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ABSTRACT. The Aaronson—Ambainis conjecture asserts that every polynomial f: {—1,1}" —
[-1,1] of degree at most d has a variable of influence at least (Varf/d)°.  This
paper does not prove the conjecture, which remains open. To our knowledge, the
best previously known general bound is Var(f )2670(@. We prove the general bound
MaxInf(f) > (Varf/d)°1°e® exp(—O(log* d)), which improves on it asymptotically. Its
constants are astronomically large: at Varf = 1 it beats e~ only for d > 1.9 - 10'3. Through
the reduction of Aaronson and Ambainis, it implies that the acceptance probability of a t-query
quantum algorithm can be approximated within € on all but a J fraction of inputs by a classical
algorithm making exp(O(log*t + logt - log(1/(¢6)))) queries (t > 3), to our knowledge the
first subexponential overhead for general algorithms, again only asymptotically; this bounds
the number of queries, not the running time. We propose a quantum analogue of the OSSS
inequality, prove it for one query, for two queries with a larger constant, and for nonadaptive
algorithms, and show that it would give a classical simulation of quantum query algorithms on
most inputs with polynomially many queries. We also constrain counterexamples, reformulate
the conjecture exactly, and prove it for several classes. First, counterexamples are top-heavy:
MaxInf(f) > (WE*+(f)/(4d?3%))? for every k > 0, so the conjecture holds with polynomial
loss unless the Fourier weight of f on levels 1,...,0(logd) is polynomially small; Lipschitz
images of a counterexample are top-heavy as well, and its level sets are noise sensitive on
average. Second, a gluing lemma, proved through a Hilbert-space-valued OSSS inequality,
converts influential variables at the leaves of a depth-t decision tree into an influential
variable of f, at a cost polynomial in ¢ and d. It yields an exact decision-tree reformulation
of the conjecture for one-block (gradient) forms, shows that the conjecture is stable under
shallow adaptive switching, and, with bounds on leaf root sums, settles several selector
classes; a subcube cover lemma settles functions with constant-magnitude subcube-supported
derivatives.  Third, we prove polynomial bounds for symmetric functions with optimal
exponents (Var®/(16d?)), for functions symmetric within each of b blocks (Var?/(4b%d*)),
for wreath-symmetric functions (Var?/(2416d°) for all block sizes, and the sharp order
Var? / d? in two regimes) and for polynomials of smooth linear statistics; we improve constants
for graph properties and cyclically invariant functions, and reduce the case of polynomials
bounded on the torus to a spike inequality, which we prove in each fixed degree with a gap
exponentially small in d. For graph properties of degree d we prove the polynomial bound
MaxInf(f) > Var(f)*/(1.9 - 10°d'%), using the clone-and-subsample technique of Zhandry’s
small-range lemma. We isolate the remaining gap as a question about shallow decision trees
that make leaf root sums polynomially small, show that the address function caps several
routes at 27H% and give a transfer inequality, implied by the conjecture, that with polynomial
loss would yield MaxInf(f) > (Varf/d)°(°#?. The new bound proves the mass form of this
transfer with a quasi-polynomial prefactor, through a recursion over chains of derivatives on a
grid of heights, in which lightness is measured against a fixed fraction of the node’s weight.
We also show that the L° Talagrand conjecture of Lovett and Zhang, which would imply
the conjecture, is false, propose a degree-free strengthening in terms of real block sensitivity,
and show that two natural strategies fail: the analogous bound in terms of real sensitivity is
false with an exponential gap, and linear dual certificates for the extremal problem give only
the trivial bound up to a factor O(log®n). For a single restriction at rate 1/d, size-biased
tools (random priming, a load identity for adaptive explorations, and a level-1 inequality in
spread directions) give polynomial bounds under capture-type hypotheses, which are circular
as reductions but hold for structured classes. Along this route the conjecture reduces to an
open anti-spike inequality for regular bounded functions, some of whose hard instances are
products of nearly Boolean counterexamples of lower degree. Several core results, not including
the quasi-polynomial bound, are also verified in Lean 4.

1. INTRODUCTION

1.1. The conjecture. Let @, = {—1,1}" with the uniform probability measure. Ev-
ery f: @, — R has a unique multilinear (Fourier—Walsh) expansion f = ng[n} f(8)z3,



ON THE AARONSON-AMBAINIS CONJECTURE 3
2% = [[;cq %i, and deg f = max{|9] : f(S) # 0}. Write
Ba(n) ={f: Qn — [-1,1] : deg f < d}, Inf,;(f) = Zf(5)2, MaxInf(f) = max Inf;(f),

S3i
By =, Ba(n), and Varf = 3 f(S)Q. (Precise conventions are fixed in Section 2.)
Conjecture 1.1 (Aaronson—Ambainis [2, Conjecture 1.7]; Conjecture 6 in arXiv:0911.0996).
There are absolute constants ¢,C > 0 such that for all n,d > 1 and all f € By(n),
Var f > c

MaxInf(f) > c(

[open] In [2] the conjecture is stated for p: {0,1}" — [0,1] of degree d with Varp > ¢ and
Inf;[p] = Ex(p(X) — p(X%))? (no factor 1/4), with conclusion Inf;[p] > (¢/d)®™M for some i.
Putting z; = 1 —2X; and f = 2p — 1 gives f € By(N), Varf = 4Varp and Ex (p(X) — p(X?))? =
Inf;(f); hence the two formulations are equivalent (the factor 4 is absorbed in ¢). The range [0, 1]
on {—1,1}", used e.g. in [12], is equivalent in the same way. By [2, Appendix, Proposition 32]
the conjecture is also equivalent to its L! version (with L' influences and L' variance). The
motivation in [2] is the classical simulation of quantum query algorithms on most inputs: the
conjecture implies that the acceptance probability of every T-query quantum algorithm can be
approximated on a 1 — ¢ fraction of inputs, within €, by a deterministic classical algorithm
making poly(7,1/e,1/§) queries [2, Theorem 22 of the arXiv version].

The conjecture is false for L?-bounded f (take n~1/2 >; Ti), and the exponent of Varf must
be at least 2 (take f =n~1>". x;, with Varf = 1/n and MaxInf f = 1/n?).

1.2. Known results. We list the results we use or compare with, with the exact exponents as
stated in the sources.

e Ezxponential bounds. The junta theorem of Dinur, Friedgut, Kindler and O’Donnell [16,
Theorem 1] shows that every f € By has a 209 /e2junta g with ||f — g||3 < &; as noted in
[2] this gives MaxInf(f) > Var(f)3/2°(. Applying the DFKO inequality [16, Theorem 3]
to (f — Ef)//Varf with t = 2/y/Varf gives directly MaxInf(f) > Var(f)?/(4C?), since
|f —Ef| <2 when Varf > 0. O’Donnell and Zhao, with an observation joint with J. Wright
[43, eq. (1)], showed MaxInf(F) > e*~2*Var(F)? for one-block decoupled forms F(y,z) =
> Yigi(2) of degree k with range [—1, 1] (so deg g; < k —1; in Section 2 the degree bound of
the g; is called k), and proved that Conjecture 1.1 holds if and only if it holds for such forms
[43, Theorem 2.13]; together these give MaxInf(f) > Var(f)2e~9@ (Proposition 2.5 below).

e Special classes. Montanaro [38, Corollary 20] proved that if f is a homogeneous degree-k
block-multilinear form on % blocks of n variables with ||f|jsc < 1 and all n* coefficients
equal to +a, then every variable has influence Q(Var(f)?/k%). (This is narrower than
the frequently quoted paraphrase “all nonzero coefficients have equal magnitude”; the ad-
dress function of Section 2.4 has equal-magnitude coefficients but non-product support.)
Bansal, Sinha and de Wolf [7, Theorem 1.3] proved MaxInf(f) > Var(f)?/(e(d + 1)*) for
block-multilinear f of degree d with | f|lc, < 1, and a root-influence inequality || f|c, >
(e(d + 1))~1/2 3", Infy ;(f)/? for the first and last blocks b € {1,d} of homogeneous forms
[7, Theorem 1.4]. Escudero Gutiérrez [23, Theorems 1.6 and 1.8] improved this to MaxInf >
(Var/d)? for cb-bounded block-multilinear forms, to Var? in the homogeneous case, and
proved a degree-free bound for homogeneous Fourier-completely-bounded polynomials. Es-
cudero Gutiérrez, Saucedo and Palazuelos [24, Theorem 1.3] proved the optimal inequality
lalley > ¢t Dosef 2o e (0) [a]/? for block-multilinear a of degree t. Caveat: all these root-
influence bounds concern block-multilinear forms whose blocks are independent variables. For
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the symmetrized (“bias”) polynomial of a cb-bounded form the analogous statement fails:

the address function is the bias of a (k + 1)-query algorithm, hence of the form T'(z,..., %),
Z = (x,1), with [|T'||cp, < 1 by [4, Theorem 1.3], yet >, Infil/2 ~ 2F/2 (Remark 4.11). For sym-
metric f the conjecture is known: Backurs [5, Theorem 2] proved Inf;(f) = Q(e3/(d*In(1/¢)))
when Var(f) = ¢ (in his normalization), and Ivanisvili [26] presented this proof in the form
MaxInf(f) > c¢(Var(f)/d)*. The sharp form MaxInf(f) > Var(f)?/(16d?), tight up to the
constant (Proposition 6.2), we have not found in print. For Boolean-valued f it follows from
the OSSS inequality [42] and the polynomial relation between decision-tree depth and degree
[40, 9, 37): D(f) < bs(f)deg(f) [37] (D(f) the decision-tree depth, bs(f) the block sensitiv-
ity, see Section 5.3) and bs(f) < deg(f)? (e.g. from [19, Theorem 3.3] by block substitution)
give D(f) < d?, hence MaxInf(f) > Var(f)/D(f) > Var(f)/d>.
Transitive symmetry. Filmus, Hatami, Keller and Lifshitz [19, Proposition 3.18] proved
that every transitive-invariant f € Bg(n) (for all ¢,j some permutation of the coordinates
that fixes f maps i to j) has Var(f) < d*e®?/n. All influences of such f are equal, so
MaxInf(f) > Var(f)/n > Var(f)?/(d*e®?). This covers graph properties, cyclically invariant
functions and wreath-symmetric functions: for these classes the conjecture in each fixed
degree is known, with nVarf < 16e* ~ 874 for d = 2 and nVarf < 81e® ~ 3.3 - 10* for
= 3. (The same proof gives nVarf < n?Inf;(f) < n?Cy_1||dif||? < Cyq_1d*, with C}, the
best constant in ||g||3 < Ckllg||3 for degg < k; Szarek’s inequality [48], applied to g plus a
fresh variable times its constant term, gives C; = 2, and Bonami’s inequality with Holder
gives Cy < 81, hence 32 and 6561.)
L' influences. Backurs and Bavarian [6, Theorem 1.2] proved >, ||d; f||1 = O(d®) for f € By
(an earlier version had O(d?logd), the bound quoted in [2]); Filmus, Hatami, Keller and
Lifshitz [19, Theorem 3.3] proved the pointwise bound Y, |d; f(z)| < d?, which is sharp. We
prove the weaker 4d? in Lemma 2.2 by the classical symmetrization argument.
Random restrictions. Results of Bhattacharya [12, Theorems 6.2 and 6.4] on random restric-
tions, and a caveat on the printed form of [12, Theorem 6.2], are recorded in Appendix A.
Fractional certificates. Lovett and Zhang [35, Theorem 13, Theorem 27, Corollary 4] proved
that for f: {0,1}" — [0, 1] of degree d the fractional block sensitivity satisfies FBS.(f) <
O(d®log'® n/e*), and that if Varf > Q(e) then an e-fraction of inputs are (, £)-sensitive with
r = poly(d, 1/e,logn). They formulated a “Talagrand inequality for L>” [35, Conjecture 37]:
if X,Y C {0,1}" have L*-influences at most 7, then some = € X satisfies doo(z,convY’) <
poly(7); and showed that it implies Conjecture 1.1 [35, Claim 38] (see [35] for FBS,, (r,¢)-
sensitivity, L>°-influences and d,). Tribes shows that this conjecture is false as stated, and
a gap version of Tribes refutes its symmetric form as well (Proposition H.4).
A withdrawn proof. Keller and Klein [29] announced a proof of Conjecture 1.1; the preprint
was withdrawn (v2) with the comment that “Lemma 5.3 does not prove the assertion it
claims to prove and this collapses the entire argument”. Several of its lemmas are correct, in
particular the low-level inequality [29, Lemma 4.4], which we reprove in a slightly different
form in Theorem 3.2.
Variants and consequences. Girish, Mittal, Nehoran and Raz [21, Theorem 4.3] proved
that the conjecture for the p-biased product measure is equivalent to the conjecture for the
uniform measure on a slice, for all fixed p,q € (0,1). Blanc, Docter, Strassle and Tan [13,
Theorem 1] showed that t-query r-round quantum algorithms can be simulated on a 1 —§
fraction of inputs within ¢ by classical algorithms making 200 (tlog(1/8)/e)°) queries;
this is a simulation statement for a subclass of bounded polynomials, not the influence
conjecture. Liu and Mutreja [33] showed that T nonadaptive (parallel) quantum queries can
be simulated on most inputs with poly(7,1/e,1/d) classical queries (Corollary M.17 gives
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[4T2/(£*6%)]), and r adaptive rounds with O(CrT/(ev/8))**" queries; combined with the
real-valued OSSS inequality [42, eq. (6)] this gives (our derivation; it is not stated in [33])
MaxInf > (Var/(rT))°*") for acceptance probabilities of 7-round algorithms. A disjoint-
support separator of Li, Li, Li and Liu [32, Lemma 3.5] (multilinear p, ¢ of degree at most
d with pg = 0 on the cube admit a decision tree of depth O(d*) deciding which of them is
nonzero, where p + g # 0) gives, with OSSS, a polynomial influence bound for the exact
two-polynomial zero-pattern problem, as claimed in the unrefereed preprint [31]; this uses
exact zeros and does not bear on Conjecture 1.1 directly.

e The sharp form. A stronger form is [3, Problem 1.2]: there is an absolute constant C' with

Var(f) < || flloc deg(f)¢ max [|d; f]|2

(for ||fllsc < 1 this reads MaxInf(f) > Var(f)2/d?“). We ask whether C' = 1 is possible
up to a constant factor, i.e. MaxInf(f) > c¢Var(f)?/d?; we know of no published statement
of this sharp form. Both exponents would be optimal: f = n~! >, ;i forces the exponent
2 of Var, and for odd d the Chebyshev polynomials f = Ty(s), s = (Kd?)™' Y. jeue Tis
satisfy Varf > 0.943/K and MaxInff < 1.61Var(f)?/d? for K > 32, and Varf > 0.416,
MaxInff < 1.36/d? for K = 1, d > 9 (Example 6.3). Recent unrefereed preprints [27, 47]
claim polynomial Bohnenblust—Hille constants on the cube; these give the conjecture for
(levelwise) flat spectra; the flat case was already derived from Bohnenblust-Hille inequalities
in [15, §4.1]. In general, coefficient-based arguments cannot give the conjecture, since the
address function has maxg f(S)2 = 4% (Proposition 2.8(iii)).

1.3. What is proved here. Status tags. Every theorem, lemma, proposition and corollary is
tagged with one of the following: [known] (with a citation; a proof is sometimes included for
completeness), [standard] (a standard argument, proof included), [proved here] (a complete proof
is given), [proved here, computer-assisted]| (the proof relies on a recorded exact computation),
[proof outline] (only an outline is given; not counted as proved), [conditional] (proved under
a stated hypothesis that is not known to hold), [numerical] (computation only, not a proof),
[heuristic], or [open]. We also use [audited]: the proof has been checked by an independent
auditor; and [unaudited]: the proof has not been checked independently, and the statement
is not counted as proved. These occur mainly in Sections 9-11 and Appendices J-M, also in
combinations: [proved here, audited] means that a complete proof is given and was checked;
[audited twice in note form, and the text audited twice] means that the mathematics was audited
twice, independently, in the working notes from which the text is transcribed, and that the
printed text was then audited twice more, independently, once as a transcription of the notes
and once as a referee reads it; [components as tagged] means that its parts carry their own tags;
[proof outline; audited] means that only an outline is printed, so the statement is not counted as
proved here, although the full argument was checked. Used alone, [computer-assisted] marks a
finite evaluation of explicit expressions whose values are printed. Results that are also verified
in Lean 4 are listed in Appendix O and marked “Lean-verified” in Tables 1 and 2; none of the
results of Section 10 is Lean-verified.

How the results fit together. Section 3 shows that a counterexample has almost no Fourier
weight on levels 1,...,0(logd); the tool is the level-k inequality applied to the derivatives
(Theorem 3.2; the technique is known). Section 4 proves the gluing lemma by applying a
Hilbert-space-valued OSSS inequality (Theorem 4.1) to the mass vector (gjz)j of a one-block

form F =}, y;g;(2); the leaf root sums R; = ZjIE[gJZ | 1]'/% control the gain, and we bound
them by register (decoupling) lemmas (Lemmas 4.6-4.9) and by the dimension of the span
of the selectors (Proposition 4.12). The address function (Section 2.4) shows which routes
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spike inequality (Conj. E.7), which holds in each fixed degree,
with a gap ng > c?fgd/z/d (no gain for the conjecture)
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Result Statement Status Sec.
A general bound
Quasi-polynomial ~ MaxInf(f) > (Varf/d)°1°8® exp(—O(log* d)) for all f € B4, proved here; 10
bound (Thm. 10.1) d > 2, via SM-OF with a quasi-polynomial prefactor audited twice in

(Thm. 10.26); asymptotically better than Var(f)?e~°(¥ but note form, and the

the constants are astronomical: at Varf =1 it beats e™% only text audited twice

for d > 1.9 10"
Classical the acceptance probability of a t-query quantum algorithm is proved here from 10
simulation via [2]  approximated within € on all but a ¢ fraction of inputs with ~ Thm. 10.1; audited
(Cor. 10.29) exp(O(log* t + logt - log(1/(£6)))) queries for t > 3 (previously

20 poly(1/(ed))); better only for ¢ > 1.5-10'2-3.3 - 103
Structure of counterexamples and the gluing method
Top-heaviness MaxInf(f) > (W[l’k“](f)/(4d23k))2 for all k > 0 (known in  proved here; 3
(Cor. 3.3) substance [29]; Lean: 2d* for 4d?) Lean-verified
Images, level sets  Lipschitz images of a counterexample are top-heavy; its level — proved here 3
(Thms. 3.5, 3.6) sets are noise sensitive on average
Gluing lemma kp — eV < 81527',:)7 7p = max;ep Inf,, (F), for bounded proved here; 4
(Thm. 4.2) one-block forms F' (3, |g;| < 1) and z-trees D of depth ¢ > 1 Lean-verified
Leaf root sums R; < R on leaves carrying half of the variance = proved here 4
(Thm. 4.14) max(e, 7p) > V3 /(128 R*t?)
Reformulation the conjecture <= each bounded one-block form has a proved here 4
(Thm. 4.15) z-tree of depth poly(k/V) with, on average, a y-variable of

influence poly(V/k) at the leaves
Gluing for all f MaxInf(f) > E;[MaxInf(f|;)?]/(144d°t?); the conjecture is proved here; 4
(Thms. 4.4, 4.5) stable under shallow adaptive switching Lean-verified
Classes with bounds polynomial in Varf and d
Selector classes tree-mediated register forms: max(e, 7p) > V3/(16t?) proved here 4
(Cors. 4.10, 4.13)  (polynomial if the depth is ¢t < poly(k/V)); polynomial

single-statistic selectors: ¢ > V?/(k 4 1)
Subcube (Cor. 5.2, constant-magnitude subcube-supported derivatives: proved here; 5
Thm. 5.6, MaxInf > I?/(128d°); constant-magnitude subcube selectors: Lean-verified in
Cor. 5.12) V®/(17424k*); six derived classes (Cor. 5.12(4)—(9)) part (Appendix O)
Symmetric MaxInf > Var?/(16d%), optimal up to the constant proved here 6
(Prop. 6.2)
Block-symmetric ~ MaxInf > Var?/(4b%d*) for b blocks (Lean: 16 for 4) proved here; 6
(Thm. 6.4) Lean-verified
Wreath-symmetric M blocks of size w: MaxInf > Var?/(40d*w(w + 1)) and proved here; 6
(Thms. B.1, 6.5,  Var?/(2416 d°) always; Var?/(170d?) if d > 2, M > 4md?, Thm. B.1
6.8, 6.6) w > 8d°In(2d); Var?/(27D?) for composed functions of degree Lean-verified

at most D = ab (D > 2, w > 4D?) (weaker constant)
Linear statistics MaxInf > I?/(324 d?r) for r statistics at the natural proved here 6
(Thm. 6.9) smoothness scale
Graph properties ~ MaxInf > Var®/(1.9 - 10°d"%) for every graph property of proved here 6.5
(Thm. 6.16) degree d, by Zhandry’s clone-and-subsample technique
Transitive classes in fixed degree, and torus-bounded polynomials
Graph properties  sharp limit constant as the number of vertices tends to proved here, 6.5
(Thms. 6.14, 6.15) infinity; MaxInf > Var?/97 for d < 3 (Thm. 6.15) computer-assisted
Cyclic nVarf <9 for d =2 and < 1961 for d = 3; nW! < d2, proved here 6.6
(Thms. 6.18-6.20) nW? < 2d* nW? < 54d° for every d
Torus-bounded block-symmetric: MaxInf > (Var/b)?, free of d; reduced to the proved here E

TABLE 1. Main results: a general bound, structure and special classes.
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Result Statement Status Sec
Reformulations, the route to the quasi-polynomial bound, and obstructions
Equivalent forms  leaf-wise tree statements, nearly Boolean functions, product proved here 4,7,
(Thms. 4.17, 7.3,  selectors, one-scale restriction transfer: each is equivalent to G
7.4, G.4) the conjecture up to polynomial losses
Touching transfer conjecture (exponent at most the cap C') = TT with proved here; both 8
(Thm. 8.7) polynomial loss = MaxInf > (Var/d)?1°¢9); TT fails for implications
losses L < dlf"(l); without the conjecture, T'T holds at a Lean-verified; the
0-dependent loss with a quasi-polynomial prefactor 0-dependent form
(Prop. 10.3, via Thm. 10.26) audited, not
Lean-verified
Spikes after priming via real block sensitivity; a captured spike carries proved here (tools 9
restriction (Sec. 9, little mass (Lemma 9.8), so capture hypotheses are false, audited); SM-OF
App. J) equivalent to TT, or imply the small-spiked-mass condition with a
SM (Thm. 9.9); size-biased tools (RL1, the Load Lemma, quasi-polynomial
Thm. 9.14); SM for old-free functions at rate % (SM-OF) with prefactor proved
a O-free loss (polynomial prefactor, f-exponent at most here, audited; open
1/(2T), T = [log,(2ed)]) would give MaxInf > (Var/d)°(°e®; with a polynomial
with a quasi-polynomial prefactor it is proved in Sec. 10 and  prefactor
gives Thm. 10.1; at the loss poly(d) 62 it holds (Lemma 9.20)
and gives nothing new; at a 0-free loss, two of its three pieces
are proved
One restriction at  spike forcing at a polynomial threshold; a conditional theorem proved here 11
rate 1/d (Sec. 11)  in capture, amplification and bounded-delayed-activation (audited; constants
forms, with bounds (Var/d)?™"m, (Var/d)*?58% and of Prop. 11.12
(Var/d)?#®5T2¢ (Thm. 11.5), circular as a reduction but unaudited); ASR
unconditional for heavy juntas and the class G (Cor. 11.7); open
bias triggers fail (address functions, parity gates); the
anti-spike inequality ASR implies the conjecture (Prop. 11.12)
Capped routes juntas, €4 sums (¢ < 1), single coefficients, y-root sums: proved here 2.4,
(Props. 2.8, H.3, capped at 27 ¥: linear deficit transfer false where needed; H
H.4) [35, Conjecture 37| false, also in symmetric form
Barriers bounded F with VarF > ¢, MaxInf(F) < e~**(")) (5 the real proved here 7.4
(Props. 7.11, 7.12, sensitivity); linear dual certificates give at most
7.13) MaxInf > 4Var(log, n)?/n
Conjecture 1.1 MaxInf(f) > ¢(Varf/d)¢ open 12
Question 4.16 shallow z-trees with leaf root sums poly(k/V') on half of the  open 4
variance (suffices for the conjecture)
Conjecture 7.9 degree-free: every g: Q, — [—1,1] is e-close in L? to a open 7.3
decision tree of depth poly(rbs(g)/e), rbs the real block
sensitivity (implies the conjecture)
Conjecture 8.8 degree-free: LA(g;0,L) < Arbs(g)*/¢ for bounded g; implies  open 8
MaxlInf > (Var/d)?(C+1+2/e)leed) (prop, 8.9)
SM-OF, SM-OF (Def. 9.16) at a f-free loss (d/V)°Mo~¢, T < 1; open 9
polynomial would remove the factor exp(—O(log* d)) from Thm. 10.1;
prefactor implied by the conjecture
Question 11.11 anti-spike inequality: a relatively regular bounded function of open 11
degree d and small height is rarely spiked by one rate-1/d
restriction; implied by (LJ), implies the conjecture
(Prop. 11.12), not known to follow from it
Conjecture M.3 Var? < 4t >k OxInfy for biases of t-query algorithms; proved  open M

(quantum OSSS)

for t =1, for t = 2 up to the constant, and for nonadaptive
algorithms (constant 4); poly(t) form = polynomial classical
simulation

TABLE 2. Main results, continued: reformulations, routes, barriers and open statements.
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are capped, and the adaptive address function (Section 4.4) that the trees must in general be
adaptive. Section 5 combines the Helly property of subcubes with the Motzkin—Straus inequality
[39] (Lemma 5.1). Section 6 and Appendices B-F treat the remaining classes of Table 1 and,
in addition, disjoint-support and r-sparse separators (Theorems F.1 and F.3, Corollary F.4),
functions of one linear form (Theorem 6.12 for regular weights, and with a bound polynomial in
m for weights with a regular tail after m leading weights; Proposition 6.10 for general weights
at the natural scale), further wreath bounds (Theorems B.1 and B.8, Corollary B.9), local cyclic
functions (Theorem D.11) and product selectors on the torus (Theorem E.6). Graph properties,
cyclically invariant functions and wreath-symmetric functions are transitive, so the conjecture
for them in each fixed degree already follows from [19, Proposition 3.18] (Section 1.2). For graph
properties Theorem 6.16 gives a bound polynomial in both Varf and d; it applies the clone-
and-subsample technique of Zhandry’s small-range lemma [57, 58] to influences. The graph
and cyclic results in the third group of Table 1 are not bounds polynomial in d uniformly in
n, except on the first three Fourier levels of cyclically invariant functions and in the limit of
Theorem 6.14(ii). Theorems 6.18, 6.19 and 6.15 improve the constants obtained from the proof
of [19, Proposition 3.18], while the wreath bounds, Theorem 6.20, the limit in Theorem 6.14(ii)
and Theorem D.11 go beyond it. Section 7 collects statements equivalent to the conjecture, a
sufficient one (an average-case Nisan lemma, Theorem 7.5), a degree-free strengthening in terms
of real block sensitivity (Conjecture 7.9), and two barriers for proofs of the general statement
(Section 7.4); Section 8 treats the touching transfer and a degree-free condition that would
make it work (Conjecture 8.8). Section 9 analyses the spikes created by one restriction: priming
turns many captured spikes into large real block sensitivity, so captured spikes carry little mass,
and every capture-type hypothesis is false, equivalent to TT, or implies the small-spiked-mass
condition SM (Theorem 9.9). The remaining statement, the mass bound SM-OF for old-free
functions at rate %, holds at the loss poly(d) #~2; it is reduced, by an equivalence (Theorem 9.30),
to its large-jump part, with size-biased tools proved in Appendix J. Section 10 proves SM-OF at
a loss of f-exponent 1/(27") with a quasi-polynomial prefactor (Theorem 10.26). Its proof is a
recursion over chains of derivatives on a grid of heights, in which lightness is measured against a
fixed fraction of the node’s weight, and in which every node uses its own two-stage exploration
(Lemma 10.13). Through a chain with a #-dependent loss (Lemma 10.2), a variant of the
chain of Section 8, this gives the quasi-polynomial bound of Theorem 10.1. With a polynomial
prefactor SM-OF remains open. Through the greedy reduction of [2], Theorem 10.1 also gives
a classical simulation of t-query quantum algorithms on most inputs with exp(O(log4 t+logt -
log(1/(€0)))) queries (Corollary 10.29). Section 11 takes a single restriction at rate 1/d instead:
spike forcing at a polynomial threshold, admissible explorations and a small-bias estimate give
a conditional theorem with explicit polynomial exponents, which is circular as a reduction but
covers structured classes, and the residual is the regular case, some of whose hard instances
are products of nearly Boolean functions; there the gap becomes the anti-spike inequality of
Question 11.11. The appendices contain remarks on the literature, the long proofs and constant
chains of Section 6, torus-bounded polynomials, separators, the one-scale transfer with the
spike gadget and a search form (Appendix G), two refuted routes (a deficit transfer, and [35,
Conjecture 37]), the limits of the touching transfer, numerical evidence (Appendix N) and the
Lean 4 formalization (Appendix O). Appendix M proposes a quantum OSSS conjecture for
biases of quantum query algorithms and proves it for one query with the sharp constant 4, for
two queries with a larger constant, and for nonadaptive algorithms with the constant 4 in place
of 4¢; the last case gives a classical simulation of nonadaptive t-query algorithms on most inputs
with [4t2/(e*63)] queries (Corollary M.17).
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1.4. What remains open. Conjecture 1.1 itself. By Lemma 2.4 and Theorem 4.15 it is equiv-
alent, up to polynomial losses, to the following statement about bounded one-block forms
F = 3%,yjgi(2) of degree k and variance V: some z-decision tree of depth poly(k/V) has,
on average over its leaves, a y-variable of influence poly(V/k). By the gluing lemma it suffices
that a shallow tree make the leaf root sums ), [|g;[:[|2 polynomial on half of the variance (Ques-
tion 4.16). This holds for the selector classes of Sections 4 and 5 (for tree-mediated register
forms when the tree has polynomial depth) and, with the trivial tree, for the symmetric, block-
symmetric, wreath-symmetric and smooth-statistic classes of Section 6, whose proofs bound the
root sum Y Inf;( f)l/ 2. For cyclically invariant functions it is open, since it would give poly-
nomial bounds for them; for graph properties it is open as well, although Theorem 6.16 gives a
polynomial bound by another route. A positive answer implies the conjecture; we do not know
whether the conjecture implies a positive answer. The touching transfer TT with a polynomial
loss would give MaxInf(f) > (Varf/d)?0°&9) (Section 8); Theorem 10.1 reaches this bound up
to the factor exp(—O(log® d)). The mass bound SM-OF of Section 9 is the mass form of TT
that the methods of that section address. It implies TT. At a 6-free loss, with a polynomial
prefactor and f-exponent at most 1/(27) with T" = [logy(2ed)] (Conjecture 9.29 at such an
exponent), it would remove that factor. Section 10 proves it with a quasi-polynomial prefactor,
and Remark 10.27 explains why that scheme gives this prefactor. At the loss poly(d) #~2 SM-OF
holds unconditionally (Lemma 9.20, Proposition 9.21) and gives nothing new; Table 4 lists what
each f-exponent would give. SM-OF at a 6-free loss is implied by the conjecture (Remark 9.18),
and it is not known to be equivalent to it. Along the one-shot route of Section 11 the gap is
the anti-spike inequality of Question 11.11: it implies the conjecture, it follows from the large-
jump bound (LJ), some of its hard instances are products of nearly Boolean counterexamples
of lower degree, and it is not known to follow from the conjecture. For biases of quantum query
algorithms, the quantum OSSS conjecture (Conjecture M.3) is open in general for adaptive al-
gorithms with ¢ > 2 queries; with any constant polynomial in ¢ it would give Conjecture 1.1 for
these biases, and hence a classical simulation of quantum query algorithms on most inputs with
polynomially many queries (Appendix M). Section 12 states the remaining gap and the other
open problems.

2. PRELIMINARIES

2.1. Notation. For f: Q, — R and i € [n] let 277! be z with 2; set to 1, % be 2 with z;
flipped, and

dif () = 3(f@ ) = f@™7h) = Y F(8)25\,
531
which does not depend on z;. Then Inf;(f) = E(d; f)? = 1E(f(x) — f(z®))?, the total influence
is I(f)=>_;Inf;(f) =>_¢g ]S|f'(5’)2, and Varf < I(f) < (deg f)Varf. For 0 <a <b let
wletl(py = 32 Fs2 1= 30 ISIFs?, wh=wiL st W,

a<|S|<b a<|S|<b
For p > 1, |||, = (E|f|P)}/P. We use the L' quantities
M) =D Idif e M(f) =max|diflli,  Aa(f) = max||dif]> = MaxInf(f)"/2.
The noise operator is T,,f = > ¢ p|5|f(S)xS; for [p| < 1 it is an average of f over a product

measure and maps By(n) to itself. Hypercontractivity (Bonami): ||T,gll2 < [|g]l14p2 for 0 < p <
1, and ||kl < (g — 1)¥/2||h||2 for degh < k and ¢ > 2 [41, Chapter 9].
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For vector-valued h: QQ,, — H, H a real Hilbert space, d;h is defined coordinatewise and
Inf,(h) = EHdﬂ’LHz

Decision trees. A decision tree D on Q, queries a coordinate at each internal node and
branches on its value; we always assume that no coordinate is queried twice on a path. A leaf ! is
a subcube {z : x;; = b1,...,x;, = bs}; py is its probability, and given [ the unqueried coordinates
are uniform and independent. The depth ¢ is the maximal path length, and §; = Pr[D queries i]
is the revealment of ¢; thus ), d; < t. A function is leaf-determined (computed by D) if it is
constant on every leaf. For g: @, — R we write g|; for the restriction of g to I, viewed as a
function of the free coordinates with the uniform measure, and E[- | {] for the corresponding
expectation.

2.2. The real-sensitivity bound. We use the following classical lemma of Ehlich—Zeller and
Rivlin—Cheney [17, 44], in the form of [40, Theorem 3.3].

Lemma 2.1 ([known]). Let q be a real polynomial, m > 1, and suppose by < q(i) < by for all
integers 0 < i < m and |¢'(€)| > ¢ > 0 for some real £ € [0,m]. Thendegq > \/em/(c+ by — by).

Proof (for completeness). Let d = degq > 1 and ¢ = maxy ) |¢'| > c¢. Every x € [0,m] is
within 1/2 of an integer i € [0,m], so |¢(z) — q(i)] < /2 and ¢([0,m]) lies in an interval
of length by — by + ¢/. Markov’s inequality on [0,m] gives ¢ < d?(by — by + ¢)/m, ie. d* >
dm/(c 4+ by —b1) > em/(c+ by —b1), as & — xm/(x + by — by) is nondecreasing. O

Lemma 2.2 (real sensitivity bound; [known|, cf. [19, Theorem 3.3], [43, Corollary 2.12]). For
every f € Byg(n) and every z € Qy,

> ldif(2)] < 4d”.
=1

Proof. Replacing f by z +— f(z ® x) (coordinatewise product), which has the same degree and
range, we may assume z = 1 = (1,...,1). Let P = {i : f(1%%) > f(1)} and m = |P|; assume
m > 1. For T C P let 19T be 1 with the coordinates in T flipped, and for k = 0,...,m put
q(k) = Ercp, rj=kf (1%T) (T uniform among k-subsets). Since f(197) =3¢ F(S)(=1)I57T1 and

—D)PFT = T a-2-1fieT)= > (-2PhwcT),

iesnp UCsSnp
k(k—1)---(k—|U|+1)
Pr|UCT|=
|T|£k[ €Tl m(m—1)---(m—|U|+1)’

q agrees on {0,...,m} with a real polynomial of degree at most maxg[S N P| < d, and |¢| <1
there. Moreover ¢(1) — ¢(0) = A/m with A =Y. p(f(1%") — f(1)) € (0,2m], so ¢'(§) = A/m
for some £ € (0,1). Lemma 2.1 with ¢ = A/m and by — by = 2 gives d* > A/(A/m +2) > A/4.
Applying the same argument to — f handles {i : f(1%") < f(1)}. Hence Y, | f(1)— f(1%)| < 842,
and |d; f(1)] = 3f(1) — fF(1F)]. O
Remark 2.3. The sharp constant is d? [19, Theorem 3.3] (via a Banach-space Markov inequality);

it is attained asymptotically by Ty(n=!>". x;) at 1. All constants 4d? below may be replaced
by d?. Averaging over z gives A1(f) < 4d? for f € By.

2.3. One-block forms and the gradient form. A one-block form is F(y,z) = 37", y;9;(2)
on Qm X Qn, with degg; < k. It is bounded (|F| < 1) if and only if ,[g;(2)| < 1 for all z.
Since the y; are orthonormal and independent of z,

(1) VarF =V :=Y Egj,  Inf, (F)=Eg;, Inf,(F)=> Infi(g).
J J
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We write € = ¢(F) = max; Eg? and 7 = 7(F) = max; Inf, (F), so MaxInf(F") = max(e, 7); note
V<E(}; lg;])> < 1. The root sum of the family is R = > llgjll2-

Lemma 2.4 (gradient form; [known] [43, Definition 1.1, Theorem 2.13], explicit constants). For
f € Ba(n) let F(y,z) = (4d®)™' Y% yidif(2) on Qan. Then F € By(2n), EF =0, and

_I(f) _ Varf _ Infi(f)
k= Toat = Tear M) = g
(S| = 1)F(S)* _ (d—1)Inf;

Consequently, if Conjecture 1.1 holds for one-block forms with constants c,C, then it holds for
all f € By in the form MaxInf(f) > 16d®c (Varf/(16d°))°.

Proof. Boundedness is Lemma 2.2. In Fourier terms F = (4d?)71Y ¢ f(S) Y ics y; 25\ and
the monomials y;2°\{"} are distinct for distinct pairs (1,5); this gives the degree bound and all for-
mulas. For the consequence, MaxInf(F) < max(1,d — 1)MaxInf(f)/(16d*) < MaxInf(f)/(16d®)
and VarF > Varf/(16d*). O

>

Proposition 2.5 ([known| [43, eq. (1) and Theorem 2.13]). For f € By, MaxInf(f)
eI (f)?/(16d%).

Proof. By Lemma 2.2, > . |ld;f]1 < 4d?; since degd;f < d — 1, ||d;f]l2 < ed_1|]d¢f||1 [41,

Theorem 9.22]. Hence I(f) = >, |d;f||3 < MaxInf(f)/23; ||d;fll2 < MaxInf(f)"/24d?edL.
U

Remark 2.6 (logn losses are harmless; [known], cf. [35, ECCC version, Comment 1.3]). Let
f € Baq(n) and € = Var(f)/2. By the DFKO junta theorem [16, Theorem 1] there is a set J with
|J| < 20 /2 and a function of z; within L?-distance €'/2 of f. Then g = E[f | x,] satisfies
g € Bq(|J|), Varf — Varg = || f — g||3 < € (so Varg > Varf/2), and Inf;(g) = > ,c9c f(8)? <
Inf;(f). Hence any bound of the form MaxInf(f) > poly(Varf/d)/polylog(n), valid for all n,
implies Conjecture 1.1. (Losses polynomial in n only give back 2*O(d).)

2.4. The address function and three capped routes. Let k> 1, N = 2% and ¢: Q;, — [N]
a bijection. The address function is

Addrg(a, z) = z,(q), a € Q, T €QN.
Proposition 2.7 ([standard]). Addry, is Boolean, deg Addry = k+1, VarAddry, = 1, Inf,, = 27%

for every target b, Inf, = 1/2 for every address bit, and every Fourier coefficient satisfies
Addr(9)% € {0,47%}.

Proof. With B(b) = 17Y(b), 1la = B] = HZHTBW’ = 27k 2 TCK] BTa’, so Addry =
2785 S B(b) T zpa’, a sum of 4% distinet monomials with coefficients +£27%.  Hence
the degree is k + 1, EAddry, = 0, Var = 1, Inf,, = 2¥47% and Inf,, = 2F2F-14-F = 1/2. O

Proposition 2.8 (capped routes; [proved here]). Let f = Addrg, sod =deg f = k+1, Varf =1
and MaxInf f = 1/2.
() Juntas. If J is a set of coordinates with } gg ; f(S)2 < 1/2, then J contains at least
2k=1 targets. Hence the (true) implication “||f —g||3 < & for an L-junta g = MaxInff >
(Varf —e)/L” cannot give better than 2'7%.
(i) £, sums. For every ¢ < 1, 3, Inf;(f)? > 2F(=9; 50 no bound 3, Inf? < poly(d) holds
on By.
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(iii) Single coefficients. maxg ]?(S)2 =47%: 50 no bound maxg_ fA‘(S)2 > poly(Varf/d) holds
on By.

(iv) y-root sums. As a one-block form, f(a,x) =), xpgp(a) with gy = 1[e(-) = b, >} |gs| =
1, and 3, |lgslla = 2¥/2. Hence the one-line argument of Proposition 2.5 (which uses
only y-influences) cannot be improved beyond 27F for one-block forms; any proof must
use the influences of the z-variables (the address bits).

Proof. (i) Each target b ¢ J contributes the 2¥ monomials xpa”, of total weight 27%, to
>_5qJ f(9)?; so at most 2¥~! targets lie outside .J. (ii) The 2 targets contribute 2% . 27%4,
(iii) and (iv) are immediate from Proposition 2.7. O

3. TOP-HEAVINESS
In this section 7 = MaxInf(f).

3.1. The level-k inequality on derivatives.
Lemma 3.1 ([known|; Bonami-Hoélder, as in [28, 52], [41, §9.6]). Let g: Qn — R, k > 0 and
5 € (0,1]. Then W=F(g) < 5_k\|g\|%+5. In particular:

(a) if lg| < 1 then W=F(g) < §~*|gl|}/*;

(b) W=k(g) < 3gll1llgll2-
Proof. Let ¢ = 14 1/6 > 2, with conjugate exponent 1 + §, and g=F = Z‘S‘Sk/g\(S)mS. By
Hélder and Bonami’s inequality (||h]|, < (¢ — 1)%/2||h||2 for degh < k),

W=k(g) = Elg =" < lglli+sllg="lg < llglirs 52 W=k(g)!/2.

(a) If |g| < 1 then E|g|'*® < E|g|. (b) Take § = 1/3; by Holder with exponents 3/2 and 3,
Elg|*/* = E[lg|*®|g[*/*] < (E|g))**(Eg®)'/?, ie. |lg]3/5 < llgllillgll2- O

Theorem 3.2 ([standard]; part (b) is in substance [29, Lemma 4.4]). Let G: Q, — [—1,1] (no
degree assumption) and k > 0. Then

(a) for every 6 € (0,1]:  WIILAI(G) < TIFHI(G) < 578 X (G) 175 A1(G);
(b) IMHU(G) < 38 52, [|di Gl |diGll2 < 3 X2(G) A1(G).
Since |d;G| < 1 we have \o(G) < M\ (G)Y/2, so (b) is at least as strong as (a) with § = 1/3.
Proof. Fix i and let g = d;G, so |g| < 1. For T' i, g(T) = G(T U {i}), and §(T) = 0 if i € T;
hence W=k(d,G) = ESBZ,|S|§k+1 G(S) and
D WG = D0 [81G(8)* = 1MH(G).
i

1<|S|<k+1

H
01

(a) By Lemma 3.1(a), W=k(d;G) < 6% d;G )| a6y < 67FA(G) =9/ (49 || 4, G|y
sum over i. (b) Lemma 3.1(b), summed over 4. Finally ||d;G||3 < ||d;G||1 because |d;G| < 1. O

The degree of f enters only through A;(f) < 4d? (Lemma 2.2) and \o(f) = MaxInf(f)'/2.

Corollary 3.3 (counterexamples are top-heavy; [proved here]; known in substance [29,
Lemma 4.4]). For every f € By and every k > 0,

W[l,k+1] (f) 2
> | —) .
MaxInf(f) > ( WPRL )
Equivalently, WIl(f) < 4d? 37-"MaxInf(f)'/? for all j > 1. In quantile form: if ¢ € (0,1],
Varf > 0, and j, = min{j > 1: WLl(f) > gVarf}, then MaxInf(f) > (anrf/ (4d? 37a—1) )
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Proof. Theorem 3.2(b) with G = f, Aao(f) = MaxInf(f)'/? and A;(f) < 4d?. For the quantile
form take k = j, — 1 (j, < d exists since W4(f) = Varf). O

In particular, if WIJI(f) > Var(f)/d* for some j < 1 + logzd, then MaxInf(f) >
Var(f)2/(16d24+6). Thus a counterexample to Conjecture 1.1 must have all but a polyno-
mially small part of its Fourier weight above level clogd. With exponent 2 the corollary is
essentially [29, Lemma 4.4]; Theorem 3.2(a) with 6 = 1/3 alone gives only the weaker bound
MaxInf(f) > (WEH () /(4d23F))4.

The relation of Corollary 3.3 to the tail theorem of [12] is discussed in Remark A.1 (Appen-
dix A).

Remark 3.4 (top-heaviness does not control spikiness; [proved here]). Let By, ..., By be disjoint
blocks of size k and f(a,z) = xp,,, (), a € Q, where xp(z) = B 1 Qp — [2¥] is a bijection,
B(b) = .7 1(b) € Q is the address of block b, and (b)Y = [],c;; B(b);. Then f(U U By) =
27%3(b)Y, so every monomial contains a full block: W<¥(f) =0, deg f = 2k, and f is Boolean.
For j € By, dif = 1[a = B(b)]xp,\(y> so |difll2/lldjflly = 28/% = 2d%¢//4 the maximal
“spikiness” allowed by hypercontractivity up to the base. Nevertheless every address bit has
influence 1/2. So any improvement over Proposition 2.5 for top-heavy functions must exploit
small MaxInf, not top-heaviness alone.

3.2. Lipschitz images and level sets.

Theorem 3.5 (Lipschitz images of counterexamples are top-heavy; [proved here]). Let f € By,
7 = MaxInf(f), and let P: [—1,1] — [—1,1] be L-Lipschitz (not necessarily a polynomial). Then
for every k >0,

wibkt(po £y < T0F1(P o f) < 44?3 L min{1, Lv/7}.

Proof. Let G = Po f: @, — [-1,1]. Pointwise, |d;G(z)| = %|P(f(x’_’1)) — P(f(z"71)] <
L|d;f(z)|. Hence A1(G) < LA1(f) < 4d*L and \y(G) < min{1, LA2(f)} = min{1, L\/7}. Apply
Theorem 3.2(b). O

The same argument applies to any G: Q,, — [—1, 1] with |d;G| < L|d; f| pointwise, and, since
d;T, = pT,d; and T, is a contraction on every LP, to T,(P o f).

Theorem 3.6 (level sets of counterexamples are noise sensitive on average; [proved here]). Let
f € Bg with 7 = MaxInf(f) > 0, and hg = 1{f > 0}. Then for every k > 0,

1
/ WLk (heydo < (1642 3% + 2) 71/6.
-1
Proof. Let L > 0 and Py(s) = min{1l, max{0, L(s — €)}}, which is L-Lipschitz with values in

[0,1]. Then Pyo f = hy except on {§ < f < 6+ 1/L}, where they differ by at most 1; hence
|Poof—hgll3 <Prl < f<60+1/L] and

1
1
/ 1Poo f—hell3d0 <E[{0:f—1/L<0<f} <.
1

Since WILEF1(.) = ||TT - ||3 for an orthogonal projection IT, WA+ (ny) < 2WlLA+H(P, o f) +
2||Py o f — hgl|3. By Theorem 3.5, WLk (Pyo f) < 4d?3¥L?\/7. Integrating over 6 € [—1,1],

1
2
/ WLk (hg) d < 16d% 3 L2 /T + o
-1

and L = 771/6 gives the claim. O
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Remark 3.7. Since f 4+ 1 = fil hg df, Minkowski’s and the Cauchy—Schwarz inequality give
WLEl(f) <2 f_ll WKl (hy) dh, so Theorem 3.6 contains a weak form of Corollary 3.3. Writing

>_540 plSIh($)2 < Wtml(h) 4 p™+1Varh shows that for a counterexample the level sets hg
have, on average over , noise stability at most (Ehg)? plus a polynomially small quantity, for
every fixed noise rate 1 — p > ¢ > 0 (quantitatively, by Corollary 5.12(3), an average excess
stability 7 forces MaxInf(f) > (n/(36d?)) 3-6m(1/n/(=r). at noise rate ¢/logd this is only
quasi-polynomial).

Remark 3.8 (images cannot create low-level weight; [proved here]). Theorem 3.5 cannot be
reversed by choosing a clever P. Let Aj, Ao be copies of Addry on disjoint sets of variables and
f=(A1+ Ay)/2 € {-1,0,1}; then Varf = 1/2 and MaxInff = 1/8. Every P: {-1,0,1} —
[—1,1] satisfies Po f = o+ Bf +vf% with |3] < 1, |y| < 2, and f2 = (1 + A142)/2. By

Proposition 2.7, W™ (Addr,) = 27F > i<m (’;) < 27FEm = w for k > 2, and WIL™(A;45) <

w? because the two factors are independent. Hence, if w < 1, W[l’m](P of) < 2(52% + %uﬂ) <
3w. For m = O(logd), d = k + 1, this is 27 *t°() while Varf = 1/2.

4. GLUING ALONG DECISION TREES

Throughout this section F(y,z) = >, y;9;(2) is a bounded one-block form (3, |g;| < 1
pointwise) with degg; < k, and V,e,7 are as in (1). For a decision tree D on the z-variables
with leaves [ we write

Cj1 = ]E[g? | l]1/27 W = ZCJQ'Z = VaI'(Fh), Rl = chl) KD = Zpl Zc;%la
J J ! J

so that V = >, pV; and 032'1 = Inf, (F|;), where F'|; is the restriction of F' to the leaf. Let

Tp = max;ep Inf,, (F'), the maximum over the variables queried by D.

4.1. A vector-valued OSSS inequality.

Theorem 4.1 ([known]: [42, Theorems 3.1-3.3, Corollary 3.4] and the proof of [42, eq. (6)];
see the paragraph Sources after the proof). Let D be a decision tree on @, of depth t with
revealments &;, let H be a real Hilbert space, let f: Q, — H be leaf-determined and h: Q, — H
arbitrary, and Cov(f,h) =E(f,h) — (Ef,Eh). Then

(L1) |Cov(f,h)| < sup||f(z)]] Z@EIIdthL

(1) (Cov (1) < If ~ B (26 3 aimts()

Proof. Let x,y be independent and uniform on @,. Run D on z; let s < t be the number
of queries and i1, ...,is the (distinct) queried coordinates, J = {i1,...,is}. For 0 < m <t
let 2(™ be z with the coordinates i, .. - Imin(m,s) Teplaced by those of y; thus 20 = 2 and
20 = w = (yy,z50).

Step 1. Conditionally on the leaf of x, which is an event {z;, = b1,...,x;, = bs} with fixed i’s
and b’s, the coordinates x jc are uniform and y is independent and uniform; hence u is uniform
and independent of the leaf. Since f(x) depends only on the leaf, E(f(z), h(u)) = (Ef,Eh), and
since z and u are both uniform,

Cov(f,h) = E(f(x), h(x) — h(u)) = E(f(z) — Ef, h(x) = h(u)).
Step 2. h(x) — h(u) = Y24 | Ay with Ay, = h(20"7D) — h(2(™), and A, = 0 if m > s.
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Step 3. Fix a node of D at depth m — 1, labelled by the coordinate i, and let E; = {z; =
by, 7 < m} be the event that x reaches it; E; depends only on z;,,...,2; _,. Conditionally

(m—1)

on K., z has the independent uniform coordinates v;,,...,¥;, _, in those positions and

uniform coordinates of z elsewhere, so 2(™~1 is uniform; and 2™ is 2(™~1 with coordinate
i ¢ {i1,...,im—1} replaced by the independent uniform bit y;. With probability 1/2 nothing
changes, and otherwise coordinate i is flipped, where ||h(w) — h(w®)|| = 2||d;h(w)]||. Hence for
p € {1,2},

E[||An|P1{m < s, ip, =i} =Prm < s, in, = i] 2P E||d;R|P.

Since no coordinate is queried twice on a path, 3>t _ Prim < s, iy, = i] = §;.

(L1): [Cov(f,h)| < supllfl X, ElAull = sup[lfI S, 6E[dih]. (L2): by Cauchy-
Schwarz, [Cov(f,h)| < |f — Efllo >ty Bl A2 < |If = Eflls VE(X,, EllAw[2)Y2, and
ZmEHAmHQ =25, 6;Inf;(h). O

Sources. [42, Theorems 3.1-3.2] are stated for functions with values in a metric space, so they
include Hilbert space; there the influence re-randomizes a coordinate, which for uniform bits
is half the flip version used here. Theorem 3.1 gives (L1) for h = f, and Theorem 3.2 a two-
function form. The squared-norm version, with the depth factor as in (L2), is [42, Theorem 3.3,
Corollary 3.4]. The covariance form with a Hilbert-valued leaf-determined f is not stated in
[42]; it follows from the proof of [42, eq. (6)] with Cauchy—Schwarz, which is the proof above.

Numerical remarks on the factor ¢ are in Remark N.1 (Appendix N).

4.2. The gluing lemma. Prior work. The closest statements in print are [29, Theorem 6.4] (a
decision tree yields an influential variable, via OSSS), [35, Claim 33] (an equivalent form of the
conjecture via a single restriction of small variance) and the closing remark of [12] (a shallow
tree that finds influential coordinates of restrictions would give the conjecture). The inequality
Inf;(f) > EjearInf;(f|iear) for every i is folklore (flipping a coordinate that is not queried keeps
the leaf), and a union bound over the leaves loses a factor 27¢; the new part of Theorems 4.2
and 4.4 is the loss polynomial in .

Theorem 4.2 (gluing lemma; [proved here]). Let F' be a bounded one-block form and D a
decision tree on the z-variables of depth t > 1. Then

kp—eV < 8tY &Inf. (F) < 87p.
i
Proof. Let H = {5 (indexed by j) and consider the mass vector q(z) = (g;j(2)?); € H. Put
mj = Egjz. Then Efg | I] = (C?l)j and Eq = (m;);. Let f = E[q | leaf] — Eq, which is leaf-
determined with Ef = 0. Since ), plc?l =mj,

B=E|f2 =3 n 3 (& —m) = kp— 3 m? > kp—eV,
l J J
using ) m? < (max;m;) > ;mj =¢eV. As f is leaf-determined, Cov(f,q) = E(f,E[q | leaf]) =
E(f, f + Eq) = B. Theorem 4.1(L2) gives B < BY2(2tY", 8;Inf;(q))"/?, i.e. B <2t ", &Inf;(q).
Finally, with gjj.E = g;(z"7%D), di(g7) = (g;-“—l—gj_) d;g; and ]gji\ < 1,s0Infi(q) = >, E(di(97))* <
43 E(d;g;)? = 4Inf,(F). The last inequality uses §; = 0 for i ¢ D and ), 6; < t. O

The lemma is “degree-free”: k does not appear. Note that kp > E; max; Infy].(F]l)Q; so the
lemma glues heavy y-variables at the leaves of a shallow tree into a heavy variable of F, at the
cost 9t (see Theorem 4.15). Applying Theorem 4.1 to h = (g;); instead of the mass vector can
be useless: for g; = 1[T'(z) = j] z.(;), where T is a decision tree and the z,(;) are fresh variables,
one has E[h | leaf of T] = 0.
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Corollary 4.3 (leaf root sums; [proved here]). If R; < R for every leaf | of D (depth t > 1),
then kp > V3/R? and
V3
> —.
~ 16R?*¢?
Fort =0 (no tree) the same argument gives € > V?/R?, where R = > lgill2-

max(e, 7p)

. . 2/3 4/3 2/3
Proof. By Holder with exponents 3/2 and 3, V; = >, le/ cﬂ/ < Rl/ (> 0?1)1/3, 0 D, C?z >
V?/R?; by Jensen, kp > R™*%,pV> > V3/R?. By Theorem 4.2, V?/R* < eV + 8t>1p, so
e >V?%/(2R?) or 7p > V3/(16R*?), and V?/(2R?) > V3 /(16 R?*t?) since V < 1 < t. For t = 0:

V=3 llg;l3 <R O
4.3. Gluing for general functions and closure under shallow switching.

Theorem 4.4 (gluing inequality; [proved here]). For every f € By and every decision tree T of
depth t > 1 with leaves | (restrictions f|;),

E; [MaxInf(f|;)?]

144 d> t?
Proof. Apply Theorem 4.2 to the gradient form F of Lemma 2.4, g; = d;f/(4d?), with T re-
garded as a tree on the z-variables. If i is not queried on the path to [ then (d;f)]; = d;(f|;),
so E[(d;f)? | 1] = Inf;(f];), and Inf;(f|;) = O for queried i; hence xkr > E,max;E[g? |
1?2 > EMaxInf(f|;)%/(256d%). On the other side, by Lemma 2.4, ¢ = MaxInf(f)/(16d%),
V =1(f)/(16d*) < d/(16d*) and 71 < (d — 1)MaxInf(f)/(16d*), so

MaxInf(f) >

9 1 t2 9t>
ky < eV 4+ 8t“mp < MaxInf(f)(m + ﬁ) < @Maxlnf(f).

i 3 E;MaxInf 2
Comparing, MaxInf(f) > 157% . %nds(f‘l)_ O

The trivial bound is MaxInf(f) > max; pyMaxInf(f|;), which is exponentially small in ¢.

Theorem 4.5 (closure under shallow switching; [proved here]). Let C C By be a class with
MaxInf(h) > ¢(Varh/d) for all h € C, where C > % If f € By and f|; € C for every leaf | of a
decision tree of depth t > 1, then

Var(f)2 c%(Varf/(2d))*¢
42 7 144 ddt? )

Proof. Let ¢ = E[f | leaf], which is leaf-determined with |p| < 1. Then Varf = B+ W

with B = Varg = Cov(yp, f) and W = E;Var(f|;). By Theorem 4.1(L1) with H = R, B <

S 6iE|dif| < tMaxInf(f)'/?; so if B > Varf/2 then MaxInf(f) > Var(f)?/(4t?). Otherwise

W > Varf/2, and by Jensen (2C > 1) E;MaxInf(f|;)? > *Ei(Var(f];)/d)?¢ > 2(W/d)*C;

apply Theorem 4.4. O

MaxInf(f) > min(

Classes that can be used in Theorem 4.5 include symmetric and block-symmetric func-
tions (Proposition 6.2 and Theorem 6.4), Boolean functions, and functions with root influence

> Infy2 < poly(d).
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4.4. Register lemmas: where complete boundedness is used.

Lemma 4.6 (register lemma; [proved here], the conclusion is known: [23, Remark 4.1] for
homogeneous forms, cf. [24, Theorem 1.3]). Let H be a Hilbert space, and for s = 1,...,t let
P§, ..., PS be mutually orthogonal projections with Y, P? = I, and mws(x) = Py + > ", z; Pf.
Let Vi,...,Vi_1 be contractions, ||u|,||v]| <1, and

T(xl, . ,CL‘t) = (u, 771(3:1)1/1772(:1:2)‘/2 cee Vt,lm(:nt)v), (acl, .. ,mt) € Qfm

Then for every block s, 377, Inf,s (T)Y/? < 1, where Inf,s (T) = E|dx§T|2.
Proof. For x € Qy, ms(z) is a self-adjoint unitary. 7' is affine in 273, and
dI;T - <CL, ‘P‘]Sb>7 a = (7[-].(331)‘/1 e 7'['571(1’8_1)‘/;71)*“’ b — ‘/S’]TS+]. (':Cs+1) e ‘/2,17Tt($t)’l},

with ||a||, [|b]| < 1; a depends only on <% and b only on z”%. Let p, = Eaa* and p, = Ebb*,

positive operators of trace at most 1. By independence,

Infy: (T) = Etr(P;jbb* Pjaa®) = tr((PjpaP;)(PjpsP;)) < tr(Pjpa) tr(Pjps),
since tr(AB) < trA||B| < trAtrB for positive A, B. By Cauchy-Schwarz and } ;- P; < I,
> Infas ()12 < (trpa trpy)'/? < 1. O

By the Christensen—Sinclair factorization (as used in [4]), a t-linear form on ¢2+! of cb norm
at most 1 has a representation as in Lemma 4.6 in which the coordinate ¢ = 1 carries P§ (this
needs the factorization with unital representations; the proof of Lemma 4.6 uses only > >, P’ < I);
for homogeneous block-multilinear forms (P§ = 0) Lemma 4.6 is the root-influence inequality
of [23, Remark 4.1] for every block, and summing over s gives the bound of [24, Theorem 1.3].
(We have not compared the convention with a free constant coordinate with the normalization
of the ¢b norm in [7, 24] for non-homogeneous forms.) The lemma isolates the mechanism: a
derivative of a cb form is a pairing of two bounded vector fields depending on disjoint sets of
variables, localized by orthogonal projections. The next three lemmas quantify what is lost when
the two fields share variables.

Lemma 4.7 (decoupled registers; [proved here]). Let z = (2',2") be a splitting of the variables
into two disjoint sets, and g;j(z) = (A;(2'), Bj(2")) with Zj]EHAsz <1 and EjEHBjHQ <1
Then 3, |lgjll2 < 1; consequently every one-block form F'= 3. y;g; (bounded or not) satisfies
max; Inf, (F) > Var(F)?

Proof. With p}“ =EA;Aj and pf = EB; B}, independence gives lg;ll3 = tr(pfpf) < terA tr,of,
and Cauchy-Schwarz gives >, ||gjll2 < (ZjE|\Aj|]2)1/2(zjEHBjHQ)l/Q < 1. Then VarF =

> lgills < max;[lgill2 3=, llgjll2 < max; [|gjlle- O

Lemma 4.8 (shared coordinates; [proved here], tight). Let U, W, U’ be disjoint sets of variables,
a = a(zy,zw) and b = b(zw, zyr) with ||a], [|b|]| < 1 pointwise, Py, Ps,... mutually orthogonal
projections, and g; = (a, Pjb). Then Zj llgjll2 < 2AWI/2 with equality for the address function
(a=0b=e,s,, U=U" =0, P the projection onto e;).

Proof. Fix zy. As in the proof of Lemma 4.6, IE[gj2 | z2w] < oj(zw)Bi(zw) with «;
_ 1/2
tr(Pipa(zw)), B; = tr(Pipp(2w)), > 05 < 1,3, B < 1. Hence |lgjll2 < (271132, a;8)) /
2-IWl|/2 Zzw(ajﬁj)lﬂv and summing over j (Cauchy-Schwarz for each zw) gives >, ||g;ll2
27IWI/22IW1 For the address function g; = 1[t(zw) = j] and >illgjllz = 2k9—k/2,

O IA A
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Thus the number of shared (coupling) coordinates is the exact exponent of the loss between
the cb and the merely bounded setting.

Lemma 4.9 (tree-mediated coupling; [proved here]). Leta,b (||all,||b]| < 1), Pj and g; = (a, P;b)
be as above, and let D be a decision tree on z of depth t such that for every leaf [, conditionally
onl, a and b depend on disjoint sets of the free coordinates. Then R; < 1 for every leaf and

1/2
S lgille < Sym " < 272,
Proof. Given [ the free coordinates are uniform and independent, so the argument of Lemma 4.6
: 1/2 . 1/2
gives R; = 3, cjy < 1. Then ||gjl2 = (lelc§1)1/2 < Elpl/ cji; sum over j, and use Elpl/ <

(#leaves)/2 < 24/2, O

Corollary 4.10 (tree-mediated register forms; [proved here]). Let F' =3, y;g; be a bounded
one-block form and D a z-tree of deptht > 1 such that at every leafl the restricted family satisfies
the hypothesis of Lemma 4.7 (with respect to the conditional measure and some splitting of the
free coordinates depending on 1). Then max(e,7p) > V3/(16t2); this gives Conjecture 1.1 for
such forms whenever t < poly(k/V'). This applies in particular to g; = (a, Pjb) as in Lemma 4.9
(take Aj = Pja, Bj = P;jb), and these forms are automatically bounded.

Proof. Lemma 4.7 at each leaf gives R; < 1; apply Corollary 4.3. Boundedness of (a, P;b):
>_; [(Pja, Pib)| < [lal|[|b]| < 1. O

For the address function with D the tree of address bits (t = k), this gives MaxInf > 1/(16k?)
(the truth is 1/2); the same holds for the “adaptive address” in which the leaves of a complete
depth-k decision tree with distinct variables at all nodes select the output. For the latter with
k > 3, no nonadaptive tree of depth < 2 — 1 has R; < 1 at all leaves (as R; > 1/ max; cj; and
> i c?l = 1, such a tree must determine the leaf of the address tree), so the tree in Corollary 4.10
must in general be adaptive.

Remark 4.11 (independent blocks are essential; [proved here]). The address function Addry
is computed by a deterministic (k + 1)-query algorithm (query the k address bits, then the
addressed bit), hence by a (k + 1)-query quantum algorithm with output bias Addrg. By
[4, Theorem 1.3] there is a form T' of degree 2k + 2 with ||T'||ecp, < 1 and T((z,1),...,(z,1)) =
Addrg(z). Yet Y, Inf;(Addrg)'/? = k/v/2+2%/2. Hence no inequality of the form >, Inf;(p)'/? <
poly(degp) || T||ep holds for symmetrized (bias) polynomials p; this is consistent with Lemma 4.6,
which concerns forms in independent blocks. In the bias representation, the address bits are
read by the first and last blocks and the data bit by the middle blocks, which share the address
variables: this is exactly the situation of Lemma 4.8.

4.5. Dimension bounds and single-statistic selectors.

Proposition 4.12 (dimension bound; [proved here]). Let W C L*(Q,,) be a subspace of dimen-
sion D with orthonormal basis e1,...,ep and kernel diagonal Ay = ), e2 (the reciprocal of
the Christoffel function in the usual convention; here D is a dimension, not a decision tree). If
g; €W for all j, then

>lgills < (sup D lgi(2)l ) EAY < VD sup Y lgi(2)]
j S S

Equality holds for the address function (W = functions of the k address bits, Ay = 2F).

Proof. For ¢ € W, g = Y. (g,e/)er, so |g(z)] < |gll2Aw(2)*? by Cauchy-Schwarz.

Hence [gll} = Elgllgl < [glEllglAy), ie. lgllz < Ellg/Ay’].  Summing over j,
1/2 1/2

2 lgillz < B, 19:)A3], and EAY? < (EAw)Y2 = VD. O
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Applied at a leaf (with the conditional measure) this gives R; < (dimspan{g;|;})"/? for
bounded forms.

Corollary 4.13 (polynomial single-statistic selectors; [proved here]). Let s: Q, — R have
degree e > 1 and let gj = p; o s, where the ¢; are real polynomials of degree at most |k/e] and

> 19;l < 1. Then 3, |lgjllz < VEk+1 and e > V2/(k+1).

Proof. All g; lie in span{s” : 0 < r < |k/e]} (powers computed pointwise), of dimension at most
k + 1. Apply Proposition 4.12 and Corollary 4.3 with ¢ = 0. O

This covers “slab spikes” and Chebyshev bumps g; = ¢;(n"1/23", 2;): each such g; may
be exponentially spiky (||gjll2 > [lg;|l1), but only the dimension matters. For s = >, 2; and
symmetric g; the polynomial hypothesis is automatic, since a symmetric multilinear polynomial
of degree < k is a polynomial of degree < k in Zl z; [40]. The polynomial hypothesis cannot
be dropped: s(a) = SF_, 27a, is injective on Qy, so the address selectors g, = 1[a = B(b)] are
of the form ¢y 0 s (with ¢ of degree 2F — 1) and have cube degree k, but 3, [|gs|l2 = 2¥/? and
e=27F
4.6. The hybrid statement.

Theorem 4.14 (hybrid; [proved here]). Let F' be a bounded one-block form and D a z-tree of

depth t > 1. Suppose there is a set G of leaves with Y ,cpVi =2 V/2 and Ry < R forl € G.
Then
VS
> —.
— 128 R2t2
Proof. As in Corollary 4.3, kp > R™2 dica pﬂ/f, and by Holder

YemVi < (Cen)*P(CenVi)" < (CanV)Y
hence kp > V3/(8R?). Theorem 4.2 gives ¢ > V2/(16R?) or 7p > V3/(128 R*?). 0

max(e, 7p)

The leaf bounds R; < R may come from decoupling (Lemma 4.7: R; < 1), from dimension
(Proposition 4.12: R; < v/dim), or from sums of such pieces: if g;|; = g; + g7 then R} <
Zj ”9§H2 + Zj ||g;-'||2 by the triangle inequality; here each piece must satisfy the hypothesis of
the bound used for it on its own (for instance Proposition 4.12 requires control of sup > y \ g§-|,
and pieces of a bounded family need not be bounded). Examples covered: the address and
adaptive address functions (t = k, R = 1), slab spikes (Corollary 4.3 with ¢ =0, R = vk + 1),
polynomial single-statistic selectors applied after an address (t = k, R = vk + 1), and mixtures
of these.

4.7. An exact decision-tree reformulation. Say that one-block forms satisfy AA(c, C) if
max(e,7) > ¢(V/k)C for every k > 1 and every bounded one-block form with degg; < k; by
Lemma 2.4 and [43, Theorem 2.13] this is equivalent to Conjecture 1.1 up to polynomial losses.

Theorem 4.15 ([proved here]). The following are equivalent, with polynomial dependence be-
tween the constants.

(i) AAi(c,C) holds for some ¢,C > 0.
(it) There are ¢, C" such that every bounded one-block form with deg g; < k and variance V
admits a z-decision tree D of depth t < (k/V)<' /¢ with

Kp i=E nﬂ:;}XInfyj(Fh)2 > (V)Y
J
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Proof. (ii))=(i). If t = 0 then k), = 2. If t > 1, then kp > K, and Theorem 4.2 gives
K < eV 4821 < 9t? max(e,7), as V < 1 < t. Hence max(e, 7) > x’,/(9¢%), which is polynomial
in V/k.

(i)=(ii). Assume AA;(c,C) and let w = ¢(V/(4k))C. Build D by the rule: at a node p (a
partial assignment of z), if some unqueried z; has Inf, (F,) > w, query one such z;; otherwise
stop. Let I (F,) = >, Inf,,(F,). For i # 4, Inf;(g) = E.,Inf;(g.,) (as diy commutes with fixing
z;), and Inf;(g|.,) = 0; hence E., I (F, .,) = I.(F,)—Inf.,(F,) < I.(F,)—w whenever z; is queried
at p. Thus I,(F),, )+ wm is a supermartingale along the random path, and for the (bounded)
number N of queries, optional stopping gives wEN < L(F) = 3, I(g;) < k)_; Varg; < kV.
Truncate the tree at depth 7" = [4k/w]; by Markov’s inequality Pr[N > T] < V/4, and since
Vi <1 the truncated leaves carry > p;V; < V/4. Leaves with V; < V/4 carry less than V/4. The
remaining leaves [ were stopped by the rule and have V; > V/4; F|; is a bounded one-block form of
z-degree at most k with all z-influences < w, so AA1(c, C) gives max; Inf,, (F|;) > ¢(Vi/k)¢ > w.
These leaves carry > p;Vi > V/2, hence > p; > V/2, and w, > (V/2)w? = (V/2)c*(V/(4k))?C,
with depth T' = [4k/w]. O

Theorem 4.15 is the one-block analogue of the decision-tree form of the conjecture ([2, §3.1]
for one direction, [42] for the other; see also [12, §1]), with two differences: only z-variables are
queried, and the leaves are only required to have a heavy y-variable rather than small variance.

4.8. The remaining gap and its leaf-wise variant.

Question 4.16 (leaf root sums; [open]). Is it true that every bounded one-block form with
deg g; < k and variance V' has a z-decision tree of depth ¢t < poly(k/V') and a set G of leaves
with Y ,comVi > V/2 and R; < poly(k/V') for | € G?

By Theorem 4.14 and Lemma 2.4, a positive answer implies Conjecture 1.1; the answer
is positive in every class treated above. Section 12 discusses how far Question 4.16 is from
the conjecture (for instance, R < e* for every bounded family, by hypercontractivity as in
Proposition 2.5).

TRieat(t, R) is the statement: there are a z-tree of depth at most ¢ and, at each leaf [, a kept
index set 5y, with discarded mass >, p; > ¢, c?l < V/4 and kept root sums } ;¢ ¢y < R. The
heavy-y exit at depth ¢ with threshold A is the statement that there is a z-tree of depth at most
t whose leaves carrying at least (1 — ﬁ)V of the mass have some CJQ.Z > h. The halving lemma
with heavy-y exit HL(t, h) is the statement: for every bounded one-block form with degg; < k
and root sum > [|gjll2 < R, R > 2, there is a 2-tree of depth at most ¢ such that leaves carrying

at least a fraction 1 — i of the mass either have some 0]2] > h or have R; < R/2.

Theorem 4.17 ([proved here]).

(a) TRyeat(t, R) with t > 1 implies max(e,7) > 27V3/(1024t2R?). (b) AAi(c,C) implies
TRiear (16k /w, 4w=1/2) with w = ¢(V/(8k))C. (c) AAi(c,C) implies the heavy-y exit at depth
16k2/w’ with h = Vw'/(128k?), w' = ¢(V/(8k?))¢. Hence AA1, TRieat with polynomial pa-
rameters, and the halving lemma with heavy-y exit are equivalent up to polynomial losses; in
particular these tree statements are not weaker than the conjecture.

Proof. (a) Apply Lemma 5.9 with ¢j = ¢31{z € I, j € S;}: V' > 3V/4 and R}, < R. (b),
(c) Peeling. Fix 0 € (0,V/2], B € (0,1), w = ¢(8/k)¢. Each node carries a remaining index
set J' (initially all j) with remaining mass V' = 3., cinode. If V! < 0, stop (good leaf).
Otherwise apply AAi(c, C) to the restricted remaining family G' = 3, ;s y;jgjlnode: either some
cjz',node > w, and we peel j (move it to the kept set, no query), or some Inf, (G') > w, and
we query z;. Truncate (bad leaf) after T = 2k/(wfB) queries or M = 2/(wf) peels. The
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potential ® = >, Inf, (G’) satisfies ® < kV' at every node and ® < kV at the root; it drops
in expectation by at least w per query (for i’ # i, Inf.,(G") = E.,Inf., (G'|;,)) and does not
increase under peeling, so by optional stopping E[#queries] < kV/wj; the remaining mass is a
martingale under queries and drops by at least w per peel, so E[#peels] < V/w. By Markov’s
inequality the bad leaves have probability, hence mass, at most kV/(wT) + V/(wM) = SV.
A good leaf has remainder at most 6 and at most M kept indices, so its kept root sum is at
most VM. For (b) take § = V/8, f = 1/8: the discarded mass is at most § + BV = V/4,
VM = 4w=Y?%, and the depth is T = 16k/w. For (c) take § = V/(8k), B = 1/(8k): a
good leaf with V; > 260 has kept mass at least 6, hence some c?l > 0/M = Vw/(128k?),
and the remaining leaves carry at most SV + 20 < V/(2k). Converse. Assume HL(¢,h) and
iterate it N = [klog, €] times, starting from R < e (Proposition 2.5) and recursing only into
the halved leaves (restrictions of bounded forms are bounded forms); the tree has depth at
most tN. (Here t and h may depend polynomially on the variance of the form. Recurse only
into halved leaves with V; > V/(16N); the dropped leaves carry mass less than V/(16N) per
round, hence less than V/16 in total, and all forms to which HL is applied have variance at
least V/(16N), so t and h stay polynomial in k/V.) If the exited leaves carry probability at
least py = V/8, then kp > poh?, and Theorem 4.15 ((ii)=(i), kp < 9(tN)?max(e, 7)) gives
max(e,7) > poh?/(9t2N?). Otherwise, since each round loses at most a fraction sr of the
remaining mass and the exited leaves carry mass at most their probability, the halved leaves at
the end keep mass at least (1 — )NV —py > V/4 — V/8 — V/16, and their root sums are at
most max(2,eF27Y) = 2; Lemma 5.9 with these leaves gives max(e, 7) > (V/16)3/(64t2N?). O

Any violator of these tree statements therefore contains a restricted subfamily violating the
conjecture. Section 12 compares these statements with Question 4.16.

5. SUBCUBE STRUCTURES

By Proposition 2.5 and its proof, a counterexample must carry most of its influence on coordi-
nates j whose derivative is spiky, ||d;f|l2 > ||d;jf]1, i.e. concentrated on a small set. Lemma 2.2
says that these spikes overlap with multiplicity at most 4d? at every point. For the address
function the spike sets are subcubes carved by the same (address) coordinates, which therefore
have large influence. In this section we prove that this mechanism is forced when the spike sets
are exact subcubes. A subcube is a set C = {x : 2x = a} with K C [n], a € {—1,1}%; we call
K its set of fixed coordinates and | K| its codimension, and u(C) = 2~ K1,

5.1. The subcube cover lemma.

Lemma 5.1 (subcube cover lemma; [proved here]). Let Cj = {x : vx, = a;}, 1 < j < N,
be subcubes with |K;| < r and multiplicity at most M, i.e. 3 ;1c;(xz) < M for all x. Let

p; = u(Cj), =3, pj and load; = Zj:z‘eKj pj. Then

(D YD DT 1/%
maxloads > (7= =52) = L(57 - max).
Proof. Helly property. If Cj,,...,C}, intersect pairwise, the assignments aj,,...,a;,, agree

on every common fixed coordinate, so their union is a consistent partial assignment, and any
completion of it lies in all Cj;,. Hence a pairwise intersecting subfamily has at most M members:
the intersection graph H on [N] (j ~ L iff j # [ and C; N C; # 0) has clique number at most M.

Motzkin—Straus. For a graph with clique number w and a probability vector p, Z( 4.0) DiPi <1-
1/w, the sum over ordered pairs of adjacent vertices [39]. With p = /¥ the ordered intersecting
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pairs carry Zle witn < (1 —1/M)X2] so the ordered disjoint pairs (j # I, C;NC; = ) carry at
least %2 — > u? - (1—-1/M)X?=%2/M — P ,u?.

