponential with mean 1.

(F4) RL1 at every time. For every t, the restriction φSt is bounded by 1, has degree at most
d, norm Eφ2

St
= qt, and size-biased biases cv(t). Since τ1 ≤ 1/(2e3d4), Corollary J.3 with

k = d gives∑
v/∈St, |cv(t)|<τ1

cv(t)
2 ≤ max{τ1, κ1 ln(e/qt)} = max{τ1, κ1(Λ− Yt)}.

The sum runs over all unrevealed coordinates, alive ones included; it is used only as an
upper bound.

Theorem J.14 (Theorem A; [proved here, audited]). Assume (H1) and (H2), and condition on
ζB. For every p ∈ (0, 1), every τ1 ∈ (0, 1/(2e3d4)] and every y > 0,

P̃r
(
Yt∗ ≥ 2y + (e− 1) ln(1/p)max{τ1, κ1(Λ + y)}+QVlg

)
≤ 3e−y.

No regularity of φB is assumed, and no “no cascade” hypothesis: large-bias reveals are carried
by QVlg.

Proof. Write Yt∗ = lnZm + QVsm + QVlg, where Zk := (qsk/q) exp(−
∑

i≤k c
2
i ); here we use

qt∗ = qsm .
(i) Z is a supermartingale. By (F1) and (F2), E[Zk/Zk−1 | Gsk−1

, sk, vk] = (1 + c2k)e
−c2k ≤ 1.

Freezing Z after the last reveal, (Zk) is a nonnegative P̃r-supermartingale with Z0 = 1. By
Ville’s inequality the event E1 := {maxk Zk ≥ ey} has P̃r(E1) ≤ e−y.

(ii) Lower excursions are unlikely. Restricted to Gsk , the density of P̃r⊗ clocks with respect
to U ⊗ clocks is qsk/q, because the clocks are independent of x. Let k∗ := min{k ≤ m : Ysk ≤
−y}, a bounded stopping index (k∗ = ∞ if there is no such k), and E2 := {k∗ ≤ m}. Since
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{k∗ = k} ∈ Gsk and qsk/q ≤ e−y on it,

P̃r(E2) =
∑
k

EU
[
(qsk/q)1(k

∗ = k)
]
≤ e−y.

Since qt changes only at reveal times and Y0 = 0, off E2 we have Yt > −y for all t ≤ t∗.
(iii) Exponential compensator. Let σk be the sum of cv(sk−1)2 over the coordinates v that

are unrevealed after k − 1 reveals and have |cv(sk−1)| < τ1. Then σk is Gsk−1
-measurable and

constant on [sk−1, sk). Put A :=
∑m+1

k=1 σkH(sk−1, sk ∧ t∗) with sm+1 := 1, which includes the
last waiting period up to t∗.

One step. Fix Gs, where s is 0 or a reveal time, with R unrevealed coordinates. Let av :=
c2v1(|cv| < τ1) ∈ [0, 1], α :=

∑
v(e

av − 1) and λt∗ := H(s, t∗). By (F3), the first reveal after s is
v at hazard time λ with density e−Rλ, for each v. Therefore

E
[
eav∗−αλ

∗
1(λ∗ ≤ λt∗) + e−αλt∗1(λ∗ > λt∗)

]
=

∑
v

eav
1− e−(α+R)λt∗

α+R
+ e−(α+R)λt∗ = 1,

because
∑

v e
av = α+R; if R = 0 the left side is 1 trivially. Since ea−1 ≤ (e−1)a for a ∈ [0, 1],

we have α ≤ (e− 1)σ with σ :=
∑

v av. So the same expectation with (e− 1)σ in place of α is
at most 1.

The marks of the revealed coordinates are avk(sk−1) = c2k1(|ck| < τ1), and the process has
at most |bc| + 1 steps. Iterating the one-step bound with the tower property therefore gives
E exp(QVsm − (e − 1)A) ≤ 1. For a constant a (depending only on ζB), let E3 := {QVsm ≥
(e − 1)a + y, A ≤ a}. On E3 we have QVsm − (e − 1)A ≥ y, so Markov’s inequality gives
P̃r(E3) ≤ e−y.

Choice of a. Off E2, Λ− Yt < Λ + y for all t ≤ t∗, so (F4) gives σk ≤ max{τ1, κ1(Λ + y)} for
every k. By additivity of H,

∑
kH(sk−1, sk ∧ t∗) = H(0, t∗) = ln(1/p). Hence, off E2,

A ≤ ln(1/p)max{τ1, κ1(Λ + y)} =: a.

(iv) Conclusion. Off E1 ∪E2 ∪E3 we have lnZm < y, A ≤ a and hence QVsm < (e− 1)a+ y,
so Yt∗ < 2y+ (e− 1)a+QVlg. Therefore the event in the theorem is contained in E1 ∪E2 ∪E3,
which has probability at most 3e−y. □
One-shot constants. These constants concern the one-shot restriction of Section 9.8; in this
subsection only, τ1 denotes θC′/2 rather than the threshold of Theorem 9.23. Let p = 1/d,
θ ∈ (0, (16d3)−2], C ′ ≥ 4 and τ1 := θC

′/2. Then:
• ln(1/θ) ≥ 2 ln 16 + 6 ln d ≥ 5.54 + 6 ln d, so ln d ≤ ln(1/θ)/6.
• (C ′/4) ln(1/θ) ≥ ln(1/θ) ≥ 3 + 4 ln d, so ln(1/τ1) − 3 − 4 ln d ≥ (C ′/4) ln(1/θ) and
κ1 ≤ 40e/(C ′ ln(1/θ)).

• τ1 ≤ θ2 ≤ (16d3)−4 ≤ 1/(2e3d4).
• (e− 1) ln d · κ1 ≤ (e− 1) 40e/(6C ′) < 31.2/C ′ and (e− 1) ln d · τ1 ≤ 0.01.

Using max{a, b} ≤ a+ b, Theorem J.14 gives

(11) P̃r
(
Yt∗ ≥ 32

C′ (Λ + y) + 2y + 0.01 + QVlg
)
≤ 3e−y.

Corollaries. In the rest of this subsection assume the one-shot constants with C ′ ≥ 256, together
with C ′′ ≥ 16, q ≤ (θ/d)C

′′ and p1 := 1/(64ed2) (not the p0 = ε/(16d) of Section 9.6). The spike
is the event {Q ≥ θ}. Note that Λ ≥ 1 + C ′′ ln(d/θ) ≥ 1 + 16(5.54 + 7 ln d) ≥ 89.

Corollary J.15 (A1: no spike without large-bias quadratic variation; [proved here, audited]).
P̃r

(
Q ≥ θ and QVlg < Λ/4

)
≤ 3(q/e)1/8 ≤ p1/16.
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Proof. We have ln(1/θ) ≤ ln(1/q)/C ′′ ≤ Λ/C ′′. On {Q ≥ θ}, therefore, Yt∗ = ln(Q/q) ≥
ln θ + Λ − 1 ≥ (1 − 1/C ′′)Λ − 1 ≥ 0.9375Λ − 1. Take y = Λ/8 in (11). The threshold there is
at most (32/C ′)(9/8)Λ + Λ/4 + 0.01 + QVlg ≤ 0.3907Λ + 0.01 + QVlg, and on {QVlg < Λ/4}
it is less than 0.6407Λ + 0.01. Since Λ ≥ 89, 0.9375Λ − 1 > 0.6407Λ + 0.01. So the event
lies in the exceptional set of (11), whose probability is at most 3e−Λ/8 = 3(q/e)1/8. Finally
3(q/e)1/8 ≤ 3(θ/d)C

′′/8 ≤ 3(θ/d)2 ≤ 3(256d7)−2 ≤ 1/(1024ed2) = p1/16. □
Definition J.16 (β-regularity and the large-jump bound (LJ)). We call φB β-regular if its
relative influences satisfy Infu(φB) ≤ β E[φ2

B] for every u /∈ b, and we fix

β := θ2C
′
/4.

The large-jump bound (LJ) at (θ, C ′, C ′′) is the statement: for every β-regular φB with q ≤
(θ/d)C

′′ ,
P̃r

(
Q ≥ θ and N lg ≥ Λ/4

)
≤ p1/16.

(LJ) is [open]. With this value, 2
√
β = θC

′ is the bias level at which a relative-influence
exploration stops. (LJ) is a hypothesis about the one-shot restriction; as a reduction of the
conjecture it is circular, by Remark 9.34. The results below are stated for this value of β only;
the variant β = (θ/d)C

′ is not treated.

Corollary J.17 (A2: spikes need large-bias reveals). (a) [proved here, audited] P̃r
(
Q ≥

θ and QVlg ≤ Λ/2
)
≤ 3(q/e)1/8.

(b) [conditional on (LJ)] Assume (LJ) at (θ, C ′, C ′′). Then every β-regular φB with q ≤
(θ/d)C

′′ satisfies P̃r(Q ≥ θ) ≤ p1/8. With θ = θ0/2, for the threshold θ0 of Remark 9.34,
this is a bound on regular spikes for the one-shot restriction, and it inherits the circularity
of that remark.

Proof. (a) As in the proof of Corollary J.15, off the exceptional set of (11) with y = Λ/8, the
event {Q ≥ θ} forces QVlg > 0.9375Λ− 1− 0.3907Λ− 0.01 ≥ 0.5468Λ− 1.01. This exceeds Λ/2,
because Λ ≥ 89 > 21.6.

(b) Since QVlg ≤ N lg, Corollary J.15 and (LJ) give P̃r(Q ≥ θ) ≤ P̃r(Q ≥ θ, QVlg <

Λ/4) + P̃r(Q ≥ θ, N lg ≥ Λ/4) ≤ p1/16 + p1/16. □

Remark J.18 (a triggered form is strictly stronger). Suppose that, for some C > 0, Ẽ[QVlg |
Q ≥ θ] ≤ C ln(d/θ) + CΛ/ ln(1/τ1), and that C ′′ ≥ 8C + 16 and C ′ ≥ 8C. Markov’s inequality
gives P̃r(QVlg ≥ Λ/2 | Q ≥ θ) ≤ 2C/C ′′ + 4C/(C ′ ln(1/θ)) < 0.35. With Corollary J.17(a) this
gives P̃r(Q ≥ θ) ≤ 6(q/e)1/8, which is far smaller than p1/8 when q is small. The converse fails.
The bound p1/8 allows P̃r(Q ≥ θ) of order p1/100, while by Corollary J.17(a), QVlg > Λ/2 on
the spike outside a set of mass 3(q/e)1/8 � p1/100. Then Ẽ[QVlg | Q ≥ θ] ≳ Λ/2, which can be
far above C ln(d/θ). So the triggered form is not equivalent to the regular-spike bound. This is
harmless downstream: heavy spikes have P̃r(Q ≥ θ) ≥ p1, and either form excludes them.

Remark J.19 (scope). (1) The factor ln(1/p) in Theorem J.14 is the hazard integral
∫ 1−p
0 du/(1−

u). In the one-shot constants it is absorbed by κ1 = O(1/(C ′ ln(1/θ))), because ln d ≤ ln(1/θ)/6.
(2) The term QVlg cannot be dropped: without it the statement is false. Consider regular
spread gates, the average over M = 1/(2β) blocks of ANDs of width w. There the chosen block
cascades, and [numerical] the exact bias after j matches in that block is 2j/(M − 1+2j). Hence
N lg ≈ w − log2(Mτ1) and QVlg ≈ w − log2M − O(1), consistent with (11), since Yt∗ ≈ (w −
log2M) ln 2 ≤ QVlg. (3) The threshold τ1 = θC

′/2 lies far above the stopping level 2
√
β = θC

′

of a relative-influence exploration, so tail biases of size between these two levels count as small.
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J.4. The old-free reduction. For g ∈ Bd, θ > 0 and L ≥ 1 let J = Jθ/L(g), h = E[g | xJc ] as
in Lemma 8.6, and ∆(g; θ, L) = Uθ/L(g)− 2EσUθ(gσ). Let Gσ and Kσ be as in Lemma I.9, and
write Inew(g) =

∑
j /∈J Infj(g) ≤ dVarg.

Lemma J.20 (Lemma OF; [proved here, audited]). For every θ′ > 0 and η > 0, with L′ = Lθ′/θ,
∆(g; θ, L) ≤ ∆(h; θ′, L′) + 2η G + (1 + 1/η) (θ′/θ) Inew(g),

where G = Eσ[Ey′Var(Gσ) − Var(hσ)] =
∑

S∩J ̸=∅ ĝ(S)
2(2−|S∩J | − 2−|S|) ≤ Varg − Varh and y′

denotes the values of the fixed old coordinates. Since θ′/L′ = θ/L > MaxInf(h), the function h
has no old spikes at (θ′, L′).

Proof. For S ⊆ A \ J write Ĝσ(S) = ĥσ(S) + rS(y
′) with Ey′rS = 0; then Ey′Gσ = hσ

and
∑

S ̸=∅ Ey′r2S = Ey′Var(Gσ) − Var(hσ). As in the proof of Lemma I.9, Uθ(gσ) ≥∑
∅̸=S⊆A\J, S∩Kσ=∅ Ĝσ(S)

2. Drop the S that meet the spikes Jθ′(hσ), which do not depend on
y′. For the remaining S, with tS = 1[S ∩ Kσ 6= ∅] and cS = ĥσ(S) (which does not depend
on y′), Ey′(cS + rS)

2 = c2S + Ey′r2S and tS(cS + rS)
2 ≤ tS

(
(1 + 1/η)c2S + (1 + η)r2S

)
give

Ey′ [(1 − tS)(cS + rS)
2] ≥ c2S − (1 + 1/η)c2SEy′tS − ηEy′r2S ; summed over S, the first terms give

Uθ′(hσ). A set S with tS = 1 that avoids Jθ′(hσ) contains a spike of gσ whose hσ-influence is
below θ′, so

∑
S c

2
StS ≤ θ′|Kσ|, and Pr[j ∈ Kσ] ≤ Infj(g)/(2θ). Summing, averaging over σ, and

using Uθ/L(g) = Varh (Lemma 8.6) and ∆(h; θ′, L′) = Varh− 2EσUθ′(hσ) gives the claim. □

Corollary J.21 (Corollary OF; [proved here, audited]). Let 0 < ε ≤ 1, η = ε/8 and θ′ =
ε2θ/(36d), so that L′ = ε2L/(36d). Then ∆(g; θ, L) ≤ ∆(h; θ′, L′) + ε

2Varg. In particular, if the
inequality of Definition 8.2 fails for g at some θ ≤ Var(g)2, then Varh > εVarg, MaxInf(h) <
θ′/L′, ∆(h; θ′, L′) > ε

2Varh and θ′ < Var(h)2/(36d). Hence the touching transfer at loss L′
and parameter ε/2 for all old-free h ∈ Bd with the cap θ′ ≤ Var(h)2/(36d) implies the touching
transfer at loss 36dL′/ε2 = 9216e2d3L′ (for ε = 1/(16ed)) under cap 2 for all g ∈ Bd.

Proof. The error terms are 2ηG ≤ ε
4Varg and (1 + 8/ε) ε

2

36ddVarg ≤ ε
4Varg. If the inequality

fails for g, then Varh ≥ Uθ/L(g) ≥ ∆(g; θ, L) > εVarg, and the remaining claims follow from
θ′/L′ = θ/L and θ′ = ε2θ/(36d) ≤ ε2Var(g)2/(36d) < Var(h)2/(36d). □

Appendix K. Proofs of the two-stage theorems

This appendix proves Theorem 9.15, the staged form of Theorem 9.14, and Theorem 10.14,
Theorem B◦ in the node form of Section 10.4. Both proofs rerun the proof of Theorem J.14 in
another reveal order, started from the state reached at a stage boundary or at a stopping index
inside a stage. Proposition K.3 does this once for all such starts. Theorem 9.15 is deduced in
Section K.2 and Theorem 10.14 in Section K.3. We use the hazard H(s, u) = ln((1−s)/(1−u)),
the facts (F0) and (F1) and the notation of Appendix J.3. Throughout, d ≥ 2, τ1 ∈ (0, 1/(2e3d4)]
and κ1 = 10e/(ln(1/τ1)−3−4 ln d). For a function φ and a set D of coordinates, φD := φ(xD, ·)
denotes the restriction to the values xD. In Section K.3 the letter H also denotes a target height;
the hazard always appears with two arguments.

K.1. Staged explorations and a restarted Theorem A.
Definition K.1 (staged start state). Let p ∈ (0, 1), t∗ = 1 − p, let G◦ be a σ-field and r ≥ 1.
A staged start state at G◦ with r stages consists of the following G◦-measurable data: a set R
of unrevealed coordinates; a multilinear φ on {−1, 1}R with |φ| ≤ 1, degree at most d and
q := EUφ2 > 0; an ordered partition R = P0 t P1 t · · · t Pr, whose parts may be empty; and a
start clock u◦ ∈ [0, t∗]. Conditionally on G◦, the following must hold.
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(S1) The values xR have law (φ2/q) · U .
(S2) The clocks tv, v ∈ P1 ∪ · · · ∪ Pr, are independent of xR and of each other. For v ∈ P1 the

clock tv is uniform on (u◦, 1], and for v ∈ Pj with j ≥ 2 it is uniform on [0, 1].
(S3) The exploration runs the stages j = 1, . . . , r in this order. Stage j reveals the coordinates

v ∈ Pj with tv ≤ t∗, together with their values, one at a time in increasing clock order.
The coordinates of P0 are never revealed; they are called frozen.

Here P̃r denotes the underlying law of x, the clocks and the coins; in the applications it is a
size-biased law with independent clocks.

The reveals are numbered k = 1, . . . ,m in the order in which they occur. Thus m ≤ |R \ P0|
is random, and vk, jk and uk := tvk denote the coordinate, the stage and the clock of the k-th
reveal. Put Dk = {v1, . . . , vk}, qk := EU [φ2 | xDk

] (so q0 = q), Q := qm, and let ck := EU [φ2xvk |
xDk−1

]/qk−1 be the bias of the k-th reveal just before it. Define QVsm, QVlg and N lg along this
sequence as in Appendix J.3.