Attribution. Two disjoint subcubes disagree on some ¢ € K;NK;. Hence the disjoint pairs carry
at most ), Zj,l:ieK]ﬂKl pip = > ;load? < max;load; Y, load;, and 3, load; = > 1 Kjlpy <
. U

The Helly step is essential: the second-moment bound alone gives nothing, since
Y =E};1¢; < M always. For a decision-tree partition (M = 1) the root coordinate
has load 1, while the lemma guarantees only about 1/7; we do not know whether the factor 1/r
is necessary.

Corollary 5.2 (subcube-supported derivatives; [proved here]). Let f € By(n), d > 2, and
suppose there is ¢ > 0 such that for every j either d;f =0 ord;f = csjlc; withs;: Qn — {—1,1}
arbitrary and C; a subcube. Then MaxInf(f) > cI(f)/(32d*) > I(f)?/(128d%).

Proof. Let Cj = {zk, = a;}. Since 1¢, = (d;f)?/c? has degree at most 2d — 2 and a subcube
indicator has degree equal to its codimension, r := max; |K;| < 2d. By Lemma 2.2, c#{j : x €
Cit=>21dif(z)| < 4d?, so the multiplicity is at most M := 4d*/c. Moreover Inf;(f) = c*u;,
so X =1I(f)/c? and ¥ < M gives ¢ > I(f)/(4d?). If i € K;, flipping z; moves every point of C;
out of Cj, so |d;f(z) — djf(z®")| = c on a set of measure 21; and Inf;(d;f) > $c? - 2u;. Since
> Infi(dif) = 3265, (IS] — 1)f(5)? < (d — DInf;(f), we get Inf;(f) > c*load;/(2(d — 1)). If
max; u; > X/(2M), then MaxInf(f) > ¢? max; uj > I/(2M) = cI/(8d?). Otherwise Lemma 5.1
gives max; load; > ¥/(4dM), and MaxInf(f) > ¢*%/(8d*M) = I/(8d*>M) = cI/(32d*). In both
cases MaxInf(f) > cI/(32d*) > I%/(128d°). O

The class is narrow (the sensitive set of a coordinate of a Boolean function is in general
a union of several subcubes, not a single subcube, and the derivatives of the address bits in
Section 2.4 are not subcube-supported), but it isolates the mechanism. The soft analogue, in
which the subcubes are replaced by the superlevel sets of spiky low-degree derivatives, is open;
see Section 7.

5.2. Root-weighted covers and subcube selectors. The gluing lemma only needs the av-
erage leaf root sum Rp =), piR;.

Corollary 5.3 (average root sum; [proved here]). In the setting of Section 4, for every decision
tree D on the z-variables of depth t > 1,
VS
>
16t R%,
Proof. As in Corollary 4.3, >, c?l > V2/R?. By Hélder with exponents 3 and 3/2, V =

> pl(Vl?’/Rl2)1/3Rlz/3 < n})/gpsz/S, so kp > V3/R%; conclude with Theorem 4.2 as in Corol-
lary 4.3. O

max(e, 7p)

Lemma 5.4 (root-weighted subcube cover lemma; [proved herel]). In the setting of Lemma 5.1,

let @ =3, M;/Q and rl; = ZjZiEKj M;/z' Then max;tl; > (®2/M — %)/ (r®).
Proof. Repeat the proof of Lemma 5.1 with p; = ,ujl./ 2 /®: the ordered disjoint pairs carry

Z,ujl-/Q,ull/Q > ®*/M — 3, py; they carry at most Sl < maxgrl; Y, rl; and Y1l =

S Ky < re. 0
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Lemma 5.5 (subcube potential; [proved here]). Let C; be subcubes of codimension at most r
and multiplicity at most M. For a node v of a decision tree let u, be the uniform measure
on the subcube of inputs reaching v and ®(v) = 3, 1o (C)Y2. Build a tree greedily: at v, if
®(v) > 2M query a coordinate mazximizing rl;(v) = Zj:iEKj(v) 1o (C)Y2, where for j1,(C;) > 0
we write Kj(v) for the set of coordinates of K not queried on the path to v (the fized coordinates
of the restricted subcube), and otherwise stop. Let ®4 be the expectation of ® over the nodes
at depth s (or their stopped ancestors). Then the tree never queries a coordinate twice and
O, —2M < (1 — 557)°(®o — 2M).

Proof. Restricting to the subcube of v maps each C; either to the empty set or to a subcube
of codimension at most r (fixing the unqueried coordinates of Kj), with multiplicity at most
M; in particular Zj po(Cj) < M. Querying i: a piece with i among its fixed coordinates has
relative measure 2u,(C;) on one side and 0 on the other, so its expected term drops from ,uql,/ 2
to 2*1/2;&,/2, and other pieces are unchanged; thus E®(children) = ®(v) — (1 — 27/?)rl;(v).
If ®(v) > 2M, Lemma 5.4 gives max;rl;(v) > (®2/M — M)/(r®) > 2&/(rM), and since
(1—-2712)3 > %, E®(children) < (1 — £4;)®(v). Writing a = 1/(5rM), at a queried node
E®(children) —2M < (1—a)(®(v)—2M), and at a stopped node ®(v)—2M < 0, so P(v)—2M <
(1 — a)(®(v) — 2M); averaging gives the recursion. A queried coordinate has rl = 0 afterwards,
so it is never queried again; and a node with ®(v) > 2M has a piece with a nonempty set of
unqueried fixed coordinates (otherwise all pieces contain the whole subcube and ®(v) < M), so
the maximizing query is a genuine coordinate. (|

Theorem 5.6 (subcube selectors; [proved here]). Let F' = Zj yjg; be a bounded one-block form
with degg; < k, k > 1, where g; = cs;lc, with a common ¢ > 0, arbitrary s;: Qn — {—1,1}
and subcubes C;. Then some decision tree D on the z-variables of deptht < 11k2?/V has Rp < 3,
and

V5
MaxInf(F) > max(e,7) > ———.
(F) 2 (e:7) 2 17424 k4
Proof. Fixing the coordinates outside Kj; turns g; into +c times a point mass on Qk;, which
has degree |Kj|; since restriction does not raise degree, r := max; |K;| < k. The multiplicity

is at most }_;|gj|/c < 1/c, and being an integer it is at most M := [1/c|; as ¢ < 1, 3 <
cM < 1. Also V = ¢? > 1(C5) < M < ¢, s0 M < 1/V. At the root, ® = > llgillz/e <
ek > illgjll/e < ek /e < 2e¥ M, by the (2, 1)-hypercontractive estimate | g||2 < €¥||g]|1 for deg g <

k [41, Theorem 9.22]. Run Lemma 5.5 for t = [5rM (k 4 1)] steps: ®; < 2M + e~ F+D2ek M <
3M. Since R; = c®(l) at each leaf, Rp = c¢®; < 3cM <3, and t < 5k(k+1)/V +1 < 11k?/V.
Corollary 5.3 gives max(e, 7p) > V3/(144t?) > V°/(144 - 121k%). If the tree is trivial (¢ = 0
effectively, i.e. @9 < 2M), then R = 3 . [|gjll2 < 2¢M < 2 and € > V2/R? > V2%/4 by
Corollary 4.3. O

The tree of Lemma 5.5 is a halving procedure: it reduces the expected root sum geometrically
until it is O(1); with depth O(rM log(R/V')) one can check that the same procedure gives a
second proof of Corollary 5.2 with a log? loss (we do not use or prove this here). For the
gradient form (Lemma 2.4) Theorem 5.6 applies when the nonzero derivatives of f have a
common constant magnitude on subcubes, which is the setting of Corollary 5.2.

5.3. Banded derivatives and the classes they cover. We need three facts about decision-
tree complexity of Boolean functions h: @, — {0,1}. For S C [n], z° is x with the coordinates
in S flipped; bs(h, x) is the maximal number of pairwise disjoint blocks S; with h(x%) # h(z),
bs(h) = max, bs(h,z), and s(h) is the same with |S;| = 1; C(h,z) is the minimal size of a
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certificate for x (a set S such that yg = xg implies h(y) = h(z)), CV(h) = maxy (=1 C(h, x);
and D(h) is the minimal depth of a decision tree computing h.

Lemma 5.7 ([known] [40, 9]; proofs included). (a) C(h,z) < s(h)bs(h,z). (b) D(h) <
CW(h)bs(h) < bs(h)3.

Proof. (a) Take a maximal family of disjoint minimal sensitive blocks Si,...,S, for z. By
minimality 2 is sensitive to every I € S;, so |S;| < s(h); the union U is a certificate, since
otherwise the difference set of a violating y would contain a minimal sensitive block disjoint
from U. (b) While the current restriction A’ is non-constant, pick  with h'(x) = 1, query a
minimal certificate of z for A/, and output 1 if the answers agree with it. If rounds 1,...,s all
fail and A’ is still non-constant, take y with h’(y) = 0 consistent with all answers; round ¢ yields
the nonempty set B; of certificate coordinates on which y disagrees with the round-i certificate;
the B; are disjoint and sensitive for y, and non-constancy gives one more disjoint sensitive block
among the unqueried coordinates, so s + 1 < bs(h). Finally C() < C < s-bs < bs? by (a). O

Lemma 5.8 (gapped supports; [proved here]). If degg < k and |g| € {0} U [¢, Ac] on Q,, then
E = {g # 0} satisfies bs(1g) < 4k?(1 + A?), hence D(1g) < 64k5(1 + A?)3.

Proof. Fix z and disjoint sensitive blocks Si,...,S,. For y € {0,1}" let x(y) flip the blocks
with y; = 1; then Q(y) = g(z(y))?/c? is a polynomial of degree at most 2k in y, with values
in {0} U [1, A%]. Its symmetrization P(s) = Ej,;—sQ(y) is a univariate polynomial of degree at
most 2k [40] with 0 < P(i) < A% for i =0,...,b, and |P(1) — P(0)| > 1 (if z ¢ E then P(0) =0
and P(1) > 1; if # € E then P(0) > 1 and P(1) = 0). By the mean value theorem |P’(¢)| > 1
for some & € [0,1], and [40, Theorem 3.3] (if by < P(i) < bo for all integers 0 < ¢ < N and

|P'(&)| > ~ for some & € [0, N], then deg P > \/YN/(y + by — b)) gives 2k > /b/(1 + A2). The
last claim follows from Lemma 5.7(b). O

The sub-mass version of the gluing corollary lets us ignore small selector values.

Lemma 5.9 (sub-masses; [proved here]). In the setting of Section 4, let 0 < qg- < gjz pointwise,
V=73 Eq >0, and Ry = >, m >, Elg; | Y2, Then for every tree D of depth t > 1,
max(e, 7p) > V3/(16t2R3).

Proof. With m;l = E[qg | 1] < CJQ.Z, KD > > DI Zj mﬁ Per leaf, Holder with exponents %,3
gives >, m; < (,ZJ m;1l/2)2/3(2j m;%)l/?’, and Holder on theileaf measure as in Corollary 5.3
gives kp > V3 /R2. If eV > kp/2 then € > kp/2 > V'3/(2R3); otherwise 8t*rp > kp/2 by
Theorem 4.2. O

Theorem 5.10 (banded selectors; [proved here]). Let F' = 3 .y;g; be a bounded one-block
form with degg; < k and |g;j(2)| € {0} U [c, Ac] for all j,z. Let E; = {g; # 0} and r" =
max(1,max; D(1g,)). Then 1" < 64k5(1 + A?)? and max(e,7) > V°/(1082 A%"). For A =1
(constant magnitude, arbitrary supports) v < 512k5.

Proof. The bound on ” is Lemma 5.8. Split each E; into the 1-leaves C , of an optimal tree for
1p,: disjoint subcubes of codimension at most r”. The pieces through a point z have distinct j
and |g;(z)| > ¢, so the multiplicity is at most M := |1/c]; also V < A%c? > u(Ey) < A22M <
A%c, so M < A?)V. Every piece has measure at least 277", so &g = dia w(Cja)t/? <272 M.
If &5 < 2M, then R < Ac®q < 24 and ¢ > V?/(44?) by Corollary 4.3. Otherwise run
Lemma 5.5 for t = [1.747"2M] < 2.74r"2 A%V levels: ®; — 2M < e~ VT4"/597" 2\ < M, since
2In2 < L.74. At a leaf I, E[g? | )'/? < 3, Elg?1c,, | ]2 < Acy, m(Cja)'/?, so Rp <
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Ac®; < 3AcM < 3A. Corollary 5.3 gives max(e,7) > V3/(144A%2) > V°/(144 - 2.742 A%,
and 144 - 2.74% < 1082. O

Theorem 5.11 (banded decision-tree families; [proved herel). Let F' = 3. y;g; be a bounded
one-block form (no degree assumption), L = [logy(2/V)], B, = {2771 < |gj| < 27!} for
0<I1<L, and r = max(1,max;;<;, D(1p,,)). Then

V5
1.32 - 106 r¥log,(16/V)2"

Proof. Split each B;; into the 1-leaves Cj;, of an optimal tree (subcubes of codimension at
most 7). The band-I pieces through a point have distinct j and |g;| > 27!71, so fewer than
M; = 2*1 of them; this persists under restriction, and since alive pieces have conditional
measure at least 277, the band potential ®;(v) = Zj,a ,qu(C’jJ,a)l/2 satisfies ®;(v) < 27/2M,
at every node. Run phases [ = 0,...,L: starting from every leaf of the previous phase, run
Lemma 5.5 on band [ for t; = [1.74r2M;] levels; at the end E®; < 3M; as in the proof of
Theorem 5.10. By concavity of the square root a query never increases the expectation of any
Py, so E®@y < 3My survives the later phases. Let ¢; = gj2-1{|gj| > 2711 At a final leaf
S El | 0 < Y 27 (D), so Ry < 327" 32" = 6(L + 1). The discarded
mass is Y Egi1{|g;| < 27571} < 2757137 Elg| < V/4, so V! > 3V/4. The depth is t <
S (1.74r2 21 11) < 3.4812-8/V +1og,(8/V) < 31r2/V, using 2% < 4/V and log,(8/V) < 3/V.
Lemma 5.9 gives max(e, 7) > (3V/4)3V?2/(16-31%r*-36(L+1)?), and 16-961-36-64/27 < 1.32-106,
L +1 <logy(16/V). (If the tree is empty, then }, m? < eV and Hélder give e > V3/R2 a
stronger bound.) O

Corollary 5.12 (classes of functions; [proved here]). Let f € By, v = Var(f)/(16d*), and
gi = dif/(4d?) (so V = I(f)/(16d*) > v and MaxInf(f) > 16d® max(e, ) for the gradient form,
by Lemma 2.4). Then:

(1) (low-level weight) MaxInf(f) > (WILEH(£)/(4d?3%))? for all k > 0 (Corollary 3.3);

(2) (min form) MaxInf(f) > min{e=100=1 (WIl(f)/(4d?))3} for all j > 1;

(3) (noise-stable level sets) if p = 1—1/K and f_ll[Stabp(hg)—(Ehg)2] df > n, then MaxInf(f) >
(1/(36%))° 36K 01/

(4) (unit-step derivatives) if |d;f(z)| € {0,co} for all i,z, then MaxInf(f) > 16d3v°/(10821"%)
with ' = max(1, max; D(1y4,r20y)) < 512d°; this includes Boolean f and lattice-valued
edge-Lipschitz f;

(5) (banded derivatives) if every mnonzero |d;f(z)| lies in [co, Aco], then MaxInf(f) >
16d3v° /(1082A5+") with r" = max(1, max; D(1{g,r20y)) < 64dS(14+A42)3; e.g9. f = =5, Gy
with Boolean Gy, and each variable in at most A of the Gy;

(6) (bounded interaction degree) if each d; f depends on at most r coordinates, then MaxInf(f) >
16d305/(1.32 - 10%7% log, (16 /v)?); e.g. f =, cGp(ws,) with |Sp| < s and each variable in
at most A sets Sy, where r < As;

(7) (tree-banded derivatives) the same bound if every band set of the g; at levels I < [logy(2/v)]
has decision-tree depth at most r;

(8) (one-statistic derivatives) if d;f = pi(s(z)) for one statistic s and real polynomials p; with
deg ; deg s < d — 1, then MaxInf(f) > 16d%v?;

(9) (miztures of (6)/(7) with (8)) if [n] = It U Ig (disjoint union), where {g;}ic1, satisfies the
hypothesis of (7) and {g;}icry spans a space of dimension at most Dy, then (with r > 1)
MaxInf(f) > 16d3(3v/4)3v?/(16 - 961 r*(6(L + 1) + v/Dg)?) and L = [log,(2/v)].

max(e, 7) >
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Proof. All one-block bounds used are increasing in V', so V may be replaced by v (in (7) and
(9) the band levels then refer to v, a stronger hypothesis). (2): if 7 := MaxInf(f) < e~ 100~
then 3/~1 < 7~ 03)/10 < 7=1/6 " and Corollary 3.3 gives WII(f) < 4d?71/2-1/6. (3): with
m = [Kn(1/n)], Sg0 05 he(8)? < Wl (hy) + o™+ 1Varhg, p™+1 < 1 and [ Varhy < 1,
so [ W™l (hg) > 1/2; Theorem 3.6 with k = m — 1 and 16d23™~! 42 < 184%23™~! gives the
claim. (4), (5): Theorem 5.10 with k = d — 1 and ¢ = ¢p/(4d?). (6), (7): every band set of
g; is a function of at most r coordinates, resp. has depth at most r; apply Theorem 5.11. (8):
the g; lie in the span of 1,s,...,s% ! of dimension at most d, so &€ > V2 /d by Proposition 4.12
and Corollary 4.3 at t = 0, and MaxInf(f) = 16d*c. (9): run the phases of Theorem 5.11 on
I7 (the band multiplicities are unchanged since Y_;c; |gi| < 1). For i € Ig take ¢} = g7 (no
truncation). The Ig-root sum Y ,; E[g? | 1]'/? is at most /Dy at the root (Proposition 4.12),
and it is a supermartingale along the tree by Jensen’s inequality (concavity of the square root),
so its expectation over the leaves is at most v/Dy; root sums add, so R’D <6(L+1)++/Dg, and
Lemma 5.9 (with the truncation applied to I only, discarded mass at most v/4) concludes. If
the tree is empty, Y, m? < eV and Hélder give € > V’3/R/3, which is stronger. O

6. SYMMETRIC AND STRUCTURED CLASSES
6.1. Symmetric and block-symmetric functions.

Remark 6.1 (symmetric functions; [known]). If f € Bg(n) is invariant under all permutations
of coordinates, then MaxInf(f) > Var(f)?/(4d*). Indeed f(z) = q(K) where K is the number
of —1’s and degq < d [40], and MaxInf(f) = I(f)/n > Var(f)/n. If n < 2d? we are done
since Varf < 1. If n > 2d?, Lemma 2.1 (with ¢ = max ; |¢/|, b2 — b1 < 2) gives maxg, |¢'| <
2d%/(n—d?) < 4d%/n, hence Varf < E(q(K)—q(n/2))? < (4d?/n)?n/4,i.e. 1/n > Var(f)/(4d*).

Using Bernstein’s inequality in the bulk, where the measure concentrates, and Markov’s in-
equality only on an exponentially small tail, one gains d?.

Proposition 6.2 (symmetric functions, sharp exponents; [proved herel]). If f € By(n) is invari-
ant under all permutations of coordinates, then MaxInf(f) > Var(f)?/(16d?).

Proof. Write f(z) = P(s) withs = n~1Y", z;, deg P < dand |P| < 1 on the grid G,, = {-1, -1+
2/n,...,1} [40]. All influences are equal, so MaxInf(f) = I(f)/n > Var(f)/n, and the claim is
immediate if n < 16d2. Let n > 16d? and M = max|_y ) |P|. Every t € [-1,1] is within 1/n of
G, so Markov’s inequality max |P'| < d®?M gives M < 1+d?*M/n, i.e. M < n/(n—d?) < 16/15.
Flipping 1 changes s by 2/n, so di f(x) = n~tP'(¢) for some ¢ with |¢ — s| < 2/n, and

Varf < I(f) = nE(dif)> < n'E max P/(t)%

[t—s|<2/n
Let a = 3 — 2 > 3. If |s| < a the maximum is over |t| < %, where Bernstein’s inequality

|P'/(t)] < dM(1 — t?)~Y/2 gives P'(t)? < 3d®M?; otherwise we use P'(t)> < d*M?, on an
event of probability at most 2e~na%/2 < 2¢=9d%/8 by Hoeffding’s inequality. Hence Varf <
n_ldQMQ(% + 2d2€_9d2/8) < 2.26d?/n, since 2d2e9%°/8 < 2¢79/8 < 0.65 for d > 1. Therefore
MaxInf(f) > Var(f)/n > Var(f)?/(2.26 d?). O

Example 6.3 (the Chebyshev family; [proved here], constants checked by exact binomial sums).
Let dbeodd,n = Kd?, s =n~! 3. x; and f = Ty(s) € Ba(n) (bounded since |s| < 1),so Ef = 0.
Since T7 = (1 + Thq)/2 and Th(s) = — cos(2darcsin s), Varf = 1(1 — Ecos(2darcsin s)); by
independence Ecos(2ds) = cos(2/(Kd))5X?¥ < ¢=2/K and |arcsins — s| < (Z — 1)|s]* with
E|s]? < (3/n?)%%, so Varf > (1 - e 2/K) —1.31K73/2d=2 for d > 3. As in the proof of
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Proposition 6.2, dif = n™'T}(¢) with |{ — s| < 2/n, Bernstein’s inequality on [s| <
and Markov’s inequality elsewhere give MaxInf f < ( + 2d2e~Kd0*/2) [(K242) with a =
This yields the bounds quoted in Section 1.2: for K > 32, 0.943/K < Varf < 247/K and
MaxInf f < 1.61Var(f)?/d?; for K =1 and d > 9, Varf > 0.416 and MaxInff < 1.36/d?. Thus,
using also f =n"1Y", 2; (d =1, MaxInff = Var(f)2), the best constant ¢ in MaxInf > cVarQ/al2
for symmetric functions lies in [1/16, 1].

MM—‘[\)M—\
[N
35

Theorem 6.4 (block-symmetric functions; [proved here]). Let f € By(n) be invariant under all
permutations inside each block of a partition of [n] into b blocks. Then >, Inf;(f)'/? < 2bd?,
and hence MaxInf(f) > I(f)?/(4b%d*) > Var(f)?/(4b%d*).

Proof. Fix a block s of size N; all i@ € s have the same influence, so the block contributes
Ninf;(f)Y/2, which is at most N < 2d? if N < 2d?. Let N > 2d? and fix the coordinates a’
outside s. Then f = p(>_,c, xi) with degp < d and |p| <1on {-N,-N+2,...,N} [40]. As in
the proof of Proposition 6.2, P(t) = p(Nt) is bounded by 1 on a grid of mesh 2/N in [—1,1], so
max|_y ) |P| < N/(N — d?) < 2 and, by Markov’s inequality, |p'| < 2d?/N on [~N, N]. Hence
|di f(z)] = |p(m + 1) — p(m — 1)|/2 < 2d?/N pointwise, with m = >_jes\{i} ¥j> and the block
contributes at most 2d2. Finally I(f) < MaxInf(f)Y/2 3", Inf;(f)/? and I(f) > Varf. O

By Theorem 4.5, functions that become block-symmetric with b < poly(d) blocks after a
decision tree of depth poly(d) satisfy Conjecture 1.1 with polynomial loss.

6.2. Wreath-symmetric functions. Let n = Mw, with the coordinates split into M blocks
of size w, and let the wreath product S, ! Sp; act by permuting coordinates inside blocks and
permuting blocks. Tribes-type functions are of this kind; exact linear programs found nearly
Boolean bounded polynomials of this symmetry type of moderate degree for small w, and the
following theorem shows that this class nevertheless satisfies the conjecture. Since .Sy, ¢ Sys is
transitive on the n coordinates, [19, Proposition 3.18] already gives MaxInf > Var?/(d*e??); the
point of Theorems B.1 and 6.5 is a bound polynomial in d and w, and then in d alone, which
we have not found in print.

Theorem 6.5 (wreath-symmetric functions, uniform in w; [proved here]). If f € By(Mw) is
invariant under Sy, 1 Sy, then MaxInf(f) > Var(f)?/(2416d°) for all w, M and d. If d > 2,
w > 4d? and M > 4wd3, then MaxInf(f) > Var(f)?/(728 d*).

Theorem 6.6 (sharp law for composed wreath functions; [proved here]). Let F be a real poly-
nomial on R" of total degree at most a with |F| <1 on [-1,1]", let {1, ..., £, be real polynomials
of degree at most b with |¢;| <1 on [~1,1], let y1,...,yn be the block means of x € {—1,1}Mv,
and let f(z) = F (3 5,000, 37 > br(w)) (that is, f = R(v(y)) in the notation of Appen-
diz B). Then f is invariant under Sy, 1 Sar, |f| <1 and deg f < D = ab. If D > 2 and w > 4D?,
then for every M

I(f) < 27D?/n, hence Var(f) < 27D?/n and MaxInf(f) > Var(f)?/(27D?).

Remark 6.7 (optimality; [proved here]). For odd D the symmetric function f = Tp(n=t>", z;)
is of the form of Theorem 6.6 (r = 1, F' = Tp, {1(t) = t, a = D, b = 1). Since Tp(m) =
+Dm+O0(m3) and Em? = 1/n for m =n=' >, x;, nVarf — D? and Var(f)?/MaxInf(f) — D?
as n — 00. So the constant in MaxInf > Var?/(C'D?) cannot be below 1 — o(1). [numerical):
nVarf/D? = 0.9920 for D = 3, n = 103, and 0.9992 for n = 10* (exact computation).

Theorem 6.8 (sharp law for many huge blocks; [proved here]). If f € By(Mw) is invariant
under Sy 1Sy, d > 2, M > 4wd® and w > 8d°1n(2d), then I(f) < 170d?/n, hence MaxInf(f) >
Var(f)?/(170 d?).
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The proofs of Theorems 6.5, 6.6 and 6.8, and the results they use (among them Theorems B.1
and B.8), are in Appendix B.

6.3. Polynomials of smooth linear statistics. Let W € R"™™ have rank r and columns
wj, let Z = W([-1,1]") = 3_;[-wj;,w;| (a symmetric convex body) with gauge norm | - ||z,
d; = ||lwjllz <1, 6 = max; J;, and f(z) = P(Wz) with P a real polynomial of degree at most d

and |P| <1 on W(Q,), so that f € Bg(n). Let M = sup, |P| and D,P = (v, VP).

Theorem 6.9 (smooth linear statistics, sharpened; [proved here]). If d*ré < 1/4, then
MaxInf(f) > I(f)?/(324 d%r) > Var(f)?/(324d?r), and MaxInf(f) > I(f)?/(138 d*r) if d > 4.

The proof of Theorem 6.9, which uses Theorem C.4 and Lemmas C.2, C.3 and C.5, is in
Appendix C.

Proposition 6.10 (one linear form with general weights; [proved here]). Let f(z) =
P>, wizy) € Ba(n) with Y, |wi| = 1, § = max; |w;| and d?6 < 1/4. Then MaxInf(f) >
1(FR/(6.7 ).

Proof. Here Z = [—1,1], and every point of [—1,1] is within § of a value of ), w;x;, so Markov’s
inequality gives M < 1/(1 — d?6§) < %. With SU) = i+ WiT;, the mean value theorem gives
djf = w;P'(¢) with |€ — SU)| < |w;|. If [SW] < J then [¢] < 2 and Bernstein’s inequality

gives |P'(¢)] < %dM; always |P'| < d*M. By Hoeffding’s inequality and >, w? < § < 1/(4d?),

Pr[|SW] > 1] < 2e7%/2. So ||d; fll2 < |wj|Md\/16/7 + 2d2¢=F/2 < |w;|Md\/16/7 + 4/e, and
> ldiflla < 54/16/7+4/ed < 2.585d, with 2.585% < 6.7. O

Let ¢ = sup;[_q,1) ming [t—>_; w;z;| be the covering radius (as in Theorem C.4(b)). The same
argument under the weaker hypotheses ¢ < 1/(2d?), max; |w;| < 1 and 3>, w? < 1/(8In(d? +1))
gives the constant 17.2 (we omit the computation). Proposition 6.10 extends Proposition 6.2
(equal weights) to general weights at the scale d?6 = O(1) of Theorem C.4. A dynamic program
over the exact extremal problem (d < 8, n < 576) leaves slack at least 2.8 in the constant 6.7
[numerical].

6.4. Functions of one linear form. Let f = P({(a,z)) with degP < d, |f| < 1 on @,, and
(after flipping signs and dropping zeros) a; > --- > a, > 0; let A =5, a;, A; =) ., a;, and
S(a) ={(a,x) :x € Qn} C[-A,A].

Lemma 6.11 ([standard]). (a) If S C [a, ] contains «, 3, has consecutive gaps at most h <
L/(2d?) with L = B — a, and |P| <1 on S, then [Pllja,5 < 2 and || P'||ja,5 < 4d?/L. (b) The
mazimal gap of S(a) is at most 2 max(a,, max;(a; — A;)1).

Proof. (a) Let M = ||Pljo,5 = |P(€)]; Markov gives |P'|| < 2d*M/L, and some s € S has
|s—¢&| < h/2,s0 M <1+ M/2. (b) S(a) =2%(a) — A with X(a) the set of subset sums. Adding

J>1

the weights in increasing order by < by < ..., the subset sums T = T U (Tk + bry1) acquire
no new gap if bgy1 < by +- - - + by, and otherwise a single new gap by — (b1 +---+bx) = a; — A;
with ¢ =n — k; and 77 = {0, b1 }. O

Call a regular if a, < A/(2d?) and a; — A; < A/(2d?) for all 4; then the gaps of S(a) are at
most A/d? = L/(2d?) with L = 2A.
Theorem 6.12 (one linear form; [proved here]). (a) If a is reqular, then |d;f| < 2d%a;/A
pointwise, Y, Inf;(f)1/? < 2d?, and MaxInf(f) > I(f)?/(4d*). (b) If a is not regular, let m > 1

be the least index such that the tail (am41,-..,an) i Tegular with respect to its own sum and d
(the empty tail counts as reqular). Then MaxInf(f) > I(f)3/(21d>(2d? + m)?m?).
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Proof. (a) d;f(x) = (P(s+a;) — P(s —a;))/2 with both arguments in S(a) C [—A, A]; the mean
value theorem and Lemma 6.11(a) with L = 2A give |d;f| < a; - 4d*/(2A). Sum and use I <
MaxInf!/2 37, Inf§/2. (b) Query x1,...,Zy,. At every leaf [, f|;(z') = P(¢; + (d/,2")) is a regular
one-form function, so by (a) p; := Y, E[(dif)? | []'/? < 2d%> + m (the m queried coordinates
contribute at most 1 each). Apply Lemma 5.9 to the gradient form with ¢, = gz-2: then V =

— 3 4\3
1/(16d%Y), R, < (2d* +m)/(4d?), and MaxInf(f) > 16d° max(e, 1) > 164 16m2(12 dgggf)g e
13

556 O which is stronger than the stated bound. ]

The lacunary case a; = 377, in which every tail is irregular, is open.
Separator theorems for disjointly supported and r-sparse selectors (Theorems F.1 and F.3,
Corollary F.4) are in Appendix F.

6.5. Graph properties. Let M > 2 and N = (]g[), and index the coordinates of Qn by the
edges of Kjps. A function on Qp is a graph property if it is invariant under the action of S,
on edges. Since Sy is transitive on edges, [19, Proposition 3.18] gives NVarf < d*¢??, so the
fixed-degree form of the conjecture for graph properties is known (with 81e% ~ 3.3 - 104, or 6561
by the remark in Section 1.2, at d = 3); what is new below is a bound polynomial in Varf and
d (Theorem 6.16), the limit in Theorem 6.14(ii), the constant of Theorem 6.15, and the explicit
coefficient bounds of Lemmas D.1 and D.2, which do not depend on M. That the ¢ (H,-) span
the invariant polynomials is folklore, and the linear independence of homomorphism densities
is classical [18, 34]. (Spanning: an Sys-invariant f has equal coefficients on edge sets in one
Sr-orbit, and these orbits are the isomorphism classes of graphs without isolated vertices; we
include a short proof of the independence.) Let G4 be the set of isomorphism classes of graphs H
without isolated vertices and with 1 < e(H) < d, let aut(H) be the order of the automorphism
group, and (m); = m(m—1)--- (m—j+1). For H with v(H) < M let cpr(H) = (M) y(p)/aut(H)
be the number of copies of H contained in Ky and t1(H,z) = cpr(H) ™1y 4 [lecrmr) e, the
sum over these copies. A graph property of degree at most d is f = by + >, but+(H, ), the
sum over H € G, with v(H) < M, and

B b2, N aut(H)

Put d* = d for odd d and d* = d — 1 for even d. For symmetric measurable U: [0,1]2 — [~1,1]
let t(H,U) = [ [l uerm) U(2u: 2v) dz be the homomorphism density, and ¢(),U) = 1.

Lemma 6.13 (graphon transfer; [proved here]). If f € By(N) is a graph property then |by +
S but(H,U)| < 1 for every symmetric measurable U: [0,1]? — [—1,1]. Consequently |bk,| <
d*, and |by| < C(d) for all H € G4 and all M, where C(d) < oo depends only on d and
C(d) > 291,

Proof. Draw z1, ...,z independently and uniformly from [0, 1] and then, independently, z,, €
{*1} with Elzuy | 2] = U(2u, 20). A copy of H has distinct vertices, so E][ ¢ gy ze = t(H,U)
and Ef(z) = by + >y but(H,U) € [-1,1]. For U = s € [—1,1] this is a polynomial p(s) of
degree at most d, bounded by 1 on [—1, 1], whose coefficient of s is bg,; its odd part has degree
at most d* and is bounded by 1, so Bernstein’s inequality at s = 0 gives |bg,| < d*.

The functions ¢(H,-), H € Gq U {0}, are linearly independent. Suppose >, cut(H,U) =0
for all U and cp # 0 for some F € Gy (if only ¢y # 0 there is nothing to prove); choose such F’
with V' = v(F) maximal. For a step kernel with parts of measures aq,...,ay > 0 and values
Bij = Bji € [-1,1], t(H,U) = Z¢: V(H)=[V] HU Q(v) HquE‘(H) 5¢(u)¢(v). Multiplying the term
of H by (3, ;)V~"(") makes the identity homogeneous of degree V in «; it holds on an open
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set, hence as a polynomial identity. Place F on [V]. A term contributing to the monomial
a1+ av ;e pry Bij comes from an injective ¢ mapping E(H) onto E(F); as I has no isolated
vertices, ¢ is onto [V] and is an isomorphism H — F. So the coefficient of this monomial is
cpaut(F) # 0, a contradiction. Hence b — supy; | bgt(H, U)| is a norm on R910}; let C/(d)
be the maximum of |by|, H € Gg, over its (compact) unit ball. Extending b by 0 for v(H) > M
shows that the bound holds for every M. Finally Tq(t(K2,U)) = _; ¢;t(jK2,U), with jK; the

matching with j edges, lies in the unit ball and has top coefficient 241 O

Theorem 6.14 (graph properties; [proved here]). Let f € By(N) be a graph property on M
vertices. (i) MaxInf(f) > Var(f)?/K(d) with K(d) = d*? + 3C(d)? 2 HeG,, v(H)>3 AUt(H); a
bound of this form with K(d) = e holds for every f € By by the general bound quoted in the
abstract, and with K (d) = d*e®? for graph properties by [19, Proposition 3.18], so the content of
(i) is the structure of K(d), used in (ii) and in Theorem 6.15. (ii) limp/_0o maxs NVarf = d*2,
the mazimum over graph properties f € By(N). (iii) NVarf < max(2d?, MZ/2) with My =
max(2d + 3, 2 + 3C(d)?|Ga|/d?).

Proof. Sy acts transitively on edges, so all Inf.(f) are equal and MaxInf(f) = N=1  Infe(f) >
Var(f)/N = Var(f)?/(NVarf). By the display above, NVarf = >, b% aut(H)/(2(M —
2)y(H)—2)> With (M — 2),,g)—2 > 1 since v(H) < M. The term of Ky is bﬁﬁ) < d*?, and the oth-
ers are at most C(d)?aut(H)/2 by Lemma 6.13; this is (i). (ii) The terms with v(H) > 3
are O4(1/M), so the limsup is at most d*?. Conversely, f = Ty«(N~'>"_ x.) is a graph
property in By(N); its level-one coefficients are T7.(0)/N + Oq(N~2) with |T}.(0)] = d*, so
NVarf > N2(d*/N — 0g(N~2))2 = d*2. (iii) It M < M then NVarf < N < M2/2. It M > M,
and 3 < v(H) < 2d, then aut(H) < 6(M — 3),)—3: for v(H) = 3 because aut(H) < 3!, and
for v = v(H) > 4 because (M — 3)y_3 > (v)y—3 = v!/6 as M —3 > 2d > v. So each term
with v(H) > 3 is at most 3C(d)?/(M — 2), their sum is at most 3C(d)?|Gy|/(M — 2) < d?, and
NVarf < d*2 + d? < 2d°. O

Theorem 6.15 (degree at most 3; [proved here, computer-assisted]). Every graph property
f € B3(N) satisfies NVarf < 97, hence MaxInf(f) > Var(f)?/97.

The bounds above are polynomial in Varf but not in d. The next one is polynomial in both;
it loses one factor Varf against Theorem 6.14(i).

Theorem 6.16 (polynomial bound for graph properties; [proved here]). Let d > 1 and let
f € Bg(N) be a graph property on M > 2 vertices. Then Varf < 6.06 - 10*d®/M and

Var(f)?
1.9-109 d16°

In the proof (Appendix D.2), 2/ differs from x only on the star of a vertex u. Replace u by
K clones with its star in # and K’ clones with its star in 2/, and delete K + K’ — 1 random
other vertices. The expected value of f is then a polynomial of degree at most 2d in (K, K'),
bounded by 1 at the lattice points, with values f(z) at (1,0) and f(2') at (0,1) (Lemma D.5). A
two-variable Markov inequality (Lemma D.6) gives |f(z) — f(z')| < 256ed*/M (Theorem D.7),
and a Fourier identity gives the variance bound (Lemma D.8).

Attribution. Cloning and subsampling, so that an expectation becomes a polynomial in a
size parameter that is bounded at the integer points, followed by a Markov-type inequality
for such polynomials, is the technique of Zhandry’s small-range lemma [57, Theorem 7.3], [58,
Lemma 3.2]. It is stated there for quantum query algorithms, but the proof uses only polyno-
miality and boundedness. Chailloux [14] used it for permutation-symmetric functions, and Ben-
David, Childs, Gilyén, Kretschmer, Podder and Wang [10] for graph properties, in both cases to

MaxInf(f) >
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bound randomized query complexity polynomially in quantum query complexity. What is new
here is its use for influences of bounded polynomials, with two types of clones and a two-variable
Markov inequality. The only influence bound for bounded graph properties that we found in
print is NVarf < d*e?? [19, Proposition 3.18].

Remark 6.17 (improvements and extensions; [unaudited]). (a) In step (4) of the proof of
Lemma D.6, Bernstein’s inequality [p'(6)] < Dsupyq[pl/+/0(1 —0) in place of Markov’s
inequality in 6, together with fol(ﬁ(l —0))"Y2d0 = 7, gives |P(1,0) — P(0,1)] < 8meD?/M.
Hence | f(z)— f(2')| < 64med3 /M, Varf < 3.74-10*d% /M and MaxInf(f) > Var(f)3/(7-108d'?).
(b) In outline, the same proof covers k-uniform hypergraph properties (deg ¥ < kd; with (a),
MaxInf > k! Vark+l/ (CFdO%), Cp = 16m%e%k®), and directed and bipartite graph properties
(MaxInf > c¢Var®/d'?). (c) Zhandry’s lemma [58, Lemma 3.2], applied to a — f(z®) for random
small-range maps « of the vertex set, combined with Theorem 4.1(L1) and [19, Theorem 3.3],
gives in a few lines Varf < 13.3d%3N~1/3 hence MaxInf(f) > Var(f)*/(2400d®). This is a
better power of d and a worse power of Varf than Theorem 6.16; we have only a sketch of this
argument. (d) [numerical] A linear program over all polynomials of total degree at most D
bounded by 1 on the lattice points gives M max |P(1,0) — P(0,1)| ~ 2.4D? to 2.5D? for D < 6
and M < 200. A proof of this order would give Varf = O(d*/M) and MaxInf(f) > cVar(f)3/d®.
Pointwise bounds of the form of Theorem D.7 cannot give NVarf < poly(d), since a single star
change moves Ty(N~1>"_z.) by about 4d?/M.

The proofs of Theorems 6.15 and 6.16, the explicit constants behind Theorem 6.14 and two
barriers are in Appendix D.

6.6. Cyclically invariant functions. A function on @, is cyclically invariant if it is invariant
under x — (z2,..., %, z1); the conjecture for this class is item (3) of [3, Problem 1.3]. Cyclic
shifts act transitively, so [19, Proposition 3.18] gives nVarf < d*e¢?? in every degree (874 for
d=2,3.3-10% for d = 3; 32 and 6561 by the remark in Section 1.2). Theorems 6.18 and 6.19
improve these constants; Theorem 6.20, which is polynomial in d for the levels £ < 3 in every
degree, and Theorem D.11, which is polynomial in the locality, go beyond it. A bound polynomial
in d for all levels is open. All influences of such an f are equal, so MaxInf(f) > Var(f)/n =

Var(f)?/(nVarf), and it suffices to bound nVarf. Let W; = >18)=j f(S)2.

Theorem 6.18 (degree at most 2; [proved here]). If f € Ba(n) is cyclically invariant then
nVarf <9, hence MaxInf(f) > Var(f)?/9.

Theorem 6.19 (degree at most 3; [proved here]). If f € Bs(n) is cyclically invariant then
nVarf < 9+ 8 + 1944 = 1961, hence MaxInf(f) > Var(f)?/1961.

Theorem 6.20 (fixed levels in every degree; [proved here]). Let f € By(n) be cyclically invariant

~

and W, = Z|S|:k f(8)2. Then nWy < d?, nWy < 2d* and nW3 < 54d5 for every d; more
generally nWy, < (kk2k*17'd7k)2/k!, where T4 is the largest modulus of the coefficient of ok in a
polynomial of degree at most d bounded by 1 on [—1,1] (for k = 3 this gives the stated bound,
and for k =2 a sharper single-phase argument is used).

The proofs of Theorems 6.18, 6.19 and 6.20, two barriers for the method (Propositions D.9
and D.10) and a bound for local cyclic functions (Theorem D.11) are in Appendix D.

6.7. Torus-bounded polynomials. Polynomials bounded on the torus T™ are treated in Ap-
pendix E: block-symmetric functions satisfy a degree-free bound (Theorem E.2), and for this
class the conjecture reduces to the spike inequality (Conjecture E.7), which holds in each fixed
degree (Theorem E.8).
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7. REFORMULATIONS EQUIVALENT TO THE CONJECTURE

Throughout this section I =}, y;g; is a bounded one-block form of degree k, and AA;(c, C)

is the statement of Section 4 that every such form satisfies max(e,7) > ¢(V/k); by Lemma 2.4
and [43], AAi(c,C) for some ¢, C is equivalent to Conjecture 1.1 up to polynomial losses.

7.1. Sign amplification and nearly Boolean functions.

Lemma 7.1 (bounded sign approximation; [proved here]). Let 0 < w < 1,0 < § < %, so = w/2,
po=2s3/(1—s3), N=[2m] K(s) = Tn(1+p— (2+p)s?), D = f(}K and Q(t) =
f K(s)ds/(D +2). Then Q is an odd polynomial of degree 2N +1 < 391n 3% 43 |Q| <1 on
(-1, ] and |Q(t) —sgnt| < J for w < Jt| < 1.

Proof. u(s) =1+ p — (2 + p)s? decreases in \s| with u(so) =1and u(l) = —1,s0 |[K| <1 on
[s0,1] and K > 1 on [0, so]. Since u(so/2) =1+ 3p with 24 € [3w?, 1] and arccosh(l—i—:r) >z
on [0,1], K > Tn(1+ 2p) > LeNV3#/A > 106INw o [0, 54/2], SOD>“’061N“’—124/(5by
the choice of N. For ¢ € [0, so], 0<f0K<D—|—1 for t € [sg, 1 fOKG [D —2,D + 2]. Hence

|Q| < 1, and for ¢ € [w, 1], Q()E[&é,l] so|1— ()|§4/D§(5 K is even, so Q isodd. O

Sharper sign approximations (degree O(log(1/d)/w)) are known from the quantum signal
processing literature; Lemma 7.1 suffices here.

Theorem 7.2 (sign amplification; [proved here]). Let f € By, v = Varf € (0,1], 0 < w <
v3/2 /2000 and 0 < 6 < v'/2/40. There are 6 and a polynomial P with |P| < 1 on [~1,1] and
deg P = m < m(w,0) := 22In 2% + 3 such that, with o = sgn(f — 0) and a = Po f: (i)
a € Bpg and Pr[|f — 0| < w] < 3w/v1/2, (ii) |a — o] < 6 off the window {|f — 0] < w}; (iii)
Vara > 0.133v, E(1 — a?) < 20 + 3w/v'/? and E(a — 0)? < 62 + 12w/v/?; (iv) |d;a| < m?|d;f|,
so Inf;(a) < m*Inf;(f).

Proof. Let ¢ = sup{t : Pr[f < t] < v/16} and g2 = inf{t : Pr[f > t] < v/16}. Then
Pr[f € [q1,¢2]] > 1—v/8, and since |f —c| < 2, v < (qa—q1)?/4+4(v/8), 50 £ = g —q1 > (2v)'/2.
Among [¢/(2w)] > ¢/(4w) disjoint windows (f — w,0 + w) in (q1,q2) one has mass at most
4w/l < 3w/v'/?; take its centre §. Then Pr[f > 6] € [v/16,1 — v/16] and Varc > v/5. Let
P(t) = Q((t — 0)/2) with @ from Lemma 7.1 at width w/2 and accuracy 0; this gives |P| < 1,
(ii) and the degree bound. Off the window 1 —a? < 26 and (a — 0)? < 62, and on the window
these are at most 1 and 4; so Var(a)'/? > Var(c)'/? — |la — oo > (0.447 — 0.082)v'/2. (iv) is
Markov’s inequality sup|_y |P'| < m? with the mean value theorem. O

For a function B(K) let NBg be the statement: every a € Bx with E(1 — a?) < B(K)Vara
has MaxInf(a) > ¢(Vara/K)C.

Theorem 7.3 ([proved here]). For fized vy € [0,1), NBg—~ implies Conjecture 1.1 with polyno-
mial loss; conversely the conjecture implies NBg for every (5.

Proof. The converse is trivial. Apply Theorem 7.2 with 6 = w, where w = poly(v/d) is chosen
so small that w < v%/2/2000 and 45w'~7(20dn(9/w))” < v3/2 (possible since v < 1). Then
m < (20/w)In(9/w), a € By with K = md, and E(1 — a2)/Vara < (2w + 3w/v'/?)/(0.133v) <
45w/v3? < K7, So NBj—y gives MaxInf(a) > ¢(0.133v/K)®, and (iv) gives MaxInf(f) >

4¢(0.133v/(md))C. O

Theorem 7.4 (the product case is complete; [proved here]). Suppose every bounded product

selector form F' =3 ey v [ <k 1+]’"”’" (with the a, € [—1,1] depending on disjoint blocks
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of variables) of degree at most Dp satisfies max(e,7) > ¢(V/Dp) with ¢’ > 1 > ¢. Then
Conjecture 1.1 holds with polynomial loss. Conversely, the conjecture gives the hypothesis, since
F € Bp, and MaxInf(F) = max(e, 7).

Proof. Step 1. Let a € By, 0? = Vara > 0, n = E(1 — a?), L = In(64C"k/0?) + In(2/c),
K = [8C'L/c?], and assume n < 02/(16C’'L). Take K disjoint copies a, of a; then g; > 0,
>_; 9 =1, and exactly: V = (1—n/2)K > % (as Kn < 1); ¢ = wE with w, = (1+2|Ea|+Ed?) /4
and 1 —w, > (1—|Ea|)/2 > 02/4,s0 e < e Ko*/4 < ¢20'L: and Inf,, F = (1—n/2)5X Inf;(a)/2
for z; in a copy. As Dp < 2Kk and e 2¢'L < ¢/(4Kk)~%", the hypothesis gives MaxInf(a) >
2¢ (4K k)~C". Step 2. Apply Theorem 7.2 to f with § = v/(576C"L,) and w = v3/2/(864C"L,),
where L, = C31n(C4d/(c'v)) bounds L(a), with C3,Cy depending on C’ (the degree m depends
on w,d only logarithmically, so L(a) < A+ BlnL, and L. can be chosen self-consistently).
Then E(1 — a?)/Vara < 1/(16C'L(a)), Step 1 applies to a = P o f, and (iv) gives MaxInf(f) >
m=42¢ (4Kmd)=¢" = poly(v/d). O

7.2. An average-case Nisan lemma. The average-case Nisan lemma AN(C1, C2) is the state-
ment: if 7: Q, — ¥ and E C Q,, with u(E) < ¢1(¢/b)¢" are such that at every z ¢ E at most b
pairwise disjoint blocks B satisfy 22 ¢ E and m(2?) # n(z), then 7 is e-close to a decision tree
of depth at most (b/e)¢2.

Theorem 7.5 ([proved here]). If AN(C1,C3) holds for some C1 < 1, then Conjecture 1.1 holds
with polynomial loss.

Proof. Let v = Varf, ¢ = v/2'2, w = min(v?2/2000, [(c1/3)v/?(/(2d%))“1 |/ (1=C)) =
poly(v/d), and 6, P, a as in Theorem 7.2 with § = v/2/40; let 7 = o and E = {|f — 0] < w}.
At z ¢ E, disjoint blocks By, ..., By with 25 ¢ E and o(25) # 0(2) change f by at least 2w,
all in the same direction; the symmetrization Q(s) of f along the blocks has degree at most
d, |Q| <1 on {0,...,b} and |Q(1) — Q(0)| > 2w, so Lemma 6.11(a) gives b < by := [2d%/w].
Then p(E) < 3w/vY/? < ¢1(e/bg)¢", so there is a tree T of depth D < (by/e)®? with
Pr[T # o] < e. Now E(a — T)? < 2E(a — 0)? 4+ 8¢ < 0.016v, and T = E[a | leaf of T
satisfies Varl = Vara — E(a — T)? > 0.133v — 0.016v > 0.1v. Theorem 4.1(L1) gives
VarT = Cov(T',a) < DMaxInf(a)'/2, so MaxInf(f) > m~*(0.1v/D)>2. O

[heuristic] Fourier-tail, junta, and hypercontractive arguments do not seem able to prove
AN with C7 < 1: Majority appears to satisfy all averaged hypotheses of this type and needs
unbounded depth when bu(E) 2 1. We have not made this precise.

A one-scale restriction transfer that is equivalent to the conjecture even for top-heavy functions
(Theorem G.4), the quasi-polynomial bound it would give (Theorem G.2), and a search form of
the conjecture (Theorem G.5, a proof outline) are in Appendix G.

7.3. Degree-free formulations. The degree enters the arguments above mainly through
Lemma 2.2. Here it is replaced by a block-sensitivity parameter that is defined for every
bounded function. For z,z € @, and B C [n] let (2p,xpc) be x with the coordinates in B
overwritten by those of z.

Definition 7.6 (real block sensitivity). For g: Q, — [-1,1] and = € @, let rbs(g,z) be the
maximum of E?Zl %|g(zg3,$3ic) — g(z)| over b > 0, pairwise disjoint By,...,By C [n] and
20 20 € Q,, and let rbs(g) = max, rbs(g, z).

Overwriting B by z is the same as flipping the block {j € B : z; # z;}, so rbs(g) is the
block sensitivity BS((1 + ¢)/2) of [35, Definition 11]. Singletons give . |dig(x)| < rbs(g,x),
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hence Varg < I(g) < >, |ldigll1 < rbs(g), as |dig| < 1. Restrictions do not increase rbs, and
rbs(2h — 1) = bs(h) for h: Q,, — {0,1}.

Lemma 7.7 (block-sensitivity potential; [known]: (a) is [29, Proposition 4.3, and (b) is a
variant of [29, Lemma 6.1] and [35, Claim 33] with an overwrite in place of the mean deviation;
proofs included). (a) If g € By(n) then rtbs(g) < d%. (b) Let g: Q, — [-1,1], J C [n], 2 € Qn,
and Aj(g;2) = 3E.|g(zs,25¢) — g(z)|. Then, with b uniform on {—1,1}’ and u uniform on
{_17 1}Jc;

Errbs(g,2) = Aj(g; 2) + EpEy rbs(gle b, u).

Proof. (a) Fix z, disjoint blocks By, ..., By and 2, ... 2. For w € Q let y(w) agree with =
outside |J; B; and with £z + %z(") on B;. Then y(w) € Qn, and h(w) = g(y(w)) has degree
at most d, since each coordinate of y(w) is affine in a single w;. As d;h(1) = %(g(a:)—g(zgz, rpe)),
the sum in Definition 7.6 is Y, |d;h(1)| < d? by [19, Theorem 3.3] (or 4d* by Lemma 2.2). (b)
For z = (b,u), an optimal family of blocks in J¢ for g|,,—, at u, together with the block J
overwritten by z, is admissible for g at 2. Hence rbs(g, ) > 1|g(z, u) — g(b,u)| +1bs(gs,=p, u);
take expectations. O

For a function r(d,n) let ACE(r) be the statement: for every f € By and n € (0, 1] there
are J C [n] with |J| < 7(d,n) and b € {—1,1}” such that Var(f|,,—) < 7. Lovett and Zhang
conjecture ACE(r) with r = poly(d,1/n) [35, Conjecture 32| and relate it to the decision-tree
form of the conjecture through the potential of Lemma 7.7(b) [35, Claim 33]. The following
remark makes this quantitative for an arbitrary codimension r.

Remark 7.8 (ACE and the conjecture; [unaudited]). (a) If ACE(r) holds, then every f € By with
v = Varf > 0 satisfies, with r = r(d, v*/256),
max ||d; f|l1 > L?) MaxInf(f) > _v
i NG = e = 21242
(b) Conversely, if MaxInf(g) > ¢(Varg/d)® for all g € By, then ACE(r) holds with r(d,n) =
d°t1/(en®). (c) The junta theorem of [16] gives ACE(r) with 7 = 20(@) /n? and (a) then gives a
bound 2@ Var®M of the known type. ACE with r = 2°@poly(1/n) would give MaxInf(f) >
e_o(d)poly(Var f), which is not known. Polynomial dependence on 1/7 is necessary: for n < %
and f=m~1>. . x; with m = |1/(2n)], Var(f|.,—») < n needs |J| > m —nm? > 1/(4n) — 1.
Proof. (a) Let ¢ = v2/4 and 5 = £2/16. Build a decision tree as follows. At a node whose
restriction g of f has Varg < e, stop. Otherwise take J,b from ACE(r) for g and 7, and query
the coordinates of J (they are unqueried, and J # () since Varg > 7). With m = E,g(b,u),
lg —m| < 2 gives E|g — m| > Varg/2, and E,|g(b,u) — m| < /7, so

As(gb) = 5(Elg—m|l—vn) > §-5 = §

Apply Lemma 7.7(b) at every such node and sum over the tree: if N is the number of such nodes
on the path of a uniform z, then §EN < rbs(f) < d* by Lemma 7.7(a). So the revealments
satisfy >, 6; < rEN < 8d?r/e. Let T = E[f | leaf]. Then VarT = v — E;Var(f];) > v —e > v/2
and VarT = Cov(T, f), so Theorem 4.1(L1) gives v/2 < 3. 8;||d; fll1 < (32dr/v?) max; ||d; f||1.
The second bound follows from Inf;(f) > ||d;f||?. (With e = v/2 the same argument gives
max; ||d; fll1 > v?/(32d%r(d,v?/64)).) (b) As long as Varg > 0, restrict the most influen-
tial coordinate i of the current restriction g to the value § that minimizes I(g|;=g). Since
EslI(gle,—p) = I(g) — Inf;(g), each step lowers I by at least ¢(n/d)¢, and 0 < I < d; so there are
at most d°+1/(cn®) steps.

6
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In these arguments the degree enters only through the codimension r and the bound rbs(f) <
d?. The following degree-free conjecture keeps only rbs.

Conjecture 7.9 (real Nisan; [open]). There are absolute constants ¢,C > 0 such that for every
g: Qn — [~1,1] and every e € (0,1] some decision tree T of depth at most C(rbs(g)/e)C satisfies
E(g—T)*<e.

For g = 2h — 1 with h: Q, — {0, 1} it holds with ¢ = 0 and depth rbs(g)3, by Nisan’s bound
(Lemma 5.7); Conjecture 7.9 is its real-valued form. By Lemma 7.7(a) it implies Conjecture 1.1
(Remark 7.10). We have not found it in print. The closest statements are the degree-free bound
on fractional block sensitivity in [35, Theorem 15] and the potential of [29, Lemma 6.1] and [35,
Claim 33].

Remark 7.10 (real Nisan and influences; [unaudited]). (a) Conjecture 7.9 is equivalent, up to
polynomial changes of the constants, to the degree-free influence bound bsAA: MaxInf(g) >
c(Varg/rbs(g))¢ for every g: Q, — [~1,1] with Varg > 0. Both imply Conjecture 1.1, since
ths(f) < d? for f € By. Proof. Let v = Varg and 8 = tbs(g). If T is as in Conjecture 7.9
with ¢ = v/2 and depth t, then T" = E[g | leaf of T] satisfies E(g — T")* < E(g — T)? <
v/2, so VarT' > v/2, and Theorem 4.1(L1) gives v/2 < Cov(T’,g) < tmax; ||d;g|/1; hence
MaxInf(g) > v?/(4t?). Conversely, assume bsAA and let § = c(¢/(28))°. At every node whose
restriction h has Varh > /2, query a most influential coordinate i of h; then Inf;(h) > 6, since
rbs(h) < 8. As Eg, I(h|y,) = I(h) — Inf;(h) and I(g) < S5, the expected number of queries is at
most $/0. Cut the tree at depth ¢t = 23/(fe) and let T' = E[g | leaf]. By Markov’s inequality
the cut leaves have total probability at most /2, and the other leaves [ have Var(g|;) < €/2, so
E(g — T)? < ¢, with depth t = poly(8/e). (b) Known cases. If g = 2h — 1 with h: Q,, — {0, 1},
Lemma 5.7 and Theorem 4.1(L1) give MaxInf(g) > Var(g)/rbs(g)? [standard]. If |g| > 1 —n
pointwise with 7 < 1, and ¢ = sgng, then a block that changes o changes g by at least
2(1 —n); so bs(c) < rbs(g)/(1 —n) and Inf;(g) > (1 — n)%Inf;(c), and the Boolean case gives
MaxInf(g) > (1 —n)3Var(o)/rtbs(g)3. If ||d;gll2 < A||dig||1 for all i (non-spiky derivatives), then
I(g9) < MaxInf(g)"/2 3, |diglla < AMaxInf(g)/?rbs(g), so MaxInf(g) > I(g)?/(A\?rbs(g)?). For
subcube selectors ), ¢;1¢, with subcubes C; and ), |¢|1¢, < 1 we have proofs, not included
here and also unaudited, of bounds of the form MaxInf > ¢Var®/rbs*. In general bsAA is open.

7.4. Barriers for proofs of the general statement. This subsection uses its own notation
and records two obstructions to proofs of Conjecture 1.1: the degree must enter beyond the
pointwise bound of Lemma 2.2, and dual certificates must depend nonlinearly on the test func-
tion. Let s(f) = max, ., |d; f(z)| be the real sensitivity of f: Q, — [—1,1]; thus s(f) < 4d on
Bg, and s(f) < rbs(f).

The soft-max tournament. Let 8 > 0, H_ﬁ <0< % and cg = e — 1. For b > 1 let
ko = |0b], o = Pr[Bin(b,3) < ko] and m = [1/qo); as ko < b/2, qo < 3, so m > 2 and
mqy > 1 —qg > % Let z € Qup, split into blocks Bi,..., B, of size b, and y € @Q,,; put
Sj = Ziij xi, Kj = (b—5;)/2 (the number of —1’s in Bj) and

BS; m

ePri

pj(l‘) = Z;’zl oBS F(x,y) = E 1pj(l’) Yj-
= =

Let D(z) = fxl/ ’In 1=t du, the relative entropy of the Bernoulli laws with means z and 3.

Proposition 7.11 (soft-max tournament; [proved here]). |F| < 1, and:
(1) > |diF(x,y)| <1+ cgb at every point, the sum running over all mb+ m coordinates;
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(i) Inf,, (F) < 1/m and Inf, (F) < c%/(2m), so Var(F)/m < MaxInf(F) <
max(l,c%/2)/m, where %(32(1/2*9)217 <m< (b+ 1)ebD(k‘o/b);

(iii) VarF > ¢(3,0) for every b, with ¢(8,6) > 0 independent of b;

() ths(F) > 1(m — 1)(1 — 2me=2%), where me=2/% — 0 as b — 0o; so rbs(F) = e?®) and
deg F > rbs(F)Y/2 = U0,

Proof. |F| < ,pjly;l = 1. Fix j, i € Bj and (z,y), let % = 27+ and p = pj(z7). Only
S; changes, by 2, so p;j(zT) = pe? /(1 + pcg) and py(xF) = p(x7)/(1 + peg) for | # j. Hence
0 = pj(a™) — pj(a”) = cgp(1 — p)/(1 + pcg) and, as 37y pr = 1, 3o Ip(zh) — pu(27)] = 0.
Moreover § < cgp;(x): for z; = —1 this reads § < cgp, and for z; = 1, § = cge 2?(1 — p) pj(z).
As do, F = 55 (pu(x™) =pi(a™ )y, we get |do, F| < 6 < cpj(w) and By (dy, F)* = 3 35, (mi(at) —
pi(z7))? < 6%

(1) Summing over i € B; and j gives >, |dy, F| < cgb ), pj = cgb, and dy, F' = p;. (ii) The K
are independent Bin(b, ) variables, so Ep; = 1/m and Inf, (F) = Ep; < 1/m, and Inf,, (F) <
3c2Ep? fori € Bj. AsE,F =0, VarF =E)p? = Y. Inf, (F). Finally m > 1/go—1 > 1/(2qo)
with gy < e—2(1/2-0)% by Hoeffding’s inequality, and m < 1/qy < 2°/ (kbo) < (b4 1)ebPko/b) by
the standard bound (2) > ePH(k/Y) /(b + 1), H the natural entropy, since D = In2 — H.

(iii) max;p; = 1/W with W = Y, e 28(Ki=kmin) and Ky = min; K, so VarF > EW 2 >
Pr[W < A]/A? for every A > 0. Let p = 0/(1 — 6); the hypothesis on 6 says 1/p < €2?. Put
' = (1/p+€?%)/2 and P(k) = Pr[Bin(b, 3) = k]. For k < ko, P(k—1)/P(k) = k/(b—k+1) < p,
so mPr[Ky < ko — s] < p*mqop < p® for s > 0. Since P(k+1)/P(k) = (b—k)/(k + 1) decreases
in k, P(ko + u) < P(ko)ry for u > 0, with ro = (b — ko)/(ko +1) < 1/p+1/(6b) < 7’ once
b > by = 2/(0(e* — 1/p)); then mP(ko + u) < r'*. Fix an integer ¢t > 0 with p'™1 < L
and let Z = 3, e 2Pk [K) > kg —t] and T = 3", (pe??)* + (1 — r'e=28)~1. For b > by:
Pr{kmin > ko] = (1 — qo)™ < e7™0 < e /2 Prlkmin < ko —t] < mPr[K; <ky—t—1] < %;
and EZ = m3} o P(k)e28(k=ko) < T, s0 Pr[Z > 10T] < 4. Outside these three events
ko —t < kmin < ko, so W = e2lkmin=ko) 7 < 10T As 1 —e1/2 — 2 > 0.19, VarF > 0.19/(10I)2
for b > bo; for the finitely many b < by, VarF > E(3_; pj)?/m=1/m > 0.

(iv) Let « be +1 on B; and —1 elsewhere, y; = 1 and y; = —1 for j > 2. Then F(z,y) =
2p1 —1>1—2(m—1)e 2% since p; = 1/(1+ (m — 1)e~2%*). Overwriting one block Bj, j > 2,
by +1’s gives p1 = p; < % and F' = 2p; —1 < 0. These m — 1 blocks are disjoint, which gives the
bound on rbs(F). As D(z) < (3 —z)In =%, D(0) < $1n(1/p) < B; since D(ko/b) — D(6), (ii)
gives me=200 < (b+1)eb(Pko/0)=28) 5 0 and m = ). The degree bound is Lemma 7.7(a). [

By Proposition 7.11, for all large b, VarF' > ¢(f,6) and MaxInf(F) < e *() with x =
(2 —0)?/cg. So the sensitivity form of Conjecture 1.1, MaxInf(f) > poly(Varf/s(f)) for all
f: Qn — [—1,1], which would imply the conjecture, is false with an exponential gap. Hence a
proof of Conjecture 1.1 must use the degree beyond the bound ", |d; f| < O(d?): an argument
that uses only [f| < 1, Varf and this pointwise bound (an induction on the dimension, a
Bellman function, or a martingale or decision-tree potential in these quantities) would prove the
sensitivity form. The gap is the largest possible [proof outline]: the i-th term of Talagrand’s
L'-L? inequality [52] is O(||d; f|1/ In(1/MaxInf(f))), so MaxInf(f) > exp(—O(s(f)/Varf)). By
(iv), F is consistent with Conjecture 7.9; its degree is exponential in b. The closest precedent
we know is a worst-case separation: Tal [51, Theorem 10] constructs h: {0,1}" — [0, 1] with
bse(h) > |n/t] and s(h) < 3¢n'/%, bs, using blocks of size at most £; it does not concern
influences or variance.
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Convez duality for the extremal problem. Fix n, d and 7 > 0, let (f,g) = Efg, let V be the
space of functions @, — R of degree at most d, Vo = {h € V : Eh = 0}, P<4 the orthogonal
projection onto V, and ||g||s: = maxsep,n)(f;g). For h: Qn — R let

val; (h) = max {(f,h) : f € Ba(n), ||dif|2 < /7 for all i}.

For unit h € Vo, (f,h) = (f = Ef,h) < (Varf)'/?, with equality for h = (f — Ef)/(Varf)'/2.
Hence the supremum of val, (h) over unit h € Vg is sup{(Varf)'/2 : f € Byq(n), MaxInf(f) < 7},
and Conjecture 1.1 with constants ¢, C' says exactly that val,(h) < d'/2(7/c)"/ () for all n, d,
7 and unit h € Vy. A dual certificate is a feasible point of the following dual problem.

Proposition 7.12 (second-order-cone duality; [proved here]). For every h: Q, — R and 7 > 0,

n n
val (h) = min{HhoHl + \ﬁz lluill2 : h+q=ho+ inui, q LV, u; independent of xi},
i=1 i=1
and the minimum is attained. One may require degu; < d — 1, and, eliminating hg and g,

valy (h) = min (|| Pea(h — 5, @) | g, + V7 32, il ).

Proof. Weak duality. If f is admissible and (ho, g, u) is feasible, then (f,q) =0, (f, ho) < ||hol|1,
and (f, z;u;) = Elu; d; f] < /7T||uil|2, since u; does not depend on z; and E,, [z;f] = d;f. Strong
duality. For T = 0 the admissible f are the constants in [—1,1], so valg(h) = |A(0)], and assigning
each nonempty S to its smallest element writes h — ﬁ(@) = >, wju;. Let 7 > 0. The admissible
set is VN By N[); Ci with B = {||fllc < 1} and C; = {||dif||2 < /7}, closed convex sets in
R®@" whose relative interiors contain 0. By [45, Corollary 16.4.1] its support function val, is the
infimal convolution of the support functions of V, B, and the C;, and the infimum is attained.
These support functions are the indicator of V* (which gives q), || - ||1 (which gives hq), and, for
Ci, g — /Tl|lu||2 if ¢ = xju with u independent of x; and +oo otherwise, since C; contains the
functions independent of x; and (f, z;u) = (d;f,u). This is the stated dual. Replacing u; by its
part of degree at most d — 1 lowers ||u;||2, and the discarded part of x;u; has degree above d, so
it can be moved into . For the last formula, ming v [|g + qll1 = maxsep, ) (f:9) = [[P<aglls:,
by the same corollary for ¥V N By. O

A linear scheme is a family A = (4;)i<y, of linear maps from Vj to functions on @, such that
A;h does not depend on z;; the maps may depend on n, d and 7, but not on h. Its cost

Costa(h) = HPSd(h — ZZ :CiAz‘h)‘ B + \EZz HAihHQ
is at least val,(h) by Proposition 7.12; the ¢! part (hg, q) is still optimized for each h. Examples
are A;h = d;Mh for Fourier multipliers M. For Mxs = xs/|S| (S # 0), 3., ziAih = h and, by

Cauchy-Schwarz, Costa(h) < (tn)/2(3"4 S| h(S)2)1/2 < (7n)Y/2 for unit h: this certifies the
trivial bound Varf < nMaxInf(f).

Proposition 7.13 (linear dual certificates are trivial; [proved here]). Let1 < k < d—1, k+2F <n
and ¢, = /T 2¥/2/(k 4+ 1). For every linear scheme A some image h of Addry (on k4 2% of the
coordinates) under a permutation and sign changes of the coordinates has Cost 4(h) > min(1, ).
Hence, if Costa(h) < /& < 1 for every unit h € Vy, then 7 < e(k + 1)227%; in particular
T <ed?2'7% ifn>d—1+291, and 7 < 4e(logyn)?/n if 4 <n < 2%,

Proof. Let G be the group of signed permutations of the coordinates, acting on functions; it
preserves Bgi(n), Vo, P<g, the LP norms and ||- HB;- If v € G maps ; to £x,(;), let it act on tuples
by (Yu)x(iy = £7(us), with the same sign. Then }; z;(yu); = (32, ziwi) and (yu)r ;) does not
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depend on @), so Cost(u; h) = ||[P<a(h — 32, ziwi) g5 + /T 32, [|uill2 satisfies Cost(yu;vh) =
Cost(u; h), and it is convex in u. The averaged scheme A(h) = E, v 'A(yh) (v uniform on G)
is linear and G-equivariant, and Cost 5(h) < E,Costs(vh) by Jensen’s inequality. So it suffices
to show Cost 5(h) > min(1, ¢;) for h = Addry.

The sign change of a set R of coordinates maps xg to (—1)‘SQR| Xs; equivariance under these
maps shows that A;xs is a multiple of xga (1. As A;xs does not depend on x;, A;xs = Bi sXs\{i}
if i € S and A;xs = 0 otherwise, and equivariance under permutations gives 3; s = 55. Hence
h — Zz x;Ajh = Mh with Myg = m|s|Xs and m; =1—10;.

Let h = Addry, with address bits a1, .. .,ax and targets ;. By Proposition 2.7, h(S)2 = 4=+
for the 4% sets S = {23} UT, T C {ay,...,a;}, and h(S) = 0 otherwise. As +h € By(n), the
first term of the cost is at least [(h, Mh)| = |u| with g = Epmp4q, T uniform. The targets
alone give 35 [| Az, bll2 = 2¥2(Br 57, )2 > 2B (L — mypy | /(k +1) > 26211 — pul /(k + 1).
So Cost 5(h) > |u| + cx|1 — p| > min(1, ¢g). O

Proposition 7.13 covers every choice of the u; that is linear and independent of h (for instance
noise on a fixed set of coordinates, with the residual split among the u; by a fixed linear rule),
also if only the normalized (f —Ef)/(Varf)'/2, f € By(n), must be certified, since these include
the images of Addr,. With d; Mh above, linear schemes thus give MaxInf > Var/n and nothing
better than 4Var(logy n)?/n. Choices that depend on h are much cheaper: routing each Fourier
set {zp} UT with T # 0 to the address bit of smallest index in 7', and each {x}} to xp, writes
Addry, = 3, wiu; with [Jug, [|l2 = 27% and [Jug, [|2 = 272, so val, (Addr) < 7(1+3,5,27%2) <
3.42,/7 for every k. Thus a dual certificate must depend nonlinearly on h; for the address
function an h-dependent routing of each Fourier set to one of its coordinates suffices. Neither
proposition is progress toward Conjecture 1.1; they rule out two natural strategies.

8. TOWARD A QUASI-POLYNOMIAL BOUND: THE TOUCHING TRANSFER

This section shows that the touching transfer, which is implied by the conjecture, would give
MaxInf(f) > (Varf/d)?(°24) with a polynomial loss; Section 10 proves its mass form with a
quasi-polynomial prefactor, which gives Theorem 10.1. Its limits are in Appendix I, and a linear
deficit transfer, which fails in the regime needed, is in Appendix H.

For a function u and 6 > 0 let Jo(u) = {j : Infj(u) > 60} (the O-spikes), Sp(u) =
> jedo(w Infj(w), No(u) = I(u) — Sp(u), and let Ug(u) = D g0 sn7,(u)=0 ©(5)? be the variance
not touched by 6-spikes. As before, o is the rate—% restriction, p; is the composition of ¢

independent copies of o (a rate-2~ restriction), and u, € By if u € By.

Lemma 8.1 ([proved here]). Let J = Jyp(u). (a) Ug(u) = VarE[u | zjc]. (b) Varu — Sp(u) <
Up(u) < min(Varu, Ng(u)). (¢) Up(u) = Varu if and only if J = 0. (d) Up(u) and Ny(u) are
nondecreasing in 0. (e) At rate p, E,Var(u,) = > 5(1 — (1 — p)¥a(S)? € [pVaru, Varul; in
particular B, Var(u,) > %Varu.

Proof. (a) Elu | zje] = 3 579 @(S)xs- (b) The sets meeting J carry at most >, ; Inf;(u),
and every nonempty S avoiding J contains some j ¢ J. (c) Each j € J has Inf;(u) > 6 > 0,

so some set containing j has positive weight. (d) is immediate. (e) If A is the alive set, then
Eu,(T)? = Y graer @(S)? for T C A, and Pr[SN A # 0] =1~ (1 —p)l9l. O

Definition 8.2 (touching transfer). Let C' > 1 (the cap exponent), ¢ = e(d) > 0 and L =
L(d) > 1. TT(e, L) (with cap C) is the statement: for all d, all g € By and all 0 < 6 < Var(g)°,

Up/r(9) < 2E;Up(gos) + eVar(g).
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For fixed g and L let emin(g; L) = supy[Up,1.(9) — 2E,Us(g-)]/Var(g) over admissible 6.

Since Ug,r,(g) is nonincreasing in L and the right side does not depend on L, TT(e, L) implies
TT(e, L") for L’ > L, and refuting TT at L refutes it at every smaller L. The functions F of
Proposition H.3 have Uy, (F) = 27F for 2% < 9/L < 3, so they can violate TT(e, L) only
when ¢ < 27%; they do violate it at the chain’s ¢ = 1/(16ed) for small L (e.g. k = 10, d = 110,
1 < L < 8; embedded in By with padding, up to L ~ d*2°) [numerical] (exact evaluation), which
is weaker than Corollary I.3.

The chain. The base case uses the real-sensitivity bound (Lemma 2.2) and the level-k in-

equality.

Lemma 8.3 (base case; [proved here]). Let f € By, let p be a rate-p restriction with p < 1/(2ed),
let n € (0,1], k = [logy(d/(2np))] and 6* = (npVar(f)/(8d>3%))*. Then E,Ng-(f,) < npVar(f).
Proof. Let g € By and 8 > 0. For j ¢ Jy(g), Lemma 3.1(a) with § = % gives W=F(d;g) <
35| d;g| 3% < 380Y4|d;g|1, since ||djglh < |ldjglla = Inf;(g)¥/2 < 6Y/2. As in the proof of

Theorem 3.2, W=F(d;g) = 2255, 1S|<k+1 §(S)%. Summing over j ¢ Jy(g), with Lemma 2.2 for
the levels < k + 1 and |S| < d for the others,

Ng(g) < 442 3k01/4 +dW>k+1(g).
Take g = f, and 6 = 0*; the first term is then npVar(f)/2. As in the proof of Lemma G.1,

EW>51(f,) = S5 F(S)?Pr[Bin(|S|,p) > k + 2] < Var(f)(edp/(k + 2))"*2 < Var(f)2-*+2),
and d2-(*+2) < 5p/2 because 2F > d/(2np). O

(Lemma 3.1(b) gives 8%/ in place of §'/4, which would replace the exponent max (4, C') below
by max(2,C).)

Theorem 8.4 (the chain; [proved here]). Assume TT(e, L) with cap C, where ¢ = 1/(16ed).
Let f € By, d > 2, v = Varf >0, T = [logy(2ed)], p = 277 ¢ (4—;1,%], n = ﬁ, k=

[log,(8ed?/p)| and pv \4 [ pv \C
QT:min{<8Z273k) ’ (166d) }

Then MaxInf(f) > O6prL~T.  Eaxplicitly, 0 > (v/(02d4+3log23))max(4’c), where ¢y =
512¢%(64e2)9823 < 6.6 - 107 and 4 + 3log, 3 < 8.76.

Proof. Put 0, = 67L~T=Y < 07, V; = EVar(f,,) and ¢y = EUg,(f,,)/Vi- By Lemma 8.1(e),
Vi =S o(1 — (1 —27HI51) £(S)? is nonincreasing in ¢, and Vg > pv > 0.
Stept (1<t <T). Let g = f,, , € Ba, so that g, is distributed as f,,. If §; < Var(g)¢, TT

gives Uy, ,(9) < 2E,Uy,(gs) + eVar(g); otherwise Uy, ,(g) < Var(g) < th/c < 0;/0. Take the

expectation over p;—1 and divide by Vi_1 > max(Vy, pv): —1 < 29y + ¢+ 6’;/0/(])11).

Base. The k above is that of Lemma 8.3 for this 7, since d/(2np) = 8ed?/p; so O < 6*, and
by Lemma 8.1(b),(d) and Lemma 8.3, EUp,.(fyr) < ENg=(for) < npv < Vi, i.e. thr < 1.

Iteration. Since 27 < 4ed and H%F/C < pv/(16ed), we get g < 2T(n + ¢ + 9;/0/(191))) <
ded - 163ed = %. As Vp = v, this says Up,(f) < Varf, so Jg,(f) # 0 by Lemma 8.1(c), and
MaxInf(f) > 6y = 00 L~T.

Constants. We have np > 1/(64e?d?) and 2F < 16ed?/p < 64e2d?, so 3% < (64e2d>)lo823
and npv/(8d%3%) > v/(cod*T319823) =: by. Also pv/(16ed) > v/(64e%d?) > by. Since by < 1,
Or > min(b, b§) > ppex4), 0
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Corollary 8.5 ([proved here]). TT(1/(16ed),d") with cap C implies, for all f € By,

< Var f )max(4’c)d—blog2(4ed) _ (Varf)O(C+blogd)
Cpd5T0 4

and TT(1/(16ed), e®4/ e D)) jmplies MaxInf(f) > (Varf/d)O(@eod).

MaxInf(f) >

)

Spike averaging and the sandwich.

Lemma 8.6 (spike averaging; [proved here]). Let g € Bq, 6 > 0, L > 1, J' = Jy/(g) and
h =Elg | xppg] = D sny—p9(S)xs. Then h € By, Varh = Uy/1(g), Inf;(h) < Inf;(g) < 0/L
forj ¢ J', and Inf;(h) =0 for j € J'. If moreover e >0, Uy/1(g) > eVar(g) and 0 < Var(g)¢,
then MaxInf(h) < /L < Var(9)®/L < Var(h)®/(¢“L).

Proof. h is a conditional expectation of a [—1, 1]-valued function and its Fourier support lies in
that of g, so h € By; the other claims are read off the Fourier expansion. ]

The map g — h is the standard averaging operator; [12, §6] uses the complementary junta

~

ZSQJ f(S)xs-

Theorem 8.7 (sandwich; [proved here]). Write AA(A,c) for the statement that MaxInf(u) >
c(Varu/d)? for all d and all u € By.
(i) TT(1/(16ed), L) implies MaxInf(f) > 07L~" (Theorem 8.4).
(it) If AA(A,c) holds with A < C, then Uy/r(g9) < eVar(g) for all e > 0, L > (d/e)?/c,
g € By and 0 < 0 < Var(g)®; so TT(e, L) holds even without its restriction term.
(iii) Hence AA(A,c) with A < C implies TT(1/(16ed), (16ed?)? /c), which implies the quasi-
polynomial bound MaxInf(f) > O7(c/(16ed?)M)T. Here (16ed*)*/c > 1, since a dictator
forces ¢ < 1.
(iv) Any g with Ug/r(g) > eVarg and 0 < Var(g)®, in particular any counterexample to
TT(e, L), yields h € By with MaxInf(h)/Var(h)¢ < e=C/L. So, for e > d=°W, refuting
TT(e, L) with L = d*Y) along infinitely many d would refute AA(A, c) for every A < C
and ¢ > 0. Without a lower bound on € the factor e=C can absorb L.

Proof. (i) If Uy,(g) > eVarg and h is as in Lemma 8.6, then c(eVar(g)/d)A < ¢(Varh/d)? <
MaxInf(h) < /L < Var(g)4/L, using Varg < 1 and A < C; so L < (d/e)?/ec. (iii) is (ii) with
¢ = 1/(16ed), combined with (i). (iv) is Lemma 8.6, together with Var(h)¢ < Var(h)4. O

AA(A,c) fails for every A < 2 [proved here]: the average of M copies of the 0/1-valued AND,,,
on disjoint variables, scaled by 1/M, has MaxInf = 2=™~!/M? and Var = 27™(1 — 27™)/M;
let M — oo with m fixed.

A degree-free sufficient condition. For g: Q, — [—-1,1], 0 > 0 and L > 1 let

A(Q;H’L) = UG/L(g) - 2EUU9(gU)7

so that the inequality of Definition 8.2 holds for ¢ at € if and only if A(g;0,L) < eVarg.
Lemmas 8.1, 8.6 and 1.9 and their proofs hold for every such g, with h bounded in place of
h € Bg; in particular A(g;0, L) < 2E,V, by Lemma 1[.9. Let rbs be the real block sensitivity
(Definition 7.6).

Conjecture 8.8 (block-sensitivity transfer; [open]). There are absolute constants A > 1 and
¢ € (0,1] such that for all n, all g: Qn, — [—1,1] with Varg > 0, all L > 1 and all 0 < 6 <
Var(g)“,

L-A(g;0,L) < Arbs(g)¥.
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Here C is the cap exponent. Equivalently, a failure of the inequality of Definition 8.2 for g at
an admissible 0 forces rbs(g) > (¢LVarg/A)°: many disjoint sensitive blocks at one point. The
chain needs only the weaker statement (Wg): for some A > 1, all such g, all € € (0, 1] and all
0 < 6 < Var(g)®, the inequality of Definition 8.2 holds for every L > A(rbs(g)/(eVarg))X; as
eVarg < 1, Conjecture 8.8 implies (W /.).

Proposition 8.9 ([proved here]). Let f € By, d > 2, v = Varf > 0, and let T and O be as
in Theorem 8.4. (a) Under Conjecture 8.8, TT holds at each g € By with Varg > 0 for all
L > Ad?/¢/(eVarg), which at ¢ = 1/(16ed) is the loss 16eAd'T?/¢/Varg = (d/Varg)'*2/cto(l)

d
o Var f>0(0+(1+2/c) log )

MaxInf o0 ) o (Vs
wtnt(f) 2 Or () = (54
(b) Under (W), MaxInf(f) > 07A~ 7 (v/(2048¢3d°)) KT = (Var f /d)O(C+Klogd)

Proof. For g € By, rbs(g) < d? by Lemma 7.7(a), so the conjecture gives A(g; 0, L) < Ad*/¢/L <
eVarg for L > L, := Ad?/¢/(¢Varg) and 6 < Var(g)®; under (W) the same holds with L, :=
A(d?/(eVarg))X. Let ¢, , p and 6; be as in the proof of Theorem 8.4, let § = 1/(128¢2d?), and
use there the single loss I = 2048e3Ad32?/¢/v in (a) and L = A(2048¢3d°/v)X in (b), so that
L > L, whenever Varg > dv. In step ¢, if Varg > dv the step is unchanged; if Varg < v then

Up,_,(g) < Varg < év. Hence ¢y < 24y + ¢+ 9;/0/(;01/) +0/p, and, as 27 < 4ed,
do < 2T (n+e+0)/ /(o)) + 27 — 1275 < 3 +166%d%5 = L.

So Jg,(f) # 0 and MaxInf(f) > 6y = 6OrL~T. The last forms follow from 6Or
(v/(c2d®76))m2x(4.C) and T < log,(4ed). O

AV

The following degree-free bound proves Conjecture 8.8 whenever Ms(g) < poly(rbs(g)).

Lemma 8.10 ([proved here]). Let g: Q, — [-1,1], 6 >0, L > 1, J = Jy/1(g) and Mz(g) =
> ldigllae. Then

1
L-A(g:0,L) < 5> (Inf(g) + lldjgl%) < Ma(g).
i¢J'
Proof. With the notation of Lemma 1.9, V,, < EjeKU Inf;(Gy) < Zjng X; with X; = Inf;(g,),
since G, averages g, over coordinates other than j. As 1[X; > 6] < X;/6 and j is alive with
probability 3, A < 2E,V, < 7' 3., E[X? | j alive]. Given that j is alive, X; = E[¢; | 2]
with ¢; = (d; g)? and F the fixed set, which contains each i # j independently with probability %;
so B[X7 | j alive] = 30427 1919;(5)? < Inf;(g)*+5 (B¢ —Inf;(g)?) < 5Inf;(g)(Inf;(9)+|d;g(|3)-
Finally Inf;(g) < 6/L for j ¢ J', and Inf;(g) < ||d;g||%. O

For Tribes with s > w, My = wrbs < rsz, but for the address function My > 2% while
rbs = k + 1.

Remark 8.11 (relation to real Nisan; [unaudited]). Conjecture 7.9 implies (W, ), with ¢g, Cp the
constants of bsAA (Remark 7.10). Indeed, if the inequality of Definition 8.2 fails for g at (&,6, L)
with 6 < Var(g)“, then h of Lemma 8.6 has Varh = Uy, (g) > eVarg, MaxInf(h) < /L < 1/L
and rbs(h) < rbs(g) (h is an average of restrictions of g, and rbs is convex), so bsAA for h gives
L < ¢y (rbs(g)/(eVarg))©°. For LA the argument gives only cal/corbs(g)Ll_l/CU, and Cy > 2
is necessary (the averages of AND,, above have rbs = m/2); whether Conjecture 7.9 implies
Conjecture 8.8 is open.
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Remark 8.12 (special cases and numerics; [unaudited]). (i) Boolean g: @, — {—1,1}: LA <
LUp/(9) < 0D(g) < rbs(g)® for § < 1, ie. the conjecture with ¢ = 5, A =1: for h
as in Lemma 8.6 and an optimal tree for g, Theorem 4.1(L1) gives Varh = Cov(g,h) <
>igy 0iEldih| < 0D(g)/L, as E|d;h| < E[dig| = Infj(g); then use Lemma 5.7. (i) AND-
block compositions g = P(,., ANDp,), with disjoint blocks of arbitrary widths and |P| <1
on {0,...,s}, without 6/L-spikes: LA < 8yrbs(g) < 161bs(g) with v = maxy |P(k+1) — P(k)|,
so ¢ = 1. (iil) Product selectors F' =3 e 4 130 o 1, (1 +brs,(2,)) (|sr| < 1, disjoint blocks,
deg F = d) without 6/ L-spikes and with § < Var(F)®: by hypercontractivity at p = %, the coor-
dinates y; contribute at most el/2VarF to the bound 2LE,V, on LA once L > 1.7-10*d®; spikes
among the z-coordinates are not covered. We have proofs of (ii) and (iii), not included here.
[numerical] Exact computation of sup 1.9 LA over all 3" restrictions, with cap 2 and with no cap,
for 48 functions with n < 12, and about 70,000 adversarial evaluations, give LA < 0.4rbs(g),
the worst case being Tribes with w = s = 3; at these sizes TT fails only for L < 4, so they
cannot detect c. Monte Carlo for Tribes with 8 < w < 28 (failing losses up to 7.7 - 10%) gives
lower bounds for sup LA that grow roughly like rbs(g)%#, consistent with ¢ = 1.

Appendix I shows that TT fails for losses L < d'=°(1), and with cap C > 2 for L <
d2€/(2C—1)—o(1) (Theorem 1.4, Corollaries 1.3 and 1.6), and that a counterexample needs the
new spikes to touch a definite part of the mass (Lemma 1.9).

Reduction to old-free functions. The old spikes can be removed at a polynomial cost
(Lemma J.20 and Corollary J.21, [proved here, audited], with proofs in Appendix J). For
0<e<1,0 =¢e%/(36d) and L' = £L/(36d), and with h = E[g | x|, J = Jy/(g), as in
Lemma 8.6,

A(g;0,L) < A(h;0', L") + §Varg,
and MaxInf(h) < 0/L = ¢'/L’, so h has no old spikes at (¢’,L'). Hence TT at loss L’ and
parameter ¢/2 for all old-free h € By with the cap ¢’ < Var(h)?/(36d) implies TT at loss
36dL’ /&%, which is 9216e2d3L’ for ¢ = 1/(16ed), under cap 2 for all g € By. For old-free h,
Gy = hy, in Lemma 1.9, and the transfer becomes a bound on the mass of the new spikes.
Section 9 studies this mass, Section 10 bounds it at a loss of #-exponent 1/(27") with a quasi-
polynomial prefactor, and Section 11 studies the spike mass of a single restriction at rate 1/d.

9. SPIKES AFTER RESTRICTION: PRIMING, A COLLAPSE, AND THE REMAINING MASS BOUND

Lemma 1.9 reduces the touching transfer to one quantity: the variance touched by new spikes,
1

that is, by coordinates whose influence crosses the threshold 6 only after the rate-5 restriction.
This section collects what is known about that quantity. Section 9.1 fixes notation and defines
the spiked mass. Sections 9.2 and 9.3 give the priming tools and show that every capture
formulation collapses: a captured spike carries little mass by a direct argument (Lemma 9.8), so
capture hypotheses are either false or restate the mass bound. Section 9.4 gives the amplification
theorem for size-biased laws. Section 9.5 states the remaining target, a mass bound for old-free
capped functions at rate %, and Sections 9.6-9.7 give the proved pieces, the open statement, and
the reason the available tools fall short. Section 10 proves the target with a quasi-polynomial
prefactor, which gives Theorem 10.1. Section 9.8 comments on the one-shot restriction.

Two rules are followed throughout. Every hypothesis is stated in mass form, as a bound on
a part of the spiked mass, and never relative to the spiked mass itself. Every hypothesis is
compared with the mass bound SM, and we record whether it is equivalent to it or weaker. No

hypothesis of capture type is presented as a reduction of the conjecture.
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9.1. Old and new spikes, spiked mass. Fix g € By, § > 0 and L > 1, and write I; =
Inf;(g) = ||d;g||3. As in Definition 8.2, o = (F,z) is the rate-3 restriction: each coordinate is
fixed independently with probability % (the fixed set F', with uniform values z) and is otherwise
alive. The old spikes are J' = Jy/1(g), so I; < 0/L for j ¢ J'. As in Lemma 1.9, G, = E[g, |
74\ ], where A is the alive set, and the new spikes are K, = Jg(go) \ J': alive coordinates
outside J’ whose influence is multiplied by more than L under one restriction.

Definition 9.1 (spiked mass). The spiked mass of j is pu; = E,[Inf;(G,)1[j € K,]]. For € > 0,
SM(e) at (g,0, L) is the statement }; u; < 5Var(g).

Since G, averages g, and j is alive with probablhty y 1y < I In Lemma 1.9, V, <
> jex, fj(Go), so EoVo < 37 pij and A(g; 0, L) < 2E,V; §2Z ,u] Hence:

Corollary 9.2 (SM implies TT; [proved here, audited]). If SM(e) holds at (g,0,L), then the
inequality of Definition 8.2 holds for g at 0.

Old-free functions and the size-biased law. By Lemma 8.6 the old spikes can be averaged out:
h = Elg | )\ ] satisfies MaxInf(h) < 6/L. For such h there are no old spikes, G, = h,, and
with ¢; := d;h, I; = Inf;(h) and Q; := Inf;(h,) = E[¢7 | 2] (for j alive),

Hi = Eo [Q]l[] alive, Qj > (9]] = %IJ ﬁj(Q]‘ > 9)

Here ﬁj is the size-biased law: x has density (;5? /I; with respect to the uniform measure, the
coordinates v # j carry iid. clocks ¢, ~ U[0,1] independent of z, and F = {v : ¢, < 3} is
revealed in increasing clock order. The identity holds for every event measurable with respect
to (F,zp) and the clocks, since EZ[E[(ﬁ? | zp = 2]1g| = Ijlfz’\}j(E). We write ¢; = In(0/1;) >
In L. For a partial assignment p of the coordinates other than j let N(p) = E[gb? | p] and let
RI,(p) = Inf,(¢;,)/N(p) € [0,1] be the relative influence of u at p. When u is revealed at
p, N is multiplied by 1 + ¢y, with the bias ¢, = E[du(qﬁf) | p]/N(p); by Cauchy—Schwarz
c2 < 4RIL,(p).

9.2. Priming through block sensitivity. For ¢g: Q, — [-1,1] we use the real
block sensitivity rbs(g) of Definition 7.6. Overwriting a block is flipping a block, so
21bs(g) = max, max Y, |g(2PP) — g(z)], the inner maximum over families of pairwise disjoint
nonempty blocks B;, where 28 flips the coordinates in B.

Lemma 9.3 ([known]; this is Lemma 7.7(a)). rbs(g) < d? for g € By.

Second proof. Fix z and the blocks, and put h(y) = g(z) with z, = Yy for u € By. Then
h € By on Qi and |g(2%P) — g(2)| = 2|dyh(1)], so the claim is > |dyh(1)] < d?, which is [19,
Theorem 3.3]. (Lemma 2.2, or Markov’s inequality on the two lines through 1 along the sign
classes of dyh(1), gives only 4d2, hence rbs(g) < 4d?, without the citation.) O

Selection with relative thresholds. For t > 1 let A; = {u ¢ J' U{j} : Inf,(d;g) > I;/t} and
K=(d—1)t+1.
Lemma 9.4 (weighted Helly selection; [proved here, audited]). (a) |A;] < (d —1)t. (b) For
ug J, wea, Ii < (d — 1)tInf,(g) < (d —1)t0/L. (c) Every C C [n ]\J' contains m >
2Lu(C)/(K?0) indices whose sets A; are pairwise disjoint, where u(C) = > jec M-
Proof. 3, .;Infu(d;jg) = > g5;(IS] — 1)g(S )2 < (d — 1)I; gives (a), and the same identity

with the roles of v and j exchanged gives (b), since v € A; means I; < tInf,(d;g). For (c),
pick greedily; a pick j removes j and every k with Ag N Aj # (0, of total weight at most

1+ D uea; 2okue, Pk < K?0/(2L) by (a), (b), ur < Ix/2 and I; < 6/L. O
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For j and A Z j let Tj 4 = E[d;g | 2a], and for a € {~1,1}" let
Qj(Aa a) = E[(djg)2 ’ TA = a]7 ﬂj(Aaa) =Ey djg(a7 ) - djg(a,a )Hl
Lemma 9.5 (priming; [proved here, audited]). Let Ay, ..., Ay, be pairwise disjoint, j; ¢ A;, and

a; € {~1,1}4. Then (P) 2rbs(g) > 32, (ITy:.4,(as)| — 1;1_/2), and (P*) 2rbs(g) > 3, 7, (As, ai).
(Conversion) If q;(A,a) > 41;, then m;(A,a) > qj(A,a)/8.

Proof. Let B;j(z) = {u € A; : z, # aiy}; these blocks are disjoint and 2®Bi(2) = (ai,ZAg)-
So 2rbs(g) > E, >, [g(2®P:)) — g(2)|. Since B;(z) does not depend on z;,, averaging over
zj, and the switch identity d;g(z%P) — d;g(2) = [Apg(z¥ 1) — Apg(z' 1)), with Apg(z) =
g(298) — g(2), give E., ]ABi(Z)g(z)| > ‘djig(ai,ZAf) —dj,g(z)|. Taking E, gives (P*); Jensen and
Cauchy-Schwarz give (P). For the conversion, write ¢, = d;jg(a,-), ¢ = Egydy, ¢ = qj(A,a).
Since |¢a = Gu| < 2, 00 = darllt > 3ll¢a — dul3, and Eull¢a — durl3 = q — 2(ba, @) + 1 >
(Va— 1) = /4 O

Random priming. The deterministic sets A; can be replaced by laws. For each j ¢ J' let v;
be a law on pairs (A, a) with A C [n]\ (J'U{j}) and |A| < s.

Lemma 9.6 (random priming, subset form; [proved here, audited]). Suppose that for a set N’
of non-old coordinates (P1) > ;s LBy, w5 > 40 cni g, and (P2) 37, Livi(u € A) <
Alnfy(g) for every non-old u. Then 3 nvpj < 4(A+1)(s + 1) 21bs(g)/(vL).

Proof. Draw (A;, a;) ~ v; independently, and select each j € N independently with probability
pj = cLI;j/0 < ¢, where ¢ = 1/(2(A + 1)(s + 1)). Delete every selected j whose block {j} U A;
meets the block of another selected index. For fixed j and draw, a fixed w of the block lies in
another selected block with probability at most 3, pj (v (u € A) + 1[j" = u]) < c¢(A + 1) by
(P2) and Inf,(g) < /L, so j is deleted with probability at most 3. Hence the survivors, whose
blocks are disjoint, satisfy E> m; > 3 > Dy, Ty > $¢Ly >\ ptj, and Lemma 9.5(P*) applied
to one realization gives the claim. O

The subset form is randomized capture in mass form: it bounds the mass of any family of
spikes that is primed in the sense of (P1) with polynomial loads. By the conversion, (P1) holds
when ¢;(A,a) > max(41;, k) on the relevant event, with v = x/8. We also use an averaged
form.

Lemma 9.7 (averaged priming; [proved here, audited]). Let v; be sub-probability laws with
T > T vi-almost surely, W = >, Livj(1) and Ay = >, Livj(u € {j} UA). Then 2rbs(g) >
momin{IW2/(4 3, A2), W/(2max; I;)}.

Proof. Fix n < 1/max; I;. Independently for each j, select j with probability nl;v;(1) < 1
and draw (A;,a;) from v;/v;(1); the number X of selected indices has EX = nW. Let Y be
the number of selected j whose block {j} U A; meets the block of another selected index. By
independence,

EY < Z Z Pr(j selected, u € {j} U A;) Pr(j’ selected, u € {j'} UA;) < Z(nAu)Q.
w g u

The other X —Y blocks are pairwise disjoint, so Lemma 9.5(P*) gives 2rbs(g) > mE(X —-Y) >

(W — 0?3, A2). Take n = W/(2>, A2) if this is at most 1/ max; I;, and n = 1/ max; I;

otherwise; in the second case n? > A2 < nW)2. O
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9.3. Lemma CM and the collapse of capture. The rate—% route was first organized around
a capture hypothesis. Let 8; = max, [['j a,(a)| with A; as in Lemma 9.4, and Cg = {j ¢ J':
B;j > BV} (the captured spikes). Capture(3,t) at (g,0, L) is the statement pu(Cj) > %23 1.

An independent check showed that the captured mass is small unconditionally.

Lemma 9.8 (captured mass; [proved here, audited)). For every g € By, 8 >0,t>1, >0 and

L>4/p8%,
K20 242 K20
w(Cg) < 2rbs(g) 3 < 5

Proof. If (Cs) > 0, Lemma 9.4(c) gives m > 2Lu(Cs)/(K?0) indices in Cjg with disjoint A;.
Lemma 9.5(P) with a; maximizing |I'j, 4, | gives 2rbs(g) > m(BvVO — \/O/L) > mBVO/2 >
Lu(Ci) /(KVD). 0
Theorem 9.9 (the collapse; [proved here, audited]). Let ¢ = 1/(16ed), t > 1, > 0, and
L > Lo := max{4/4?%, 84 K?\/0/(cVarg)}.
(a) Capture(f,t) at (g,6, L) implies SM(e), hence the inequality of Definition 8.2 at (g,0).
This implication is exactly Lemma 9.8 combined with Corollary 9.2.
(b) Capture(S,t) is false as a hypothesis: there are g and admissible (8, L), at every configu-
ration the chain of Theorem 8.4 visits, at which it fails while SM(e) holds (Examples 9.10
and 9.11).
(c) Every repair collapses: at L > Lo the forms in Table 3 are false, equivalent to TT at

the configuration, or equivalent to SM up to a factor 2 in e, or (the old-free, L' and
randomized forms) imply SM.

Proof. (a) By Lemma 9.8, ;(Cg) < eVar(g)/4, so Capture gives >, u; < 2u(Cp) < §Varg. (b)
is the content of the two examples. (c) For the minimal form, Capture and A > Varg cannot
hold together by (a), so “Capture wherever A > eVarg” says that A < eVarg. The threshold
form is SM by (a) and Lemma 9.8. The absolute form gives >y < $Varg + p(Cg) < 5Varg,
and follows from SM(g/2). The old-free form applies Lemma 9.8 with J’ = (), and the L! and
randomized forms imply SM in the same way, through Lemma 9.5(P*) and Lemma 9.6 in place
of Lemma 9.8. O

Example 9.10 (address function). Let g(x,y) = y, with k selector bits 2 and 2* targets yq,
sod=k+1and Varg = 1. If 27F < /L < %, the selectors are old and the targets are new.
Since dy,g = 1[z = a] depends only on old coordinates, A,, = § and 8,, = 27% < B0 for
every admissible 3, so Cg = 0; but >, fiy, = 32753 0-rg (f)2*" > 0 (r the number of alive
selectors). So Capture fails, while >y < 1(3/4)F and A< Up/r(9) = 27% so TT holds once

27% < ¢, and SM once (3/4)% < e. Both hold in the range k > 427 below. At the chain’s first
step the targets are new from k > 427 at L = 4 [numerical].

Example 9.11 (a degree-3 gadget). Let g = %xo + %:Eﬂ,[)(y) with ¢ = m Y vew Yolw ON
M bits; E¢p = 0, d = 3. Then Iy = § (zo is old), I; = m and Infy, (dig) = &1,
so Ay = 0 for t < M/2 and p; = |[E¢|/2 = 0: x; is never captured, and 3,, = 0 as well.
Fixing all y to +1 gives Inf,, (¢,) = i, so up > 0 for 9 < %, while a fourth-moment bound and
Hoeffding’s inequality give p; < %exp(—(@/S)I/zMﬁ). For 6 < 1, any L, t and ambient d > 3,
take M > 10 4+ max{(L/(260))"/2,2t,61n(32ed)/v/0}: then x is a new spike-capable coordinate,
Cg=0foral g >0 and 0 < > pu < %&d < $Varg. Capturing x1 needs ¢t > M/2, which
pushes Ly above L. The gadget separates a large averaged square, E[(djg)?,] > 0, from a large
squared average, E[d;g | z4,]* > 5°0.
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form of the capture hypothesis, at L > Ly status

literal: Capture at every chain configuration  false (Examples 9.10, 9.11)

minimal: Capture wherever A > eVarg equivalent to TT at the configuration
threshold: Capture wherever » > $Varg equivalent to SM(¢)

absolute: uncaptured mass < §Varg between SM(e/2) and SM(e)

old-free literal (after Lemma 8.6) implies SM for old-free h; not refuted

L!'-capture; randomized capture (Lemma 9.6) imply SM in the same way

TABLE 3. Capture-type hypotheses and what they are equivalent to, or imply.

What survives is Lemma 9.8 itself: at polynomial loss, every counterexample to SM, and
hence to TT, carries its spiked mass on uncaptured spikes. The rest of the section works with
mass bounds directly. Whether the conjecture implies SM at polynomial loss for functions with
old spikes is open (for old-free functions it does, Remark 9.18); no counterexample to SM is
known.

9.4. Amplification under the size-biased law. Two tools control how the conditional second
moment grows along the clock order. Both are stated for a multilinear ¢: @,, — [—1, 1] of degree

at most d, with ¢ = E¢? > 0 and Pr= (¢?/q) - U. Their proofs are in Appendix J.

Theorem 9.12 (spread-direction level-1 inequality, RL1; [proved here, audited]). Let 0 < 7 <
1/(2e*d*) and k = 10e/(In(1/7) — 3 — 41nd). If ¢, = E5[2,] are the biases of Pr, then

Z ¢ < max{r, rln(e/q)}.

v ey |<T

So the small biases have total square at most a constant times In(e/q), the log-inverse absolute
height; this factor is the source of the In(e/I) price below.

Lemma 9.13 (load lemma; [proved here, audited]). Consider an adaptive exploration that reveals
coordinates one at a time, the choice of the next coordinate depending on the revealed values and
on randomness independent of x. For a coordinate u let 7, be the step just before u is revealed.
Then the relative-influence process Rl is a Pr-martingale up to 7., B [RLu(pr)] = Infu(4)/q

for every stopping time T < 1,, and f’\;(suptgm RI, > B) < Inf,(¢)/(Bq). Consequently, for h
as in Section 9.1 and any rule that puts u into A; only when RI, > 8 at some time before u is
revealed,

~ d—1 d—1
, ZIjPrj(u € AJ) < Tlnfu(h), EEJ|AJ| < —.

Inf,(d;h)
: : 3

Pri(uc A;) <
.7( ])— /BIJ

The identity holds because Inf,(¢,) = E[(dy$)? | p] is a uniform-measure martingale while

u is unrevealed, and the density of Pr on the revealed values is N(p)/q; the last bounds use
> jzu fu(djh) < (d —1)Infy,(h), as in Lemma 9.4.

Fix a threshold 71 € (0,1/(2¢3d*)] and put x1 = 10e/(In(1/71) — 3 — 41Ind). Along the clock
order write ¢; = E[¢? | zg,] with S; the revealed set at time ¢, @ for the final value, ¢, for the
bias of the k-th revealed coordinate just before it is revealed, and

QVE =31k > ], A =In(e/q).
k
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Theorem 9.14 (amplification; [proved here, audited)). Let the alive set have rate p € (0,1), so
that each coordinate is fixzed with probability 1 — p. For every y > 0,

ﬁ(lncj > 2y+(e—1)ln%-max{ﬁ,m(A—Fy)}—FQVlg) < 3e7Y.

The same holds conditionally on the stopping data (B,xp) of any exploration run before the
clocks, with ¢ replaced by ¢(zp,-).

Proof sketch; the full proof is Theorem J.14. Write In(Q/q) = In Z,, + QVS™ + QV'¢ with Z;, =
(gs,/q) exp(— Zigk c?). One reveal multiplies ¢ by 1+ c;x,, with Pr-mean 1—|—cz, S0 Z is a super-

martingale and Pr(In Z,, > y) < e7¥. The small-bias part QV*™" is controlled at every time by
Theorem 9.12 applied to the restricted function, Y ¢, (¢)? < max{7, k1 (A —In(q;/q))} over unre-
vealed v with small bias, and the clocks reveal each unrevealed coordinate at hazard rate In(1/p);
an exponential-moment bound on the hazard-weighted sum, off the event {min; In(¢:/q) < —y}
of probability < e™¥, gives the middle term with probability > 1 — e Y. O

No regularity of ¢ is assumed. The theorem says that a large amplification needs large-bias
reveals, unless A, the logarithm of the inverse starting height, is large.

Theorem 9.15 (staged form; [proved here, Appendiz K; audited]). Suppose the revealed set is
revealed in s stages, the stage of each coordinate being chosen independently of x and of the
clocks, and in clock order within each stage. (a) Theorem 9.1/ holds with (e —1)1In(1/p) replaced
by (e — 1) sIn(1/p): each stage adds one hazard In(1/p). (b) The same holds conditionally on
the revealed data at any stage boundary, with one hazard per remaining stage and q, A taken at
that boundary; here alive coordinates that are never revealed (frozen, with hazard 0) are allowed.

Outline (the full proof is in Appendix K). Run the proof of Theorem 9.14 stage by stage: within
a stage the clock order is the order of Theorem 9.14, and the stage assignment is independent
of x and of the clocks, so each stage contributes its own hazard In(1/p); for (b), condition on
the data at the boundary and run the remaining stages.

9.5. The remaining target: SM for old-free capped functions. Let ¢ = 1/(16ed), T =
[logy(2ed)] and V' = Varh.

Definition 9.16 (old-free capped; SM-OF). h € By is old-free capped at (6, L) if MaxInf(h) <
0/L and § < V?2/(36d). For a function Lo = Lo(6,d, V), SM-OF(Lg) is the statement: for every
h old-free capped at (6, L) with L > Ly,

Youi = > 3LPri(Q; 2 0) < §V.
j j

W[

The cap 6 < V2/(36d) is what the old-free reduction delivers: averaging out the old spikes as
in Lemma 8.6 and adjusting parameters (Lemma J.20 and Corollary J.21; [proved here, audited))
turns TT for g at (6, L) into SM-OF for h at (¢, L") = (26/(36d),?L/(36d)), with loss 9216¢2d?
and cap C' = 2. A loss that depends on € is admissible in the chain if its #-exponent is small.

Proposition 9.17 (the consequence; [conditional on SM-OF; the implication is proved here,
audited)). Suppose SM-OF(Lg) holds with Loy = P 6~°, where P = (d/V)°®" and ¢T < 5. Then
every f € By satisfies MaxInf(f) > (Varf/d)©(osd).

Proof. By Lemma OF and Corollary 9.2 (through Lemma 1.9 with G, = h,), TT holds at
every configuration of Theorem 8.4 with the loss L(8) = P'6~¢, P’ = poly(d)P. Run the chain
with this loss: 6,1 = 6;/L(6;), so In(1/6p) = (1 4+ )T In(1/67) + P - (1 + )T —1)/c <
1.651n(1/07) 4+ 1.30TIn P’ when ¢TI < . Restrictions whose variance falls below poly(V/d)
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are dropped, at the cost of an additive error in each step, by the device used in the proof of
Proposition 8.9. ]

So a loss 67¢ per level is harmless only for ¢ < 1/(2T); a fixed power of 1/0 compounds to
9~(1+9" and destroys the bound. Below, a bound is called -free if its loss is (d/V)°M6~¢ with
cl' < %, and one-shot if it is a fixed power of 1/6. A loss P;V~167¢ with I’ < % and In Py
polylogarithmic in d is #-mild; Section 10 proves SM-OF at such a loss (Theorem 10.26).

Remark 9.18 (AA implies SM-OF vacuously). If MaxInf(u) > (Varu/d)? for allu € By, then no h
is old-free capped at (0, L) with L > (36d/V?)(d/V)?4, since MaxInf(h) < §/L < V?/(36dL). So
SM-OF(Lg) holds for such Ly. SM-OF is therefore sandwiched like TT, but it is not known to be
equivalent to the conjecture. At the 6-mild loss of Theorem 10.26, SM-OF is proved. A function
h old-free capped at that loss has MaxInf(h) < V3/(36dP;), while MaxInf(h) > V?2/(4C%) by
the DFKO bound of Section 1; so such h exist only if In P; < dIn C, and the theorem has content
only for astronomically large d.

Example 9.19 (L > Ly is necessary; [sketch, numerical]). Let u; = x4y:,0 ANDy(ye1, -, Yrw)
on disjoint blocks, t < N, W = N~'3" w; and h = Tp(W), the Chebyshev polynomial of
degree D ~ A\V/N2¥, so d = D(w+2). Then h is old-free capped for L < cxd/((w+2)?2%) with
¢y € [0.016,0.028], and under ﬁj the amplification of a spike coordinate is exactly 2Bn(w:1/2)
up to a factor 1 — O(62). For L ~ d'/3 (d = 10%°) the spiked mass is > p; =~ 0.12V, while
T ~=58- 107%3; the largest such L is about v/d/logd. So SM-OF fails for L < v/d/logd, and
Ly 2 \/&/ logd. The spikes here are captured by single gates; they survive only because the
captured-mass bounds need L > poly(d)/V.

Lemma 9.20 (HC; [proved here, audited]). For every f: Qn — [0,1], Staby o(f) < (Ef)Y3. In
particular 1 + X < I72/3 for every ¢: Q,, — [—1,1] with I = E¢?, with no regularity or degree
assumption.

Proof. Staby;5(f) = |T,f|3 with p = 1/v/2, and hypercontractivity gives ||T,f|2 < [flligp2 =
1£|l3/2; since f3/2 < f, || fllsj2 < (Ef)?/3. Apply this to f = ¢ O

Proposition 9.21 (baseline with a one-shot loss; [proved here, audited]). For every h € By with
MaxInf(h) < 6/L, >, u; < dV/(20*/*L}/3). Hence SM-OF holds with Ly = (2d/)*072, and

Zj %ﬁJ(EJ) < 15V for any events E; C {Q; > 0} once L > (8d/)3072.

Proof. Given that j is alive, Q; = IE[(;S? | | and EQ? = Stabl/g(gé?) < 1;1/3 by Lemma 9.20.

By Markov, Pr;(Q; > §) = E[Q,;1(Q; > 6]]/I; < EQ?/(8L;) < I;*/8 < 6=%/3L~1/3; sum with
Sl <av. 0

At the top level of the chain, 6 ~ V?/(36d), this is a polynomial loss. The whole open content
of SM-OF is therefore the requirement that the loss be #-free. Section 10 meets the #-exponent
requirement I’ < % at a #-mild loss (Theorem 10.26); at a O-free loss, with a polynomial
prefactor, SM-OF is open.

Per-spike arguments. A per-spike argument at (0, L, d) is a functional ¥ (¢, ) > 0 of the joint

law of z, the clocks and the revealed path under Pry, which is sound, ¥(¢,0) > %Pr(ﬁ(Qqﬁ > 0)
for every ¢: @, — [—1, 1] of degree at most d— 1, together with a deduction of Zj U(p;,0) < TV
from the constraints (C): the ¢; are such functions on a common cube, I; <0/L, >, I; < dV,
V € (0,1] and @ < V2/(36d). Constraints that couple different j, such as the loads of Lemma 9.6
or the boundedness of one common h, are not in (C). Markov and moment bounds (Lemma 9.24,
Proposition 9.21) and Theorem 9.14 or Lemma 9.26 applied to one spike are per-spike arguments.
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Proposition 9.22 (per-spike barrier; [proved here, audited]). Let t = logy(1/6) with 1 < [t] <
(d—1)/2, and 6 < 1/(36d). If L < 048 for instance if L < 1/(46), then no per-spike argument
proves SM-OF at (0, L). Hence no per-spike arqgument gives SM-OF with a loss PO~¢, ¢ < 1,
for 6 in the window [2~(4=D/2 (4P)~Y(=); the window is nonempty when In(4P)/(1 — ¢) <

2(d—1)In2, and it contains the chain’s quasi-polynomial range In(1/0) = O(logd - log(d/V')).

Proof sketch. Take V.= 1, w = 2|t| < d — 1, ng = |d2"] disjoint blocks By of size w with
patterns pg, and ¢ = llxp, = pi|, so that I = 27" and d — % < > Iy < d. Under ﬁ"k,
xp, = pr almost surely, so Qp = 2715\Fl and I,;I"k(Qk > §) = Pr(Bin(w,1) < [t]) > 3.
The cap I, < 0/L is L < 04} and 4} > 6=2/4. So (C) holds, while every sound ¥ has
S Uk > e > Hd —3) > §. Finally PO¢ < 1/(49) once § < (4P)~/(1=9) O

Wider blocks, w = 2|t] + s, raise the barrier to 1 + ©(y/Ind/In(1/0)), a correction that
vanishes as # — 0 at fixed d; with Proposition 9.21, the best per-spike exponent lies in [1,2].
The family need not come from one bounded h, and it is not a counterexample to SM-OF. In
an actual old-free capped h, AND-type spikes have defect 0 for the greedy and final-context
laws below (every revealed block coordinate keeps relative influence %), so Proposition 9.25 with
Dy = 0 bounds their mass by max{64d?/L, 84°/25~*(V/L)/?}: no single h at L > poly(d/V)
realizes the family. A proof of an exponent ¢ < 1 must therefore use cross-spike structure of h,
such as the loads in Lemma 9.6; on the uncaptured part of the mass a per-spike bound is not

excluded (Section 9.7).

9.6. The proved pieces. Fix h old-free capped at (0, L), write Is}j, Qj, ¢j as in Section 9.1,
and let m; = 6_345d_129, Y1 = (6—].) In2,¢; = (%—’yllﬁl)/(Q—F’lel) and C(Tl) = ’)/1/{1/(%—’)/1/{,1)‘
The spiked mass splits exactly into three pieces, according to events of the enlarged probability
space:

ij = Z %J [f’vrj(spj N SJT;) + ﬁj(spj ALJ; A Cap;) + f’}j(spj ALJ; A =Cap;)|,
J J

where sp; = {Q; > 0}, SJ; = {QV;g < {;/4} (small jumps), LJ; is its complement, and Cap, is

a capture event defined by priming laws. SM-OF follows if each piece is at most {5 V.

Theorem 9.23 (piece 1: small-jump spikes; [proved here, audited]). (a) f’;j(spj N SJj) <
3eNTU2(1,;/0)% (e/0)™)r . (b) If L > Lgy := (24eM7/2d /)Y (e/0)(™), then > %I,’Vrj(spj A
SJj) < V. (c) e1 > 0.32 and ()T < % for all d > 2, so the loss is O-free [numerical; re-run
independently; the supremum is about 0.498].

Proof. (a) is Theorem 9.14 at p = % with y chosen so that 2y + v; max{r, k1 (A + y)} = %Kj,
where A = In(e/I;) = {; +In(e/0); on sp; A SJ;, In(Q;/I;) > ¢; and QV'® < ¢;/4. (b) Sum (a)
with I; < 6/L and " I; < dV. 0

Neither the cap nor any regularity is used. If the event is defined by the total quadratic
variation instead, the supermartingale Z alone gives Pr;(sp; A {QV; < {;/4}) < (I;/6)%/4, with

no f-loss at all; so piece 1 is elementary and all the difficulty sits in the large jumps.
x? bounds. For ¢ = ¢ let 1 + X = Stab1/2(¢2)/12 = E5[Q/1].

Lemma 9.24 ([proved here, audited]). (C1) ﬁj(spj) < (1+X;);/0 < (1+X;)/L, sopj <
Ii(1+X;)/(2L), and 3 _; 1;X; < K\ \V implies SM-OF at L > 2(d+ Ky)/e. (C2) If ¢ =[], ¢i on
disjoint blocks, then Q =[], Qs, Pr= X, Pr; and 1+ X = [T:(1+ X;). (C3) A factor 3(1+ g)
with g € Bi, MaxInf(g) < 7 and eg = E(3(1 + ¢))? has X < (3k?38 /7 + 5271)/ed for every
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level R > 1. (C4) A product of A such factors with e; > eg has 1 + X < e, hence f’vr(sp) < 3/L,
provided 7 < Ty = (e2/(6Ak?3%))? with R = [logy(A/e2)] + 1; the threshold depends on A.

(C5) If MaxInf(¢) < I7-2/(10*d*), then X <1 and Pr(sp) < 2/L.

Proof. (C1) is Markov: Pr(Q > 0) < E5-[Q]/6. (C2) is independence of the blocks under the
uniform measure and the clocks. (C3) applies Theorem 3.2 to g and to g? (Inf(g?) < 4Inf(g)):
the levels 1..R of ¢? carry at most 3k23%,/7, and the levels above R are damped by 27 in
Staby /5. (C4) multiplies (C3) by (C2), and (C5) is (C3) with R optimized for ¢ itself. O

The products of (C4) are the one-shot core of the conjecture (Remark 9.34); at rate 3 they

are not spikes. CHI, the hypothesis > j I; X; < K, V, is sufficient but not necessary for a single
spike: for AND,, with m = 4log,(1/6), 1 + X = 6234 while Pr(sp) < 6°7.

Piece 2: captured mass with 0-free laws. A priming law assigns to each j aset A; C F'\{j} that
is a function of z and the clocks; its load is A if Ay, 1= 3, I;Prj(u € A; U {j}) < (A + 1)Inf,(h)
for all u. For Do > 0 let Cap; = {Q; >0, In(Q;/q;(Aj,74,)) < Do}

Proposition 9.25 (capture by a priming law; [proved here, audited)). If L > 4eP°, then

_ D .
zj:lszrj(Capj) < max{64dz€ 0’ 8()\+1)d3/2<vzo>1/2}.

The loss is 0-free exactly when \ and Dy are.

Proof. On Cap;, ¢;(4;) > fe=Po > 4I;, so m; > fe~P0 /8 by the conversion. Apply Lemma 9.7
to the laws of (A4;,z4;) on Cap;, with W = 23, %i;rj(Capj), YL A2 < (A+1)%0/L)dv,
max I; < 0/L and 21bs(h) < 8d>. O

The following laws have 6-free loads, by Lemma 9.13 or by a direct computation; the loads of
the greedy-closure, final-context and pivotal laws are [proved here, audited|, and the matched-
block load and mass bound are a [proof outline; audited).

e Greedy closure at threshold r: reveal, in any order, every coordinate of F' whose current
relative influence is at least r, until none is left; A; = A is the revealed set. Load (d —1)/r
at every depth, one Doob bound per coordinate.

e Final context at threshold 8: A; = {u € F': Rl (zp\,) > B}. The event is measurable with

respect to the clocks and zp\,, so f’vrj(u € A;) < Inf,(¢;)/(2B1;), and the load is at most

(d—1)/8.
e Matched block, for gate families ¢ = >, w; [[,¢p, %(1 + x,) with M spread gates of width w
and v = M27% < L A; = B N F for the first gate fully fixed to 1. Load 3(d —1). The

defect is not bounded pointwise, but E5-Q < 27/M 2 and Markov’s inequality show that it
exceeds Dy only on a Pr-fraction 27(1 4+ O(v))e~P? of the spikes. (P1) holds with v = £, so
Lemma 9.6 with A = 3(d — 1) and s < d — 1 bounds the spread-gate spiked mass by 816d*/L.
e Pivotal law at threshold B: A; = FN{u: (duqu)Q/ExuqS? > }. Since (d,¢)? and E,, ¢* do
not depend on x,, ﬁ](u € Aj) < E[¢?(du¢j)2/(BEIu¢?)]/Ij = Inf,(¢;)/(BI;), so the load is
(d-1)/8.
With these laws, spread gates get f-free bounds from the matched block (through Lemma 9.6)
and from the final context (through Proposition 9.25; its defect exceeds Dy only with negligible
Pr-probability once 8 < (V/d)®), [proof outline; audited]. The analogous bounds for parity
gates (relative influence % in every context), AND blocks and approximate-OR cascades (greedy
closure), hard-address gates (pivotal law), and products of majorities (static heavy set, relative
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influence > 0.39/v/d) are [proved here, unaudited]; for the cascades they hold to leading order,
unbalanced fan-ins are heuristic, and these proofs are not included here. A union of laws has
load at most the sum of the loads, but it is not itself a capture law, since ¢;(-) is not monotone
in the set: capture is argued law by law, by partitioning according to the first capturing law.

The 0-exponent of each law. For the same families the static laws give only one-shot losses
([proved here, unaudited)): with pg := ¢/(16d), a static gate-set law needs L > d*/(pof) (ex-
ponent 1), and a static soft-address law needs (pgf)~2 (exponent 2). Lemma 9.20 alone has
exponent 2 (Proposition 9.21), and the matched-block, final-context and pivotal laws have 6-
free loads (with the tags above), hence exponent 0 wherever they capture; of the families above,
the capture itself is audited only for spread gates. This is a statement about each law on its
families; no combination of the laws is known to have exponent at most 1/(27") on every family,
and the soft-addressed, semi-hard and unbalanced cases remain heuristic or open.

Activation and the light remainder. Let A* be the greedy closure at threshold r, ¢>° = IE[(;S? |
za], and 1+ X =E[Q? | G*]/(¢™)?, the x? ratio of the remaining stage given the closure’s
o-field G*°; given G*°, the unrevealed coordinates have the size-biased law of the restricted
function, which is r-regular in relative influence.

Lemma 9.26 (light stage; [proved here, audited]). For Ko > 1, f’\;j(Qj >0, Q; > Kog™) <
s [(1+ X*>)min{1/Ko, ¢>/6}].

Proof. E5[Q | 6] = Ey[Q? | G*°]/q™ = ¢°°(1 + X°) by the tower property; apply Markov at
the level max{0, Koq>}. O

Lemma 9.27 (activation; [proof outline; audited]). For any adaptive exploration that reads
x only on F (its o-field is contained in o(xp, clocks, coins); the lemma is false without this
hypothesis), any v, € (0,1] and y > 0, let 1 + X, = Stab1/2((dvd>)2)/||dv¢||‘21. Then

ﬁ(RIU reaches 3 before v is revealed, with N > Ie™" until then) < (RI,(0)/8)*(1+ Xy)ev.

Proof sketch. Change measure to the size-biased law of d, ¢, whose density on the revealed values
is the uniform-measure martingale M = E[(d,¢)? | ]/||dv¢||3; on the event, M > Be~Y/RI,(0),
and the maximal inequality for the submartingale M? bounds the probability by EM2 times
the inverse level, where M, is the terminal value, and EMEO < 1+ X, because the revealed
o-field is contained in o(x g, clocks, coins). O

Compared with Lemma 9.13, activation costs an extra factor (RL,(0)/8)(1 + X,)eY. If every
light derivative has 1 + X,, < 3 (for instance by (C4) or (C5)), then with y = In(32d/e) and

r < 232 /(3100d3), activation chains of every depth carry Pr-mass at most ¢/(16d), by summing
Lemma 9.27 over the chains depth by depth [proof outline; audited].

Proposition 9.28 (SM-OF from a light x? bound; [conditional on CHI-L; proof outline, unau-
dited]). Let r € (0,1] and Ky > 64d/e, and let CHI-L(r, Ky) be the statement

ZIjEﬁj [(1+X]9>O)min{1/Ko, Q;O/G}] < pV
J

Then CHI-L(r, K¢) implies SM-OF at L > poly(d/(re)) Ko/V .

Proof sketch. The spikes with ); > Kog;° are bounded by Lemma 9.26 and the hypothesis. On
the rest, ¢7° > 0/Ko > 4I; once Ko < L/4, so the closure law satisfies (P1) of Lemma 9.6 with
v~ 1/(8Kp) on the subfamily where it carries half of the spiked mass; its load is (d —1)/r, and

the size bound s = O(d/(re)) holds on the spikes that carry the mass. Lemma 9.6 gives the
bound. O
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CHI-L itself is false at 6-free thresholds, already for light spread gates (item (ii) of Section 9.7),
so Proposition 9.28 is only a conditional reduction. No path bound is used, so neither the
reordering defect of fixed-order arguments nor the In(e/I) price of Theorem 9.14 enters. CHI-L
is weaker than CHI, since E5-[(1+X°°)¢>] = I(1+ X), and it removes the AND counterexample
to CHI (AND blocks are in A%, so X*° = 0). In the comparison with SM, CHI-L implies SM-OF
at the stated loss and is not known to follow from it. The loss is 8-free only if r and Ky are.

9.7. The open statement and the missing tool. Fix § = 3 = (V/d)®, let 77" be the
greedy closure at threshold § and T]ﬁn the final-context law at threshold 3, and for ¢ € [0, 2] let
Dy(c) = Cln(d/V) + cln(e/6) and

U; () = {Q; = 0} ALJ; AMIn(Q;/4;(T}")) > Do(e)} A{In(Q;/¢;(Tf™)) > Do(c)}.

Conjecture 9.29 (the graded residual hypothesis UZ; [open for ¢ < 2; with ¢ = 1/(2T) and a
quasi-polynomial prefactor in place of (d/V)° it follows from Theorem 10.26 by the converse
in Theorem 9.30, up to constants in €|). There are b,C, Cy such that for every h old-free capped

at (0, L) with L > (d/V)0=¢, 3 4Pr;(Us(c)) < V.

Theorem 9.30 (U} and SM-OF; [proved here, audited, as a conditional reduction]). U} im-
plies SM-OF at the loss Ly = max{Lsj, Leap(c), (d/V)?007°} = poly(d/V) §~max(ee(m)) yhere
Leap(c) = P00 max{4,1024d%/(cV'), (128d°/% /(8))?/V} = poly(d/V)(e/0). Conversely, SM-
OF at a loss poly(d/V )0~ implies U} at the same loss, up to constants in €. Moreover Uj holds
once (d/V)C0 > (8d/e)3.

Proof. A large-jump spike outside U J’-‘(c) has defect at most Dy(c) for T8 or for T, so {Q; > 6}

is covered by sp; ASJ;, the two capture events Cap; of Proposition 9.25 for 7% and T’ fin at Dy =
Dy(c), and U} (c). Multiply by I;/2 and sum. The first mass is at most {5V by Theorem 9.23;

the two captured masses are, by Proposition 9.25, since L > Leap(c) gives L > 4eP0 and makes

both branches of its maximum at most 5V'; and the last is by U. The converse holds because

U;(c) C€{Q; > 0}, and U3 follows from this inclusion and Proposition 9.21. O
f-exponent c of the loss consequence of SM-OF at P6~—¢ status
c=2 MaxInf(f) > exp(—O(d'°8221In(d/V))), weaker than Var(f)%?e= 9@  proved
constant ¢ < 1 MaxInf(f) > exp(—O,(d"°&2(1T9) In(d/V))) open
T <4i MaxInf(f) > (Varf/d)©Usd) open
=41 P=PFyV MaxInf(f) > (Varf/d)OUosd) e—0log* d) proved

TABLE 4. The payoff of the §-exponent (V' = Varf; P = poly(d/V) except in
the last row, where In Py = 3.0 - 10673). The last row is Theorem 10.1 [proved
here; audited twice in note form, and the text audited twice]. Every ¢ > 1 gives
only In(1/MaxInf) = Q(dIn(d/V)).

The rows follow from the proof of Proposition 9.17, and the last row from Lemma 10.2,
Proposition 10.3 and Theorem 10.26: In(1/6y) = (14 ¢)T In(1/67) +In P'- (1 +¢)” —1)/c with
(14+0)T < (14 ¢)>Pdoe20+9) and (1+¢)7 > 27 > 2ed when ¢ > 1. A constant ¢ < 1 is subex-
ponential, but it beats the known bound Var(f)2e=% only when In(1/V) = o(d'~'°82(1+)); the
normalization c¢T" < % is sufficient, and any ¢T" = O(1) is still quasi-polynomial. The #-exponent
budget across the pieces is a maximum, not a sum: the loss of Theorem 9.30 is the largest of the
losses P;0~ of the pieces, so its exponent is max; ¢;, and a condition such as c+c¢(m) < 1/(27)
is sufficient but not necessary.
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So UZ is SM-OF itself at the exponent max(c,c(1)), restricted to the uncaptured large-
jump spikes; it is not weaker. Its only content beyond SM-OF is that the small-jump and
captured masses are f-free. This is unavoidable for any formulation by uncaptured mass, since
captured mass is automatically small (Lemma 9.8, Lemma 9.6, Proposition 9.25). Its content
is structural: by Lemmas 9.13 and 9.27 and Proposition 9.28, a violator must amplify by more
than e through coordinates that are large in the clock order but relatively small both online
and in final context, and its closure remainder must be relatively regular, absolutely irregular at
scale (¢™)?, and stall at ¢® < 7 poly(d/(e6)). None of the tested families (spread gates, parity
gates, AND, approximate-OR cascades, products, the dense family at L > L) is known to have
these properties; no member of U* is known.

Question 9.31 (an adaptive scale-invariant H1). Is there ¢ with ¢T" < % such that for every

¢ € By_1 and every 0 with E¢? < §'7¢/P, P = poly(d/V), f’vrd,(U* (¢)) <e/(16d)? Equivalently:
if ¢ is relatively d-regular online and S-regular in final context along the size-biased path, its
restricted mean does not amplify by more than e, except with size-biased probability e /(164d),
with constants independent of the height.

This local statement implies Conjecture 9.29 by summing over j, and hence SM-OF; it is
stronger, since it is required for every ¢ and drops the cap on the other coordinates. The
existing tools fall short of it for precise reasons. Section 10 does not answer it: it proves SM-
OF with a quasi-polynomial prefactor, without a local statement, by a recursion over chain
derivatives.

(i) H1 is absolute. At a node of height ¢, an amplification 13;(}/ > ePq) > p of the restricted
mean Y of ¥ = ¢§, with peP > 2, gives only EY? > pePq?, i.e. low-level weight of order
¢®. Theorem 3.2 then gives RI, > (peP/2)%2¢°4/(4 - 104d*), and even a linear form of
H1 would give RI, > pePq/poly(d) = pf/poly(d) at the root: a loss #~' at least. The
hypothesis of H1 is the absolute variance, not the relative variance Var(Y')/q?; for AND,,
the true relative influence is § while Var(Y)/q ~ (3/4)™.

(i) The one-node relative statement is false. Spread gates with M = (AL)~1/3

gates have

relative influence about 1/(2M) for every coordinate at the root and Pr(sp) > 1; the

greedy law reveals nothing, and only the final context captures them. The matched gate

has final relative influence about £ when one gate dominates, and about 1/(2(k*+(k—1)?))

with k matched gates; missing the final context needs about 3 —1/2
gates, which has negligible Pr-probability for 3 < (V/d)’. So a scale-invariant H1 must
be adaptive. For the same reason CHI-L fails at 6-free thresholds for light spread gates
([proved here, unaudited]; proof not included), and holds for them only in mass form,
through Proposition 9.25.

(iii) Theorem 9.14 has an absolute budget. 1t is relative in the bias, but the small-bias budget
k1A is proportional to In(e/q). In piece 1 this costs (e/0)°(™)e1 which is f-free; in fixed-
order activation arguments it puts (I/e)¥ = (0/e)% e~<'* into the heavy threshold, and e
is not polynomial on the relevant range ¢ < 16(d — 1)/(72po), with py = £/(16d) as above.
Proposition 9.28 removes this factor from piece 3.

(iv) No moment bound is O-free. Proposition 9.21 is the best moment bound, with loss §~2;
by Proposition 9.22, no per-spike bound on the whole spiked mass has exponent below 1;
and AND,,, has 1+ X = (3/2)™ = 799 although it is fully captured. So the missing
statement is a capture statement, or a x? bound after the heavy closure as in CHI-L, not

a moment bound for ¢.

simultaneously matched
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The deep-chain residual. By Lemma 9.27, a light coordinate wu is activated with
non-negligible probability only if 1 4+ X, is large, that is, only if the derivative is it-
self spiky; so the question repeats one level down. For a chain ¢ = (j,u1,...,u)
let . = dy, - dy,djh, of degree at most d — 1 — t, with [[¢:]|3 < I;, and let R(t) =
2|t %Hi/}cH%f’;wc(the chain derivative reaches the height H;), with heights Hy = 6 > H; >

- fixed by Theorem 9.14. Then R(0) > > ; u; and R(d) = 0. The one-level step (a change

of measure to Prw at relative influence at least 72/4, and Theorem 9.14 at confidence y;) is a
[proof outline; audited]. With the identity I;RI,(0) = Inf,(¢;) it gives the mass recursion

- 4 v
R(t) < 4de™"W({t)+ S R(t+1),  W(t)= > sl < —— 5
1
|e[=t

which, like the arithmetic below, is [proved here, unaudited]. Bonami’s inequality closes the
recursion at any depth D: R(D) < 2-991=P(9/L)YW(D)/Hp. Per unit weight one level costs
4(d —t)/713 > 4(2e3d*)?(d — t) > 9, since Theorem 9.14 needs 7 < 1/(2e3d?), while Bonami’s
inequality closes one degree for a factor 9. So a level of recursion always costs more than
the degree it saves, the prefactor of the loss is at least 99! for every D, and the best split
is D = 0: plain Bonami, which gives SM-OF at Lo = 32 - 9% 1d/e, 0-free but exponential
in d (compare Proposition 1.1). Moreover, the exceptional terms sum to at most 55V only if
yr = tIn(4d/72) + O(In(dD/g)) grows linearly in ¢, so the height loss In(6/Hp) is quadratlc in
D. Within a loss poly(d/V)0~¢, the recursion therefore extends the degree O(log(d/6)) that
Bonami’s inequality closes by only O((In(1/6)/1Ind)"/?) levels. With heights fixed in advance
and a polynomial prefactor, the deep-chain residual is [open]. A non-compounding recursion
would need a per-level factor below 9, a breadth bound over the activated coordinates only, or
a drop of the degree by a constant factor per level, and generic residual chains lose one degree
per level. Section 10 avoids the compounding differently [proved here; audited twice in note
form, and the text audited twice]. Lightness is measured against a fixed fraction of the node’s
weight, which ends every chain at depth at most S — 1 = 167 4 3 (Corollary 10.12); each node
is examined at a row of a grid of heights with one exceptional exponent for all depths, so the
height loss is linear in the depth rather than quadratic, and it costs In P; = 3.0 - 10673, a
quasi-polynomial prefactor (Remark 10.27).

Lemma 9.32 (INC; [proved here, unaudited]). For g: Q, — R, a coordinate v and p € [0,1],
Stab,((dyg)?) < Stab,(g?), with equality for g = x,f.

Proof. Write g+ for the restrictions to z, = :I:l and Sg, = [ 2(z)g2(y)] for ,0 correlated z,y
on the other coordinates. Pointwise (d,g)? = (g+ —g. ) <m:= l(gJr + ¢%), and Stab,, is

= 1(S1++S_)+15, . Also
=92 Tp(9 —g2)) 20 O

With Lemma 9.20, Stabl/z(wc) < Stabl/Q(quz) < Ij/ along every chain, and 1 4+ X4, <
(1+ X,)/RI,(0)2. In Lemma 9.27 this cancels the factor RI,(0)?, so a light coordinate is not
penalized for being light. But the per-level factor becomes (d — t)e¥t /32, and since every large-
bias reveal must be caught, 8 < 72/4, so the factor is at least 16(d — t)/7 > 9: charging only
the increment does not stop the compounding [proof outline; unaudited).

monotone on nonnegative functions, so Stab,((d,g)?) < Stab ( )
Stab,(g?) = 11—”(5’++ +S_ )+ % 5284, and the difference is {(g

Remark 9.33 (gapped address bits; [proved here, unaudited]). Let w: @, — [0, 1] have degree at
most k, and suppose that its range misses [T — 1,7 + 1), where % <t—n<7174+n< %. Put
fr = 1[w > 7|. Then

MaxInf(w) > 7?Var(f;)/Dy,  Dy=C2 Cy=k(1+1/n)/(2n) = poly(k/n).
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Every value of w is at distance at least 1 from 7, so a minimal block that moves w across the
gap has size at most k?/(2n), and at most k%(1 + 1/n) such blocks are disjoint; hence f, has
certificate complexity at most C;, and a decision tree of depth at most C’,2]. The OSSS inequality
gives Var(f,) < D,MaxInf(f,), and a flip of f; forces |d,w| > n, so Inf,(f;) < Inf,(w)/n?.
The range of a restriction of w lies in the range of w, so the gap is inherited, and a gapped,
mildly sharp address bit of a product is captured by the greedy closure at the 6-free threshold
B = n?/(8D,), with load (d — 1)/8 [proof outline]. Without a gap, the obstruction is a dense
family of near-constant soft subcubes whose values fill an interval at resolution 7. Whether a
sharp bit of degree k can have such a family at polynomial 7 is [open].

9.8. The one-shot restriction.

Remark 9.34 (rate 1/d). In this remark p denotes a rate-p restriction, as in Section 8 (each
coordinate alive independently with probability p), V = Varf, and k = [logy(d/p)] is the level
of Lemma 8.3 at = %, so that k + 2 > logy d + 6. [Proved here, audited:] at rate p < 1/(2ed)
with 6y = (pV/(16d23%))? = (V/d)°", the spike-forcing lemma states that %EpUgo (fp) < %
for every f € By; it follows from the base-case estimate of Lemma 8.3, with the exponent 2 of
the remark after it. So a one-shot transfer “MaxInf(f) < 6p/L implies %EPUgo(fp) > 37 s
the conjecture restated, and every capture, amplification or bounded-activation hypothesis for
the one-shot restriction fails for every AA-deficient f: spike forcing produces the spiked mass
and Lemma 9.6 bounds its captured part. These one-shot theorems are valid implications but
circular as reductions. Their structural class results survive. [Heuristic:] the obstruction at rate
1/d is the product of regular near-Boolean factors, which no uniform or size-biased priming law
that we know of captures. [Proved here, audited:] at rate % the same products are not spikes
(Lemma 9.24(C4)). [Proof outline; audited:] Lemma 9.27, for explorations that read z only
on I, kills their activation chains at every depth. This is why the remaining question of this
section, with a polynomial prefactor, is posed at rate %; along the one-shot route of Section 11
it is the anti-spike inequality of Question 11.11.

10. A QUASI-POLYNOMIAL BOUND THROUGH ACTIVATION CHAINS

This section proves SM-OF (Definition 9.16) with a loss whose #-exponent is 1/(27") and whose
prefactor is quasi-polynomial in d, and deduces a quasi-polynomial lower bound on MaxInf
through a chain with a 6-dependent loss (Lemma 10.2). The route replaces the deep-chain
residual of Section 9.7 by a recursion over chain derivatives. Three choices fix the exponent. A
coordinate is heavy for a node if its influence is at least the fraction M ~1/4 of the node’s weight,
where M = LV is the same at every node (Definition 10.6). Each node is examined at a whole
row of heights, and the mass recursion runs over a grid of heights indexed by the depth s and the
position & in the row (Definition 10.4). The exceptional term of Theorem B® is charged only on
the event that the node’s height reaches the intermediate height (Lemma 10.15); in the recursion
this charge moves one step along the row, so a single exceptional exponent y, independent of
the depth, serves every node. Every node is analysed in its own two-stage exploration by a
restarted Theorem A (Theorem 10.14); this is legal because spikes are defined by their final
height, and a sup-event costs only a factor 2 against the final height in any filtration that reads
x only on F' (Lemma 10.13). Section 10.8 records the status of every step and of every cited
input. Throughout, T' = [log,(2ed)| > 4; in Sections 10.1-10.8, ¢ = 1/(16ed), 71 = (e — 1) In 2,
and Pry, is the size-biased law of a bounded v: z has density ¢?/|[1||3 with respect to the
uniform measure U, every coordinate carries an i.i.d. clock t, ~ UJ0,1] independent of x, and
F ={v:t, <1} (clock rate ). For the root functions ¢; = d;h of Section 9.1 this puts a clock
also on j, which that section omits; nothing changes, since ¢; does not depend on z;. In the
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main text of Sections 10.1-10.8 the letter p denotes only 2=7 (Section 10.1), and the closure

probability is py; the alive rate p of Theorem 9.14 and of Appendix K equals % at the nodes.

We write bs(h) = 2rbs(h) and bs(h,y) = 2rbs(h,y), with rbs as in Definition 7.6.
Theorem 10.1 (quasi-polynomial bound; [proved here; audited twice in note form, and the text

audited twice; components as tagged)). Let d > 2, f € By and v = Varf > 0. Then

1 8.76

ng
In—— < 6.61
nMaxInf(f) - T

where In Py = 3.0 - 105 T3 and cy = 512e%(64¢2)9823 < 6.6 - 107 is the constant of Theorem 8.4.
FExpanded,

1
+ 1.30T<lnPd+lnf +6.41nd+23.2),
v

1 1
In———— < 3.9-10°7* + (1.307 4 6.6)In — +8.4TInd + 30.2T + 57.9Ind + 119.
MaxInf(f) v

In particular MaxInf(f) > (v/d)°?189 exp(—O(log* d)) for all d > 2.

The constant 3.0-10° is valid for every d > 2 (Proposition 10.25); the constant actually needed
falls with 7" from 2.68-10% at T = 4 towards 256 K, = 2.486-10°, with K, = 3000e7y; [numerical).
The exponent log? d is what this scheme gives (Remark 10.27). The constants are large: at v = 1
the bound beats e~¢ for every d > 1.91-10'® and for no d < 1.90 - 10'3 [numerical).

10.1. The chain with a f-dependent loss. The chain of Theorem 8.4 is stated for a loss
L = L(d). We need a loss that depends on 6, is quasi-polynomial in d, and is required only on
restrictions with variance above a floor. Propositions 9.17 and 8.9 contain this modification in
their proofs for a polynomial prefactor; we state and prove it. Lemma 10.2, Proposition 10.3
and their proofs are unchanged from the previous audited version of the section; the paragraph
after Proposition 10.3 is new.

Lemma 10.2 (chain with a #-dependent loss; [proved here, audited]). Let C > 1, ¢ > 0 with T <
3. P*>1 and L*(0) = P*0~°. Put§ =1/(128¢%d?), n =¢, p=2"T and k = [logy(8ed?/p)].
Let f € By with v = Varf > 0, and suppose that for every g € By with Varg > dv and every
0 < 6 < Var(g)°,

(TT*) Ug/r+0)(9) < 2E;Ug(gs5) + eVar(g).
Put 7 = min{(npv/(8d*3%))*, (pv/(16ed))“} and 6;_1 = 0;/L*(6;). Then MaxInf(f) > 6y and

1 1 1
I+q -1 < 1.651n9—+1.30T1nP*.

1 1
In—=(1+¢"In— +1InP*
Gy ¢ T

to
For C =2, In(1/0r) < 41n(c2d® ™0 /v).

Proof. Let p; be the rate-27! restriction, V; = EVar(f,,) > max(V;11,2 %) and & =
EUy, (fp,)/Vie- Instep t (t =T,...,1) let g = f,,_,. If Varg < dv, use Uy, ,(g9) < Varg < dv.
If Varg > év and 6; < Var(g)c, (TT*) gives Uy, ,(9) < 2E,Up,(g9s) + eVarg. Otherwise
Up, ,(9) < Varg < 92/0 < 0;/0, since L* > 1 on (0,1] gives 6; < 6Op. Averaging, with
E,,_,Es = E,,, and dividing by V;—1 > max(V;, pv),
-1 <25+ e+ 9;/0/(17”) +0/p.

Since d/(2np) = 8ed?/p, k is the k of Lemma 8.3 and 67 < 6*, so by Lemma 8.1(b),(d) and
Lemma 8.3, EUp, (for.) < ENg«(for) < npv < nVp, ie. & < n. Unrolling, with 27 < 4ed
and 9%/0 < pv/(16ed), the first three terms give at most 27 - 3/(16ed) < 2, and the floor
adds at most (27 — 1)27§ < 16e2d%§ = %. Hence &y < 1. Since pg is trivial, Vj = v and
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& = Uy, (f)/Varf, so Up,(f) < Varf, and MaxInf(f) > 6y by Lemma 8.1(c). The loss enters
only through 6,1 = 6;/L*(6;) and L* > 1, and the base case does not depend on it. The identity
follows from X;_1 = (1 + ¢)X; + In P* for X; = In(1/6;). Since ¢T' < 1, (1+¢)T < e!/? < 1.65,
and ((1+¢)T —1)/c =3, (1 + ¢)' is increasing in ¢, so it is at most 27(e!/? — 1) < 1.307.
The bound on O for C' = 2 is that of Theorem 8.4. ]

In the proof, (TT*) is used only at g = f,,_, and 6 = 0;, t = 1,...,T. The floor dv is what
lets one loss L*(6;) serve every kept restriction in step ¢, which the averaging over p;_; needs;
Proposition 10.3 obtains P* independent of g from it. The proof is linear in In P* and never
uses the size of P*, so a quasi-polynomial P* is allowed. It also covers any ¢TI’ = O(1), with
constants e’ and (T — 1)/c (for ¢I’ = 0.8 these are 2.23 and 1.5327); here T = 1.
Proposition 10.3 (SM-OF gives the chain hypothesis; [proved here, audited]). Suppose
SM-OF(Lg) holds with Lo(0,d,V) = P;V~'07¢, where Py > 1 depends on d only and ¢ < 1/8.
Then (TT*) holds with C =2 and In P* <In P;+ In(1/v) 4+ 6.41nd + 23.2.

Proof. Let g € B, 0 < Var(g)?, and suppose the inequality of Definition 8.2 fails for g at 6
with loss L. By Corollary J.21 (through Lemma J.20), the averaged h is old-free capped at
(0, L") = (c26/(36d),e?L/(36d)), with Varh > eVarg and A(h;¢',L’) > $Varh. By Lemma 1.9
and Corollary 9.2, A(h; ¢, L") <237, pj. So SM-OF fails at (¢', L) unless L' < Lo(¢', d, Varh).
Since Ly is nonincreasing in V, T'T holds for g at 8 whenever
L > L,(0) := (9216e*d*)'*¢ Py (¢Varg) 16~

If Varg > v then (eVarg) ™' < 2048¢3d3 /v, so Ly(0) < P*0~¢ with In P* = In Py+In(1/v) + (1 +
¢) In(9216e?d?) + In(2048¢*d®) < In Py +1In(1/v) 4 6.4Ind+23.2. Since Uy, (g) is nonincreasing
in L, TT at Ly gives TT at P*0~°. 0

So it remains to prove SM-OF(Lg) with ¢ = 1/(2T) and In P; = 3.0 - 10 T3. Fix h old-free
capped at (6, L) with L > Lo, and write ¢; = d;h, I; = Inf;(h), V = Varh, so that Zj I; <dV
and p; = %Ijﬁ"j(Qj > 0) (Section 9.1). Put

X =TI % M=LV.

Then MaxInf(h) < 0/L; X > In(36d) > 0, since § < V2/(36d) and V < 1; InL = InM +
In(1/V) > 1InM; and In M > cX + In Py, since L > L.

10.2. Nodes, the grid of heights, growth and closure. The parameters €1, 71, S and y are
fixed in Section 10.7, and a = i. Here K = 2 is the constant of Lemma 10.13, and

Bi=riA A= BUK =TS (=l

the extra factor 1/K is the price of Lemma 10.13 in Theorem 10.16. With €1 = 1K1 (k1 as in
Theorem 9.14) put
1

- 1-— €1 ’
Definition 10.4 (the grid of heights). For 0 < s,k < S — 1 define Z} and 2, by Zpo = X,
zsj = 1(Zsp, + bo), and

r bp=14+In2+2y+e1(1+vy), by =rby+y+¢, bo = rby + In2.

(2) Zsp =max{zs_1p +y+{, 2541 +1n2} ((s,k) # (0,0)),
where the first branch is omitted if s = 0 and the second if k = 0. The heights are Hyj = e Zsik
and the intermediate heights are hgj = e k. The bottom row is Z; = Zs g1, H = Hy5_1,

hi = hss—1; put D} = In(H;/h}) and B} = Z7 | — Z7.
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The grid is deterministic: it depends on 0, d and T only. Row s lists the heights at which the
nodes of depth s are examined. The step k — k + 1 along a row is the step from the height H
to the threshold h/2 of the refined exceptional term (Lemma 10.15); the step s — s+ 1 is the
step from a parent to its children (Theorem 10.16).

Lemma 10.5 (the grid; [proved here, audited]). Suppose y171 < 1 and y+ ¢ > In2. For all
0<s,k<S—1:

(GO) 0< hng < Hs,k < 9, and

Hs,k . e e

(3) lnm = 1+2y+51<1n hor +y) > 2y+m max{ﬁ, I€1<1Il hor +y>}

(Gl) Hs,k’-l—l < hs,k/2 ka <S-1

(GQ) Hs+1,k < ﬁ1hs’k6_y ifS <S-—1.

(G3) Zs is strictly increasing in s and in k, and Zg), > X. Hence H < Hgp < 6 and

h: < hs,k-

(G4) Zsp = r**X +rFoy + wy, where o5 = by (r* —1)/(r — 1) and wg = ba(r* —1)/(r — 1).

Consequently, for 0 <s<S—1 (and s < S —2 for B}),
Bf =y IX 4oty 20 - X = (T )X Fwg,

Df =er*tX 4 (r — 1)(r° Lo, + ws_1) + rbo,

0
nos = (rs+s - X+ T(T‘S_las + wg—1) + rbo,
S

and o5 < sr571by, wy, < krF—1b,y.

Proof. (G3) Since r > 1 and bg > 0, 7(Z +bo) > Z for Z > 0. So each branch of (2) exceeds the
entry it is computed from, and induction from Zyo = X > 0 gives the claims; zj is increasing
in Zs,k-

(GO) Write Z = Zsj, and z = z55. Then z > Z gives hyj, < Hyy, and (G3) gives Hgj <
e X =0. From (1 —e1)z=Z+byweget z—Z =0by+e1z=1+In2+2y+e(l+2z+y),
and 1+ z = In(e/hs); this is the identity in (3). With a = In(e/hs) +y > 0 and y1k1 = €1,
v max{ry, k1a} <171 + €1a < 1 + €1a, which is the inequality.

(G1) and (G2) are the two branches of (2), since e "2 =1 and e~ = ;.

(G4) By induction on s + k, using ros_; + b1 = 05 and rwg_1 + by = wg. For k = 0 only
the first branch is present, and r(rs_lX +0s-1+by)+y+¢=r°X+ 05 For s =0 only the
second is present, and r(rk_lX +wi—1+by)+1In2 = r* X 4+ wy,. For s,k > 1 the second branch is
r(r P X b= lo w1 +bo)+In 2 = TR X ko wy, the first is r5tF X 4kt o) +rwp4-by,
and the second minus the first is

M (os — 105 1) — by — (r — Dwp = (by — b)) (¥ —1) = (y + £ —In2)(+* — 1) > 0.
So the maximum is the second branch, which is the closed form.

The consequences: 0sy1 — 05 = r°by, 09 = wg = 0 and r — 1 = g7 give B} and Z; — X
D} = ze5-1— 2 = (r—1)Z; + rbyp and In(6/h}) = 2551 — X = rZ +rby — X; and
("~ 1)/~ 1) = Yy < L. :
Definition 10.6 (nodes). A chain at level s is a sequence ¢ = (j, uq, ..., us) of distinct coordi-
nates. Its node function is e = dy, -+ - dy, djh, with we = ||¢c||3, law Pr, = Pry, (standard rate-3

clocks on all coordinates) and final height Q¢ = E[2 | zr]. Its amplification is A. = H} Jw,,
and its heavy set is H, = {v : Inf,(¢.) > M~ “w.}. Put

P = Gaga (%)H

1
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and Co = {(j) : I; > 0}; a node ¢ € C, is closed if A. > p;3(H})~% and open otherwise, and
Cop1={c-v: cEC open, v ¢ H.Ue¢, Inf,(¢.) > 0}.

The heavy threshold M~ does not depend on the node, and the closure probability p, does
not depend on the level.

Lemma 10.7 (node facts; [proved here, audited; (a), (b) and (d) as in the previous version]). (a)
[te] < 1, 1. does not depend on x,, foru € ¢, and deg . < d—1—s. (b) we, = Infy,(Ye) = pS we
with p, := Inf, (Ye) /we, and >, p5 < d. (c) [He| < dM® (not used below), HeNe =0, and H,
is a function of the chain ¢ alone (given h and L). (d) Y co, we < d¥T1V. (e) At the root,
{QY) > Hoo} ={Q; = 0}, so u; = 31;Pr(;y(QY) > Hyy).

Proof. (a) d, is the half-difference, so |d,g| < 1 if |g] < 1. (b) ||dw¥||3 = Inf,(x)) and
>, Infy (1) < deg(w)HwH%. (c) >, Infy(¥e) < dw. gives |He|M™%w. < dwe; Infy(e) = 0
for u € ¢, while M~%w, > 0; and M and w, are determined by h, L and c. (d) Iterate (b) from
2.1 <dV. (e) Hop = e X =6 and Y(j) = ¢j; the rest is the identity after Definition 9.1,
since h is old-free. O
Lemma 10.8 (closure; [proved here, audited]). For ¢: Q, — [~1,1] with w = |[¢||3 > 0,
Q =E[? | zr] and H > 0, Pry,(Q > H) < w'/3/H.

Proof. @ is o(clocks, zr)-measurable, so ﬁzp(Q > H) = E[Q1[Q > H]/w < E[Q*/(Hw), and
E[Q?] = Staby 5(¢?) < w*3 by Lemma 9.20. O

Lemma 10.9 (closed nodes; [proved here, audited]). If ¢ € Cy is closed, then iDvrc(Qc > Hg ) < ps
for every k < S5 — 1.
Proof. Closed means w, = H?/A, < p3(H?)3. By Lemma 10.8 and (G3), Pr.(Q°¢ > Hgp) <

wi/g/HS,k Sp*H:/HS,k < D OJ

Lemma 10.10 (growth; [proved here, audited]). For s < S —2, ¢ € Cs and ¢ -v € Cs41,
InA., >InA.+alnM — B}.