Time is the pair (stage, clock), ordered lexicographically. An epoch is the start (1, u◦), a reveal
(jk, uk), or the end (j, t∗) of a stage j < r. The end of stage j is also the start of stage j + 1.
The σ-field Fε at an epoch ε is generated by G◦, the stage of ε, and the coordinate, clock and
value of each reveal up to and including ε. Write Gk for Fε at the k-th reveal, with G0 := G◦; for
k > m, Gk is the terminal σ-field, which also records that the exploration has ended. A stopping
index is a random τ ∈ {0, 1, . . . } ∪ {∞} with {τ = k} ∈ Gk for every k. The information in Fε
about the clocks of unrevealed coordinates is implicit. If ε lies in stage j at clock u, then the
unrevealed coordinates of Pj have clocks > u, those of the earlier stages have clocks > t∗, and
nothing is known about the later stages.
Lemma K.2 (strong Markov property of staged explorations; [proved here, audited]). Let G◦ be
a staged start state with r stages, and let ε be an epoch. Write j for its stage and u for its clock,
where the end of stage j − 1 counts as stage j with clock u = 0. Let D be the set revealed by ε.
Then Fε is a staged start state with r − j + 1 stages and the following data: the unrevealed set
R \D; the function φD and height EU [φ2 | xD]; the parts Pj \D,Pj+1, . . . ,Pr; the start clock u;
and the frozen part

P0 ∪
(
(P1 ∪ · · · ∪ Pj−1) \D

)
.

Its exploration is the remaining part of the original exploration. In particular this holds at the
k-th reveal on {k ≤ m}, given Gk. If τ is a stopping index, then on {τ = k ≤ m} the conditional
law given Gτ coincides with the conditional law given Gk.
Proof. Condition on G◦ throughout. Let Iε be the clock part of Fε: the stage of ε and the
coordinates and clocks of the reveals up to ε. Then Fε = σ(G◦, Iε, xD), and D is Iε-measurable.
Since the reveal order is determined by the partition and the clocks, Iε is a function of the
clocks, which are independent of xR by (S2).

Values. Given (Iε, xD), the values xR\D have the conditional law of (φ2/q) · U given xD,
with the set D held fixed. By Bayes’ rule this law is (φ2

D/EU [φ2 | xD]) · U . The function φD is
multilinear, bounded by 1 and of degree at most d, and its norm EU [φ2 | xD] is positive almost
surely, because EU [φ2 | xD]/q is the density of P̃r with respect to U on σ(xD).

Clocks. Fix a value of Iε. The event that Iε takes it is, apart from the values of the revealed
clocks themselves, an intersection of conditions on single clocks: tw > t∗ for the unrevealed w
of the stages before j; tw > u for the unrevealed w ∈ Pj ; and no condition on the clocks of
Pj+1, . . . ,Pr. The clocks are independent, so conditionally on this event they remain indepen-
dent. The unrevealed clocks of Pj are uniform on (u, 1]; for j = 1 this uses that they were
uniform on (u◦, 1] and that u ≥ u◦. Those of the later stages are uniform on [0, 1]. The un-
revealed coordinates of the earlier stages have clocks > t∗, so they are never revealed. This is
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the order-statistics fact that, given the smallest clocks and their owners, the other i.i.d. uniform
clocks are i.i.d. uniform above the last revealed one. Since the clocks are independent of xR,
conditioning in addition on xD does not change their law, and they remain independent of xR\D.
This proves (S1) and (S2) for Fε. After ε the exploration reveals, in clock order, the coordinates
of Pj \D with clocks in (u, t∗], and then runs the stages j + 1, . . . , r; this is (S3).

Stopping indices. If A ∈ Gτ , then A∩ {τ = k} ∈ Gk. Hence E[Y | Gτ ] =
∑

k 1(τ = k)E[Y | Gk]
almost surely for every bounded Y . □
Proposition K.3 (Theorem A from a staged start state; [proved here, audited]). Let G◦ be a
staged start state with r stages, start clock u◦ and height q. Put Λ◦ := ln(e/q) and

ℓ◦ := H(u◦, t∗) + (r − 1) ln(1/p) ≤ r ln(1/p).

For every y > 0 there is an event X with P̃r(X | G◦) ≤ 3e−y off which:
(a) qk > q e−y for all 0 ≤ k ≤ m;
(b) ln(Q/q) < 2y + (e− 1) ℓ◦max{τ1, κ1(Λ◦ + y)}+QVlg.

Proof. Write Pr for P̃r(· | G◦), the joint law of xR and the clocks. The Pr-law of the clocks of
P0 plays no role, since these coordinates are never revealed. Put Zk := (qk/q) exp(−

∑
i≤k c

2
i )

for k ≤ m and Zk := Zm for k > m. Since ln(Q/q) =
∑

k≤m ln(qk/qk−1) and
∑

k≤m c
2
k =

QVsm +QVlg,
ln(Q/q) = lnZm +QVsm +QVlg.

(i) Z is a supermartingale. Fix k ≥ 1. By Lemma K.2 at the (k − 1)-th reveal, the following
holds given Gk−1. The unrevealed values have law (φ2

Dk−1
/qk−1) · U and are independent of the

clocks. Whether a k-th reveal occurs, and if so its stage, clock and coordinate, are functions of
the clocks. Hence, given Gk−1 and these data, on {k ≤ m} the value xvk has law (1± ck)/2 and
qk/qk−1 = 1 + ckxvk , by (F0) applied to φDk−1

. By (F1) the conditional mean of Zk/Zk−1 is
(1+c2k)e

−c2k ≤ 1, and on {k > m} the ratio is 1. So (Zk)k≥0 is a nonnegative (Gk)-supermartingale
with Z0 = 1. It is constant after m ≤ |R| steps. By Ville’s inequality, E1 := {maxk Zk ≥ ey}
has Pr(E1) ≤ e−y.

(ii) Lower excursions. Let Pr0 be the law under which, given G◦, xR is uniform and the clocks
are independent of xR with their Pr-law. Then dPr /dPr0 = φ2/q. Every Gk is generated by
G◦, clock information and xDk

, with Dk determined by the clock information. Under Pr0, xR is
uniform and independent of the clocks, so EPr0 [φ

2 | Gk] = EU [φ2 | xDk
] = qk. Thus the density

of Pr on Gk is qk/q. Let k∗ := min{k ≤ m : qk ≤ qe−y}, with k∗ = ∞ if there is no such k, and
put E2 := {k∗ ≤ m}. Since {k∗ = k} ∈ Gk and qk ≤ qe−y on it,

Pr(E2) =
∑
k

EPr0
[
(qk/q)1(k

∗ = k)
]
≤ e−y.

Off E2, (a) holds. The height changes only at reveals, so off E2 the height at every epoch exceeds
qe−y.

(iii) Exponential compensator. The epochs cut the run into waiting periods. A period starts
at an epoch ε in stage j at clock u. It ends at the next reveal of stage j, if that reveal has clock
≤ t∗, and otherwise at the end (j, t∗) of stage j. So there are exactly m + r periods, at most
|R|+ r. For the period starting at ε, let Rε be its at-risk set, the unrevealed coordinates of Pj .
For w ∈ Rε let cw(ε) be the bias of w under (φ2

D/EU [φ2 | xD]) · U , where D is the set revealed
by ε. Put

aw := cw(ε)
21(|cw(ε)| < τ1) ∈ [0, 1], σε :=

∑
w∈Rε

aw, αε :=
∑
w∈Rε

(eaw − 1),
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all Fε-measurable. Let λ∗ := H(u, t∗), and let λε := H(u, u′) be the hazard length of the period,
where u′ is its end clock. The mark of the period is aw if it ends with the reveal of w, and 0 if
it ends at the end of the stage.

By Lemma K.2, given Fε the clocks of Rε are i.i.d. uniform on (u, 1]. So their hazard times
λw := H(u, tw) are i.i.d. exponential with mean 1. With nε := |Rε| ≥ 1, the first of them is w
with hazard time in dλ with probability e−nελdλ, for each w. Hence, since

∑
w e

aw = αε + nε,

E
[
emark−αελε

∣∣ Fε] = ∑
w∈Rε

eaw
∫ λ∗

0
e−(αε+nε)λ dλ+ e−(αε+nε)λ∗ = 1.

If Rε = ∅, the period ends at the end of the stage with mark 0 and αε = 0, and the left side is
1 trivially.

The period that ends with the k-th reveal starts at an epoch whose revealed set is Dk−1,
because no value is revealed at the end of a stage. So its mark is c2k1(|ck| < τ1), and the sum of
all marks is QVsm. The factor emark−αελε of a period is measurable at the next epoch. There
are at most |R|+ r periods, so iterating the one-step identity with the tower property gives

E exp
(
QVsm −

∑
ε

αελε

)
= 1.

Since ea− 1 ≤ (e− 1)a for a ∈ [0, 1], we have αε ≤ (e− 1)σε. Hence E exp(QVsm− (e− 1)A) ≤ 1
with A :=

∑
ε σελε. For a G◦-measurable a, let E3 := {QVsm ≥ (e − 1)a + y, A ≤ a}. On E3

we have QVsm − (e− 1)A ≥ y, so Markov’s inequality gives Pr(E3) ≤ e−y.
Choice of a. At an epoch ε with revealed set D, the restriction φD is bounded by 1 and has

degree at most d. Its norm is qε := EU [φ2 | xD] > 0, and its size-biased biases are the cw(ε).
Corollary J.3 with k = d therefore gives∑

w∈R\D, |cw(ε)|<τ1

cw(ε)
2 ≤ max{τ1, κ1 ln(e/qε)}.

This is (F4) at ε. Its sum runs over all unrevealed coordinates: the at-risk set Rε, the coordinates
of the later stages and the frozen ones. The sum σε is over the subset Rε, so off E2, where
ln(e/qε) < Λ◦ + y,

σε ≤ max{τ1, κ1(Λ◦ + y)} for every period.
By additivity of H, the hazard lengths of the periods of stage 1 add up to H(u◦, t∗), and those
of every later stage to H(0, t∗) = ln(1/p). Hence off E2,

A ≤ ℓ◦max{τ1, κ1(Λ◦ + y)} =: a,

and a is G◦-measurable. Also H(u◦, t∗) ≤ H(0, t∗), so ℓ◦ ≤ r ln(1/p).
(iv) Conclusion. Let X := E1 ∪ E2 ∪ E3, so Pr(X) ≤ 3e−y. Off X we have lnZm < y and

A ≤ a, hence QVsm < (e− 1)a+ y. So ln(Q/q) < 2y + (e− 1)a+QVlg, which is (b); (a) holds
off E2. □

For r = 1, u◦ = 0 and P0 = ∅, Proposition K.3(b) is Theorem J.14, and the proof above is
its proof. The only changes are the at-risk sets and the bookkeeping of the hazard over several
stages.

K.2. The staged form of Theorem A. We restate Theorem 9.15.
Theorem 9.15 (staged form). Suppose the revealed set is revealed in s stages, the stage of each
coordinate being chosen independently of x and of the clocks, and in clock order within each
stage. (a) Theorem 9.14 holds with (e− 1) ln(1/p) replaced by (e− 1) s ln(1/p): each stage adds
one hazard ln(1/p). (b) The same holds conditionally on the revealed data at any stage boundary,
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with one hazard per remaining stage and q, Λ taken at that boundary; here alive coordinates that
are never revealed (frozen, with hazard 0) are allowed.

Hypotheses made precise. Assume (H1) and (H2) of Appendix J.3, except for the order in
which F \B is revealed, which is replaced by the following.
(H2s) Staged oblivious exploration. Given the stopping data ζB = (B = b, xb = ζ), an ordered

partition bc = P0 t P1 t · · · t Ps (s ≥ 1; parts may be empty) is a function of ζB and of
coins that are independent of x and of the clocks. In particular it does not depend on
xbc or on the clocks. Stage i = 1, . . . , s reveals F ∩ Pi in increasing clock order, and the
stages run in the order 1, . . . , s. The coordinates of P0 are never revealed.

In the statement of Theorem 9.15(a), P0 = ∅. Then the final revealed set is F , as in Theo-
rem 9.14, so Q = E[φ2

B | zB, zF\B] is the same random variable; only the reveal path, and with
it QVlg, changes. The partition, and s, may depend on the stopping data ζB and on the coins.
As in Appendix J.3, write φ for φb, q = Eφ2

b and Λ = ln(e/q). Write QVlg for the large-bias
quadratic variation of the staged reveal sequence. Let G(i−1) be the σ-field at the stage boundary
before stage i, generated by ζB, the coins, and the coordinates, clocks and values revealed in
stages 1, . . . , i− 1. Then q(i−1) denotes the height there, Λ(i−1) = ln(e/q(i−1)), and QVlg

≥i is the
large-bias quadratic variation of the reveals of stages i, . . . , s. The two parts of the theorem then
read:

(12) P̃r
(
ln
Q

q
≥ 2y + (e− 1) s ln 1

p max{τ1, κ1(Λ + y)}+QVlg
∣∣∣ ζB) ≤ 3e−y,

(13) P̃r
(
ln

Q

q(i−1)
≥ 2y+(e−1)(s− i+1) ln 1

p max{τ1, κ1(Λ(i−1)+y)}+QVlg
≥i

∣∣∣ G(i−1)
)
≤ 3e−y

almost surely, for every p ∈ (0, 1), τ1 ∈ (0, 1/(2e3d4)], y > 0 and i ∈ {1, . . . , s}. Here P0 is
allowed in both parts; when P0 6= ∅, Q denotes the final height of the staged exploration, the
conditional second moment of φB given everything it reveals, and the coordinates of P0 may lie
in F , since they are never revealed. The unconditional form of (12) for B = ∅ is Theorem 9.14
with s hazards.
Proof of Theorem 9.15. (a) Condition on ζB and on the coins. By the consequence of (H2) in
Appendix J.3, given ζB the values xbc have law (φ2

b/q) ·U , and the clocks (tv)v/∈b are i.i.d. U [0, 1]
and independent of x. The event {B = b, xb = ζ} is {xb = ζ} intersected with an event of
the coins. The coins are independent of x and of the clocks. So the same holds given ζB and
all the coins. The partition is a function of ζB and the coins. Hence G◦ := σ(ζB, coins) is a
staged start state with r = s stages P1, . . . ,Ps, frozen part P0, start clock u◦ = 0, function
φb and height q; its exploration is the staged exploration (H2s). Proposition K.3(b) with ℓ◦ =
H(0, t∗) + (s − 1) ln(1/p) = s ln(1/p) gives (12) conditionally on ζB and the coins. Integrating
over the coins gives (12). Note that s may depend on the coins, since each conditional bound
has its own s.

(b) Fix i; it may depend on ζB and the coins. The stage boundary before stage i is the
epoch “end of stage i − 1” of this start state (the start if i = 1), and its σ-field is G(i−1). By
Lemma K.2, G(i−1) is a staged start state with r = s− i+ 1 stages Pi, . . . ,Ps, start clock 0 and
height q(i−1). Its frozen part is P0 ∪ {v ∈ P1 ∪ · · · ∪ Pi−1 : tv > t∗}. The frozen coordinates are
alive and never revealed, and they lie in no at-risk set. Proposition K.3 allows them, because
its RL1 bound (F4) sums over all unrevealed coordinates; this is the point of allowing a part P0

in (H2s). The reveals of the restarted exploration are those of stages i, . . . , s, so their large-bias
quadratic variation is QVlg

≥i. Proposition K.3(b) with ℓ◦ = (s− i+ 1) ln(1/p) gives (13). □
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Remark K.4 (what the hypotheses exclude, and reading x only on F ). The proof uses the stage
assignment only through Lemma K.2. That lemma needs the reveal order to be a function of
the clocks and of G◦, with the clocks independent of the unrevealed values. A stage assignment
that depends on xbc , or on the clocks, breaks this, and the theorem does not cover point-
dependent sets. Every σ-field of a staged exploration is contained in σ(ζB, coins, clocks, xF\B) ⊆
σ(xF , clocks, coins), because B ⊆ F . So a staged exploration reads x only on F . This is the
hypothesis of Lemma 9.27, which is false without it, so that lemma applies to the σ-fields of every
staged exploration. Lemma 10.13 needs in addition that the terminal σ-field contain σ(F, xF );
this holds when P0 ∩ F = ∅, as in the node explorations of Section 10.4, to which it therefore
applies.

K.3. Theorem B◦. We recall the definitions of Section 10.4, written for (ψ,H) in place of
(ψc,Hc); the numbers 0 < h < H ≤ 1 and y > 0 are free parameters there and here. Under
P̃r = P̃rψ, x has density ψ2/w with respect to U , the clocks tv are i.i.d. U [0, 1] and independent
of x, and F = {v : tv ≤ 1

2}. The exploration G has two stages.
• Stage 1 reveals H ∩ F , with its values, at once.
• Stage 2 reveals F \ H in increasing clock order, at reveal indices k = 1, . . . ,m.
• The coordinates of H \ F are frozen: alive, never revealed, hazard 0.