Proof. v & H, gives 0 < we., = Inf,(¢.) < M~ “w,, so
Acw = :Jrl/wcv ( s+1/H*)Ma(H*/wC) = BS*M&AC‘
d

Corollary 10.11 (amplification floor; [proved here, audited]). Put \s = In L+ X —Z¥+saln M.
Then In A, > Ag for every s < .S —1 and every c € Cs. If

(G") alnM > BX  foreverys<S—2,
then A\¢ > Xo =InL — (Z5 — X) for every s < .S — 1.
Proof. At the root, 0 < I; < MaxInf(h) < 0/L and w;) = I;, so Ay = Hg/I; > LH;/0, and
In(H/0) = X —Zg; this is In A(j) > Ag. The step is Lemma 10.10, since As41—As = aln M — B;.
Under (G”) these increments are nonnegative for s < .S — 2. O

The root loss Z; — X = (r5~! —1)X + wg_1 is the price of measuring amplification against
the bottom row; it enters (CV”) and (MW”) below.

Corollary 10.12 (depth; [proved here, audited; the inequality it assumes is part of Proposi-
tion 10.25)). If
1
(cr”) 1+(S—1)a)lnM > 375, — X +3In—,
D«
then every node of Cs_1 is closed and Cs = 0.
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Proof. BylnL >1InM and (CL"), Ag—1 =InL+X—-Z%_;+(S—1)aln M > 3In(1/p.)+2Z5_| =
In(p;3(H%_1)~?). For ¢ € Cs_1, In A. > Ag_1 by Corollary 10.11, so c is closed, and closed nodes
have no children. 0

This uses only the first claim of Corollary 10.11, not (G”). Every chain ends at depth at most
S —1=16T + 3.

10.3. Filtration robustness. This subsection is unchanged from the audited version of the
section.

Lemma 10.13 (FR; [proved here, audited)). Let v: Qn, — [—1,1] with w = [|®||3 > 0 and
Q=E[¢? | zp]. LetF = (Fi)i=01...n, N < 00, be a filtration in discrete time (in Theorem 10.16,
t is the reveal index of an exploration) contained in o(clocks,xp, coins), the coins independent
of © (it reads x only on F, adaptively or not), with terminal o-field Fy containing o(F,zF); put
q = Ey[v? | Fy]. For every F-stopping time 7 and K > 1, ﬁw(ﬂt >1:q1<¢;/K|F;)<1/K.
Hence N .

Pry(max;q > H) < &5 Pry(Q > H/K)  (H >0).

Proof. The density of Pry on F; is ¢;/w. The terminal value of ¢ is Q: since z is independent
of the clocks and coins under U, Eg[4? | clocks, 2, coins] = @, and Q is o(F, zp)-measurable,
hence measurable for the terminal o-field. Optional stopping at 7/ = min{t > 7: ¢; < ¢;/K}
(7! = oo if there is none) gives the first bound. For the display take 7 = min{t : ¢¢ > H}; on
{17 < 00} we have ¢; > H, and then Q > H/K with conditional probability at least 1 — 1/K by
the same density argument at the final time. O

The hypothesis that F reads x only on F' is the one of Lemma 9.27 and cannot be dropped.
Exact enumeration (n = 6, an optimal adaptive order) gives worst ratio 0.525 in the display at
K = 2 [numerical).

10.4. Theorem B° at a node and Theorem DNC. Fix an open ¢ € Cs and numbers
0 <h< H<1andy > 0. The exploration G° of ¢ has two stages and no pre-revealed set:
stage 1 reveals H. N F with its values at once (H,. is fixed by the index c); stage 2 reveals
F \ H. in increasing clock order, at reveal indices k = 1,...,m; the coordinates of H. \ F' are
frozen (alive, never revealed, hazard 0). Since stage 1 is revealed at once, this is not a staged
exploration in the sense of Theorem 9.15; Theorem 10.14 treats it from the stage boundary on,
through Lemma K.2 and Proposition K.3. Let v be the k-th stage-2 revealed coordinate and
S the revealed set after k stage-2 reveals, ¢¥) = Ey;[y2 | xs,], cx the bias of the k-th stage-2
reveal just before it, and call it large if [ci| > 1. Let G, be the o-field of the clocks and values
revealed up to and including the k-th stage-2 value (stage 1 only for k = 0), and for k > m the
terminal o-field; we drop the superscript ¢ when the node is fixed. Let g,‘;’jl be the o-field of the
clocks and values revealed before the k-th stage-2 value, together with the identity and clock of
the k-th revealed coordinate. Define

cap.(h) = {q(o) > h}, ¢ =min{k >0: qg* > h} (¢ = oo if no k < m qualifies),
Ey={¢" <h ¢<m, 3k>C: =0, |l 27, el <1 (¢ <j<k), ¢"7V > he V)
The exploration, and with it vy, Sk, ¢, ¢ and the o-fields, depends on the chain ¢ alone, since
H. does (Lemma 10.7(c)); ¢, cap,(h) and ES depend also on (h,y). The search for ( starts at
the stage boundary, so one hazard (< In2) is paid after it. The events ES are pairwise disjoint,
since v is the first large reveal strictly after ¢, and ES N {vy = v} € Q;’jl. Only v ¢ H. occur.

Counting the crossing reveal itself (k > () would make ES depend on z,; exact enumeration
shows that this breaks the change of measure by 43-48% [numerical].
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Theorem 10.14 (Theorem B°, node form; [proved here, Appendiz K; audited]). Let ¢: Q, —
[—1,1] be multilinear of degree at most d with w = ||¢||3 > 0, let H be a fived set, and let G,
q®), ¢, cap and E, be as above with (v, H) in place of (e, He). Let 71 € (0,1/(2¢3dY)], k1 as in
Theorem 9.14, 0 < h < H <1 and y > 0 with In(H/(2h)) > 2y + 71 max{7y, k1(In(e/h) + y)}.
Write Pr for Pry and Pr, for Prg,,, with the same clocks, and Q = E[* | xF].

(a) 15vr(Q >H, ¢© <h, noBE, occurs) < 3e V.

(b) ExNn{vg =v} € G |, and on this event p,(Sk—1) := Ey[(dvt))? | zg, /g% > /4> B3

and By [(d,0)? | 25, ] = Bihe .

(c) Pr(By) < (po/B5) Pry(By), where p, = Inf,(¢)/w.

Proof outline; the full proof is in Appendiz K. Strong Markov at a stopping index. For a (Gy)-
stopping index 7, on {7 = k} and given G;: zsc has law (wgk/q(k)) - U, where ¢g, = ¢(zs,,"):
the clocks of the unrevealed stage-2 coordinates are i.i.d. U(sg, 1], where s is the clock of vy
and sg = 0, and independent of z; and the frozen coordinates are never revealed. This holds
because the stage-2 order is a function of the clocks and x is independent of the clocks.

The proof of Theorem 9.14, run from the state at (. Its inputs are supplied by the strong
Markov property at s¢; after rescaling time the remaining hazard is at most In2. Three excep-
tional events each have conditional probability at most e™¥ given G:

e By (Ville): (¢V)/¢(9)exp(— dc<i<i c?) is a supermartingale.

e F5 (optional stopping): the height falls below q©ev.

e 3 (compensator): Elexp(QVI: — (e —1)As¢) [ G¢] < 1. Here QVI} and QVl;gC are the

sums of ¢? over the small and the large reveals i > ¢, and As¢ is the hazard-weighted
small-bias sum after ¢ (the quantity A in the proof of Proposition K.3). Off Ej, the

bound of RL1 on the small-bias sum, which includes the frozen coordinates, gives A, <
In2 - max{7y, k1 (In(e/h) +y)}.
Off F1 U Ey U Ej, ln(Q/q(O) <2y+m max{ﬁ, m(ln(e/h) + y)} + QVIEC
Dichotomy. On {Q > H,q© < h} we have 1 < ¢ < m and ¢© < 2¢¢~D < 2h, so
In(Q/q'9) > In(H/(2h)). Off the three events, some large reveal occurs strictly after ¢. The
first one, k, has ¢*~1) > he=¥: if k — 1 = ( this is ¢(©) > h, and otherwise it holds because we
are off E5. So E,, occurs, which gives (a) with 3e™Y; the lower excursion Ej is counted once.
Change of measure. On Q:ﬁl, dﬁ"/dﬁ"v = pu/pu(Sk-1), and p,(Sk—1) > ci/4 > ] on
E, N{v; = v}. Summing over k gives (c), since v is revealed at most once. Only times strictly
before v’s value are used. g

Exact enumeration (n = 6, all coin configurations) gives worst ratios 0.69, 0.46 and 0.44 for
FEy, Es, E5 and 0.004 for the dichotomy, each a supremum over every look-ahead-free stopping
index; the change-of-measure identity holds to 1.8 - 10~ for the four value-dependent stopping
rules on four families that were tested [numerical]. An independent enumeration (n = 5,6)
reproduces the identity to 2.6 - 10713, with worst ratio 0.925 in (c) [numerical].

The proof of part (a) gives more than its statement: the exceptional term is paid only on the
event that the height reaches h.

Lemma 10.15 (the refined exceptional term; [proved here, audited)). Under the hypotheses of
Theorem 10.14,

ﬁ(@ > H, ¢ < h, no E, occurs) < 3e7Y ﬁ({ <o) < 6eY ﬁ(Q > h/2).

Proof. We use Steps 2 and 3 of the proof of Theorem 10.14 in Appendix K without change,
and write X for the exceptional event that Step 2 calls X. Step 2 fixes, for each k, the event
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X}, of Proposition K.3 for the start state Gy, with Pr(Xj | Gx) < 3¢ on {k < m}, and puts
X = U,({¢ = k} N X). Step 3 shows {Q > H, ¢© < h} N {no E, occurs} C X. Since
{¢= k} € Qk and {¢ = k:} C {k < m}, the display of Step 2 with its weights kept reads

ZE = k) Pr(X; | G)] <3e7¥ D Pr(¢ = k) =3¢ ¥ Pr(¢ < o0);
k
Appendix K bounds the last sum by 1. This is the first inequality. For the second, {{ <
oo} = {maxp<k<m q®) > h}, where m is random. Apply Lemma 10.13 with K = 2 to ¢ under

Pr and to the filtration (Gt)t=0,1,...n of the exploration, where G, is the terminal o-field for
t > m. It reads z only on F, and its terminal o-field contains o(F,zr) because no coordinate
of F is frozen (Remark K.4). Its ¢ = Ey[tp? | Gi] is ¢ for t < m, because the revealed
set is a function of the clocks and z is independent of the clocks under U ® clocks. Hence

Pr(¢ < 00) < Pr(max; ¢, > h) < 2Pr(Q > h/2). O

This is the same use of Lemma 10.13, on the same filtration, as in the proof of Theorem 10.16
below, applied to v itself instead of d,.

Theorem 10.16 (deep-node capture on the grid, DNC; [proved here, audited]). Let ¢ € Cs be
open, and let 0 < h < H <1 and y > 0 satisfy In(H/(2h)) > 2y + 1 max{m, x1(In(e/h) + y)}.
Then

Pro(Q° = H) < Pre(cap,(h)) +6e VPro(Q° = h/2) + B D s Prea(Q°Y = Bihe ™).

v: cv€ECs41
The sum runs over the v ¢ H.U c with p, > 0, for which the law i;rc.v is defined.

Proof. Theorem 10.14 applies at (¢¢, He, by, H,y): 1. is multilinear of degree at most d with
we > 0 (Lemma 10.7(a)), H. is a fixed set (Lemma 10.7(c)), 71 < 1/(2¢3d*) (Lemma 10.24), and
the condition on (h, H,y) is assumed. Now

{Q°> H} Ccap.(h)U ({QC > H, q ) < h}N{no E; occurs}) vy, E

and Lemma 10.15 bounds the probability of the middle event by Ge_yPrc(Qc > h/2). Only
v ¢ M, occur, and if pS = 0 (in particular if v € ¢) then d,ib. = 0 and ES = () by part (b); so only
vwithc-v € CS+1 remain. By part (b) and dyt). = ¢y, on ES the child’s height in G¢ just before
v's value is Ey[¢2, | zs, ] > Bihe ™ = KB1he ™. So ES C {max; Ey[y2, | G5 > KBihe ¥}
The exploration G¢ reads x only on F' and its terminal o- ﬁeld contains o(F,zp) (Remark K.4),
so Lemma 10.13 under Pr.., bounds this event’s probability by 2Pr.,(Q“" > S1he™¥). With
part (c), each child costs 2pS/8Y = pS/B1. O

The activation event is not implied by a final-height spike of the child; it is dominated by
one, under the child’s own law, at a cost of 2 in probability and 2 in height. The parent’s
exploration is used only to locate the activation. In G¢ every stage-2 coordinate lies outside H.,
so no hypothesis on static capture in an inherited filtration is needed. The exploration G¢ does
not depend on (H, h,y), so Theorem 10.16 is applied at one node once for every position k of
its row, at (H,h,y) = (Hs, hsk,y); each application is a separate use of Theorem 10.14, with
its own ¢ and its own events ES, and (3) supplies its hypothesis.
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10.5. The mass recursion on the grid and the ledger. Put y =6e™¥. For 0 < s,k < S—1
let

Rop =Y BriiwePro(Q°> Hyp),  CLgp= Y B iwePro(Q°> Hyy),

ceCq c€Cs closed
CAPT, o= Y B SwePro(cap.(hsp)),  No= 37"V,
ceCs open
and set Ry g = Ny and Rgy = 0.
Proposition 10.17 (mass recursion on the grid; [proved here, audited)). Suppose every node of
Cs—1 is closed. Then Roo = Zj Wi, and for all0 < s,k <5 —1,
R < CLgg + CAPT,k + xRspy1 + Ry k-

Proof. Roo = >_; ptj is Lemma 10.7(e), with p; = 0 when I; = 0. Closed nodes contribute

CLs % to Ry, and open nodes occur only at levels s < S — 2. For an open ¢ € Cs apply
Theorem 10.16 at (H,h,y) = (Hs, hsk,y), which is admissible by (GO0). In its middle term,
Pro(Q° > hyy/2) < Pro(Q° > Hypp) for k < S —1 by (G1); for k = S — 1 we bound this
probability by 1. In its last term, f’?C.U(QC'” > Prhsre ) < ﬁc.v(Qc’” > Hgi1) by (G2).
Multiply by 5;° ch and sum over the open ¢ € Cs. The first terms give CAPT, ;. The middle
terms give at most xR 41 if K < S — 1, since adding the closed nodes only enlarges the sum,
and at most x > .cc. st%wc < xNs = xR 5 if k=S5 —1, by Lemma 10.7(d). In the last terms,

By 551 Qu)cpv BI(SH)%UJO.U by Lemma 10.7(b), and each ¢/ € C,41 is ¢ - v for exactly one pair
(c,v), so they sum to Rgy1 . At s =5 — 1 every node is closed, so Rg_1 = CLg_1 k. O

Corollary 10.18 (unrolling; [proved here, audited]). Under the hypothesis of Proposition 10.17,

S s+ k = (545 -
S
S XX (7L CaPTLy) +Z( e
J s=0 k=0
Proof. Write Egj, = CLg;, + CAPT,;, and for 0 < s,k <5 —1 let
S—-15-1
s—s+k—k Kk s—s+S5—-1—-k\ g
Ey Ny
zz( ) Hz( e )X g

with Us g = Ng and Ugy = 0. We claim U, = Eqp + XUs 41 + Usq1 ) for 0 < s,k <5 — 1.
Write a = s’ — s. The coefficient of Ey ;s on the right, with b = k" —k, is 1(a =b = 0) + 1(b >
1)(a+b 1))( +1(a > 1)(‘”1;_1))(17, which is (“Zb)xb by Pascal’s rule (with (") = (n+1) = 0).
The coefficient of Ny on the right, with n =S —1 —k, is x - 1(a = 0) from xUs g = xN, if
n =0, or (“:ﬁ;l)xnﬂ from xUs 41 if n > 1, plus 1(a > 1)(‘1_?'”))("“ from Ugyq k; in both
cases the total is (a;;n) x"t1. All terms are nonnegative, so Proposition 10.17 and induction on
(s,k) in decreasing order of s + k, starting from R, 5 = U, g and Rgy = Ugy, give Rsp, < Us .
At (s,k) = (0,0) this is the claim. O

Corollary 10.19 (ledger; [proved here, audited]). Suppose that every node of Cs—1 is closed,
that CAPT, ;, < 3eV/(32S) for all 0 < s,k < S —1, that S > 68 and x < 1/(4S), and that
(TERM) S(y—In6) > (S—1)(¢{+Ind+1n4)+In(1024eS) + 2Ind.

Then Y, 1j < 56 + % + 55 = 3 €V < 5V, which is SM-OF at (0, L).
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Proof. For s < § —1, Zf;é (Szk)xk <(1- X)_(S+1) <(1—x)"% <exp(Sx/(1—x)) < exp(i .

22) < 3. By Lemma 10.9 and Lemma 10.7(d), CL,; < 38, *p.d*™'V = 5(81/d)5717 <

—12‘8/5. So the CL part of Corollary 10.18 is at most S - % : 1%/5 = %, and the CAPT part is

at most S - % : % = %. In the terminal part, (ngzl) < 2581 < 451 5 = 69¢=5Y and
N < %5;(3‘%51/, so it is at most S 451655V %ﬁl_(s_l)dsv. Taking logarithms, this is at

most V/(2048ed) = £V /128 exactly when (TERM) holds. Finally & + £ + 13 = 25 < . O

The terminal part is the price of truncating each row at £k = S — 1; since x is small, it is
controlled by the single condition (TERM) on y, which does not grow with the depth beyond
{+1Ind+ O(1).

10.6. Priming for chain families. For a function g, a set A and a € {—1,1}4 let ¢9(4,a) =
E[g? | 24 = a] and 79(A,a) = E.|g(z4?) — g(2)|, where 24 overwrites z on A and z is
uniform. Lemmas 10.20, 10.21 and 10.22 are unchanged from the previous audited version of
the section; they concern chains and blocks only, not the heights or the heavy sets.

Lemma 10.20 (conversion; [proved here, audited]). If |g| < 1 and w = ||g||3, then 79(A,a) >
q— /qu with g = q¢9(A,a). In particular q > 4w implies 79(A,a) > q/2. The bound is pointwise
in (A,a), so it holds for random blocks.

Proof. With X = ¢(z4<%) and Y = g(2), |X — Y| > |X]|(|X| — |Y|) because |X| < 1, so

7 >EX?-E|XY|>q— /qu. O
Lemma 10.21 (priming for chain derivatives; [proved here, audited]). Let Ay, ..., Ay be pairwise
disjoint, c1,...,cm chains with ¢; N A; = 0 (the chains may repeat, meet other blocks, or have

different lengths), and a; € {—1,1}4. Then >, 7V (A;, a;) < Eybs(h,y) < bs(h) = 21bs(h) <
2d2.

Proof. For a chain ¢ = (j,u1,...,us) write d. = dy, - - - dy,dj, so that ¥ = d.h. Fix i, put
c = ¢; and G(z) = h(24%) — h(z). Since A; Nc = ), d. commutes with the overwrite on
Ay, 50 Pe(247%) — h(2) = d.G(2), and |d.G(2)| < E,|G(2°7)| with ¢ uniform on {—1,1}¢
and y = 279 uniform. So 7¥ei(A;,a;) < Ey|h(y?4%) — h(y)|, and for fixed y the disjoint
blocks are admissible in bs(h,y). The identity bs = 2rbs is the normalisation of Section 9.2,
and rbs(h) < d? is Lemma 9.3, that is, Lemma 7.7(a) [known]. O

Without the citation, the proof of Lemma 9.3 gives rhs(h) < 4d?, hence bs(h) < 8d?. This
multiplies the first bound on Wy ;, in the proof of Corollary 10.23 by 4 and the second by 2, which
adds In4 to the intercept of (MW") and 21n4 to that of (LD”). By Proposition 10.25, In Py
exceeds every intercept by more than 2.7 - 10° 72 > 21In4, so the proposition and its constants
are unchanged [proved here, audited).

Lemma 10.22 (averaged priming for chain families; [proved here, audited]). Let C be a finite
family of chains with weights M., > 0. For each ¢ € C let v, be a sub-probability law on
pairs (A,a) with ANc =0 and 7¥(A,a) > m. ve-almost surely. With W = 3" Mv.(1) and
Ay = M.(ueA),

w2 W }
437, A2 2max. M. )"

Proof. Select each ¢ independently with probability nM.v.(1) and draw (Ac, ac) ~ ve/ve(1). The
expected number of selected ¢ whose block meets another selected block is at most 1?3, A2,
and the remaining ones satisfy Lemma 10.21. So bs(h) > m.(nW — 7?3, A2); optimise n <
1/ max. M,. This is Lemma 9.7 with weights M., in which only the sets A need to be disjoint. [

bs(h) > . min{
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Corollary 10.23 (captured mass at (s,k); [proved here, audited]). Let s < S — 1. Suppose
InA. > Ao for every c € Cs, where \g =InL — (Z5 — X), and Ao > D} +1n4. Then CAPT, ) <
3eV/(32S) for every k < S — 1, provided

5125d?
d LD/I M172a >
3¢ and — (LD") = ( 355

64Sds+2.5)29

(MW') InM > (Zj—X)+D:+sl+In e

Proof. Fix k and apply Lemma 10.22 to the open ¢ € Cy, with M, = w. > 0 and v, the f’vrc—law
of (He N F, x3.nr) restricted to cap,(hs ). This is a sub-probability law, and its blocks avoid ¢
by Lemma 10.7(c). Then W = Wy := > . open wcﬁc(capc(h&k)) and CAPT;, = %ﬂfsWsjk.

Gain. w. = HfJA. < Hfe ™ < Hie™Ps/4 = hX/4 < hgy/4, by (G3). On cap,(hsx)
the block height is ¢¥<(H. N F,x3.nr) = ¢ > hsj > 4w, so Lemma 10.20 gives 7¥e >
¢©/2 > h*/2. We use the weaker m, = h*/8 of Lemma 9.5, the same for every k. Also
max. M. < H;‘e_’\o.

Loads. Under ﬁc, u € F with probability % independently of z, so A, < % Do uer, We- Now
u € H. means w, < M*Inf, (1), and ZCECS Inf,(¢c) < d**1Inf,(h), because a Fourier set J 3 u
contains at most d*T! chains of length s+ 1 avoiding u. Hence A, < %M ad**tnf,(h), and with
>, Infy (k) < dV and MaxInf(h) < /L,

Y AL < M@ PMaxInf(h) Y Infu(h) < $MZ*d*TV/L.

Conclusion. With bs(h) < 2d? (Lemma 10.21), Lemma 10.22 gives
2 2a 92545
2bs(h) max, M, < 394200 or w2, < 4bs(h) Y, As - 16M=*d OV.
Tx ' Tx Lh}

In the first case, 187 *W, j, < 3¢V/(328) follows from A > In(5128d?/(3¢)) + D + s{+1n(1/V),
which is (MW"), since InL = In M + In(1/V). In the second case, squaring shows that 33;° -
AMOds 25V (Lh:))Y? < 3¢V/(328) is equivalent to (64Sd*t25/(3¢435))2M>**0/ht < LV =
M, that is, to (LD"). O

The load factor is M2, and M is the quantity being bounded below, so in (LD”) it moves to
the left-hand side as M1~2* = M1/2 and costs a factor 2 in In M, but no f-exponent.

Ws,k <

10.7. Parameters and the final arithmetic. Take

1 1 1 1 1
c= S—16T+4, ¢ I =34 4lnd 4 0N

o=

K pYak = 15072 71 e1
In(1024¢9) + 21nd
y—O+Ind+n2dttg  tg— 65)+ e Py =3.0-1007%,

so that £ =2In(1/71) +In8 = K, 7% + 6 +In8 + 8Ind with K, = 3000ey; = 9712.602...

Lemma 10.24 (the parameters; [proved here, audited]). (P1) y1k1 = €1 and 71 < 1/(2e3d*);
also i1 < 1 and y+ ¢ > In2. (P2) (TERM) of Corollary 10.19 holds. (P3) S > 68 and
X =6e7Y <1/(45).

Proof. (P1) k1 = 10e/(In(1/71) —3 —4Ind) = £1/71, and In(1/71) > 3+ In2+4Ind = In(2e3d?)
because 10ey;/e1 > In2. Then v < 71/(2¢®) < 1, and y +£ > ¢ > In2. (P2) S(y —In6) =
S + Ind + In4) + Stg = S(¢ + Ind + In4) + In(1024eS) + 2Ind, which exceeds the right
side of (TERM) by £ +1Ind +1n4 > 0. (P3) S = 16T +4 > 68, and y > ¢ > K,T? with
245 = 24(16T + 4) < X¢T* 50 45 < 1. O
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Proposition 10.25 (the arithmetic; [proved here for every d > 2, Appendiz L; audited]). If
InM > c¢X + In P; with In Py = 3.0 - 10873, then the following hold.

(G") of Corollary 10.11: aln M > B¥ for every s < S — 2.

(CV')InM > (Z§ — X) + D} +1n4 for every s < S — 1.

(MW" ) and (LD") of Corollary 10.23, for every s < S — 1.

(CL") of Corollary 10.12.

These hold for every d > 2.

Proof. Ezxact forms. By Lemma 10.5, with In(1/e) = In(16e) + Ind, In(1/p.) = In(645d/e) +
(S—1)(¢+1Ind) and 1+ (S — 1)ae = 4T + %, each condition reads In M > mX +I' with m and
I" free of 6:

o (G"): m =deyrstd T = dps+5-1py;

¢ (CV"):m=r3"1 14t T =wg 1+ (r—1)(r°log+ws_1) + by + In4;

e (MW”): the same m, and I' = wg_1 + (r — 1)(r*~log +wg_1) +rbo + s +In(5128d?/(3¢));

e (LD"): m =2(r*"5 — 1), T = 2[21In(645d°>5/(3¢)) + 25 + r(r°Los + wg_1) + rbo];

o (CL"): m= (3r5"2-1)/(4T + %), T = 3(r log_1 + ws—1 +In(1/p,)) /(4T + %).
In the first four, m and I' are nondecreasing in s, because r > 1, o, increases and d > 2; so it
suffices to take s = S — 1, and s = S — 2 for (G”). Two of these requirements are redundant and
are kept only for clarity: (MW”) implies (CV"), since s¢ 4 In(5125d?/(3¢)) > In4; and capture
is needed only for s < .S — 2, since every node of Cg_1 is closed. Since X > 0, a condition holds
for every admissible 8 once m < ¢ and I' < In P;; the conditions are separate lower bounds on
M, so In P; must dominate their maximum.

Slopes. Write u = 1/T < %. Since &1 = u?/150, Appendix L (Lemma L.3) gives r" <
1+0.2317939 u for n < 25 — 1 and 71 < 1+ 0.1133175u. Hence:

e (LD"): Tm < 2-0.2317939 = 0.4635878 < % =Tec;

e (CL"): m < (2+3-0.2317939u)/(4T + I), which is at most ¢ because 6 - 0.2317939 =

1.3907634 < I;
e (MW”) and (CV”): Tm < 0.1133175 + (1 + 0.2317939/4) /600 < 0.1150808;
e (G"): Tm < 4(1+0.2317939/4)/600 < 0.0070530.

Intercepts. Appendix L proves, for every T > 4 and every d with 2ed < 27,
6.196076)
T

I'ip < 16KZT3(16 + < 2.727147 - 10873, Tov < Tvw < 5.125043 - 105 T3,

g < 4.112130 - 10* 73, Lo < 2.242490 - 10° 73,

Each bound is 7% times a polynomial in « with nonnegative coefficients, evaluated at u = i (for
I'Lp, after the chord bound of Lemma L.4) [computer-assisted: a finite evaluation, printed in
Appendiz L). The main contribution to I'yp is 2r (7 log_ 1 +wg_1) +4(S— 1) ~ 2-650+4S( =
165/, which gives 256 K,T3. So every slope is below ¢ and every intercept is below 3.0 - 10° 73,
for every d > 2. Exact evaluation at the worst d (Ind = T'In2 — In(2e)) for T' = 4,...,40 and
T € {50, 64,100, 128, 200, 256, 500, 1000, 2000} agrees: the needed constant falls from 2.679 - 10
at T =4 to 2.487 - 10% at T' = 2000 [numerical]. O

Theorem 10.26 (SM-OF at a quasi-polynomial, #-mild loss; [proved here, audited; components
as tagged]). SM-OF(Lg) holds with Lo = P;V~10~1/T) and1n Py = 3.0 - 10673,

The #-exponent 1/(27) is that of a #-free loss, but the prefactor P, is quasi-polynomial in d,
whereas a 6-free loss in the sense of Section 9.5 has prefactor (d/V)°(1). SM-OF at a -free loss
in that sense remains open [open).
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d T S worst slope-T  (LD”) slope:T' needed In P;/T?

2 4 68 —0.0105 (CL") —0.0370 2.679 - 10°
102 10 164 —0.0052 (CL") —0.0592 2.562 - 10°
108 30 484 —0.0019 (CL") —0.0687 2.511 - 10°
1032 109 1748 —0.0005 (CL") —0.0721 2.493 - 10°
10128 428 6852 —0.0001 (CL”) —0.0730 2.488 - 10°

TABLE 5. Exact evaluation of the constraints of Proposition 10.25 at sample
degrees (slope relative to ¢, i.e. (m — ¢)T; the needed constant is the largest
intercept, always that of (LD")) [numerical; supplement/qpg_table.py].

Proof. Let h be old-free capped at (0, L) with L > L, and let X and M be as at the end of
Section 10.1; then In M > ¢X + In P;. Proposition 10.25 gives (G”), (CV"), (MW"), (LD")
and (CL”), and Lemma 10.24 gives (P1)—(P3), hence the hypotheses of Lemma 10.5. By Corol-
lary 10.11 and (G”), In A. > A\s > )¢ for every ¢ € Cs, s < S — 1. By Corollary 10.12 and (CL"),
every node of Cg_1 is closed and Cg = ). Since InL > In M, (CV”) gives \g > D* + 1In4, so
Corollary 10.23 with (MW") and (LD”) gives CAPT, ;, < 3¢V/(32S) for all s,k < .S —1. Propo-
sition 10.17 (Theorem 10.16 at every open node and every position of its row), Corollary 10.18
and Corollary 10.19, with (P2) and (P3), give >, pu; < 7V O

Proof of Theorem 10.1. By Theorem 10.26 and Proposition 10.3 (with ¢ = 1/(27) < 1/8 and
P; > 1), (TT*) holds with C = 2 and In P* < InP; + In(1/v) 4+ 6.4Ind + 23.2. Lemma 10.2
with ¢I' = § gives the bound, with 6.6 = 1.65 - 4. For the expansion, 1.30 - 3.0 - 106 = 3.9 - 106,
1.30-6.4 < 8.4,1.30-23.2 < 30.2, 6.6-8.76 < 57.9 and 6.6Incy < 6.6In(6.6-107) < 119. Finally
T < logy(4ed), so the first term is O(log* d) and the others are O(logd - In(d/v)). O

Remark 10.27 (why log* d, and what would give log® d; [heuristic; not a lower bound for SM-OF]).
In this scheme four constraints force In P; = ©(T3). (a) Depth. The slope of (CL”) is about
2/(1 4+ (S — 1)a) and must be at most ¢, so S = O(T). (b) Drift, in two places. Both come
from the term e11n(e/h) in (3), where In(1/h) > X. The factor §/h% of (LD") gives the slope
2(r?5=1 —1) & 4Seq, and the root loss Z§ — X gives (CV”) and (MW”) the slope 7~ —1 & Sey;
each must be at most ¢, so e; = O(1/T?). (c) Large-jump threshold. Theorem 9.14 then forces
(> 20ev; /e; = O(T?). (d) Heights. Along the bottom row, Z5_; — X ~ (S —1)(by + b2) ~ 65,
and the (LD”) intercept is about 16S¢ = ©(T3). The chain of Lemma 10.2 multiplies by 7,
which gives T* = ©(log* d). The previous version of this scheme measured lightness relative to
the node’s amplification, which forced S = ©(T'logT), and used a level-dependent exceptional
exponent ys ~ sf, which made the heights fall like S2¢; the heavy threshold M ~/* and the grid
remove both.

To reach log® d one needs ¢, = ©(1/T): then ¢ = O(T) and every intercept is O(S¢) = O(T?).
This needs both 6-slopes of (b) removed. A Theorem 9.14 whose drift term is relative to
the node would remove both. A capture bound for chain families that does not go through
MaxInf(h) < /L, and so has no factor §/h%, would remove only the first: the root loss Z§ — X
would still force e; = O(1/T?). Both statements are open [open], and neither is used in this
section. The root loss is paid because a node of depth s is examined at the bottom-row height
HY, while the root mass p; needs only Hoo = 6. On the staircase {k < s} of the grid, with a
node of depth s examined at the diagonal height Hj 4, the root loss would vanish, and a capture
bound measured against H, ¢ rather than through MaxInf(h) < /L (also open) would alone
give In Py = O(T?), hence log® d.
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10.8. Status. The cited inputs carry these tags:

e Theorem 8.4, Corollary 8.5, Lemma 8.3 and Lemma 1.9: [proved here|; audited and re-
derived independently.

e Lemma J.20 and Corollary J.21: [proved here, audited), re-audited and re-derived indepen-
dently.

e Theorem 9.14 (full proof: Theorem J.14) with RL1, Lemmas 9.5, 9.7 and 9.20, and Corol-
lary 9.2: [proved here, audited]; Theorem 9.14 and RL1 were also re-audited and re-derived
independently.

e Theorem 10.14 with its proof in Appendix K, including Steps 2 and 3, which Lemma 10.15
reads without change, and Remark K.4: [proved here, Appendixz K; audited).

e Theorem 9.15, for context only (the node explorations use Proposition K.3 directly): [proved
here, Appendiz K; audited).

e Lemma 9.3, that is, Lemma 7.7(a): [known]; Lemma 10.21 records the citation-free alter-
native.

Lemma 9.27 is used in no proof of this section. Proposition 9.17, whose statement assumes
a polynomial prefactor, is replaced by Lemma 10.2 and Proposition 10.3. Theorem 9.23 and
Lemma 9.6 are not needed: the small-jump piece is the exceptional term of Theorem 10.16,
whose 6-cost sits in (3), and every captured piece is bounded by Lemma 10.22.

Reused without change of statement or proof from the previous audited version of this section:
Lemma 10.2, Proposition 10.3, Lemma 10.8 (its general part), Lemma 10.13, Theorem 10.14
(except its substitution clause, which now names only (i, ), since (h, H,y) are free parame-
ters of the exploration paragraph), Lemmas 10.20, 10.21 and 10.22, and parts (a), (b), (d) of
Lemma 10.7 [proved here, audited]. Their hypotheses hold here as noted where they are used:
the node functions are bounded multilinear functions of degree at most d; every heavy set is
a fixed set, given h and L; every exploration reads = only on F' and freezes no coordinate of
F; and the blocks of every captured piece avoid their chains. New or modified, [proved here,
audited]: Definitions 10.4 and 10.6, Lemma 10.5, Lemma 10.7(c) and the form of (e), Lem-
mas 10.9 and 10.10, Corollaries 10.11 and 10.12, Lemma 10.15, Theorem 10.16, Remark K.5
(items 2 and 3, rewritten for the grid), Proposition 10.17, Corollaries 10.18, 10.19 and 10.23,
Lemma 10.24, Proposition 10.25 with Appendix L, Theorem 10.26 and Theorem 10.1. The
chain needs two conditions, both met here: the loss in step t is the same function of 6; for every
kept restriction, which the floor dv in (TT*) supplies; and SM-OF is used uniformly in 6, which
Proposition 10.25 provides because every slope is at most ¢. The boundary case L = Lg is not
needed: Varh > eVarg gives strict slack in Proposition 10.3. Lean covers the constant-loss chain
and Lemma 1.9 only.

Audit status. The mathematics of every step listed above as new or modified was audited
twice, independently and with agreeing verdicts, in the form of the working notes from which
this text is transcribed. This text was then audited twice, independently: once against the
notes, as a transcription, and once as a referee reads it; each of these two audits recomputed
every displayed number of Appendix L. Both confirmed the text with fixes, which are made in
it, in Appendix K and in the passages of other sections that quote this section. All four audits
found Theorem 10.1 proved, with no mathematical error. The slope margin of (CL") is rigorous
but thin: (¢ —m)/c = 0.021 at T' = 4, and about 0.12/T for large T' [numerical; Table 5. Any
change of S, «, €1 or the grid must re-check (CL”) first.

10.9. Classical simulation of quantum query algorithms. The motivation of Conjec-
ture 1.1 in [2] is the classical simulation of quantum query algorithms on most inputs. If a
quantum algorithm makes ¢ queries to X € {0,1}", its acceptance probability p(X) is a real
multilinear polynomial of degree at most 2¢ with values in [0,1] [9]; with 2; = 1 — 2X,; and
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f = 2p — 1 this gives f € By (n). In this subsection ¢ is the number of quantum queries and
T = [logy(2ed)] keeps its meaning from Theorem 10.1, so T = [log,(4et)| for d = 2t. Here ¢
is the accuracy, § the failure fraction, p the acceptance probability and 7 a stopping time; the
e = 1/(16ed), 6 = 1/(128¢%d?) and p = 2~T of Sections 10.1-10.8 do not appear. The reduc-
tion from influences to classical query algorithms is the greedy algorithm of [2, §3.1, proof of
Theorem 22 of the arXiv version]: while the restricted function has variance above a threshold,
query a variable whose influence exceeds the guaranteed lower bound (we take one of maximal
influence). We need it with explicit parameters; [24, Theorem 3.4] states a quantitative version
of the same reduction.

Lemma 10.28 (greedy reduction; [known [2, §3.1]; this quantitative form proved here, audited]).
Letd > 1, f € Bg(n), vg > 0 and v > 0, and suppose that MaxInf(h) > ~ for every restriction
h of f (any set of coordinates fized to any values) with Varh > vy. Let 6 € (0,1] and let N be
an integer with N > 21(f)/(67); since I(f) < dVarf <d, N = [2d/(dv)] will do. Then there is
a deterministic adaptive classical algorithm that makes at most N queries to x € {—1,1}" and
outputs a number A(x) such that, for x uniform on {—1,1}",

1) Vo
— < — — .
Pr [JA(z) = f(z)] > a] < 5+ 3 for every a > 0

Proof. Write f, for the restriction of f by a partial assignment p. The algorithm keeps the
assignment pj, of the coordinates read so far, with pg = (). At step k it stops if Varf, < vy or
k = N, and outputs A(z) = Ef,,, the mean over the unread coordinates. Otherwise it reads
a coordinate i, maximizing Inf;(f,, ), with ties broken by index, and extends p; by the value
x;;, 1O pr41; since f,, is not constant, ¢ is unread. The choice of i;, depends only on the values
already read, so the algorithm is a decision tree of depth at most N, determined by f.

For g € By, a coordinate i and b € {—1,1}, let g, be the restriction z; = b. For S # i,
Gip(S) =9(S) +bg(SU{i}), so for j # ¢ and b uniform

EpInf;(gip) = Z (§(3)2 +g(SU {z})Q) = Inf;(g), hence EpI(gip) = I(g) — Inf;(g).
534, SFi

Let x be uniform, let 7 be the first k& with Varf, < vy (it exists, since Varf, = 0 once every

coordinate is read), and put @ = I(fy . .ny)- If k < min(7, N), the bit x;, is unread, hence

uniform and independent of pi, and the identity gives E[®sy1 | pr] = @, — MaxInf(f,,); if

k > min(7, N) then ®;,1 = ®;. Summing over k < N,

E Y MaxInf(f,) = & —E®y < I(f).
k<min(r,N)

For k < 7 we have Varf,, > vg, so each term is at least v by hypothesis, and v Emin(7, V) <
I(f). By Markov’s inequality, Pr[7 > N| < Pr[min(7, N) > N] < I(f)/(yN) < §/2.

On the event 7 < N the output is Ef, and Varf, < vg. For a leaf p of the tree, the event
{pr = p} is the event that = agrees with p on the coordinates fixed by p, so given it the unread
coordinates are uniform, and Chebyshev’s inequality gives Pr[|f(z) — Ef,| > a | pr = p] <
Var(f,)/a? < vo/a®. Averaging over the leaves and adding Pr[r > N] gives the claim. O

Corollary 10.29 (classical simulation of quantum query algorithms; [proved here from Theo-
rem 10.1, audited]). Lett>1,0<e< 2 and 0 <8 <1, and put T = [logy(4et)]. Let p(X) be
the acceptance probability of a quantum algorithm that makes t queries to X € {0,1}". There
is a deterministic classical algorithm that makes at most N queries to X and outputs a number
within & of p(X) for all but a § fraction of the inputs X € {0,1}", where

8t c2(2t)876

InN < In—+6.61n

1
; 2+ 1.30T(1n Py +1n—— +6.4In(2t) + 23.2),

2e26
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with In Pyy = 3.0- 1073 and ¢2 < 6.6 - 107 as in Theorem 10.1. In particular
1 1
InN < 3.91-10°7T* + (1.30 T + 6.6) I s+ In .

€

Hence, fort > 3,
1, 1 \1.88Int+12.4

N < 7(7>
— J\e2§

and in particular N < exp(O(L*)) with L = log(t/(9)).

eO(log4 t) = exp (O( 10g4 t + logt . log 5%))’

Proof. By [9], p is a real multilinear polynomial in X of degree at most 2¢ with values in [0, 1] on
{0,1}". With z; = 1 — 2X;, the function f(z) = 2p(X) — 1 lies in By(n) for d = 2t > 2, and so
does every restriction of f. Put vy = 2¢24 and let R(v) be the right-hand side of Theorem 10.1
for this d; it is decreasing in v. If h is a restriction of f with Varh > vy, Theorem 10.1 applied
to h gives In(1/MaxInf(h)) < R(Varh) < R(vg). So the hypothesis of Lemma 10.28 holds with
v = e B(0) and the lemma with N = [2d/(6v)] = [4t/(67)] and a = 2¢ gives an algorithm
with Prp[|A(z) — f(z)| > 2¢] < §/2 4 vg/(4?) = §. The simulation outputs (1 + A(z))/2, which
is within € of p(X) whenever |A(z) — f(x)| < 2e; querying x; is querying X;, and X is uniform
when z is.

Since 4t/(6y) > 1, N < 8t/(d7), so InN < In(8t/d) + R(vp), which is the first bound.
For the second, the expanded form of Theorem 10.1 gives R(vp) < 3.9 - 1067* + (1.307T +
6.6)In(1/vg) +8.4TInd + 30.2T + 57.91Ind + 119, and In(1/vy) < In(1/(26)). Since 2T > 2ed,
Ind <TIn2-In(2e) <0.77 — 1.69, so

In(8t) +84TInd +30.2T +57.9Ind + 119 = In4+ (84T +58.9)Ind +30.2T + 119
< 5972+ 58T + 21,

which is less than 10* 7% because T' > 4. Theorem 10.1 holds with the constant 3.0 - 10 for
every d > 2, so both bounds hold for every ¢ > 1. Finally, T < logy(4et) + 1 gives 1.30 T + 6.6 <
1.30logyt +12.4 < 1.88Int + 12.4, and 7' = O(logt) for t > 3. For the last form, logt < L and
logt - log(1/(ed)) < L?, and L? < L* since L > log6 > 1. O

Remark 10.30 (what the reduction uses). (a) Lemma 10.28 uses the influence bound at a single
scale, the stopping threshold vy = 2¢2§, but for every restriction of f with variance above wvg
that the tree can reach, not only for f. Theorem 10.1 holds on all of By, which is closed under
restrictions, and its bound is monotone in v, so its value at vg serves at every node. No bound
below the stopping scale is used, and a bound for f alone, or for a random restriction of f,
would not suffice.

(b) The statement concerns query complexity only. The tree is determined by p, and following
it requires the variances and influences of restrictions of p; as in [2], no bound on the running
time is claimed. The tree is adaptive.

(c) The ¢ and § dependence enters only through the threshold vy = 226 (Chebyshev at the
leaves) and the factor 1/§ (Markov for the depth). Since In(1/MaxInf) in Theorem 10.1 grows
like (1.30 T 4 6.6) In(1/v), the overhead is (¢26)~9(°8%) rather than polynomial in 1/(£6).

Remark 10.31 (comparison with known simulations). Under Conjecture 1.1 the same reduction
gives poly(t,1/e,1/0) queries [2, Theorem 22 of the arXiv version]; this folklore simulation
statement remains open, and Corollary 10.29 does not give it. Appendix M proposes a route to
it: the quantum OSSS inequality of Conjecture M.3, even with its constant 4t replaced by any
polynomial in ¢, would give Conjecture 1.1 for the biases 2p — 1 of quantum query algorithms,
and hence the polynomial simulation (Proposition M.12). For general t-query algorithms the
known bounds were exponential in . The DFKO inequality gives MaxInf(f) > Var(f)2/(4C?)
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for f € By with an unspecified absolute constant C' (Section 1), and Lemma 10.28 then gives
N = [4t C*/(e*6°)] = 291 /(¢*63) adaptive queries; [2, Corollary 25 of the arXiv version| gives
20(1) /(¢45*) nonadaptive queries through the junta theorem [2, Theorem 9 of the arXiv version].
To our knowledge, Corollary 10.29 is the first simulation of general t-query algorithms with an
overhead subexponential in ¢, and its bound is quasi-polynomial in ¢/(£d).

The improvement is asymptotic only. At ¢ = 1 the leading term of the bound is 1.0 - 10°.
The leading term 3.91 - 1057 is below ¢In2 only for ¢ > 3.25 - 10'3, and below 10t only for
t > 1.46-10'. Since C is not explicit, the crossover with the DFKO route is not determined; it
is at about 3.3 - 10'3 if C' = /2 and about 1.5-10'2 if C' = €°, and it also requires log(1/(c6))
to be small compared with ¢/log .

Polynomial simulations are known for restricted classes. By [4, Theorem 1.3], the functions
2p — 1 with p the acceptance probability of a t-query algorithm are exactly the functions x —
F((z,1)) with F a form of degree 2t and completely bounded norm at most 1. For completely
bounded block-multilinear forms of degree d, [7, Theorem 1.3] gives MaxInf > Var?/(e(d + 1)),
and [7, Corollary 1.7] gives a simulation with O(d°c~86~°) queries, in its notation, for algorithms
that query each block of variables once, a class containing k-fold Forrelation. Further, [23,
Corollary 1.7] gives MaxInf > Var? for t-query algorithms whose output is homogeneous of degree
2t, and [24, Corollary 1.5] gives O(t?/(20)) nonadaptive queries for block-query algorithms.
General algorithms reduce to block form only on an exponentially small set of inputs [7, §4].

Bounds also depend on the number of rounds. For ¢t-query algorithms with r rounds of adap-
tivity, [13, Theorem 1] gives 20 (tlog(1/8) /¢)°") queries, with an announced improvement to
tO) and [33] gives poly(t) for nonadaptive algorithms (Corollary M.17 gives [4t2/(c*6%)]) and
(rt/(ev/$))°™) for r rounds [33, Theorem 1.8]. For fixed ¢, §, and up to unspecified constants,
the bound of [13, Theorem 1] is smaller than that of Corollary 10.29 for r up to about log?t
(up to about log® t with the announced tO(T)), and larger for more rounds, in particular for fully
adaptive algorithms.

Bhattacharya proved the conjecture for random restrictions [12, Theorems 6.3-6.4]: at rate
log d/(Cd) the restricted function is, with high probability, close to a junta on influential coor-
dinates. This controls a random restriction, not every restriction along a query path, so it does
not give the hypothesis of Lemma 10.28.

11. RANDOM PRIMING AT RATE 1/d, A ONE-SHOT CONDITIONAL THEOREM, AND THE
REGULAR CORE

Section 9 studies the new spikes of one rate-% restriction inside the chain of Theorem 8.4,
and Section 10 bounds their mass with a quasi-polynomial prefactor, which gives Theorem 10.1.
This section follows the other route: a single restriction at rate p = 1/d, at one threshold
0o = (Varf/d)°M | so that every loss is paid once. Spike forcing (Lemma 11.1) shows that
at this threshold a definite part of the variance is always carried by spikes of the restricted
function, and random priming (Lemma 9.6) turns every family of primable spikes into large
real block sensitivity; together they give a polynomial bound whenever the forced spikes can
be primed. Theorem 11.5 carries this out in three forms (capture, amplification and bounded
delayed activation) with explicit polynomial exponents, and Corollary 11.7 gives classes for
which the hypotheses hold structurally. As reductions of the conjecture the hypotheses are
circular (Remark 9.34 and Remark 11.6). Sections 11.4 and 11.5 locate what is left, the regular
core: at a heavy spike whose derivative is relatively regular every admissible exploration is
empty, priming on small fixed sets gives nothing (Proposition 11.13), and products of nearly
Boolean functions of lower degree are hard instances whenever the conjecture fails at that degree

(Remark 11.14). The gap becomes the anti-spike inequality of Question 11.11, which implies the
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conjecture (Proposition 11.12) and follows from the large-jump bound (LJ) of Definition J.16.

Nothing in this section proves Conjecture 1.1.

Tools. The section uses the following results of Section 9 and Appendix J, all [proved here,
audited] except Lemma 9.3 ([known]), with their proofs given there. For g: @, — R, a coordinate
j,aset AFjanda€ {—1,1}4 ¢;(4,a) = E[(dj9)? | 4 = a] and 7;(A,a) = Ey|d;jg(a,-) —
djg(d’,-)||1 are as in Section 9.2.

e Priming and conversion (Lemmas 9.5 and 9.3). If Ay,..., A, are pairwise disjoint, j; ¢ A;
and a; € {—1,1}%, then 3, 7j,(A;,a;) < 2rbs(g), where rbs is the real block sensitivity
of Definition 7.6. For g € By, rtbs(g) < d? is known (Lemma 9.3); the elementary bound
rbs(g) < 4d? noted in its second proof needs no citation and gives the form 2rbs(g) < 8d?
used below. If ¢;(A, a) > 4Inf;(g), then 7;(4, a) > ¢;(A,a)/8.

e Random priming, subset form (Lemma 9.6). Let MaxInf(g) < 6/L, let v; be laws of pairs
(A,a) with j ¢ A and |A| < s, and let g; > 0. If, for a set N’ of coordinates, (P1)
> jen' fj(9)Ey, 7 > 403 iy and (P2) 30, Infj(g)vj(u € A) < Alnfy(g) for every
u, then > ;oo py < 4(A+1)(s + 1)2rbs(g)/(vL). The numbers p; enter the proof only
through (P1), so they may be the spike masses of any restriction, and the sets A may contain
coordinates of any kind.

e The Load Lemma (Lemmas 9.13 and J.10, Corollaries J.11 and J.12). Let ¢ have E¢? > 0, and
consider its size-biased law and an adaptive revelation strategy whose coins are independent
of z. The relative influence RI, is a martingale until u is revealed, and at the revelation time
E[RI,(p,)] = Inf,(¢)/E¢?. Hence RI, reaches 3 before u is revealed with probability at most
Inf,(¢)/(BE@?), the expected number of reveals at relative influence at least 3 is at most
deg /3, and a reveal at bias |c,| > 7 has probability at most 4Inf,(¢)/(7?E¢?). For h € By
the weighted loads satisfy », ij’vrj(‘) < ((d—1)/B)Inf,(h), and (4(d —1)/72)Inf,(h) for bias
thresholds.

e RL1 (Theorem J.1, proved in Appendix J.1, and Corollary J.3). Let ¢: Q, — [—1,1] have
degree at most k and M = E¢? > 0. For a unit vector a with max; |a;| < nand e, = e3k*n? <
%, the size-biased mean p = E(a,y) satisfies p2 < 10eIn(e/M)/In(1/e,). In the form used
below: if 0 < 7 < 1/(2e3k*), the biases ¢, of the size-biased law satisfy

10e
Z 2 < max{r, kln(e/M)}, Hzln(l/7)—3—4lnk'
u: |eu|<T

11.1. Setting and spike forcing. Fix d > 2 and f € B; with V. = Varf > 0, and let p = 1/d.

Write ¢; = d; f and I; = Inf;(f) = Ed)?, so that Zj I; < dV. Every coordinate u carries a clock

t, ~ UJ0,1]; the clocks are i.i.d. and independent of x. The fixed set is F' = {u : t, < 1 — p}

and the alive set is A = F¢, so each coordinate is alive independently with probability p, and

o = (F,xF) is the rate-p restriction, with restricted function f,. Put Q; = IE[qb? | zF], which

equals Inf;(fs) when j € A. As in Section 9.1, i;rj is the size-biased law of ¢;: x has density

¢? /I; with respect to the uniform measure, and the clocks are independent of z; E; is its
expectation. Since ¢; does not depend on z;,

(4) E[Q;15] = I; Prj(E)
for every event E determined by (t,,z,1[u € F]),»; and by coins independent of z, the left
side being taken under the uniform measure. The quantities N(p), RI,(p) and ¢, are as in

Section 9.1: revealing u at p multiplies the height N by 1 4 c¢,x,, the lgz"j—law of x, given p is
(14 ¢,)/2, and ¢ < 4RI, (p).
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Parameters. Throughout,
pV 2 1
ko = [logy(8d)] + 1, 9:(7)7 _ L
(5) o = lloga (8] 0~ \16a2 3%0 Po =714
2 2(d—1) 64d(d — 1)
=620, ﬁ:T—, A= ———=, s:[iJ.
’ 4 B B
The threshold 6y has the form of the one in Remark 9.34, with the level ky adapted to p = 1/d,
and pg is not the pg of Section 9.6. Since ky > 5, 25072 > 64d and 30 < 243 d1°823, we have
3888d3 < 16d33F0 < 3888d*%8 < 1699 and therefore
V34 d=6
6) | — < by <
(6) (d) =70 = 38882°
Put k = 10e/(In(1/7) — 3 — 4In(d — 1)) and k4 = 2kInd. The denominator of  is at least
1161Ind + 327, so kg < 20e/116 < %; and 7 < 1/(2€3(d — 1)*), so the displayed form of RL1
applies with k = d — 1 to every restriction of every ¢;.
Spikes. A coordinate j is a spike of o if j € A and Q; > 0y. Write sp; = {Q; > 6p}. Since
1[5 € A] is independent of everything else, (4) gives the spike mass
nj =Es[Qj1[j € A, Q; = 60)] = pI; Pr;(sp,).
The heavy spikes are the coordinates in N' = {j : f’vrj(spj) > po}. If MaxInf(f) < 6p/L with
L > 1, every spike is new in the sense of Section 9.1: its influence is multiplied by more than L.
Lemma 11.1 (spike forcing at rate 1/d; [proved here, audited]). (a) E,Ug,(fs) < pV/2. (b)
Do >pV/2. () D ien i > pV /4
Proof. (a) Fix o, let J = Jy,(f,) and ' = E[f, | xje]. Then v’ € By, MaxInf(u') < 6y and
Ug, (f») = Varu' (Lemma 8.1(a)). Corollary 3.3 with k = ko gives WbFot1l(y/) < 4d23’“003/2 =
pV/4. The Fourier support of «' lies in that of f,, so W=Fot2(y/) < WZkot2(f,), and by the
formula in Lemma 8.1(e), E,W=Ft2(f,) =3¢ f(S)?Pr[|SNA| > ko +2]. Since Pr[Bin(m,p) >
r] < (mp)"/r!and mp < dp = 1 for m < d, this is at most V/(ko+2)! < V27F0=2 < pV//64. Hence
EsUs, (fo) < pV/4+pV/64. (b) By Lemma 8.1(b), Varf, —Up,(fs) < Se,(fs) = ZjeA Q;1[Q; >
0], whose expectation is >, yij, and E,Varf, > pV by Lemma 8.1(e). Now use (a). (c) For
J &N, pj < ppolj, so these coordinates carry less than ppodV = pV/4. g

1 12843
In = > 1201nd + 330, A+1)(s+1) < ;d = 2048 d*0, .
T

5 =

Remark 9.34 states spike forcing for p < 1/(2ed), through the base case of Lemma 8.3; at p =
1/d the high-degree tail is controlled by dp = 1 and the level ko, as above. If MaxInf(f) < 6y/L,
the heavy spikes carry more than a quarter of the forced mass and all of them are new; the rest
of the section asks when they can be primed.

11.2. Admissible explorations and the small-bias tail. For each j let H; = {u # j :
Infu(¢]) > IBIJ} Since Zu Infu(qu) < (d— I)Ij, ‘HJ’ < (d— 1)/5

Definition 11.2 (admissible exploration). An admissible exploration for j is a sequential pro-
cedure, run under f’vrj, that queries coordinates u # j one at a time; the next query, and the
decision to stop, depend only on the observations so far and on coins independent of x and
of the clocks. A query of u observes 1{u € F|] and, if u € F, the value z,, and nothing else
about the clocks: the exploration is membership-blind. An unqueried coordinate may be queried
only if w € Hj or u is (B-large, that is, RI, > 3 at the time of the query, computed from the
values revealed so far. The output is the queried set B and the data zp = (BN F, zpnr), with
height ¢;(zp) = IE[(Z)? | zpnr]. The truncation B'Y stops after s queries. The relative-influence

exploration By queries the smallest unqueried u with RI, > 3, as long as one exists.
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When By stops, every unqueried coordinate has RI, < 3, hence bias |¢,| < 21/8 = 7. Queried
alive coordinates are not revealed, so the restricted function need not be S-regular in them; it
is pB-regular when no query hits an alive coordinate. A bias trigger at level 7, which queries u
when |c,| > 7, is admissible, since |c,| > T forces RI, > 72/4 = .

Lemma 11.3 (loads and sizes; [proved here, audited]). For every family of admissible explo-
rations Bj and every u: (a) Prj(u € Bj) < 2Inf, (¢;)/(81;) foru # j, hence E;|B;| < 2(d—1)/5;

(b) 32, I;Prj(u € B;) < Anfy(f); (¢) Prj(BY # B;) < po/8, and (a) and (b) hold for BY.

Proof. The memberships 1[u € F] are coins independent of z, so an admissible exploration is
an adaptive revelation strategy in the sense of Lemma 9.13, in which a queried alive coordinate
is never revealed. (a) If u € Hj, then 1 < Inf,(¢;)/(81;). Otherwise u is queried only if RI,
reaches [ before u is revealed, which has probability at most Inf,,(¢;)/(81;) by the Load Lemma.
Sum over u, using >, Inf,(¢;) < (d — 1)I;. (b) Multiply (a) by I; and sum over j # u, using

~

> iz Imbu(dif) = > g5, (15| — 1)];&5)2 < (d—1)Inf,(f). (c) Bjt-’r # Bj only if |B;j| > s+ 1, so

Markov’s inequality and (a) give Prj(B}" # B;) < 2(d —1)/(8(s + 1)) < 1/(32d) = po/8; and

BT C B;. O
7 =7

The second stage. Condition on the data D of an admissible exploration for j: the queried set,
the memberships of the queried coordinates, and the revealed values z = xgnr. The exploration
reads z only on B N F and its other inputs are independent of x, so the conditional law of
the unrevealed values is the size-biased law of ¢;(z,), of height ¢ = ¢;(2p); and the clocks
of the unqueried coordinates are still i.i.d. U[0, 1] and independent of z and D. Reveal each
unqueried v € F' at time t,. Given the past at time ¢, each unrevealed unqueried coordinate
is revealed at hazard rate 1/(1 — t), and fol_p dt/(1 —t) = Ind; the queried alive coordinates
are never revealed. The final height is @;, and In(Q;/q) = >, In(1 + ckxy,), where vy is
the k-th revealed coordinate and ¢ its bias just before. A reveal is large if |cx| > 7, and
N 2 denotes the number of large reveals; each contributes at most In2. By the Load Lemma,
E;[N'® | D] < 4(d —1)/72 = (d — 1)/B, which is polynomial in d/V’; but each large reveal may
double the height, so this alone gives only ¢ > 6yexp(—poly(d/V)) on the spike. The small
reveals are controlled by RL1.

Lemma 11.4 (the small-bias tail at rate 1/d; [proved here, audited]). Fix the data D of an
admissible exploration for j, with height ¢ > 0, and let 6,y > 0. With conditional Pr;-probability

at least 1 — 6 —e™Y,
Qi < N%In2+427Ind + k4ln
q oq
Proof. Let N; be the height at time ¢ and oy the first time at which Ny < §¢. On the revealed
values the density of the conditional law with respect to the uniform measure is Ny/q, so iDvrj (05 <
1—p| D) <4, asin step (ii) of the proof of Theorem J.14; stop all processes at 5. The large
reveals contribute at most N'81n2. The small reveals contribute W = W€ + M, where

e

In + 2y.

2m

¢ = o i C) = 07_ n CT Ty ™~ C
wes [ o) 15 =30 —Eln(l +er) (ra~ (1£6)/2),

2m —1)2m
m>1

the sum running over the unrevealed unqueried u with |c,(t)| < 7, is the compensator, and

M is a martingale. Since |In(1 £ ¢)| < 2|c| and Eln*(1 + cz,) < ¢ for || < 1, the jumps
of M are at most 27 < % in absolute value and its predictable quadratic variation is at most

v= fol_p > cu(t)?dt/(1—t), with the same range of summation. Before o5, RL1 with k = d—1,
applied to the restricted function of height Ny > dq, gives >, y<r cu(t)? < 7+ kln(e/(8q)),
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the sum over all unrevealed coordinates. As h(c) < (In2)c?, this gives W¢ < (In2)v < v < vg 1=
Ind (T + kln(e/(dq))). Freedman’s inequality [20], in its standard form for martingales with
jumps at most 3, gives Pr(M >z, (M) < vy) < exp(—2%/(2ug + 2)), and with z = vy + 2y the
exponent is (vg +2y)2/(3vo +2y) > y. So, with probability at least 1 —§ —e™¥, W < 2vg+2y =
27Ind + kqln(e/(0q)) + 2y. O

11.3. The conditional theorem and the covered classes. For each j fix an admissible

exploration Bj, for instance By, and write ¢; = qj(sz) and N Jl.g for the number of large reveals
of the second stage.

Theorem 11.5 (one-shot conditional theorem; [proved here, audited]). Let f € By, d > 2,
V =Varf >0, m € (0,1] and Cy > 0.
(i) Capture. If ﬁj(qj > m | sp;) > % for every j € N, then MaxInf(f) > 6y/Lcap, where
Leap = 222d59679/£mV); in particular MaxInf(f) > (V/d)?>™"m.
(i) Amplification. If E;[In(Q;/q;) | sp;] < Coln(d/V') for every j € N, then MaxInf(f) >
(V/d)2825+800 .
(iii) Bounded delayed activation. If Pr; (le.g < Cology(d/V) | sp;) > 2 for every j € N, then
MaxInf(f) > (V/d)?855+2Co,
Parts (i) and (ii) do not use RLI.

Proof. (i) Suppose that MaxInf(f) < 0y/Lcap; then I; < m/4 for every j. Let v; be the f’\;j—law of
(B;rmF, ngrmF), a law of pairs (A, ci)/with |A| < s. For j € N, the e\i(int sp;N{g; > m}ﬂ{B;r =
B;} has probability at least (3 — £)Pr; (sp;), by Lemma 11./?\)/(0) and Pr;(sp;) > po, and on it the
conversion gives 7; > ¢;/8 > m/8. Hence [;E, m; > {61;Pr;(sp;) = mpu;/(16p), which is (P1)
on N’ = N with 6 = 6y and v = m/(16pby). (P2) holds with A by Lemma 11.3(b),(c). Random
priming with L = Lcap, 21bs(f) < 8d% and (6) gives

S < 4-2048d%0,%° - 84> - 16p0y  2%pd’0;™  pV
j =

= mLecap mLecap 4”7’

contradicting Lemma 11.1(c). Finally 0y/Leap = 2722d205mV > (V/d)*™*"m by (6), since
22245 > (V/d)?'.

(ii) Tt suffices to verify the hypothesis of (i) with m = (V/d)™+8%_ Fix j € N, let &' = po/8
and Y = In(Q;/q;) +In(1/¢"). Given the exploration data and the clocks, the density of the
second-stage values with respect to the uniform measure is Q;/q;, so E;[q;/Q; | D, clocks] <1
and Prj(Y < —y) < ¢'e”? for y > 0. Hence E;[Y_ | sp;] < ¢'/po = + and E;[Y, | sp;] <
Coln(d/V) + In(1/8') + %. By Markov’s inequality, with conditional probability at least £,
In(Q;/q;) < 8Coln(d/V) + 7In(32d) + 1; on sp; this gives ¢; > Ooe=1(32d)~7(V/d)3¢ >
(V/d)™8+8% since (32d)7 < d*? and e < d2.

(iii) Tt suffices to verify the hypothesis of (i) with m = (V/d)'8+2¢% Fix j € N and apply
Lemma 11.4 with 6 = e™¥ = po/16. Its exceptional event has conditional probability at most
(po/8)/po = % given sp,, so with conditional probability at least g the spike occurs, N ;g In2 <
Coln(d/V), and

1 1 d 1 1
In— < ln——I—C’Oln——{—QTlnd—{—/{d(l—i—lnf—I—ln—) + 2y.
qj bo 4 0 qj

With rq < 3, 2rlnd < 1, In(1/6p) < 34In(d/V) and In(1/6) = y = In(64d) < 7In(d/V), this
gives In(1/q;) < (107.4 4+ 2Cp) In(d/V). O
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Remark 11.6 (what the theorem gives; [proved here, audited]). (a) For a single f, each hypothesis
implies the bound; the converse is not claimed.

(b) Call f deficient if MaxInf(f) < 6y/Lcap. Quantified over the deficient f, each hypothesis is
equivalent to the conclusion; quantified over all f, it is at least as strong. Indeed, if f is deficient,
the proof of (i), applied to the set N C N of heavy spikes at which the capture hypothesis holds,
gives > ic s iy < pV/4 (and < pV/8 if MaxInf(f) < 0o/(2Lcap)), while s p1j > pV/4. So the
hypothesis fails at some heavy spike of every deficient f, and the statement that it holds for every
deficient f is equivalent to the statement that no deficient f exists, that is, to the conclusion for
all f. The same holds for (ii) and (iii), with m = (V/d)™+8% and m = (V/d)108+2C% in L.
This is the circularity of Remark 9.34: the one-shot theorems are valid implications, but not
reductions of the conjecture.

(c¢) The hypotheses carry information only at spikes where explorations find something. At a
heavy spike j with Inf,(¢;) < B1; for every u, no coordinate may be queried, every admissible
exploration is empty, and ¢; = I;; each hypothesis then forces I; > poly(V/d), that is, it asserts
that j itself is polynomially influential. What survives is the localization of the difficulty to heavy
spikes with relatively regular derivatives (Sections 11.4 and 11.5), and the structural classes of
Corollary 11.7.

Corollary 11.7 (covered classes; [proved here, audited)). Let f € By, d > 2 and V = Varf > 0.

(a) Heavy juntas. If, for every j € N, the derivative ¢; depends only on Th;, then
MaxInf(f) > (V/d)*2°.

(b) The class G. Suppose that, for every j € N, there are a set R % j and, for each r €
{—1,1}8, disjoint sets D, and Z,, disjoint from RU{j}, with ¢;(r,-) = ¥, (zp,)xr(2z,),
such that RU\J, D, C Hj and, for every r and every restriction of x, to part of Z,, each
unassigned coordinate of Z,. has bias less than T in absolute value under the size-biased
law of the restricted x,. Then MaxInf(f) > (V/d)?8%.

Proof. (a) Query H;. This is admissible, |[H;| < (d —1)/8 < s, and ¢; = E[gbjz | vp;nF] = Q;
identically, so Theorem 11.5(ii) applies with Cyp = 0. (b) Query R, and then D, for every r
that agrees with the revealed values on RN F; all queries lie in H;. At every later time the
conditional law of the unrevealed values is a mixture, over the compatible r, of the size-biased
laws of the restrictions of ¢;(r,-), and each component is the product of a law on D, the size-
biased law of a restriction of x, on Z,., and the uniform law elsewhere. A coordinate revealed
in the second stage lies in no queried set, so in each component its bias is 0 or less than 7 in
absolute value, and its bias under the mixture is a convex combination of these. Hence N;g =0,
and Theorem 11.5(iii) applies with Cyp = 0. O

Ezamples. For a product ¢ = [], g; on disjoint blocks, Inf,(¢)/E¢? = Inf,(g:)/Eg? for u
in the i-th block. A parity gate (1 + z,2,) has ratio 3 and 1[Maj; = 1] has ratio %, so
derivatives that are products of such gates, for instance AND o Maj;, are heavy juntas. A
spread gate ¢ = 37> .y lzp, = b(i)], with disjoint blocks D; of width w, @w = 27 and
(M = D)w < 1, has B¢? = L w(1l + (M — 1)w) and Inf,(¢) = a’w/(2M?) for u in a block, so
its ratio is at least 1/(4M), and it is a heavy junta when M < 6;*°. [Proof outline, unaudited:]
if MaxInf(f) < 6p/L with L > 480d, a fourth-moment bound on the number of matched blocks
gives ﬁj(spj) < 30a%/(0pM?) + 60/L, so a heavy spike of this form has M < 16./d/fy < 652,
and the size condition is automatic. Members of G include exclusive selectors ¢;(r,-) = ¥r(zp,)
with R and all D, in Hj;, and, [proved here, unaudited), products 1 (zp) [ [,cz(1+auty)/(1+]ay])
with D C Hj, Z disjoint from D U {j} and |a,| < 7/2, since the bias of z,, is 2a,/(1 + a2) in
every restriction.
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11.4. Why bias triggers fail, and the limits of the rate-% chain. A bias trigger at level
7 is admissible, and Lemma 11.4 controls the biases below 7. Two families show that bias-
triggered exploration nevertheless fails, at rate 1/d and at rate %, while the relative-influence
trigger captures both. In each, the coordinates that make the spike have small or zero bias until
other coordinates are revealed, although their relative influence is large from the start.

Proposition 11.8 (address functions; [proved here, audited]). Let k,w > 1 with k + w <
d — 1. Take selectors y € {—1,1}*, disjoint blocks Dy of w coordinates for b € {—1,1}*,

¢= HueD 2( +xy) and f = ¢, so that f € Bg and ¢j = ¢.

(a) E¢? = 27%. Under Prj each selector has bias 0 and relative influence (1 —27%), and
each block coordinate has bias 27 and relative influence 27F71.

(b) At rate 1/d, Prj(Q; = 1) > (1 — 1/d)*™ > 1/e.

(c) If T > 27F the bias-triggered exploration at level T is empty, so qgj = 27%, and on
{Q; = 1} the second stage multiplies the height by 2.

(d) Order the coordinates with the selectors first. If 5 < %(1 — 27", the relative-influence
exploration By queries every selector before any other coordinate; on the event that all
selectors are fized it then queries exactly Dy, and q¢;(2p,) = @;.

Proof. ¢ € {0,1}, and under ﬁj the selector value y is uniform, zp, = 1, and the other

blocks are uniform. For a selector y;, (dy,¢)? = %(l[nyi_)I =1] - 1[$Dy,-_>—1 = 1])? has mean

327%(1 — 27%); a coordinate u € Dy, has Inf,(¢) = 27¥27%/2, and under Pr; it equals 1 when
its block is selected, which has probability 27, and is uniform otherwise. This gives (a). For
(b), @; = 1 once all selectors and all of D, are fixed. (c) follows from (a). For (d), revealing
selectors leaves an address function with fewer selectors, in which the remaining selectors still
have relative influence %(1 —27%) > B, so By takes them first; once all selectors are revealed,
¢ = 1[zp, = 1], whose coordinates have relative influence % in every restriction, while all other

coordinates have relative influence 0. O

The address function is not claimed to be covered by Corollary 11.7: when some selectors are
alive, several blocks stay active. At rate % the same mechanism refutes the delayed—activation
hypothesis that the chain of Section 9 would need. For L > 1, 7/ € (0,1] and p, € (0,1],
let NA(L, 7', p.) be the statement: for every 6, every h € By that is old-free capped at (0, L)
(Definition 9.16) and every j with Pr] (Q;j > 0) > p., where Q; and Prj refer to the rate—f
restriction, after the bias-triggered exploration at level 7/ the second stage reveals a Coordlnate
of bias at least 7/ in absolute value with Prj-probability at most p, /6.

Proposition 11.9 (parity gates; [proved here, audited]). Let L > 2 and 16(1 +logy L) < m <
(d—1)/2. Let ¢ = [Licpn 5(1 + zu,20,), let B* € By depend only on coordinates other than
J, ui, vi, with MaxInf(h*) < 21=™ and Var(h*)? > 288dL2™™, and put h = (x]qﬁm + h*) and
0 =L27""1. At rate %

(a) h € By is old-free capped at (8,L), and ﬁ"j(Qj >6) > 0.89.

(b) The bias of a gate coordinate is 0 until its partner is revealed and £1 afterwards. So the
bias-triggered exploration is empty, every spike path reveals a coordinate of bias +1, and
NA(L, 7', ps) fails for all 7 < 1 and p. < 0.89.

(c) Every unrevealed gate coordinate has relative influence 3 L at every stage, so a relative-
influence exploration at any B < + 5 queries exactly the gate coordinates, and q;(2p) = Q.

Consequently, if NA(L, 7', p.) held for some 7" < 1 and p. < 0.89, then every h* € By would
satisfy MaxInf(h*) > py := min{(2L) 1%, Var(h*)2/(288dL)} whenever py > 2~(4=3)/2,
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Proof. Here I; = %Egzﬁfn = 27™/4, a gate coordinate has influence 27 /8, and the other
coordinates have influence Inf(h*)/4 < 6/L, so MaxInf(h) < /L = 2™ 1; and Varh =
1(27™ 4 Varh*), so 6 < Var(h)?/(36d). Under 15vrj every gate is satisfied and Q; = 22N-™,
where N ~ Bin(m, 1) counts the gates with both coordinates fixed; the spike is {N > 1+log, L},
and since m > 32 the Chernoff bound gives Pr[N < m/16] < e 97/128 < 7225 < (.11.
This proves (a). For (b), z,, = z,, under ﬁj, and x,, is uniform until it is revealed. For
(c), (du,pm)? = iHi,# (1 + 2y, 2,,), and the conditional mean of (1 + zy,2y,) is 3 while
u; is unrevealed. For the consequence, if MaxInf(h*) < p;, take m = [logy(1/u1)]: then
16(1+logy L) < m < (d—1)/2, MaxInf(h*) < p3 < 2'=™ and Var(h*)? > 288dLju; > 288dL2~™,
so (b) contradicts NA(L, 7/, py). O

So bias-triggered no-activation at the polynomial losses of the chain is at least as hard as a
polynomial bound for every h* in this range, and the obstruction is local: one block of parity
gates attached to an arbitrary function. Both families are captured by the relative-influence
trigger, which is why Definition 11.2 triggers on relative influence.

Remark 11.10 (the rate-3 chain and spread gates). (a) [Proved here.] The chain of Theorem 8.4,

with a uniform loss or with a loss P8¢ per step, gives no polynomial bound. For a uniform loss
L: since TT fails for L < d*~°(1) (Theorem 1.4 and Corollary 1.6), each of its T = [logy(2ed)]
steps divides the threshold by at least d'=°(}), so the bound it yields is at most §pd~ (=0T —
d=?0ogd) A loss PO~° per step, with P > 1, multiplies log(1/8) by at least 1 + ¢ at each step,
which compounds to (1+¢)T = ©(d'°22119))  as in the proof of Proposition 9.17; since the chain
starts from A7 < (V/d)?, the bound is no better than exp(—Q(d'°82(+¢) log(d/V'))), which beats
Var(f)%e=9@ only when ¢ < 1 and log(1/V) = o(d*~'°82(1+9)), Theorem 10.1 is this chain at
c = 1/(2T), where (14 ¢)T < /2, with a quasi-polynomial prefactor (Lemma 10.2); it gives
(Varf/d)®1°8d) exp(—O(log* d)). The one-shot route pays its loss once.

(b) [Heuristic.] For spread gates M1y, ), [uen, (1 + 2,) of width w with M2™% < 1,
after k reveals in the active block the next bias is about 2¥/(M 4+ 2F) and the next relative
influence about % - 28 /(M + 2%). The bias trigger fires after about logy(7M) reveals, and the
relative-influence trigger after about log,(72M). The defect In(Q/q(zp)), minus the small-jump
price, is In(7M) + O(1), respectively In(72M) + O(1), when 7M? < 2¥/2, and it saturates to
O(1) for M > 2%/2. At M ~ 2@/47=1/2 with w =d — 1 and 7 = d~°W), the bias-trigger defect
is 2In2—11In(1/7)—O(1) = ©(d). [Numerical:] for the bias trigger, the mean of In(Q/q(zp)) is
1.91, 3.14, 3.94, 5.44, against In(7M/(1—7)) = 1.96, 3.35, 3.99, 5.37, for (M, w, T) = (64,24,0.1),
(256,32,0.1), (1024,40,0.05), (4096,48,0.05). In the chain these gates are handled by mass
accounting, through the matched-block law of Section 9.6; at rate 1/d they are heavy juntas
when M < 6,*° (Corollary 11.7).

11.5. The regular core and the remaining gap. By Remark 11.6(c) the difficulty sits at
heavy spikes whose derivatives are relatively regular. A condition that is not circular must
therefore hold uniformly over all regular bounded functions, not only over the derivatives of one
given f.

Question 11.11 (the anti-spike inequality ASR(C’,C"); [open]). Is it true that for all d > 2,
all 0 < 0 < (16d%)~2 and every 1: Q, — [—1,1] of degree at most d with ¢ = E¢? < (8/d)“”
and Inf, (v) < (8/d)% q for every u,

Pry (E[p? | zp] > 60) < —
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where f’\;w = (¥?/q)-U and F contains each coordinate independently with probability 1 —1/d,
independently of z?