Let Sk = (H ∩ F ) ∪ {v1, . . . , vk} be the revealed set after k stage-2 reveals, q(k) = EU [ψ2 | xSk
],

and let ck = EU [ψ2xvk | xSk−1
]/q(k−1) be the bias of the k-th stage-2 reveal just before it. The

reveal is large if |ck| ≥ τ1. Let Gk be the σ-field of the clocks and values revealed up to and
including the k-th stage-2 value; for k > m it is the terminal σ-field. Let G+

k−1 be the σ-field
of the clocks and values revealed before the k-th stage-2 value, together with the identity and
clock of the k-th revealed coordinate (or the information that there is none). Then

cap = {q(0) ≥ h}, ζ = min{k ≥ 0 : q(k) ≥ h},

Ev = {q(0) < h, ζ ≤ m, ∃k > ζ : vk = v, |ck| ≥ τ1, |cj | < τ1 (ζ < j < k), q(k−1) ≥ he−y},
with ζ = ∞ if no k ≤ m qualifies. Also β◦1 = τ21 /4 (Section 10.2), γ1 = (e − 1) ln 2, and
dvψ = (ψ(xv→1)− ψ(xv→−1))/2, so that ψ = Exvψ + xv dvψ and ‖dvψ‖22 = Infv(ψ). We restate
Theorem 10.14.
Theorem 10.14 (Theorem B◦, node form). Let ψ : Qn → [−1, 1] be multilinear of degree at
most d with w = ‖ψ‖22 > 0, let H be a fixed set, and let G, q(k), ζ, cap and Ev be as above with
(ψ,H) in place of (ψc,Hc). Let τ1 ∈ (0, 1/(2e3d4)], κ1 as in Theorem 9.14, 0 < h < H ≤ 1 and
y > 0 with ln(H/(2h)) ≥ 2y+ γ1max{τ1, κ1(ln(e/h)+ y)}. Write P̃r for P̃rψ and P̃rv for P̃rdvψ,
with the same clocks, and Q = E[ψ2 | xF ].
(a) P̃r

(
Q ≥ H, q(0) < h, no Ev occurs

)
≤ 3e−y.

(b) Ev∩{vk = v} ∈ G+
k−1, and on this event ρv(Sk−1) := EU [(dvψ)2 | xSk−1

]/q(k−1) ≥ c2k/4 ≥ β◦1
and EU [(dvψ)2 | xSk−1

] ≥ β◦1he
−y.

(c) P̃r(Ev) ≤ (ρv/β
◦
1) P̃rv(Ev), where ρv = Infv(ψ)/w.

Proof of Theorem 10.14. Step 1: the stage boundary is a staged start state. Here Q = EU [ψ2 |
xF ] = q(m), because Sm = F . The set S0 = H ∩ F is a function of the clocks of H, and G0 is
generated by S0, the clocks of S0 and xS0 . Under P̃r, x is independent of the clocks. Hence,
given G0, the values xSc

0
have law (ψ2

S0
/q(0)) · U by Bayes’ rule, and q(0) > 0 almost surely. The

clocks of Hc are independent of x and of the clocks of H, so given G0 they are i.i.d. U [0, 1]
and independent of x. The coordinates of H \ F are never revealed. So G0 is a staged start
state (Definition K.1) with the following data: p = 1

2 , t∗ = 1
2 ; one stage P1 = Hc; frozen part
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P0 = H\F ; start clock 0; function ψS0 , of degree at most d; and height q(0). Its reveals, heights,
biases and σ-fields are the stage-2 quantities vk, q(k), ck and Gk. That stage 1 is revealed at once
rather than in clock order does not matter, because only the σ-fields from the stage boundary
on are used.

Step 2: the proof of Theorem A, run from the state at ζ. The index ζ is a (Gk)-stopping
index: {ζ = k} = {q(j) < h for j < k, q(k) ≥ h, k ≤ m} ∈ Gk. Since ζ depends on the stage-2
clocks and values, Theorem 9.14 is not quoted at ζ; instead, Proposition K.3 reruns its proof
from Gζ , with the inputs supplied by Lemma K.2. Fix k. By Lemma K.2 applied to the start
state G0, on {k ≤ m} the σ-field Gk is a staged start state with the following data: one stage,
consisting of the unrevealed coordinates of Hc; start clock uk = tvk ≤ 1

2 (u0 := 0); height q(k);
and frozen part H \ F . Its reveals are the stage-2 reveals j > k, and its biases are the cj . Let
Xk be the event of Proposition K.3 for this start state, so P̃r(Xk | Gk) ≤ 3e−y on {k ≤ m}, and
put X :=

⋃
k({ζ = k} ∩Xk). Since {ζ = k} ∈ Gk,

P̃r(X) =
∑
k

E
[
1(ζ = k) P̃r(Xk | Gk)

]
≤ 3e−y.

On {ζ = k} we have q(k) ≥ h, hence ln(e/q(k)) ≤ ln(e/h). The hazard satisfies ℓ◦ = H(uk,
1
2) =

ln(2(1− uk)) ≤ ln 2. So off X, on {ζ ≤ m}, Proposition K.3 gives

ln
Q

q(ζ)
< 2y + γ1max{τ1, κ1(ln(e/h) + y)}+QVlg

>ζ ,(14)

q(j) > q(ζ)e−y ≥ he−y (ζ ≤ j ≤ m),(15)

where QVlg
>ζ =

∑
j>ζ c

2
j1(|cj | ≥ τ1). Only the hazard after ζ, at most ln 2, is paid. The RL1

bound in the proposition includes the frozen coordinates H \ F .
Step 3: the dichotomy and (a). Let G := {Q ≥ H, q(0) < h}. On G, q(m) = Q ≥ H > h, so

ζ ≤ m, and ζ ≥ 1 because q(0) < h. By minimality q(ζ−1) < h. By (F0), q(ζ) = q(ζ−1)(1+cζxvζ ) ≤
2q(ζ−1) < 2h. Hence, by the hypothesis on (h,H, y),

ln
Q

q(ζ)
> ln

H

2h
≥ 2y + γ1max{τ1, κ1(ln(e/h) + y)}.

Off X, (14) then forces QVlg
>ζ > 0, so some stage-2 reveal strictly after ζ is large. Let k be the

first one. Then |cj | < τ1 for ζ < j < k. Also q(k−1) ≥ he−y: if k − 1 = ζ this is q(ζ) ≥ h, and if
k − 1 > ζ it is (15). So Evk occurs. Therefore G ∩ {no Ev occurs} ⊆ X, and (a) follows from
P̃r(X) ≤ 3e−y. The three exceptional events of the restarted run are each counted once. In
particular the lower excursion is counted once, and no stage-1 term arises, since the search for
ζ starts at the stage boundary.

Step 4: (b). Fix v and k. Since v is revealed at most once, on {vk = v} the index in the
definition of Ev must be this k, so

Ev ∩ {vk = v} = {q(0) < h} ∩ {ζ ≤ k − 1} ∩
⋂

ζ<j<k

{|cj | < τ1}

∩ {k ≤ m, vk = v, |ck| ≥ τ1} ∩ {q(k−1) ≥ he−y}.

We check that each set is in G+
k−1.

• q(0) and q(k−1) are functions of xS0 , xSk−1
and of these sets, so they are Gk−1-measurable.

• {ζ ≤ k − 1} ∈ Gk−1, because ζ is a stopping index.
• For j < k, cj is a function of vj and xSj−1 , so it is Gk−1-measurable.
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• {k ≤ m}, vk and ck are G+
k−1-measurable, since ck is a function of vk and xSk−1

.
The value xv does not enter. Hence Ev ∩ {vk = v} ∈ G+

k−1. This uses that Ev looks only at
reveals strictly after ζ. The crossing reveal k = ζ is decided by q(ζ) ≥ h, which depends on xvζ .
The same description shows that the events Ev are pairwise disjoint: on Ev, v is the first large
reveal strictly after ζ.

For the bounds, let S = Sk−1. On {vk = v} we have v /∈ S. Write ψS = A + xvB, where
B = (dvψ)S and A do not depend on xv. Averaging over the unrevealed coordinates under U ,
q(k−1) = EU [A2 +B2 | xS ], EU [ψ2xv | xS ] = 2EU [AB | xS ], EU [(dvψ)2 | xS ] = EU [B2 | xS ].

By Cauchy–Schwarz, with ρ := ρv(S) = EU [B2 | xS ]/q(k−1),

c2k =
4EU [AB | xS ]2

(q(k−1))2
≤ 4EU [A2 | xS ]EU [B2 | xS ]

(q(k−1))2
= 4ρ(1− ρ) ≤ 4ρ.

This is the bound c2k ≤ 4ρv(Sk−1) behind Corollary J.11. On Ev ∩ {vk = v} we have |ck| ≥
τ1, so ρv(Sk−1) ≥ c2k/4 ≥ τ21 /4 = β◦1 . With q(k−1) ≥ he−y this gives EU [(dvψ)2 | xSk−1

] =

ρv(Sk−1) q
(k−1) ≥ β◦1he

−y.
Step 5: (c), change of measure. If Infv(ψ) = 0 then dvψ = 0, so ρv(Sk−1) = 0 and Ev = ∅

by (b); assume Infv(ψ) > 0. Let Pr0 := U ⊗ clocks. Then P̃r and P̃rv have densities ψ2/w and
(dvψ)

2/Infv(ψ) with respect to Pr0, and they have the same clocks. The σ-field G+
k−1 is generated

by clock information and xSk−1
, with Sk−1 determined by the clock information. Under Pr0, x

is uniform and independent of the clocks, so on G+
k−1

dP̃r

dPr0
=
q(k−1)

w
,

dP̃rv

dPr0
=

EU [(dvψ)2 | xSk−1
]

Infv(ψ)
.

On the event Ev ∩ {vk = v} ∈ G+
k−1, the second density is positive by (b), and the ratio of the

two is
q(k−1)

w
· Infv(ψ)

EU [(dvψ)2 | xSk−1
]
=

ρv
ρv(Sk−1)

≤ ρv
β◦1
.

Hence P̃r(Ev ∩{vk = v}) = E
P̃rv

[
(ρv/ρv(Sk−1))1(Ev ∩{vk = v})

]
≤ (ρv/β

◦
1) P̃rv(Ev ∩{vk = v}).

The events {vk = v}, k ≥ 1, are disjoint and cover Ev, since v is revealed at most once. Summing
over k gives (c). Only σ-fields strictly before the value xv are used. □
Remark K.5 (constants and conventions).

• Exceptional mass. The exceptional mass in (a) is 3e−y. These are the three events E1,
E2, E3 of the run restarted at ζ. The start height q(ζ) ≥ h is known at ζ, so no separate
lower excursion before ζ is needed; a priming bound, as for a stage-1 loss, would cost a
fourth e−y.

• The constants β◦1 and β1. Theorem 10.14 is stated and proved with β◦1 = τ21 /4, the
constant that the bound c2k ≤ 4ρv(Sk−1) of Corollary J.11 gives for a large reveal. The
grid of Section 10.2 and the recursion of Proposition 10.17 use β1 = β◦1/2 = τ21 /8. The
factor 2 is the factor K/(K − 1) of Lemma 10.13 at K = 2, and it enters only in the
proof of Theorem 10.16, as follows. By (b), on Ecv the child’s height just before v’s value
is at least β◦1he−y = 2β1he

−y. The node exploration reads x only on F , and its terminal
σ-field contains σ(F, xF ) (Remark K.4), so Lemma 10.13 bounds the probability of the
corresponding sup-event by 2P̃rc·v(Q

c·v ≥ β1he
−y). Combined with (c), each child then

costs 2ρcv/β
◦
1 = ρcv/β1. In the recursion (h,H) = (hs,k,Hs,k), and (G2) of Lemma 10.5
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gives β1hs,ke−y ≥ Hs+1,k. Lemma 10.13 at K = 2, applied to ψ itself, gives the second
inequality of Lemma 10.15; that factor 2 goes into χ = 6e−y, not into β1.

• Hypothesis. The hypothesis ln(H/(2h)) ≥ 2y + γ1max{τ1, κ1(ln(e/h) + y)} is used only
in Step 3. In Section 10.4 it is a hypothesis of Theorem 10.16; at the grid heights
(Hs,k, hs,k, y), where Proposition 10.17 applies that theorem, it is supplied by (3), display
(G0) of Lemma 10.5.

Appendix L. The arithmetic of Proposition 10.25

This appendix proves Proposition 10.25 with every inequality written out. Each step
is either an elementary inequality, proved where it is used, or a finite evaluation of ex-
plicit expressions at T = 4. The evaluations are tagged and their values are printed; the
scripts qpg_arith_bounds.py and qpg_appendix_consts.py of the supplementary directory
supplement/ recompute every printed number except those of the elementary bounds (E4) of
Section L.3, and check the inequalities between the numbers they recompute; for (E4), which
is proved where it is stated, they check the three resulting inequalities at sample values of T .
A printed value used as an upper bound is rounded up in its last digit. No step maximises a
function of T numerically: every intercept bound is T 3 times a polynomial in u = 1/T with
nonnegative coefficients, which is largest at u = 1

4 , and the one linear bound in u comes from
Lemma L.4.

L.1. Setting and notation. Throughout, d ≥ 2, T = dlog2(2ed)e and ε = 1/(16ed), as in the
chain (Theorem 8.4). The notation is that of Sections 10.2 and 10.7:

α =
1

4
, c =

1

2T
, S = 16T + 4, ε1 =

1

150T 2
, γ1 = (e− 1) ln 2,

K` = 3000eγ1, ℓ = ln
1

β1
= K`T

2 + 6 + ln 8 + 8 ln d,

y = ℓ+ ln d+ ln 24 + tS , tS =
ln(1024eS) + 2 ln d

S
,

r =
1

1− ε1
, b0 = 1 + ln 2 + 2y + ε1(1 + y), b1 = rb0 + y + ℓ, b2 = rb0 + ln 2,

σs = b1
rs − 1

r − 1
, ωk = b2

rk − 1

r − 1
, ln

1

p∗
= ln

64Sd

ε
+ (S − 1)(ℓ+ ln d).

Here ℓ = 2 ln(1/τ1) + ln 8 with ln(1/τ1) = 3 + 4 ln d+ 10eγ1/ε1 and 20eγ1/ε1 = K`T
2. We also

write
u =

1

T
∈
(
0,

1

4

]
, Λ = K`T

2, P0 =
rb0
Λ
, P1 =

b1
Λ
, P2 =

b2
Λ
,

so that ε1 = u2/150, ε1Λ = K`/150 = 20eγ1, 16TΛ = 16K`T
3, (S − 1)/(16T ) = 1 + 3

16u and
1 + (S − 1)α = 4T + 7

4 . Since 2ed ≤ 2T and d ≥ 2, we have T ≥ 4 and
(16) 0 < ln 2 ≤ ln d ≤ (T − 1) ln 2− 1 < T ln 2.

Everything below holds for every real T ≥ 4 and every d satisfying (16); integrality of T is not
used. In every quantity bounded below, ln d occurs only with nonnegative coefficients, and each
occurrence is bounded through (16); so no separate monotonicity argument in d is needed.

L.2. The five conditions as linear conditions in X. Recall that X = ln(1/θ) > 0 and that,
by Lemma 10.5(G4), Zs,k = rs+kX + rkσs + ωk and zs,k = r(Zs,k + b0); on the bottom row,
Z∗s = Zs,S−1 and ln(1/h∗s) = zs,S−1.
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quantity value quantity value
K` = 3000eγ1 9712.602050 16K` 155401.6328
256K` 2.486426 · 106 20eγ1 = ε1Λ 64.750680
e1 = 9 ln 2/K` ≤ 6.422918 · 10−4 r0 = 2400/2399 1.000416840
ρr = r0/600 ≤ 0.001667362 eb 0.002995276
ξc = r0(32 +

7
4)/150 ≤ 0.2250938 ρ2 0.2317939

ξK = r0(16 +
3
4)/150 ≤ 0.1117133 ρK 0.1133175

a0 = ln(1024e)− 2− 2 ln 2 4.545177 τ(4) 0.210439
S at T = 4 68 ε1 at T = 4 1/2400
Λ at T = 4 155401.6328 3 ln 2− 1 1.079442

Table 6. Constants used below; eb, ρ2, ρK and τ are defined in Lemma L.3. All
but the last two rows are independent of T [computer-assisted: finite evaluation,
values printed].

Lemma L.1 (exact forms; [proved here, audited]). For 0 ≤ s ≤ S − 1,
Z∗0 −X = (rS−1 − 1)X + ωS−1, D∗s = ε1r

s+SX + (r − 1)(rS−1σs + ωS−1) + rb0,

ln
θ

h∗s
= (rs+S − 1)X + r(rS−1σs + ωS−1) + rb0,

and B∗s = ε1r
s+SX + rs+S−1b1 for s ≤ S − 2. Consequently the conditions of Proposition 10.25

read lnM ≥ mX + Γ, with m and Γ free of θ:
• (G′′), s ≤ S − 2: m = 4ε1r

s+S, Γ = 4rs+S−1b1;
• (CV′′): m = rS−1 − 1 + ε1r

s+S, Γ = ωS−1 + (r − 1)(rS−1σs + ωS−1) + rb0 + ln 4;
• (MW′′): the same m, and Γ = ωS−1+(r− 1)(rS−1σs+ωS−1)+ rb0+ sℓ+ ln(512Sd2/(3ε));
• (LD′′): m = 2(rs+S − 1), Γ = 2

[
2 ln(64Sds+2.5/(3ε)) + 2sℓ+ r(rS−1σs + ωS−1) + rb0

]
;

• (CL′′): m = (3r2S−2 − 1)/(4T + 7
4), Γ = 3

(
rS−1σS−1 + ωS−1 + ln(1/p∗)

)
/(4T + 7

4).

Proof. Since σ0 = 0, Z∗0 = rS−1X + ωS−1. Next, zs,S−1 − Zs,S−1 = (r − 1)Zs,S−1 + rb0, and
(r − 1)rs+S−1 = ε1r

s+S because 1 − 1/r = ε1; this gives D∗s = ln(H∗s /h
∗
s), and ln(θ/h∗s) =

zs,S−1 − X. Since σs+1 − σs = b1r
s, we get B∗s = Z∗s+1 − Z∗s = (rs+S − rs+S−1)X + rS−1b1r

s.
Now insert these into (G′′), multiplied by 1/α = 4; into (CV′′) and (MW′′); into the logarithm
of (LD′′), 1

2 lnM ≥ 2 ln(64Sds+2.5/(3ε)) + 2sℓ + ln(θ/h∗s), multiplied by 2; and, with Z∗S−1 =

r2S−2X + rS−1σS−1 + ωS−1, into (CL′′), divided by 1 + (S − 1)α = 4T + 7
4 . □

Since X > 0, the hypothesis lnM ≥ cX + lnPd of Proposition 10.25 implies a condition
lnM ≥ mX + Γ as soon as
(17) m ≤ c and Γ ≤ lnPd = 3.0 · 106 T 3.

Lemma L.5 and Propositions L.6–L.9 verify (17) for every condition, and Theorem L.10 collects
them.

Lemma L.2 (monotonicity in s and geometric sums; [proved here, audited]). (a) rs, σs, sℓ
and ln(64Sds+2.5/(3ε)) are nondecreasing in s. Hence in (G′′), (CV′′), (MW′′) and (LD′′) the
slope and the intercept are nondecreasing in s, and in (G′′) all exponents of r are at most
2S − 2. (b) For n ≥ 1, (rn − 1)/(r − 1) =

∑
j<n r

j ≤ nrn−1. Hence σS−1 ≤ (S − 1)rS−2b1 and
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ωS−1 ≤ (S − 1)rS−2b2, and therefore
rS−1σS−1 + ωS−1 ≤ (S − 1)

(
r2S−3b1 + rS−2b2

)
,

r
(
rS−1σS−1 + ωS−1

)
≤ (S − 1)

(
r2S−2b1 + rS−1b2

)
.

Proof. (a) r > 1, b1 > 0, ℓ > 0 and d ≥ 2. (b) Each of the n terms rj , j < n, is at most rn−1. □
L.3. Elementary bounds.
Lemma L.3 (elementary bounds; [proved here, audited; the constants are finite evaluations,
printed]). For every T ≥ 4 and every d satisfying (16):

(E1) ℓ ≤ ℓ + ln d ≤ Λ(1 + e1u) − 3 − 6 ln 2 and y ≤ Λ(1 + e1u), where e1 = 9 ln 2/K` ≤
6.422918 · 10−4.

(E2) ε1 ≤ 1/2400 and r ≤ 1 + ρru with ρr = 0.001667362. For 0 ≤ n ≤ 2S − 1, rn ≤ 1 + ρ2u
with ρ2 = 0.2317939; for 0 ≤ n ≤ S − 1, rn ≤ 1 + ρKu with ρK = 0.1133175.

(E3) b0 ≤ Λ(2 + ebu) with eb = 0.002995276. Consequently, coefficientwise in u,
P0 ≤ P̄0(u) := (1 + ρru)(2 + ebu) = 2 + 0.00633u+ 4.994209382 · 10−6u2,

P1 ≤ P̄1(u) := P̄0(u) + 2(1 + e1u) = 4 + 0.0076145836u+ 4.994209382 · 10−6u2,
P2 ≤ P̄2(u) := P̄0(u) + 1.784144 · 10−5u = 2 + 0.00634784144u+ 4.994209382 · 10−6u2.

(E4) R′′ := 2 ln
(
64Sd(S−1)+2.5/(3ε)

)
≤ 26.7T 2, ln

(
512Sd2/(3ε)

)
≤ 4T 2 and ln(64Sd/ε) ≤

4T . Hence ln(1/p∗) ≤ (S − 1)Λ(1 + e1u) + 4T .
Proof. (E1) ℓ+ ln d−Λ = 6+ ln 8+ 9 ln d ≤ 6+ 3 ln 2+ 9

(
(T − 1) ln 2− 1

)
= 9T ln 2− 3− 6 ln 2

by (16), and 9T ln 2 = Λ · 9 ln 2/(K`T ) = Λe1u. Next, y − (ℓ + ln d) = ln 24 + tS . By (16),
tS ≤ τ(T ) := (a0+ ln(16T +4)+2T ln 2)/(16T +4) with a0 = ln(1024e)− 2− 2 ln 2 = 4.545177.
Then τ ′(T )(16T + 4)2 = 16 + 8 ln 2 − 16a0 − 16 ln(16T + 4), which decreases in T and equals
−118.6898 < 0 at T = 4; so tS ≤ τ(4) = 0.210439 ≤ 0.22. Since −3 − 6 ln 2 + ln 24 + 0.22 =
−3.7608 < 0, y ≤ Λ(1 + e1u).

(E2) ε1 = u2/150 ≤ 1/2400, so r − 1 = ε1/(1 − ε1) ≤ r0ε1 with r0 = 2400/2399, and
r0ε1 = r0u

2/150 ≤ (r0/600)u. Since ln r = − ln(1− ε1) ≤ ε1/(1− ε1) ≤ r0ε1, for n ≤ 2S − 1 =
32T + 7 we have ξ := n ln r ≤ r0(32u + 7u2)/150 ≤ ξcu ≤ ξ0 := ξc/4 ≤ 0.0562735. By Taylor’s
formula, eξ ≤ 1 + ξ + 1

2ξ
2eξ ≤ 1 + ξ

(
1 + 1

2ξ0e
ξ0
)
, so rn ≤ 1 + ξc

(
1 + 1

2ξ0e
ξ0
)
u ≤ 1 + ρ2u. For

n ≤ S−1 = 16T+3, in the same way ξ ≤ r0(16u+3u2)/150 ≤ ξKu ≤ ξK,0 := ξK/4 ≤ 0.0279284,
and ξK

(
1 + 1

2ξK,0e
ξK,0

)
≤ ρK .

(E3) b0 = 1+ln 2+ε1+(2+ε1)y. By (E1), ε1Λ = 20eγ1 and 1+ln 2+ε1 ≤ 1+ln 2+1/2400 ≤ 1.7,
we get

b0 ≤ 2Λ(1 + e1u) + 1.7 + 20eγ1(1 + e1u) ≤ 2Λ(1 + e1u) + 66.461078,

where 66.461078 ≥ 1.7 + 20eγ1(1 + e1/4). Since 1/Λ = u2/K` ≤ u/(4K`), this is at most
Λ
(
2 + (2e1 + 66.461078/(4K`))u

)
, and 2e1 + 66.461078/(4K`) ≤ 0.0012845836 + 0.001710692 ≤

eb. The bound on P0 follows from (E2). For P1, y + ℓ ≤ 2Λ(1 + e1u) by (E1). For P2,
ln 2/Λ ≤ (ln 2/(4K`))u ≤ 1.784144 · 10−5u. The products are expanded exactly.

(E4) By 1/ε = 16ed, R′′ = 2 ln(1024eS/3)+2(S+2.5) ln d. By (16), 2(S+2.5) ln d ≤ 2(16T +
6.5)T ln 2 ≤ 22.19T 2 + 9.02T , and 2 ln(1024e/3) ≤ 13.67; so 26.7T 2 − R′′ ≥ φ(T ) := 4.51T 2 −
9.02T−13.67−2 ln(16T+4). Here φ(4) = 13.97 > 0 and φ′(T ) = 9.02(T−1)−32/(16T+4) > 0,
so φ > 0. Next, ln(512Sd2/(3ε)) = ln(8192eS/3) + 3 ln d ≤ 8.92 + ln(16T + 4) + 2.08T , which
is at most 21.47 ≤ 4T 2 at T = 4, and its derivative 16/(16T + 4) + 2.08 is at most 8T , the
derivative of 4T 2. Finally, ln(64Sd/ε) = ln(1024eS) + 2 ln d ≤ a0 + ln(16T + 4) + 2T ln 2, which
equals 14.309863 ≤ 16 at T = 4 and has derivative 16/(16T + 4) + 2 ln 2 < 4. The bound on
ln(1/p∗) follows with (E1). □
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Lemma L.4 (chord bound; [proved here, audited]). Let f(u) =
∑n

k=0 fku
k with all fk ≥ 0, and

let u0 > 0. Then f(u) ≤ f(u0) and f(u) ≤ f0 + (u/u0)
(
f(u0)− f0

)
for 0 ≤ u ≤ u0. For u0 = 1

4 ,
the terms of degree k ≥ 2 contribute at most u

∑
k≥2 fk4

1−k.

Proof. uk ≤ uk0 and, for k ≥ 1, uk = u · uk−1 ≤ uuk−10 ; sum against fk ≥ 0. □
This is the chord lemma of the audited version of this appendix, restated so that the appendix

is self-contained.

L.4. Slopes.
Lemma L.5 (slopes; [proved here, audited; constants evaluated, printed]). For every s ≤ S − 1
(s ≤ S − 2 for (G′′)):

• (LD′′): Tm ≤ 2ρ2 = 0.4635878;
• (CL′′): m ≤ (2 + 3ρ2u)/(4T + 7

4), and c −m ≥ (74 − 6ρ2)/
(
2T (4T + 7

4)
)

with 7
4 − 6ρ2 =

0.3592366 > 0; at T = 4, Tm ≤ 0.4898807;
• (MW′′) and (CV′′): Tm ≤ ρK + (1 + ρ2/4)/600 ≤ 0.1150808;
• (G′′): Tm ≤ 4(1 + ρ2/4)/600 ≤ 0.0070530.

In particular m ≤ c = 1/(2T ) for all five conditions.

Proof. All exponents of r below are at most 2S − 1, so (E2) applies. (LD′′): m = 2(rs+S − 1) ≤
2ρ2u. (CL′′): 3r2S−2 − 1 ≤ 2 + 3ρ2u, and 1

2T − 2+3ρ2u
4T+7/4 = 4T+7/4−4T−6ρ2

2T (4T+7/4) , since 2T · 3ρ2u = 6ρ2;
at T = 4, T (2 + 3ρ2/4)/17.75 ≤ 0.4898807. (MW′′), (CV′′): m = rS−1 − 1 + ε1r

s+S ≤
ρKu + (u2/150)(1 + ρ2u), so Tm ≤ ρK + (u/150)(1 + ρ2u) ≤ ρK + (1 + ρ2/4)/600. (G′′):
m = 4ε1r

s+S ≤ (4u2/150)(1 + ρ2u), so Tm ≤ 4(1 + ρ2/4)/600. □
L.5. Intercepts. By Lemma L.2(a) it suffices to bound each intercept at s = S − 1; for (G′′)
the bound below holds for every s ≤ S − 2 directly. Below, P̄0, P̄1, P̄2 are the polynomials of
(E3), and P̄12 := P̄1 + P̄2 = 6 + 0.01396242504u+ 9.988418764 · 10−6u2.

Proposition L.6 ((LD′′); [proved here, audited; constants evaluated at u = 1
4 , printed]). For

every s ≤ S − 1, ΓLD ≤ 16K`T
3 (16 + 6.196076u) ≤ 2.727147 · 106 T 3. As T → ∞ the bound

tends to 256K`T
3 = 2.486426 · 106 T 3.

Proof. At s = S−1, ΓLD = 2
[
R′′+2(S−1)ℓ+r(rS−1σS−1+ωS−1)+rb0

]
. By (E4), R′′ ≤ 26.7T 2;

by (E1), ℓ ≤ Λ(1 + e1u); by Lemma L.2(b) and (E2), r(rS−1σS−1 + ωS−1) ≤ (S − 1)(1 +
ρ2u)ΛP̄12(u); and rb0 ≤ ΛP̄0(u). Divide by 16TΛ = 16K`T

3 and use (S − 1)/(16T ) = 1 + 3
16u,

1/(16T ) = u/16 and T 2/(16TΛ) = u/(16K`):
ΓLD

16K`T 3
≤ fLD(u) := 4

(
1+

3u

16

)
(1+e1u)+2

(
1+

3u

16

)
(1+ρ2u)P̄12(u)+

u

8
P̄0(u)+2·0.0001718129u,

where 0.0001718129 ≥ 26.7/(16K`). The polynomial fLD has the nonnegative coefficients 16,
6.062364443, 0.53453794, 0.0012226523, 8.682204526·10−7 (of u0, . . . , u4), and fLD(0) = 4+2·6 =
16. Its four terms at u = 1

4 are 4.188172399, 13.298211071, 0.062549463 and 8.591 · 10−5, so
fLD(

1
4) ≤ 17.549019 [finite evaluation, printed]. By Lemma L.4, fLD(u) ≤ 16 + 4

(
fLD(

1
4) −

16
)
u ≤ 16 + 6.196076u; the terms of degree at least 2 contribute at most 0.133711u. Finally

16K` · 17.549019 ≤ 2.727147 · 106 and 16K` · 16 = 256K`. □
Proposition L.7 ((MW′′) and (CV′′); [proved here, audited; constants evaluated at u = 1

4 ,
printed]). For every s ≤ S − 1, ΓCV ≤ ΓMW ≤ 16K`T

3fMW(14) ≤ 5.125043 · 105 T 3, with fMW

defined in the proof.
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Proof. For each s, ΓCV ≤ ΓMW, since sℓ ≥ 0 and 512Sd2/(3ε) ≥ 4. At s = S − 1, by
Lemma L.2(b) and (E2), ωS−1+(r−1)(rS−1σS−1+ωS−1) ≤ (S−1)(1+ρ2u)

[
b2+r0ε1(b1+b2)

]
.

With rb0 ≤ ΛP̄0, (S − 1)ℓ ≤ (S − 1)Λ(1 + e1u) by (E1), and ln(512Sd2/(3ε)) ≤ 4T 2 by (E4),
dividing by 16K`T

3 gives

ΓMW

16K`T 3
≤ fMW(u) :=

(
1 +

3u

16

)
(1 + ρ2u)

[
P̄2(u) +

r0u
2

150
P̄12(u)

]
+

u

16
P̄0(u) +

(
1 +

3u

16

)
(1 + e1u) + 2.573976 · 10−5u,

where 2.573976 · 10−5 ≥ 4/(16K`). The coefficients of fMW are 3, 1.158103673, 0.1301220462,
0.01715016076, 0.001778507913, 4.075124714 · 10−6, 2.89527454 · 10−9, all nonnegative. Its four
terms at u = 1

4 are 2.219609202, 0.031274731, 1.047043100 and 6.435 · 10−6, so fMW(14) ≤
3.2979335 and 16K` · 3.2979335 ≤ 5.125043 · 105 [finite evaluation, printed]. Lemma L.4 gives
fMW(u) ≤ fMW(14). □

Proposition L.8 ((G′′); [proved here, audited; constants evaluated at u = 1
4 , printed]). For

every s ≤ S − 2, ΓG ≤ 4.112130 · 104 T 3.

Proof. s+S− 1 ≤ 2S− 3, so by (E2) and (E3), ΓG = 4rs+S−1b1 ≤ 4(1+ρ2u)ΛP̄1(u) = T 3gG(u)
with gG(u) := 4K`u(1+ρ2u)P̄1(u). Its coefficients are 0, 155401.6328, 36316.98021, 68.7655426,
0.04497429198, and gG(

1
4) = 41121.2941 ≤ 4.112130 · 104 [finite evaluation, printed]. □

Proposition L.9 ((CL′′); [proved here, audited; constants evaluated at u = 1
4 , printed]). ΓCL ≤

2.242490 · 105 T 3.

Proof. By Lemma L.2(b) and (E2), rS−1σS−1 + ωS−1 ≤ (S − 1)(1 + ρ2u)ΛP̄12(u), and by (E4),
ln(1/p∗) ≤ (S − 1)Λ(1 + e1u) + 4T . With 4T + 7

4 ≥ 4T and (S − 1)Λ = 16K`T
3(1 + 3

16u),
ΓCL

T 3
≤ fCL(u) := 12K`u

(
1 +

3u

16

)[
(1 + ρ2u)P̄12(u) + (1 + e1u)

]
+ 3u3.

Its coefficients are 0, 815858.5722, 316770.8573, 31093.37894, 71.21443133, 0.05059607848. At
u = 1

4 : (1 + 3
64)(1 + ρ2

4 )P̄12(
1
4) = 6.649105535, (1 + 3

64)(1 + e1
4 ) = 1.047043100 and 12K`/4 =

29137.80615, so fCL(
1
4) = 224248.934 ≤ 2.242490 · 105 [finite evaluation, printed]. □

L.6. The final comparison.
Theorem L.10 ([proved here, audited; the constants are finite evaluations, printed]). For every
real T ≥ 4 and every d satisfying (16), each of the conditions (G′′) (s ≤ S− 2), (CV′′), (MW′′),
(LD′′) (s ≤ S − 1) and (CL′′) satisfies (17): its slope is at most c, and its intercept is at most
2.727147 · 106 T 3 < 3.0 · 106 T 3 = lnPd. Hence Proposition 10.25 holds for every d ≥ 2.

Proof. The slopes are Lemma L.5. The intercepts are Propositions L.6–L.9, with max{2.727147 ·
106, 5.125043 · 105, 4.112130 · 104, 2.242490 · 105} = 2.727147 · 106. By Lemma L.1 and (17),
the hypothesis lnM ≥ cX + lnPd then implies every condition, for every θ. □

Remark L.11 (comparison with the proof of Proposition 10.25). The bounds stated in the proof
of Proposition 10.25 are those proved here. The largest intercept is always that of (LD′′), and
its bound exceeds the exact value at T = 4 by less than 1.8%. The main term 256K`T

3 of ΓLD

comes from 2r(rS−1σS−1 + ωS−1) ≈ 2 · 6SΛ and 4(S − 1)ℓ ≈ 4SΛ, with S ≈ 16T . The tightest
slope is that of (CL′′), whose margin c −m is of order 1/T 2; every other slope is below c by a
margin of order 1/T .
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condition T ·m, bound T ·m, exact Γ/T 3, bound Γ/T 3, exact
(LD′′) 0.4635878 0.462996 2.727147 · 106 2.679188 · 106
(MW′′) 0.1150808 0.115027 5.125043 · 105 4.981268 · 105
(CV′′) 0.1150808 0.115027 5.125043 · 105 3.354230 · 105
(CL′′) 0.4898807 0.489533 2.242490 · 105 1.980183 · 105
(G′′) 0.0070530 0.007050 4.112130 · 104 4.108287 · 104

Table 7. The bounds of this appendix at T = 4, against the exact values from
the closed forms of Lemma L.1 at ln d = 3 ln 2− 1, maximised over s (the values
at d = 2 agree to four digits). The targets are T · c = 0.5 for the slopes and
3.0 · 106 for Γ/T 3 [computer-assisted: finite evaluation, values printed; the exact
values are not used in the proofs].