Proposition 11.12 (ASR implies the conjecture; [proved here; the reduction is audited, the
constants are not]). If ASR(C",C") holds, then every f € By with V.= Varf > 0 satisfies
174 O\ 2C"+C" V\ 2347207 +36C"
Maxtnf(f) 2 5005 (54) > () -
Proof. Let ' = (60/(2d))¢", m = (60/(2d))°", s' = [64d*/B'] and L = 212992 d°@/(B*mV),
and suppose that MaxInf(f) < 6y/L; then I; < m/4 for all j. For j € N, run the relative-
influence exploration at threshold ' on the full cube under 15vrj, independently of the clocks: it
reveals x,, for every queried u, fixed or alive, and it is truncated after s’ queries. Revealing only
fixed coordinates would not suffice, since alive coordinates could then never be revealed and
could keep relative influence about % Let (B, xp) be the output, gp = E[gbf | zp], Ey the event
that the exploration stops before the truncation, and Fy = {gg > m}. By the Load Lemma,
f’\;j(Eg) < (d—1)/(B(s+1)) <po/16. On Ejy the restriction ¢;(xp,-) is f'-regular, and given
(B,xp) the set F'\ B is a fresh subset of B¢ of rate 1 — p. Put Q' = E[gbj? | B, Tp\ B, so that

E[Q" | F,xp] = Q; under the uniform measure, and S; = E[Q;1[sp;]] = Ijﬁj(spj). Then
S; = E[Q"1[sp;]] < E[Q' 1] + E[Q"1p,nm, ] + E[Q'1Q" > 60/2]1 5,1, ] + 555,
because E[Q'1[Q" < 6p/2]1[sp,]] < %(’Pr[spj] < 35;. The first two terms are Ijﬁj(E{j) <

Iipo/16 and Ijﬁj(Eo N E1). On Ey \ E; the function ¢;(zp,-) has degree at most d — 1,
height below m = ((8p/2)/d)¢" and relative influences at most 5 = ((6p/2)/d)¢", so ASR at
0 = 0y/2 < (16d>)~2 bounds the third term by I;/(32d) = I;po/8. As S; > pol; for j € N, it
follows that lfj\;j(Eo NE) > %f’\fj (sp;)- On EyN E; the conversion gives m;(B,r5) > m/8, so
(P1) holds on N with v = 5m/(128pby), and (P2) holds with A = (d — 1)/’ by the weighted
load bound. Random priming, whose priming sets may contain alive coordinates, with \' +1 <
d/f', s +1 < 65d°/F" and 2rbs(f) < 8d%, gives iy pj < 53248 phod®/(B*mL) = pV/4,

contradicting Lemma 11.1(c). The last inequality of the statement uses 212992 < 2'¥ < 4'® and
6o/ (2d) > (V/d)3S. O

From (LJ) to ASR. Let C' > 256 and C” > 16. By Corollary J.17(b), applied with the
empty exploration, (LJ) at (6, C’,C") gives Pr(Q > 6) < p1/8 = 1/(512ed?) < 1/(32d) for every
62¢" /4-regular bounded function of degree at most d and height at most (#/d)°", under the
rate-1/d clocks. Since (8/d)?¢'+1 < 62¢" /4, (LJ) for all § < (16d%)~2 implies ASR(2C" +1,C"),
and hence the conjecture with exponent 95 + 144C” + 36C". The mechanism is Corollary J.15:
outside probability p;/16, a spike needs large-bias quadratic variation at least A/4 = iln(e /q),
measured at the bias level §¢'/2, while a regular function starts with all biases at most 2v/3 = 6<".
The large biases must therefore be created along the clock order (delayed activations), and (LJ)
bounds the probability of a spike with at least A/4 large reveals by p;/16.

Status of ASR and (LJ). Both quantify over all regular bounded functions of small height.
Applied only to the restricted derivatives of one fixed f, they fail whenever f violates the bound,
by the proof of Proposition 11.12; this is the sense in which (LJ) is called circular as a reduction
after Definition J.16 and in Remark 9.34. As universal statements they are sufficient for the
conjecture, at least as hard as it, and not known to follow from it; some of their hard instances
are described in Remark 11.14.

Proposition 11.13 (fixed-set priming of regular derivatives; [proved here, audited]). Let
¢: Qn — [~1,1] with I = E¢?> > 0 and Inf,(¢) < BI for every u, and let A be a set of s
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coordinates that is fized, or chosen independently of x. Write w(A,a) = Ey||¢(a,-) — ¢(d’, )|
Then (a) Eqm(A,a) < /2sB1 for uniform a, and (b) E = w(A,a) < /2s8I + /8In2- sp3,

a~Pr 4

where 13;,4 is the law of x4 under the size-biased law of ¢. Consequently, if every v; is uniform
or size-biased on a set of s coordinates chosen independently of x, then (P1) with 0 = 0y fails
on every family of heavy spikes with B-regular derivatives once 3 < (Y8oppo)?/(16s), since there
wj = ppol;.

Proof. (a) By Cauchy-Schwarz, (E,q|¢(a, ) — p(a’,)]1)? < Eqoll¢(a, ) — o(d, )3 =

QZSOA#Qé(SP < 2) ealnfu(¢p) < 2581, (b) Since 0 < m < 2, the two expecta-

tions differ by at most 2TV(Pra,Us) < y/2KL(Pra|U4). By the chain rule in a fixed

order of A, KL = Zk]ﬁ[h(ck)], where ¢ is the bias of the k-th coordinate given the
earlier ones and h is as in the proof of Lemma 11.4; with h(c) < (In2)c?, ¢ < 4RI
and the Load Lemma, KL < 4In2} _,Inf,(¢)/I < 4In2-sp. For the consequence,

E,m < (V2 +/8In2)\/sB < 4v/sB < v¥8oppo, s0 Zj LE,, 7 <00 Zj pj on such a family. O

For laws given by decision trees of depth s, passing to the fixed union of the nodes gives bounds
of the same form, with s replaced by 2° — 1 (by (3° — 1)/2 if the tree also reads membership
coins) and the constant 2 in the uniform term, [proved here, audited]. Indeed, let W be the
set of coordinates at the nodes of the tree, so that |IW| is at most this number, and let (A, x4)
be its output, with A € W. For uniform b € {~1,1}""\ and 2 € {~1,1}", inserting ¢(z, )
between ¢(a,b,-) and ¢(da’,b,-) gives 7(A,a) < Eyn(W, (a,b)) + E. (W, z). The path of the tree
depends only on z4 and on coins independent of z, so the kernel K that replaces zyn 4 by a
fresh uniform b maps the uniform law Uy on {—1,1}W to itself. Hence Em(A,z4) < 2E.7(W, 2)
for uniform x; under the size-biased law the first term changes by at most 2 TV(KPry, KUy ) <
2TV (Prw, Uw), by data processing, and the proofs of (a) and (b) for the fixed set W finish the
argument. For s < 2log,(1/B) (for s < }logs(1/83) with membership coins) [W[8 < B1/2, so
(P1) fails as above once 631/4 < ~Ooppo. General adaptive laws are not covered, and admissible
explorations on a g-regular derivative are empty anyway. Since the truncation of the explorations
is of order 1/, only genuinely small priming sets are excluded: uniform and size-biased priming
on small fixed sets, or on shallow trees, gives no transfer at regular spikes.

Remark 11.14 (products of nearly Boolean factors; [proof outline]). Let ai,...,a4 € By live
on disjoint blocks, be nearly Boolean to precision o(1/A), satisfy Prla; ~ 1] < % (replace a;
by —a; if necessary) and MaxInf(a;) < 7/, and put ¢ = [], %(1 + a;), of degree at most Ak.
The relative influence of a coordinate u of the i-th block is Inf,(a;)/(4E(3(1 + a;))?), at most
about 7//Var(a;) (and 7//2 for balanced Boolean factors), and E¢? ~ [], Pr[a; ~ 1] < 274, By
Lemma 9.24(C2) the size-biased law is a product, concentrated on {a; ~ 1 for all i}. At rate
1/d with d ~ Ak + 1, each factor loses only O(k/d) = O(1/A) in log-height in expectation,
since a Boolean factor g of degree k has EVar(g | zr) < pkVarg; so E[¢? | zF] stays of order 1
with ﬁd,—probability bounded below. With A ~ C” logy(d/0) and 7/ < (8/d)“" min; Var(a;), ¢
violates ASR(C’,C"), and so does the derivative of h = $(z;¢+h*) as in Proposition 11.9. Such
factors exist only if the conjecture fails for nearly Boolean functions of degree k ~ d/A, in the
sense that MaxInf(a;) < (0/d) Var(a;); and by Theorem 7.3, nearly Boolean counterexamples
exist whenever the conjecture fails, up to polynomial losses. So some hard instances of ASR
are products of counterexamples of lower degree, and ASR at degree d implies the conjecture
for nearly Boolean functions of degree about d/(C”logy(d/6)). The construction is exact for

Boolean factors. [Numerical] for Maj,, factors with k € {3,5,7,9} and A € {4,8,16}, Eln(1/Q)
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lies between 0.17 and 0.33 and f’vr(Q > i) > 0.987; for nearly Boolean factors the precision

o(1/A) is needed, since with 10% smoothing at k = 3, IEln(l/Q) grows as 0.58, 0.86, 1.41 for
A =48 16.

[Heuristic:] if the conjecture held at degree d/A with exponent C(d/A), the relative influences
of such products would be about 8’ ~ (V/d)¢(@/4) and the loss (d/B')? of Proposition 11.12
would give C(d) ~ 2C(d/A) + O(1) if every uncapturable regular spike had this structure.
Then log(1/MaxInf) = O(d°842log(d/V)), which beats Var(f)2e=@ for every constant A > 3
when log(1/V) = o(d'~'°842) but is not polynomial; a loss linear in 1/’ would give C(d) =
C(d/A) 4+ O(1), a quasi-polynomial bound.

The remaining gap. Along the one-shot route the implications are
(LJ) for all § = ASR(2C' +1,C") = Conjecture 1.1,

and the tools of this section and of Appendix J handle everything else: structured heavy spikes
are captured (Corollary 11.7), small biases cost only the fraction kg < % of the log-height
(Lemma 11.4), and a spike without about A/4 large reveals is rare (Corollary J.15). What
remains is to show that a regular bounded function of degree at most d and small height cannot,
jointly with a spike, produce many delayed activations, that is, biases that are small when the
restriction starts and become large along the clock order. This mechanism is invisible to bias-
triggered and relative-influence explorations, which stop at once on regular functions, and to
priming on small fixed sets (Proposition 11.13); and products of nearly Boolean factors realize
it whenever the conjecture fails at a lower degree (Remark 11.14). The residual is therefore the
regular core: regular derivatives of small height that are spiked with non-negligible probability.
Its known hard instances are products of nearly Boolean counterexamples of lower degree (Re-
mark 11.14), and the nearly Boolean case of precision K~7, for fixed v < 1, is equivalent to the
conjecture up to polynomial losses (Theorem 7.3). ASR and (LJ) imply the conjecture and are
not known to follow from it. A proof of either needs an inequality for regular bounded functions
with polynomial dependence on the degree; the standard tools for regular functions, invariance
principles and hypercontractive estimates, lose factors exponential in the degree.

12. WHAT REMAINS OPEN

Conjecture 1.1 is not proved in this paper [open]|. This section states the remaining gap and
lists the open problems, grouped by what a solution would give. The general bound proved here
is the quasi-polynomial bound of Theorem 10.1; its constants are astronomically large, and at
Varf = 1 it beats e~ for every d > 1.91-10'® and for no d < 1.90-10'3 (first at d = 1.903-10'3).

The gap. By Lemma 2.4 and Theorem 4.15, the conjecture is equivalent, up to polynomial
losses, to the existence, for every bounded one-block form of degree k and variance V', of a
z-decision tree of depth poly(k/V') whose leaves carry, on average, a y-variable of influence
poly(V/k). By Theorem 4.14 it suffices to answer Question 4.16 positively: to find such a tree
whose leaves carrying half of the variance have root sums R; < poly(k/V). Since R < €* for
every bounded family, this amounts to halving the root sum O(k) times by shallow trees, which
must in general be adaptive (the adaptive address function, Section 4.4). The variant that
allows discarding mass V//4 leaf by leaf is equivalent to the conjecture (Theorem 4.17); whether
Question 4.16 is strictly stronger, i.e. whether the conjecture implies a positive answer to it
(without discarding indices inside the kept leaves), is open. Section 7.4 rules out arguments that
use the degree only through >, |d; f| < O(d?) and dual certificates that depend linearly on the
test function.

Statements that would imply the conjecture.

(i) A positive answer to Question 4.16.
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(ii) The average-case Nisan lemma AN(C, Cq) with exponent C1 < 1 (Theorem 7.5), or an
approximate-certificate condition implying it. It is an integral, dense-domain analogue
of [35, Conjecture 37]. That conjecture is false (Proposition H.4): its symmetric form
holds for complementary sets (Remark H.5) and fails when a gap region of constant
measure separates X from Y, whereas AN allows only a small exceptional set. AN may
be stronger than the conjecture, and it is open even for Cy > 1.

(iii) The degree-free Conjecture 7.9, equivalently MaxInf(g) > poly(Varg/rbs(g)) for every
g: Qn — [—1,1] (Remark 7.10), which is known for Boolean, nearly Boolean and non-
spiky g, and which is false with the real sensitivity in place of rbs (Proposition 7.11);
and ACE with codimension poly(d,1/n) [35, Conjecture 32]. Already codimension
2°poly(1/n) would give MaxInf(f) > e~ @poly(Varf) (Remark 7.8).

(iv) Any of the statements that are equivalent to the conjecture up to polynomial losses (and
hence not easier): the leaf-wise tree statement TRje,¢ and the halving lemma with heavy-
y exit (Theorem 4.17); NBg—~ for any fixed v < 1 (Theorem 7.3); the product-selector
case (Theorem 7.4); the search form (Theorem G.5, a proof outline); and the one-scale
transfer OS, even restricted to top-heavy functions (Theorem G.4). In the very nearly
Boolean regime S(K)K < 1, which the amplification of Theorem 7.3 does not reach,
NBg is open and is not known to imply the conjecture.

(v) The anti-spike inequality ASR(C’,C") of Question 11.11 (Proposition 11.12), or the
large-jump bound (LJ) of Definition J.16 for all 6, which for C! > 256 and C" > 16
implies ASR(2C"+1,C") (Corollary J.17 and Section 11.5). Both quantify over all regular
bounded functions of small height; they are not known to follow from the conjecture, and
some of their hard instances are products of nearly Boolean counterexamples of lower
degree (Remark 11.14). The hypotheses of Theorem 11.5 are not candidates: quantified
over the functions below its threshold, each is equivalent to the conclusion, and quantified
over all f it is at least as strong (Remark 11.6).

The quasi-polynomial bound, and statements that would improve it. Theorem 10.1 gives
MaxInf(f) > (Varf/d)?089 exp(—O(log* d)) [proved here; audited twice in note form, and
the text audited twice]. The statements below would give (Varf/d)°1°¢9)  without the second
factor. The touching transfer TT of Definition 8.2 is implied by the conjecture (Theorem 8.7),
and TT(1/(16ed), poly(d)) gives MaxInf(f) > (Varf/d)?1°ed) (Theorem 8.4, Corollary 8.5). It
fails for L = O(1) already for Tribes (Corollary 1.3), for L < d'=°1) and with cap C' > 2 for
L < @?¢/CC¢=D=o(). concretely TT(0.96,d"?) with cap 2 is false (Theorem 1.4, Corollary 1.6).
Under the conjecture with exponent A < C' the threshold exponent a*(¢) lies in [2C/(2C —1), A]
for every fixed ¢ € (0, 1), and below 2A at the chain’s e = 1/(16ed) (Remark 1.8), and no Boolean
inner function beats the amplification of AND in log-average (Proposition 1.7). Whether TT
holds with some polynomial loss is open; by Lemma 1.9 (with h as there) a counterexample needs
the new spikes to touch, in expectation, more than ; > is>2(l —21*|S|)E(S)Q+%Varg, a threshold

between a quarter and a half of W=2(h) (plus §Varg). The degree-free Conjecture 8.8 would give
MaxInf(f) > (Varf/d)O(C++2/e)logd) (Proposition 8.9); it holds where Ma(g) < poly(rbs(g))
(Lemma 8.10), and its weak form follows from Conjecture 7.9 (Remark 8.11). The linear deficit
transfer of Definition H.1 would also give a quasi-polynomial bound (Remark H.2, a proof
outline), but it is false in the regime that argument needs, already for Boolean functions with
MaxInf = % (Proposition H.3). The quasi-polynomial bound of Theorem G.2, conditional on
0OS, is a reformulation, since OS is equivalent to the conjecture. Section 9 treats the mass
form of the touching transfer that its methods address: by Lemma 1.9 it suffices that the new
spikes of every old-free capped function carry small mass after one rate—% restriction (SM-OF).
SM-OF implies TT and so gives the same bound, but only at a 6-free loss, of #-exponent at
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most 1/(27") and with a polynomial prefactor. With a quasi-polynomial prefactor it is proved
(Theorem 10.26), and this gives Theorem 10.1. At the loss poly(d) =2 it holds unconditionally
(Proposition 9.21) and gives nothing new, and Table 4 lists the payoff of the intermediate
exponents. That losses above a polynomial threshold are needed rests on a numerical sketch
(Example 9.19: Lo > v/d/logd). Every capture-type strengthening is false, equivalent to TT, or
implies SM, because captured spikes carry little mass automatically (Lemma 9.8, Theorem 9.9).
Small-jump spikes and primable spikes are handled there. What remains for a polynomial
prefactor is Conjecture 9.29, the mass of large-jump spikes that neither the greedy-closure nor
the final-context law captures, which is SM-OF itself on that part of the mass, and its local form,
a scale-invariant version of the top-heaviness inequality under size-biased laws (Question 9.31).
The deep activation chains, on which the fixed-height recursion of Section 9.7 compounds, no
longer block a quasi-polynomial bound: measuring lightness against a fixed fraction of the node’s
weight, on a grid of heights, ends every chain at depth at most S—1 = 167+ 3 (Corollary 10.12),
at the price of the prefactor In Py = 3.0 - 10 73 (Remark 10.27). With a uniform loss or a loss
PO~¢ per step, the chain of Theorem 8.4 gives no polynomial bound (Remark 11.10): a uniform
loss is at least d'=°(1) at each of its O(logd) steps, and a loss P6~¢ compounds; the one-shot
route of Section 11 pays its loss once. Theorem 10.1 is this chain at ¢ = 1/(27") with a quasi-
polynomial prefactor.
Statements that would extend the special cases.

e Graph properties: NVarf < poly(d), which would improve Theorem 6.16 to MaxInf(f) >
Var(f)?/poly(d), with the optimal power of Varf. Theorem 6.16 gives only NVarf <
poly(d) M, and pointwise star bounds cannot give more (Remark 6.17(d)), so a bound for
the typical star change is needed. Lemma D.2 makes the constant of Lemma 6.13 explicit,
241 < C(d) < (4d)??, and the three- and four-vertex terms are poly(d)/M (Corollary D.3);
by Remark D.4 the bound can be reached neither by level-by-level coefficient bounds nor by
a single-scale perturbative blow-down.

e Cyclically invariant functions: a bound polynomial in d, item (3) of [3, Problem 1.3]. Sum-
ming Theorem 6.20 over all levels gives only e?(@1°89) and Propositions D.9 and D.10 show
that uniform or single-resonance symbol bounds cannot give less than ¢®@ at level d.

o Wreath-symmetric functions: the d? law MaxInf > Var?/(Cd?) in general, in particular for
blocks of size w < 4d%. The general bound is Var?/(2416d%) (Theorem 6.5), and the sharp
order d? is proved only for composed functions and for many huge blocks (Theorems 6.6
and 6.8).

e Smooth linear statistics: removing the hypothesis d?r§ < 1/4 in Theorem C.4; this would
follow from a bulk bound sup(;_,z |P| = O(1) at the Rakhmanov scale dj < ¢ for generic
W (open).

e One linear form: the lacunary case (Theorem 6.12 covers regular weights, and regular tails
after m leading weights with a bound polynomial in m).

o Subcube classes: an analogue of the subcube cover lemma (Lemma 5.1) for superlevel sets of
spiky low-degree derivatives.

e Torus-bounded polynomials: the spike inequality (Conjecture E.7), sup, #(g) < 1 over analytic
multilinear g that are not multiples of monomials, which would give the conjecture for this
class (Appendix E), and the torus selection conjecture (Conjecture E.5). Products of one-
variable factors give exactly #; = 0.302992, and no g with larger # was found numerically. In
each fixed degree the spike inequality holds uniformly in the number of variables, but with
a proven gap 1y > ¢ 2 34/2 /d, exponentially small in the degree (Theorem E.8), which gives
no gain for Conjecture 1.1.
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e Biases of quantum query algorithms: the quantum OSSS inequality Var(f)? <
4t >, 0pInfy(f) for the bias f of every t-query algorithm, with 0, the query magni-
tudes of [11] averaged over the input (Conjecture M.3, Appendix M). It is proved for one
query, for two queries up to the constant, and for nonadaptive algorithms. With any
constant polynomial in ¢ it would give Conjecture 1.1 for these biases, and hence a classical
simulation of quantum query algorithms on most inputs with polynomially many queries
(Proposition M.12).

APPENDIX A. REMARKS ON THE LITERATURE

This appendix collects remarks on results in the literature that are not used in our proofs.
They concern the random-restriction results of [12].

e Random restrictions. Bhattacharya [12, Theorem 6.4] proved: if f: @, — [0,1] has de-
gree d > 2 and Varf > 1/d, and p is a random restriction with survival probability
logd/(C1d), then with probability at least Var(f)log(d)/(50C1d) the restriction f, has a
coordinate of influence at least Var(f)?/d“2. He also states a tail theorem [12, Theo-
rem 6.2]: with 6 = Var(f)?/(d°C*) and J = {j : Inf;f > 6}, if ZSZJ]’\(S)Z > 1 then
>18|k f(5)2 > p/(d°C*). Caveat. As printed this statement is false when J # (J: for

k=2 d=3and f = % + 521 + 1_3_77552 + da3xaxs (range [0,1], Varf ~ 1/4) one may
choose €, > 0 with €2/4 < 6 and 7?>(3°C? — 1) < €2, so that J = {2}, u = (e + 1) /4
and E|S|>2 ]/”\(S)2 =n?/4 < u/(39C?) (for larger d pad with a negligible monomial of degree
d). The proof in [12] is consistent with the threshold 8 = u?/(d“C¥); moreover, in our
reading the published argument for the underlying [12, Theorem 6.1] yields an error bound
of order between 1°/(C*d®) and p*/(C*d®) rather than p/(C*d®). We do not use [12,
Theorems 6.1-6.2]; the results of Section 3 are self-contained. We have not checked whether
these issues affect [12, Theorem 6.4].

Remark A.1 (relation to the tail theorem of [12]). A bound of the same shape can be derived
from the tail theorem [12, Theorem 6.2] (case J = 0): apply it to g = (7,f + 1)/2, which
satisfies Varg > p*W7(f)/4 and 3 g4 G(S)* < p?k+2 /4, with k = 25 and p?U+Y) propor-
tional to WJ(f)/(d“C%). Taking the printed statement at face value this gives MaxInf(f) >
WI(f)*/(16d3¢C%), with an unspecified constant C; with a tail bound p*/(C*d®) (the bet-
ter end of the range in the item above) the same computation, now with £ = 55 — 1 and
% = WI(f)*/(128d° C5~1), gives Wi (f)10/(48a3¢ C1%7), and with 1°/(C*d®) (and k = 65 —1)
it gives W7 (f)12/(220a43¢C187) (for C > 1). Corollary 3.3 supersedes both: it is explicit, uses
the cumulative weight W7l instead of a single level, has exponent 2, and is independent of [12].

APPENDIX B. WREATH-SYMMETRIC FUNCTIONS: PROOFS AND CONSTANTS

This appendix contains the proofs of the wreath-symmetric bounds stated in Section 6 and
the results they use. The constant chains are given in full.

Theorem B.1 (wreath-symmetric functions; [proved here]; the Bernstein inequality in the
Fisher metric is classical). If f € Bg(Mw) is invariant under Sy ! Sy, then MaxInf(f) >
Var(f)?/(40 d*>w(w + 1)).

Proof. Structure. By symmetrization inside blocks [40] and the fundamental theorem on sym-
metric polynomials across blocks, f(x) = R(v(z)), where v(z) = M1 37, 6,,(,) is the empirical
law of the block sums s; € {0,...,w} and R is a real polynomial of degree at most d on R¥*!
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(each power sum ), s{ is linear in v, and each monomial in the power sums has at most d
factors). Moreover |R| < 1 on the grid Gy = {v € A, : Mv € Z**'}. Let S = supy, |R|.

Bernstein on the sphere. Put P(u) = R(u2, ..., u2), of degree at most 2d; u + (u2)s maps the
unit sphere onto A, S0 SUpgw |ﬁ| = S. On a great circle t — ucost+esint, Pisa trigonometric
polynomial of degree at most 2d bounded by .S, so its derivative is at most 2d.S by Bernstein’s
inequality; as geodesic distance is at most 7 times chordal distance, |P(u)—P(u)| < ndS|u—1/|
on SY.

Discretization. Let |R(v*)| = S and round Mv* to integers with sum M, each within distance
1, giving v/ € Gyr; then |\/V, — V| < M7Y2 50 S < 1+ 7dS\/(w+1)/M and S < 2 if
M > 4m2d?*(w + 1).

Variance. Assume M > 4mw2d?(w + 1). Re-randomizing block | moves one atom of v from
s = s to §'; with ky = Muv(t), |[Vv —VV/|? < M—Y(1/ks +1/(kg 4+ 1)). The block sums are i.i.d.
with law 8 = Bin(w, 1) having w + 1 positive atoms, and E[1/(1 + Bin(N, p))] < 1/((N + 1)p)
gives E[1/ky,] < (w4 1)/M and likewise for s'. Since S < 2, |f(z) — f(zW)| < 2xd|vv — V|,
and the Efron-Stein inequality gives Varf < 1 3 E(f — f)? < 4n?d?(w + 1)/M.

Influences. The group is transitive on coordinates, so MaxInf(f) = I(f)/(Mw) >
Var(f)/(Mw). If M > 4x%d*(w + 1) then 1/M > Var(f)/(4n?d*(w + 1)); otherwise 1/M >
1/(4n%d?(w+1)) > Var(f)/(4n?d?(w+1)). In both cases MaxInf(f) > Var(f)?/(4m2d*w(w+1)),
and 472 < 40. O

For balanced Tribes (M ~ 2" In2) the variance bound in the proof shows that a bounded
polynomial of this symmetry type with constant variance has degree at least ¢2%/2 //w. The
same proof gives the following.

Theorem B.2 (block-pattern symmetry; [proved here]). Let f € By(Mw) be invariant under
permutations of the M blocks (with a fized identification of the blocks and no assumption inside
them), and suppose that f depends only on the block states ¢(xp,),...,d(xp,,) for a fixed map
¢: {£1}* — [m] whose m wvalues all have positive probability. Then Var(f) < 4w2d*m/M
whenever M > 4r2d*m, and MaxInf(f) > Var(f)?/(40d?wm).

Proof. Only the structure step and the last step of the proof of Theorem B.1 change. Full
patterns. Let first ¢ be the identity. Averaging a monomial over the block permutations gives
an orbit sum >, 1 injective LLr<k fr(2B,) With k < d nonempty block parts; by Mébius
inversion over set partitions of [k], such a sum is a linear combination of products over the
parts 3 of a partition of 3, [[,cs5hr(7p,), each factor being M times a linear functional of
the empirical law of the block states. So f = R(v) with degR < d. Coarse states. For
general ¢, f = E[f | ¢(zp,),...,d(xB,,)], since f depends only on the coarse states. Given
the coarse states, the blocks are independent and uniform on the fibres of ¢, so the conditional
expectation of a product of k linear functionals of the fine empirical law is, after grouping equal
block indices, a polynomial of degree at most k in linear functionals of the coarse empirical law.
Hence f = R(v) with v the empirical law of the coarse states and deg R < d; every empirical
law of M coarse states occurs, and the sphere, discretization and variance steps apply with
w + 1 replaced by m. Influences. All blocks carry the same total influence, so MaxInf(f) >
I(f)/(Mw) > Var(f)/(Mw), and the case analysis in the last step of the proof of Theorem B.1
gives MaxInf(f) > Var(f)?/(4n2d?wm). O

With full block states m = 2%, so this bound is exponential in w.

A bound uniform in w. Besides Theorem B.1 for small blocks we use the following facts for a
real polynomial p of degree at most d: Bernstein’s inequality at the centre of an interval of half-
length h, [p'| < dsup |p|/h; for [t| < b <1, [p"(t)| < 2d(d — 1) sup_q ) |pl/(1 - b?) (Bernstein’s
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inequality twice, on [—a, a] with a? = (1+b?)/2); Markov’s inequality supjo 1) [p'| < 2d? suppo1 IP;
and V. Markov’s inequality sup;_y 17 [p"| < Td*(d* - 1) sup(_11] [p| [36].

Lemma B.3 (/' Bernstein inequality on the cube; [standard]). If P is a polynomial on RM of
total degree at most d and z € [—1,1]M then 3", /1 — 22 |9, P(2)| < dsupp_q yu | P|.

Proof. Write z; = cos#;. F(0) = P(cosby,...,cos8)) is a trigonometric polynomial with fre-
quencies k € ZM 37, |k| < d. For h € {£1}M the function € — F(6+¢ch) has integer frequencies
(k,h) € [—d,d], so by Bernstein’s inequality its derivative at € = 0, which is — >, hysin 6; 9, P (),
has modulus at most dsup |P|. Take h; = —sgn(sin; 0, P(z)). O

For the next two statements let R(u) = Q(m1 (1), ..., mq(i)), m;(u) = [/ du(t), where every
monomial of @ is a product m;, ---m;j, with ) _j, <d; R is defined on probability measures
on [~1,1] and & + R((1 — &) +¢ep') is a polynomial of degree at most d. Let Sk = sup,, |R(u)|
and let ¥, (t) = >_,(9;Q)(m(u)) t/ be the first variation, so that d%R(,u +en)|e=o0 = [ ¥, dn for
signed 7. Carathéodory reduction: R(u) depends only on m(u) € conv{(t,...,t%) : t € [-1,1]},
a compact set, so Sg < 0o, and by Carathéodory’s theorem every value of R is attained at a
measure with at most d + 1 atoms. For z € [~1,1]¥ and v(2) = N1}, 4,,, the polynomial
Py(2) = R(v(z)) has total degree at most d and 9Py (z) = N~/ )(zl).

v(z

Proposition B.4 (Wasserstein-Bernstein; [proved here]). (a) For every probability measure p
on [=1,1], [V1 =123, (t)| du(t) < d Sg, and this is sharp. (b) The pointwise form |3, (t)] <
CdSr/V1 —1t2 is false for every constant C and d > C.

Proof. (a) For empirical measures yu = v(z), z € [~1,1]¥ (any N), this is Lemma B.3 applied to
Py, since sup |Py| < Sg; general p follow by weak approximation, both sides being continuous
in p. Equality holds for R = Ty(mq) and p = &, t = cos(m/(2d)), where V1 — 2 |T}(t)| = d.
(b) Take R = Ty(m1), so Sg = 1 and ¢, = Tj(mi(p)), and p = (1 — @)d1 + adp: then
P,(0) = Tj(1 — ) — d? as o — 0, while the bound at ¢t = 0 is Cd. O

The example in (b) is realized by wreath configurations (M — 1 blocks of +1’s and one block
with mean 0, w even, M > d?), where |9, P| is of order d?/M at an interior coordinate (about
0.70d%/M at M = d?); and R = T, ([ To dp) with = (1— 25)d0 + ﬁél/g gives |¢L(%)| ~ 2a% =
d?/2 even in the bulk. So a bound of order d> must average over typical y, which (a) does.

Lemma B.5 (threshold; [proved here]). Let |R(v)| < 2 for every empirical measure v of M
points of [—1,1], and let A be such that |0p[),(cos0)]| < ASg for all pn and 0. If M > 27A,
then Sr < 4. The constant A = 2d® is admissible, so Sgr < 4 whenever M > 4wd>.

Proof. For A = 2d3: ¢+ R((1 — )+ &d;) on [0, 1] has degree at most d, modulus at most Sk,
and derivative ¢, (t) — [, du at 0, so Markov’s inequality on [0, 1] gives |1, — ¢| < 2d*Sg on
[—1,1]; Bernstein’s inequality for the trigonometric polynomial 6 — 1), (cos ) of degree at most
d gives A = 2d3. By the Carathéodory reduction it suffices to bound |R(u)| for p with finitely
many atoms. Write the atoms as cosf, 6 € [0, 7], and split [0, 7] into K = [n/h] intervals of
length 7/K < h with centres ¢; < --- < ¢x. (1) Move each atom linearly in 6 to the centre
of its interval (displacement at most h/2). Along the path all measures p, are probability
measures, and \d%R(,uT)] <hiVvi-¢ [y, [ dpr < hdSkr by Proposition B.4(a); so the result
W =", Pidcosc; has |[R(n) — R(1')| < hdSr/2. (2) Round the cumulative sums F; = p1+-- - +p;
to nearest multiples F} of 1/M, with Fj- = 1. Rounding is monotone, so p} = F] —F,_; > 0, and
v =73 Pidcosc; is an empirical measure of M points, so |R(v)| < 2. Summation by parts gives
v—p' =3k e€i(Ocose; — Ocoseiy) With |e;] < 1/(2M), so on the segment [1/, ] the derivative
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of R is at most Y, |e;| [t/(cosc;) — ¥(cos i) < (K — 1)1 =ASk < mASR/(2M). (3) With
h=1/(2d) and M > 27 A, |R(n)| <2+ Sp/4+ Sr/4,s0 Sp <24 Sr/2 and Sp < 4. O

Grid measures. Let Y, = {—1,—-1+ %, ..., 1}, let Ay, be the set of probability measures on
Y, Sa =supa,, |R|, ¥ = ¢ — [ ¢, dp and K, (a,b) = D?*R(u)[64 — p, 6 — p]. For pp € Ay, and
a,b €Y, the function g(a, 5) = R(u+a(ds—p)+5(dp— 1)) on the triangle {o, 8 > 0, o+ < 1}
has degree at most d and |g| < Sa; Markov’s inequality on [0, 1], Markov’s inequality on [0, 3]
twice, and V. Markov’s inequality on [0, 1] give

(G) [Wu(a)] <2d°Sa,  |Ku(a,b)| <16d*Sa,  |Ku(a,a)| < 3d*Sa.

We also use the inequality of Szeg6 and van der Corput—Schaake [known] [50, 53]: a real trigono-
metric polynomial 7" of degree at most k with |T'| < S satisfies T"? +k?T? < k2S?; equivalently, a
real polynomial p of degree at most k with |p| < 1 on [~1, 1] satisfies (1 —#2)p/(t)? + k?*p(t)? < k?
there.

Lemma B.6 (L? first-variation bound; [proved here]). Let R be as above, let v be a probability
measure on [—1,1] and S, = sup{|R(p)| : p < v a probability measure}. Then

Var, () = [ G2dv < (52— RO)P).
This is sharp: equality holds for R = Ty(my) with d odd and v = £(5_1 + 61).

Proof. Let h € L*(v) with [hdv = 0 and [h?dv = 1, and let ug = cosf + hsinf. Then
[u2dv =1, so pg = ujv is a probability measure with py < v. Each m;(ug) = cos? 0 m;(v) +
sin20 [ t'hdv +sin? 6 i t/h? dv is affine in (cos 26, sin 26), and every monomial of @ has at most
d factors, so R(ug) = H(26) with H a real trigonometric polynomial of degree at most d and
|H| < S, on R. Since Lglo—o = 2hv has mass 0, 2H'(0) = 2 [¢,hdv = 2 [+, hdv, and the
Szegd inequality gives | [ 4, hdv| = |H'(0)] < dv/S2 — R(v)?. Take h =1, /||th]l12(,) (the claim
is trivial if ¢, = 0 v-a.e.). In the equality case v, (t) = T}(0)t = £dt, so Var,(¢,) = d?, while
Sy, =1and R(v) =Ty(0) = 0. O

[numerical]: adversarial searches over random (non-composition) R of weighted degree at
most 5 and v with 2 to 4 atoms, with S, computed numerically, found no ratio above 1. The
lemma is a bound in the reweighting direction, while the sharp law needs the transport direction
[(1 = #)y?dv (Lemma B.10 below, for compositions): for R = Ty(m;) and v the empirical
measure of the block means, Var, (1, is about d?/w, while the proof of Theorem B.8 below uses
only S, < Sa < 2, and this is where it loses a factor w.

Lemma B.7 (threshold on the grid; [proved here]). Letw,d > 1 and M > 2d3, and let |R(v)| < 1
for every empirical measure v of M points of Yy,. Then Sa < 1/(1 — 2d3/M); in particular
SA <2 for M > 4d>.

Proof. Let p € Ay, yi = —142i/w and F; = p({yo, ..., yi}), and let F be the multiple of 1/M
nearest to F; (with a fixed tie rule, so F, = 1). Rounding is monotone, so v = >, (F/ — F/_)d,,
(F', = 0) is an empirical measure of M points of Y, and |R(r)| < 1. Summation by parts
gives v — = >, €i(0y; — 0y,yy) with |e] < 1/(2M), so for p, = p+7(v — p) € Ay,
LR < 5k 3w [, (9i41) — (). The differences ¥(yis1) — ¢(5i) = 2¢/(6), with
& € (yi,yir1) increasing, change sign at most d — 1 times, since 1’ has degree at most d —
1. So the sequence (¢(y;)); has at most d monotone runs, and its total variation is at most
d(max; 1 (y;) — min; ¥(y;)) < 4dSa by (G). Hence |R(p)| < 1+ 2d3Sa/M for every pu € Ay; as
SA < 00 (A is compact), Sa < 1/(1 —2d3/M). O
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For grid measures and any w, this replaces the threshold 472d?(w + 1) of the discretization
step in the proof of Theorem B.1 by 4d>. It says nothing about measures off the grid, where
Lemma B.5 (w > 4d?) is unchanged, and it does not lower the order d?.

Theorem B.8 (block-level d? law for any block size; [proved here]). If f € By(Mw) is invariant
under Sy ! Sy, d > 2, w > 1 and M > 100d3, then Var(f) < 15d?/M, hence MaxInf(f) >
Var(f)?/(15d%w).

Proof. By the structure step of the proof of Theorem B.1, written in the block means y; € Yy,
f = R(v(y)) with R as above and |R| < 1 on empirical measures of M points of Y,,; so Lemma B.7
gives S := Sao < 2. The y; are i.i.d. Let 3/ be an independent copy of y1, n = 0y — 0y, and V=
v+ n/M (block 1 re-randomized). The Efron—Stein inequality over blocks and exchangeability
give Varf < %E(R(V’) —R())% (a) G(e) = R(v+en) has v+en € Ay, for e € [0,1/M], G'(0) =
(') —u(y1) and |G"| = |K (v, y') = 2K (', y1) + K (y1,91)| < (§ +32)d*S < 34.7d*S by (G),
all at v+en; so |[R(V')—R(v)—G'(0)/M| < 17.4d*S/M?. (b) By exchangeability and Lemma B.6
(with S, < S, since p < v implies p € Ay), B¢y (y1)? = E5; Yo, ¥u(w)? = EVar, (¢,) < d252.
(c) For t € Yy, £tyien(t) = K(y',t) — K(y1,t) — (V') — ¥(11)), all at v + en, so by (G)
[ (1) — 9, (t)] < (32d* 4 4d*)S/M < 33d*S/M. Since 3 is an atom of v/ and (v/,y') has
the law of (v,y1), (b) gives Et,/(y')? < d?S?, hence Eqp,(y')? < 2d%S? + 2(33d*S/M)?. (d) So
EG'(0)? < 2B, (y1)? + 2, (y')? < 6d25? + 4356d85%/M?. With (a + b)? < 1.1a% + 1162 and
d®/M? < d?/10%,

[1.1(6 4 0.4356) + 11 - 0.0303]

M 1L1EG'(0)®2 11(17.4)2d%S%7  S%d?
Varf < 7[ ] <
e N NS VR V2 = oM
3.706 S2d? _ 14.9d?
< < .
- M - M
Finally, by transitivity MaxInf = I/n > Var/n, and Var < 15d?w/n gives MaxInf >
Var?/(15d%w). O
For M > 100d3, Lemma B.7 gives S < 1/(1 —0.02), and the same computation gives Varf <
3.9d*/M.

Corollary B.9 (small blocks; [proved here]). If f € Ba(Mw) is invariant under Sy, 0 Sy and
w < 4d?, then MaxInf(f) > Var(f)?/(400d°) for every M.

Proof. For d = 1, MaxInf > Var? (the reductions in the proof of Theorem 6.5). Let d > 2. If
M > 100d%, Theorem B.8 gives MaxInf > Var?/(15d%w) > Var?/(60d*). If M < 100d?, then
n = Mw < 400d°, and MaxInf > Var/n > Var?/(400d°) since Var < 1. O

Theorem B.1 gives 640d° here. The d? law for w < 4d? is [open]: Theorem B.8 loses a factor
w against it, in the step S, < Sa (see the remark after Lemma B.6).

Proof of Theorem 6.5. Reductions. Let n = Mw. The group is transitive, so MaxInf(f) =
I(f)/n > Var(f)/n; hence I < B/n implies MaxInf > Var?/B, and Var < B'/w implies
MaxInf > Var/(Mw) > Var?/(B'M). Ford = 1, f = a+ b3, x; with |a| + n|b| < 1, so
Varf = nb?> < 1/n and MaxInf = b> = Var/n > Var?. Let d > 2. If w < 4d?, Corollary B.9
gives MaxInf > Var?/(400d°) > Var?/(200d%) (Case A). Let w > 4d?, so w > 16.

Structure and tools. By the structure step of the proof of Theorem B.1, written in the
block means y; = 2s;/w—1, f = P(y1,...,yn) with P symmetric of total degree at most d and
|P| < 1onthegrid {—1, —1+%, ..., 1}™: by the fundamental theorem on symmetric polynomials
P(z) = R(v(z)) with R as above. (T1) Every point of [~1,1]™ is within ¢*°-distance 1/w <
1/(4d?) of the grid, so Lemma C.1 (as in the boundedness step of the proof of Theorem C.4)
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gives sup[_y ym [P| < 2. (T2) By Hoeffding’s inequality Pr(|y| > 1< 2e~w/8 < 2¢=4*/2 and
d*e=/2 < 16e72 < 2.166. (T3) For i in block [ let o(t) = P(y with y; replaced by ¢) and let
t+ be the values of y; for x; = £1, so t4 —t_ = 2/w and y; € {t_,t;}. Taylor’s formula at y;
gives dif = (p(ty) — p(t-)) = w O P(y) + r; with |r;| < w2 sup_ 4,1 1#"[; the main term is
common to the w coordinates of the block, so

I(h) < SEIVP)? +2 3 B,

and [t—vt-i-] [ 8 8] if ‘yl‘ < 1

Case B: M < 4d3 (few large blocks; Euclidean gradient). We show I < (32d? + 147M)/w;
this part holds for every M. If ||ylleo < %, then y + tv € [-1,1]M for every Euclidean unit
vector v and [t| < 1, so Bernstein’s inequality at the centre and (T1) give |D,P(y)| < 4d, i.e.
|VP(y)|2 < 4d; always [V Py < supj, .. <1 DvP < 4d* by Lemma C.1. With (T2) and a union
bound, E|VP|? < 16d* + 16d* - 2Me=T/2 < 16d% + 69.3M. For the remainder, if |y;| < % then
l¢"| < 2d(d—1)-2/(1—23) < 6.57d* on [t_, t,], and always |¢"| < 2d*(d*—1) < 2d* (V. Markov);
with w? > 16d*, 3, Er? < 2w (43.2d* + 8d%e~/%) < M (2.7 4+ 0.5 -2.166) < 3.82L. Hence
I < (32d%4146.2M) Jw, so Var < I < (32d?+147M)/w and MaxInf > Var? /(M (32d?+147M)).
For M < 4d3 and d > 2, M(32d% + 147TM) < 4d3(32d? + 588d3) = 128d° + 2352d% < 2416d°.
Case C: M > 4d® (grid measures only). By Lemma B.7, S := Sx < 2. For v € A,, (G)
gives |1,| < 2d%S on Y,; every point of [~1,1] is within 1/w of Y, and |¢//| < d? SUp[_1 1] ||
(Markov), so supj_q ] [, | < 2d%S/(1 — d?/w) < 4d?S. Hence, for every v € Ay, [ (t)| <
4d3S/V1 —12 < 8d3S/+/3 for |t| < 3 (Bernstein) and [¢],| < 4d*S on [—1,1] (Markov). For i in
block I, with ¢4 as in (T3) and v* the empirical measures of the block means with y; = ¢4, we
have vt — v~ =n:= (0, —6;_)/M, and v~ +71n € A, for 7 € [0,1], so

1 1 2
il =8| [ [ sminar| < 50 2 s 0
2 0 MK M w T€[0,1], te[t—,ty] +

So |d; f] < 8d3S/(\/§n) if [t_,t1] C [—3, 4], and |d; f| < 4d*S/n always. The first case fails only

if [yi] > 3 — 2 > 3, which has probability at most 2e~9w/128 < 9¢=94%/32 (Hoeffding, w > 16),
and d?e *9d /32 < 46*9/8 < 1.299 for d > 2. Since I = nlnf; by transitivity,

2 2 76 2 76 6
/< 2[6;d6+32d8 ,9d2/32] _ (U344 4157) $%° _ 62.915%° _ 2524
n

Y

n o n oon
so MaxInf > Var?/(252d°).

Case C': M > 4nd3. By (T1), |[R(v)| = |P(2)| < 2 for every empirical measure of M points,
so Lemma B.5 gives Sp < 4. As in its proof, |, — ¢| < 8d% on [—1,1], so Bernstein’s and
Markov’s inequalities give [¢,(t)] < 84®/v/1—t2 and |¢/,| < 8d*; since ;P (z) = Mﬁlzpl’/(z)(zl),

| P(2)] < 16d3/(V3M) if |z| < %, |9 P(2)] < 8d*/M always.

Main term. Let L = {l: |y| < 3}. Lemma B.3 with (T1) gives >_,.; |0/P(y)| < 2d/(V3/2) =
4d/V/3, so Y (OP)? < maxp [P Y |0P] < 64d"/(3M); with (T2), EY ... (8,P)* <
2Me™/8 . 64d8 /M2, so E|VP(y)|? < (§a* +128d% —d?/2) /M < 298.5d*/M. Remainder. For
p=v(z), OFP(z) = M~ (z) + M~28,0:K (2, 2), where K,(s,t) = D?R(u)[8s — p, 8¢ — .
The function g(a,b) = R(p + a(ds — p) + b(6¢ — 1)) has degree at most d on [0, 2]2 lg| <4 and
0,059(0,0) = f(ﬂ(s, t), so Markov’s inequality on [0, %] twice gives ’f(u‘ < 64d*; as K# has degree
at most d in each variable, |90, K| < 64d®, and < 64d° - 84 <105.1d° for |s|, [t| < 2 (Bernstein
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twice). Also [¢| < §dS (V. Markov) and [¢| < 2d(d — 1)8d? - 55 < 26.26d* on [—3, 2]. With
M > 4rd3 and d > 2 this gives [97P(2)| < 30.44d*/M if |z| < 2 and |82P(2)| < 5.22d5/M
always. By (T3) and (T2), and then w? > 16d*,

42 612 9, —w/8 4 8 ,—d?/2 4
ZET? < n[(30.44d*)* + (5.22d°)* 2e ] < 57.92d* + 3.41d°% < 65.3d .

M?2w? n -~ n

Hence I < (2-298.5+2-65.3)d*/n = 727.6d*/n < 728d* /n, and MaxInf > Var?/(728d*). Cases
A, B and C give the first statement, with the constant max(200,2416,252)d® = 2416d°, and
Case C’ gives the second. O

Without Lemma B.5, the Fisher—Bernstein discretization of the proof of Theorem B.1, applied
on the simplices of at most d 4+ 1 atoms given by the Carathéodory reduction, gives S < 4 only
for M > 472d?(d+1) (and then 728 improves to 700). The exponent 6 comes from Case B with
d?> < M < 4d® (the term 147M) and from Case C (the pointwise bound on the first variation);
Case A is now of order d°. A pointwise bound A = O(d?) in Lemma B.5 would move the
threshold of Case C’ to O(d?), and Proposition B.4(b) shows that A must be at least of order d2.
Local maximization of Varf by successive exact linear programs over wreath-invariant bounded
f(2<d<4, M <4, w<512, not all pairs) found no f with nVarf > d?; these local maxima,
are lower bounds on the supremum, not upper bounds. The largest values found are attained by
fully symmetric f, and for odd d the symmetric polynomial Ty(n~! 3", x;) has nVarf — d? and
MaxlInf - d?/Var(f)? — 1 as n — oo (for d = 3 and n = 1024, nVarf = 0.9922 d?) [numerical].
So the truth appears to be of order d?; by Example 6.3 this order cannot be improved for the
class, since symmetric functions are wreath-symmetric. The d? law is proved below for composed
wreath functions (Theorem 6.6, any M) and for all wreath-symmetric f with many huge blocks
(Theorem 6.8); in the remaining ranges the best bounds are those of Theorem 6.5.

The sharp d? law in two regimes. We use the Szegd inequality stated before Lemma B.6. Let

R(0) = P, L)), Lili) = [ tedn

where F' is a real polynomial on R" of total degree at most a with |F'| < 1 on [—1,1]", and the
¢; are real polynomials of degree at most b with |¢;| <1 on [—1,1]. Then R is of the form above
with d replaced by D = ab, Sg < 1, and 4, (t) = >, 0;F (L(p)) £;(t).

Lemma B.10 (L? Wasserstein-Bernstein inequality for compositions; [proved here]). For every
probability measure i on [—1,1], [(1—t?) wL(t)Q du(t) < a®b® (1—R(u)?). This is sharp: equality
holds forr =1, F =Ty, {1 =T} and p = d;, for every t € [—1,1].

Proof. Let L = L(p) € [-1,1]" and ¢; = /1 — L? |0; F(L)| > 0. (i) Write L; = cos §; and choose
h € {£1}" as in the proof of Lemma B.3. Then ¢ — F(cos(0; + €hi),...,cos(0, + ch,)) is a
real trigonometric polynomial of degree at most a, bounded by 1 because the curve stays in
the cube, and its derivative at ¢ = 0 has modulus ), ¢;; the Szegé inequality at ¢ = 0 gives

Yici < ay/1—F(L)2 (i) If |L;| = 1, then ¢, = 1 p-a.e.; these are extreme values of ¢;
on [—1,1], so ¢, = 0 at such points of (—1,1), and V1 —t2¢,(t) = 0 p-a.e. For |L;] < 1 put
zi(t) = V1 —t2lj(t)//1 — L. Then p-a.e. V1 —t2 |y (t)] < >_|Li<1 Gilwi(t)], and the weighted
Cauchy—Schwarz inequality gives (1 — t2)¢lg(t)2 < (ia) (X< cizi(t)?). (iii) The Szegd
inequality for ¢; and Jensen’s inequality give [(1—#%)¢2dp < b*(1— [ (7 dp) < b*(1 — L?), that
is, [ 27 dp < b%. Integrating (i) and using (i), [(1 — )92 du < b*(3; ¢;)? < a®b*(1 — F(L)?).
In the equality case, with ¢t = cosf, R(u) = cos(abf) and (1 — 1t2)¢;ﬁ(1§)2 = a?b?sin(abh). O
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The pointwise analogue (1 — t2)1/JL(t)2 < Ca?b? is false, by Proposition B.4(b) with a = d and
b = 1; the lemma averages over L.

Proof of Theorem 6.6. We use (T2), (T3), the bound I < 2E|VP|?+23", Er? and the reduction
(I < B/n implies MaxInf > Var?/B) from the proof of Theorem 6.5. Here f = P(y) with
P(z) = F(A(2)), AMz) = 57 > pl(zk) € [-1,1]", so |[P| < 1 on all of [-1 ]M and (T1) is
not needed. Moreover 9;P(z) = _1@11’ ( 1), so M|VP(z) fwy(z d,u ), and O?P =

“HUVF(A), 0" (%)) + M_QDQF(A) [0 (), E’(zl)] Lemma C. 1 on [—1,1]", applied to F and to
D,F, gives |VF|j; < 2a? and |D?*F[v,v]| < 4a®(a — 1)?|v||%.

Main term. By Lemma B.10, [(1 — )¢/ dv < D2, so the atoms y; with |y <1 5 contribute
at most 3D? to [¢'? dv. Always |[¢'| < ||VF ||y max;sup |¢}| < 2a%b? = 2D? (Markov). By (T2)
and a:e*ﬂc/2 < de % for x = D* > 4, EM|VP|? < $D? + 8D ~"/® < 5.67D?, so 2E|VP|? <
11.4D2/n.

Remainder, M > D. If |y)| < 3, then on [t_,¢4] C [-2, 2] Bernstein’s inequality (twice, resp
once) gives |[¢/| < 3.282b(b — 1) and |¢}| < 1.281b, so |97 P| < 6.564 [a®b(b — 1)/M + a*(a —
1)%? /M?) < 6.564(3 D% + D?)/M < 9.85D3 /M, using a’b*/M? = D?a*/M?* < D3/M. Other-
wise Markov’s and V. Markov’s inequalities give [0} P| < 2a2b?/M + 4a'b?/M? < 4.67D*/M.
By (T3), (T2) and w? > 16D*, 23, Er? < [194.1D% + 87.3D%¢ /8] /(nw?) < [12.13D? +
5.46D% /2] /n < 15.1D2/n.

Remainder, M < D. The function ¢ of (T3) has degree at most D and |¢| < 1 on [-1,1],
so |¢"] < 3.282D% on [-2,2] and |¢”| < D*/3 everywhere; hence 23, Er? < 20 110 8D4

2 878 D2w?
2pBe~ /822 < 1.41D%/n.
So I < (11.4+15.1)D?/n < 27D?/n. O

The law is in D = ab, which is only an upper bound on deg f. The constant 27 is not optimized:
keeping the exact D-dependence of the tail terms gives about 12.7D? (tighter bookkeeping, not
included). [numerical]: exact computation of nl(f) from the distribution of the block sums, for
compositions with M < 3, w € {4D? 8D?} and D < 6, gave nI(f)/D? < 0.964.

Proof of Theorem 6.8. We use the notation, (T1)—(T3) and Case C’ of the proof of Theorem 6.5
(w > 4d? holds). Lemma B.5 gives Sp < 4, so [¢, — [, du| < 8d* for every u; hence
7, (t)] < 8d%/v/1—1t2 (Bernstein), [¢]| < 8d* (Markov) and, with 7 = d™3 < % [l <
16d%(d — 1)/(1 — d=%) < 16d* on [~7,7] (Bernstein twice). Let ¢ = 1 — 72 2 \/63/64,
W_{l ‘yl‘<7—} N = |W’ andw wyy

a) Window. Lemma B.3 and (T1) give Y ;o [¥'(w)| = M > ey [O1P(y)| < 2dM/c. On
[—7,7], ¥ oscillates by at most 27 - 16d* = 32d, so maxy |[¢'| < 2dM/(cN) + 32d, and
a1 iew ¥'()? < gy maxw [¢] oy [0] < 442 M /(2N + 642 c.

( ) Off the window. By Hoeffding’s inequality and 72w > 8In(2d), p, := Prjy| > 7] <

e~ w2 < 1/(8d%). For 7 < |t| < 3, ¥/ ()% < 464d° < 85.4d°; for |t| > I (probability at most

*w/f‘), W' (t)? < 64d°.

(¢) The y; are independent, so N is binomial with parameters M and ¢ > 1 —p, > gg Since

1n>1/N <2/(N+1)and E[1/(N+1)] <1/(M + 1)q), E1y>1/N] < 2.02/M. Summing (a)
and (b),

8.08d2 64d2
2

EM|VP* < + 85.4d5p, + 128d%¢ /% < (8.21 4 64.6 4+ 10.7 + 0.01) d* < 83.6d2,

o 2ZE|VP|? < 167.2 d2/n.
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(d) Remainder. By the bounds on 9?P in Case C', |r;| < 30.5d*/(Mw?) if |y| < 1 and
|ri| < 5.22d%/(Mw?) otherwise, so 23", Er? < [1861d® + 109d'2e~*/%]/(nw?) < 0.96/n, because
w? > 64(In4)2d'? > 122.9d'2.

Hence I < 167.2d?/n + 0.96/n < 170d?/n. O

Remark B.11 (a conditional threshold in w, and its barrier; the implication is [proved here], its
hypothesis is [open]). Let K(d) be the supremum, over all R of weighted degree at most d with
Sk < 4 and over all probability measures p on [—1, 1], of supj <5 /s |17,(t)]; Bernstein’s inequality
twice gives K(d) < 26.3d*. The proof of Theorem 6.8 uses K in two places: the window step
needs 7K = O(d) and 72w > 8In(2d), and the remainder needs w? > C(K + 8.4d%)?/d?, since
|0?P| < (K + 8.4d%)/M in the bulk when M > 4rd3. Hence K(d) = O(d*) gives the d? law
for M > 4nd?® and w > Cd?*=21n(2d): k = 4 is Theorem 6.8, and k = 2 would give w of order
d?Ind. This route cannot go below k = 2: for R(u) = T,([ Ty du), d = ab, any even b, and
= do, one has Ty(0) = 1 and [¢}/(0)] = [T, (T3(0)) T/'(0)| = a*b* = d?, so K(d) > d* (and
K(d) > 4d?, using 4R). This is a barrier for this route only, not a lower bound for the true
threshold in w. [open]: the averaged L? bound of Lemma B.10 for polynomials in the moments
that are bounded only on the moment body conv{(t,...,t%)} (step (i) of its proof fails, since the
curves used there leave the moment body); the threshold M > 47d?, which needs a pointwise
bound A = O(d?) in Lemma B.5; and Case A (w < 4d?).

APPENDIX C. SMOOTH LINEAR STATISTICS: PROOFS

This appendix contains the proof of Theorem 6.9 and the results it uses, among them the
unsharpened Theorem C.4. The setting and notation are those of Section 6.

Lemma C.1 (Markov on a symmetric convex body; [known]: the first bound with d? in place
of 2d? is [46, Theorem 2|, see also [30] (balls), [56] (convex bodies) and [8, Theorem 2(c)];
proof included). Let K C R" be compact, convexr and symmetric with nonempty interior, and
Mg = supk |P|. Foru € K and v € R", |D,P(u)| < 2d?||v|| kMg, and |Dy, - Dy, P(u)| <
ITi=0 2(d = )* I, llvill e Mg

Proof. Let ||v||x = 1. For |s|+|t| <1, su+tv € K. The polynomials p+(7) = P((1 —7)u=%1v),
7 € [0, 1], have degree at most d and are bounded by M, so Markov’s inequality on [0, 1] gives
Ip(0)] < 2d>Mk; and D, P(u) = (p/, (0) — p'_(0))/2. Iterate, using deg D,,, P < d — 1. O

Lemma C.2 (leverage; [proved here]). Zj d; < r; hence Zj 5? <7d.

Proof. For t € [0,00)" let V(t) = vol, >, tj[—w;, wj]. For a convex body K, vol(K +[—sv, sv]) =
volK + 2s|v|vol,_1(m, K) (Fubini over the fibres in direction v), so V is affine in each t¢;, with
9;V(t) = 2|wj|vol,—1(m;Z(t)), and V' is homogeneous of degree r, so >_;9;V (1) = rvolZ by
Euler’s identity. If p + [a,blw; C Z, then by symmetry and convexity b*?“wj € Z, so every
fibre of Z in direction w; has length at most 2|w;|/d; and volZ < 2|wj|vol,_i(7;Z)/d;, i.e.
d; < 0;V(1)/volZ. Sum over j. O

Lemma C.3 (vertex rounding; [proved here]). For every uw € Z there is © € Qp with ||u —
Wz|z <7rd.

Proof. Let y' be a vertex of the polytope {y € [~1,1]" : Wy = u} and J = {j : [yj| < 1}. If
|J| > r, some ¢ # 0 supported on J has We = 0 and 3’ & ec stays in the polytope, contradicting
extremality; so |J| < r. Put z; = y; for j ¢ J and x; = sgny; (sgn0 = 1) for j € J; then
u—Waz =3, ;(y; —xj)w; with |y} — ;] < 1. O
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Theorem C.4 (smooth linear statistics; [proved here]). (a) If d*ré < 1/4, then M < 2,
> lldifll2 < 6d?\/r, and MaxInf(f) > I(f)?/(36d*r) > Var(f)?/(36d*r). (b) Let
0 = SUpyczmingeq, |[u — Wzllz (< rd). If d*0 < 1/4, then M < 2, |d;f| < 4d*5;
pointwise, 3, ||d;fll2 < 4d?r, and MaxInf(f) > I(f)?/(16d*r?).

Proof. Boundedness on Z. For u € Z take x with |lu—Wz|z < ¢ and v = u— Wx; the segment
from Wz to u lies in Z, so Lemma C.1 gives |P(u)| < 14 2d*oM, hence M < 1/(1 —2d?9) < 2;
under (a), o < rd by Lemma C.3.

The discrete derivative. Let ¢(t) = P(Wax — xjw; + tw;), a polynomial of degree at most
d whose arguments lie in Z for [t| < 1. Then d;f(x) = (¢(1) — ¢(—1))/2. For (b), the mean
value theorem and Lemma C.1 give |d; f(z)| < 2d?6;M < 4d*§;; sum with Lemma C.2 and use
I < MaxInf!'/? > lld;j fll2- For (a), let £;(x) = ¢'(z;) = (wj, VP(Wz)). Since z; = £1, d; f(z) -
§(a5) = 3 [ (8(0) — ¢'(x;)) dt, 50 |dsf — 6] < supyy<y |6"] < 48P(d — 1262 by Lemma C.1
with k = 2. The ¢; lie in the span of the r functions (9,P)(W=z), and pointwise > |[¢;(x)|
supee(—1,1» (We, VP(Wz)) = sup,ez Dy P(Wx) < 2d? M ; so Proposition 4.12 gives > 1512
24> M /. With Lemma C.2, 3= [|d; fll2 < 2d*M\/r + 4d*(d — 1)>Mér < 4d*\/r + 2(d — 1)°
6d%\/r, using M < 2 and 8d%6r < 2. Conclude with I(f) < MaxInf(f)"/? > lld; fll2-

O IAIA

The scale d?6 = O(1) is sharp up to the factor r: for r = 1 and equal weights,
[ = Ta(n™'>,x;) with n = 4d? satisfies the hypothesis with equality, and beyond this
scale the supremum over Z can grow like ecd?s (Coppersmith-Rivlin). ~ We have not
found an AA-type statement for P(Wzx) in print; the theorem is new when W has many
distinct columns; for W with B distinct columns the conjecture already follows from The-
orem 6.4. Via Theorem 4.5, it extends to functions that become such polynomials (with
leaf-dependent P, W;, r; < r) after a decision tree of depth ¢: e.g. under (b) at every leaf,
MaxInf(f) > min(Var?/(4¢2), Var' /(589824 d'3r412)). The factor d* in (a) comes from squaring
a Markov bound on all of Z; Bernstein’s inequality in the bulk and a tail bound reduce it to d?,
as follows.

The factor d*>. We now remove one factor d? from Theorem C.4(a). The proof imports from
the proof of Theorem C.4: the boundedness step (M < 2 under d?ré < 1/4, via Lemmas C.1
and C.3); the discrete-derivative step, |d; f—{;| < supy<; [¢"(t)| with ¢(t) = P(Wr—zjw;+tw;)
and ¢; = (w;, VP(Wx)); Lemma C.2; and the kernel-diagonal step of the proof of Propo-
sition 4.12: if h; lie in a D-dimensional subspace of L?(Q,) with kernel diagonal A, then

> Ihille < E[S; \h;)AY?] < VD || > |hjlll2 by Cauchy-Schwarz and EA = D. We also
use the one-sided Hoeffding inequality Pr[}_; a;z; > t] < e /2% 67,

Lemma C.5 (tail; [proved here]). Pr[|Wz| 7 > 3] < 9" exp(—9/(1285)).

Proof. hz(0) = sup,cz(0,u) = 3, [(0,w;)| is the dual norm of || - ||z (a norm, as W has rank
7). Let N be a f-net of {hy = 1} in hy with |N| < 9". Given u, choose 6 with hz(f) = 1,
(0,u) = ||u]|z and @' € N with hz(0—6') < 1; then |jul|z < (¢, u)+3|ul|z, so [|[Wz|z > 5 forces
(0/,Wz) > 2 for some §' € N. Here (¢/, Wz) = > (0, w;) with [(0',w;)| < hz(0)0; <6, so
Zj<9’,wj>2 <0 ; (0", wj)| = 6. Apply the one-sided Hoeffding inequality with ¢ = 3 and a
union bound over N. O

Proof of Theorem 6.9. By the boundedness step, M < 2. For d < 3, Theorem C.4(a) gives
36d'r < 324d%r; let d > 4,50 6 < 1/64. Let G = {|[Wz|z < i} and p = Pr[G¢]. Since
9/(1285) > 9d%r/32, Lemma C.5 gives p < (9e~9°/32)7 < 9¢=94°/32 and dtp < 9die=9%°/32 <
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25.6 for d > 4. Main terms. Pointwise ) [(;(z)| = hz(VP(Wz)) = sup,ez Do P(Wz). On G,
Wz +tv € Z for v € Z and |t| < %, so Bernstein’s inequality at the centre gives > 14] < 2dM;
always 3, [{;] < 2d>M by Lemma C.1. The £; lie in the span of the r functions (9,P)(Wx),
so the kernel-diagonal step gives » . [|¢;]l2 < v/r M\/4d? + 4d*p. Remainders. On G the points

Wax + (t — xj)w;, |t| < 1, have gauge at most % +20 < %, so for each such point the chord
centred at it in direction w;/d; with gauge half-length % lies in Z (its gauge is at most %),
and Bernstein’s inequality twice at the centre gives |¢"| < 32d(d — 1)M 5]2- < 37d°M 5]2-; always

l¢"] < 4d2(d—1)2M5J2- by Lemma C.1. By the discrete-derivative step and Lemma C.2, >, |[d; f—

lilla < orMd®\/1369 4+ 16d*p < 4[1/1369 +16d*p. Hence Y [|d;flla < 2v/rV4d? +102.4 +
sVITT8.6 < 11.73dy/r for d > 4, and I(f) < MaxInf(f)"/23; ||d;fll2 with 11.73% < 138
concludes. 0

APPENDIX D. GRAPH PROPERTIES AND CYCLICALLY INVARIANT FUNCTIONS

This appendix contains the proofs of the results on graph properties and cyclically invariant
functions stated in Section 6, with their explicit constants and computer-assisted parts, including
the polynomial bound for graph properties (Appendix D.2). It also records barriers for the
method and a bound for local cyclic functions.

D.1. Graph properties.

Proof of Theorem 6.15. G3 consists of Ko, P3,2Ks, K3, Py, K13, P3 + K2,3K>, with automor-
phism groups of orders 2,2,8,6,2,6,4,48. By Lemma 6.13, |bg,| < 3. For each other H € G3
we use a linear programming dual certificate: rational step kernels Uy (the constants s €
ﬁZ N [-1,1] and random two-, three- and four-block kernels with weights and entries in
&Z) and rational multipliers y, with Y, yxt(H',Ux) = [H' = H] for all H' € Gs U {0},
verified in exact rational arithmetic by computer (for each H the certificate uses at most 18
kernels; the kernels and the multipliers y; are in the file g3_certificate.json of the supple-
mentary directory supplement/, and the stand-alone checker verify_g3.py there verifies all
identities in exact rational arithmetic and evaluates the variance bound, NVarf < 96.2655 at
M = 38). Then by = >, Yk >z bat(H',Uy), so Lemma 6.13 gives |bg| < >, lyx| = B,
with B]:JB,BQK2 S 47408, BK3 = 1, Bp4 S 154952, BK173 S 88836, BP3+K2 S 42.4344 and
Bsk, <22.6220. For M > 8 every H € G has v(H) <6 < M, and

t(H
NVarf <9+ > B} aut(H)
HeG 2(M - 2)1}(H)—2
3\{K2}
which is nonincreasing in M and equals 96.27... at M =8. For M <7, NVarf < N < 21. The
second statement follows as in Theorem 6.14(i). O

An independent certificate (constants s € 2—10Z and two- and three-block kernels with entries
in {0,+1,+1}) gives Bp, = Box, = 128/27, Bp, < 15.862, Bx,, < 9.437, Bp, 1k, < 43.955,
Bsg, <23.282, and the weaker constant 102.

Coefficient bounds level by level. For a kernel V': [0,1]2 — [~1,1] and s € [—1, 1], the function
s by + > g bt(H,sV) =by+ >, s* > e(t)=i; brt(H, V) is a polynomial of degree at most d,
bounded by 1 on [—1,1] by Lemma 6.13. Let mg(d) = |[s*]T(s)|, where d’ € {d,d — 1} has the
parity of k; thus my = d'?/2, m3 = d'(d”? — 1)/6, my = d'*(d? — 4)/24, my(d) < d*/k! by the
arithmetic-geometric mean inequality, and mg(d) = 2971, Let K} be the set of 5 € R{H: e(H)=k}
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with | Y2y But(H, V)| < 1 for all symmetric measurable V': [0, 1?2 = [-1,1], and vy =

Lemma D.1 (rays; [proved here]). K}, is compact and does not depend on d, 1 < vy < oo,
and every graph property f € By(N) satisfies |by| < vy me)(d) for every H. Moreover
Vi, = Vo, = 1, vp, <4 and 1o, < 5.

Proof. If |p| < 1 on [~1,1] and degp < d, the coefficient of s* lies in the parity-k part (p(s) &
p(—s))/2, which is bounded by 1 and has degree at most d’; by V. A. Markov’s coefficient
inequality [36] it is at most mg(d) in absolute value. Applied to the polynomial above, this says
(br)e(ry=k/mr(d) € Kj. Compactness follows from the linear independence of the densities
(proof of Lemma 6.13), and vy > 1 because |t(H,V)| < 1. For a balanced g: [0,1] — {£1},
the kernel g(z)g(z') has t(H,-) = 1 if all degrees of H are even and 0 otherwise, and K3 and
C4 are the only graphs without isolated vertices with 3, resp. 4, edges and all degrees even; so
Vi, = vo, = 1. The kernel (g(z) + g(z))/2 has t(P3,-) = 1 and t(2K»,) = 0, so |8p,| < 4, and
the constant kernel 1 gives |8p, + fak,| < 1, hence |fax,| < 1+ |Bp,| < 5. O

Lemma D.2 (explicit extraction; [proved here]). Let V' > maxv(H) over the graphs in a finite
family F without isolated vertices, and let b satisfy |by + > yerbpt(H,U)| < 1 for allU. Then
b | aut(H) (V —v(H))! < 2YVV for every H € F. In particular C(d) < (4d)?? (take V = 2d),
and vy < (4e(H))?*H) J(aut(H)(2¢(H) — v(H))!) (take V = 2e(H)).

Proof. For step kernels with parts of measures «,...,ay and values f;;, let P(o,3) =
bg(X )V + 3, bt(H, Uy g) (3 @)V ") homogeneous of degree V in o and bounded by 1
on the closed simplex times [—1, 1](‘2/) (with the diagonal values f;; fixed, say 0; they do not
enter the coefficient). For a homogeneous polynomial of degree V', inclusion—exclusion gives
[ag - ay|P = ZSQ[V](—I)V*M\S]VP(15/|S\, -), which is bounded by 2"VV. Only injective
maps V(H) — [V] contribute to this coefficient, so it is multilinear in the off-diagonal 3;;,
and each of its coefficients is bounded by its supremum over {jzl}(‘z/) The coefficient of
Lijer(ry) Bij: for a labelled copy Fy of H, is by aut(H)(V — v(H))!. For C(d) apply this to the
unit ball of Lemma 6.13, and for vy to K;’(H). O

Through Theorem 6.14(iii), Lemma D.2 gives the explicit K(d) < (4d)'??. As a variance
bound this is far weaker than NVarf < d*e?? from [19, Proposition 3.18], for every d; what it
adds is an explicit bound on every coefficient by that does not depend on M.

Corollary D.3 (three- and four-vertex terms; [proved here, computer-assisted]). For every graph
property f € By(N) on M > 4 vertices,
() = M-z (M—2)(M-3)

3<o(H)<a ©
where cy(d) < 12d* + 14d5 + d® + 1.8 - 101540 4 3.3 - 101642,
Proof. By Lemma D.1 and my < d*/k!, |bp,| < 2d* and |bg,| < d3/6, which gives
the first term. The graphs with four vertices are 2K5, P, K13,C4, the paw, the dia-
mond and Ky, with (e(H),aut(H)) = (2,8),(3,2),(3,6),(4,8),(4,2),(5,4),(6,24), and
ca(d) = D2, ()=a vEmem(d)*aut(H)/2. Exact rational dual certificates over 3001 ratio-

nal step kernels with at most three blocks and entries in {O,:l:%,:i:l} give 1K, < 3.41,
vp, < 15.27, v, < 9.39 and vpaw < 21.45 (computer-assisted; the certificates are in the
file mlg4_nu_certificates.json of the supplementary directory supplement/, and the
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stand-alone checker verify_mlg4.py there rebuilds the list of all graphs with k < 4 edges from
the ten connected graphs with at most four edges and verifies every identity in exact rational
arithmetic), and ve, = 1; these give the terms 12d* + 14d® + d®. For the diamond and K, we
use Lemma D.2. O

With floating-point LP values (Vgiamond = 27.93, vk, ~ 28.72, without certificates) the last
two coefficients become about 0.11 and 0.02 [numerical]. So the three- and four-vertex part of the
multi-level bound is poly(d)/M, and |by| = Oy (d*)) for every fixed H. A bound polynomial
in d for all H is open. Even such a bound would not by itself give a polynomial bound on
NVarf, because G4 contains 29(9) dense graphs with O(v/d) vertices (compare Remark D.4(a)).
The bottleneck is dense H.

Remark D.4 (two barriers; [proved here] for (a) and for the asymptotic estimates in (b); the

conclusion about Neumann-series inversion is an interpretation of these estimates). (a) Level-
by-level bounds cannot prove K(d) < 200Vd) . Let H be K, with e(Ky) = d (for other d, K,
plus a vertex joined to d — (3) of its vertices), so v ~ V2d. Since [t(H,V)| <1, b= 2%Tley =
mqg(d)ey satisfies every level constraint (bg:)egy—x € mi(d)Ky, and its term in NVarf is

44 aut(H) /(2(M—=2) a1y —2) = 4971/ (2MVH)=2) which is at most poly(d) only for M > 20(Vd),

together with NVarf < N, the relaxation allows NVarf = 20(Vd) (numerically logy(-)/Vd ~ 2.1
to 3.1 for d < 210). Cross-level constraints are needed. (b) The perturbative blow-down fails.
Map [M] to [m] by a uniformly random o and put Zuy = Yo (u)o(v) for o(u) # o(v) (and a [-1, 1]-
valued within-class variable otherwise). Averaging over o gives a graph property of y in By with
coefficients Bg = 35 bumh—q, 50 X g Béwm(Q) < (%), wm(Q) = aut(Q)/(2(m — 2)u(@)-2)-
For H = @ U Ko, merging the two vertices on the 2-side doubles all 2¢ edges of K»;, which
cancel, so T > (1 — O(v?/m))/m, and the corresponding entry of the correction operator
in the weighted norm is g0 (W (Q)/wm(H))Y? < cmt/?/\/aut(Ky ;) with ¢ = 1 for t # 2;
for Cy = K32 both diagonals collapse, ¢ = 2, and the entry is about m/ V2. So the correction
operator has weighted ¢2 norm at least of order m!/2/v/2t! for every t < (d — e(Q))/2, and
no single-scale Neumann-series inversion in this norm gives poly(d). Within-class variables do
not help here: merging u,v removes 2|N(u) N N(v)| + [uv € E] edges, so when e(H) — e(Q)
is even (as for @ U Ky;) every one-merge reduction merges a non-adjacent pair and uses no
within-class variable, and the reductions with at least two merges have total weight O(v*/m?);
thus 7 = (¢ + O(v*/m))/m with an integer ¢ > 1, so Tg_,g < ¢/m for m > Cv*. (For odd
e(H) — e(Q) adjacent merges occur, e.g. Ky LI K3 — Ko, and within-class variables matter.) By
Lemma D.1 each correction is O (d®) /m), so the blow-down works for any fixed finite family
of H; uniformity over dense H with e(H) = d is the open part.

D.2. Proof of Theorem 6.16. We use the notation of Section 6.5. Each copy of H in Ky is
the image of exactly aut(H ) injective maps V(H) — [M], so for v =v(H) < M

te(H, ) = (z\;) > II @o@son-
Y ¢: V(H)—[M] abeE(H)

This formula defines ¢+ (H, @), and through f = by + >, but+(H,-) also f(G), for every sym-
metric array G = (Gpq)pzq with entries in [—1,1] indexed by an arbitrary M-element set. If
the entries are +1, then f(G) = f(z) for the graph x obtained by transporting G to [M] along
any bijection, because f is Sy/-invariant; in particular |f(G)| < 1. An injective ¢ maps distinct
edges of H to distinct pairs, so t4 (H, G) is multilinear in the entries of G. Hence, if some entries
are independent uniform signs, independent of the other entries, then Ef(G) is the value of f
at G with these entries replaced by 0.



ON THE AARONSON-AMBAINIS CONJECTURE 97

Fix x € Qn, a vertex u, W = [M]\ {u} and 3/ € {~1,1}W. Let y = (Tuw)wew be the star of
u in z, and let 2’ be 2 with this star replaced by 3/. Let T* = {(K,K') € Z? : K, K’ >0, 1 <
K+ K' < M}. For (K,K') € T* let R C W be a uniformly random set of size M — K — K’ €
[0, M —1], and let G(K, K') be the array on the M-element set {a1,...,ax}U{a},...,a) }UR
with entries 2., between w,w' € R, y,, between a; and w € R, y,, between a; and w € R,
and independent uniform signs, independent of R, between any two clones a;, a;, a;», a;.,. Put

(K, K') = Ef(G(K, K")).

Lemma D.5 (two-type clone family; [proved here]). (i) || <1 on T*. (ii) ¥(1,0) = f(z) and
U(0,1) = f(a'). (iii) There is a real polynomial P in (K,K') of total degree at most 2d with
P=V onT*.