Appendix M. A quantum OSSS conjecture

For the bias f = 2p − 1 of a randomized decision tree of depth t with revealments ri (p the
acceptance probability; the revealments are written δi in Theorem 4.1, while in this appendix δk
denotes averaged query magnitudes), inequality (L1) of Theorem 4.1 [42] with h = f , averaged
over the random choice of the tree, gives Varf ≤

∑
i riE|dif |; by Cauchy–Schwarz and

∑
i ri ≤ t,

(18) Var(f)2 ≤ t
∑
i

riInfi(f).

This appendix formulates the analogue of (18) for quantum query algorithms, with the reveal-
ments replaced by the query magnitudes of [11] averaged over the input, and proves it in several
cases. A version with a constant polynomial in t would imply Conjecture 1.1 for acceptance
probabilities of quantum query algorithms, and with it the classical simulation of quantum
query algorithms on most inputs (Proposition M.12); that case of the conjecture is open [2, 13],
so we do not expect a general proof to be easy. We prove the inequality with the sharp constant
for one query (Proposition M.5), with an absolute constant for two queries (Proposition M.6),
with a linear constant for a nonadaptive classical round followed by one quantum query (Propo-
sition M.7), and with the conjectured constant 4t for algorithms whose averaged magnitude
profile µk is constant (e.g. if the query distribution does not depend on the input), which in-
cludes nonadaptive algorithms (Corollary M.15); for nonadaptive algorithms the factor t can be
dropped altogether (Proposition M.16), which gives their classical simulation with d4t2/(ε4δ3)e
queries (Corollary M.17); Remark M.18 discusses algorithms with r rounds of adaptivity. For
general t we outline an eO(t) bound (Remark M.8). Inner products are conjugate-linear in the
first argument. The symbols δk, µk, Λ, κ, Γ, T and K(t) defined in this appendix are local to it.

M.1. The model. Let n,w ≥ 1 and H = Cn+1 ⊗Cw, a query register with basis e0, . . . , en and
a workspace. Let Pi = |ei〉〈ei| ⊗ Iw for 0 ≤ i ≤ n. For x ∈ Qn put x0 = 1 and Ox =

∑n
i=0 xiPi;

the index 0 is the null query.

Definition M.1 ([standard]). A t-query algorithm consists of a unit vector ψ0 ∈ H, unitaries
U1, . . . , Ut on H and a projection Π. Its states are ψs(x) = UsOxψs−1(x) for 1 ≤ s ≤ t, and its
bias is

f(x) = 〈ψt(x), (2Π− I)ψt(x)〉 = 2Pr[accept]− 1.

The query magnitude of k ∈ [n] at x is mk(x) =
∑t

s=1 ‖Pkψs−1(x)‖2, and δk = Exmk(x). We
write µk(x) = Exkmk(x), which does not depend on xk; thus Eµk = δk.
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Remark M.2 (conventions; [standard]). (a)
∑n

k=1mk(x) = t −
∑t

s=1 ‖P0ψs−1(x)‖2 ≤ t, so∑
k δk ≤ t. Every coordinate of ψt(x) is a polynomial of degree at most t in x, so f ∈ B2t(n).
(b) With Φ(x) = Oxψt−1(x) and M = U †t (2Π − I)Ut, a Hermitian unitary, f = 〈Φ,MΦ〉.

Conversely, every Hermitian M with ‖M‖ ≤ 1 occurs after doubling the workspace, because(
M (I−M2)1/2

(I−M2)1/2 −M

)
is a Hermitian unitary; the magnitudes do not change. In the proofs, M

is therefore an arbitrary Hermitian contraction.
(c) The XOR oracle |i, b〉 7→ |i, b ⊕ Xi〉 becomes, after a Hadamard gate on b, the phase

xi on the branch b = 1 and the identity on the branch b = 0; routing the branch b = 0 to
the null index (and storing i in the workspace) gives the present model, with magnitudes at
most the usual magnitudes of [11]. Controlled phase oracles are handled in the same way, and
intermediate measurements can be deferred. Since δk appears on the right-hand side of every
inequality below, these inequalities hold a fortiori with the usual magnitudes.

(d) 〈Oxψ,Ox⊕kψ〉 = 1 − 2‖Pkψ‖2 for a unit vector ψ, so a query that determines xk with
certainty, made on a state that does not depend on xk, has magnitude exactly 1

2 on k. A
randomized decision tree with revealments ri is therefore simulated with δi = ri/2, and (18)
reads Var(f)2 ≤ 2t

∑
i δiInfi(f).

(e) For ψ : Qn → H we use the vector-valued notation of Section 2 (H viewed as a real Hilbert
space with inner product Re〈·, ·〉): dkψ = 1

2(ψ(x
k→1)− ψ(xk→−1)) and Infk(ψ) = E‖dkψ‖2. For

fixed k we write ψ = ψ+ + xkψ
− with ψ± independent of xk; thus ψ− = dkψ.

(f) If δk = 0 then mk ≡ 0, the algorithm never puts amplitude on k, and f does not depend
on xk. Removing such coordinates, we assume δk > 0 for all k whenever we divide by δk.
M.2. The conjecture. We say that QOSSS holds with constant K(t) if Var(f)2 ≤
K(t)

∑n
k=1 δkInfk(f) for the bias f of every t-query algorithm, for all n and w.

Conjecture M.3 (QOSSS; [open]). For every t ≥ 1 and the bias f of every t-query algorithm,

Var(f)2 ≤ 4t

n∑
k=1

δkInfk(f).

By Remark M.2(d), classical randomized decision trees satisfy the conjecture with 2 in place of
4. The variance must be squared: for n = 1, the one-query algorithm with ψ0 =

√
1− ε e0+

√
ε e1

and M = |e0〉〈e1| + |e1〉〈e0| has f = 2
√
ε(1− ε)x1 and δ1 = ε, so Varf = 4ε(1 − ε) while

δ1Inf1(f) = 4ε2(1 − ε). Interference with the null branch produces a bias of size
√
ε from

magnitude ε, which no decision tree can do. The constant 4t cannot be lowered:
Remark M.4 (sharpness; [proved here, audited]). Let T be odd, 0 < ε < 1, x̄ = n−1

∑n
k=1 xk

and u = n−1/2
∑n

k=1 ek (with w = 1 before dilation). Let R = P0 + 2|u〉〈u| − (I − P0), the
reflection about u on span{e1, . . . , en}, which fixes e0. Consider the T -query algorithm with
ψ0 =

√
1− ε e0 +

√
ε u, U1 = · · · = UT−1 = R, and M = |e0〉〈u|+ |u〉〈e0|. On span{u,Oxu} the

operator ROx is a rotation by arccos x̄, and Ru = u, so
f(x) = 2

√
ε(1− ε) Re〈u, (ROx)Tu〉 = 2

√
ε(1− ε)TT (x̄),

a multiple of the Chebyshev family of Example 6.3. The algorithm and the uniform measure are
invariant under permutations of [n], and

∑
k≥1 ‖Pk(ROx)su‖2 = 1, so δk = εT/n. Expanding

TT (x̄) in monomials, the coefficient of a set S with |S| = j is O(n−j) and the coefficient of {k}
is 2

√
ε(1− ε)T ′T (0)/n + O(n−2), where |T ′T (0)| = T . Hence Varf = 4ε(1 − ε)T 2/n + O(n−2)

and Infk(f) = 4ε(1− ε)T 2/n2 +O(n−3), so
Var(f)2

T
∑

k δkInfk(f)
−→ 4(1− ε) (n→ ∞).
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The ratio therefore comes arbitrarily close to 4 for every odd T . For T = 1 this is the example
above, spread over n coordinates. For every T , Grover search [22] with T−1 iterations followed by
one query reading the coordinate found (magnitude 1

2) has f = T2T−1(x̄) and δk = (T − 1
2)/n;

the same computation gives the limit 4 − 2/T . An exact symmetric reduction (orthonormal
Krawtchouk polynomials, n = 106, ε = 10−3) gives Var(f)2/

∑
k δkInfk(f) = 3.996, 11.988,

19.980, 35.961, 67.912 for T = 1, 3, 5, 9, 17, against 4T [numerical]. In particular the factor t in
Conjecture M.3 is necessary.

M.3. One query.
Proposition M.5 (one query; [proved here, audited]). Let f be the bias of a one-query algorithm.
Then ∑

k

Infk(f)

δk
≤ 4, hence Var(f)2 ≤ I(f)2 ≤ 4

∑
k

δkInfk(f).

The constant 4 is best possible, and Var(f)2 < 4
∑

k δkInfk(f) for every nonconstant f ; so 4 is a
supremum and is not attained. The first and the last inequality of the display can be equalities:
ψ0 = (e1 + e2)/

√
2 and M = |e1〉〈e2|+ |e2〉〈e1| give f = x1x2 and δ1 = δ2 =

1
2 .

Proof. Let M = U †1(2Π − I)U1, vi = Piψ0 and ai = ‖vi‖2, so that
∑

i≥0 ai = 1 and δk = ak for
k ≥ 1. Then Oxψ0 =

∑n
i=0 xivi and, with cij = Re〈vi,Mvj〉 = cji,

f(x) =

n∑
i,j=0

xixj〈vi,Mvj〉 =
∑
i

cii + 2
∑
k≥1

c0kxk + 2
∑

1≤j<k
cjkxjxk.

Hence f̂({k}) = 2c0k, f̂({j, k}) = 2cjk and Infk(f) = 4
∑

j≥0, j ̸=k c
2
kj . Write vi =

√
ai ui

for ai > 0; the ui are orthonormal because the ranges of the Pi are orthogonal, and ckj =√
akaj Re〈uk,Muj〉. By Bessel’s inequality,∑
k

Infk(f)

ak
= 4

∑
k

∑
j ̸=k

aj
(
Re〈uk,Muj〉

)2 ≤ 4
∑
j

aj
∑
k ̸=j

|〈uk,Muj〉|2 ≤ 4
∑
j

aj‖Muj‖2 ≤ 4,

all sums running over indices with positive a. Then Varf ≤ I(f) =
∑

k(Infk/ak)
1/2(akInfk)

1/2 ≤
2(
∑

k δkInfk(f))
1/2 by Cauchy–Schwarz.

Remark M.4 with T = 1 gives ratios 4(1 − ε) − o(1), so 4 is best possible. Let f be non-
constant. If some f̂({j, k}) 6= 0, then Varf =

∑
S ̸=∅ f̂(S)

2 < I(f), so Var(f)2 < I(f)2 ≤
4
∑

k δkInfk(f). Otherwise f has degree 1 and Infk(f) = 4c20k; then a0 > 0, and a0 < 1 (if a0 = 1
then f is constant). Bessel’s inequality applied to the single vector Mu0 gives

∑
k Infk/ak =

4a0
∑

k≥1(Re〈uk,Mu0〉)2 ≤ 4a0, hence Var(f)2 = I(f)2 ≤ 4a0
∑

k δkInfk(f) < 4
∑

k δkInfk(f),
since

∑
k δkInfk(f) > 0. In both cases Var(f)2 < 4

∑
k δkInfk(f). □

M.4. Two queries.
Proposition M.6 (two queries; [proved here, audited]). Let f be the bias of a two-query algo-
rithm and K2 = 8(1620

√
3 + 80) ≈ 23,087. Then∑

k

Infk(f)

δk
≤ K2, hence Var(f)2 ≤ K2

∑
k

δkInfk(f).

Proof. Let U = U1, M = U †2(2Π − I)U2, vj = Pjψ0, aj = ‖vj‖2, φ = Oxψ0, χ = Uφ = ψ1 and
Φ = Oxχ, so that f = 〈Φ,MΦ〉. Let wij = PiUvj and bi =

∑
j ‖wij‖2. Since Pkχ =

∑
j xjwkj

and Exixj = [i = j] (with x0 = 1), δk = ak + bk.
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Step 1 (derivative formula). Fix k ≥ 1 and let O′k = Ox − xkPk and φ′k = O′kψ0 = φ− xkvk,
both independent of xk. Since x2k = 1,
Φ = (xkPk +O′k)U(xkvk + φ′k) = Φ0

k + xkΦ
1
k, Φ0

k = wkk +O′kUφ
′
k, Φ1

k = PkUφ
′
k +O′kUvk,

with Φ0
k,Φ

1
k independent of xk. Hence dkf = 2Re〈MΦ0

k,Φ
1
k〉 = 2ReAk + 2ReBk, where

Ak = 〈PkMΦ0
k, PkUφ

′
k〉, Bk = 〈PkU †O′kMΦ0

k, vk〉
(O′k is Hermitian and vk = Pkvk), and Infk(f) ≤ 8E|Ak|2 + 8E|Bk|2.

Step 2 (Cauchy–Schwarz). |Bk|2 ≤ akhk with hk = ‖PkU †O′kMΦ0
k‖2, and |Ak|2 ≤ Gk∆k with

Gk = ‖PkMΦ0
k‖2 and ∆k = ‖PkUφ′k‖2 = ‖

∑
j ̸=k xjwkj‖2.

Step 3 (decoupling). If g ≥ 0 is a polynomial of degree at most D, then ‖g‖2 ≤ 3DEg:
Bonami’s inequality ‖g‖4 ≤ 3D/2‖g‖2 (Section 2, [41, Chapter 9]) and Hölder’s inequality ‖g‖2 ≤
‖g‖1/31 ‖g‖2/34 give ‖g‖2 ≤ 3D‖g‖1. Every coordinate of Φ0

k is a polynomial of degree at most 2,
so degGk ≤ 4 and ‖Gk‖2 ≤ 81EGk. Next, ∆k =

∑
i,j ̸=k Rijxixj with R = (Re〈wki, wkj〉)i,j ̸=k

positive semidefinite; distinct pairs {i, j} give distinct characters (with x0 = 1), so E∆k = trR ≤
bk and Var∆k = 2

∑
i ̸=j R

2
ij ≤ 2

∑
i ̸=j RiiRjj ≤ 2(trR)2, whence ‖∆k‖2 ≤

√
3 bk. Therefore

E|Ak|2 ≤ E[Gk∆k] ≤ ‖Gk‖2‖∆k‖2 ≤ 81
√
3 bkEGk, E|Bk|2 ≤ akEhk.

Step 4 (pointwise sums over k). We use
∑

k≥1 ‖Pky‖2 ≤ ‖y‖2 and that U , M , Ox, O′k are
contractions. Since PkUφ′k = Pkχ− xkwkk and ‖wkk‖ ≤ ‖vk‖,

‖Φ1
k‖ ≤ ‖Pkχ‖+ ‖wkk‖+

√
ak,

∑
k ‖Φ1

k‖2 ≤ 3(1 + 1 + 1) = 9.

Since Φ0
k = Φ− xkΦ

1
k, Gk ≤ 2‖PkMΦ‖2 + 2‖Φ1

k‖2 and
∑

kGk ≤ 2 + 18 = 20. Since O′kMΦ0
k =

OxMΦ− xkOxMΦ1
k − xkPkMΦ+ PkMΦ1

k,
hk ≤ 4

(
‖PkU †OxMΦ‖2 + ‖PkMΦ‖2 + 2‖Φ1

k‖2
)
,

∑
k hk ≤ 4(1 + 1 + 18) = 80.

Step 5. By Steps 1–3, Infk(f) ≤ 8 ·81
√
3 bkEGk+8akEhk ≤ δk(8 ·81

√
3EGk+8Ehk). Dividing

by δk and summing with Step 4 gives
∑

k Infk(f)/δk ≤ 8(81
√
3 · 20 + 80) = K2. The second

claim follows from Varf ≤ I(f) and Cauchy–Schwarz as in Proposition M.5. □
The constant is far from sharp: on hill-climbed instances (n ≤ 6, w ≤ 3) the largest observed

values were 8.6 for
∑

k Infk/δk and 3.93 for Var(f)2/
∑

k δkInfk(f) [numerical]. The proof gets n-
independence from Step 3: a sensitivity weight Gk that is a nonnegative polynomial of low degree
cannot concentrate on the inputs where the magnitude ∆k is large. The intermediate quantity∑

k Infk/δk is not polynomially bounded in t, however: for the address function with k address
bits (Section 2.4), read classically with t = k + 1 queries, it equals k + 2k+1. Bounds through
it are therefore exponential in t (Remark M.8), although that function satisfies Conjecture M.3
by Remark M.2(d).

M.5. A classical round followed by one quantum query.
Proposition M.7 ([proved here, audited]). Let S ⊆ [n] with |S| = m and t = m+ 1. Consider
an algorithm that first reads the coordinates xi, i ∈ S, one per query and in a fixed order: the
read of xi is a query made on a state with amplitude only on the indices 0 and i of the query
register (e.g. (e0+ei)/

√
2 tensored with a workspace vector), it determines xi with certainty, and

its outcome is copied into the workspace. The algorithm then makes one more query; that is,
after the reads it runs a one-query algorithm Aa that depends on a = xS. Then its bias satisfies

Var(f)2 ≤ 16t
∑
k

δkInfk(f).
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Proof. Write z = xSc and X =
∑

k δkInfk(f). By Remark M.2(d), δi ≥ 1
2 for i ∈ S. Since

a = xS is known after the reads, a query of Aa to i ∈ S can be replaced by the fixed phase ai
(applied by a unitary, with the branch routed to the null index); this changes neither f nor the
magnitudes outside S. So f(x) = gxS (z), where ga is the bias of a one-query algorithm on z
with magnitudes δk(Aa), and δk = Eaδk(Aa) for k /∈ S, because the reads put no amplitude on
k /∈ S. Let ḡ = Eaga. It is the bias of a one-query algorithm: with ψ(a)

0 and Ma the initial state
and measurement operator of Aa, prepare 2−m/2

∑
a |a〉 ⊗ ψ

(a)
0 in an extra register, query, and

measure
∑

a |a〉〈a| ⊗Ma. Its magnitudes are Eaδk(Aa) = δk.
(i) Varf = Ea,z(ga(z)− ḡ(z))2 +Varḡ, since the cross term vanishes (Ea(ga − ḡ) = 0).
(ii) For fixed z, the Poincaré inequality on {−1, 1}S gives Ea(ga(z) − ḡ(z))2 ≤∑
i∈S Ea(dig·(z))2, and digxS (z) = dif(x) for i ∈ S. Hence the first term in (i) is at

most
∑

i∈S Infi(f) ≤ 2
∑

i∈S δiInfi(f) ≤ 2X.
(iii) For k /∈ S, Jensen’s inequality gives Infk(ḡ) = Ez(Eadkga(z))2 ≤ Ea,z(dkga(z))2 = Infk(f).
(iv) Proposition M.5 applied to ḡ and (iii) give Var(ḡ)2 ≤ 4

∑
k/∈S δkInfk(ḡ) ≤ 4X.

(v) Thus Varf ≤ 2X + 2
√
X. Since Infk(f) ≤ 1 and

∑
k δk ≤ t, we have X ≤ t, so X ≤

√
tX

and Varf ≤ 2
√
tX + 2

√
X ≤ 4

√
tX. □

This class contains the address function, so here the conclusion holds even though
∑

k Infk/δk
is exponential in t. The variance that the quantum magnitudes cannot pay for (the dependence
of ga on a) is charged linearly to the influences of the classically read coordinates, which is
affordable because X ≤

√
tX. The argument does not extend to a quantum first round. The

analogue of ḡ is then the bias with the query register measured after the first query, and there
are two-query examples in which this measurement increases an influence from 0 to a positive
value, so step (iii) has no analogue. The extension to an adaptive classical round is open.

M.6. General t: an eO(t) bound.
Remark M.8 ([proof outline]). For every t-query bias,

∑
k Infk(f)/δk ≤ Kout(t) := 12t 4t−136t(1+

t2 + 4t−1t2) = eO(t), hence QOSSS holds with constant Kout(t), independently of n and w. The
proof follows that of Proposition M.6; we list the steps.

(i) Expansion. Fix k and write Ox = xkPk+O
′
k in each of the t oracles. Then Φ = Oxψt−1 =∑

A⊆[t] x
|A|
k ΦA, where ΦA uses Pk at the queries in A and O′k at the others; all ΦA are inde-

pendent of xk, and dkf = 2Re〈MΦ0
k,Φ

1
k〉 with Φ0

k =
∑
|A| even ΦA and Φ1

k =
∑
|A| odd ΦA.

(ii) Pairing. For odd A with r = minA and s = maxA, ΦA = T ′sPkCPkψ
′
r−1, where C is a

contraction, ψ′r−1 is the state before query r computed with the oracles O′k, and T ′s is the
part of the circuit after query s, also with the oracles O′k. Hence |〈MΦ0

k,ΦA〉|2 ≤ Gk,s∆k,r

with Gk,s = ‖PkT ′†s MΦ0
k‖2 and ∆k,r = ‖Pkψ′r−1‖2. With Cauchy–Schwarz over the 2t−1

odd sets, Infk(f) ≤ 4 · 2t−1
∑

A odd E[Gk,maxA∆k,minA].
(iii) Decoupling. degGk,s ≤ 2(2t−s) and deg∆k,r ≤ 2(r−1), so as in Step 3 of Proposition M.6,

E[Gk,s∆k,r] ≤ 36tEGk,s E∆k,r.
(iv) Hybrid. ψ′r−1 −ψr−1 = −

∑
q<r(Ur−1O

′
k · · ·Uq)xkPkψq−1, so ∆k,r ≤ r

∑
q≤r ‖Pkψq−1(x)‖2

and E∆k,r ≤ tδk.
(v) Sums over k. Write Gk,s ≤ 3(‖PkT †sMΦ‖2 + ‖Pk(T ′†s − T †s )MΦ‖2 + ‖Φ1

k‖2), where Ts uses
the true oracles. The first terms sum to at most 1. Expanding T ′†s − T †s by the hybrid
argument with the true oracles applied first, each term is a contraction applied to Pkyq
with a unit vector yq independent of k; there are at most t terms, so the second terms
sum to at most t2. Likewise ‖Φ1

k‖ ≤
∑

A odd
∑

q≤minA ‖Pkψq−1‖, so
∑

k ‖Φ1
k‖2 ≤ 4t−1t2.

Hence
∑

kGk,s ≤ 3(1 + t2 + 4t−1t2) pointwise.
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(vi) Total.
∑

k Infk/δk ≤ 4 · 2t−1 · 36t · t · 2t−1 · 3(1 + t2 + 4t−1t2) = Kout(t).
The pointwise identities and inequalities in (i), (ii), (iv) were checked numerically for t ≤ 4 [nu-
merical], and an independent audit found every step correct; the bookkeeping has not been writ-
ten out in full. The consequences are only of the strength of [16]: MaxInf(f) ≥ Var(f)2e−O(t).
What the bound adds is that the weighted form holds with Var2 rather than Var4 and without
dependence on n. By the address function, no bound on

∑
k Infk/δk can be polynomial in t.

M.7. Two lemmas on the final state. The following lemmas control the derivatives of the
final state by the query magnitudes, in L2 over the input.

Lemma M.9 ([proved here, audited]). For every k ∈ [n] and 0 ≤ s ≤ t,

Infk(ψs) =

s−1∑
r=0

(
E‖Pkψ+

r ‖2 − E‖Pkψ−r ‖2
)
≤

s−1∑
r=0

E‖Pkψr‖2.

In particular Infk(ψt) ≤ δk. Moreover |dkf | ≤ 2‖dkψt‖ pointwise, so Infk(f) ≤ 4δk.

Proof. Let O(k)
x = Pk +

∑
i ̸=k xiPi, which is unitary, independent of xk and commutes with Pk;

then Ox = O
(k)
x (I − Pk + xkPk). With ψr = ψ+

r + xkψ
−
r and x2k = 1,

Oxψr = O(k)
x

[
(I − Pk)ψ

+
r + Pkψ

−
r

]
+ xkO

(k)
x

[
(I − Pk)ψ

−
r + Pkψ

+
r

]
,

so ψ−r+1 = Ur+1O
(k)
x [(I − Pk)ψ

−
r + Pkψ

+
r ]. The two vectors in the bracket are orthogonal, so

‖ψ−r+1‖2 = ‖ψ−r ‖2 − ‖Pkψ−r ‖2 + ‖Pkψ+
r ‖2 pointwise. Since ψ−0 = 0, summing gives the identity,

because Infk(ψs) = E‖ψ−s ‖2. The inequality follows from E‖Pkψr‖2 = E‖Pkψ+
r ‖2 + E‖Pkψ−r ‖2

(the cross term is odd in xk). Finally, with ψ± = ψt(x
k→±1) and Z = 2Π − I Hermitian and

unitary, f(xk→1)−f(xk→−1) = Re〈ψ+−ψ−, Z(ψ++ψ−)〉, which is at most 2‖ψ+−ψ−‖ = 4‖dkψt‖
in absolute value. □

The hybrid argument of [11] gives |dkf(x)| ≤ 2
∑

s ‖Pkψs−1(x)‖ pointwise, hence only
Infk(f) ≤ 4tδk; compare [13, Proposition A.2]. In Lemma M.9 the amplitude toggled by a
query is orthogonal to the odd part that survives, so on average over xk the odd parts do not
add up coherently. The difference δk − Infk(ψt) = 2

∑
r E‖Pkψ−r ‖2 is the magnitude spent

on uncomputation. All relations between magnitudes and influences that we know of in the
literature (and Lemma M.9) bound influences by magnitudes. Conjecture M.3 goes the other
way, as do Propositions M.5, M.6, M.7 and M.16 and Corollary M.15.

Lemma M.10 (directional derivatives; [proved here, audited]). For every k and 0 ≤ s < t,
pointwise in x,

dkψs+1 = Us+1Ox
[
(I − 2Pk) dkψs + xkPkψs

]
.

Consequently, if ck : Qn → R (k ∈ [n]) do not depend on xk, then

E
∥∥∥∑

k

ck dkψt

∥∥∥2 ≤ t
∑
k

E
[
c2kµk

]
;

in particular E‖
∑

k ck dkψt‖2 ≤ t
∑

k c
2
kδk for constants ck.

Proof. In the proof of Lemma M.9, O(k)
x = Ox(I−Pk+xkPk), so dkψs+1 = Us+1Ox[(I−Pk)ψ−s +

xkPkψ
+
s ], and xkψ+

s = xkψs−ψ−s gives the recursion. Let Ys =
∑

k ckdkψs. The recursion gives
Ys+1 = Us+1Ox[Ys + Zs] with

Zs =
∑
k

ckPk
(
xkψs − 2dkψs

)
=

∑
k

ckPk
(
xkψ

+
s − ψ−s

)
,
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where ψ±s refer to the coordinate k of the summand. The summands lie in the orthogonal ranges
of the Pk, and averaging over xk removes the cross term, so E‖Zs‖2 =

∑
k E[c2k‖Pkψs‖2] =∑

k E[c2kExk‖Pkψs‖2]. Since Y0 = 0, Minkowski’s inequality in L2(H) and Cauchy–Schwarz give
‖Yt‖L2 ≤

∑
s<t ‖Zs‖L2 ≤

√
t (
∑

s<t E‖Zs‖2)1/2 =
√
t (
∑

k E[c2kµk])1/2. □
For c = ek, Lemma M.10 is weaker than Lemma M.9 by the factor t. For general c the factor

t is necessary, by the following sharp level-1 bound and Remark M.4. Equivalently, the Gram
matrix Γjk = ReE〈djψt, dkψt〉 satisfies Γ � t diag(δ), while Γkk ≤ δk by Lemma M.9.
Theorem M.11 (sharp level-1 bound; [proved here, audited]). For the bias f of every t-query
algorithm,

∑
k f̂({k})2/δk ≤ 4t. The constant is sharp: the family of Remark M.4 gives 4(1 −

ε)t− o(1) for odd t.
Proof. Let Z = 2Π− I. Since f = 〈ψ+

t , Zψ
+
t 〉+ 〈ψ−t , Zψ

−
t 〉+2xkRe〈Zψ+

t , ψ
−
t 〉, we get f̂({k}) =

Edkf = 2ReE〈Zψ+
t , ψ

−
t 〉 = 2ReE〈Zψt, dkψt〉, because the term xk〈Zψ−t , ψ

−
t 〉 has mean 0. For

constants ck, Lemma M.10 gives
∑

k ckf̂({k}) = 2ReE〈Zψt,
∑

k ckdkψt〉 ≤ 2(t
∑

k c
2
kδk)

1/2. Tak-
ing ck = f̂({k})/δk gives the bound. In Remark M.4,

∑
k f̂({k})2/δk = 4(1− ε)T +O(1/n). □

M.8. Reductions.
Proposition M.12 ([proved here, audited]). Let f be the bias of a t-query algorithm and
v = Varf .
(a) If QOSSS holds with constant K(t), then MaxInf(f) ≥ v2/(tK(t)) and maxk δk ≥

v2/(4tK(t)).
(b) MaxInf(f)2/4 ≤

∑
k δkInfk(f) ≤ tMaxInf(f). Hence the weak form “

∑
k δkInfk(f) ≥

(v/t)C/C for all t-query biases” is equivalent to Conjecture 1.1 for all t-query biases (with
d = 2t), up to changing the constant C.

(c) If Conjecture 1.1 holds for all biases of quantum query algorithms, then for every t-query
algorithm and ε, δ > 0 there is a deterministic classical algorithm making poly(t, 1/ε, 1/δ)
queries that approximates f within ε on all but a δ fraction of inputs.

(d) By Theorem 10.1 with d = 2t and (b), the weak form holds with a quasi-polynomial loss:∑
k δkInfk(f) ≥

1
4MaxInf(f)2 ≥ (v/2t)O(log 2t) exp(−O(log4(2t))).

In particular QOSSS with a polynomial constant implies Conjecture 1.1 for biases of quantum
query algorithms, which implies polynomial classical simulation on most inputs.
Proof. (a) v2 ≤ K(t)

∑
k δkInfk(f) ≤ K(t)(

∑
k δk)MaxInf(f) ≤ tK(t)MaxInf(f). Also∑

k δkInfk(f) ≤ maxk δk · I(f), and I(f) ≤ 4
∑

k Infk(ψt) ≤ 4t by Lemma M.9. (b) The upper
bound uses

∑
k δk ≤ t. By Lemma M.9, δk ≥ Infk(f)/4, so

∑
k δkInfk(f) ≥ 1

4

∑
k Infk(f)

2 ≥
1
4MaxInf(f)2. (c) This is the greedy argument of [2, §3.1] in the form of Lemma 10.28 and
Corollary 10.29, which applies the influence bound only to restrictions of f . A restriction of a
t-query bias is again a t-query bias: fixing xi = b turns xiPi into the fixed operator bPi, which
is absorbed into the adjacent unitary after routing the index i to the null index. (d) Immediate
from Theorem 10.1 and (b). □

By (a), QOSSS with a polynomial constant also gives the variance form of [13, Conjecture 1]:
their parameter min(Pr[p ≥ 2

3 ],Pr[p ≤
1
3 ]) is at most 9Varf , and their query weights dominate δk.

By [4, Theorem 1.3], the biases of t-query algorithms are exactly the functions x 7→ T (x̃, . . . , x̃),
x̃ = (x, 1), with T a 2t-linear form of cb-norm at most 1. The case of Conjecture 1.1 in (b) is
therefore the conjecture for diagonals of completely bounded forms. The bounds of [7, 24] for
cb-bounded block-multilinear forms concern independent blocks and do not apply to diagonals
(see the caveat in Section 1.2). Up to the exponent of Var, the weighted inequality and the
influence bound for biases are the same problem.
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M.9. The global quantity Λ and a transference principle. For a t-query bias f let δ(S) =∑
k∈S δk and

Λ(f) =
∑
S ̸=∅

f̂(S)2

δ(S)
.

Proposition M.13 ([proved here, audited]). (a) Λ(f) = supF Cov(f, F )2/
∑

k δkInfk(F ), the
supremum over nonconstant F : Qn → R.

(b) Var(f)2/
∑

k δkInfk(f) ≤ Λ(f) ≤
∑

k Infk(f)/δk. Hence Λ ≤ 4 for t = 1, Λ ≤ K2 for t = 2,
and a bound Λ ≤ Kt implies QOSSS with constant Kt.

(c) If f is the bias of a randomized decision tree of depth t, simulated as in Remark M.2(d),
then Λ(f) ≤ 2t.

Proof. (a) Cov(f, F ) =
∑

S ̸=∅ f̂(S)F̂ (S) and
∑

k δkInfk(F ) =
∑

S F̂ (S)
2δ(S). Apply Cauchy–

Schwarz, with equality for F̂ (S) = f̂(S)/δ(S). (b) Take F = f in (a) for the lower bound.
For the upper bound, 1/δ(S) ≤ |S|−1

∑
k∈S 1/δk, so Λ(f) ≤

∑
k δ
−1
k

∑
S∋k f̂(S)

2. Then apply
Propositions M.5 and M.6. (c) With revealments ri = 2δi, (L1) of Theorem 4.1, averaged over
the trees, gives |Cov(f, F )| ≤

∑
i riE|diF | ≤ (t

∑
i riInfi(F ))

1/2, so Λ(f) ≤ 2t by (a). □
By (a), the bound Λ(f) ≤ Ct is an OSSS-type covariance inequality, Cov(f, F )2 ≤

Ct
∑

k δkInfk(F ) for all F . It is the exact analogue of (c), and it is the natural global
strengthening of Conjecture M.3. Theorem M.11 is its restriction to F of degree 1. For a
magnitude profile µ = (µk)k (Definition M.1) let

κ(µ) = sup
h

∑
S ̸=∅ ĥ(S)

2/δ(S)∑
k E[(dkh)2/µk]

,

over nonconstant h : Qn → R, with 0/0 = 0 and a/0 = ∞ for a > 0. Then κ(µ) depends only
on the functions µk (recall δk = Eµk).

Theorem M.14 (transference; [proved here, audited]). For the bias f of every t-query algorithm,
Λ(f) ≤ 4t κ(µ).

Proof. Let F be nonconstant and F̃ = F − EF . Write F̃ =
∑

k xkck with ck independent of xk.
Such decompositions exist: for instance ck =

∑
S:minS=k F̂ (S)x

S\{k}. Since E[fxkck] = E[ckdkf ]
and, as in the proof of Theorem M.11, E[ckdkf ] = 2ReE[ck〈Zψt, dkψt〉], Lemma M.10 gives

Cov(f, F ) = 2ReE
〈
Zψt,

∑
k

ckdkψt

〉
, Cov(f, F )2 ≤ 4t

∑
k

E[µkc2k].

Assume first that all µk > 0. Minimizing the positive definite quadratic form
∑

k E[µkc2k]
over the affine space of decompositions, and using finite-dimensional duality (the adjoint of
(ck) 7→

∑
k xkck is h 7→ (dkh)k, because E[hxkck] = E[ckdkh]), gives

min
c

∑
k

E[µkc2k] = sup
h

E[hF̃ ]2∑
k E[(dkh)2/µk]

≤ κ(µ) sup
h

E[hF̃ ]2∑
S ̸=∅ ĥ(S)

2/δ(S)
= κ(µ)

∑
k

δkInfk(F ),

the last equality by Cauchy–Schwarz as in Proposition M.13(a). Hence Cov(f, F )2 ≤
4tκ(µ)

∑
k δkInfk(F ), and Proposition M.13(a) gives the claim. In general, the bound

Cov(f, F )2 ≤ 4t
∑

k E[(µk + η)c2k] holds for every η > 0, so the argument gives Λ(f) ≤ 4tκη,
where κη is defined like κ(µ) with µk + η in the denominator and the same δ(S) in the
numerator. As η ↓ 0, κη decreases to κ(µ), by compactness of the set of mean-zero h with∑

S ĥ(S)
2/δ(S) = 1 and lower semicontinuity of h 7→

∑
k E[(dkh)2/µk]. □
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The profile µ absorbs everything else about the algorithm: the measurement, interference and
uncomputation enter only through Lemma M.10.