Proof. (i) Every realization of G(K, K') is a +1-labelled complete graph on M vertices. (ii)
If K+ K' =1 then R = W, there are no clone-clone pairs, and G(1,0), G(0,1) are z, z’
with u renamed. (iii) It suffices to treat Et+(H,G(K,K")) for H € G4 with v = v(H) < M.
Classify the injective maps ¢ from V (H) to the vertex set of G(K, K') by A = ¢~ as,...,ax},
A = ¢ Had),...,dy,} and ¢ = ¢|c, an injection C — R, where C = V(H) \ (AU A’). If an
edge of H has both ends in AU A’, the product contains a clone—clone sign exactly once and
has expectation 0. Otherwise the product equals

Faax@) = I ze@wo wey 11 v

abeE(H[C)) abeE(H) abeE(H)

a€A,beC acA’, beC
which does not depend on ¢|auas, and there are (K)j4(K") 4, choices of ¢lauar. For a fixed
injection ¢: C' — W, Pr[y(C) € R] = (M — K — K')¢)/(M — 1)|¢|, which is 0 when |C| >

M — K — K'. Hence

1 (K) 4| (K")jany(M — K — K') ¢
Ety+(H,G(K,K')) = Fya (),
(M), %;, (M = 1)ic w:;—w
the outer sum over disjoint A, A" C V(H) such that no edge of H lies in AU A’. If |C| = M,
which is possible only when v(H) = M < 2d, then (M — 1)|¢; = 0, but the inner sum is empty
since |W| = M — 1; such terms are read as 0. The inner sums do not depend on (K, K'), and
(K)ja|(K")jar (M — K — K') | is a polynomial of total degree [A|+|A'|+|C| = v(H) < 2e(H) <
2d. U

Subsampling W keeps the normalization (M), fixed, which is what makes ¥ a polynomial.
The value P(0,0) is not a value of the family and can exceed 1 (it reaches 1.5 for M =6, d =2
[numerical]); the proof below uses it only through the bound of step (3).

We use three facts about a real polynomial p of degree at most D on an interval J of length
¢: Markov’s inequality sup |p’| < (2D?/¢) sup; |p|; the rounding bound of Lemma 6.11(a), that
sup;|p| < 2B if |p| < B on a set of points of J that contains both endpoints and has gaps
at most £/(2D?); and Chebyshev’s extrapolation bound [p(s)| < Tp(1 + 25/¢) sup, |p| for s at
distance & from J, with Tp(1 +n) = cosh(D arccosh(1 + 7)) < PV,

Lemma D.6 (a two-variable Markov inequality; [proved here]). Let D > 1 be an integer,
M > 10D*, and let P be a real polynomial in (K, K') of total degree at most D with |P| <1 on
T*. Then |P(1,0) — P(0,1)| < 16e D*/M.

Proof. Let Q(s,0) = P(s6,5(1—6)). A monomial K'K'J becomes s776(1—6)7, so Q has degree
at most D in s and at most D in §. Let a = 2D%. (1) Lines. For an integer s € [a, M] and
k=0,...,s Q(s,k/s) = P(k,s — k) with (k,s — k) € T*. These points of [0, 1] contain 0 and 1
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and have gaps 1/s < 1/(2D?), so |Q(s,0)| < 2 for § € [0,1]. (2) Columns. For fixed 8 € [0, 1],
s+ Q(s,0) is bounded by 2 at the integers of [a, M], an interval of length M — a > 2D?. So
|Q(s,0)| < 4 for s € [a, M]. (3) Corner. For s € [0,a] the distance to [a, M] is at most a, so
|Q(s,0)| < 4Tp(1 + n) with n = 2a/(M — a). Since M > 10D* > 8D* + 2D? = a(4D? + 1),
we have 2D?%n < 1, i.e. Dy/21 < 1, and so |Q| < 4e on [0, M] x [0,1]. Thus |P| < 4e on the
closed triangle {K, K’ > 0, K + K’ < M}, including the corner (0,0), where no lattice bound
is available. (4) Markov in 0, then in s. Fix 6 € [0,1] and let h(s) = JpQ(s, ), a polynomial
in s of degree at most D. As a polynomial identity Q(0,60) = P(0,0) for all §, so h(0) = 0.
Markov’s inequality in 6 on [0,1] and step (3) give |h(s)] < 8eD? for s € [0, M]; Markov’s
inequality in s on [0, M] gives |h'| < 16eD*/M there. Hence |h(1)| = |h(1) — h(0)| < 16eD*/M.
(5) P(1,0) — P(0,1) = Q(1,1) — Q(1,0) = fol 0pQ(1,0) df, and step (4) holds for every . O

Theorem D.7 (a star change moves a graph property little; [proved here]). Let d > 1, M >
160d*, and let f € B4(N) be a graph property on M wertices. If x,2' € Qn differ only on the
star of one vertez, then |f(x) — f(2')] < 256ed*/M < 696 d*/M.

Proof. Apply Lemma D.6 to the polynomial P of Lemma D.5, with D = 2d; then 10D* = 160d*
and 16eD* = 256e d*. O

Lemma D.8 (variance through stars; [proved here]). Let f: Qn — R, let B, = {uw : w # u} be
the star of u, and let w be the largest change of f when the coordinates in one star are changed.
Then 2Varf < Zue[M} EVarp, f < Mw?/4, where Varp, is the variance over the coordinates in
B, with the others fized.

Proof. For a set J of coordinates, EVar;f = ZSmJ;ﬁ@ f(S)%. An edge set S meets B, if and

only if S covers u, so ), EVarp, f =) ¢ |V5|f(8)2, with Vg the set of vertices covered by S,
and |Vg| > 2 for S # (). This is an identity, so the overlaps B, N B,, = {uw} do no harm. With
the other coordinates fixed, f takes values in an interval of length at most w on each star, so
Varg, f < w?/4. O

Proof of Theorem 6.16. Let C = 8192¢? < 6.06 - 10*. If M > 160d*, Theorem D.7 and
Lemma D.8 give Varf < %(2566(14/1\4)2 = Od®/M. If M < 160d*, then Varf < 1 <
160d*/M < Cd®/M. Since Sy, is transitive on edges, all influences of f are equal, and
MaxInf(f) = I(f)/N > Var(f)/N. If Varf > 0, then M < Cd®/Varf and N < M?/2, so
MaxInf(f) > 2Var(f)3/(C%d'®), and C?/2 < 1.84 - 10°. O

D.3. Cyclically invariant functions.

Proof of Theorem 6.18. Write f(x) =c+a)_, x;+ %ZL'TQSL' with @) a symmetric circulant matrix
with zero diagonal, and let \,, = >, Qoi cos(2mmk/n), m € Z,, be its eigenvalues (indices
mod n). Then 3, Ay = tr@ =0, Wi = na® and Wy = $trQ? = £ 3", A2,. The multilinear
extension of f is bounded by 1 on [—1,1]”. On the diagonal x = (s,...,s) the odd part of f is
nas, so [na| < 1. For z; = cos(¥ + 2mmi/n) with ¥ uniform on [0, 27], Ez; = 0 and Ez;z; =
2cos(2mm(i — j)/n), so Ef = c+ %Ay, € [-1,1], i.e. Ay € [-2(1+¢), 2(1 — ¢)]. A mean-zero
random variable with values in [~ A, B] has second moment at most AB, so + > A2 < 18(1-¢?)
and nWs < 8. Hence nVarf = (na)? +nWs < 9. O

For k > 1let Ap(s) = f({s1,...,sx}) for s € ZF with distinct entries, A(s) = 0 otherwise,
and 0(€) = 3, czn Ag(s)e™2™Es/m Cyeclic invariance gives Ay (s + r1) = A(s), so o), vanishes
off H, = {¢€ € ZF . >+ & =0}, a set of n*~1 elements, and Parseval’s identity gives

1
— Eeem, |ow(é)].

"Wk =14
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Let 74 be the largest modulus of the coefficient of p* in a real polynomial of degree at most
d bounded by 1 on [—1,1]. By V. Markov’s classical theorem the extremal polynomial is Ty or
Ty_1, so Td,1 <d, Td,2 < d2/2, Td,3 < d(d2 — 1)/6 < d3/6 and Td,d = 2d-1

Proof of Theorem 6.19. Write f = c+a ), z; + fo + f3 with f; homogeneous of degree j and
f2 = 327Qu as before. The diagonal p(s) = f(s,...,s) is a cubic bounded by 1 on [—1,1]
with p/(0) = na, so |na| < 731 = 3 and nW; = (na)? < 9. In the single-phase process of the
proof of Theorem 6.18 every monomial of odd degree has odd ¥-charge and averages to 0, so
Ef = ¢+ % An as before; hence nWs < 8 and |A,,| < 4(1 + |c[)/n. For level three fix { € H3 and
let z; = % S cos(¥) + 2m€yi/n), with ¢ uniform on {9 + ¥ + U3 = ¢}. The average of e’
over this torus is e if ¢ = m(1,1,1) and 0 otherwise. So the linear terms vanish, the quadratic
terms leave only same-phase pairs, giving Z = 55 >, A¢;, independent of ¢, and the cubic terms
leave only ¢ = £(1,1,1), giving %%Re(ew?(g)) = Rcos(yp) — ¢) with R = |03(£)|/108. Thus
¢+ Z + Rcos(¢ — ¢) € [—1,1] for every 9, and comparing ¢ = ¢ with ) = ¢ + 7 gives R < 1.
So |o3| < 108 on Hy and nWWs < 1082/6 = 1944. O

Proof of Theorem 6.20. Let fi, be the homogeneous part of degree k, fix £ € Hy, and let y;(¥) =
%Zle cos(¥ + 2m&i/n), with 9 uniform on {),¥; = ¥}. For p € [-1,1], qy(p) = Eyf(py())
is a polynomial of degree at most d bounded by 1, and since f;(py) = p? f;(y) its coefficient of p*
is Ey fr(y(19)), of modulus at most 74 4. Only the ¥-characters m(1,...,1) with |m| < 1 survive
the average. The terms with m = 41 take one factor from each phase with equal signs; summing
over the k! assignments and using the symmetry of A, gives k~*21"*Re(eV0y(€)). The term
m = 0, which occurs only for even k, gives a quantity Z;(§) independent of ¢ and in general
nonzero. So the coefficient equals Zj, 4+ Ry, cos(¢ — ¢) with Ry = k~*217F|0;,(¢)|, and comparing
) = ¢ with ¢ = ¢ + 7 gives Ry, < 74. Parseval’s identity gives the bound on nWj. For k =1
the diagonal gives |na| < 741 < d. For k = 2 the single-phase input pcos(¢ + 2mmi/n) has
p?-coefficient exactly 2\, 50 [Ap| < 4742/n < 2d*/n and nWo = 23 A2, < 2d*. For k = 3,
(10874,3)%/6 < 54d°. O

For every transitive group G < S,,, every degree d and every G-invariant f € By, the level-
two bound nWs < 6.7d* also holds [proof outline]: if %xTBx is the level-two part, the spectral
projector of an extreme eigenvalue of B commutes with G, hence has constant diagonal and
rescales to a correlation matrix p; sign rounding of a Gaussian vector with covariance p (the
Grothendieck identity and Schur’s product theorem) gives a bounded even polynomial whose
coefficient of r? (for the input scaled by r € [—1,1]) has modulus at least (2 — )n||B||, Markov’s
coefficient inequality [36] bounds it by d?/2, and nWs < n?|B||?/2. The resulting degree-
two total nVarf < 108.2 is not an improvement over the baseline 32 from the proof of [19,
Proposition 3.18] (Section 1.2), so we omit it.

Summing Theorem 6.20 over k < d gives only nVarf < ¢© , worse than [19, Proposi-
tion 3.18]. The next two statements show that the uniform symbol bounds used here cannot
give a polynomial bound by themselves.

(dlogd)

Proposition D.9 (uniform symbol bounds; [proved here]). For d > 2, f = Tyn=t> . x) €
Ba(n) is cyclically invariant, %supHd 0q|? > %]oa(0)]? = d'4%7 1 ((n)a/n?)” — dl4971, and

nWi(f) = Oq(n*=F) — 0 for every k > 2. So any argument that bounds nW, by %Cﬁ, where
Cq > supy, |oq| holds on the whole class, cannot give a bound on nWy below d!4%~1(1 — o(1)),

although nWy(f) — 0 for this f.
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Proof. The level-d coefficients come only from the top term 2¢~1(n=13".z;) so f(9) =
20141 /n? for |S| = d and 04(0) = (n)g2¢d!/n?. For |S| = k, f(S) = Oq(n™*), so
Wi = Od(n_k). g

The identity for 0% (0) is exact only at k = d: for k < d the multilinearization of lower powers
changes it at finite n, and 04(0) = 0 for k # d (mod 2). The large values of o4 sit near £ = 0,
a set of measure about n'~% in Hy; bounds depending on & and direct L? arguments are not
excluded.

Proposition D.10 (single resonances; [proved here] except the last sentence). Let F': T" —
[—1,1] and let qi,...,qr be characters of T" such that the 2k characters +q; are distinct and
nonzero. Then |]], Fq)| < (2k)7%2. Consequently, a test input x; = F(9 + i) that sees oy,
only through the k! orderings of one such tuple and its conjugate, with the p*-coefficient extracted
by Markov’s inequality, gives at best |ox(Q)| < Tan/ (2| T1, F'(q:)]), hence a level-k bound of at
least sz’k(Qk)k/(él k!); at k = d, where 744 = 2971, this is at least (8¢)¢/poly(d). [heuristic]: sign
inputs F' = sgn (), cos ) attain the amplitude bound up to a factor c* (central limit heuristic;
Monte Carlo for k <8).

Proof. By Parseval, 3, 2|F(q)|? < EF? < 1, since |F(—¢)| = |F(¢)| and the +¢; are distinct;
the AM-GM inequality gives [[, |F'(q¢)|? < (2k)~%. The rest is the computation in the proof of
Theorem 6.20 with the weight [], F'(¢:) in place of (2k)~*. O

The scope is exactly this: Proposition D.10 excludes bounds on o at a point (uniform in
€ or not) obtained from one non-aliased resonant tuple per test input with Markov extraction.
It does not exclude aliased or multi-tuple inputs (the diagonal input at ¢ = 0 is one), L>-
averaged families of tests with controlled cross terms, extraction that uses more structure of gy,
non-quasi-periodic inputs, or arguments that are not based on test processes (induction on the
degree, hypercontractivity).

Theorem D.11 (local cyclic functions; [proved here]). Let | > 1 and let f: Q, — [—1,1] be
multilinear and cyclically invariant, with every monomial contained in an arc of [+ 1 consecutive
coordinates (so degf < 1+ 1). If n > 21+ 2 then nVarf < (21 + 1)(4l + 1)2+? with v =
(n+204+1)/(n—21—1). For alln, nVarf < 50(1+1)3, hence MaxInf(f) > Var(f)?/(50(1+1)3).

Proof. Let n > 2] + 2. Each orbit of monomials has n elements and a unique representative
S C{0,....1} with0 € S, s0 f(z) = L) h(wi,...,2i4) with h(y) = c+nY g f(S)y”, the
sum over these representatives. Cyclic words of length n correspond to closed walks of length n
in the de Bruijn graph of order [ (vertices {£1}!, edges the windows in {#1}*1), and f(x) is %
times the sum h(-) of h over the edges of the walk. Repetition bound. Let C be a closed walk
of length ¢ < n through the vertex 1, let Ly be the loop at 1, a = |n/q| and ¢ =n —aq < gq.
The walk C®L§ is a cyclic word of length n and h(Lo) = f(1) € [~1,1], so a|h(C)| < n + ¢
and |h(C)| < g(n+ q)/(n — q). Potential. For a vertex v let P, be the path of length ! from
1 to v, R, the path of length [ from v to 1, and u(v) = h(P,). For an edge e from v to v/ put
g(e) = h(e)+u(v)—u(v'). Then g(e) = h(P,eR,)—h(PyR,) is a difference of the sums over two
closed walks through 1 of lengths 21 + 1 and 2[, so ||g||cc < (4l + 1)~ by the repetition bound.
The potential terms telescope on closed walks, so f(z) = %Zl G; with G; = g(x;, ..., xi4).
Under uniform z the G; are stationary, and G;,G; are independent when the windows are

disjoint, so nVarf = -, o, Cov(Go,Gk) < (20 + D|lgl|%. For n > 10(2l + 1), v < 4 and

(20 + 1) (41 + 1)%y2 < 32(1+ 1)3 - 221 < 50(1 + 1)3; for smaller n, nVarf < n < 50(1 + 1)3. O

For comparison, iterated linear-programming ascent over [-local cyclic functions (each step
an exact LP over all 2" points) finds nVarf = 1.25, 3.00, 4.27 for [ = 1,2,3 at n = 12 and
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n = 16. These are lower bounds for the maximum (1.25 is the exact maximum for [ = 1 and
even n: with s, ¢ the means of z; and z;x;11, the achievable (s, t) span the triangle with vertices
(£1,1),(0,—1), and maximizing A2 + B? subject to |c + As + Bt| < 1 there gives 2), and they
suggest growth roughly linear in | [numerical]; averaging T;;1 of the normalized window mean

over all rotations gives only nVarf < 1. Since deg f < [+ 1, [19, Proposition 3.18] gives only
o)
e,

APPENDIX E. TORUS-BOUNDED POLYNOMIALS

This appendix treats polynomials that are bounded on the torus T™. It contains degree-free
bounds for block-symmetric functions and product selectors, and the reduction of the con-
jecture for this class to the spike inequality. Call a multilinear polynomial f = > ¢ f(S)zS
(complex coefficients) of degree at most d torus-bounded if supyn |f| < 1, equivalently (maxi-
mum principle) |f| < 1 on the closed polydisc. Fourier coefficients, Varf =3 ¢ 1F(S)2
Inf; f = > g5, \J/”\(S)|2 are those of the restriction to @, C T", so torus-bounded f with real
coefficients lie in Bg(n), and AA for this class is a special case of the conjecture. A one-block

form F(y,z) = > ;y;9;(2) is torus-bounded iff }_,|g;(2)| < 1 on T". For such families write

and

V=23 lgjll3 and e = max;||gj||3. AA for torus-bounded f remains open; this subsection
reduces it to a single-function inequality (Conjecture E.7). Except where tagged otherwise,
everything below is [proved here].

Theorem E.1 (one-block reduction; [proved here]). If f is torus-bounded of degree d, then
210 f(2)| < 3d for every z € T". Hence G(y,z) = %Zj y;0; f(z) is torus-bounded, with
VarG = 41(f)/(w*d?), Inf, G = 4Inf;(f)/(7?d?) and Inf,,G < 4(d — 1)Inf;(f)/(7%d?); so AA
for torus-bounded one-block forms implies AA for all torus-bounded f with a loss polynomial in
d.

Proof. Fix z and let ¢; = 2;0;f(z). For 6 € {~1,0,1}", ¢(t) = f(z1€, ... 2,e%) is a
trigonometric polynomial of degree at most d bounded by 1, so |3, 0;¢c;| = |¢'(0)] < d by
Bernstein’s inequality. For o € [0, 27) take 6; = sgnRe(e™"*c;): then >, |[Re(e™**¢;)| < d, and
averaging over o with Eq|Re(e~*c)| = 2|c| gives the bound. The identities for G are read off
from the Fourier expansion. ([l

On the cube the corresponding reduction (Lemma 2.4) loses d*.

Theorem E.2 (block-symmetric torus-bounded functions; [proved here]). Let [n] = By U---U
By and let f be torus-bounded and invariant under permutations inside each block. Then
MaXInAf(f) > (Varf/b)?, with no dependence on d. If b = 1 and d < n, then Varf <
(1= F(@))/n.

Proof. Write f = > pm [, ems(zBS)/(ng) with ny = |Bg| and e, the elementary symmet-
ric polynomials. The block-diagonal restriction p(w) = f(wilp,,...,wplp,) = >, Pmw™ is
bounded by 1 on T% so > |pm|?> < 1. With ¢, = |pml?/1, (gjs), Varf = 37, . qm and
Inf;(f) = ngt>",, msqm for i € Bs. Since (]:) > N/ufor 1 < pu < N, gm < |pm|*ms/ns
when mg > 1, so by Cauchy—Schwarz s := st>1 am < O, qmms/ns)1/2(2m |]om]2)1/2 <
Inf;(f)'/?; and Varf < >, Bs. For b=1and d < n, gm < lpm|?/n for 1 <m < d. O

The bound is attained by n~! >, Zi- On the cube symmetric functions only satisfy MaxInf >
Var?/(16d2) (Proposition 6.2), and the Chebyshev examples T;(n~! 3", x;) show that a factor
depending on d is needed there: the diagonal circle {wl} C T" sees every level, while the cube
diagonal sees two points.



102 PAATA IVANISVILI

A converse [proved here], via the Grace-Walsh—Szegé coincidence theorem [49, 54] [known].
Conversely, every polynomial p with |p| < 1 on T® and deg,,. p < ns is the block-diagonal re-
striction of the block-symmetric multilinear f obtained by polarizing blockwise, and supn | f| =
supps |p|: for fixed other variables f is symmetric and multi-affine in zp,, and the closed disc is
a convex circular region, so f(z) = f({lp,,rest) for some ¢ in the closed disc; iterate over the
blocks and use the maximum principle. The argument of Theorem E.2, applied to F' = > ;Y395
with the constant parts ). 13;(0)|?> < /¢ and the z-part at most Inf,,(F)'/2, shows that one-

block forms with symmetric selectors g; satisfy max(e, max; Inf,, F') > V?2/4 (this is a two-sided
bound, not a bound on ¢ alone).

Theorem E.3 (address families on the torus; [proved here]). Let h =3 pcpy cra” be multilinear
and gy(a) = h(b® a), b € {E£1}*, with >, |gs| < 1 on T (or only B, >, |gs(a)| < 1). Then
V =2%||c||2 < (72/16)F. On the cube the address function has V =1 for every k.

Proof. Pair lemma: for Hy, Hi € C™, Eyer|Ho + uHy| > 2ﬂ£(|Hg|2 + |H1|?)Y2. Indeed |Hy +
uH1|? = a + 2B cos(V + ¢) with a = |Ho|? + |H1|? and B = |[(Ho, H1)| < a/2; Ev/a + 28 cosd
is non-increasing in 8 (Chebyshev’s association inequality) and equals 27‘/5\/5 at 5= «a/2. Let
HU) = (ZT’Q[k—j] CT’UUaT/)Ug{k—j-i-l,...,k}> vector-valued. Splitting HY) = Hy + bi—jak—; Hi

with |(Ho, Hy)| = [HU*V|, both signs of bj,_; give the same expectation over u = ay_j, so the
pair lemma gives E, Y, [h(b® a)| > (4v/2/7)7 E2b<k_7_ |HY) (b<y_; ® a<g—_;)| by induction; at
j = k the right side is (4v/2/7)*||c||. O

For M-ary equivariant families g,(a) = h(w ® a), w € pk,, the same peeling gives V <
(72 /(8M))* and, as ¢ = V/M*, & > VitHos M/ log(8M/7*) ' with exponent at most 2.435 (attained
at M = 2).

Proposition E.4 (soft bits; [proved here] for (i) and (ii); the consequence is [heuristic]). (i)
For analytic a on T", Var(a) = 2|Ima — Ima(0)||3 < 2sup |Imal?>. Hence for a product family
gp = [[;(1 + biay)/(2s1) of soft bits a; on disjoint blocks, with s = sup(|1 + a| + |1 — al)/2, one
has V = T[], ¢(a;) with p(a) = E(1 + |a|?)/(25%) < 1 — min(Vara,1)/6. (i) If P is analytic
multilinear of degree at most k with Re P > 0 on T™ and P(0) = 1, then supy. |P=™| < 2 for
every level m > 1, so VarP < 4k.

Proof. (i) Ima—Ima(() = 2% 257&@(&(5)25 —a(S)z™%), and the frequencies S, —S are distinct.
For the family, >, |gs| < 1 by construction, Ela|? < s?, and s > 1 +sup [Ima|? > 1 + Var(a)/2
(Minkowski), so ¢ < 1 +1/(2+ Vara) < 1—min(Vara,1)/6. (i) For fixed z € T", w — P(wz) =
Y o W™ P=™(z) has nonnegative real part on the disc and value 1 at 0, so Carathéodory’s
coefficient inequality gives |P="™(z)| < 2. O

So every soft bit with Vara > v costs a factor at least 1 — min(v,1)/6 in V' (on the cube a

biased Boolean bit costs nothing); combining (i) and (ii) suggests a root-sum loss V-OWR for
products of soft bits [heuristic].

Conjecture E.5 (torus selection conjecture; [open]). If g1,...,g9n are analytic multilinear of
degree at most k — 1 with Zj lgj| <1 on T", then ¢ > (V/k)o(l).

With Theorem E.1, Conjecture E.5 with exponent C gives MaxInf(f) > c(Varf/d)3¢ for
torus-bounded f. It is false on the cube (address function) and it needs multilinearity: in one
variable the Fejér family g, (w) = N7 'w MuwM Ky (ww), w € puy, N = 2M + 1 (Kjs the
Fejér kernel; 3 [gn| = 1 by quadrature) has Vi = [[Ky||3/N > % and e = V4/N, and its
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tensor powers in m variables (degree 2Mm, i.e. k = 2Mm + 1) violate ¢ > (V/k)¢ as m — oo
once N > 3¢~1. A sufficient (not equivalent) spike form is E, max; |g;(2)| < poly(k)e®, since
V < E,max;|gj|. Small cases [proved here]: constant selectors (k = 1) give ¢ > V2, tight;
affine selectors (k = 2) give ¢ > V?2/2 by Weissler’s inequality ||g(-/v/2)|l2 < ||gl1 [55], which in
general gives ¢ > 2'7%V/2; analytic selectors of any degree D in one variable give ¢ > V?2/(D41)
(the kernel-diagonal argument of Proposition 4.12; the span of 1,w,...,w" has constant kernel
diagonal D + 1), sharp up to a constant by the Fejér family; selectors depending on a common
set of m variables give e > V2/ 3. _, (""); and equivariant families give £ > V2435 (above).

Theorem E.6 (product selectors; [proved here]). Let 01 = 2log(m/(2v/2))/log2 =
2In(7/2)/In2 — 1 = 0.302992.... If every gj = c¢;[lics, (i + Bjizi) is a product of
affine factors in distinct variables (supports arbitrary and overlapping, any N and degree) and
Zj lgj| <1 on T", then e > V2/(A=01) — 1/2.869...

Proof. For x € [0,1] let ¢(x) = 1/Eyv/1+ zcos? and y(z) = /1 + x; for a + Bz with x =
2l0]8]/(lef* + [B1%), || - ll2/Il - r = &(x) and || - [lso/]| - 2 = ~(x). The function F(z) =
%1 log(1 + ) + log Ev/1 + z cos ¥ is concave with F(0) = F(1) = 0, so £ < ~% on [0,1]. Norms
of products in distinct variables multiply, so |lg;|l2/llg;ll1 < (lgjlleo/llg;ll2)? < ||gj||2_91, as

1+60 1-6 — _
lgjlloc < 1. Hence V=3, llgjlly ™ [lgjlla ™" < et~/ lgsllh < e 0072, O

By Theorem E.1, torus-bounded f all of whose derivatives 0; f are products of affine factors in
distinct variables satisfy MaxInf(f) > (4/72)18"Var(f)?87/d>™ (exponents rounded up, which
is safe as 4/7%, Varf < 1 < d). The exponent must exceed 2.1289 [proved here]. For M = 4
the product family o3 " [[,(1 + wiz1), w € pk, with o4 = sup, > weps 11+ wul = 4(cos § +
sinZ), has V = (24 v2) ™" and e = V/4* s0 e = Yitnd/n(2+v2) — 212895 with V' — 0;
hence Conjecture E.5 fails for every exponent C' < 2.12895, even in the form & > ¢(V/k)C.
The optimal exponent lies in [2.1289,2.4348] for equivariant families and in [2.1289, 2.8695] for
product families.

Gluing on the torus. The vector OSSS inequality (L2) of Theorem 4.1 holds on every prod-
uct probability space Q = [], £, for every decision tree of depth at most ¢ with measurable
adaptive queries, in the form [Cov(f,h)| < ||f — Efll2 (¢t 3, 6:E|lh — h®|?)1/2] where h) is h
with coordinate ¢ re-randomized [proved here]. Proof: let x,y be independent, let i1,i9,... be
the coordinates queried on input z, and let ul/l be z with Tiy, ..., xi; replaced by yiy, ..., Y-
Given the path of x, the unqueried coordinates of x are still product-distributed and y is in-
dependent, so ulfl (s the number of queries) has law p and is independent of the path, and
E(f(z), h(ul*))) = (Ef, Eh); given the first j — 1 steps (which fix i; = 4), ul = has law p and ul!
is ul/~1 with coordinate i re-randomized. So Cov(f,h) = E(f(z)—Ef, Zj<t(h(u[j*1]) —h(ulh)),
and Cauchy-Schwarz twice gives the claim; finiteness is not used. Consequently [proved here]: if
D is a phase-revealing tree of depth ¢t > 1 on T" (a decision tree on T™ that at each node queries
one coordinate z;, reveals its value, and chooses the next query measurably; a leaf is the sequence
of revealed values, and §; is the probability that z; is queried) with leaf masses m; (1) = E[|g;|? | 1],

Rp = E > m}/2 and 7p the largest Inf,,F over queried i, then max(e,7p) > V3/(32t?R%)).
Indeed, with ¢ = (|g;|%); and the leaf—determingd f=(mj)j, k=E 3, m? Cov(f,q) > k—¢€V,
If —EfI3 <k, Bllg - ¢ < 4EY, |g; — g\"|> = SInf., F (as |g;| < 1 and E|z; — 2/? = 2),
and >, 8; < t;s0 € < 1/(2V) forces k < 32t*rp, while Holder gives k > V3/R%,. If all selectors

depend on a common set of ¢ variables, revealing them gives Rp < 1 and max(e,7) > V3/(32t2),
polynomial in ¢ (the dimension bound gives only 27%).
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The spike inequality. For analytic multilinear g that is not a multiple of a monomial let

a(g) = log([lgll2/1lgll1), b(g) = log(llglloc/llgll2) and 8(g) = a(g)/b(g) € [0, 1] (Holder gives a < b;

multiples of monomials, where 6 is 0/0, are excluded). Let Wy(g) = e*~%; the inequality S(6, Cy)

is [[g]lAT0 < Chllgllillg]l% for all g of degree at most k, i.e. ¥y < Cy.

Conjecture E.7 (spike inequality; [open]). sup,0(g) < 1, the supremum over all analytic
multilinear g (any number of variables) that are not multiples of monomials.

[proved here]: (a) Tensorization. ||-||1,]-|l2, |- |lco are multiplicative over products in disjoint
variables, so a,b are additive and 0(g1g2) lies between 6(g;1) and 6(g2); hence S(6,1) holds iff
f(h) < 0 for every indecomposable h. Since Wy(g®™) = Wy(g)™ in degree km, S(6,°*)) implies
S(0,1) for fixed 6. So Conjecture E.7 is equivalent to S(6,poly(k)) for some 6 < 1, the form
in which it is used. (b) For one-variable factors o + Bz, 6 increases in z = 2|a|3]/(|a|? + |8]%)
and equals 0; = 0.302992 at |a| = |B| (proof of Theorem E.6); so S(61,1) holds on products
of one-variable factors in distinct variables, and Conjecture E.7 concerns non-product atoms
(an affine form in several variables is itself such an atom). Products of (1 + z)/2 give ¥y =
2k(01=0)/2 50 S(0, C,) with 6 < 6 needs log Cy, > k(61 —6)(In2)/2. (c) Reduction. S(6,Cy) gives,
exactly as in the proof of Theorem E.6, ¢ > (V/Cy,)* (=9 hence by Theorem E.1 MaxInf(f) >
# (4Varf/ (WQdQCd))Q/ =9 for torus-bounded f; so Conjecture E.7 implies polynomial AA for
torus-bounded f. (d) Weak forms. Holder and Weissler give S(6, 2F(1=9)/2) for every 6, which
reproduces only the bound £ > 27¥V2. A weak form with parameters (64, Cy) gives a bound
e~ (better than 2-%) exactly when (log Cy+log(d/Varf))/(1—64) = o(d); requiring separately
log C /(1 — 0;) = o(k) and log(1/Var)/(1 — #) = o(d) is not enough (Cy =1, 1 — 0, = 2Ink/k,
Var > % gives only e~(?te()d) " Fixed § < 1 with C} = oVF is equivalent to S(6,1) by (a),
so the genuinely intermediate weak forms have 0y — 1. [numerical]: searches over general g
in at most 6 variables and symmetric polarized g in at most 16 variables found no g with 6(g)
above 601 beyond the grid error (+0.002); the best points found were products of balanced affine
factors. The search is local, with few restarts for 5 and 6 variables, so it does not show that
products are the only maximizers.

Entropy criterion and the flat regime [proved here]. For analytic multilinear g let F' =
9/, ¢ = EF, v = Fdm/q and KL(v) = Ent(F)/q. Jensen’s inequality for E,F~/2 gives
log(llgll2/llgll) < 3KL(v), so 0(g) < bewt(g) := KL(r)/log(llgl%/Ilgll3). This step uses no
analyticity (it holds for every measurable g), so analyticity can enter only through bounds
on KL(v). Since KL and log(||g||%,/|lgl3) are additive over products in disjoint variables, fent
obeys the same mediant rule as 6; but Oen((1 + 2)/2) = (1 —In2)/In2 = 0.442695... > 04,
so this route gives at best the exponent 2/(1 — 0.4427) ~ 3.59 in Conjecture E.5. Weissler’s
inequality [|g|l1 > [lg(-/v/2)||2 and Jensen’s inequality for 215 give log(||gll2/llg]l1) < lnTQJ,
with d = 3¢ 15]1G(S)?/|lg||3 the mean level; hence 6(g) < 1 —n unless g is in the flat regime

lglle > 2=¥C0=M)||g||s. So the bound 6(g) < 1—1ng for all g of degree at most d is equivalent to
the same bound in the flat regime; it would give € > V%% and MaxInf(f) > (cVarf/d?)°(/ma)

for torus-bounded f (for instance (Varf/ d)O(‘/g) if 74 = ¢/+/d), and a subexponential bound
by this route needs 1y = w(log(d/Varf)/d). Two-norm bounds log(||g||2/|lgll1) < ¢k alone (k
the mean level or the number of variables) give only ¢ > e~ 2*V2, exponential in the degree.
[numerical]: local searches in at most 4 variables found no g with Gen(g) > 0.442695, the best
points being products of balanced factors, possibly in substituted variables z°.

Conjecture E.7 in each fized degree. Here g is an analytic polynomial on T™ of total degree
at most d, multilinear or not, in any number n of variables, with ||g|lc = 1 and ¢ = ||g||3 < 1;

6(g) is defined as above. Let ©4 be the supremum of 6(g) over all such g that are not multiples
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of monomials, and let
. Elp| - E|p|?
d) =inf ————
C4( ) H; 1 _E‘pp )
the infimum over one-variable analytic polynomials p of degree at most d with supy [p| = 1 and

Ip| # 1.

Theorem E.8 (the spike inequality in fixed degree, uniformly in n; [proved here]). (i) c4(d) >
1/(67d) for everyd > 1, and c4(1) = 4/7 — 1. (ii) For all \,7 € (0,1) with \> 4+ 7 < 1 and every

g as above,
dln?2

0(g) < max (i,

9 =m0 1)

(iii) Hence O4 < 1 — ng with ng > ceq(d) 2732 > ¢ 27342 /d for absolute constants c,c > 0;
©1 < 0.96922 (all affine forms, any n), and Oz < 0.99878.

Proof. Circle lemma. If degp < d and M = supy |p| < 1, then E|p|(1—|p|) > ca(d) M E(1—|p|?).
Indeed, write p = Mp, o = E|p| and 3 = E|p|?> > a?; the ratio p(M) = (o — MB)/(1 — M?B)
satisfies Elp|(1 — [pl) = Mp(M)E(1 — [p?) and p/(M) = B(—1 + 2Ma — M?B)/(1 - M?B)? <
—B(1 — Ma)?/(1 — M?8)? <0, s0 p(M) > p(1) > ca(d) (if [p| =1, then p=1/(1+ M) > 1 >
cs(1) = ca(d)).

(ii) Let L = {|g| < A}. If Pr[L] > 1—7, then ¢ < A2+7, and Weissler’s inequality [55] in degree
d, |lgll2 < 2%2||g||1, gives a(g) < 4 In2 while b(g) = 2 In(1/q), s0 8(g) < dIn2/In(1/(A\2+7)). Let
Pr[L] <1—7. (1) For s € {0,1}" and £ € T", p¢ s(w) = g(&w*, ..., &w") is a one-variable
analytic polynomial of degree at most d, and (§,w) — (§w®); preserves Haar measure; so
Elg|(1—|g]) = E¢Ew|pe,s|(1—[pe,s])- (2) Apply the circle lemma on the s-circles {({w®*); : w € T}
on which sup|g| > A, and drop the others (the integrand is nonnegative). With Z; the union
of the s-circles on which sup|g| < A (Zs; C L), Elg|(1 — |g]) > caAE[(1 — [g]*)1z¢] > ea[(1 —
A2) Pr[L\ Zs)+E(1—|g|?)11c]. (3) Let A, be the average along s-circles, i.e. the Fourier projection
onto {a € Z" : (o, s) = 0}. Since A1y =1 on Zg, Pr[Z] < ||As1L]]3 = 2 (a,5)=0 |1()|?, and
for « # 0 and uniform s, Pry[{e,s) = 0] < 3 (flip one s; with o; # 0). So E,Pr[Z,] <
Pr[L]? + L(Pr[L] — Pr[L]?), that is, E, Pr[L\ Z,] > 1 Pr[L](1 — Pr[L]), independently of n. (4)
Averaging (2) over s and using 1 — Pr| 7, (1=A?)7/2 <land 1—q < Pr[L]+E(1—|g/*)1 e,
we get [lgli —q = Elgl(1 — |g]) > es5(1 — q) with c5 = ca(d)AM(1 — A*)7/2. Then |glh/q >
1+e5(1/g—1)>¢q¢ % (asln(l+c(u—1)) > clnu for c <1 <wu),s0b—a=1In(|gl]1/q) > 2cs5b
and 0(g) <1 — 2cs.

(i) Lower bound. Let u = |p|, supu = 1; by Bernstein’s inequality w is d-Lipschitz in the angle.
If minw > m, then u(1 —u) > m(1 —u) > 2(1 — u?), so the ratio is at least m/2. Otherwise

each of the two arcs from a minimum point to a maximum point crosses every level v € [m, 1),

and the area formula gives Eu(l — u) > %(% - mTQ + %3), also 1 — Eu? < 1 — 1/(37d), since

u > 1—d|¢—¢*| near a maximum point ¢*, so the ratio is at least (1 — m724—7”73)/(7ral— 1). Taking
m = 1/(3nd) gives ca(d) > 1/(6md). Degree 1. For p = a + fw with o, > 0, a + 3 =1 and
k = 2/aB, E|p| = 2E(k) (complete elliptic integral of the second kind) and 1 — E[p|*> = k?/2;
the series 2E(k) = 1 — % =D 2 e;k* with e; > 0 shows that the ratio 1 — 2> >0 ejk?—2
decreases in k, so its minimum is at k = 1, where it equals 4/7 — 1.

(iii) Optimizing (ii) over (A, 7) with ¢4(1) = 4/m — 1 gives 0.969217... < 0.96922 for d = 1,
and with ¢4(2) > 0.02776 (the maximum over m in the proof of (i)) gives 0.99878 for d = 2. For
general d take A2 = /3 and 7 = 22/3 with = 2=% (=7 this gives 7y > %04(d)2*3d/2(1 —
o(1)). O

1 — ca(d) M1 — AQ)T).

] >
(1 -
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Remarks on Theorem E.8. (a) [conditional]: the explicit p with |p| = |1+7 cos ¢|, r = 1.180544,
gives c4(2) < 0.1886352, and global numerical searches find no smaller value; if ¢4(2) > 0.1886
(not certified), then ©2 < 0.9918. (b) No AA gain [proved here]: case Pr[L] > 1 — 7 gives 6 < 1
only if A2 + 7 < 27% and then A\(1 — A2)7 < 0.385 - 273%/2 50 every parameter choice in this
argument gives 7 < 0.385 ¢4(d)273%2, exponentially small; a bound e~ through 6 < 1 — g
needs 1y = w(log(d/Varf)/d), (item (d) above with Cy = 1), so Theorem E.8 gives no AA gain.
The bottleneck is Weissler’s factor 2%/2 in the spiky case. (c) Scope. For fixed d the form with
a constant is trivial (Weissler gives S(0,2%2)), so the content of Theorem E.8 is the constant-1
form 6(g) < 1 —ny. Some decay of 7y is forced for non-multilinear g: the Dirichlet kernels
D = Zi:o w” have ||D|joc = d+ 1, |D|]2 = Vd+ 1 and ||D|j; ~ 7%lnd (Lebesgue constants),
so §(D) =1—1n||D|j1/Invd+ 1 — 1. For multilinear g, Conjecture E.7 (degree-free) remains
[open], and the bound ©; < 0.96922 is far from #; = 0.302992, the value at (1 + z)/2.

APPENDIX F. SEPARATOR THEOREMS

This appendix contains separator theorems for disjointly supported and sparse selectors. They
are only loosely connected to the main line of the paper.

F.1. Disjointly supported selectors. The following separator theorem extends a two-
polynomial lemma of [32, Lemma 3.5] to any number of polynomials, with a depth independent
of their number.

Theorem F.1 (disjoint-support separator; [proved here]). Let g1,...,gm: Qn — R be multilinear
of degree at most k with g;g1 = 0 for j # l. There is a decision tree of depth at most (2k — 1) -
32k3 < 64k* such that on every leaf at most one g; 15 not identically zero.

Proof. Work on the current subcube S; stop if at most one g; is nonzero on S. Otherwise
every nonzero g; has degree at least 1 on S. Let Q = ), gl2, z* € S a maximizer of @, j*
the unique index with g;«(2*) # 0, and s = gjz* — Zl#* g7 (degree at most 2k); disjointness
gives |s|] = Q < s(2*) on S. Let H = (g1)ij+, Du = degH, and My,..., M, a maximal
family of pairwise disjoint monomials of degree Dy of the g;, I # j*. Restricting H to the
subcube that varies M; (other coordinates as in z*) keeps the top coefficient H (M;) # 0, so
some E; C M; has H(z*Fi) # 0, hence gj+(2*Fi) = 0 and s(2*F) < 0. The function r(w) =
s(z* with E; flipped iff w; = —1)/s(2*) on @) has degree at most 2k, |r| < 1, (1) = 1 and
r(1%%) <0, so |d;r(1)| > 3 for all i and Lemma 2.2 gives b < 32k%. Query U = M; U --- U M,
(|U| < 32k?). By maximality every top monomial of every g;, | # j*, of degree Dy meets U, so
afterwards these ¢g; have degree at most Dy — 1. The potential ® = Dy + Dy (the two largest
degrees among the nonzero restricted g;, with multiplicity) drops by at least 1 in each stage, is at
most 2k initially and at least 2 while the procedure runs; so there are at most 2k — 1 stages. [

Corollary F.2 ([proved here]). If F'=3_,y;g; with |g;| <1, degg; < k and pairwise disjoint
supports, then max(e,7) > V?2/(16t2) > V2 /(210k8).

Proof. On each leaf of the tree of Theorem F.1 at most one c¢j; is nonzero, so kp = > pl‘/f > V2,
By Theorem 4.2, ¢ > V/2 or 7 > V2/(16t?). (If t = 0, at most one g; is nonzero and e = V.) O

For two polynomials this is the separator of [32]; the content for the conjecture is the in-
dependence of the depth from m. The level-set analogue (approximately disjoint supports) is
the L?-sharp selector case, for which the average-case Nisan lemma of Section 7 is the missing
ingredient.
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F.2. Sparse supports. For multilinear g1,...,gm on Q, let A(z) = {l : g(z) # 0}. On a
subcube S write g;|s for the restriction (a multilinear polynomial in the free coordinates) and
deg0 = 0.

Theorem F.3 (r-sparse separator; [proved here]). Let gi,...,9m: Qn — R be multilinear of
degree at most k with |A(z)| < r for every z. There is a decision tree of depth at most
8r2(r + 1)k* < 1673k, independent of m and n, such that on every leaf at most r of the g; are
not identically zero.

Proof. Let N(S) be the number of | with g/|s Z 0; stop if N(S) < r. Otherwise let ' =
max.cs [A(z)| € [1,7], choose z* maximizing J[,c 4., [9a(2)| over z € S with |A(z)| = r’, and
put A* = A(2%), m = [[4e a4+ Ga- Let Dy = maxyg 4~ deg gi|s, let My, ..., M, be a maximal family
of pairwise disjoint sets of size Dy such that each M; is a monomial of some g¢;|g with [ ¢ A*,
query U = My U ---U My, and recurse on every child. Write z*F for z* with the coordinates in
FE flipped.

(CO) As N(S) > r > |A*|, some | ¢ A* has g|s # 0; it vanishes at z*, so it is not constant
and Dy > 1. (C1) If 7(z) # 0 then A* C A(z) and |A(2)| < r/, so A(z) = A* and z was
admissible; hence 7(z*) # 0 and |7| < |7(2*)] on S. (C2) For each i there is a nonempty
E; C M; with 7(2*F) = 0: take [ ¢ A* having M; as a monomial and fix the coordinates outside
M; as in z*; the resulting polynomial on M; has nonzero top coefficient, since no monomial of
gi|s strictly contains M;, so it is nonzero at some z*¥ | and E; # () because g;(z*) = 0. At z*F
the index [ ¢ A* is active and at most ' indices are active, so some a € A* is not. (C3) The
function p(w) = 7(z*¥®))/x(2*), E(w) = Ujiw,=—1 Ei, is multilinear on @y of degree at most
'k (substitute z; = 2fw; for j € E;), |p| < 1 by (C1), p(1) = 1, and p(1%") = 0 by (C2). So
|dip(1)| = 3 for every i, and Lemma 2.2 gives b/2 < 4(r'k)?. (C4) Hence |U| < bDy < 8r2k3.
For every answer on U, each | ¢ A* with degg)s = Dpg drops in degree (each of its top
monomials meets U, by maximality), and no degree increases. (C5) Let ®(S) be the sum of
the r 4+ 1 largest entries of the multiset {deg g;|s};. Then ® drops by at least 1 from S to each
child. Otherwise a set 7" of r + 1 indices attaining ® at the child attains ®(S) and avoids
L={l¢ A*:deggls = Du} # 0; since |T"| > |A*|, some l; € T"\ A* has degree less than
Dy, and exchanging [ for an element of L would increase the sum. (C6) If N(S) > r then
®(S) > 1, because nonzero constants are active on all of S, so there are at most 7’ of them.
As ® < (r + 1)k at the root, every path has at most (r + 1)k stages of at most 8r2k® queries
each. O

For r = 1 the potential is D1 + Dy > 2 and 7 = g;= has degree k, so the depth in Theorem F'.1
improves to (2k — 1)8k3 < 16k*.

Corollary F.4 ([proved here]). (a) If F = Zj yig; s a bounded one-block form with degg; < k
and at most r of the g; nonzero at every point, then max(e,7) > V2/(16rt?) > V2/(2127k8),
where t < 16r3k* is the depth in Theorem F.3. (b) (Sparse sensitivity.) Let f: @, — R be
multilinear of degree d with s(f) = max, #{i : f(2) # f(2%)} <r. Then f is computed ezactly
by a decision tree of depth D(f) < 8r%(r +1)(d — 1)* +r < 17r3d*. If moreover |f| < 1, then
MaxInf(f) > (Varf/D(f))? > Var(f)?/(289r54d%).

Proof. (a) Each leaf has at most r nonzero c;;, so V;* < Ty c?l and kp > >, pV2/r > V?/r.
By Theorem 4.2, kp — eV < 8t?r; if ¢ < V/(2r) this gives 7 > V?2/(16rt?), and otherwise
e > V/(2r) > V?/(16rt?) (if t = 0, at most r selectors are nonzero and € > V/r). (b) Apply
Theorem F.3 to g; = d;f, of degree at most d — 1, with d; f(z) # 0 if and only if 7 is sensitive
at z. On a leaf, (d;f)|iear = di(f|ieat) for free i, and at most r of these are nonzero, so f|iear
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depends on at most r free coordinates; query them. For |f| < 1, Theorem 4.1(L1) with h = f
gives Varf < 7, 6;E|d; f| < D(f)MaxInf(f)'/2. O

Exact zeros are essential: f =n~!>". z; has degree 1 and s(f) = n, and the level-set analogue
fails for Majority. For Boolean f, part (b) is weaker than what follows from Huang’s sensitivity
theorem [25] and [40]; its content is for real-valued f.

APPENDIX G. A MULTI-SCALE TRANSFER AND A SEARCH FORM

This appendix contains the one-scale restriction transfer, the spike gadget and the search
form mentioned in Section 7. By Theorem G.4 the transfer is equivalent to the conjecture,
so the conditional bound of Theorem G.2 is a reformulation, not a weakening. The iterated-
restriction algorithm (query the most influential variable, restrict, repeat) is that of [2], and
restriction lemmas of a related kind, at rate logd/(Cd), are [12, Lemmas 5.3-5.4, Theorems 6.3—
6.4]; the multi-scale statements below are reformulations of the conjecture in this spirit. Let o
be a random restriction in which each coordinate is alive with probability % and fixed to £1
with probability % each. The one-scale transfer OS(C,a, L) is the statement: for all d > 2,
g € By and d,q € (0,1], if Pry[Var(g,) > 0, MaxInf(g,) > 6Var(g,)] > ¢ then MaxInf(g) >
5q°Var(g)C /L(d).

Lemma G.1 (base case; [proved here]). Let f € By, v = Varf > 0, p < 1/(2ed) and

k = [logy(8/(p*v))]. With probability at least pv/4 over a rate-p restriction p, MaxInf(f,) >
(pv/(16d°3%))>.

Proof. EVar(f,) = > ¢(1 — (1 — p)ISHF(S)% > pv and Varf, <1, so Pr[Varf, > pv/2] > pv/2.
Also EW=FL(f)) = 3 F(S)? Pr[Bin(|S],p) > k + 1] < w(edp/(k + 2))*+? < v2~+2) 50 by
Markov Pr[W>*+1(f,) > pv/4] < 27%/p < pv/8. On the intersection WILk+1(f,) > pv/4, and
Corollary 3.3 applies to f, € By. O

Theorem G.2 ([proved here]; a reformulation by Theorem G.4). If OS(C,a,L) holds with
C > 2, then for f € By, d > 2, v = Varf, T = [logy(2ed)], p =271, k as in Lemma G.1 and
or = (pv/(16d%3"))?,

MaxInf(f) > v 67 (pv/4)*T 27T T+D/2 1 (g)=T,

For L(d) = d® this is exp(— K (1 +a+b+C)log(2d) log(2d/v)) with K absolute, i.e. (v/d)?1osd)
for L(d) = e®@/108d) jt js e=o(d) yyhenever log(1/v) = o(d/logd).

Proof. Let p; be the composition of ¢ independent rate—% restrictions (a rate-27¢ restriction) and
Es(g) = {Varg > 0, MaxInf(g) > §Var(g)®}. By Lemma G.1, Pr[Es,(for)] > qr := pv/4. If
Pr[Es,(fs,)] > q:, then with probability at least g¢/2 over p;—1 we have Pry[Es, ((fo,_1)o)] = 4:/2,
and OS for f,,_, € Bg gives Ej,_(fp,_,) with ;1 = 0,(q:/2)*/L(d) < 1 and q;—1 = ¢;/2. At
t = 0 this says MaxInf(f) > 6pv®, and []/_, g2t~ T~ = ¢h2-TT+1/2, O

Proposition G.3 ([proved here]). (i) Conjecture 1.1 with constants (caa,Caa) implies
OS(C’,O,dCAA/cAA) for every C > Cyy. (ii) For C > 2, OS holds with L = PC) (Propo-
sition 2.5). (iil) For C > 2 and L(d) > (24d®)?, OS holds automatically for every g with
WA (g) > Var(g)/2, k = [loggd]. (iv) For C < 2, OS(C,a, L) is false for every L = 2°(4);
and without the restriction § < 1 it is false for every L = 2°4 and every C.

Proof. (i) MaxInf(g) > caa(Varg/d)¢44 > cyad=“44Var(g)¢ > §¢°Var(9)¢/L. (ii) Proposi-
tion 2.5. (iii) Corollary 3.3 gives MaxInf(g) > Var(g)?/(8d%3%)? > Var(g)¢/(24d®)?. (iv) Let
gm = MM AND,,(z(%)) on disjoint blocks, AND,, = [],,,(1 4+ 2;)/2, with M > [1/m],
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m1 = 2m4~"™. With probability at least 1 — 1/e some copy keeps exactly one alive variable
with all its fixed variables equal to +1, so MaxInf((gm)s) > 1/(4M?) = 2" MaxInf(g,,);
and Var((gm)s) < 4Var(g,,) with probability at least %. Hence with probability at least 0.38,
Dc((gm)o) > 2™ 172 De(gm), where Do(g) = MaxInf(g)/Var(g)¢. For C < 2, Dc(gm) <
2AC=DmAD A C=2 4 0 as M — 00, so the hypothesis holds with § = 212D (g,,) < 1 and
q = 0.38, and OS would force L(m) > 2m~172¢(.38¢, Without the cap the same computation
applies for every C. U

By (iii), only top-heavy g matter, and one might hope that OS for them is easier than the
conjecture. It is not: gluing a spike average onto a variance donor on fresh variables makes the
hypothesis of OS hold at full strength, while the spikes contribute almost nothing to MaxInf, so
the conclusion must be paid by the donor.

Theorem G.4 (spike gadget; [proved here]). Fiz C > 2, a > 0 and a nondecreasing L > 1; let
qg=1-1/e—1/4> 0.38 and k(D) = ¢*/(4°T1L(D)). Assume OS(C,a, L) only for top-heavy
g, i.e. for g € Bp with WILE1(g) < Var(g)/2, k = [logz D]. Let h € By with v = Varh > 0,
and let D > d satisfy m := [logy(1/k(D))| +1 < D. Then, with k = [logs D],

Mexdni(h) = min{<16;23k>2’ K(l;;(:vc}'

Consequently OS, even restricted to top-heavy functions, is equivalent to Conjecture 1.1
up to polynomial losses: OS(C,a, Kd®) gives MaxInf(h) > ¢Var(h)Cd™m2x(6:50) yith
c = ¢C,a,K,b) > 0, and OS with a loss L satisfying L(d) < ¢*2972¢=% gives
MaxInf(h)/Var(h)® > min{d=%/2304, ¢°*4=5C=9L(d)~®}, which is poly(1/(dL(d))); for
larger L Proposition 2.5 gives a bound of the same form.

Proof. Case 1: WA+ (h) > v /4. Corollary 3.3 gives the first term.

Case 2: WILkHU(R) < /4. Let s = M~' M AND,,,(2(9) on M fresh disjoint blocks of
m variables, AND,,, = [[,<,,(1+ x;)/2, with 71 = 2m4™™ and M = max([1/m ], [1/(4v/?)]),
and let g = (h + s)/2 € Bp. Since K < 473 we have m > T.

(i) g is top-heavy. Vars < 27™/M < 4-27"pC/2 < v/2, since C > 2 and v < 1. As h and s
depend on disjoint variables, W#+1(g) < (v/4 + Vars) /4 < (v 4 Vars)/8 = Var(g)/2.

(i) The hypothesis of OS holds for g with § = 1/(16M?(4Varg)®), which is at most 1 because
4Varg > v and 16M20¢ > 1. A given copy of AND,, keeps exactly one alive variable with
all its fixed variables equal to 41 with probability 71, so some copy does with probability at
least 1 — (1 — 7)™ > 1 — 1/e; that variable has influence (1/(4M))? = 1/(16M?) in g,. Since
E,Var(g,) < Varg, Markov’s inequality gives Var(g,) < 4Varg with probability at least %.
With probability at least ¢ both hold, and then Var(g,) > 0 and MaxInf(g,) > 1/(16M?) =
§(4Varg)® > 6Var(g,)°.

(iii) OS for g gives MaxInf(g) > d¢*Var(g)®/L(D) = k(D)/(4M?). By disjointness
MaxInf(g) = max(MaxInfh,2"™"1/M?), and 27™~! < k/4 by the choice of m; hence
MaxInf(h) > x/M?2.

(iv) M < max(2/71,1/(20°72)), so M? < 4/(730C); and 2™ < 4/k gives m > mk?/8 > k?/8.
So MaxInf(h) > kriv® /4 > k50" /256.

For the consequences take D = max(d, dy) with dy = do(C, a, K,b) such that m < D, and use
3% < 3D and (v/(48d%))% > v /(482d%); the converse implication is Proposition G.3(i). O

So Theorem G.2 is a reformulation of the conjecture, not a weakening, and Theorem G.4 gives
the polynomial bound directly. The same gadget defeats every variant in which a statement
about (MaxInf, Var) at scale § implies one at scale 1 under a cap § < poly(Var/d), with any
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probability ¢ < 1 (take M > 1/m; and Markov at level 1/(1 — q)), as well as averaged versions
and low-fraction mass versions: if the conclusion contains MaxInf(g) > 6/L and a negligible
spike part can satisfy the hypothesis, the statement is equivalent to the conjecture.

The search form below says that the transfer problem is a query-complexity problem. Fix
A C [n], let y € {£1}*° be uniform, r € (0,1], and p;(y) = Infg-r)(fA,y) for j € A (noisy
influence [T’ zd; - |2 of the restriction). JA(Q,¢) at (A,0,7) is the statement: a randomized
decision tree on y with expected number of queries at most Q outputs @(y) € [0,1]4 with

E>2; 165 — ¢i(y)[1[max(¢;, 0 (y)) = 6] < 6.

Theorem G.5 (search form; [proof outline]). The following are equivalent, with polynomial
changes of constants: (a) Conjecture 1.1; (b) there is K such that for all f € By, A, 0,¢ € (0,1]
and k > 1, JA(Q,¢) holds at (A,0,1 — 1/k) with Q < (dk/(0e))X.

Proof outline. (b)=(a). (1) Since > |¢;(y) — 0; (¥ < 4d\/ti(y—;) with Eyy = Inf(f), for ¢/
uniform on [¢, 20] the junta map Jo (y) = {j : ¢;(y) > 0'} satisfies Egr Pry[Jor (y) # Jor (y®')] <
4d+/Tnf; f /6. (2) A set-valued OSSS inequality in covariance form, proved by the hybrid argument
of Theorem 4.1 using only the triangle inequality of the discrete metric: for a tree T' computing
G and any J, Pr[G = J] — Y. g Pr[G = S| Pr[J = 5] < 3, 6(T) Pr.[J(2) # J(2V)], where 2
re-randomizes coordinate [. Applied to Ggr = {j : ¢; > 0'} and Jyp, with ¢ = Pry[Jey # 0] and
7 = MaxInf(f), it gives ¢ — & — 7/0 < 2dQ+/7/0, so T > min(0q/4, (0q/(4dQ))?) when ¢ < q/4.
(3) Lemma G.1 at p = 2~ °82(2¢d)] provides A with ¢ > pv/4 for @ = poly(v/d) (noisy influences
at 7 = 1 — 1/(K' + 2) are at least e~! times the low-degree influences). (a)=(b). Under the
conjecture the greedy algorithm of [2] (query the most influential variable while the restricted
variance is at least €1) gives a tree T of depth D = d®*1/(ce§ ') with ||f — T||3 < 2¢;. For
noisy influences with r = 1—-1/k, 3, [ — cp;[] < 2k fay —Tayll2 (the seminorm [T 7d; - || and
maxg s~ < k), and each QDJT is estimated from R = (6eD/(#%¢))? samples by following at most
2D(D+1) paths; a Chernoff bound for the small ¢; = Inf;(T4,,) and the choice &1 = (e6?/(24k))?
give total error at most £ with @ < 2D(D + 1)R. O

APPENDIX H. REFUTED ROUTES

This appendix records two routes that fail. The deficit transfer, a route to a quasi-polynomial
bound measured in influence mass, is false in the regime that the argument needs. The L™
Talagrand inequality of [35, Conjecture 37|, which would imply Conjecture 1.1, is false, also in
symmetric form (Appendix H.2).

H.1. The deficit transfer. For a function u and 6 > 0 let Sp(u) = >_, Inf;(u)1[Inf;(u) > 6]
be the spike mass and Np(u) = I(u) — Sp(u) the non-spike mass; recall that 2E,I(g,) = I(g) for
the rate—% restriction o.

Definition H.1 (deficit transfer). DT(K, ¢, L) (with cap C) is the statement: for all g € By
and 0 < # < Var(g)°,
NQ/L(Q) < 2K E;Np(go) +€1(g).

DT says that non-spike mass at scale 1 is controlled by non-spike mass at scale % Unlike OS
it is linear in g, and the spike gadget does not hit it: for ¢ = (h + s)/2 with h spike-free the
right side is about K I(g), which is at least the left side.

Remark H.2 (consequences of DT; [proof outline]). Since DT is linear in g, it can be averaged
along the chain of scales of Theorem G.2. With ¢; = 1—ESy, (f,,)/EI(f,,) and 6;—1 = 0;/L one

gets oy 1 < K@i +e+ey, where e; < thI/CQt/I(f) accounts for restrictions with Var® < 6, and
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at the bottom scale ' = O(log d) a base-case estimate in the spirit of Lemma G.1 (not included
here) gives pr < 1/(4K7T) at a threshold #7 = poly(v/d). Thus DT(O(1),1/poly(d), poly(d))
would give g < 3 and MaxInf(f) > 7L~ = (Varf/d)©0ogd) and a loss L = e°(4/1924) would
give e~°9) when log(1/Varf) = o(d/logd).

The next proposition shows that DT fails in exactly this regime, already for Boolean functions
that satisfy the conjecture.

Proposition H.3 (parity-target address functions; [proved here]). Let k > 4, let y € Qy be
address bits, let By (a € Qi) be 2% disjoint blocks of w target bits, and let F(y,z) = xp,(z) =

HieBy x;. Then F is Boolean of degree k + w, VarF = 1 and MaxInf(F) = % For w = k2,

1<K <2 k1 ool Ly — [k/2 + (kIn(2K)/2)Y/%], 0 = 277 and 1 < L < 279,
the inequality of Definition H.1 fails for g = F (with any cap C). In particular, in degree
d=k?>+k, DT(K,e¢, L) is false for every constant K, every e < % —o(1) and every L < 9exVd,
Since DT quantifies over all g € By, one may also take F with k = G)(log2 d) address bits (degree
k2 +k<d); then § =27"0 = d=0008d) lies in the range of thresholds used in Remark H.2, and
L < 2k = q®Uogd) coyers every polynomial loss.

Proof. Each address bit has influence % (flipping it switches between two independent uniform
parities), and each target bit has influence 2%, so I(F) = w+k/2. As /L > 2% Ny, (F) > w.
Under o let r be the number of alive address bits. An alive target bit in B, has influence 27" in
F, if the fixed address bits agree with a and 0 otherwise; it is a non-spike only if r > ry. Hence
the target bits contribute
ok . % .E[Q*’”Q*(’“%)l[r > rgﬂ = %P’, P' = Pr[Bin(k, %) > 1] < %

to EqNy(F,), by Hoeffding’s inequality. An alive address bit has influence % > 0 in F, unless
some block is entirely fixed, which has probability at most 2¥27%; so the address bits contribute
at most %2’“‘“’. Therefore

w k—w 1 1 kf
< — S — <
2K E,No(Fy) + €I(F) < 5 + K27 + (2 k) <w+ 2) <w < Ny (F),
using w = k2, (3 = L)(k? + &) < k?/2 — 3k/4 and Kk25% < k/2. Finally § <1 = Var(F)°,
and k —rg > k/2 — (kIn(2K)/2)/2 — 1 with k > vd — 1. O

The chain of Remark H.2 concludes that Sp,(f) > I(f)/4 with 8y = d~°0°89); for F this
is false, since So(F) = k/2 for 2% < 6 < 1 while I(F) = k® + k/2. So no transfer whose
output is that a constant fraction of the influence mass lies on quasi-polynomially large spikes
can hold, and influence mass is the wrong currency. In particular DT is false although F' satisfies
the conjecture. A transfer measured in variance is not refuted by these examples; the current
candidate is the touching transfer of Section 8, whose limits are in Appendix I.

H.2. Talagrand’s inequality for L>°. For x € {0,1}" and K C [0, 1]" Lovett and Zhang [35,
Section 4] put doo (7, K) = minygeg |2 — ||, with conv(Y’) the convex hull of Y in [0, 1], and
[35, Definition 36]: “Let X C {0,1}". The i-th influence of X is the probability that a random
element in X moves outside X when the i-th bit is flipped: Inf;[X] = Pryex|z ® e; ¢ X]|. The
maximal influence of X is Inf[X] = max; Inf;[ X]” (the source has Infy[z], a typo). Their
conjecture reads:

Conjecture 37 (Talagrand for L*°). Let X,Y C {0,1}". Assume that

Infoo [ X], Infoo[Y] < 7. Then there exists x € X such that d(z,conv(Y)) <

poly(7).
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By [35, Claim 38] it implies Conjecture 1.1. The statement has no condition on the sizes of X
and Y or on n, and we read poly(7) as C'7¢ with absolute constants C,c¢ > 0, which is what
Claim 38 needs. Both examples below are built on Tribes: k disjoint blocks (tribes) T1, ..., T}
of width w > 2, n = kw and p = 27%. A tribe T is full at x if x7 = 1" and empty if x7 = 0,
and T'(7) is the tribe containing i.

Proposition H.4 (Conjecture 37 of [35] is false; [proved here]). Let k = [2¥1n2]. (a) Let X be
the set of x with a full tribe and' Y = {0,1}" \ X. Then doo(x,convY) > 1/w for every z € X,
Infoo [Y] = p/(1 — p), Inf[X] = p(1 — p)*1/(1 — (1 — p)¥), and p(X), u(Y) = 3 as w — oo.
(b) Let X' be the set of x with a full tribe and no empty tribe, and Y' = {1 —x : x € X'} the
set of x with an empty tribe and no full tribe. Then doo(x,convY’) > 1/w for every x € X' and
doo(y, conv X') > 1/w for everyy € Y/, Infoo[X'] = Info[Y'] = p(1—p)* " /((1=p)* — (1-2p)*),
and p(X') = p(Y') — 1.

In (a), 7 = max(Info[X], Inf[Y]) = (1 4+ 0(1))27%, and in (b)) T = (2 + 0(1))27". So
1/w = (14 0(1))/logy(1/7), which exceeds CT¢ for all fized C,c > 0 once w is large. Hence
Conjecture 37 of [35] is false, and by (b) so is its symmetric form, in which the conclusion is
that some point of X is close to convY or some point of Y is close to conv X.

Proof. (a) Let € X and let T be full at . Every y € Y hasa 0in T, so Y ,.p(1 —y;) > 1
on Y and hence on convY. For z € convY this gives > . r(z; — 2;) > 1, so ||z — z||ec > 1/w.
Under the uniform measure on Y the tribes are independent and uniform on {0,1}* \ {1*},
and y @ e; ¢ Y if and only if yp;) = 1¥ @ e;, so Inf;[Y] = 1/(2* — 1). Further, z ©e; ¢ X for
r € X if and only if T(i) is the only full tribe of 2, an event of probability p(1 — p)*~! under
the uniform measure on {0,1}", while u(X) =1 — (1 — p)*. As w — oo, (1 — p)¥ — %, which
gives the remaining claims. (b) As in (a), every € X’ has a full tribe T" and every y € Y’ has
a0in T, so doo(x,convY’) > 1/w. The map = — 1 — z exchanges X’ and Y’ and preserves
influences and d.,, which gives the claims for Y’. Flipping ¢ moves z € X’ out of X’ exactly
when z; = 1 and either T(i) is the only full tribe, which has probability p(1 — 2p)*~! under the
uniform measure, or ;) = €; while another tribe is full and none is empty, which has probability

p((1 —p)k_l —(1 —Qp)k_l). The sum is p(1 —p)k_l, and u(X') = (1 —p)k —(1 —2p)k — % — %. O
We have found no erratum or later discussion of [35, Conjecture 37].

Remark H.5 (readings that survive; [proved here] for (ii), [open] for (iii) and (iv)). (i) Adding
dummy variables changes neither the influences nor the distances, since conv(Y x {0,1}™) =
conv(Y') x [0,1]™; so neither a factor polylog(n) nor an additive term (logn)~¢ in the bound
rescues the statement. In (a) the order of X and Y matters: averaging the k points obtained
from y € Y by filling one tribe gives doo(y, conv X) < 1/k = O(7). (ii) Complementary sets. If
Y ={0,1}"\ X with X,Y # 0, and do(z,convY’) > n for all x € X and ds(y, conv X) > 7 for
all y € Y, then max(Infoo[X], Info[Y]) > n3. So the symmetric form holds for complementary
sets with poly(r) = 7'/3, while (a) shows that the one-sided form fails even for them. Proof.
Let h = 1x. If By,..., B, are disjoint blocks with 2% € Y for some z € X, the average of
the 2% lies in convY at distance 1/b from x, so b < 1/n; the same holds at points of Y. So
bs(h) < 1/n, and D(h) < =3 by Lemma 5.7. For F = 2h — 1, Theorem 4.1(L1) applied to an
optimal tree for F' gives VarF' < D(h)max; Inf;(F'), where VarF' = 4,(X)u(Y) and Inf;(F) =
2p(X)Inf; [ X] = 2u(Y)Inf;[Y]. Hence Info[X] > 2u(Y)/D(h) and Inf[Y] > 2u(X)/D(h), and
max(p(X), u(Y)) > 5. (ili) The KKL scale. The bound de (2, convY) < C/log(1/7) for some
x € X is not refuted, and Tribes shows that it would be sharp up to the constant. Through [35,
Claim 38] it would give only 7! < exp(poly(d, 1/¢,logn)), which does not imply the conjecture.
(iv) Level sets of one polynomial. [35, Claim 38] applies Conjecture 37 only to X = {f <t—a}
and Y = {f > t+ «a} for one f of degree d, with t = Ef, a € [¢,2¢] and | X|,|Y| > £2™; there
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the distance bound d., > p holds at every point of X and of Y, so the symmetric form would
suffice. The pair of (a) is of this kind, but only with a small gap [unaudited): f =1 — 2N/k,
with NV the number of full tribes, liesin By, Ef =1—-2p,and X C{f <t—a}, Y C{f >t+a}
for 0 < o < min(2p,2/k — 2p). Conversely, suppose X C {f >t+a}and Y C {f <t—a} (or
the reverse) for some f € By. At a point y € Y at which every tribe has exactly one 0, flipping
that 0 moves y into X, so |d;f(y)| > « for k coordinates, and Lemma 2.2 gives ka < 4d?, i.e.
Pr/a > d*p/a > (In2)/4; as a < 1, also d/a > max(d, k/(4d)) > Vk/2 = Q(y/n/logn). So
Tribes does not refute a level-set version with a bound polynomial in d?7/«; such a version
suffices for [35, Claim 38| and is essentially the level-set form of Conjecture 1.1. Proposition H.4
refutes the degree-free statement, not this degree-dependent route.

APPENDIX I. LIMITS OF THE TOUCHING TRANSFER

This appendix contains the negative results on the touching transfer of Section 8. They show
that the loss L must be at least d'—°(1).

Proposition 1.1 (spike-free functions; [proved here]). If g € By and Jy,r(g) = 0, then
2E,Up(g,) > Var(g)(1 —d 99" /L). So TT(e, L) holds for every such g once L > d9%~1 /e, with
no cap.

Proof. By Lemma 8.1(b),(e), 2EUy(g,) > Varg —2ESy(g,). For an alive j the derivative of g, in
direction j is (d;g),, so X; := Inf;(g,) = E.,[(d;g)2]; by Jensen’s inequality, uniformity of the
fixed values and Bonami’s inequality (degd;jg < d—1), IE[X]2 | 7 alive] < E(d;g)* < 99 1Inf;(g)%.
Hence E[X;1[X; > 6] | j alive] < 997 !Inf;(g)?/0 < 99 'Inf;(g)/L, and summing, ESy(g,) <
99-11(g9)/(2L) < d9%1Var(g)/(2L). O

[proof outline] moments of order 2 + 2§ with 6 — 0 improve 997! to eZtoM)d provided
log(1/e) = o(dd). No argument reaches L = d* with a < 2C/(2C — 1) for spike-free g: the
families below have no 6/ L-spikes and violate TT there.

Compositions of disjoint ANDs. Take s disjoint blocks of width w, let 4; € {0,1} indicate
that all bits of block ¢ equal 1, and put N = >, 4;, A = s27%, mp = (1 —27%)% and 7, =
(1 —27w)s~L. For a polynomial P of degree ¢ with |[P| < 1 on {0,...,s} let ¢ = P(N) and
AP(t) = P(t+1) — P(t). As A? = A;, N7 is a combination of products of the A; of distinct
blocks, so g € Byy; every bit has influence g = %IEAP(N’)2 with N/ ~ Bin(s — 1,27%).
Under o, block i is dead if some bit is fixed to —1 (put ¢; = 0), fully fixed if all its bits are
fixed to 1 (¢; = 1), and otherwise alive with r; > 1 alive bits (¢; = 27"%); it is alive with r
alive bits with probability &, = (1;’) 2-74=(w=") Then g, = P(N,), and an alive bit of block
i has influence ¢; = %I[EAP(N_Z-)2 > %AP(OVH““, where N_; counts the other blocks and
) =Pr[N_; =0] = [1i2i(1 — ¢ir) is independent of ¢;, with EII(") = 7). Let W be the set
of alive blocks with ¢; < 6, Ny their count and Nyest = Ny — Ny Then Uy(g,) = VarQ(Nw)
with Q(t) = EP(t + Nyest), |Q| < 1, and IIg := Pr[N, = 0] = Iy Pr[Nyest = 0] with Iy =
Pr[Nw = 0]. For 0 = (1 + &)Lt with & > 0 there are no 0/ L-spikes, so Uy,1(g) = Varg, and if
0 < Var(g)® then enin(g; L) > 1 — 2E,Up(g,)/Varg.

Proposition 1.2 (Tribes; [proved here]). Let P(t) =1—2-1[t > 1], so that g =1 —20R;A; is
Tribes of degree d = sw, 1y = 21_w7'('6, Varg = 4mp(1 — mp) and v; = 20,119 . For every > 0,

EoUp(go) < 45> kr(1—27")min(2 "7, 0/2).

r=1
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Proof. Let Ilg, Il be the products of 1 — ¢; over the alive blocks outside and inside W, so Il =
[IsITyy (U = 0 if some block is fully fixed). By Lemma 8.1(a), E[g, | zw] = —1 + 2llgZy with
ZW S {O, 1} of mean Hw, SO Ug(ga) = 4H%H{/V(1—Hw> < 4H0(1—Hw) < 4Zi€W szHO For i €
W, 4¢:Tlp = 4 (1 — ) TID = 2(1 — ;)1 < 2(1 — ¢;) min(s;,6). Take expectations; by Jensen’s
inequality (min is concave) and independence, Emin(2'~"TI(=%) 9) < min(2' "7}, §). O

Corollary 1.3 (Tribes threshold; [proved here]). In Proposition 1.2 let = (1+&)Liy with & > 0
and 0 < Var(9)%, and suppose (1 + &)L < 2°% with a < 3 and (3 — a)w > 1. Then

227, 2
. . > _ 0 —2((1/2—)w—1)*/w
Emin(g; L) = 1 ol = m0) (e + Ba),

with By = e 2(1/2-0)% for o € (3, 1) and B, = 0.945% for a < 3. With s = round(2¥ In2): for
every fized a < % and every cap exponent, Emin(g;d*) > 1 — d_Q((1/2_“)2); and for every fixed L,
€min — 1 as w — oo, so TT(e,0(1)) is false for every e < 1.

Proof. Put x = 1 — « and split the sum of Proposition 1.2 at r. = |zw]|. For r
sk,27" = APr[Bin(w, §) = r] and Hoeffding’s inequality, whose deviation 7. — % > (1
is nonnegative. For r < 7 use §/2 < 2Dzl and sk, 22~ D% = \Pr[Bin(w, 1) = r]2/7%%;
then 37, ., Pr[Bin(w, 3) = r]2"=% < minggg 3 27020 D70 (1 4 2174)®, which is e~wPlI1/2) <
e2@1/2% for 4 < % (take 2'7% = /(1 — x)) and at most 0.945% for z > % (take t = 0).
Divide 2EU by Varg. For this s, Varg = 1 — O(4™"), so the cap holds for every fixed C, and
logy d = w + logy(Aw), so L = d* corresponds to o = a(1 + O(log w/w)). O

At small size, egmin = 0.578 at L = 2 under the cap Var? (Tribes with w = 2, s = 5, all 319
restrictions) [numerical]. For a > % the behaviour of Tribes is known only numerically: Monte
Carlo gives emin < 0 at a = % for 8 < w < 28 [numerical).

Theorem 1.4 (compositions; [proved here]). Assume AP(0) # 0. Let 0 = (1+&)Lif with &€ >0
and 1§ > 1, and assume 0 < Var(g)® and A(1 + (3/4)”) < In4. Put ¢ = 80/AP(0)? and
r1 = [logy(1/0")] + 1. Then, for every L satisfying these conditions,

8 IA(3/4)"
B Varg (Ind — A1+ (3/4)w))*

Proof. As |Q] < 1, Up(gs) = VarQ(Nw) < E(Q(Nw) — Q(0))* < 4Pr[Nyw > 1] < 43 ..y &5
If i € W and -9 > i then ¢; < @', since otherwise ¢; > ¢’AP(0)2/8 = 6. Hence, by
independence and E¢;1[r; > 1] < 27%, E[¢;1[i € W]] < E[pi1[¢y < 0] + 27 Pr[II9) < 1],
and E[¢il[g; < 0']] = 3,5, ()47 = 27 Pr[Bin(w, 3) > r1]. The event (=9 < 1 requires
that another block is fully fixed, which has probability at most s4™% = A2™%, or that Z =
S (i + qgf,) > In4, where ¢ = ¢1fr > 1] < 2 and —In(1 —y) < y+y? on [0,3]. Since
Ep < 277, E¢? = 47%((3/2)" — 1) and (¢ + ¢?)? < 942, we have EZ < A(1 + (3/4)") and

VarZ < §A(3/4)", and Chebyshev’s inequality bounds Pr[Z > In4]. Summing over the s blocks
gives EUp(go) < 4N(Pr[Bin(w, §) > r1] + m4). O

Emin(g; L) > 1

(Pr [Bin(w, %) > 7“1] + 7r4), my =27 +

Proposition I.5 (near-OR compositions, first moment; [proved here]). Suppose P(0) < 1 and

P(t) € [-1,-1+48] fort > 1, with 0 <& < &, and put §” = 20/AP(0)*>. Then

EoUp(go) <55y rir(1—27")min(2"mp,0”) + 100A6™,

r=1
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Proof. Let Z = Q(Nw)+1> 0. On {Nw =0}, Z = 29 := Q(0) + 1 < 2Pr[Nyest = 0] + 47,
and on {Ny > 1}, Z € [0,4¢']. Conditioning on 1[Ny > 1] gives Uy(g,) = VarZ < (1 —
Iy ) [y (22 + 166™) + 46”]. By (a + b)? < 2a® + 5b?, 28 < 5Pr[Nest = 0] 4+ 800”2, and as
My Pr[Nyest = 0] = I, Ug(gs) < 5Ip(1 — Myy) 4+ 1006 (1 — Iyy). Now 1 — Iy < > .o ¢4,
Hop; = (1 — ¢y) 11D, and ¢ < §” for i € W by the lower bound on ¢;. Finish as in
Proposition 1.2, using E(1 — Iy ) < Y E¢;1[r; > 1] < A O

For Tribes, 8’ = 0 and the exact formula for U give the constant 4 of Proposition I.2.

Corollary 1.6 (approximate OR; [proved here]). Let ¢ > 0 be fized, s > 2, z(t) = (s +1 —
2t)/(s = 1), q = [ey/s], R(t) = Ty(x(t))/Ty(x(0)), 6 = 1/T4(x(0)) and P = (2R —1)/(1 + 26),
so that d = quw.

(a) P satisfies the hypothesis of Proposition 1.5 with &' = 6/(1 + 20); moreover § <
1/ cosh(2c), [AP(0)] > 2 — 60, Varg > mo(1 — m0)(2 — 60')% and 1o < ¢f = 25— (4m) +
1662).

(b) Balanced. With s = round(2*In2), logyd = w/2 + O(logw), and for every fized a < 1
and every cap exponent, emin(g; d*) > 1 — d—1=a)*) " g, TT(e, L) fails for L < dt—o)
and e <1—o(1).

(c) Sparse. With cap C > 2 and s = round(2@0—1/CON) 5o that X ~ 27%/(C) and Varg ~
4\, logyd = (1 — é)w + O(logw), and TT(1—o0(1),d*) fails for every a < 2C/(2C —1)
(a < % for C = 2). The same computation for sparse Tribes, via Corollary 1.3, gives
only a < C/(2C —1).

(d) For C =2, w=1000, c=3 (sos=2™" q=3-2%5 log,d =386.55...) and L = d'?,
Theorem 1.4 gives r1 = 535 and epiy > 0.9700637, by an exact evaluation with integer
binomial tails [proved here, computer-assisted). So TT(0.97,d"?) with cap 2 is false,
by a thin margin: the bound is a step function of the exponent and drops to 0.9649 by
a = 1.20025. The robust statement is that TT(0.96,d"?) with cap 2 is false (margin
0.01).

Proof. Since x maps {1,...,s} into [-1,1] and =(0) > 1, R(0) = 1 and |R(¢)| < ¢ for t > 1,
so |P| <1, P(0) = 1/(1 +26) and P(t) € [-1,—1 + 4¢'] for t > 1. Write z(0) = 1 +
2/(s — 1) = coshp; then tanh(r/2) = s~/2, so 7y > 2tanh(ro/2) = 2/+/s, qro > 2¢ and
T,(z(0)) = cosh(gm) > cosh(2c). Hence |[AP(0)| > 2 — 68, Varg > mo(1 — mp)(2 — 65')?
(Cauchy—Schwarz against 1[N = 0]) and ¢y < ¢7, as |AP(t)| < 4’ for t > 1. In Theorem 1.4,
logy(1/6") = w —logy L — O(1) and 74 = O(A\(3/4)"). (b) Here A = In2+ o(1), Varg is bounded
below and logy L = Sw 4 O(logw), so r1 > (1 — §)w — O(logw) and Hoeffding’s inequality
bounds the tail by e~ 2((1=@)*w); the cap holds since § = O(L2™%). (c) Here 8\/Varg = O(1),
and log, L = a(3 — %)w + O(logw) < § — Q(w) for a < 20/(2C — 1), so again r; — § = Q(w)
and the tail and 74 tend to 0; the cap 8 ~ 2L2™% < (4\(1 — 36)2)¢ ~ 492-%/2(1 — 3§")% holds
for large w. (d) is a direct evaluation of the bound. O

Proposition 1.5 gives 1 — O(8"2) — d~(1=®*) in (b). It beats Theorem 1.4 numerically only for
Tribes and for approximate OR at a > 0.9 (0.969 against 0.958 at w = 1000, a = 0.9). Elsewhere
it is worse, because its constant is 5 rather than 4 and it has a floor 1 — O(6"?) &~ 0.9966: for
the sparse family at w = 1000 it gives 0.961 against 0.970 at ¢ = 1.2 and 0.568 against 0.630
at a = 1.25; at w = 400, a = 1.2, 0.309 against 0.400; and for approximate OR at w = 400,
a = 0.8, 0.9920 against 0.9936 (cap 2; [numerical]). The sparse rows with w < 200 fail the cap
near a = %, so only w > 400 is usable there.

Other inner functions. Let f = 14: {—1,1}" = {0,1} with p =Ef =27¢ > 0, let uy = Ef,
and let Y, = logy(us/p) be the amplification under o. The firing-mass measure is v(o) =
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Pr[o]us/p; equivalently, draw x uniform in A and an alive set D (each coordinate independently
with probability 1) and fix z on F = [n] \ D.

Proposition 1.7 (no inner function beats AND on average; [proved here]). (a) E,2Y =
Stabl/z(f)/p2 < p~23. (b) E,Y < £/2, with equality if and only if A is a subcube; for ANDy,
Y ~ Bin(¢, %) under v. (c) For every 8> 3, v(Y > 8¢) < min{(1 + p?*~1)/2, p#=2/3}. So no
Boolean inner function, of any degree, amplifies its firing mass by more than AND’s p~/2 in
geometric mean, and for every fized B > 1 at most a fraction (1 +p?**~1)/2 — 5 (asp — 0) of
the firing mass is amplified beyond p~".

Proof. Couple ¢ = (D, zp) with ¢* = (F,zp), built from the same z; both are v-distributed,
since D and F have the same law. (a) E,2¥ = Eu2/p?, and Ep2 = > 427191 f(9)? < Hf”?,)/2 =

p*/® by hypercontractivity. (b) Fix the partition and let X be uniform on A. Given Xp, Xp is
uniform on a fibre of size 11,2/P!, so H(Xp | Xr) = |D| 4+ Elogy pto, and likewise H(Xr | Xp) =
|F'| + Elogy pto+. Then n — £ = H(X) = H(Xp) + H(Xp | Xp) = H(Xp | Xp) + H(Xp | Xp),
and averaging over partitions gives 2E,Y < £. Equality forces X and Xp to be independent
for every partition, so X has independent coordinates and A is a subcube. For ANDy, Y is
the number of fixed relevant bits. (c) Fix the partition and put 7 = p'~#. The fibres partition
A, so at most (p/7)2!F| values of zp have u, > 7, and at most (p/7)2/”! values of zp have
o+ > 7. Hence ProcalY, > BL, Y, > Bl < (p/7)22"/(p2") = p?#~ 1, if v(Y > Bl) = 1 —(, this
probability is at least 1 — 2¢. The second bound is Markov’s inequality applied to (a). ]

In a composition g = P(>_, f(block ¢)) one has djg = AP(N_;)d;f;, so an alive bit j of
block i is a #-spike only if Inf;(f,) exceeds L - MaxInf(f) times a pivotality ratio. Moreover
Inf;(fs) < po/2, and if deg f = k then 27%~1 < Inf;(f) < p/2 for every relevant j, because the
nonzero function d; f of degree < k — 1 is nonzero with probability at least 2!7%; so L times the
ratio is below 2Y+*=¢ [proved here]. Hence inner functions of minimal degree (k = ¢, e.g. AND)
are covered by Proposition 1.7; inner functions with & > ¢ and MaxInf(f) < p are not, since the
proposition bounds the amplification of p, while TT spikes are measured against MaxInf(f).
Threshold inner functions Thr}* with m < 80 give amplification p~24° to p=046 below AND’s
p~ /2 [numerical]. The factor % in (c) is exactly TT’s factor 2: a composition in which half of
each block’s firing mass stays untouched has 2EU =~ Varg, i.e. emin ~ 0 [heuristic], so (c) alone
does not prove TT for compositions.

Remark 1.8 (where the threshold lies). Throughout, C' > 2: AA(A,c) needs A > 2, so the
hypothesis A < C forces C > 2, and then 2C/(2C — 1) < 5 < 2 < A. Let a*(e) =
inf{a : TT (e, Kd*) holds for some constant K}. [proved here] For every fixed € € (0,1), a*(g) >
2C'/(2C—1) (Corollary I.6(c)); under AA(A, ¢) with A < C also a*(¢) < A (Theorem 8.7(ii)), and
at the chain’s € = 1/(16ed) the upper bound becomes 24, because (d/e)* = (16ed?)”. Spike-
free ¢ satisfy TT for L > d99~'/e unconditionally (Proposition I.1). Without the conjecture,
TT is proved only at a f#-dependent loss with a quasi-polynomial prefactor (Proposition 10.3,
through Theorem 10.26), and TT(1/(16ed),d®) for a constant b would give (Varf/d)°(°ed)
(Corollary 8.5). [heuristic] (i) In compositions P(N) a block becomes a spike only through
¢; = 27" times a pivotality ratio, and the ¢-mass over r is exactly Bin(w, %) (proved); so
the amplification is at most 2¢/27O(V®@) if the pivotality ratio is O(1), which is unproved for
general P. (ii) By Coppersmith-Rivlin and Markov (classical), if |[P| < 1 on {0,...,s} and
g < /s, then |AP| = O(¢?/s), so a jump v = |AP(0)| needs ¢ = Q(,/7s). (iii) Varg < 4\
and ¢ > %727%) (proved). Optimizing log L/ log d under (i)-(iii), with the model Varg ~ 72\,
gives a < 2C/(2C — 1) + o(1) for C' > 2, so AND-block compositions should not go beyond
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Corollary 1.6(c). The unproved ingredients are the pivotality ratio, a lower bound on U for the
non-spike mass (Theorem 1.4 and Proposition 1.5 bound U only from above), and the model
Varg =~ v2\. (iv) For other inner functions, Proposition 1.7 shows that hypercontractivity caps
only the mean amplification of the firing mass, at p~2/3, while for every fixed § > % at most a
fraction tending to % of it is amplified beyond p~?, AND being the equality case in log-average;
inner f with deg f > logs(1/p) and MaxInf(f) < p are not covered.

So any proof of TT with polynomial loss must use L > d2¢/(2C¢=1-o(l) " The next lemma

localizes what a counterexample must do.

Lemma 1.9 (new spikes; [proved here]). Let g € By, 6 >0, L > 1, and J', h as in Lemma 8.6.
For o with alive set A let G, = Elgs | x4\ 5], Ko = Jo(go) \ J' (the new spikes) and V, =

Srcavs mri,+0 Go(T)?. Then

2E,Uy(gs) > 2B, Var(Gy) — 2E,V, > Y h(S)*(2—2'71%1) = 2K, V.
S0

Hence the inequality of Definition 8.2 holds for g at this 6 whenever E,V, < 3 ZISB? h(S)2(1—
217181) 4 EVar(g).

Proof. Fix o, u = g,, K = K,. The sum defining Uy(u) contains every T" # () with T C
AN (Jp(uw) U J') = A\ (J'U K), so by the tower property Up(u) > Var(Elu | x4\ (yuK)]) =
Var(E[G, | wa\(yuk)]) = Var(Gs) — V5, as G, depends only on x4\ ;. Condition on A and
on the fixed values outside J': the fixed values on J' \ A are uniform, and averaging G, over
them gives the restriction h, of h; by convexity of the variance, E,Var(G,) > E,Var(h,) =
>_540 lAz(S)2 PriSNA# 0] =3 g4 h(S)%(1 — 27151). For the last claim use Up/r(g) = Varh =
2540 h(S)? and note that 1 — 2!~ vanishes for |S| = 1. O

Thus TT fails only if the new spikes, coordinates whose influence grows by a factor larger
than L under one restriction, touch inside G, more than % 2oisze(l— 21-151(8)? 4 £ Varg; the
first term lies between % and % of the variance W=2(h) of h above level 1, which is what the
narrowing in the AND-block compositions touches.

APPENDIX J. SIZE-BIASED LAWS: RL1, THE LOAD LEMMA AND THEOREM A

Throughout this appendix logarithms are natural, the cube {—1,1}" carries the uniform
measure U, and E and || - ||2 refer to U unless stated otherwise. Every function on the cube
is identified with its multilinear polynomial ¢(z) = > ¢ @(S)xs , which also defines ¢ on R"™.
For a coordinate u we write Dyt(z) = (¥(z%71) — (2% 771))/2 and Inf,(v) = E[(D,)?] =
Y S5u 121\(5)2; D, is the derivative written d, in the main text. As there, L denotes the loss
and T the length of the chain, while T} is the noise operator. For ¢ with M := E[¢?] > 0 the
stze-biased law is the probability measure

Pr = (¢*/M)-U,

and E is its expectation. For a partial assignment p, ¢, is the restriction of ¢, a function of the
unassigned coordinates.
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J.1. RL1: a level-1 inequality for size-biased laws in spread directions. Setting. Let
n,k > 1and let ¢: {—1,1}" — [~1, 1] have degree at most k. Put M := E[p?] > 0 (so M < 1)
and Aps :=In(1/M) > 0. Let a € R satisfy Y, a? = 1 and max; |a;| <, and put

Elp(y)*(a,y)]

pi= =E (a,y).
Theorem J.1 (RL1; [proved here, audited)). Put . := e3k*n?. If e, < 1/2, then
In(e/M)
2 <10e —— 10e = 27.18...).
ue < Oeln(l/g*) (10e = 27.18...)

Corollary J.2 (RL1 in terms of n; [proved here, audited)). (a) If n < e 3k™*, then p? <
10e In(e/M)/In(1/n).
(b) For everyn < 1, u? < max{10e, 6 + 8Ink} In(e/M)/In(1/n).

The chain interface is the following consequence. It applies with £k = d — 1 to every partial
restriction of a derivative D;jg with g € By (such restrictions are bounded by 1), and with k = d
to every restriction of a function in By.

Corollary J.3 (chain interface; [proved here, audited)). Let k > 1 and 0 < 7 < 1/(2e3k%).
Let p: {=1,1}" — [=1,1] have degree at most k and M = E[p?] > 0. Put ¢y := Ey, and
A= (eylf|ey] < 7))y Then
™3 < max{r, xln(e/M)} K= 10¢ .
- ’ ’ In(l/7) —3—4lnk

No lower bound on M and no condition on the direction of ¢ is needed.

Multilinear calculus. For multilinear 1 let 0;1) := ) g, 12(5 )23\ be the formal partial deriv-
ative; on the cube 0;1 = Djp. For v € R™ put D, := ) . v;0;. Since the 0; commute and
0? = 0, we have Dl = 4! Z\Fq:j vE0R. Hence D%z/z is multilinear of degree at most deg — j,
and Dﬁv = er% for r € R.

(T1) Taylor. For z,v € R™, t — ¢(x + tv) is a polynomial of degree at most deg, and
(d/dt)ip(z + tv) = (Dip)(z + tv). Indeed, Lap(z + tv) = 3, vi(09/0z;)(x + tv); for a
multilinear ¢ the analytic partial 9¢/0x; equals 0;1, and D, is again multilinear, so
we may iterate.

(T2) Solid cube. For x € [-1,1]" let Y have independent £+1 coordinates with EY; = z;. Then
EYS = 25, so ¢(z) = E¢(Y) and |¢(z)| <1 on [-1,1]™.

(T3) Noise inversion. Put (T,¢)(y) := (ry), so that m(S) = rISl(S). If degyp < m and
0 < r <1, then [[¥3 = Sg9(S)? < r72m g r2510(8)2, so ¢l < v~ (| Tybll2 <
M maxyer_1 130 [P (ry)]-

Lemma J.4 (the tilt is a directional derivative; [proved here, audited)). For each i, E[p?y;] =
2E[p 0;]. Hence M = 2E[pD,p] and

(7) u? < 4| Dapl3/M.

Proof. Write ¢ = A+y; B, where A := E,,p and B := 0;¢ do not depend on y;. Since y? =1, we
have p?y; = (A%2+B?)y;+2AB, so E[p%y;] = 2E[AB]. Also E[p 0;p] = E[AB]+E[y;B?] = E[AB].
Summing with weights a; gives Mu = 2E[pD,p] < 2|¢ll2||Dapll2 = 2V M || Daypl|2. O
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Hermite expansion along a. Let G ~ N(0, I,). For multilinear ¢, x we have E[¢(G)x(G)] =
S ¥(S)X(S) = E[1x], because the monomials G* are orthonormal. Put s := {a,G) ~ N(0, 1)
and Z := G — sa. The pair (s, Z) is jointly Gaussian with Cov(s, Z;) = a; —a; =0, so s and Z
are independent, and G = Z + sa. For fixed z, h,(t) := ¢(z + ta) is a polynomial of degree at
most k, and hgj)(t) = (Dl¢)(z + ta) by (T1).

Let He; be the probabilists’ Hermite polynomials, so that E[He;He;] = j!d;; under N(0,1)
and H e} = jHej_;. For a polynomial h, j Gaussian integrations by parts (using He;jy =
(—1)3'71(\{) for the standard normal density ) give E[h(s)He;(s)] = E[h\)(s)] =: bj. Hence
h =3 i<degn(bi/iV) Hej, Eh(s)? = > b?/j! and ER'(s)? = > i1 jb?/j!. Define, for 0 < j < k,

bj(2) = Es[(Dle)(z + sa)l,  W;:=Ez[b;(2)]/j.

Lemma J.5 ([proved here, audited]). M = Z?ZOVVJ', | Datpl|3 = Z§:1 JWj, and 0 < W; <
| Diell3/5!. Consequently

Z?:ljwj

Z?:o W

Proof. Condition on Z and apply the Hermite facts to hyz, noting h',(s) = (Dap)(G). This
gives E[p(G)?] = Ey > b;j(Z)?/j! and E[(Dyp)(G)?] = Ez > jbj(Z)?/j!. Since ¢ and D are
multilinear, the left sides are M and ||D,¢]|3. Finally b;(Z) = E[(Dj¢)(G) | Z], so by Jensen

Eb;(Z)? < E[(D}p)(G)?] = ||Dig|2, because Dip is multilinear. Inequality (8) follows from
(7). O

(8) p <4

Bernstein-type bounds.

Lemma J.6 (derivatives at the centre; [proved here, audited]). Let p be a real polynomial of
degree at most k with [p| <1 on [=h,h], h > 0. Then [pY)(0)| < ey/7 (k/h)? for1 < j <k.

Proof. By scaling we may take h = 1. Let J(w) = (w + w™!)/2. The function F(w) :=
p(J(w))w™* contains only the powers w=2¥ ... w?, so it is analytic on {|jw| > 1} U {oc}. On
|w| = 1 we have J(w) € [—1,1], so |F| < 1 there, and by the maximum principle |p(J(w))| < |w|*
for |lw| > 1. The map J sends {1 < |w| < R} onto the closed region bounded by the ellipse
with foci +1 and semi-axes (R + R7!)/2 > (R — R™!)/2 =: r. This region contains the disc
|z| <7, s0 |p| < RF there (the Bernstein-Walsh bound; see, e.g., Borwein-Erdélyi, Polynomials
and Polynomial Inequalities, §5.1). Cauchy’s estimate gives |p\9)(0)] < jIR*/r7. Take R = ¢®
with b = j/k, so that r = sinhb > b; then [p¥)(0)| < jle/(k/5)?. Finally j! < ej/+1/2¢77 for
all 7 > 1: this is an equality at j = 1, and for j > 2 Robbins’ bound j! < v/2x j911/2¢7l/(12))
applies with v2me!/?* < 2.62 < e. Hence [pt)(0)| < e/F K. O

Lemma J.7 (directional Bernstein inequality on the cube; [proved here, audited]). For1 < j <k
and every r € (0,1),

. ' k J
J < ) n
(©) D3l < ey/Frt=0 (1),

Consequently | Dig|la < ey/F (ek?n/§)? for 1 < j < k.

Proof. Fix y € {—1,1}" and put h := (1 —r)/(rn). For real [t| < h the point x(t) := r(y + ta)
satisfies |z;| < r(1 +[t[n) < 1, so [p(z(t))| < 1 by (T2). The polynomial p(t) := (ry +tra)
has degree at most k, and p)(0) = r7(D}p)(ry) by (T1). Lemma J.6 gives r7|(Di)(ry)| <
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ey/j (krn/(1—7)), that is, max, |(D4p)(ry)| < e/j (kn/(1—7))7. Now apply (T3) to ¢ = Dip,
which has degree at most m = k — j; this gives (9). A

For j < k take r = 1—j/k. Then r=(*=9) = exp(—(k—j) In(1—j/k)) < exp((k—j){245%) = ¢,
using —In(1 — z) < z/(1 — z), and kn/(1 —r) = k?n/j. For j = k the factor r—(*7) equals 1,
and letting r — 0T gives | DFop|ls < eVEk (kn)* < eV (ek?n/k)E. O
Proof of Theorem J.1. By Lemmas J.5 and J.7, and j! > (j/e)?, for 1 < j < k:

c%j (ek?n/5)*
J!

since j2j73% <1 for j > 1. Fix an integer J > 0 (the value J = 0 is allowed) and split > i>1IW;

at J. The part 1 < j < J is at most JngJWj < JM; it is empty if J = 0. The tail is

at most Ej>J e2el < e2elt /(1 — &) < 2e%e/t!, and it is empty if J > k. With (8) and

Ay :=1n(1/e,) > In2,

(10) p? < 4(J + 2e? exp(Apr — (J + 1A,)) for every integer J > 0.

Case A: Ay < Ay/5. Take J = 0. With u = 4A,/5 and ue™® < 1/e, p? < 8eZe—4M:/5 <

8e?/(e - 3A.) = 10e/A, < 10e(1 + Apr)/A..

Case B: Apy > A /5. Take J := [(Ap+1n(2€2))/As]—1 > 0. Then (J+1)A, > Ay +1In(262),
so the exponential term in (10) is at most 1/(2¢?) and p? < 4(J +1). Also J +1 < (Apy +
In(2e2))/Ax +1 < (Apr +2.704+5M0) /Ay, using 1 < 5A57/A.. Hence p? < 4(6Ay +2.70) /A, <
24(1+ Ap) /A

In both cases u? < 10e(1 + Apr)/As = 10eln(e/M)/In(1/e,).
Proof of Corollary J.2. (a) If n < e 3k, then &, = (e3k*n)n <n < e < 1/2 and In(1/¢,) >

In(1/n). N
(b) It remains to treat e 3k~* < n < 1, where 0 < In(1/n) < 3 +4Ink. We use the level-1
bound p? < 2Aj;. For every A € R, Jensen’s inequality gives

In EeMev) > lnE[eMa’wM/cpz] > A\ — Eln(th/M) > A — Ay,
because p? < 1. Since InEeM@¥) = Y Incosh(\a;) < A?/2, taking A = p gives pu? < 2Ay <

W, < <eXjel 7P, so W <e’el,

O

2In(e/M) < (6 +8Ink)In(e/M)/In(1/n). O
Proof of Corollary J.3. If ¢™ = 0 there is nothing to prove. Otherwise put a := ¢/[|c¢™ |z, a
unit vector. Then E(a,y) = Y aycy = |2, and 7 := maxy |a,| < 7/|™2. If [[™)3 < 7

we are done. Otherwise n < 7/\/T = /T, 50 €, = 3k*n? < e3k*r < 1/2, and Theorem J.1 gives
™12 < 10eln(e/M)/In(1/e,) < 10eln(e/M)/In(1/(e3k*r)) = kIn(e/M). The denominator is
In(1/7) =3 —4Ink >1n2 > 0. O

Remark J.8 (constants for a fixed-order route). This remark belongs to a fixed-order small-jump
argument, in which the bound of Corollary J.3 is paid once at each of the T levels of the chain
of Theorem 8.4. It is not used in Section 9.6: there Theorem 9.23 needs only c(m)T < 1,
which its threshold 71 = e™345d 7129 achieves. With k = d — 1, the fixed-order argument needs
k < 1/(8(logy d + 3.45)), that is, In(1/7) > 3 + 4In(d — 1) + 80e(logy d + 3.45). Since 80e <
217.5 and logyd < 1.4427Ind, the choice T := e~ "*d 318 suffices: 217.5 - 1.4427 + 4 < 318
and 217.5 - 3.45 + 3 < 754. This 7 also satisfies 7 < 1/(2e3(d — 1)*). In the generic form
|52 < 280/ In(1/7)? with C = 10e and 8 = 1, one would get x = 20e/In(1/7); the case split
in the proof of Corollary J.3 saves this factor 2.
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Remark J.9 (sharpness). [numerical] Over all n < 1, the constant in Corollary J.2(b) must grow
with k: at k = 65 and n = 1/(2k) the ratio p?In(1/n)/In(e/M) is 3.18, and it grows like cIn k.
Exact computations for symmetric ¢ in the regime €, < 1/2 suggest that the truth is close to
u? <0.5In(e/M)/In(1/(kn)); the factor k? in Lemma J.7, which comes from the noise inversion
(T3), is probably not sharp.

J.2. The Load Lemma for adaptive revelation strategies. Setting. Let ¢: {—1,1}" - R
be arbitrary (no degree or boundedness assumption), M = E[¢?] > 0, and Pr = (¢2/M) - U.
An adaptive revelation strategy S is a randomized decision tree. It uses coins w independent of
x (under U and under f’vr) At each step it either stops or queries an unrevealed coordinate,
as a function of the values revealed so far and of w. It may never query some coordinates.
For a coordinate u, let p, be the partial assignment revealed just before u is queried, or the
final assignment if u is never queried; thus u ¢ domp,. Write N(p) := E[¢?], where the
expectation is over the unassigned coordinates, and note Inf,(y,) = E[(Dugo)f,] for v ¢ dom p.
Since (Dyt)? < (¢(z71)2 + (¥ 71)2) /2, we have Inf,(p,) < N(p). In particular Inf,(¢,) =
0 when N(p) = 0, and the ratio below is defined Pr-almost surely.

Lemma J.10 (Load Lemma; [proved here, audited]). For every adaptive revelation strategy and
every coordinate u,

i [In]f\?&p)u)} _ Inqu\ll(cp)’

where the expectation is over x ~ Pr and the coins.

Proof. Fix a partial assignment p with v ¢ domp. On inputs consistent with p, whether the
run reveals exactly dom p and then queries u (or stops without querying u) depends only on the
answers in dom p, which p fixes, and on w. Hence {p, = p} = {Zdomp = p} N E,, where E, is an

event of the coins alone. Since Pr(zdom, = p) = 27 PIN(p)/M, this gives
Pr(p, = p) = Pr(E,) 27 VIN(p) /M = Pr(pu = p) N(p)/M.

Summing over p with N(p) > 0, the left side of the lemma equals  , Pry(pu = p)Intu(p,)/M =
Eu (It (p,)]/M.

Let F, be the information available just before u is queried, namely w and the values revealed
so far. Under U, conditionally on F, with p, = p, the unrevealed coordinates are uniform,
because the conditioning event is {z4om, = p} intersected with an event of the coins. Since
Dy(¢,) = (Dup), for u ¢ domp, it follows that Inf,(¢,,) = Eu[(Dup)? | Fu]. The tower
property then gives Ey[Inf,(p,,)] = E[(Dyuy)?] = Inf,(¢). O

The proof uses neither the degree nor boundedness of ¢, and it allows any adaptive order.

Corollary J.11 (L1: large jumps are rare in proportion to relative influence; [proved here,
audited]). Call u a B-large jump of (¢, S) at x if Inf,(pp,) > BN (pu). Then

= : Inf,(p) = , I(p) _ degyp
Pr(u is a B-large jump) < , E|#{8-large jumps}| < ——= < ,
( )< "B # N=ar =75
where I(p) =, Inf, (). Moreover the conditional bias b, := Elz, | Fu] satisfies
2E[AB] o _ AInfy,(vp,) —~ 4Inf, ()
by = =5 557> by < ———, Pr(|by| > 8) < —5+—

where p,, = A+ xyB with B = Dy(¢,,) and A not depending on x,,.
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Proof. The first bound is Markov’s inequality applied to Lemma J.10. Summing over u gives
the second, and I(¢) = > ¢ |S|3(S)? < deg(p)M. For the bias: by the proof of Lemma J.10,

conditionally on F, with p, = p, the Pr-law of the unrevealed coordinates has density propor-
tional to 2. Since (A + z,B)*z, = (A? 4+ B?)x, + 2AB, this gives b, = 2E[AB]/E[A* + B?],
and E[A% + B?] = N(p). By Cauchy-Schwarz and E[A?] < N(p), b2 < 4E[A2%]E[B?]/N(p)? <
4E[B?]/N(p) = 4Inf,(¢,)/N(p). Hence {|b,| > B} is contained in the event that u is a (32/4)-
large jump, and the first bound applies. ]

Corollary J.12 (L2: weighted load, any adaptive orders; [proved here, audited]). Let h have
degree at most d. For each j with I; := Inf;(h) > 0 put p; := Djh and 15vrj = (go?/]j) U, and
let S; be any adaptive revelation strategy (one for each j; the sets of large jumps may depend on
the point). Then for every coordinate u,

—~ 1 d—1
Z I; Prj(u is a B-large jump of (¢;,S;)) < = ZInfu(Djh) <
T B - B
Jj:I;>0 JjFu
With a bias threshold T in place of B-large jumps, the load is at most (4(d — 1) /72)Inf, (k).
Proof. Corollary J.11 applied to ¢; (with M = I;) bounds the j-th term by Inf,(D;h)/3. For

~

J = u the term vanishes, because Dy,Dyh = 0. For j # u, Inf,(Djh) = > g, ; h(S)?, so

> jzu Infu(Djh) = 3 g, (IS] — 1)%(5’)2 < (d — 1)Inf,(h). The bias version follows in the same
way from the last bound of Corollary J.11. O

Inf, (h).

Remark J.13. [numerical] The identity of Lemma J.10 was checked on random ¢ with n = 6 and
degrees 3-4, under deterministic greedy and randomized adaptive rules with random stopping;
the maximal error is 4.6-1071°. The bound b2 < 4Inf,(¢,)/N(p) is attained in these tests. If an
exploration queries only coordinates whose current bias is at least 7 in absolute value, then Corol-
lary J.11 gives Pr(u is queried) < 4Inf,(y)/(72M) and E|{queried coordinates}| < 4 deg(y) /2
for every rate, with no maximal inequality. For the one-shot restriction of Remark 9.34, Corol-
lary J.12 shows that point-dependent large-bias sets have polynomial load under every adaptive
revelation order as soon as the bias threshold is at least 1/poly(d).

J.3. Theorem A: the small-bias tail cannot produce a spike. Hypotheses.

(H1) ¢: {—1,1}" — [—1,1] has degree at most d, d > 2.

(H2) Oblivious exploration. (B, zp), with zp := xp, is the stopping data of an exploration run
on the full cube. The exploration is a randomized decision tree that reads coordinates
of  ~ Pryy = (¢?/Ep?) - U and uses coins independent of everything else. Every
coordinate v carries a clock ¢, ~ UJ0, 1]; the clocks are i.i.d. and independent of = and
of the coins. For v ¢ B, v is alive if t, > 1 — p and fized otherwise. The coordinates
of B are revealed at time 0, and those of FF\ B ={v ¢ B :t, <1 — p} are revealed in
increasing clock order.

Consequence of (H2). Fix (g := (B = b, z, = () with positive probability. The event
{B =0, zp =(} is {xp = (} intersected with an event of the coins. Hence, given (g, the law of
zpe is Pr:= (¢i/q) - U, with ¢y := ¢((,-) and ¢ := Epj > 0, and the clocks (t,),¢, remain i.i.d.
UJ0,1] and independent of z. From now on everything is conditional on (g, and we write ¢ for
©b.

Notation.

e S;:={vé¢b:t, <t}andt,:=1—p. The o-field G, is generated by (g and {(v,t,,z,) :
t, < t}; for an unrevealed v it records only that ¢, > t.
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o ¢ := Ey[¢? | xs,], Vi := In(q:/q) and A := In(e/q). The restricted norm at the end is
Q= q.. = Elp} | 2B, zp\B)-
e ¢,(t) :=E[z, | zg,] for v ¢ S;. Under Pr, ¢; > 0 almost surely.
e The hazard is H(s,u) :=In((1 —s)/(1 —u)) for 0 < s < u < 1; note H(0,t,) = In(1/p).
e The reveal times 51 < s2 < -+ < sy, are the clock values in (0, t,] (almost surely distinct),
with sg := 0. The k-th revealed coordinate is vy, and ¢, := ¢y, (Sx—1) is its bias just
before it is revealed.
e For a threshold 71 € (0,1/(2¢3d%)] put QV*™ = >, c21(|ck] < 71), QVE =
Sk 1(lex] > 1) and N'® := #{k : |cx| > 71}. Then QV'8 < N'&,
e i1 :=10e/(In(1/71) — 3 — 41Ind), which is positive because In(1/71) > 3+1In2+4Ind.
Facts.
(FO) One step. Let S C b, v ¢ S, qs5 := Ey[p? | 5] and ¢ := E[xv | z5]. Then Ey[p? |
25, y] = qs(1 + cxy) and Pr(z, = +1 | z5) = (1 +¢)/2.

Indeed, Ey[p? | 25,2, is a function of z, € {41}, hence affine in z,,. Its mean is gg,
and its slope is Ey[p?z, | z5] = ggc by the definition of ¢. Then Pr(z, = 1 | zg) =
Eylg®1(z, = 1) | 2s]/as = (1 +¢)/2.

(F1) Drift. Blasup) /as | os] = (1+¢)2 + (1 — 0)?)/2 = 1+ ¢2

(F2) Clocks do not bias values. Conditionally on Gs, , and on (s, vx), the value z,, has Pr-
law (1 & ¢)/2. The reason is that, given G, _,, the unrevealed clocks are independent
of the unrevealed values, and (s, vy) is a function of these clocks; then apply (F0).

(F3) Hazard. Given G, the unrevealed clocks are i.i.d. uniform on (s,1]. So each of them
survives to time u with probability e~ () and in hazard time \, := H (s,ty) they are
i.i.d. exponential with mean 1.

(F4) RL1 at every time. For every t, the restriction pg, is bounded by 1, has degree at most
d, norm E@? = ¢;, and size-biased biases ¢, (t). Since 71 < 1/(2e3d*), Corollary J.3 with
k = d gives

Z co(t)? < max{ry, #1ln(e/q)} = max{r, r1(A—Y;)}.
v S, |cw(t)|<T1

The sum runs over all unrevealed coordinates, alive ones included; it is used only as an
upper bound.

Theorem J.14 (Theorem A; [proved here, audited]). Assume (H1) and (H2), and condition on
Cp. For every p € (0,1), every 71 € (0,1/(2e3d*)] and every y > 0,

ﬁ(Yt* >2y+ (e—1)In(1/p) max{r, ki(A+y)}+ QVlg) < 3e Y.

No regularity of op is assumed, and no “no cascade” hypothesis: large-bias reveals are carried
by QV's.

Proof. Write Y;, = InZ,, + QV™ + QV'8, where Z;, := (gs,/q) exp(— Zigk c?); here we use
Gt. = Qsp,-

(i) Z is a supermartingale. By (F1) and (F2), E[Zk/ka:l | Gsi 1o Sk, vk = (1 + C%)e_ci < 1.
Freezing Z after the last reveal, (Zx) is a nonnegative Pr-supermartingale with Zy = 1. By
Ville’s inequality the event Ej := {maxy Z) > eV} has Pr(E;) < e V.

(i1) Lower excursions are unlikely. Restricted to G, , the density of Pr ® clocks with respect

to U ® clocks is gs, /g, because the clocks are independent of z. Let £* := min{k < m :Y,, <
—y}, a bounded stopping index (k* = oo if there is no such k), and Ey := {k* < m}. Since
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{k* =k} € Gs, and ¢5, /g < e Y on it,
Pr(Es) = ZEU (g5 /@) L(k" = k)] <e7¥.

Since ¢; changes only at reveal times and Yo =0, off E» we have Y; > —y for all ¢t < t,.

(iii) Exponential compensator. Let o}, be the sum of ¢,(s,_1)? over the coordinates v that
are unrevealed after k — 1 reveals and have |c,(sx—1)| < 71. Then oy, is Gs, ,-measurable and
constant on [sg_1,sk). Put A := ZmH orH (sg—1, Sk A ti) with sy, 41 := 1, which includes the
last waiting period up to t..

One step. Fix G, where s is 0 or a reveal time, with R unrevealed coordinates. Let a, :=
21(ley| < 1) €10,1], a =Y, (e — 1) and Ny, := H(s,t.). By (F3), the first reveal after s is
v at hazard time \ with density e %*, for each v. Therefore

E[eav*—a)\*l()\* <\ ) _a)\t*]_ AF >\ ] Zeav 1—e™ (a+R) A, n e—(OH-R))\t* 1
> Aty ty a+R — 4
because ), e* = a+ R; if R = 0 the left side is 1 tr1v1a11y. Since e —1 < (e —1)a for a € [0, 1],
we have a < (e — 1)o with 0 := )", a,. So the same expectation with (e — 1)o in place of « is
at most 1.

The marks of the revealed coordinates are ay, (sg—1) = ci1(|ck| < 71), and the process has
at most |b°| + 1 steps. Iterating the one-step bound with the tower property therefore gives
Eexp(QV™ — (e — 1)A) < 1. For a constant a (depending only on (p), let E3 := {QV*™ >
(e—1a+vy, A< a}. On E5 we have QV"™ — (e — 1)A > y, so Markov’s inequality gives
Pr(E3) < eV,

Choice of a. Off Ea, A —Y; < A+ y for all t < t,, so (F4) gives o), < max{r1,x1(A +y)} for
every k. By additivity of H, >, H(sk—1,5x At«) = H(0,t,) = In(1/p). Hence, off E»,

A <In(1/p) max{r, k1 (A+y)} =: a.

(iv) Conclusion. Off E1 U Es U E3 we have In Z,,, < y, A < a and hence QV*™ < (e —1)a+y,
soY;, <2y+(e—1)a+ QV'8. Therefore the event in the theorem is contained in E; U Ey U s,
which has probability at most 3e™Y. ([

One-shot constants. These constants concern the one-shot restriction of Section 9.8; in this
subsection only, 71 denotes 6€"/2 rather than the threshold of Theorem 9.23. Let p = 1/d,
0 € (0,(16d%) 2], ¢’ > 4 and 71 := /2. Then:

e In(1/6) >2In16+61Ind > 5.54 4+ 61nd, so Ind < In(1/6)/6.

e (C'/4)In(1/0) > In(1/0) > 3 + 41nd, so In(1/m) — 3 — 4lnd > (C'/4)In(1/0) and

k1 < 40e/(C"1n(1/0)).

o7 <2< (16d3)—4 < 1/(2e3d%).

o (e — 1)lnd k1 < (e —1)40e/(6C") < 31.2/C" and (e — 1)Ind - 7y < 0.01.
Using max{a,b} < a + b, Theorem J.14 gives

(11) ﬁ(y;* > 2(A+y) —|—2y+0.01+QVlg) < 37V,

Corollaries. In the rest of this subsection assume the one-shot constants with C’ > 256, together
with C” > 16, ¢ < (0/d)°" and p; := 1/(64ed?) (not the py = £/(16d) of Section 9.6). The spike
is the event {@ > 0}. Note that A > 1+ C”In(d/f) > 1+ 16(5.54 + 7Ind) > 89.

Corollary J.15 (Al: no spike without large-bias quadratic variation; [proved here, audited)).
ﬁ"(Q >0 and QV'® < A/4) < 3(q/e)'® < p1/16.
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Proof. We have In(1/0) < In(1/q)/C" < A/C". On {Q > 60}, therefore, Y;, = In(Q/q) >
Inf+A—-1>(1-1/C")A—1>0.9375A — 1. Take y = A/8 in (11). The threshold there is
at most (32/C")(9/8)A + A/4 + 0.01 + QV'® < 0.3907A + 0.01 + QV'®, and on {QV's < A/4}
it is less than 0.6407A + 0.01. Since A > 89, 0.9375A — 1 > 0.6407A + 0.01. So the event
lies in the exceptional set of (11), whose probability is at most 3e~*/8 = 3(¢q/e)'/%. Finally
3(q/e)Y/® < 3(0/d)C"/® < 3(0/d)? < 3(256d7) 2 < 1/(1024ed?) = p;/16. O

Definition J.16 (f-regularity and the large-jump bound (LJ)). We call pp B-regular if its
relative influences satisfy Inf,(¢p) < BE[p%] for every u ¢ b, and we fix

B :=6*" /4.
The large-jump bound (LJ) at (9,C’,C") is the statement: for every S-regular pp with ¢ <
0/)",
Pr(Q >0 and N'& > A/4) < p1/16.
(LJ) is [open]. With this value, 2y/8 = 6 is the bias level at which a relative-influence
exploration stops. (LJ) is a hypothesis about the one-shot restriction; as a reduction of the

conjecture it is circular, by Remark 9.34. The results below are stated for this value of 3 only;
the variant 3 = (0/d)°" is not treated.

Corollary J.17 (A2: spikes need large-bias reveals). (a) [proved here, audited] ﬁ(@ >
0 and QV'e < A/2) < 3(q/e)'/8.

(b) [conditional on (LJ)| Assume (LJ) at (0,C',C"). Then every B-regular ¢p with ¢ <
(0/d)C" satisfies f’\;(Q > 0) < p1/8. With 8 =0y/2, for the threshold 6y of Remark 9.3/,
this is a bound on regular spikes for the one-shot restriction, and it inherits the circularity
of that remark.

Proof. (a) As in the proof of Corollary J.15, off the exceptional set of (11) with y = A/8, the
event {Q > 0} forces QV'® > 0.9375A — 1 — 0.3907A — 0.01 > 0.5468A — 1.01. This exceeds A/2,
because A > 89 > 21.6. s -

(b) Since QV'® < N Corollary J.15 and (LJ) give Pr(Q > 0) < Pr(Q > 6, QV'® <
A/4) +Pr(Q > 6, N' > A/4) < p; /16 + p; /16. O

Remark J.18 (a triggered form is strictly stronger). Suppose that, for some C > 0, E[Qvlg |
Q > 0] <Cln(d/0) + CA/In(1/71), and that C” > 8C + 16 and C’ > 8C. Markov’s inequality
gives Pr(QV'8 > A/2 | Q > ) < 2C/C" 4+ 4C/(C'In(1/6)) < 0.35. With Corollary J.17(a) this
gives Pr(Q > ) < 6(g/e)'/8, which is far smaller than p; /8 when ¢ is small. The converse fails.
The bound py /8 allows Pr(Q > 6) of order p;/100, while by Corollary J.17(a), QV'2 > A/2 on
the spike outside a set of mass 3(g/e)/® < p;/100. Then E[QV' | Q > 0] > A/2, which can be
far above C'In(d/#). So the triggered form is not equivalent to the regular-spike bound. This is
harmless downstream: heavy spikes have f’\;(Q > 0) > p1, and either form excludes them.

Remark J.19 (scope). (1) The factor In(1/p) in Theorem J.14 is the hazard integral fol_p du/(1—
u). In the one-shot constants it is absorbed by k1 = O(1/(C"1In(1/6))), because Ind < In(1/6)/6.
(2) The term QV'® cannot be dropped: without it the statement is false. Consider regular
spread gates, the average over M = 1/(2/) blocks of ANDs of width w. There the chosen block
cascades, and [numerical] the exact bias after j matches in that block is 2//(M — 1+ 27). Hence
N'8 ~ w — logy(M71) and QV' ~ w — logy M — O(1), consistent with (11), since Y;, ~ (w —
logy M)In2 < QV'8. (3) The threshold 71 = #¢/2 lies far above the stopping level 2¢/3 = ¢
of a relative-influence exploration, so tail biases of size between these two levels count as small.
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J.4. The old-free reduction. For g € By, § >0 and L > 1let J = Jy/1(g9), h = Elg | 2] as
in Lemma 8.6, and A(g;0,L) = Uy/r.(9) — 2E,Us(gs). Let G5 and K, be as in Lemma 1.9, and
write 1" (g) =>4 7 Inf;(g) < dVarg.

Lemma J.20 (Lemma OF; [proved here, audited]). For every ¢ > 0 andn > 0, with L' = L§'/0,
Ag;0,L) < A(h0' L) +2nG + (1 +1/n) (0'/0) I"*"(g),
where G = Eq[Ey Var(Go) — Var(he)] = 3 gn7.9 §(8)2(27151 — 2-I81) < Varg — Varh and i/

denotes the values of the fized old coordinates. Since §'/L' = 0/L > MaxlInf(h), the function h
has no old spikes at (6',L").

Proof. For S C A\ J write é\g(S) = hAg(S) + rs(y’) with Eyrg = 0; then E,Gs = hy
and ZS;&@EZ}/T% = EyVar(G,) — Var(h,). As in the proof of Lemma 19, Uy(g,) >

D0 £SCANT, SOKy=0 é’;(S)z. Drop the S that meet the spikes Jy(hy), which do not depend on

y'. For the remaining S, with tg = 1[S N K, # (] and ¢g = E(S) (which does not depend
on y), Ey(cs + rg)*> = & + Eyrg and tg(cs + rg)? < ts((1 + 1/n)cg + (1 + n)rg) give
Ey[(1 —ts)(cs +rg)?] > ¢k — (1 +1/n)ciEyts — nE,yr%; summed over S, the first terms give
Up/(hy). A set S with tg = 1 that avoids Jy (hy) contains a spike of g, whose h,-influence is
below ¢/, so Y ¢ cAts < 0'|K,|, and Pr[j € K,| < Inf;(g)/(20). Summing, averaging over o, and
using Up,1,(g) = Varh (Lemma 8.6) and A(h;0', L') = Varh — 2E, Uy (h,) gives the claim. [

Corollary J.21 (Corollary OF; [proved here, audited]). Let 0 < ¢ < 1, n = ¢/8 and 0/ =
£26/(36d), so that L' = e*L/(36d). Then A(g;6,L) < A(h;¢, L") + 5Varg. In particular, if the
inequality of Definition 8.2 fails for g at some 6 < Var(g)?, then Varh > eVarg, MaxInf(h) <
0'/L', A(h;¢', L") > SVarh and 6’ < Var(h)?/(36d). Hence the touching transfer at loss L'
and parameter £/2 for all old-free h € By with the cap 0" < Var(h)?/(36d) implies the touching
transfer at loss 36dL’ /e? = 9216e2d3L’ (for ¢ = 1/(16ed)) under cap 2 for all g € By.

Proof. The error terms are 2nG < §Varg and (1 + 8/s)idVarg < §Varg. If the inequality

36d
fails for g, then Varh > Uy/1(9) > A(g;0,L) > eVarg, and the remaining claims follow from
0'/L' =0/L and ' = £20/(36d) < *Var(g)?/(36d) < Var(h)?/(36d). O

APPENDIX K. PROOFS OF THE TWO-STAGE THEOREMS

This appendix proves Theorem 9.15, the staged form of Theorem 9.14, and Theorem 10.14,
Theorem B° in the node form of Section 10.4. Both proofs rerun the proof of Theorem J.14 in
another reveal order, started from the state reached at a stage boundary or at a stopping index
inside a stage. Proposition K.3 does this once for all such starts. Theorem 9.15 is deduced in
Section K.2 and Theorem 10.14 in Section K.3. We use the hazard H(s,u) = In((1—s)/(1—u)),
the facts (F0) and (F1) and the notation of Appendix J.3. Throughout, d > 2, 71 € (0,1/(2e3d*)]
and k1 = 10e/(In(1/71) —3—41nd). For a function ¢ and a set D of coordinates, ¢p := ¢(xp,-)
denotes the restriction to the values zp. In Section K.3 the letter H also denotes a target height;
the hazard always appears with two arguments.

K.1. Staged explorations and a restarted Theorem A.

Definition K.1 (staged start state). Let p € (0,1), t, = 1 — p, let G, be a o-field and r > 1.
A staged start state at G, with r stages consists of the following G,-measurable data: a set R
of unrevealed coordinates; a multilinear ¢ on {—1,1}? with |¢| < 1, degree at most d and
q := Ey@? > 0; an ordered partition R = Py LI Py LI - - - U P,, whose parts may be empty; and a
start clock u, € [0,t,]. Conditionally on G, the following must hold.
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(S1) The values g have law (¢?/q) - U.

(S2) The clocks t,, v € Py U---UP,, are independent of xr and of each other. For v € P; the
clock t, is uniform on (u., 1], and for v € P; with j > 2 it is uniform on [0, 1].

(S3) The exploration runs the stages j = 1,...,r in this order. Stage j reveals the coordinates
v € P; with ¢, < ¢4, together with their values, one at a time in increasing clock order.
The coordinates of Py are never revealed; they are called frozen.

Here Pr denotes the underlying law of x, the clocks and the coins; in the applications it is a
size-biased law with independent clocks.

The reveals are numbered k = 1,...,m in the order in which they occur. Thus m < |R\ Po|
is random, and v, ji and uy := t,, denote the coordinate, the stage and the clock of the k-th
reveal. Put Dy, = {v1,..., v}, @ := Eyle? | 2p,] (s0 g0 = q), Q = qm, and let ¢, := Ey o2y, |
ZD,_,]/ak—1 be the bias of the k-th reveal just before it. Define QV®™, QV'8 and N'® along this
sequence as in Appendix J.3.

Time is the pair (stage, clock), ordered lexicographically. An epoch is the start (1, u), a reveal
(Jk,ug), or the end (j,t.) of a stage 7 < r. The end of stage j is also the start of stage j + 1.
The o-field F. at an epoch ¢ is generated by G, the stage of €, and the coordinate, clock and
value of each reveal up to and including €. Write G, for F. at the k-th reveal, with Gy := Go; for
k > m, Gy is the terminal o-field, which also records that the exploration has ended. A stopping
indez is a random 7 € {0,1,...} U {oo} with {r = k} € G, for every k. The information in F.
about the clocks of unrevealed coordinates is implicit. If ¢ lies in stage j at clock u, then the
unrevealed coordinates of P; have clocks > u, those of the earlier stages have clocks > t,, and
nothing is known about the later stages.

Lemma K.2 (strong Markov property of staged explorations; [proved here, audited]). Let G, be
a staged start state with r stages, and let € be an epoch. Write j for its stage and u for its clock,
where the end of stage 7 — 1 counts as stage j with clock w= 0. Let D be the set revealed by €.
Then F. is a staged start state with r — j + 1 stages and the following data: the unrevealed set
R\ D; the function ¢p and height Ey[p? | zp); the parts P;\ D, Pji1, ..., Pr; the start clock u;
and the frozen part
Po U (('Pl U”'U'Pj_l) \D)

Its exploration is the remaining part of the original exploration. In particular this holds at the
k-th reveal on {k < m}, given Gi. If T is a stopping indez, then on {T = k < m} the conditional
law given G coincides with the conditional law given Gy.

Proof. Condition on G, throughout. Let Z. be the clock part of F.: the stage of ¢ and the
coordinates and clocks of the reveals up to . Then F. = 0(Go,Z, zp), and D is Z.-measurable.
Since the reveal order is determined by the partition and the clocks, Z. is a function of the
clocks, which are independent of zr by (S2).

Values. Given (Z.,zp), the values xp\p have the conditional law of (©%/q) - U given zp,
with the set D held fixed. By Bayes’ rule this law is (¢%/Ey[p? | zp]) - U. The function ¢p is
multilinear, bounded by 1 and of degree at most d, and its norm Ey[@? | xp] is positive almost
surely, because Ey;[p? | xp]/q is the density of Pr with respect to U on o(zp).

Clocks. Fix a value of Z.. The event that Z. takes it is, apart from the values of the revealed
clocks themselves, an intersection of conditions on single clocks: t,, > t, for the unrevealed w
of the stages before j; t,, > w for the unrevealed w € P;; and no condition on the clocks of
Pjs1,...,Pr. The clocks are independent, so conditionally on this event they remain indepen-
dent. The unrevealed clocks of P; are uniform on (u,1]; for j = 1 this uses that they were
uniform on (uo, 1] and that u > u.. Those of the later stages are uniform on [0,1]. The un-
revealed coordinates of the earlier stages have clocks > t,, so they are never revealed. This is
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the order-statistics fact that, given the smallest clocks and their owners, the other i.i.d. uniform
clocks are i.i.d. uniform above the last revealed one. Since the clocks are independent of zp,
conditioning in addition on zp does not change their law, and they remain independent of z g\ p.
This proves (S1) and (S2) for F.. After € the exploration reveals, in clock order, the coordinates
of P; \ D with clocks in (u,t,], and then runs the stages j + 1,...,7; this is (S3).

Stopping indices. If A € G-, then AN{T =k} € G;. Hence E[Y | G;] =, 1(t = k)E[Y | Gi]
almost surely for every bounded Y. ]

Proposition K.3 (Theorem A from a staged start state; [proved here, audited]). Let G, be a
staged start state with r stages, start clock u, and height q. Put A, :=1n(e/q) and

lo = H(uo,ts) + (r — 1) In(1/p) < rIn(1/p).
For every y > 0 there is an event X with f’vr(X | Go) < 3e™ Y off which:

(a) g > qe™ Y for all0 <k <m;
(b) In(Q/q) < 2y + (e — 1) bo max{7, k1 (Ao +y)} + QVv'e.

Proof. Write Pr for ﬁ( | Go), the joint law of xr and the clocks. The Pr-law of the clocks of
Py plays no role, since these coordinates are never revealed. Put Zj := (qx/q) exp(— >, <) ¢2)
for k < m and Zy := Z,, for k > m. Since In(Q/q) = > ., In(qr/qr—1) and >, ., cz =
stm + Qvlg’

In(Q/q) = In Z,,, + QV™ + QV's.

(i) Z is a supermartingale. Fix k > 1. By Lemma K.2 at the (k — 1)-th reveal, the following
holds given Gi_1. The unrevealed values have law (902Dk,1 /aqk—1) - U and are independent of the
clocks. Whether a k-th reveal occurs, and if so its stage, clock and coordinate, are functions of
the clocks. Hence, given G_; and these data, on {k < m} the value z,, has law (1+¢)/2 and
qk/qk—1 = 1 + cxxy,, by (FO) applied to ¢p, ,. By (F1) the conditional mean of Zj/Z;_, is
(1—|—C%)e_ci <1, and on {k > m} theratiois 1. So (Zj)k>0 is a nonnegative (G )-supermartingale
with Zy = 1. It is constant after m < |R| steps. By Ville’s inequality, E; := {maxy Z; > eV}
has Pr(Fp) < e Y.

(ii) Lower excursions. Let Pr¥ be the law under which, given G,, xr is uniform and the clocks
are independent of xp with their Pr-law. Then dPr /d Pr¥ = 2 /q. Every Gy is generated by
Go, clock information and xp,, with Dj, determined by the clock information. Under P10 g is
uniform and independent of the clocks, so Epo[¢? | Gk] = Eu[¢? | 2p,] = qx. Thus the density
of Pr on Gy is qx/q. Let k* := min{k < m : ¢ < ge ¥}, with k* = oo if there is no such k, and
put Ep := {k* < m}. Since {k* =k} € Gy and ¢, < ge™¥ on it,

Pr(Ep) =Y Epo[(ar/a)1(k* =k)] <e V.
k

Off Ey, (a) holds. The height changes only at reveals, so off Fy the height at every epoch exceeds
qge Y.

(iii) Exponential compensator. The epochs cut the run into waiting periods. A period starts
at an epoch ¢ in stage j at clock u. It ends at the next reveal of stage j, if that reveal has clock
< t, and otherwise at the end (j,¢.) of stage j. So there are exactly m + r periods, at most
|R| + r. For the period starting at ¢, let R, be its at-risk set, the unrevealed coordinates of P;.
For w € R. let ¢,(g) be the bias of w under (¢2,/Ey[¢? | p]) - U, where D is the set revealed
by €. Put

= cu(€)*1(|ew(€)] < m) € [0,1], Oc = Z Ay, Qe = Z (e* —1),

wE R, wWER,
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all F.-measurable. Let A, := H (u,t,), and let \; := H(u, u’) be the hazard length of the period,
where v/ is its end clock. The mark of the period is a,, if it ends with the reveal of w, and 0 if
it ends at the end of the stage.

By Lemma K.2, given F; the clocks of R, are i.i.d. uniform on (u, 1]. So their hazard times
Aw = H(u,t,) are i.i.d. exponential with mean 1. With n. := |R;| > 1, the first of them is w
with hazard time in d\ with probability e "<*d), for each w. Hence, since Y ow € = e +ng,

A*
JT-'E] = Z eaw/ ef(aerns))\ d)\_i_ef(aEJrnE))\* -1
wWER: 0

E [emarkfag)\s

If R. = (), the period ends at the end of the stage with mark 0 and a. = 0, and the left side is
1 trivially.

The period that ends with the k-th reveal starts at an epoch whose revealed set is Dy_q,
because no value is revealed at the end of a stage. So its mark is ¢71(|cgx| < 71), and the sum of
all marks is QV"™. The factor e™@k—As of a period is measurable at the next epoch. There
are at most |R| + r periods, so iterating the one-step identity with the tower property gives

E exp <QVsm — ze:ozg)\g) =1.

Since e* —1 < (e —1)a for a € [0, 1], we have a. < (e —1)o.. Hence Eexp(QV™ —(e—1)A4) <1
with A := ) _o0.)\.. For a Go-measurable a, let E3 := {QV™ > (e —1)a+y, A <a}. On Ej3
we have QV*™ — (e — 1)A > y, so Markov’s inequality gives Pr(E3) < e™Y.

Choice of a. At an epoch e with revealed set D, the restriction ¢p is bounded by 1 and has
degree at most d. Its norm is ¢. := Ey[p? | zp] > 0, and its size-biased biases are the ¢ /(e).
Corollary J.3 with k = d therefore gives

Z cw(€)? < max{r, k1ln(e/q.)}.

wER\D, |cw(e)|<T1
This is (F4) at €. Its sum runs over all unrevealed coordinates: the at-risk set R, the coordinates
of the later stages and the frozen ones. The sum o, is over the subset R., so off Fo, where
In(e/q:) < Ao+,

e < max{71, k1(Ao+7)} for every period.
By additivity of H, the hazard lengths of the periods of stage 1 add up to H (uo,ts), and those
of every later stage to H(0,t.) = In(1/p). Hence off Es,

A < lomax{m, rk1(Ao+y)} = a,
and a is Go-measurable. Also H (uo,t,) < H(0,t.), so o < rln(1/p).
(iv) Conclusion. Let X := E; U Eq U E3, so Pr(X) < 3e7 Y. Off X we have InZ,, < y and
A < a, hence QV™ < (e — 1)a +v. So In(Q/q) < 2y + (e — 1)a + QV', which is (b); (a) holds
off EQ. L]

For r = 1, uo = 0 and Py = (), Proposition K.3(b) is Theorem J.14, and the proof above is
its proof. The only changes are the at-risk sets and the bookkeeping of the hazard over several
stages.

K.2. The staged form of Theorem A. We restate Theorem 9.15.

Theorem 9.15 (staged form). Suppose the revealed set is revealed in s stages, the stage of each
coordinate being chosen independently of x and of the clocks, and in clock order within each
stage. (a) Theorem 9.1/ holds with (e — 1)1n(1/p) replaced by (e — 1) sIn(1/p): each stage adds
one hazardIn(1/p). (b) The same holds conditionally on the revealed data at any stage boundary,
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with one hazard per remaining stage and q, A taken at that boundary; here alive coordinates that
are never revealed (frozen, with hazard 0) are allowed.

Hypotheses made precise. Assume (H1) and (H2) of Appendix J.3, except for the order in
which F'\ B is revealed, which is replaced by the following.

(H2s) Staged oblivious exploration. Given the stopping data (g = (B = b, x, = (), an ordered
partition b = Py LUP; L --- U Ps (s > 1; parts may be empty) is a function of (5 and of
coins that are independent of x and of the clocks. In particular it does not depend on
xpe or on the clocks. Stage ¢ = 1,...,s reveals F'NP; in increasing clock order, and the
stages run in the order 1,...,s. The coordinates of Py are never revealed.

In the statement of Theorem 9.15(a), Py = (). Then the final revealed set is F, as in Theo-
rem 9.14, so QQ = E[@QB | 2B, 2\ ] is the same random variable; only the reveal path, and with
it QV'8, changes. The partition, and s, may depend on the stopping data (5 and on the coins.
As in Appendix J.3, write ¢ for ¢y, ¢ = Ep? and A = In(e/q). Write QV'8 for the large-bias
quadratic variation of the staged reveal sequence. Let G~ be the o-field at the stage boundary
before stage i, generated by (p, the coins, and the coordinates, clocks and values revealed in
stages 1,...,i — 1. Then ¢("~1) denotes the height there, AU~ =1In(e/q(~Y), and QV1>gi is the
large-bias quadratic variation of the reveals of stages 4, . .., s. The two parts of the theorem then
read:

(12) i;r(lncj > 2y + (e — 1)sln%max{ﬁ, k(A +7y)} +QVE ‘ CB) <3e Y,

(13) ﬁ(ln > 2+ (e~ 1)(s—i+1) In L max{m, r1(AC"D 4+y)}+QVE,

Q
q(ifl) -
almost surely, for every p € (0,1), 71 € (0,1/(2¢3d*)], y > 0 and i € {1,...,s}. Here Py is
allowed in both parts; when Py # ), @ denotes the final height of the staged exploration, the
conditional second moment of ¢p given everything it reveals, and the coordinates of Py may lie
in F, since they are never revealed. The unconditional form of (12) for B = () is Theorem 9.14
with s hazards.

g(i—l)) < 3e7Y

Proof of Theorem 9.15. (a) Condition on (g and on the coins. By the consequence of (H2) in
Appendix J.3, given (p the values zc have law (7 /q)- U, and the clocks (t,),g are i.i.d. U[0, 1]
and independent of x. The event {B = b, x, = (} is {xp = (} intersected with an event of
the coins. The coins are independent of x and of the clocks. So the same holds given (g and
all the coins. The partition is a function of (g and the coins. Hence G, := o((p,coins) is a
staged start state with r = s stages P1,...,Ps, frozen part Py, start clock u, = 0, function
op and height g; its exploration is the staged exploration (H2s). Proposition K.3(b) with ¢, =
H(0,t.) + (s — 1) In(1/p) = sIn(1/p) gives (12) conditionally on (p and the coins. Integrating
over the coins gives (12). Note that s may depend on the coins, since each conditional bound
has its own s.

(b) Fix i; it may depend on (p and the coins. The stage boundary before stage i is the
epoch “end of stage i — 17 of this start state (the start if i = 1), and its o-field is G¢~1). By
Lemma K.2, G0—Y is a staged start state with » = s — i + 1 stages P, ..., Ps, start clock 0 and
height q(i_l). Its frozen part is PoU{v € Py U---UP;_1 : t, > ti}. The frozen coordinates are
alive and never revealed, and they lie in no at-risk set. Proposition K.3 allows them, because
its RL1 bound (F4) sums over all unrevealed coordinates; this is the point of allowing a part Py
in (H2s). The reveals of the restarted exploration are those of stages i, ..., s, so their large-bias

quadratic variation is QVIZgZ-. Proposition K.3(b) with ¢, = (s —i+ 1) In(1/p) gives (13). O



ON THE AARONSON-AMBAINIS CONJECTURE 131

Remark K.4 (what the hypotheses exclude, and reading = only on F). The proof uses the stage
assignment only through Lemma K.2. That lemma needs the reveal order to be a function of
the clocks and of G,, with the clocks independent of the unrevealed values. A stage assignment
that depends on xpc, or on the clocks, breaks this, and the theorem does not cover point-
dependent sets. Every o-field of a staged exploration is contained in o({g, coins, clocks, x F\ B) C
o(xp,clocks, coins), because B C F. So a staged exploration reads x only on F. This is the
hypothesis of Lemma 9.27, which is false without it, so that lemma applies to the o-fields of every
staged exploration. Lemma 10.13 needs in addition that the terminal o-field contain o(F, zp);
this holds when Py N F = (), as in the node explorations of Section 10.4, to which it therefore
applies.

K.3. Theorem B°. We recall the definitions of Section 10.4, written for (¢, H) in place of
(e, He); the numbers 0 < h < H < 1 and y > 0 are free parameters there and here. Under
Pr= ﬁw,, x has density ¥? /w with respect to U, the clocks t, are i.i.d. U[0,1] and independent
of z, and F = {v : t, < 3}. The exploration G has two stages.

e Stage 1 reveals H N F, with its values, at once.

e Stage 2 reveals F'\ H in increasing clock order, at reveal indices k = 1,...,m.

e The coordinates of H \ F' are frozen: alive, never revealed, hazard 0.
Let Sy = (HN F)U{v1,..., v} be the revealed set after k stage-2 reveals, ¢*) = Ey[4? | g, ],
and let ¢, = Ey[v?a,, | xsk_l]/q(k_l) be the bias of the k-th stage-2 reveal just before it. The
reveal is large if |cx| > 7. Let G be the o-field of the clocks and values revealed up to and
including the k-th stage-2 value; for £ > m it is the terminal o-field. Let g,j_l be the o-field
of the clocks and values revealed before the k-th stage-2 value, together with the identity and
clock of the k-th revealed coordinate (or the information that there is none). Then

cap={q® > h},  ¢=min{k>0:¢" >n},

B, = {q(o) <h, ¢(<m, Ik>C: vy=0, |eg| > 11, |¢j| <71 (( <J<Ek), q(k_l) > he Y},
with ¢ = oo if no k < m qualifies. Also 3} = 72/4 (Section 10.2), 73 = (e — 1)In2, and
dytp = (P(x¥71) — (zv771))/2, so that o = E, 1) + 7, dytp and ||dytp||3 = Inf, (). We restate
Theorem 10.14.

Theorem 10.14 (Theorem B°, node form). Let ¢: Q, — [—1,1] be multilinear of degree at

most d with w = ||1||3 > 0, let H be a fized set, and let G, ¢¥), ¢, cap and E, be as above with

(¢, H) in place of (e, He). Let 7 € (0,1/(2e3d*)], k1 as in Theorem 9.14,0 < h < H <1 and

y > 0 with In(H/(2h)) > 2y + v1 max{7, k1(In(e/h) +y)}. Write Pr for ﬁw and Pr, for f’vrde,

with the same clocks, and Q = E[? | zp].

(a) f;;(Q > H, ¢ < h, no E, occurs) < 3e7Y.

(b) Eyn{vx = v} € G ;, and on this event py(Sy_1) = Bul(dt)® | 25, ,1/a®D > /4> g
and Ey[(dyy)? | zs,_,] > Byhe™V.

() Pr(By) < (pu/B5) Pro(By), where p, = Inf, () /w.

Proof of Theorem 10.14. Step 1: the stage boundary is a staged start state. Here Q = Ey[1? |
TR = ¢\™) because S, = F. The set Sy = H N F is a function of the clocks of H, and Gy is
generated by Sp, the clocks of Sy and zg,. Under i:’vr, x is independent of the clocks. Hence,
given Go, the values xge have law (wgo /q9) - U by Bayes’ rule, and ¢(°) > 0 almost surely. The
clocks of H¢ are independent of x and of the clocks of H, so given Gy they are i.i.d. UJ0,1]
and independent of x. The coordinates of H \ F are never revealed. So Gy is a staged start
state (Definition K.1) with the following data: p = %, ty = %; one stage P; = H¢; frozen part
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Po = H\ F; start clock 0; function 9g,, of degree at most d; and height ¢, Tts reveals, heights,
biases and o-fields are the stage-2 quantities v, ¢, ¢ and Gi. That stage 1 is revealed at once
rather than in clock order does not matter, because only the o-fields from the stage boundary
on are used.

Step 2: the proof of Theorem A, run from the state at (. The index ( is a (Gy)-stopping
index: {¢ =k} = {¢¥) < hforj <k, ¢*) >h, k <m} e G Since ¢ depends on the stage-2
clocks and values, Theorem 9.14 is not quoted at (; instead, Proposition K.3 reruns its proof
from G, with the inputs supplied by Lemma K.2. Fix k. By Lemma K.2 applied to the start
state Gp, on {k < m} the o-field Gj is a staged start state with the following data: one stage,
consisting of the unrevealed coordinates of H¢; start clock uy = t,, < % (up := 0); height q( )
and frozen part M \ F. Its reveals are the stage-2 reveals j > k, and its biases are the c;. Let
X}, be the event of Proposition K.3 for this start state, so Pr(Xy | Gx) < 3e™¥ on {k < m}, and
put X =, ({¢ =k} ﬁXk). Since {¢ = k} € Gy,

ZIE = k) Pr(Xy, | Gr)] < 3e7V.

On {¢ = k} we have ¢®) > h, hence In(e/q®)) < In(e/h). The hazard satisfies £, = H (uy, 3 =
In(2(1 — ug)) <In2. So off X, on {¢ < m}, Proposition K.3 gives

Q
d©

(15) q(J) > ¢ Qe > he v (C<j<m),
where QVIEC =D is¢ c?l(|cj\ > 711). Only the hazard after ¢, at most In2, is paid. The RL1

bound in the proposition includes the frozen coordinates 7-[ \ F.

Step 3: the dichotomy and (a). Let G := {Q > H, ¢© < h}. On G, ¢™ =Q > H > h, so
¢ <m,and ¢ > 1 because ¢°) < h. By minimality ¢/¢~1) < h. By (F0), ¢ (© = q(C 1)(1+c<xv<) <
2¢'~1 < 2h. Hence, by the hypothesis on (h, H,7),

H
q% > In — 57 2 > 2y + v1 max{7y, x1(Iln(e/h) +y)}.

Off X, (14) then forces QV>C > 0, so some stage-2 reveal strictly after ¢ is large. Let £ be the
first one. Then |c;| < 71 for ¢ < j < k. Also ¢*~) > he™¥: if k — 1 = ( this is ¢'©) > h, and if
E—1> (itis (15). So E,, occurs. Therefore G N {no E, occurs} C X, and (a) follows from
f’\;(X ) < 3e7Y. The three exceptional events of the restarted run are each counted once. In
particular the lower excursion is counted once, and no stage-1 term arises, since the search for
¢ starts at the stage boundary.

Step 4: (b). Fix v and k. Since v is revealed at most once, on {vy = v} the index in the
definition of E, must be this k, so

Eyn{op=v}={q@ <h}n{¢<k-1}n () {lejl <7}

(<j<k

N{k<m, vy =0, || >} N {q(kfl) > he Y},

(14) In < 2y + vy1 max{7m, ki(In(e/h) +y)} + QV>C’

In

We check that each set is in g,;tl.

e ¢ and ¢®*~V are functions of xs,, g, _, and of these sets, so they are G,_1-measurable.
e {( <k—1} € Gx_1, because ( is a stopping index.
e For j <k, ¢; is a function of v; and zg;_,, so it is Gx_1-measurable.
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o {k <m}, vy and ¢, are g,j_l—measurable, since ¢, is a function of v, and zg, .
The value x, does not enter. Hence E, N {vy = v} € Q;‘_l. This uses that FE, looks only at

reveals strictly after . The crossing reveal k = ¢ is decided by ¢(©) > h, which depends on Ty -
The same description shows that the events F, are pairwise disjoint: on FE,, v is the first large
reveal strictly after (.

For the bounds, let S = Si_1. On {vy = v} we have v ¢ S. Write ¢)g = A + z,B, where
B = (dy¥)s and A do not depend on x,. Averaging over the unrevealed coordinates under U,

¢V =Ey[A® + B? |zs], Eu[v’w, | ws] = 2Eu[AB | zs], Eul(dw)’ | zs] = Eu[B* | zs].
By Cauchy-Schwarz, with p := p,(S) = Ey[B? | z5]/q¢%*~ ),
4Ey[AB | z5)? < 4Ey[A? | 25] Ey[B? | 5]
(q(kfl))2 - (q(kfl))Q
This is the bound ¢ < 4p,(Sk—1) behind Corollary J.11. On E, N {vy = v} we have |c;| >
1, 80 pp(Sk_1) > /4 > 12/4 = B5. With ¢*=D > he ¥ this gives Ey[(dyy)? | zs,_,] =
po(Sk1) g5 > Bohe .
Step 5: (c), change of measure. If Inf, (1)) = 0 then dyy) = 0, so py(Sk—1) = 0 and E, =

by (b); assume Inf, (1)) > 0. Let Pr’ := U ® clocks. Then Pr and Pr, have densities 2 /w and
(dyt)?/Inf, (v) with respect to Pr°, and they have the same clocks. The o-field G} | is generated

by clock information and zg, ,, with S;_; determined by the clock information. Under P, z
is uniform and independent of the clocks, so on g,j_l

dl?;; q(k_l) dﬁv EU[(dU¢)2 ’ xsk—l]

¢ = =4p(1 - p) < 4p.

dpPr® w dpr® Inf,(¢)

On the event E, N{vy = v} € gktl, the second density is positive by (b), and the ratio of the
two is

(k—1)
q Inf, (1)) Po__ o

w . EU[(dv¢)2 | $5k71] B pv(Sk‘—l) N ﬁf

Hence Pr(E, N {v, = v}) = Eg [(pv/po(Sk-1))1(Ew N {vk = v})] < (pu/B7) Pry(Ey N {vg = v}),
The events {vy = v}, k > 1, are disjoint and cover E,, since v is revealed at most once. Summing
over k gives (c). Only o-fields strictly before the value z, are used. O

Remark K.5 (constants and conventions).

e FExceptional mass. The exceptional mass in (a) is 3e”Y. These are the three events Eq,
E5, Es5 of the run restarted at ¢. The start height ¢(©) > h is known at ¢, so no separate
lower excursion before ( is needed; a priming bound, as for a stage-1 loss, would cost a
fourth e7¥.

e The constants 37 and 1. Theorem 10.14 is stated and proved with 8} = 77/4, the
constant that the bound ci < 4py(Sg—1) of Corollary J.11 gives for a large reveal. The
grid of Section 10.2 and the recursion of Proposition 10.17 use 81 = 37/2 = 72/8. The
factor 2 is the factor K/(K — 1) of Lemma 10.13 at K = 2, and it enters only in the
proof of Theorem 10.16, as follows. By (b), on E¢ the child’s height just before v’s value
is at least BThe™ = 2B1he™¥. The node exploration reads = only on F', and its terminal
o-field contains o(F, zr) (Remark K.4), so Lemma 10.13 bounds the probability of the
corresponding sup-event by 2ﬁC.U(QC'” > prhe™Y). Combined with (c), each child then
costs 2p5/B87 = p5/B1. In the recursion (h, H) = (hs, Hs ), and (G2) of Lemma 10.5



134 PAATA IVANISVILI

gives Brhsre™ > Heiq . Lemma 10.13 at K = 2, applied to 9 itself, gives the second
inequality of Lemma 10.15; that factor 2 goes into xy = 6e™Y, not into (.

e Hypothesis. The hypothesis In(H/(2h)) > 2y + v1 max{7i, k1(In(e/h) + y)} is used only
in Step 3. In Section 10.4 it is a hypothesis of Theorem 10.16; at the grid heights
(Hg ks hs iy y), where Proposition 10.17 applies that theorem, it is supplied by (3), display
(GO) of Lemma 10.5.

APPENDIX L. THE ARITHMETIC OF PROPOSITION 10.25

This appendix proves Proposition 10.25 with every inequality written out. Each step
is either an elementary inequality, proved where it is used, or a finite evaluation of ex-
plicit expressions at T' = 4. The evaluations are tagged and their values are printed; the
scripts qpg_arith_bounds.py and qpg_appendix_consts.py of the supplementary directory
supplement/ recompute every printed number except those of the elementary bounds (E4) of
Section L.3, and check the inequalities between the numbers they recompute; for (E4), which
is proved where it is stated, they check the three resulting inequalities at sample values of T
A printed value used as an upper bound is rounded up in its last digit. No step maximises a
function of T numerically: every intercept bound is 7° times a polynomial in v = 1/T with
nonnegative coefficients, which is largest at u = %, and the one linear bound in u comes from
Lemma L.4.

L.1. Setting and notation. Throughout, d > 2, T' = [logy(2ed)] and € = 1/(16ed), as in the
chain (Theorem 8.4). The notation is that of Sections 10.2 and 10.7:

1 1 1

a= €= 5 S = 16T + 4, €1 = {072 v =(e—1)In2,
K; = 3000e:, E:Inﬂll:KgT2+6+ln8+8lnd,
y={¢+Ind+1n24 +tg, ts:ln(1024e§)—|—21nd7
"= 1161’ bop=1+In2+42y+e1(1+y), by =r1bo +y+ ¢, by = rby + In 2,
et e W 5 6 ),

r—1"’ r—1"’ jo 5

Here ¢ = 2In(1/7) + In8 with In(1/7) = 3+ 4Ind + 10e7; /g1 and 20ev; /e1 = K,T?. We also

write

1 1 rbo b by

u=—¢€ (0,1}, A=K R="2 PA=%. PR=
so that e7 = u?/150, e1A = K;/150 = 20ev;, 16TA = 16K,73, (S —1)/(16T) = 1 + £u and
1+ (S —1)a=4T + . Since 2ed < 2T and d > 2, we have T > 4 and
(16) 0<In2<lnd<(T'—-1)ln2-1<TIn2.
Everything below holds for every real T' > 4 and every d satisfying (16); integrality of T is not

used. In every quantity bounded below, In d occurs only with nonnegative coefficients, and each
occurrence is bounded through (16); so no separate monotonicity argument in d is needed.