Corollary M.15 ([proved here, audited]). If every µk is constant, then Cov(f, F )2 ≤
4t

∑
k δkInfk(F ) for all F ; in particular Λ(f) ≤ 4t and Conjecture M.3 holds for f . This applies

to all one-query algorithms, and to nonadaptive algorithms, where the t queries are made in
parallel and simulated sequentially by swapping query registers, so that mk(x) does not depend
on x.

Proof. Here µk ≡ δk. In the proof of Theorem M.14 take ck =
∑

S∋k ωk(S)F̂ (S)x
S\{k} with

ωk(S) = δ−1k /
∑

j∈S δ
−1
j . Then

∑
k xkck = F̃ and∑

k

δkEc2k =
∑
S ̸=∅

F̂ (S)2
(∑
j∈S

δ−1j

)−1
≤

∑
S

F̂ (S)2δ(S) =
∑
k

δkInfk(F ).

In the sequential simulation of a nonadaptive algorithm, the unitaries between queries only swap
the active query register with stored ones, and the oracles only multiply amplitudes by signs.
So the distribution of the active query register in the computational basis does not depend on
x. □

The same decomposition gives Cov(f, F )2 ≤ 4t
∑

S ̸=∅ F̂ (S)
2(
∑

j∈S δ
−1
j )−1. By the duality of

Proposition M.13(a), with these weights in place of δ(S), this is
∑

k Infk(f)/δk ≤ 4t when every
µk is constant; for t = 1 it is the first inequality of Proposition M.5. For nonadaptive algorithms
the factor t is unnecessary:

Proposition M.16 (nonadaptive algorithms; [proved here, audited]). Let f be the bias of a
nonadaptive t-query algorithm. Then for every F : Qn → R,

Cov(f, F )2 ≤ 4
∑
k

δkInfk(F ).

Hence Λ(f) ≤ 4, Var(f)2 ≤ 4
∑

k δkInfk(f) and MaxInf(f) ≥ Var(f)2/(4t), for every t. The
constant 4 in the first two inequalities is sharp for every t.

Proof. The algorithm has query registers Q1, . . . , Qt, each a copy of Cn+1, and a workspace.
It prepares ψ0 =

∑
τ |τ〉 ⊗ wτ , applies Ox to every query register, and measures. Here τ =

(τ1, . . . , τt) ranges over {0, . . . , n}t, |τ〉 = eτ1 ⊗ · · · ⊗ eτt , and the workspace vectors wτ satisfy∑
τ ‖wτ‖2 = 1. Put pτ = ‖wτ‖2, let Nk(τ) be the number of s with τs = k, and let A(τ) = {k ∈

[n] : Nk(τ) is odd}. In the sequential simulation of Corollary M.15 the s-th query is made on
Qs, so δk =

∑
τ pτNk(τ). Since x0 = 1 and x2k = 1, the state after the queries is

Ψ(x) =
∑
τ

xA(τ)|τ〉 ⊗ wτ ,

and f = 〈Ψ,MΨ〉 for a Hermitian contraction M (Remark M.2(b)). For k ∈ [n], dkΨ =∑
τ : k∈A(τ) x

A(τ)\{k}|τ〉 ⊗ wτ . Let ck : Qn → R be independent of xk. Since xA\{k} = xkx
A for

k ∈ A and the vectors |τ〉 are orthonormal, pointwise∥∥∥∑
k

ckdkΨ
∥∥∥2 = ∑

τ

pτ

(
xA(τ)

∑
k∈A(τ)

xkck

)2
=

∑
τ

pτ

( ∑
k∈A(τ)

xkck

)2
,

and hence
E
∥∥∥∑

k

ckdkΨ
∥∥∥2 = ∑

τ

pτ E
( ∑
k∈A(τ)

xkck

)2
.
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Now fix F and let F̃ = F − EF . Choose weights ωk(S) ≥ 0 with
∑

k∈S ωk(S) = 1 for every
nonempty S, and put ck =

∑
S∋k ωk(S)F̂ (S)x

S\{k}, which is independent of xk. Then
∑

k xkck =

F̃ , and for every A ⊆ [n]∑
k∈A

xkck =
∑
S ̸=∅

ωS(A ∩ S) F̂ (S)xS , ωS(B) =
∑
k∈B

ωk(S) ∈ [0, 1].

By Parseval, E(
∑

k∈A xkck)
2 =

∑
S ωS(A ∩ S)2F̂ (S)2 ≤

∑
S:S∩A ̸=∅ F̂ (S)

2. Let τ be distributed
according to p; then Pr[k ∈ A(τ)] ≤ Pr[Nk(τ) ≥ 1] ≤ ENk = δk, and so

E
∥∥∥∑

k

ckdkΨ
∥∥∥2 ≤ ∑

S ̸=∅

F̂ (S)2 Pr
τ
[A(τ) ∩ S 6= ∅] ≤

∑
S

F̂ (S)2
∑
k∈S

Pr
τ
[k ∈ A(τ)]

≤
∑
S

F̂ (S)2δ(S) =
∑
k

δkInfk(F ).

As in the proof of Theorem M.14, with Ψ and M in place of ψt and Z,

|Cov(f, F )| =
∣∣∣∑
k

E[ckdkf ]
∣∣∣ = ∣∣∣2ReE〈MΨ,

∑
k

ckdkΨ
〉∣∣∣ ≤ 2

(
E
∥∥∥∑

k

ckdkΨ
∥∥∥2)1/2

,

which gives the inequality. The consequences follow from Proposition M.13(a), from F = f , and
from

∑
k δk ≤ t. For sharpness, take the one-query example with n = 1 in Section M.2 and pad

it with t − 1 null queries (registers Q2, . . . , Qt in the state e0). The result is nonadaptive, has
δ1 = ε, and has Var(f)2/(δ1Inf1(f)) = 4(1− ε). □

Proposition M.16 was also checked numerically [numerical]. The proof gives the slightly
stronger bound

∑
S ̸=∅ f̂(S)

2/Prτ [A(τ) ∩ S 6= ∅] ≤ 4. So for t ≥ 2 the constant 4t of Corol-
lary M.15 is not sharp for nonadaptive algorithms; the examples of Remark M.4 have non-
constant profiles. With Lemma 10.28, Proposition M.16 gives an explicit classical simulation.

Corollary M.17 (classical simulation of nonadaptive algorithms; [proved here, audited]). Let
t ≥ 1, 0 < ε < 1

2 and 0 < δ ≤ 1. Let p(X) be the acceptance probability of a nonadaptive
quantum algorithm that makes t queries to X ∈ {0, 1}n. There is a deterministic adaptive
classical algorithm that makes at most

N =
⌈ 4t2

ε4δ3

⌉
≤ 4t2

ε4δ3
+ 1

queries to X and outputs a number within ε of p(X) for all but a δ fraction of the inputs
X ∈ {0, 1}n. Equivalently (replace ε by ε/2), d64t2/(ε4δ3)e queries approximate the bias 2p− 1
within ε, for 0 < ε < 1.

Proof. By Remark M.2(c), applied to each query register, f = 2p − 1 (with xi = 1 − 2Xi) is
the bias of a nonadaptive t-query algorithm as in the proof of Proposition M.16, with final state
Ψ(x) =

∑
τ x

A(τ)|τ〉 ⊗ wτ and a Hermitian contraction M ; and f ∈ B2t(n) by Remark M.2(a).
Restrictions. Let h be the restriction of f by xi = bi for i ∈ R ⊆ [n]. Then h is again the bias of

a nonadaptive algorithm with t queries: a query to a fixed coordinate is a known phase, which is
absorbed into the unitaries. Explicitly, h = 〈Ψh,MΨh〉 with Ψh(x) =

∑
τ b

A(τ)∩RxA(τ)\R|τ〉⊗wτ .
Let ρ(τ) replace every entry of τ that lies in R by the null index 0, so that A(ρ(τ)) = A(τ) \R,
and let V be the isometry |τ〉⊗w 7→ |ρ(τ)〉⊗ |τ〉⊗w, which records τ in an enlarged workspace.
Then

VΨh(x) =
∑
τ

xA(ρ(τ))|ρ(τ)〉 ⊗
(
|τ〉 ⊗ bA(τ)∩Rwτ

)
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is the final state of the nonadaptive algorithm with the unit initial vector
∑

τ |ρ(τ)〉 ⊗ |τ〉 ⊗
bA(τ)∩Rwτ , and h = 〈VΨh, (VMV †)VΨh〉, where VMV † is a Hermitian contraction. This
algorithm puts no amplitude on the indices in R, so its bias does not depend on xR, and it
equals h.

By Proposition M.16, MaxInf(h) ≥ Var(h)2/(4t) for every restriction h of f . Put v0 = 2ε2δ.
Every restriction h with Varh > v0 has MaxInf(h) ≥ v20/(4t) = ε4δ2/t =: γ. Lemma 10.28 with
d = 2t, N = d2d/(δγ)e = d4t2/(ε4δ3)e and a = 2ε gives an algorithm with Prx[|A(x)− f(x)| >
2ε] ≤ δ/2 + v0/(4ε

2) = δ. As in the proof of Corollary 10.29, the output (1 +A(x))/2 is within
ε of p(X) whenever |A(x)− f(x)| ≤ 2ε. □

Liu and Mutreja [33] proved that nonadaptive algorithms can be simulated on most inputs
with poly(t, 1/ε, 1/δ) classical queries; Corollary M.17 recovers this with the explicit bound
d4t2/(ε4δ3)e.

Remark M.18 (r rounds of adaptivity). An r-round algorithm makes its t queries in r rounds of
t1, . . . , tr parallel queries (t1+ · · ·+ tr = t), each round as in the proof of Proposition M.16, with
arbitrary unitaries between the rounds; its magnitudes are those of the sequential simulation of
Corollary M.15. Nonadaptive algorithms are the case r = 1, and general t-query algorithms the
case r = t. Open problem [open]: is Λ(f) ≤ C(r) t for the bias f of every r-round algorithm,
with C(r) independent of n, w and the tj? For r = 1, Proposition M.16 gives Λ ≤ 4.

(a) The first round is free [proved here, audited]. Let δ(1)k be the magnitudes of the first
round, δ(1)(S) =

∑
k∈S δ

(1)
k , and µ′k = Exk

∑t−1
s=t1

‖Pkψs‖2 the profile of the later queries in
the sequential simulation. Then

∑
k f̂({k})2/δk ≤ 4(t − t1 + 1), and Λ(f) ≤ 4(t − t1 + 1) if

every µ′k is constant. In particular, one parallel round followed by r − 1 single queries gives∑
k f̂({k})2/δk ≤ 4r. Proof. The first t1 queries form a nonadaptive round, so ψt1 = WΨ

with W a fixed unitary and Ψ as in the proof of Proposition M.16. Given F , take ck as there;
that proof gives E‖

∑
k ckdkψt1‖2 ≤

∑
S F̂ (S)

2δ(1)(S). For the remaining t − t1 queries, the
recursion of Lemma M.10, Minkowski’s inequality and Cauchy–Schwarz, as in its proof, add at
most (t− t1)1/2(

∑
k E[c2kµ′k])1/2 to the L2 norm of

∑
k ckdkψs. As in the proof of Theorem M.14,

Cov(f, F )2 ≤ 4
((∑

S

F̂ (S)2δ(1)(S)
)1/2

+
(
(t− t1)

∑
k

E[c2kµ′k]
)1/2)2

.

Write A and B for the two sums in the display and m = t − t1, so that Cov(f, F )2 ≤ 4(
√
A +√

mB)2 ≤ 4(1 + m)(A + B). For F =
∑

k akxk we have ck = ak and Eµ′k = δk − δ
(1)
k , so

A + B =
∑

k a
2
kδk and Cov(f, F )2 ≤ 4(t − t1 + 1)

∑
k a

2
kδk; take ak = f̂({k})/δk. If every

µ′k is constant, then B =
∑

S F̂ (S)
2
∑

k∈S ωk(S)
2(δk − δ

(1)
k ) ≤

∑
S F̂ (S)

2(δ(S) − δ(1)(S)), so
Cov(f, F )2 ≤ 4(t − t1 + 1)

∑
k δkInfk(F ), and Proposition M.13(a) gives the bound on Λ. For

t1 = t this is Proposition M.16; for t1 = 1 it gives Theorem M.11 and Corollary M.15.
(b) Obstruction [proved here, audited]. The proof of Proposition M.6 bounds the larger

quantity
∑

k Infk(f)/δk ≥ Λ(f) (Proposition M.13(b)), by decoupling, with hypercontractivity,
the pointwise magnitude of the later query from a sensitivity weight. This route cannot give
C(r) t, already for r = 2. The classical address function that reads t1 address bits in one round
and the addressed bit in a second round, simulated as in Remark M.2(d), has Infk = δk =

1
2 for

the address bits and Infk = 2δk = 2−t1 for the 2t1 data bits, so
∑

k Infk(f)/δk = 2t1+1 + t1. For
a data bit, the pointwise magnitude of the second-round query and (dkf)

2 are multiples of the
indicator of the event that the address points to it, which has probability 2−t1 ; so the mean of
their product is 2t1 times the product of their means, and decoupling them loses the factor 2t1 .
Yet Λ(f) ≤ 2t by Proposition M.13(c), and Λ(f) ≤ 3.1 for t1 ≤ 4 (Section M.10).
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(c) Evidence [numerical]. Exact computations with hill-climbing over two- and three-round
algorithms with one or two queries per round (n ≤ 5) never gave Λ > 4r; the largest values
found were 3.999 for r = 2 and 6.84 for r = 3.

(d) Consequence [proof outline]. A restriction of an r-round bias is an r-round bias with the
same tj , by the argument in the proof of Corollary M.17; for the rounds j ≥ 2, the known
signs and the routing are absorbed into the unitaries before and after round j, as in Proposi-
tion M.12(c). So Λ ≤ C(r) t would give MaxInf(h) ≥ Var(h)2/(C(r)t2) for every restriction h,
and the proof of Corollary M.17 with γ = v20/(C(r)t

2) would simulate r-round algorithms with
dC(r)t3/(ε4δ3)e queries. This compares with 2O(r2)(t log(1/δ)/ε)O(r) queries in [13, Theorem 1]
and (rt/(ε

√
δ))O(4r) in [33, Theorem 1.8]: the exponent of t would not grow with r, although

the dependence on δ would be worse than in [13]. Since r ≤ t, C(r) = poly(r) would give the
polynomial simulation of all quantum query algorithms, which is open (cf. Proposition M.12);
already C(r) = 2O(r) would give poly(t, 1/ε, 1/δ) queries for r = O(log t).

By Theorem M.14, the spectral form of Conjecture M.3 reduces to an inequality about the
profile alone:

Conjecture M.19 (Conjecture K; [open]). There is an absolute constant C such that κ(µ) ≤ C
for the magnitude profile µ of every quantum query algorithm.

Conjecture M.19 implies Λ(f) ≤ 4Ct, hence QOSSS with constant 4Ct, which is optimal in its
dependence on t by Remark M.4. By Proposition M.12 it is at least as hard as Conjecture 1.1
for biases. It is a weighted Poincaré inequality for one vector of nonnegative functions µk
not depending on xk, with

∑
k Eµk ≤ t, and non-constant profiles are the only obstruction

(Corollary M.15). Single characters h = xS give ratio at most 1, since E[1/µk] ≥ 1/δk by Jensen’s
inequality. Evidence [numerical]: κ(µ) is the top eigenvalue of a generalized eigenproblem,
computed exactly for each profile. Hill-climbing over random circuits gave κ ≤ 1.13, 1.16, 1.13
at (t, n) = (2, 3..5), (3, 3..5), (4, 4) and κ ≤ 1.08, 1.06 at (2, 6), (3, 6). The profile of the classical
address function has κ = 1. The extremal families of Remark M.4 have κ = 1.003–1.013 for
n = 6, . . . , 10 (decreasing in n), so Theorem M.14 is asymptotically tight on them. On random
circuits the ratio Λ/(4tκ) depends on the ensemble: the largest values observed were 0.58 at
t = 1 (0.89 for circuits started near the null state), 0.08 (0.21) at t = 2 and 0.04 (0.08) at t = 3.

M.10. Evidence and false variants. Searches [numerical]. Independent adversarial searches
covered hill-climbing over general circuits (t ≤ 4, small n and w, including near-null starts) and
structured families: address functions, phase kickback, symmetric Grover-type and quantum
signal processing algorithms, block-symmetric algorithms, and Forrelation [1]. None of them
found a violation of Conjecture M.3. The largest value of R(f) = Var(f)2/(t

∑
k δkInfk(f))

found is 4, approached only in limits (small off-null mass, n → ∞), as in Remark M.4; R
shows no growth in n or t. Symmetric optima are local maxima of R among all algorithms
with w = 2. For one-query Forrelation R = 1, and for k-fold Forrelation with the standard
dk/2e-query algorithm R = 1/t2 (exact computations). The quantity Λ stays bounded on all
examples: 2.67 to 3.10 for address functions with at most four address bits, 2 for phase kickback,
1 for Forrelation, and 4T − 2 for Grover with a check query.

False variants. The following natural strengthenings or substitutes fail.
(i) Final-state-only forms [numerical]. Replace δk by the final-state quantity Wk = Infk(ψt) ≤

δk (Lemma M.9); such a form would depend only on ψt and M . It is false at t = 2. In
a two-query family on m variables, the first query writes the signal and some garbage, a
swap parks the signal on the null index, and the second query uncomputes the garbage.
This gives f = 2η

√
1− η2 x̄, δk ≈ 2η2/m and Wk ≈ 3η2/m2. For η = 0.2 and m =
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2, 4, . . . , 12, Var(f)2/
∑

kWkInfk(f) takes the values 3.8, 6.1, 8.6, 11.2, 13.7, 16.3 (growing
like 4(1− η2)m/3), while Λ ≤ 2.6. Garbage that has been uncomputed is invisible in the
final state, but its magnitude is paid in δ, so the conjecture must depend on the query
history.

(ii) Operator-valued forms [proved here, audited]. The analogue for the state itself fails at t = 1.
For ψ0 = n−1/2

∑
k ek, the vector-valued function F = Oxψ0 has Var(F ) = 1, Infk(F ) =

1/n and δk = 1/n, so Var(F )2/
∑

k δkInfk(F ) = n. The same happens for |ψt〉〈ψt| and for
the corresponding operator-valued covariance inequality. The scalar measurement must
come before the variance.

(iii) Measured-query forms [proved here, audited]. Measuring the query register (with an
XOR oracle) produces a randomized decision tree whose revealments are the measured
magnitudes, and (18) applies to that tree. But such trees cannot approximate f in
L2 with comparable revealments. For f = 2

√
ε(1− ε)x1 as above (δ1 = ε), a ran-

domized tree computing fD with |fD| ≤ 1 and E(f − fD)
2 ≤ Var(f)/4 has revealment

r1 ≥ |E[x1fD]| ≥ |f̂({1})|/2 =
√
ε(1− ε). In the norm ‖g‖2Λ =

∑
S ̸=∅ ĝ(S)

2/δ(S), dual
to (

∑
k δkInfk(·))1/2 by Proposition M.13(a), the existence of a tree with r ≤ Cδ and

‖f − fD‖Λ = O(
√
t) is equivalent to Λ(f) = O(t). One direction takes fD constant; the

other uses the triangle inequality and the proof of Proposition M.13(c).

Appendix N. Numerical evidence

This appendix summarizes numerical searches and exact computations carried out as evidence.
Results tagged [numerical] are not proofs. Each function in the table was evaluated exactly
(exhaustively over the cube or by an exact linear program) unless marked Monte Carlo. The
outcomes are extremes over the searched populations: a reported minimum is an upper bound
on the true infimum over the class, a reported worst case of an adversarial search is a lower
bound on the true supremum, and LP optima obtained by local or iterated ascent are lower
bounds. They are evidence, not proofs, and small sizes cannot decide asymptotics. Table 8
summarizes the searches.

search families outcome
extremal functions (about
1800 functions)

symmetric optima up to d = 31,
Chebyshev compositions,
block-symmetric, small-n LP
populations, address averages

min d2MaxInf/Var2 ≈ 1 (odd
Chebyshev, Var → 0); flat in d at
fixed Var; 16/9 without level-1
weight

restriction amplification same families, p ∈ { 1
2 ,

1
d} Pr[K ≥ 4] ≤ 0.11,

Pr[K ≥ 8] ≤ 0.019,
Pr[K ≥ 16] ≤ 3 · 10−4 for the gain
K of MaxInf

shared-variable soft
addresses (145 instances)

Jackson-threshold, Chebyshev
and soft-Tribes bits, n ≤ 256
(Monte Carlo for n ≥ 36)

minmax(ε, τ) deg2 /V 2 = 46.9;
fitted τ ∼ deg−α, α ∈ [1.69, 2.18]

product soft addresses,
n = 12

disjoint, shared, mixtures,
biased

max(ε, τ) ≥ 0.022 throughout

AN, n ≤ 10 Majority, Tribes, Maj3 ◦Maj3,
address, mod-3, random;
adversarial E with µ(E) ≤ 0.12

E never lowers b in structured
families; worst D0.05/b ≈ 2

Table 8. Summary of the numerical searches.
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The Tribes-symmetric warning and its resolution. Exact Sw o SM -invariant linear programs
(the optimum may be symmetrized without loss) for bounded degree-d approximations p of
balanced Tribes gave the following L2-optimal values.

h n d β = E(1− p2)/Varp MaxInf(p) MaxInf d2/Var2

Tribes3,5 15 5 / 6 / 8 0.33 / 0.078 / 0.021 0.109 / 0.142 / 0.145 4.9 / 6.0 / 9.7
Tribes4,11 44 8 / 10 / 12 0.23 / 0.055 / 0.020 0.054 / 0.065 / 0.065 5.3 / 7.2 / 9.8
Tribes5,22 110 8 / 10 / 12 1.04 / 0.33 / 0.088 0.012 / 0.023 / 0.031 3.7 / 4.1 / 5.3

The degree at which p becomes nearly Boolean (β ≈ 0.09) was 6, about 9.3, and 12 for
w = 3, 4, 5, consistent with a linear law d ≈ 3w while MaxInf(p) ≈ 2−w; if that law persisted it
would refute NBβ and the conjecture. Theorem B.1 applies exactly to this symmetry class, and
the variance step of its proof excludes it asymptotically: Varp ≥ c forces M ≤ 40d2(w + 1)/c,
i.e. d ≥

√
cM/(40(w + 1)) ≈ 2w/2/

√
w for M ≈ 2w ln 2, so the linear law must fail for large

w (at w ≤ 5 the bound is not yet restrictive). In the computed range every optimum has
MaxInf ≥ 1.19Var2/d2.

Remark N.1 (on the factor t). For f and h both computed by D, whether the factor t in the
L2 form can be replaced by an absolute constant is a question of [42, §5]; by [42, Figure 1] it
cannot be replaced by 1. In the two-function form (L2), where h is arbitrary, some growth in
t appears to be necessary: for the “caterpillar” tree (query z1, z2, . . . in order and stop at the
first −1, depth t) the optimal constant λ(t) = suph E‖E[h | leaf] − Eh‖2/

∑
i δiInfi(h) equals

1.333, 1.676, 2.022, 2.368, 2.715, 3.061, 3.408, 3.754, 4.101 for t = 2, . . . , 10 (exact generalized-
eigenvalue computation), with increments approaching (ln 2)/2, whereas for leaf-determined h
the same computation gives 1. Here 2

∑
i δi = 4 − 22−t, and λ(10) = 4.101 > 3.996 = 2

∑
i δi,

so in (L2) the factor t cannot be replaced by
∑

i δi [numerical]; if λ(t) → ∞, as the increments
suggest, it cannot be replaced by any constant multiple of the expected depth. Whether λ(t) →
∞ is [open].

Appendix O. Formal verification

This appendix describes the Lean 4 formalization. For each formalized result it names the
Lean theorem that proves it. The project lean/AAFormal consists of twenty-seven Lean files
and a separate axiom-check file AxiomCheck.lean (about 8500 lines in total), formalized in
Lean 4 with Mathlib (Lean v4.36.0-rc2, Mathlib tag v4.36.0-rc2); all results below are
unconditional. The file Main.lean (namespace Paper) restates every formalized result under its
paper label (for instance Paper.cor_H1, Paper.thm_D5, Paper.thm_W, Paper.thm_TTsandwich,
Paper.lem_NS), each as a short application of the theorem that proves it, with the hypotheses
|f | ≤ 1 and Fourier degree at most d of f ∈ Bd.
• DimBound.christoffel_dim_bound: for a finite probability space Ω, a subspace W of RΩ

and gj ∈ W with
∑

j |gj(ω)| ≤ 1 pointwise,
∑

j ‖gj‖L2 ≤
√
dimW , the case sup

∑
j |gj | ≤ 1

of Proposition 4.12;
• SubcubeCover.scl_iSup: Σ2/M −

∑
j µ

2
j ≤ r (supi loadi)Σ, i.e. Lemma 5.1, built from

SubcubeCover.Subcube.helly (pairwise intersecting subcubes have a common point) and
motzkin_straus (the Motzkin–Straus inequality for graphs with clique number at most M).

The files Gluing.lean, OSSS.lean and Resample.lean formalize the gluing lemma (Theo-
rem 4.2) on the cube κ → Bool with an inductive type of decision trees and their reveal-
ments. The vector OSSS inequality (L2) of Theorem 4.1 for H = Rι is proved for every tree as
Gluing.osss_l2 (via the resampling bound Gluing.resSq_div_le), and
• Gluing.gluing_full': κD − εV ≤ Bq ≤ 8t

∑
i δiInfzi(F ) ≤ 8t2τD, with Bq = E

∑
j(E[g2j |

leaf]− Eg2j )2, for every ε ≥ maxj Eg2j and τ ≥ τD.
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(The earlier Gluing.gluing_full takes the OSSS inequality as an explicit hypothesis.) Sup-
porting lemmas: kappa_sub_le_Bq, Bq_eq, kappa_ge (κD ≥ V 3/R2 from leaf root sums at
most R), vecInf_sq_le and sum_reveal_le (

∑
i δi ≤ t). Corollary 4.3 and Theorem 4.2 with

leaf root sums are Paper.cor_glueR and Paper.thm_glue, proved via Gluing.gluing_max and
Gluing.gluing_final.

The files GluingIneq.lean, SpikeAvg.lean, Walsh.lean and Degree.lean add degree-
free forms of Theorems 4.2, 4.4 and 4.5 (Gluing.gluing_final, Gluing.gluing_ineq,
Gluing.closure), a Walsh–Fourier layer (orthonormality of characters, the expansion
f =

∑
S f̂(S)χS and Infi(f) =

∑
S∋i f̂(S)

2), and:
• Gluing.gluing_ineq_leaf_of_degLe: Theorem 4.4 with no further hypotheses, for every
f with |f | ≤ 1 and Fourier degree at most d ≥ 1: El[MaxInf(f |l)2] ≤ 144d5t2M for every
decision tree of depth t ≥ 1 and every M ≥ MaxInf(f). The degree enters through four facts,
all proved in Lean: Parseval (Gluing.parseval); I(f) ≤ dVarf (Gluing.sum_infl_le);∑

j Infi(djf) ≤ (d − 1)Inf i(f) (Gluing.sum_infl_bderiv_le', via didj = djdi); and the
real-sensitivity bound

∑
j |djf(z)| ≤ 2d2 (Gluing.sum_abs_bderiv_le). The last one

restricts the multilinear extension of f , which is bounded by 1 on [−1, 1]n, to the line
s 7→ (s sgn(zi))i∈P and applies the endpoint Markov inequality P ′(1) ≤ n2 from Mathlib
(Gluing.markov_endpoint), once for P = {i : sgn(zi) dif(z) > 0} and once for its
complement. Its constant 2d2 is better than the 4d2 of Lemma 2.2 (the sharp constant is
d2, [19, Theorem 3.3]).

• Gluing.condExp_bderiv_sq_eq_infl: the restriction identity E[(djf)2 | l] = Infj(f |l) for j
not queried on the path to the leaf l.

• Gluing.tt_of_aa_spikes: the direction “conjecture ⇒ TT” of Theorem 8.7(ii), degree-free:
if MaxInf(u) ≥ c(Varu/d)A on a class of functions closed under averaging over coordinates,
0 < A ≤ C, Varg ≤ 1, θ ≤ Var(g)C and L ≥ (d/ε)A/c, then the average h of g over its
θ/L-spikes has Varh ≤ εVarg (that is, Uθ/L(g) ≤ εVarg).

TopHeavy.lean adds:
• Gluing.bonami: Bonami’s lemma Eg4 ≤ 9k(Eg2)2 for real g of degree at most k (induction

on the Fourier support);
• Gluing.levelk: the level-k inequality of Lemma 3.1(b), W≤k(g) ≤ 3k‖g‖1‖g‖2 for every

real g (two Cauchy–Schwarz steps and Bonami’s lemma, avoiding L4/3 norms);
• Gluing.top_heavy_sq: top-heaviness (Corollary 3.3) in the form MaxInf(f) ≥
(W [1,k+1](f)/(2d2 3k))2 for |f | ≤ 1 of degree at most d ≥ 1 and all k ≥ 0; because of
the Lean sensitivity constant 2d2 this is 4 times stronger in MaxInf than the paper’s bound
with 4d2;

• Gluing.closure_degLe_paper: the closure Theorem 4.5 for |f | ≤ 1 of degree at most d with
the paper’s leaf hypothesis c0(Var(f |l)/d)C ≤ MaxInf(f |l) at every leaf (2C ≥ 1, c0 ≥ 0),
concluding MaxInf(f) ≥ min

(
Varf/(4t2), c20d

−2C(Varf/2)2C/(d+ 32t2(d− 1)d4)
)
.

Restriction.lean, Spikes.lean and Chain.lean formalize the random-restriction frame-
work of the touching transfer. A rate-p restriction is a pair ρ = (A, y) and Eρ is a finite
weighted sum. The files prove: the restricted spectra Eyf̂ρ(T )2 =

∑
S∩A=T f̂(S)

2; EVar(fρ) =∑
S(1−(1−p)|S|)f̂(S)2 ∈ [pVarf,Varf ] and EInfi(fρ) = pInfi(f) (Gluing.rexp_var_restrict,

Gluing.rexp_infl_restrict); preservation of |f | ≤ 1 and of degree; composition of restric-
tions (Gluing.rexp_rexp_restrict); the tail bound EW>m(fρ) ≤ Varf (edp/(m + 1))m+1;
spikes and untouched variance; the junta bound from Corollary 3.3; and a strengthening
of the base case Lemma 8.3 (Gluing.lemma21, with exponent 2 and 4d2). Gluing.TT is
Definition 8.2 for one fixed d. Gluing.chain_maxInf is the chain Theorem 8.4: under
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TT(1/(16ed), L) with cap C, with p = 2−T , 2ed ≤ 2T ≤ 4ed and d ≤ ηp 2k+1 (η = 1/(16ed)),
it gives MaxInf(f) ≥ θTL

−T with θT = min
(
(ηpVarf/(4d23k))2, (pVarf/(16ed))C

)
. This

improves the base-case exponent from 4 to 2 (and 8d2 to 4d2). Admissible parameters always
exist (Gluing.exists_chain_params). Gluing.aa_imp_maxInf composes tt_of_aa_spikes
with the chain, giving the sandwich of Theorem 8.7 in formal form. NewSpike.lean for-
malizes Lemma I.9 (Gluing.lemma_ns), with no hypothesis on g, θ or L. Classes.lean
formalizes two corollaries: Corollary 5.12(8) for one-statistic derivatives, in the stronger
form MaxInf(f) ≥ I(f)2/(4d5) (Gluing.sq_sum_infl_le_of_statistic, via the subspace
form I(f)2 ≤ 4d4 dimW · MaxInf(f)); and Corollary 5.2, both with the paper’s con-
stant MaxInf(f) ≥ c I(f)/(32d4) (Gluing.scl_aa) and with I(f)2/(64d6) in place of the
paper’s 128d6 (Gluing.scl_aa_sq); their paper-facing forms are Paper.cor_classes_8
and Paper.cor_SCLAA_sq. BlockSym.lean proves Markov’s inequality with a factor 2,
|P ′| ≤ 2n2 sup[−1,1] |P | on [−1, 1] for degP ≤ n (Paper.markov_two), and grid discretization:
if degP ≤ n, N ≥ 4n2 and |P | ≤ 1 on {1 − 2k/N : 0 ≤ k ≤ N}, then |P | ≤ 2 on
[−1, 1] (Paper.grid_two). Symmetrize.lean proves the Minsky–Papert symmetrization [40]
(Paper.minsky_papert): if f has degree at most d and is invariant under the transpositions of
coordinates inside B, then on every slice (the coordinates outside B fixed) f = p(

∑
j∈B xj) with

deg p ≤ d; the proof is by induction on d, with a discrete antiderivative. Together they give The-
orem 6.4 and Remark 6.1 unconditionally, with constant 16 in place of 4: Paper.thm_D6_perm
gives Var(f)2 ≤ I(f)2 ≤ 16b2d4MaxInf(f) for f ∈ Bd invariant under every permutation
of the coordinates that preserves each of b blocks, and Paper.rem_symmetric_perm gives
Var(f)2 ≤ I(f)2 ≤ 16d4MaxInf(f) for symmetric f ∈ Bd. The factor 4 comes from the factor 2
in Markov’s inequality; the sharp bound of Proposition 6.2 is not formalized.
Theorem B.1 is formalized, with a weaker constant, in nine files (Bernstein.lean,
Fisher.lean, EfronStein.lean, Structure.lean, BlockPoly.lean, GridRound.lean,
WreathInfl.lean, OccPoly.lean and WreathW.lean): Paper.thm_W gives
Var(f)2 ≤ 8(πe(d+ 1))2w(w + 1)MaxInf(f) for f ∈ Bd on {±1}M×w (M,w ≥ 1) invariant
under Sw o SM , in place of 40d2w(w + 1). The losses are Bernstein’s constant e(n+ 2) in place
of n (Paper.bernstein_trig, hence πe(d+ 1) in place of πd in the Fisher-metric step
Paper.fisher_bernstein), the rounding threshold 8L2(w + 1) in place of 4L2(w + 1)
(Paper.grid_rounding), and a factor 2 in the re-randomization bound. The steps also include
the multi-block Minsky–Papert theorem (Paper.minsky_papert_blocks) and Efron–Stein
over blocks, Varf ≤

∑
l E(f − EBl

f)2 (Paper.efron_stein_blocks). Theorems 6.5, 6.6
and 6.8 are not formalized.

No file contains sorry, and #print axioms reports only the standard axioms propext,
Classical.choice and Quot.sound. The file AxiomCheck.lean checks this for every Paper.*
theorem (lake env lean AAFormal/AxiomCheck.lean; 38 checks). To build, run

cd lean/AAFormal; lake exe cache get; lake build
(about 15 seconds with the Mathlib cache).
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