L.2. The five conditions as linear conditions in X. Recall that X =1In(1/0) > 0 and that,
by Lemma 10.5(G4), Zsj = %X + ko5 + wy, and 25 = 7(Zsx + bo); on the bottom row,
Z¥=Zss1 and In(1/h}) = 25 5-1.
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quantity value quantity value

Ky = 3000ev; 9712.602050 16K, 155401.6328
256 K 2.486426 - 10° 20ey; = 1A 64.750680
e1 =9In2/K, < 6.422918-107*  ro = 2400/2399 1.000416840
pr = 1r0/600 <0.001667362 ey 0.002995276
& =10(32+ Z)/15O < 0.2250938 02 0.2317939
&k = 1o(16 + 2)/150 <0.1117133 PK 0.1133175
ap = 1n(1024e) — 2 —2In2 4.545177 7(4) 0.210439
SatT =14 68 erat T =4 1/2400
AatT =4 155401.6328 3ln2 -1 1.079442

TABLE 6. Constants used below; ey, p2, px and 7 are defined in Lemma L.3. All
but the last two rows are independent of T' [computer-assisted: finite evaluation,
values printed).

Lemma L.1 (exact forms; [proved here, audited]). For 0 <s < S —1,

Zi—X =" - D)X +ws a1, Df =X + (r — 1) (% tog +wg_1) + rbo,
0

i

and B} = e X + 5 t57 1y for s < S — 2. Consequently the conditions of Proposition 10.25

read In M > mX 4+ ', with m and I" free of 0:

(G"), s <S8 —2: m=4ersT5, T = 4ps+t5-1py;

(CV'):m=7r5"1 —1+4ert T=ws 1+ — 1) os +ws_ 1)+ rby +In4;

(MW" ): the same m, and T = wg_1 + (r — 1) (r° Loy +ws_1) + by + s+ In(5125d?/(3¢));

(LD"): m =2(r*+5 — 1), I = 2[2In(645d*12°/(3¢)) + 2s¢ + r(r Log + wg_1) + rbo) ;

(CL"): m = (3r?*572 —1)/(4T + %), I = 3(rSlog_1 + wg_1 + In(1/p.)) /(4T + I).

Proof. Since oy = 0, Z; = r 71X + wg_1. Next, 2s5-1 — Zsg-1 = (r —1)Zs 5-1 + rby, and
(r — 1)rs+971 = 175+ because 1 — 1/r = e1; this gives D} = In(H}/h}), and In(0/hZ) =
Zs,5-1 — X. Since 0541 — 05 = bir®, we get By = 77| — Z; = (r5+5 — TS+S_1)X + 51y,
Now insert these into (G”), multiplied by 1/a = 4; into (CV”) and (MW"); into the logarithm
of (LD"), :In M > 2In(64Sdt%5/(3¢)) + 2s¢ + In(#/h%), multiplied by 2; and, with Z%_; =

r2972X + 5~ log 1 + wg_1, into (CL"), divided by 1+ (S — 1)a = 4T + Z. d

1 = (rtS = X+ 'r(rs_las + wg—1) + rbo,

Since X > 0, the hypothesis In M > ¢X 4+ In P; of Proposition 10.25 implies a condition
InM >mX + 1 as soon as

(17) m<c¢ and T <InP;=3.0-10°73.

Lemma L.5 and Propositions L.6-L.9 verify (17) for every condition, and Theorem L.10 collects
them.

Lemma L.2 (monotonicity in s and geometric sums; [proved here, audited]). (a) %, og, sl
and In(64Sd**27/(3¢)) are nondecreasing in s. Hence in (G"), (CV"), (MW") and (LD") the
slope and the intercept are mnondecreasing in s, and in (G") all exponents of r are at most
25 —2. (b) Forn>1, (r" = 1)/(r—1)=>_._ 17 <nr""'. Hence 051 < (S —1)r"2b; and

j<n
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ws—1 < (S — 1)r92by, and therefore

ro- 105 1+ ws_1 )( 25— Sb + 79 21)2)

< (
T(T57105,1 + ws_ ) <( ( 25721)1 + Tsflbg).
(b

Proof. (a)r >1,b; > 0,£ > 0and d > 2. (b) Each of the n terms 77, j < n, is at most r"~1. [

L.3. Elementary bounds.

Lemma L.3 (elementary bounds; [proved here, audited; the constants are finite evaluations,
printed]). For every T > 4 and every d satisfying (16):
(E1) ¢ < L+ 1Ind < A(1+equ) —3—6In2 and y < A(1 4 equ), where e = 9In2/K, <
6.422918 - 10~4.
(E2) g1 <1/2400 and r < 1+ pyu with p, = 0.001667362. For 0 <n <25 —1, r" <1+ pau
with po = 0.2317939; for 0 <n < S —1, " <14 pgu with pxr = 0.1133175.
(E3) by < A(2+ epu) with e, = 0.002995276. Consequently, coefficientwise in u,

Py < Py(u) := (1 + ppu) (2 + epu) = 2 4 0.00633 u + 4.994209382 - 10~ %u?,
Py < Pi(u) := Py(u) + 2(1 + equ) = 4 + 0.0076145836 u + 4.994209382 - 10~ %2,
Py < Py(u) := Py(u) + 1.784144 - 10 7u = 2 + 0.00634784144 u + 4.994209382 - 10~ %42

(BE4) R" = 2In (645d5~V+25/(3¢)) < 26.7T%, In (5125d?/(3¢)) < 4T? and In(64Sd/e) <
AT. Hence In(1/py) < (S — 1)A(1 +eju) +47T.

Proof. (E1) {+Ind—A=6+In8+9Ind <6+3n2+9((I'-1)In2-1) =9TIn2—-3—6In2
by (16), and 97'In2 = A -9In2/(K,T) = Aeju. Next, y — (¢ +1Ind) = In24 + tg. By (16),
ts < 7(T) = (ap + In(16T +4) + 2T'In 2) /(16T + 4) with ap = In(1024e) — 2 — 2In 2 = 4.545177.
Then 7/(T)(16T + 4)? = 16 + 8In2 — 16ag — 16 In(16T + 4), which decreases in T' and equals
—118.6898 < 0 at T' = 4; so tg < 7(4) = 0.210439 < 0.22. Since —3 — 6In2 4+ In24 + 0.22 =
—3.7608 < 0, y < A(1 + equ).

(E2) 1 = u?/150 < 1/2400, so r — 1 = e1/(1 — 1) < roe1 with 79 = 2400/2399, and
roe1 = rou?/150 < (ro/600) u. Since Inr = —In(1 —¢1) < e1/(1 —&1) < rpey, forn <25 —1 =
32T + 7 we have £ := nlnr < ro(32u + Tu?)/150 < £u < & = &./4 < 0.0562735. By Taylor’s
formula, ef < 1+ &+ %§26£ <1+ {(1 + %foe&’), sor"” <1+ fc(l + %ﬁoefo)u <1+ pou. For
n < S—1=16T+3, in the same way ¢ < ro(16u+3u?)/150 < Exu < o := Ex /4 < 0.0279284,
and &k (1 + 3Ek,0€550) < pg.

(E3) by = 1+1n2+¢1+(2+¢1)y. By (E1), e1A = 20ey; and 1+1n 246, < 1+1n2+1/2400 < 1.7,
we get

bo < 2A(1 + eyu) + 1.7 + 20ev1 (1 + e1u) < 2A(1 + eyu) + 66.461078,
where 66.461078 > 1.7 + 20ey1(1 + e1/4). Since 1/A = u?/K; < u/(4K,), this is at most
A(2+ (261 + 66.461078/ (4K ,))u), and 2¢; + 66.461078/(4K,) < 0.0012845836 + 0.001710692 <
ep. The bound on Py follows from (E2). For Py, y + ¢ < 2A(1 + eju) by (E1). For Ps,
In2/A < (In2/(4K,))u < 1.784144 - 10~°u. The products are expanded exactly.

(E4) By 1/e = 16ed, R” = 2In(1024€S/3) +2(S +2.5) Ind. By (16), 2(S+2.5)Ind < 2(16T +
6.5)T1n2 < 22.197% + 9.027, and 21n(1024e/3) < 13.67; so 26.77% — R" > ¢(T) := 4.51T% —
9.027—13.67—21n(16T +4). Here ¢(4) = 13.97 > 0 and ¢'(T) = 9.02(T—1)—32/(16T+4) > 0,
so ¢ > 0. Next, In(5125d2/(3¢)) = In(8192eS/3) + 3Ind < 8.92 + In(16T + 4) + 2.08T, which
is at most 21.47 < 472 at T = 4, and its derivative 16/(16T + 4) + 2.08 is at most 8T, the
derivative of 472, Finally, In(64S5d/e) = In(1024eS) + 2Ind < ag + In(167T + 4) + 27 In 2, which
equals 14.309863 < 16 at 7" = 4 and has derivative 16/(167 + 4) + 2In2 < 4. The bound on
In(1/ps) follows with (E1). O
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Lemma L.4 (chord bound; [proved here, audited]). Let f(u) = > j_, fxu® with all i, > 0, and
let ug > 0. Then f(u) < f(ug) and f(u) < fo+ (u/uo)(f(uo) — fo) for 0 < u < wug. Forug= g,
the terms of degree k > 2 contribute at most u Zkzz fral=k,

Proof. u* < ulg and, for k > 1, vF = w-uF1 < uulg_l; sum against fr > 0. O

This is the chord lemma of the audited version of this appendix, restated so that the appendix
is self-contained.

L.4. Slopes.

Lemma L.5 (slopes; [proved here, audited; constants evaluated, printed]). For every s < .S —1
(s < S —2 for (G")):

o (LD"): Tm < 2py = 0.4635878;

o (CL"): m < (2+ 3pou)/(4T + %), and ¢ —m > (£ — 6p2)/(2T(AT + 1)) with T — 6py =

0.3592366 > 0 at T = 4, Tm < 0.4898807;

o (MW') and (CV"): Tm < px + (1 + p2/4)/600 < 0.1150808;

o (G"): Tm < 4(1 + p2/4)/600 < 0.0070530.
In particular m < ¢ =1/(2T) for all five conditions.

Proof. All exponents of r below are at most 25 — 1, so (E2) applies. (LD”): m = 2(r*t5 —1) <

2pou. (CL"): 3r2972 — 1 < 24 3pyu, and % - z;fi‘;?/i = 4T2+T7,(/4‘%;f$/;?p2, since 27 - 3pou = 6po;

at T = 4, T(2 + 3p2/4)/17.75 < 0.4898807. (MW"), (CV"): m = r571 — 1 4 g5t <
prcu + (u2/150)(1 4 pau), so Tm < pr + (u/150)(1 + pou) < pr + (1 4 p2/4)/600. (G"):
m = der*tS < (4u?/150)(1 + pou), so Tm < 4(1 + pa/4)/600. O

L.5. Intercepts. By Lemma L.2(a) it suffices to bound each intercept at s = S — 1; for (G")
the bound below holds for every s < S — 2 directly. Below, Fy, P, P are the polynomials of
(E3), and Pjg := Py + Py = 6 + 0.01396242504 u + 9.988418764 - 10~ 542,

Proposition L.6 ((LD”); [proved here, audited; constants evaluated at u = %, printed]). For
every s < S — 1, I'tp < 16K,T3 (16 + 6.196076 u) < 2.727147 - 105T3. As T — oo the bound
tends to 256 K, T3 = 2.486426 - 10073,

Proof. At s = S—1,Tp = 2[R"+2(S—1){+r(r’log_1+ws_1)+rb|. By (E4), R" < 26.7T%
by (E1), £ < A(1 + eju); by Lemma L.2(b) and (E2), r(r°"log_; + ws_1) < (S — 1)(1 +
pau)APyo(u); and rby < APy(u). Divide by 16TA = 16K,T% and use (S — 1)/(16T) = 1 + 2u,
1/(16T) = u/16 and T?/(16TA) = u/(16K,):

FLD 3u 3u — U —
< 124(1 *) 1 2(1 —) 1 P —P, 2.0.0001718129 u,
16K,T3 = Jup(u) +16 (14+e1u)+ +16 (1+pou) 12(U)+8 o(u)+ U

where 0.0001718129 > 26.7/(16K,). The polynomial fip has the nonnegative coefficients 16,
6.062364443, 0.53453794, 0.0012226523, 8.682204526-10~7 (of u?, ..., u?), and fip(0) = 4+2-6 =
16. Its four terms at u = % are 4.188172399, 13.298211071, 0.062549463 and 8.591 - 107°, so
fup(3) < 17.549019 [finite evaluation, printed). By Lemma L.4, fip(u) < 16 + 4(fup(3) —
16)u < 16 4 6.196076 u; the terms of degree at least 2 contribute at most 0.133711 u. Finally
16K, - 17.549019 < 2.727147 - 10% and 16K, - 16 = 256 K. 0

Proposition L.7 (MW”) and (CV"); [proved here, audited; constants evaluated at u = %,
printed]). For every s < S —1, I'cyv < I'yw < 16K@T3fMW(%) < 5.125043 - 105 T3, with faw

defined in the proof.
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Proof. For each s, 'cy < D'nmw, since sf > 0 and 5125d?/(3e) > 4. At s = S — 1, by
Lemma L.Q(b) and (EQ), wg—1+ (7" — 1)(?”57105_1 —i—w,g_l) < (S— 1)(1 —i—pgu) [bz +T061(bl —i—bg)] .
With 7bg < APy, (S —1)¢ < (S — 1)A(1 + equ) by (E1), and In(512S8d?/(3¢)) < 4T? by (E4),
dividing by 16 K,T? gives

I'vw ( 3u _ rou? -
MW — (1 7) 1 [P P ]
oK, = Mw () +16) (1 p2w) | Pow) + 5 Pz (u)
_ 3
n %Pg(u) n (1 + %) (1+ equ) + 2.573976 - 10,

where 2.573976 - 107° > 4/(16K,). The coefficients of fyrw are 3, 1.158103673, 0.1301220462,
0.01715016076, 0.001778507913, 4.075124714 - 1075, 2.89527454 - 102, all nonnegative. Its four
terms at u = % are 2.219609202, 0.031274731, 1.047043100 and 6.435 - 1075, so wa(i) <

3.2979335 and 16K, - 3.2979335 < 5.125043 - 10° [finite evaluation, printed). Lemma L.4 gives
fuw(u) < fuw (3)- O

Proposition L.8 ((G”); [proved here, audited; constants evaluated at u = %, printed]). For
every s < 8 —2, I'q < 4.112130 - 10* T3.

Proof. s+5—1<25-3,s0 by (E2) and (E3), I = 4r*™71b; < 4(1+ pou) APy (u) = T?g¢(u)
with gg(u) := 4Kpu(1+ pau)Pi(u). Its coefficients are 0, 155401.6328, 36316.98021, 68.7655426,
0.04497429198, and gg () = 41121.2941 < 4.112130 - 10* [finite evaluation, printed). O

Proposition L.9 ((CL"); [proved here, audited; constants evaluated at u = %, printed]). T'cp, <
2.242490 - 10° T3.

Proof. By Lemma L.2(b) and (E2), 7% log_1 +wg_1 < (S — 1)(1 + pou)APy2(u), and by (E4),
In(1/p.) < (S = DA(L + equ) +47. With 47 + 7 > 4T and (S — 1)A = 16K,T3(1 + S u),

I 3u _

% < for(u) = 12Kgu<1 n E) [(1 + pou) Pra(u) + (1 + elu)} + 303,
Its coefficients are 0, 815858.5722, 316770.8573, 31093.37894, 71.21443133, 0.05059607848. At
u=1% (14 &)1+ 2)Pia(3) = 6.649105535, (1 + &) (1 + &) = 1.047043100 and 12K,/4 =
29137.80615, so fCL(%) = 224248.934 < 2.242490 - 10° [finite evaluation, printed. O

L.6. The final comparison.

Theorem L.10 ([proved here, audited; the constants are finite evaluations, printed)). For every
real T > 4 and every d satisfying (16), each of the conditions (G") (s < S—2), (CV"), (MW"),
(LD") (s < S —1) and (CL") satisfies (17): its slope is at most ¢, and its intercept is at most
2.727147-10°T3 < 3.0- 106 T3 = In P;. Hence Proposition 10.25 holds for every d > 2.

Proof. The slopes are Lemma L.5. The intercepts are Propositions L.6-L.9, with max{2.727147-
106, 5.125043 - 10°, 4.112130 - 10*, 2.242490 - 10°} = 2.727147 - 10°. By Lemma L.1 and (17),
the hypothesis In M > c¢X + In P; then implies every condition, for every 6. O

Remark L.11 (comparison with the proof of Proposition 10.25). The bounds stated in the proof
of Proposition 10.25 are those proved here. The largest intercept is always that of (LD”), and
its bound exceeds the exact value at T' = 4 by less than 1.8%. The main term 256 K,7% of I'.p
comes from 2r(r°~log_1 +wg_ 1) ~ 2-6SA and 4(S — 1) ~ 4SA, with S =~ 167T. The tightest
slope is that of (CL”), whose margin ¢ — m is of order 1/T?; every other slope is below ¢ by a
margin of order 1/T.



ON THE AARONSON-AMBAINIS CONJECTURE 139

condition T -m, bound T -m,exact I'/T3, bound T /T3, exact

(LD") 0.4635878 0.462996  2.727147-10% 2.679188 - 10°
(MW") 0.1150808 0.115027  5.125043 - 10° 4.981268 - 10°
(cV") 0.1150808 0.115027  5.125043 - 10° 3.354230 - 10°
(CL") 0.4898807 0.489533  2.242490-10° 1.980183 - 10°
(G") 0.0070530 0.007050  4.112130 - 10* 4.108287 - 10*

TABLE 7. The bounds of this appendix at T' = 4, against the exact values from
the closed forms of Lemma L.1 at Ind = 3In2 — 1, maximised over s (the values
at d = 2 agree to four digits). The targets are T - ¢ = 0.5 for the slopes and
3.0- 108 for T'/T? [computer-assisted: finite evaluation, values printed; the exact
values are not used in the proofs|.

APPENDIX M. A QUANTUM OSSS CONJECTURE

For the bias f = 2p — 1 of a randomized decision tree of depth ¢ with revealments r; (p the
acceptance probability; the revealments are written d; in Theorem 4.1, while in this appendix d
denotes averaged query magnitudes), inequality (L1) of Theorem 4.1 [42] with h = f, averaged
over the random choice of the tree, gives Varf < > . r;E|d; f|; by Cauchy-Schwarz and ), r; <'t,

(18) Var(f)? < tZ'rZ-Infi(f).

This appendix formulates the analogue of (18) for quantum query algorithms, with the reveal-
ments replaced by the query magnitudes of [11] averaged over the input, and proves it in several
cases. A version with a constant polynomial in ¢ would imply Conjecture 1.1 for acceptance
probabilities of quantum query algorithms, and with it the classical simulation of quantum
query algorithms on most inputs (Proposition M.12); that case of the conjecture is open [2, 13],
so we do not expect a general proof to be easy. We prove the inequality with the sharp constant
for one query (Proposition M.5), with an absolute constant for two queries (Proposition M.6),
with a linear constant for a nonadaptive classical round followed by one quantum query (Propo-
sition M.7), and with the conjectured constant 4¢ for algorithms whose averaged magnitude
profile uy is constant (e.g. if the query distribution does not depend on the input), which in-
cludes nonadaptive algorithms (Corollary M.15); for nonadaptive algorithms the factor ¢ can be
dropped altogether (Proposition M.16), which gives their classical simulation with [4¢2/(s*63)]
queries (Corollary M.17); Remark M.18 discusses algorithms with r rounds of adaptivity. For
general ¢ we outline an e?® bound (Remark M.8). Inner products are conjugate-linear in the
first argument. The symbols dx, ux, A, &, I', T and K(t) defined in this appendix are local to it.

M.1. The model. Let n,w > 1 and H = C"T' @ C¥, a query register with basis e, ..., e, and
a workspace. Let P; = |e;)(e;| ® I, for 0 < i < n. For z € Q,, put 2o =1 and Oy = Y ;" ;i P;;
the index 0 is the null query.

Definition M.1 ([standard]). A t-query algorithm consists of a unit vector ¥y € H, unitaries
Ui,...,U; on H and a projection II. Its states are 15(x) = UsOpps—1(z) for 1 < s < t, and its
bias is

f(z) = (Y(x), (21T — p(z)) = 2 Pr[accept] — 1.
The query magnitude of k € [n] at x is my(x) = S.'_; | Petbs—1(z)||?, and &, = E,my(z). We
write p(x) = Ey, my(z), which does not depend on zy; thus Epy = dy.
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Remark M.2 (conventions; [standard]). (a) S p_,mu(z) = t — S0 |Potbs—1(x)||> < t, so
> i 0k < t. Every coordinate of ¢¢(x) is a polynomial of degree at most ¢ in x, so f € Ba(n).

(b) With ®(z) = Oy¢y—1(x) and M = UtT(2H — I)U;, a Hermitian unitary, f = (&, M ®).
Conversely, every Hermitian M with ||M|| < 1 occurs after doubling the workspace, because

M I_MZ 1/2
((I_M2)1/2 ( —M)
is therefore an arbitrary Hermitian contraction.

(¢c) The XOR oracle [i,b) — |i,b & X;) becomes, after a Hadamard gate on b, the phase
x; on the branch b = 1 and the identity on the branch b = 0; routing the branch b = 0 to
the null index (and storing 7 in the workspace) gives the present model, with magnitudes at
most the usual magnitudes of [11]. Controlled phase oracles are handled in the same way, and
intermediate measurements can be deferred. Since J; appears on the right-hand side of every
inequality below, these inequalities hold a fortiori with the usual magnitudes.

(d) (Op1,0ex10) = 1 — 2||Pyp|? for a unit vector 9, so a query that determines x; with
certainty, made on a state that does not depend on xj, has magnitude exactly % on k. A
randomized decision tree with revealments r; is therefore simulated with ¢; = r;/2, and (18)
reads Var(f)? < 2t &;Inf;(f).

(e) For ¢: @, — H we use the vector-valued notation of Section 2 (H viewed as a real Hilbert
space with inner product Re(-,)): dptp = (¢ (z*71) — ¢(2F7 1)) and Infy(¢) = E||dyy||®. For
fixed k we write ¢ = ¢t + a0~ with ¢T independent of xy; thus ¢~ = dj.

(f) If 6, = 0 then my = 0, the algorithm never puts amplitude on k, and f does not depend
on rr. Removing such coordinates, we assume 0 > 0 for all £ whenever we divide by dy.

M.2. The conjecture. We say that QOSSS holds with constant K(t) if Var(f)? <
K(t) > h_; 0xInfr(f) for the bias f of every t-query algorithm, for all n and w.

) is a Hermitian unitary; the magnitudes do not change. In the proofs, M

Conjecture M.3 (QOSSS; [open]). For everyt > 1 and the bias f of every t-query algorithm,

n
Var(f)? <4t Y dpInfy(f).
k=1

By Remark M.2(d), classical randomized decision trees satisfy the conjecture with 2 in place of
4. The variance must be squared: for n = 1, the one-query algorithm with ¢y = /1 — eeg++/ce1
and M = |eg){e1| + |e1){eg| has f = 24/e(1 —€)xy and 61 = ¢, so Varf = 4e(1 — &) while
S1Inf1(f) = 4e2(1 — ¢). Interference with the null branch produces a bias of size /¢ from
magnitude €, which no decision tree can do. The constant 4¢ cannot be lowered:

Remark M.4 (sharpness; [proved here, audited]). Let T be odd, 0 < e < 1,2 = n" 1Y 7_ x4
and u = n~Y237_ ;. (with w = 1 before dilation). Let R = Py + 2|u)(u| — (I — P), the

reflection about u on span{ey,...,e,}, which fixes eg. Consider the T-query algorithm with
Yo =+v1—¢ceg++eu, Uy =---=Up_1 = R, and M = |eg)(u| + |u){ep|. On span{u,Oyu} the

operator RO, is a rotation by arccos Z, and Ru = u, so

f(z) =2v/e(1 —¢) Re(u, (RO u) = 2\/e(1 — &) Tr(z),
a multiple of the Chebyshev family of Example 6.3. The algorithm and the uniform measure are
invariant under permutations of [n], and 3, | Pe(RO.)*ul|?> = 1, so 6 = eT/n. Expanding
Tr(Z) in monomials, the coefficient of a set S with S| = j is O(n™7) and the coefficient of {k}
is 24/e(1 — &) TH(0)/n + O(n~2), where |T5(0)| = T. Hence Varf = 4e(1 —&)T?/n + O(n=2)
and Infy(f) = 4e(1 — &)T?/n? + O(n™3), so
Var(f)?
T Zk OrInfr(f)

— 4(1—¢) (n — o0).
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The ratio therefore comes arbitrarily close to 4 for every odd T'. For T' = 1 this is the example
above, spread over n coordinates. For every T', Grover search [22] with T'—1 iterations followed by
one query reading the coordinate found (magnitude 1) has f = Tor_1(z) and & = (T — 3)/n;
the same computation gives the limit 4 — 2/T. An exact symmetric reduction (orthonormal

Krawtchouk polynomials, n = 105, ¢ = 1073) gives Var(f)?/ >, dxInfr(f) = 3.996, 11.988,
19.980, 35.961, 67.912 for T' =1, 3,5,9, 17, against 47 [numerical]. In particular the factor ¢ in
Conjecture M.3 is necessary.

M.3. One query.

Proposition M.5 (one query; [proved here, audited]). Let f be the bias of a one-query algorithm.
Then

SRy hence  Var(£)? < I(f)? < 43 Sinfi(f).

ral
The constant 4 is best possible, and Var(f)? < 4%, 0pInfy(f) for every nonconstant f; so 4 is a
supremum and is not attained. The first and the last inequality of the display can be equalities:

o = (e1 + e2)/V2 and M = |e1)(ea| + |e2)(e1] give f = x129 and §; = 65 = %

Proof. Let M = UI(QH — Uy, v; = Pibg and a; = ||v;]|?, so that >i>0 @ =1 and 0 = ay, for
k Z 1. Then Oxw(] = Z?:O T;U; and, with Cij = Re<vi, MUj) = Cjz',

n
= Z ziz; (v, Mvj) ch + 2 Zcokxk +2 Z CjkTj T,

i,5=0 k>1 1<j<k

Hence f({k}) = 2cox, f({],k}) = 2¢j;, and Infi(f) = 42]-207]-#,60,6]-. Write v; = /a; u;
for a; > 0; the u; are orthonormal because the ranges of the P; are orthogonal, and cy; =
/i@ Re(u, Muj). By Bessel’s inequality,

Zlnfk 422(1] (Re{ug, Mu;)) <4Za72\uk,MuJ |2<4Za]HMu]H <4,

k k  j#k J k#j
all sums running over indices with positive a. Then Varf < I(f) = Zk(lnfk/ak)1/2 (axInfy)'/? <
2(3>,, 0xInfr(f))'/? by Cauchy-Schwarz.

Remark M.4 with 7' = 1 gives ratios 4(1 — €) — o(1), so 4 is best possible. Let f be non-
constant. If some f({j,k‘}) # 0, then Varf = 3 ¢ ]?(S)2 < I(f), so Var(f)? < I(f)? <
4% 0kInfy(f). Otherwise f has degree 1 and Infy(f) = 4cgk; then ag > 0, and a9 < 1 (if ag =1
then f is constant). Bessel’s inequality applied to the single vector Mwug gives ), Infy/a), =

4ag ZkZI(Re<uk,Mu0))2 < 4ap, hence Var(f)? = I(f)? < 4ao Y, SkInfi(f) < 4>, SkInfr(f),
since >, SxInfr(f) > 0. In both cases Var(f)? < 43", diInf(f). O

M.4. Two queries.

Proposition M.6 (two queries; [proved here, audited]). Let f be the bias of a two-query algo-
rithm and Ko = 8(16201/3 + 80) ~ 23,087. Then

Inf

Z nfi (/) < Ko, hence  Var(f)* < KgZékInfk(f).
Ok

k k

Proof. Let U = Uy, M = U2T(2H — Uy, vj = Pjibo, a; = ||vj||%, ¢ = Oxtho, x = Up = 11 and

® = Oy, so that f = (@, M®). Let w;; = PUvj and b; = _; |lwi;||?. Since Py = > TjWkj

and Ex;z; = [i = j| (with zg = 1), 0, = ax, + bg.
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Step 1 (derivative formula). Fix k > 1 and let O}, = Op — 2Py, and @), = O)¢0 = ¢ — TV,
both independent of xj. Since x% =1,

O = (2P, + O U (zpvp + ¢)) = O) + 21.®1, ) = wip + O UL, O = PLUY, + O Uy,
with @9, @1 independent of xy. Hence dyf = 2Re(M®Y, ®1) = 2Re Ay, + 2Re By, where
Ay = (PMOY, PUQL), By = (BUTOLM®), )

(O;C is Hermitian and vy, = Pyv), and Infi(f) < 8E]Ak]2 + SIE]Bk|2.

Step 2 (Cauchy-Schwarz). |Bg|* < aphy, with hy, = HPkUTO;CMQQHQ, and |Ax|? < GLAy with
Gi, = | PeM®}|? and Ay = [ PULI? = (1 3252 2wz 1.

Step 8 (decoupling). 1f g > 0 is a polynomial of degree at most D, then ||g|s < 3PEg:
Bonami’s inequality [|g|la < 3°/2|\g|l2 (Section 2, [41, Chapter 9]) and Hélder’s inequality ||g||2 <
||g||1/3|]g|]i/3 give ||lgll2 < 3P|\gl1. Every coordinate of ®? is a polynomial of degree at most 2,
so deg G < 4 and ||Ggll2 < 81EGE. Next, Ay = Ziyﬁék R;jxix; with R = (Re(wki,wkj))i’jik
positive semidefinite; distinct pairs {i, j} give distinct characters (with g = 1), so EAp = trR <
bi and VarAy =23, Rfj <2).RiRj; < 2(trR)2, whence ||Ag|l2 < v/3bg. Therefore

E|A2 < E[GrAL] < |Grll2llAkll2 < 81V3 b, EG, E|Bi|? < apEhy.

Step 4 (pointwise sums over k). We use >~ [|Peyll> < ||ly||* and that U, M, O,, O}, are
contractions. Since P,Uy) = Pix — wrwir and ||wik| < [kl

1951 < [1Pxll + o] + Var, S, 194> <3(L+1+1) =9.

Since ) = & — 2, @1, Gi, < 2||P.M®||2 + 2[|®}]|? and Y, G < 2 + 18 = 20. Since O, MDY =
OxM® — 2,0, M®} — 2, P,M® + P, MO},

hi < 4(|PUTOLM®|? + || P.M®|? + 2||®}]|?), Sk < 41414 18) = 80.

Step 5. By Steps 1-3, Inf(f) < 8-81v3 bEGy +8aiEhs, < 0;(8-81v3EG) +8Ehy). Dividing
by 8; and summing with Step 4 gives >, Infi(f)/6x < 8(81v/3 - 20 + 80) = Ks. The second
claim follows from Varf < I(f) and Cauchy—Schwarz as in Proposition M.5. O

The constant is far from sharp: on hill-climbed instances (n < 6, w < 3) the largest observed
values were 8.6 for Y, Infy /&), and 3.93 for Var(f)?/>", dxInfy(f) [numerical]. The proof gets n-
independence from Step 3: a sensitivity weight G, that is a nonnegative polynomial of low degree
cannot concentrate on the inputs where the magnitude Ay is large. The intermediate quantity
> i Infy; /05, is not polynomially bounded in ¢, however: for the address function with & address
bits (Section 2.4), read classically with t = k 4 1 queries, it equals k + 2¥*1. Bounds through
it are therefore exponential in ¢ (Remark M.8), although that function satisfies Conjecture M.3
by Remark M.2(d).

M.5. A classical round followed by one quantum query.

Proposition M.7 ([proved here, audited]). Let S C [n] with |S| =m and t = m+ 1. Consider
an algorithm that first reads the coordinates x;, © € S, one per query and in a fived order: the
read of x; is a query made on a state with amplitude only on the indices 0 and i of the query
register (e.g. (eo+e;)/\/2 tensored with a workspace vector), it determines x; with certainty, and
its outcome is copied into the workspace. The algorithm then makes one more query; that is,
after the reads it runs a one-query algorithm A, that depends on a = xg. Then its bias satisfies

Var(f)* <16t Y opInfy(f).

k
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Proof. Write z = zge and X = >, §Infy(f). By Remark M.2(d), §; > 3 for i € S. Since
a = xg is known after the reads, a query of A, to i € S can be replaced by the fixed phase a;
(applied by a unitary, with the branch routed to the null index); this changes neither f nor the
magnitudes outside S. So f(z) = gz4(2), where g, is the bias of a one-query algorithm on z
with magnitudes 0;(A,), and §; = E,0r(A,) for k ¢ S, because the reads put no amplitude on
k¢ S. Let g =E.gq. It is the bias of a one-query algorithm: with ¢6a) and M, the initial state
and measurement operator of A,, prepare 27/2 %" o la) ® 1/)(()“) in an extra register, query, and
measure » |a){a| ® M,. Its magnitudes are E,0,(Aq) = 6.

(i) Varf = E,.(ga(2) — §(2))? + Varg, since the cross term vanishes (E,(g, — ) = 0).

(ii) For fixed z, the Poincaré inequality on {—1,1}° gives E,(g.(2) — §(2))? <
> ics Ea(dig.(2))?, and digsg(z) = dif(z) for i € S. Hence the first term in (i) is at
most ZiES Il’lfl(f) < 221'65’ (5lInfl(f) < 2X.

(iii) For k ¢ S, Jensen’s inequality gives Infy(g) = E.(Eqdiga(2))? < Ea(drga(2))? = Infi(f).

(iv) Proposition M.5 applied to g and (iii) give Var(g)? < 43 pes OkInfr(g) < 4X.

(v) Thus Varf < 2X + 2v/X. Since Infy(f) <1 and 3, 6 <t, we have X < ¢, s0 X < VtX
andVarf§2ﬁ+2ﬁ§4ﬁ. O

This class contains the address function, so here the conclusion holds even though » °, Infy, /6y
is exponential in ¢. The variance that the quantum magnitudes cannot pay for (the dependence
of g, on a) is charged linearly to the influences of the classically read coordinates, which is
affordable because X < VtX. The argument does not extend to a quantum first round. The
analogue of g is then the bias with the query register measured after the first query, and there
are two-query examples in which this measurement increases an influence from 0 to a positive
value, so step (iii) has no analogue. The extension to an adaptive classical round is open.

M.6. General ¢: an () bound.

Remark M.8 ([proof outline]). For every t-query bias, >, Inf(f)/6r < Kout(t) := 126 41713%(1+
t2 4+ 417142) = ¢9®  hence QOSSS holds with constant Koy (t), independently of n and w. The
proof follows that of Proposition M.6; we list the steps.

(i) Ezpansion. Fix k and write O, = x Py + O;C in each of the t oracles. Then ® = O, 1 =

> AC[H] :U',j"@ 4, where ® 4 uses Py, at the queries in A and Oy, at the others; all ® 4 are inde-
pendent of zy, and di f = 2Re(M®Y, ®1) with ®) = D_14] even 4 and i = 2_14] oda P4

(ii) Pairing. For odd A with » = min A and s = max A, &4 = T.P,CPy1))._,, where C is a
contraction, ¢,._; is the state before query r computed with the oracles O}, and T} is the
part of the circuit after query s, also with the oracles O},. Hence [(M®9, ®4)|? < Gy sAg.r
with G s = HPkTS'TM<I>2H2 and Ay, = ||Ppt._,||?. With Cauchy-Schwarz over the 2¢~!
odd sets, Inf(f) < 4-2t1 >4 odd ElGk max ADk, min A-

(iii) Decoupling. deg G} s < 2(2t—s) and deg A, < 2(r—1), so as in Step 3 of Proposition M.6,
E[Gk,sAk,r] < 36tEGk,s EAk,r'

(iv) Hybrid. g_y —thr—1 = =32, (Ur—10y - Ug) T Pptpg—1, 80 Dpp <7370 o) | Pitpg—1(2)|1?
and EAy . < td;.

(v) Sums over k. Write Gy, s < 3(|| PeTIM®||2 + || (T2 — THM®||% + |®}11%), where T uses
the true oracles. The first terms sum to at most 1. Expanding T;T — TsT by the hybrid
argument with the true oracles applied first, each term is a contraction applied to Py,
with a unit vector y, independent of k; there are at most ¢ terms, so the second terms
sum to at most 2. Likewise || ®+] < >4 oad > g<min A [ Petbg—1ll; so > [@F[|7 < 412,
Hence Y, Gi.s < 3(1 +t? + 4'714?) pointwise.
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(vi) Total. >, Infy/dp < 4-2071.360.¢. 2071 3(1 + 42 + 487 142) = K (t).
The pointwise identities and inequalities in (i), (ii), (iv) were checked numerically for ¢ < 4 [nu-
merical], and an independent audit found every step correct; the bookkeeping has not been writ-
ten out in full. The consequences are only of the strength of [16]: MaxInf(f) > Var(f)2e=9®.
What the bound adds is that the weighted form holds with Var? rather than Var? and without
dependence on n. By the address function, no bound on ), Inf/d; can be polynomial in ¢.

M.7. Two lemmas on the final state. The following lemmas control the derivatives of the
final state by the query magnitudes, in L? over the input.

Lemma M.9 ([proved here, audited)). For every k € [n] and 0 < s <'t,

s—1 s—1
Infi(1hs) = > (B[Pt |2 — Bl Petiy |12) <O B[ Prrpy 1.
r=0 r=0

In particular Infy(¢y) < 0. Moreover |dy f| < 2||dxtt|| pointwise, so Infy(f) < 40y.

Proof. Let Og(gk) =P+ Z#k x; P;, which is unitary, independent of x; and commutes with Pg;
then O, = O (I — Py, + 24 Py,). With ¢, = ¢ + axb and 22 = 1,
Optpr = O (I = Pt + Puthy ] + 208 [(I = Po)y + Puth],

SO Y, g = UT+1O§3k)[(I — Py)Y, + Piabt]. The two vectors in the bracket are orthogonal, so
o1 12 = oy |12 = [| Pty |12 + || Petyt || pointwise. Since 1y = 0, summing gives the identity,
because Infy(15) = E||v; ||>. The inequality follows from E||Py).||? = E|| Pei),T||? + E|| Peaby ||
(the cross term is odd in x3). Finally, with 14 = t;(2*7*1) and Z = 2I1 — I Hermitian and
unitary, £ (21)— f(2#1) = Re(tr —_, Z(shy ), which is at most 2{g, —p_|| = 4dyti
in absolute value. 0

The hybrid argument of [11] gives |dpf(z)| < 2>, | Pytbs—1(x)|| pointwise, hence only
Infy(f) < 4tdy; compare [13, Proposition A.2]. In Lemma M.9 the amplitude toggled by a
query is orthogonal to the odd part that survives, so on average over x; the odd parts do not
add up coherently. The difference & — Infr(¢vy) = 23 E| Py || is the magnitude spent
on uncomputation. All relations between magnitudes and influences that we know of in the

literature (and Lemma M.9) bound influences by magnitudes. Conjecture M.3 goes the other
way, as do Propositions M.5, M.6, M.7 and M.16 and Corollary M.15.

Lemma M.10 (directional derivatives; [proved here, audited]). For every k and 0 < s < t,
pointwise in T,

dps+1 = Us410, [(I — 2Py) dytps + xkpkq;z)s] .
Consequently, if c,: Qn — R (k € [n]) do not depend on xy, then

2
B Y endin| <t E[chm];
k k
in particular E|| 3", cx dipe||* < 7, 2y, for constants cg.

Proof. In the proof of Lemma M.9, O = 0,(I — Py +21Ps), 50 diths 11 = Us104[(I — Pe)ps +
2 Pbt], and 2t = zpps — b5 gives the recursion. Let Yy = >k ckdits. The recursion gives
sz—s—l = Us—&—lox[Y; + Zs] with

Zs = Z ek Pr(zrbs — 2dpps) = Z en Py (zpd — 7)),
P A
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where 1T refer to the coordinate k of the summand. The summands lie in the orthogonal ranges
of the Py, and averaging over zj removes the cross term, so E|Z|*> = 3, E[c2|| Pys||?] =
> E[GiEq, || Pitbs||?]. Since Yy = 0, Minkowski’s inequality in L?(#) and Cauchy-Schwarz give
1¥ell2 < 3o 12512 < VECC < BIZIIP)Y? = VE (2, Elcipn]) V2. O

For ¢ = e, Lemma M.10 is weaker than Lemma M.9 by the factor ¢. For general c the factor
t is necessary, by the following sharp level-1 bound and Remark M.4. Equivalently, the Gram
matrix I'ji, = RelE(d 1, diyy) satisfies I' < t diag(d), while I'yy, < d; by Lemma M.9.

Theorem M.11 (sharp level-1 bound; [proved here, audited]). For the bias f of every t-query
algorithm, >, f({k})?/0x < 4t. The constant is sharp: the family of Remark M.4 gives 4(1 —
e)t —o(1) for odd t.

Proof. Let Z = 211 — 1. Since f = (7, Zi") + (07, Zby ) + 20 Re( 27, b7 ), we get f({k}) =
Edif = 2ReE(Zv;," ;) = 2Re E(Z1)y, dpi)t), because the term xy(Z1; ,1; ) has mean 0. For
constants ¢, Lemma M.10 gives ), ck]?({k:}) = 2Re B(Zy, > crdithy) < 2(t°, c20x) /2. Tak-
ing cp = f({k})/d) gives the bound. In Remark M.4, >k FUEN? )0 =41 —)T+0(1/n). O

M.8. Reductions.

Proposition M.12 ([proved here, audited)). Let f be the bias of a t-query algorithm and
v = Varf.

(a) If QOSSS holds with constant K(t), then MaxInf(f) > v?/(tK(t)) and maxyd, >
v? /(4K (t)).

(b) MaxInf(f)?/4 < 3, 0Infi(f) < tMaxInf(f). Hence the weak form “>°, dpInfg(f) >
(v/t)C/C for all t-query biases” is equivalent to Conjecture 1.1 for all t-query biases (with
d = 2t), up to changing the constant C.

(c) If Conjecture 1.1 holds for all biases of quantum query algorithms, then for every t-query
algorithm and €,6 > 0 there is a deterministic classical algorithm making poly(t,1/e,1/0)
queries that approximates f within & on all but a & fraction of inputs.

(d) By Theorem 10.1 with d = 2t and (b), the weak form holds with a quasi-polynomial loss:
Sk oxInfi(f) > IMaxInf(f)? > (v/2t)0082) exp(—O(log*(2t))).

In particular QOSSS with a polynomial constant implies Conjecture 1.1 for biases of quantum
query algorithms, which implies polynomial classical simulation on most inputs.

Proof. (a) v? < K(t)>, &Infr(f) < K(@t)(X,0k)MaxInf(f) < tK(t)MaxInf(f). Also
> ok 0pInfi(f) < maxy g - I(f), and I(f) < 4>, Infy(¢) < 4t by Lemma M.9. (b) The upper
bound uses Y., & < t. By Lemma M.9, & > Infr(f)/4, so >, &plnfy(f) > 33, Infi(f)?

3MaxInf(f)?. (c) This is the greedy argument of [2, §3.1] in the form of Lemma 10.28 and
Corollary 10.29, which applies the influence bound only to restrictions of f. A restriction of a
t-query bias is again a t-query bias: fixing x; = b turns x; P; into the fixed operator bP;, which
is absorbed into the adjacent unitary after routing the index i to the null index. (d) Immediate
from Theorem 10.1 and (b). O

By (a), QOSSS with a polynomial constant also gives the variance form of [13, Conjecture 1]:
their parameter min(Pr[p > 2] Pr[p < 1]) is at most 9Var f, and their query weights dominate dy.
By [4, Theorem 1.3], the biases of t-query algorithms are exactly the functions z — T'(%,..., %),
Z = (x,1), with T" a 2¢-linear form of cb-norm at most 1. The case of Conjecture 1.1 in (b) is
therefore the conjecture for diagonals of completely bounded forms. The bounds of [7, 24] for
cb-bounded block-multilinear forms concern independent blocks and do not apply to diagonals
(see the caveat in Section 1.2). Up to the exponent of Var, the weighted inequality and the

influence bound for biases are the same problem.
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M.9. The global quantity A and a transference principle. For a t-query bias f let §(S) =
> reg Ok and

(a2
ORI
S£0
Proposition M.13 ([proved here, audited]). (a) A(f) = supp Cov(f, F)?/ >, 0xlnfy(F), the
supremum over nonconstant F': @, — R.
(b) Var(f)?/ >, oInfr(f) < A(f) < Xp Infi(f)/0k. Hence A <4 fort=1, A < Ky fort=2,
and a bound A < Kt implies QOSSS with constant Kt.
(c) If f is the bias of a randomized decision tree of depth t, simulated as in Remark M.2(d),
then A(f) < 2t.

Proof. (a) Cov(f, F) = > g4 f(S)ﬁ(S) and ), OpInfp(F) = > ¢ ﬁ(5)2(5(5). Apply Cauchy—
Schwarz, with equality for F(S) = f(5)/6(S). (b) Take F = f in (a) for the lower bound.
For the upper bound, 1/6(S) < [S|™* Y 45 1/0k, 50 A(f) < 30161 S gor f(S)2 Then apply
Propositions M.5 and M.6. (c) With revealments r; = 24;, (L1) of Theorem 4.1, averaged over
the trees, gives |Cov(f, F)| < S, mE|d;F| < (¢t 32, miInf;(F))Y2, so A(f) < 2t by (a). O

By (a), the bound A(f) < Ct is an OSSS-type covariance inequality, Cov(f, F)? <
Ct) . 0pInfy(F) for all F. It is the exact analogue of (c), and it is the natural global
strengthening of Conjecture M.3. Theorem M.11 is its restriction to F' of degree 1. For a
magnitude profile p = () (Definition M.1) let

() = sup S2 PEV/(S)
no 2k El(deh)?/ ]
over nonconstant h: @, — R, with 0/0 = 0 and a/0 = oo for a > 0. Then x(u) depends only
on the functions puy (recall 0 = Epy).

Theorem M.14 (transference; [proved here, audited]). For the bias f of every t-query algorithm,
A(f) < dt(p).

Proof. Let F' be nonconstant and F=F—EF. Write F = > i Tk with ¢, independent of xy.
Such decompositions exist: for instance cx = Y g« o, F(S)z5\ ¥}, Since E[fzcr] = Elerdyf]
and, as in the proof of Theorem M.11, E[cidy f] = 2Re E[ck(Z4y, di)y)], Lemma M.10 gives

Cov(f, F) = 2ReE<Z¢t, chdkwt>, Cov(f,F)? < 4ty E[ucfl.
k k

Assume first that all g > 0. Minimizing the positive definite quadratic form >, E[uxcs]

over the affine space of decompositions, and using finite-dimensional duality (the adjoint of

(ck) = D Tk is h = (dih)g, because E[hxcy] = Elcrdih]), gives

. E[hF]? E[hF)?
min Y Elurci] = su < Kk(p)su -

c ; vl h > El(drh)?/pe] — () h D50 h(S)?/0(S
the last equality by Cauchy-Schwarz as in Proposition M.13(a). Hence Cov(f,F)* <
dtrk(p) > 0pInfy(F), and Proposition M.13(a) gives the claim. In general, the bound
Cov(f, F)? < 4t>", E[(ux + n)ci] holds for every n > 0, so the argument gives A(f) < 4tk,,
where k, is defined like x(p) with pg + 1 in the denominator and the same 6(S) in the
numerator. As n | 0, &, decreases to k(p), by compactness of the set of mean-zero h with

Y5 h(8)?/6(S) = 1 and lower semicontinuity of i — >, E[(dxh)?/ - O

= k(1) > SInfi(F),
;
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The profile u absorbs everything else about the algorithm: the measurement, interference and
uncomputation enter only through Lemma M.10.

Corollary M.15 ([proved here, audited]). If every pi is constant, then Cov(f,F)? <
4ty OpInfi(F) for all F'; in particular A(f) < 4t and Conjecture M.3 holds for f. This applies
to all one-query algorithms, and to nonadaptive algorithms, where the t queries are made in
parallel and simulated sequentially by swapping query registers, so that my(x) does not depend
on x.

Proof. Here pj, = 03. In the proof of Theorem M.14 take ¢ = > g, wi(S)F(S)a5\F with
wi(S) = 5,;1/2]-65 5;1. Then Y, wxcx = F and

~ -1 ~
2 2 -1 2
S aEG =S FSP(D67) < DOFS)(S) = Y delnfy(F).
k S£0 jES S k
In the sequential simulation of a nonadaptive algorithm, the unitaries between queries only swap
the active query register with stored ones, and the oracles only multiply amplitudes by signs.
So the distribution of the active query register in the computational basis does not depend on
x. U

The same decomposition gives Cov(f, F)? < 4t D 540 ﬁ(S)Q(ZjGS 6]-_1)_1. By the duality of

Proposition M.13(a), with these weights in place of 6(.5), this is ), Infy(f)/d; < 4t when every
Wi is constant; for t = 1 it is the first inequality of Proposition M.5. For nonadaptive algorithms
the factor t is unnecessary:

Proposition M.16 (nonadaptive algorithms; [proved here, audited]). Let f be the bias of a
nonadaptive t-query algorithm. Then for every F: @), — R,

Cov(f,F)* <4 6xInfy(F).
k
Hence A(f) < 4, Var(f)? < 43, 6 Infr(f) and MaxInf(f) > Var(f)?/(4t), for every t. The

constant 4 in the first two inequalities is sharp for every t.

Proof. The algorithm has query registers Q1,...,Qs, each a copy of C"*!, and a workspace.
It prepares g = Y _|7) ® w,, applies O, to every query register, and measures. Here 7 =
(11, ..,7¢) ranges over {0,...,n}t, |7) = e;, ® --- ® e, and the workspace vectors w, satisfy
> |lwr||* = 1. Put pr = |Jw,||?, let Ng(7) be the number of s with 75 = k, and let A(t) = {k €
[n] : Ng(7) is odd}. In the sequential simulation of Corollary M.15 the s-th query is made on
Qs, 50 0k, = Y. p;Ni(7). Since zg = 1 and 27 = 1, the state after the queries is

V(z) =Y 2"7|r) @ w,

and f = (¥, MV¥) for a Hermitian contraction M (Remark M.2(b)). For k € [n], dp¥ =
D orikeA(r) zAOMR 1Y @ w,. Let ¢ @, — R be independent of zj. Since x4\ = 24 for
k € A and the vectors |7) are orthonormal, pointwise
H chdk‘l’H2 = ZPT (xA(r) Z kak)2 = Z%( Z $k0k>27
k T ke A(T) T keA(T)
and hence

Esz:ckdk\Il‘r :Z:pTIE< Z a:kck>2.

keA(T)
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Now fix F' and let F = F — EF. Choose weights w(S) > 0 with Y orwes Wk(S) = 1 for every
nonempty S, and put ¢y = > g5 wi(S)F(S)z5\ ¥} which is independent of z;. Then Dok ThCl =
F, and for every A C [n]

D aper =Y ws(ANS)F(S)®,  ws(B) =Y wi(S) € [0,1].

keA S#0 keB
By Parseval, E(>",c 4 2xck)? = D gws(AN S)2F(S)% < 25 SNALD F(S)2. Let 7 be distributed
according to p; then Pr[k € A(7)] < Pr[Ni(7) > 1] < ENj = d, and so

EH chdk\IlH2 < S OR(S)PPrA) NS £ 0] < 3O F(S)* Y Prlk € A7)
k S0 S

kesS
<Y F(S)%5(S) = dxInfy(F).
S k
As in the proof of Theorem M.14, with ¥ and M in place of ¢, and Z,

|Cov(f, F)| = ‘ZE[dekf]‘ = )2R9E<M‘I’,chdk\11>‘ < Q(EH chdk‘I’H2) 1/2,
k - -

which gives the inequality. The consequences follow from Proposition M.13(a), from F' = f, and
from ), 65 < t. For sharpness, take the one-query example with n = 1 in Section M.2 and pad
it with ¢ — 1 null queries (registers Q2,...,Q; in the state eg). The result is nonadaptive, has
81 = ¢, and has Var(f)?/(5;1Inf1(f)) = 4(1 — ¢). O

Proposition M.16 was also checked numerically [numerical]. The proof gives the slightly
stronger bound } g F(8)2/PrJA(r) NS # 0] < 4. So for t > 2 the constant 4t of Corol-
lary M.15 is not sharp for nonadaptive algorithms; the examples of Remark M.4 have non-
constant profiles. With Lemma 10.28, Proposition M.16 gives an explicit classical simulation.

Corollary M.17 (classical simulation of nonadaptive algorithms; [proved here, audited)). Let
t>1, 0<e< % and 0 < § < 1. Let p(X) be the acceptance probability of a nonadaptive
quantum algorithm that makes t queries to X € {0,1}". There is a deterministic adaptive
classical algorithm that makes at most

ey A

N ’764(53—‘ - 463
queries to X and outputs a number within & of p(X) for all but a & fraction of the inputs
X €{0,1}". Equivalently (replace € by £/2), [64t?/(c*63)] queries approzimate the bias 2p — 1
within e, for 0 < e < 1.

+1

Proof. By Remark M.2(c), applied to each query register, f = 2p — 1 (with z; = 1 — 2X;) is
the bias of a nonadaptive t-query algorithm as in the proof of Proposition M.16, with final state
U(z) = 247)|7) ® w, and a Hermitian contraction M; and f € By (n) by Remark M.2(a).

Restrictions. Let h be the restriction of f by x; = b; fori € R C [n]. Then h is again the bias of
a nonadaptive algorithm with ¢ queries: a query to a fixed coordinate is a known phase, which is
absorbed into the unitaries. Explicitly, h = (¥}, M¥,) with Uy, (z) = S pAOELATNE 2y @0,
Let p(7) replace every entry of 7 that lies in R by the null index 0, so that A(p(7)) = A(7) \ R,
and let V' be the isometry |7) @ w — |p(7)) ® |7) ® w, which records 7 in an enlarged workspace.
Then

V() = 3 a0 p(r)) @ (|r) © A, )
T
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is the final state of the nonadaptive algorithm with the unit initial vector ) _|p(7)) ® |7) ®
VAONEy and h = (VU (VMVHV,), where VMVT is a Hermitian contraction. This
algorithm puts no amplitude on the indices in R, so its bias does not depend on zg, and it
equals h.

By Proposition M.16, MaxInf(h) > Var(h)?/(4t) for every restriction h of f. Put vy = 2¢26.
Every restriction h with Varh > vy has MaxInf(h) > v3/(4t) = ¢16%/t =: . Lemma 10.28 with
d=2t, N = [2d/(6v)] = [4t?/(*63)] and a = 2¢ gives an algorithm with Pr,[|A(x) — f(z)| >
2¢] < /2 + vo/(4€?) = 4. As in the proof of Corollary 10.29, the output (1 + A(x))/2 is within
e of p(X) whenever |A(z) — f(x)| < 2e. O

Liu and Mutreja [33] proved that nonadaptive algorithms can be simulated on most inputs

with poly(t,1/e,1/0) classical queries; Corollary M.17 recovers this with the explicit bound
[4t%/(e*8%)].
Remark M.18 (r rounds of adaptivity). An r-round algorithm makes its ¢ queries in 7 rounds of
t1,...,t, parallel queries (t; +---+t, = t), each round as in the proof of Proposition M.16, with
arbitrary unitaries between the rounds; its magnitudes are those of the sequential simulation of
Corollary M.15. Nonadaptive algorithms are the case r = 1, and general t-query algorithms the
case r = t. Open problem [open]: is A(f) < C(r)t for the bias f of every r-round algorithm,
with C(r) independent of n, w and the t;? For » = 1, Proposition M.16 gives A < 4.

(a) The first round is free [proved here, audited} Let 6(1) be the magnitudes of the first
round, 6 (S) = > kes Ok ), and ) = Eg, Zs 4 | Putbs||? the profile of the later queries in

the sequential simulation. Then ), f ({k}) Jor < 4t —t1 + 1), and A(f) < 4(t —t; + 1) if
every p. is constant. In particular, one parallel round followed by r — 1 single queries gives
>k J?({k:})2 /0 < 4r. Proof. The first ¢; queries form a nonadaptive round, so ¢, = WV
with W a fixed unitary and ¥ as in the proof of Proposition M.16. Given F, take ¢ as there;
that proof gives E|| >, cxdithy, |* < D¢ F(8)26M(S). For the remaining ¢ — t; queries, the
recursion of Lemma M.10, Minkowski’s inequality and Cauchy—Schwarz, as in its proof, add at
most (t —t1)Y/2(3, Elc2}])'/? to the L? norm of 3", crdgts. As in the proof of Theorem M.14,

Cov(f, F)? ((ZF ) /2+ ((t—tl)ZE[czu;Dlﬂ)Q.
k

Write A and B for the two sums in the display and m = t — t1, so that Cov(f, F)? < 4(\/> +
vmB)? < 4(1 + m)(A + B). For F = >k akTr We have ¢, = ai and Euk = 0 — 5,(g ,
A+ B =Y, a2 and Cov(f,F)? < 4(t —t; + 1) >, a2dy; take ap = ({k:})/ék If every
i, is constant, then B = 3¢ F(9)2 Y cqwi(8)2(6x — 61) < g F(8)2(6(S) — 61)(5)), so
Cov(f,F)? < 4(t —t1 + 1) > oxInfi(F), and Proposition M.13(a) gives the bound on A. For
t1 =t this is Proposition M.16; for t; = 1 it gives Theorem M.11 and Corollary M.15.

(b) Obstruction [proved here, audited]. The proof of Proposition M.6 bounds the larger
quantity >, Infi(f)/dr > A(f) (Proposition M.13(b)), by decoupling, with hypercontractivity,
the pointwise magnitude of the later query from a sensitivity weight. This route cannot give
C(r)t, already for r = 2. The classical address function that reads t; address bits in one round
and the addressed bit in a second round, simulated as in Remark M.2(d), has Infy, = §; = % for
the address bits and Infy, = 26, = 27" for the 2% data bits, so >, Infx(f)/6 = 2+ + 1. For
a data bit, the pointwise magnitude of the second-round query and (djf)? are multiples of the
indicator of the event that the address points to it, which has probability 27/'; so the mean of

their product is 2%t times the product of their means, and decoupling them loses the factor 2!,
Yet A(f) < 2t by Proposition M.13(c), and A(f) < 3.1 for ¢; <4 (Section M.10).
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(¢) Fvidence [numerical]. Exact computations with hill-climbing over two- and three-round
algorithms with one or two queries per round (n < 5) never gave A > 4r; the largest values
found were 3.999 for » = 2 and 6.84 for r = 3.

(d) Consequence [proof outline]. A restriction of an r-round bias is an r-round bias with the
same t;, by the argument in the proof of Corollary M.17; for the rounds j > 2, the known
signs and the routing are absorbed into the unitaries before and after round j, as in Proposi-
tion M.12(c). So A < C(r)t would give MaxInf(h) > Var(h)?/(C(r)t?) for every restriction h,
and the proof of Corollary M.17 with v = v3/(C(r)t?) would simulate r-round algorithms with
[C(r)t3/(*6%)] queries. This compares with 200 (tlog(1/68)/)°") queries in [13, Theorem 1]
and (rt/(ev/3))°*") in [33, Theorem 1.8]: the exponent of ¢t would not grow with 7, although
the dependence on § would be worse than in [13]. Since r < ¢, C(r) = poly(r) would give the
polynomial simulation of all quantum query algorithms, which is open (cf. Proposition M.12);
already C/(r) = 2°0") would give poly(t,1/e,1/8) queries for r = O(logt).

By Theorem M.14, the spectral form of Conjecture M.3 reduces to an inequality about the
profile alone:

Conjecture M.19 (Conjecture K; [open]). There is an absolute constant C' such that k() < C
for the magnitude profile v of every quantum query algorithm.

Conjecture M.19 implies A(f) < 4Ct, hence QOSSS with constant 4Ct, which is optimal in its
dependence on t by Remark M.4. By Proposition M.12 it is at least as hard as Conjecture 1.1
for biases. It is a weighted Poincaré inequality for one vector of nonnegative functions puy
not depending on xj, with ), Eu; < ¢, and non-constant profiles are the only obstruction
(Corollary M.15). Single characters h = 2 give ratio at most 1, since E[1/puz] > 1/8; by Jensen’s
inequality. Fuvidence [numerical]: k(p) is the top eigenvalue of a generalized eigenproblem,
computed exactly for each profile. Hill-climbing over random circuits gave x < 1.13, 1.16, 1.13
at (t,n) = (2,3..5), (3,3..5), (4,4) and k < 1.08, 1.06 at (2,6), (3,6). The profile of the classical
address function has kK = 1. The extremal families of Remark M.4 have x = 1.003-1.013 for
n ==6,...,10 (decreasing in n), so Theorem M.14 is asymptotically tight on them. On random
circuits the ratio A/(4tx) depends on the ensemble: the largest values observed were 0.58 at
t =1 (0.89 for circuits started near the null state), 0.08 (0.21) at ¢ = 2 and 0.04 (0.08) at ¢ = 3.

M.10. Evidence and false variants. Searches [numerical]. Independent adversarial searches
covered hill-climbing over general circuits (¢t < 4, small n and w, including near-null starts) and
structured families: address functions, phase kickback, symmetric Grover-type and quantum
signal processing algorithms, block-symmetric algorithms, and Forrelation [1]. None of them
found a violation of Conjecture M.3. The largest value of R(f) = Var(f)?/(t>_, dxInfr(f))
found is 4, approached only in limits (small off-null mass, n — o), as in Remark M.4; R
shows no growth in n or t. Symmetric optima are local maxima of R among all algorithms
with w = 2. For one-query Forrelation R = 1, and for k-fold Forrelation with the standard
[k/2]-query algorithm R = 1/t?> (exact computations). The quantity A stays bounded on all
examples: 2.67 to 3.10 for address functions with at most four address bits, 2 for phase kickback,
1 for Forrelation, and 47T — 2 for Grover with a check query.
False variants. The following natural strengthenings or substitutes fail.

(i) Final-state-only forms [numerical]. Replace oy by the final-state quantity Wy, = Infy () <
0k (Lemma M.9); such a form would depend only on ¢, and M. It is false at t = 2. In
a two-query family on m variables, the first query writes the signal and some garbage, a
swap parks the signal on the null index, and the second query uncomputes the garbage.
This gives f = 2n\/1 — 02, & ~ 2n*/m and W, ~ 3n*/m?. For n = 0.2 and m =



(if)

(iii)
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2,4,...,12, Var(f)?/ >, WiInfi(f) takes the values 3.8,6.1,8.6,11.2,13.7,16.3 (growing
like 4(1 — n?)m/3), while A < 2.6. Garbage that has been uncomputed is invisible in the
final state, but its magnitude is paid in §, so the conjecture must depend on the query
history.

Operator-valued forms [proved here, audited]. The analogue for the state itself fails at t = 1.
For 19 = n='/2 3", e, the vector-valued function F = O, has Var(F) = 1, Infy(F) =
1/n and 6 = 1/n, so Var(F)?/ >, xInfr(F) = n. The same happens for [t¢)(¢| and for
the corresponding operator-valued covariance inequality. The scalar measurement must
come before the variance.

Measured-query forms [proved here, audited). Measuring the query register (with an
XOR oracle) produces a randomized decision tree whose revealments are the measured
magnitudes, and (18) applies to that tree. But such trees cannot approximate f in
L? with comparable revealments. For f = 2./e(1 —¢)z1 as above (§; = ¢), a ran-
domized tree computing fp with |fp| < 1 and E(f — fp)? < Var(f)/4 has revealment
ri > [Elaufo)l = [F{1DI/2 = VE0 —2). In the norm [|gll3 = Y59 3(S)2/3(S), dual
to (3", dxInfy(-))'/2 by Proposition M.13(a), the existence of a tree with r < CJ and
If — folla = O(V1) is equivalent to A(f) = O(t). One direction takes fp constant; the
other uses the triangle inequality and the proof of Proposition M.13(c).

APPENDIX N. NUMERICAL EVIDENCE

This appendix summarizes numerical searches and exact computations carried out as evidence.

Results tagged [numerical] are not proofs. Each function in the table was evaluated exactly
(exhaustively over the cube or by an exact linear program) unless marked Monte Carlo. The
outcomes are extremes over the searched populations: a reported minimum is an upper bound
on the true infimum over the class, a reported worst case of an adversarial search is a lower
bound on the true supremum, and LP optima obtained by local or iterated ascent are lower
bounds. They are evidence, not proofs, and small sizes cannot decide asymptotics. Table 8

summarizes the searches.

search

families

outcome

extremal functions (about
1800 functions)

restriction amplification

shared-variable soft
addresses (145 instances)

product soft addresses,
n =12
AN, n <10

symmetric optima up to d = 31,
Chebyshev compositions,
block-symmetric, small-n LP
populations, address averages

same families, p € {1, é

Jackson-threshold, Chebyshev
and soft-Tribes bits, n < 256
(Monte Carlo for n > 36)
disjoint, shared, mixtures,
biased

Majority, Tribes, Maj; 0 Majs,
address, mod-3, random;
adversarial F with u(E) < 0.12

min d>MaxInf /Var® ~ 1 (odd
Chebyshev, Var — 0); flat in d at
fixed Var; 16/9 without level-1
weight

Pr[K > 4] < 0.11,

Pr[K > 8] < 0.019,

Pr[K > 16] < 3-10* for the gain
K of MaxInf

min max(e, 7) deg? /V? = 46.9;
fitted 7 ~ deg™®, « € [1.69,2.18]

max(e, 7) > 0.022 throughout

FE never lowers b in structured
families; worst Dy 5/b ~ 2

TABLE 8. Summary of the numerical searches.
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The Tribes-symmetric warning and its resolution. Exact Sy, ! Sys-invariant linear programs
(the optimum may be symmetrized without loss) for bounded degree-d approximations p of
balanced Tribes gave the following L2-optimal values.

h n d B =E(1 — p?)/Varp MaxInf(p) MaxInf d? /Var®
Tribess 5 15 5/6/8 0.33/0.078/0.021 0.109 /0.142 / 0.145 4.9 /6.0 /9.7
Tribesy ;1 44 8 /10 /12 0.23 /0.055 / 0.020 0.054 / 0.065 / 0.065 5.3 /7.2 /9.8
Tribessp, 110 8 /10 /12 1.04/0.33 /0.088 0.012 /0.023 / 0.031 3.7 /4.1 /53

The degree at which p becomes nearly Boolean (8 ~ 0.09) was 6, about 9.3, and 12 for
w = 3,4,5, consistent with a linear law d ~ 3w while MaxInf(p) ~ 27", if that law persisted it
would refute NBg and the conjecture. Theorem B.1 applies exactly to this symmetry class, and
the variance step of its proof excludes it asymptotically: Varp > ¢ forces M < 40d?(w + 1)/c,
ie. d > \/cM/(40(w + 1)) =~ 2%/2/\/w for M ~ 2¥In2, so the linear law must fail for large
w (at w < 5 the bound is not yet restrictive). In the computed range every optimum has
MaxInf > 1.19Var?/d?.

Remark N.1 (on the factor t). For f and h both computed by D, whether the factor ¢ in the
L? form can be replaced by an absolute constant is a question of [42, §5]; by [42, Figure 1] it
cannot be replaced by 1. In the two-function form (L2), where h is arbitrary, some growth in
t appears to be necessary: for the “caterpillar” tree (query zi,z2,... in order and stop at the
first —1, depth ¢) the optimal constant A(t) = sup, E||E[h | leaf] — Eh|?/ Y, &;Inf;(h) equals
1.333, 1.676, 2.022, 2.368, 2.715, 3.061, 3.408, 3.754, 4.101 for t = 2,...,10 (exact generalized-
eigenvalue computation), with increments approaching (In2)/2, whereas for leaf-determined h
the same computation gives 1. Here 23°.8; = 4 — 227t and A(10) = 4.101 > 3.996 = 2", d;,
so in (L2) the factor ¢ cannot be replaced by Y, d; [numerical]; if A(t) — oo, as the increments
suggest, it cannot be replaced by any constant multiple of the expected depth. Whether A(t) —
oo is [open).

APPENDIX O. FORMAL VERIFICATION

This appendix describes the Lean 4 formalization. For each formalized result it names the
Lean theorem that proves it. The project lean/AAFormal consists of twenty-seven Lean files
and a separate axiom-check file AxiomCheck.lean (about 8500 lines in total), formalized in
Lean 4 with Mathlib (Lean v4.36.0-rc2, Mathlib tag v4.36.0-rc2); all results below are
unconditional. The file Main.lean (namespace Paper) restates every formalized result under its
paper label (for instance Paper.cor_H1, Paper.thm_D5, Paper.thm_W, Paper.thm_TTsandwich,
Paper.lem_NS), each as a short application of the theorem that proves it, with the hypotheses
|f| <1 and Fourier degree at most d of f € B,.

e DimBound.christoffel_dim_bound: for a finite probability space €2, a subspace W of R%
and g; € W with >, |gj(w)| < 1 pointwise, > [|gj[ 2 < Vdim W, the case sup };[g;| <1
of Proposition 4.12;

e SubcubeCover.scl_iSup: X2/M — > ,u? < r(sup;load;) ¥, i.e. Lemma 5.1, built from
SubcubeCover.Subcube.helly (pairwise intersecting subcubes have a common point) and
motzkin_straus (the Motzkin—Straus inequality for graphs with clique number at most M).

The files Gluing.lean, 0SSS.lean and Resample.lean formalize the gluing lemma (Theo-
rem 4.2) on the cube K — Bool with an inductive type of decision trees and their reveal-
ments. The vector OSSS inequality (L2) of Theorem 4.1 for H = R* is proved for every tree as
Gluing.osss_12 (via the resampling bound Gluing.resSq_div_le), and

e Gluing.gluing_full': kp — eV < By < 8tY, &Inf,,(F) < 8t?7p, with B, = IEZJ(E[gJQ |
leaf] — Egjz)Q, for every ¢ > max; Eg? and T > Tp.
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(The earlier Gluing.gluing_full takes the OSSS inequality as an explicit hypothesis.) Sup-
porting lemmas: kappa_sub_le_Bq, Bq_eq, kappa_ge (kp > V3/R? from leaf root sums at
most R), vecInf_sq_le and sum_reveal_le () ,d; < t). Corollary 4.3 and Theorem 4.2 with
leaf root sums are Paper.cor_glueR and Paper.thm_glue, proved via Gluing.gluing_max and
Gluing.gluing_final.

The files GluingIneq.lean, SpikeAvg.lean, Walsh.lean and Degree.lean add degree-
free forms of Theorems 4.2, 4.4 and 4.5 (Gluing.gluing_final, Gluing.gluing_ineq,
Gluing.closure), a Walsh-Fourier layer (orthonormality of characters, the expansion

f =5 f(S)xs and Inf;(f) = Y5, f(S)?), and:

e Gluing.gluing_ineq_leaf_of_degle: Theorem 4.4 with no further hypotheses, for every
f with |f| < 1 and Fourier degree at most d > 1: Ej[MaxInf(f|;)?] < 144d°t*>M for every
decision tree of depth ¢t > 1 and every M > MaxInf(f). The degree enters through four facts,
all proved in Lean: Parseval (Gluing.parseval); I(f) < dVarf (Gluing.sum_infl_le);
>_;Infi(d;f) < (d — 1)Inf;(f) (Gluing.sum_infl bderiv_le', via did; = d;d;); and the
real-sensitivity bound >, |d;f(z)| < 2d? (Gluing.sum_abs_bderiv_le). The last one
restricts the multilinear extension of f, which is bounded by 1 on [—1,1]|", to the line
s — (ssgn(z;))iep and applies the endpoint Markov inequality P’(1) < n? from Mathlib
(Gluing.markov_endpoint), once for P = {i : sgn(z)d;f(z) > 0} and once for its
complement. Its constant 2d? is better than the 4d* of Lemma 2.2 (the sharp constant is
d?, [19, Theorem 3.3]).

e Gluing.condExp_bderiv_sq_eq_infl: the restriction identity E[(d;f)? | {] = Inf;(f|;) for j
not queried on the path to the leaf [.

e Gluing.tt_of_aa_spikes: the direction “conjecture = TT” of Theorem 8.7(ii), degree-free:
if MaxInf(u) > c¢(Varu/d)4 on a class of functions closed under averaging over coordinates,
0<A<C, Varg <1, 0 < Var(g)® and L > (d/e)?/c, then the average h of g over its
0/ L-spikes has Varh < eVarg (that is, Uy, (g) < eVarg).

TopHeavy.lean adds:

e Gluing.bonami: Bonami’s lemma Eg* < 9¥(Eg?)? for real g of degree at most k (induction
on the Fourier support);

e Gluing.levelk: the level-k inequality of Lemma 3.1(b), W<*(g) < 3¥||g|l1|lg||2 for every
real g (two Cauchy—Schwarz steps and Bonami’s lemma, avoiding LA/3 norms);

e Gluing.top_heavy_sq: top-heaviness (Corollary 3.3) in the form MaxInf(f) >
(WLEH(£)/(2d% 3%))? for |f| < 1 of degree at most d > 1 and all k& > 0; because of
the Lean sensitivity constant 2d? this is 4 times stronger in MaxInf than the paper’s bound
with 4d?;

e Gluing.closure_deglLe_paper: the closure Theorem 4.5 for | f| < 1 of degree at most d with
the paper’s leaf hypothesis co(Var(f|;)/d)¢ < MaxInf(f];) at every leaf (2C > 1, ¢y > 0),
concluding MaxInf(f) > min (Varf/(4t?), cZd=2¢(Var f/2)%C /(d + 32t*(d — 1)d*)).

Restriction.lean, Spikes.lean and Chain.lean formalize the random-restriction frame-
work of the touching transfer. A rate-p restriction is a pair p = (A,y) and E, is a finite
weighted sum. The files prove: the restricted spectra IEyfp(T)2 =Y SAA=T f(S)2; EVar(f,) =
Z:S(l—(1—]9)“‘9‘)]?(5)2 € [pVarf, Var f| and EInf;(f,) = pInf;(f) (Gluing.rexp_var_restrict,
Gluing.rexp_infl_restrict); preservation of |f| < 1 and of degree; composition of restric-
tions (Gluing.rexp_rexp_restrict); the tail bound EW>™(f,) < Varf (edp/(m + 1))™*1;
spikes and untouched variance; the junta bound from Corollary 3.3; and a strengthening
of the base case Lemma 8.3 (Gluing.lemma21, with exponent 2 and 4d?). Gluing.TT is
Definition 8.2 for one fixed d. Gluing.chain_maxInf is the chain Theorem 8.4: under
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TT(1/(16ed), L) with cap C, with p = 277, 2ed < 27 < ded and d < np 2+ (n = 1/(16ed)),
it gives MaxInf(f) > 67L~T with 67 = min ((npVarf/(4d*3%))?, (pVarf/(16ed))®). This
improves the base-case exponent from 4 to 2 (and 8d? to 4d%). Admissible parameters always
exist (Gluing.exists_chain_params). Gluing.aa_imp_maxInf composes tt_of_aa_spikes
with the chain, giving the sandwich of Theorem 8.7 in formal form. NewSpike.lean for-
malizes Lemma 1.9 (Gluing.lemma_ns), with no hypothesis on g, # or L. Classes.lean
formalizes two corollaries: Corollary 5.12(8) for one-statistic derivatives, in the stronger
form MaxInf(f) > I(f)?/(4d®) (Gluing.sq_sum_infl_le_of_statistic, via the subspace
form I(f)? < 4d*dimW - MaxInf(f)); and Corollary 5.2, both with the paper’s con-
stant MaxInf(f) > cI(f)/(32d*) (Gluing.scl_aa) and with I(f)?/(64d®) in place of the
paper’s 128d° (Gluing.scl_aa_sq); their paper-facing forms are Paper.cor_classes_8
and Paper.cor_SCLAA_sq. BlockSym.lean proves Markov’s inequality with a factor 2,
|P'| < 2n? sup[_1,1) [P on [~1,1] for deg P < n (Paper.markov_two), and grid discretization:
if degP < n, N > 4n? and |[P| < 1 on {1 —2k/N : 0 < k < N}, then |P| < 2 on
[-1,1] (Paper.grid_two). Symmetrize.lean proves the Minsky—Papert symmetrization [40]
(Paper.minsky_papert): if f has degree at most d and is invariant under the transpositions of
coordinates inside B, then on every slice (the coordinates outside B fixed) f = p(3_;cp ;) with
deg p < d; the proof is by induction on d, with a discrete antiderivative. Together they give The-
orem 6.4 and Remark 6.1 unconditionally, with constant 16 in place of 4: Paper.thm_D6_perm
gives Var(f)? < I(f)? < 16b?d*MaxInf(f) for f € By invariant under every permutation
of the coordinates that preserves each of b blocks, and Paper.rem_symmetric_perm gives
Var(f)? < I(f)? < 16d*MaxInf(f) for symmetric f € By. The factor 4 comes from the factor 2
in Markov’s inequality; the sharp bound of Proposition 6.2 is not formalized.
Theorem B.1 is formalized, with a weaker constant, in nine files (Bernstein.lean,
Fisher.lean, EfronStein.lean, Structure.lean, BlockPoly.lean, GridRound.lean,
WreathInfl.lean, OccPoly.lean and WreathW.lean): Paper.thm_W gives
Var(f)? < 8(we(d + 1))?w(w + 1)MaxInf(f) for f € By on {£1}M*% (M,w > 1) invariant
under S, ! Sy, in place of 40d?w(w + 1). The losses are Bernstein’s constant e(n + 2) in place
of n (Paper.bernstein_trig, hence me(d + 1) in place of 7d in the Fisher-metric step
Paper.fisher_bernstein), the rounding threshold 8L?(w + 1) in place of 4L%(w + 1)
(Paper.grid_rounding), and a factor 2 in the re-randomization bound. The steps also include
the multi-block Minsky—Papert theorem (Paper.minsky_papert_blocks) and Efron—Stein
over blocks, Varf < >, E(f — Ep, f)? (Paper.efron_stein_blocks). Theorems 6.5, 6.6
and 6.8 are not formalized.

No file contains sorry, and #print axioms reports only the standard axioms propext,
Classical.choice and Quot.sound. The file AxiomCheck.lean checks this for every Paper. *
theorem (lake env lean AAFormal/AxiomCheck.lean; 38 checks). To build, run

cd lean/AAFormal; lake exe cache get; lake build
(about 15 seconds with the Mathlib cache).
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